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ABSTRACT. We prove that for any 1-reduced simplicial set X, Adams’ cobar
construction 2CX on the normalised chain complex of X is naturally a strong
deformation retract of the normalised chains CGX on the Kan loop group GX.
In order to prove this result, we extend the definition of the cobar construction
and actually obtain the existence of such a strong deformation retract for all
0-reduced simplicial sets.

INTRODUCTION

There are two classical differential graded algebra models for the loop space on
a l-reduced simplicial set X: Adams’ cobar construction QC'X on the normalised
chain complex [I], and the normalised chains CGX on the Kan loop group GX [7].
Both of these models are (weakly) equivalent to CQ|X]|, the chains on the loop
space of the realisation |X|.

In this article we show that QCX is actually a strong deformation retract of
CGX, opening up the possibility of applying the tools of homological algebra to
transferring perturbations of algebraic structure from the latter to the former.

Theorem. For any 1-reduced simplicial set X there is a natural strong deformation
retract of chain complezes

o, 1)
(1) acx —cex-"

»
Here ¢ is the identity map on QCX and ® is a chain homotopy from ¢ to
the identity map on CGX. Furthermore both ¢ and 1 are homomorphisms of
differential graded algebras.

In particular, QCX is isomorphic to a subdifferential graded algebra of CGX,
and both ¢ and v induce isomorphisms of algebras in homology.

Remark 1. Let X and Y be 1-reduced simplicial sets, and let f: GX — GY be a
simplicial map (not necessarily a homomorphism). The theorem above gives us a
natural way to construct a chain-level model of f. Indeed, if we set

E=1oCfod:QCX — QCY,
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1862 KATHRYN HESS AND ANDREW TONKS

then
00X — > 00X

‘| |+
cf
CGX — GCX

commutes up to natural chain homotopy.

Remark 2. It was proved in [6] that if X is a simplicial suspension, then QCX
is naturally a primitively generated Hopf algebra, and the chain algebra map ¢ :
QCX — CGX also respects comultiplicative structure. In this case the strong
deformation retract of the theorem above is actually Eilenberg-Zilber data [3], which
implies that the chain algebra map v : CGX — QCX is also strongly homotopy
comultiplicative [ibid.].

In order to prove the theorem above, we extend the definition of the cobar
construction and actually obtain the existence of such a strong deformation retract
for all O-reduced simplicial sets.

The homomorphism ¢, which we recall in the first section of this article, was first
described by Szczarba [I1] in the language of twisting cochains. Given a simplicial
set X that is 0-reduced but not necessarily 1-reduced, he gives an explicit, though
somewhat complicated, formula for a twisting cochain,

ag: CX = CGX,

that is based on the universal twisting function 7 : X — GX and that gives rise in
the usual way to an algebra homomorphism

¢:QCX — CGX.

In degree zero the cobar construction is a free associative algebra on symbols
given by the nondegenerate 1-simplices of X, while the right-hand side is the group
ring on the free group on the same symbols. In the first section of the paper
we observe that if X is not 1-reduced, then we may perform a change of rings
along ¢g, obtaining an extended cobar construction QCcx , together with an algebra
homomorphism

¢:QCX - CGX

that is an isomorphism in degree zero.

In the second section we introduce the retraction map 1 from the chains on the
loop group to the extended cobar construction, for which we provide an explicit
recursive formula. We prove in fact that v is a natural homomorphism of chain
algebras and a one-sided inverse of the Szczarba map ¢. It is surprising that such
a map has not been previously observed in the literature.

In the third section we complete the strong deformation retraction () by defining
the natural homotopy ®. For this, we use the acyclic models for the loop group on
0-reduced simplices studied by Morace and Prouté [10].

1. PRELIMINARIES

1.1. Simplicial notions and notation. A simplicial set X is a contravariant
functor from the category of finite nonempty ordinals A to the category of sets;
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THE LOOP GROUP AND THE COBAR CONSTRUCTION 1863

more prosaically it is a sequence of sets X,,, n > 0, and specified face and degeneracy
operators

diIXn—>Xn,1, SZ‘ZXn—>Xn+1 (nggn)
satisfying the simplicial identities; see for example [9]. A simplicial set is n-reduced
if X = {x} for £ < n. The notions of simplicial group and simplicial objects in
other categories are analogous.

Given an element z € X, and any composite 6 of simplicial face and degeneracy
operators, represented by a monotonic function f : {0,...,m} — {0,...,n} in A,
we also write

0(z) = 2(50).....5(m))
for the corresponding element of X,,,. We may write the face and degeneracy maps
themselves, for example, as

di(x) = x4 5 .
si(x) = T, id..n)
The simplicial relations imply that any simplicial operator X,, — X,,, has normal
form
0 = Siy - -Siqdjl .. 'djT
with i > i1 and jp < jr41 for all k. In this form, the corresponding derived
operator X,4+1 — Xypt1 1S
9/ = Sij41--- Siq+1dj1+1 e dj7‘+1 .

An operator 6 is frontal if it contains no dy; such operators satisfy 6'sy = s¢f.

1.2. The cobar construction. We introduce a slightly extended definition of the
cobar construction, which will be better suited for applying to the normalised chain
complex on a 0-reduced simplicial set. Our definition generalises the classical con-
struction of Adams, with which it agrees for simply connected coalgebras.

Let (C,0,A) be a connected differential graded coalgebra over a commutative
ring R, so that Cy = R. We suppose furthermore that C is R-free in each degree.
Consider the ring B given by the free associative R-algebra on the desuspension of

Ch,

B = T(s'Cy) = Ps'on®.

k>0
Fix an R-basis {z; | j € J} of C1, and let A be the ring obtained from B by freely
adjoining inverses ¢; of all elements of the form 1+ s~ 'z;, for all j € J. Explicitly,
A = Tp(&lied) ) (el+sta)=1=1+s""z;)®E).

Observe that the relations may also be expressed in the form

sty = 1-¢ = sl ¢

The ring A may be regarded as a differential graded algebra concentrated in de-

gree zero. The graded algebra underlying the extended cobar construction (QC’, %)
is then

QC = Ta(s'Cs2)

@A ® (5_1022 ® A)®k.
k>0
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1864 KATHRYN HESS AND ANDREW TONKS

Each R-module (QC),, is generated by words
a=a1® - Q ay, |a;] = n;, |a\:n:2ni,

where either a; = s~!c for some R-basis element ¢ € Cy,, 41 or n; = 0 and a; = &
for some j € J. This R-module is free on those words in which &; does not appear
adjacent to s~'z;. The algebra multiplication is induced by a concatenation of
words, extended bilinearly to QC , modulo the relation that &; is inverse to 1+s‘1xj.
The differential 9? on QC is the derivation of A-algebras that is specified by

s e = —s7lde + (—D)llsTlg @57

for all basis elements ¢ € C,, ;1 and all n > 1, where A(c) =1 ®c+c®1+¢; @ ¢
(using the Einstein summation convention). Note that 9’ is necessarily zero on
elements of A.

The unit 1 € (QC)O is identified with the empty word, via the isomorphism
R = (8_101)®0.
Remark 3. If C' is simply connected so that C; = {0} and therefore A = B = R,
then QC' coincides with the usual cobar construction QC defined by Adams.

1.3. The Kan loop group. Let X be a 0-reduced simplicial set and G a simplicial
group. A twisting function T : X — G is a collection of functions of degree —1,

{r: Xpn41 — G, |n >0},

satisfying
TS0 =1,
(2) SITEL = TSi4 17,
(3) dorz = Tdox™" - Tdy
(4) dite = 71dipx ifi>1.

Let GX denote the Kan loop group on X, which is a simplicial group that models
the space of based loops on the geometric realization of X (see [7 [@]). There is a
universal twisting function

7 Xps1 — (GX)n = F(Xps1)/F(s0Xy),
T = [z],

sending =z € X,,41 to the class of the corresponding generator in the quotient of
free groups, and the simplicial structure on GX is defined by (2)—(H).

Recall that the normalised chain complex C'G on a simplicial group G also has a
differential graded algebra structure, with multiplication given by the shuffle map
and the multiplication in G,

m:CG&CG — C(G x G) —s CG;
that is,
(5) m(g & h) = Z(_l)sgn (“’V)S,J(q) cSu(1) 9 Su(p) - - Sy(l)h, g c Gp, h e Gq,

where the summation is over all (p, ¢)-shuffles (i, v) € Shuff(p, q).
The following proposition is the motivation for our extension of the cobar con-
struction. Recall that for any simplicial set X, the degree n part of its normalised
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THE LOOP GROUP AND THE COBAR CONSTRUCTION 1865

chain complex, C), X, is the free abelian group on the set of all nondegenerate n-
simplices of X and that C X has a comultiplication A : CX — CX ® CX given by
the Alexander-Whitney diagonal approximation

n—1

Al) = 20)®@T + Y T(0,.0) ®T(i,m) + T O T(n

i=1
for x € X,,, n > 1, and with A(z) = ¢ ® x for ¢ € Xy. In particular, if X is
0-reduced, then C'X is a connected, differential graded coalgebra over Z.

Proposition 4. Let X be a 0-reduced simplicial set and GX its Kan loop group.
Then there is an isomorphism of rings

)
(QCX)y _=_ (CGX)o
o
determined by
to(r2) =&, Yo(ra™!) =1+s""a,
go(s ta) =Tt — 1, $o(&x) = T

Proof. The proof is straightforward. Note that if x is the degenerate element sq(x),
then the four equations yield 1o(1) = 1, ¢o(0) = 0, ¢o(1) = 1. In degree O the
multiplication (@) is just m(g ® h) = g - h, and we have

Yo(raft . .o7al) = Yo(Taft) @ - @ Yo (Tap),

$o(a1 ® - ®@a,) = ¢o(ar) -~ polar),

where 2; € X1, oy = £1 and a; = s 'a; or &,. This is well defined: v(g) is
inverse to ¥o(g~') for all g € (GX)o and ¢o(&;) is inverse to ¢o(1 + s~ 'x) for
all € X7 ~ {so(*)}. It is also clear that the composites ¢gt)y and Popy are the
respective identity maps:

doto(T2) = Po(&2) = T, dotho(tz ™) = go(1+ s 'z) = 727!,
vodo(s™ ') =tho(ra™ 1) =57z, dodo(&e) = vo(T7) = & O
1.4. The Szczarba map. A map of differential graded algebras
p:QCX - CGX

was given explicitly by Szczarba in the language of twisting cochains. The following
definition, lemma and theorem are from sections 2 and 3 of Szczarba’s paper [11],
adapted slightly to define a map on the extended cobar construction

¢:QCX - CGX

that extends the isomorphism ¢q of Proposition [l
Let S, be the set of n! sequences of integers

i=1(i1,...,i,) such that 0 <4, <n —k for each k.
In particular, i,, = 0. The sign of such a sequence i € S, is

(—1)2%‘7 where 310 = i1 4ig+ -+ ip.
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1866 KATHRYN HESS AND ANDREW TONKS

Definition 5. Given a twisting function 7 : X — G, the Szczarba operators are
the functions

SZZ‘ZXnJrl—)Gn, i:(i17...7in>€Sn,
given by the following product in G,,:
Sz;x = Dgfil ot -Dﬁl rdoz ™t - - DZ# rdpazt.
Here the operators D;‘fgl :Gp_j = Gy forie Sy, j=0,...,n, are defined as
1 _
Dy, 0 - ldg,,
D?;zl'g,.“,in Sod“,j lfj <11,
1 o - .
(6) D.;L;ngauwin = D?, 2{2,-.4,2'” 1f J =1,
Dglfll;imwin S0 ifj >

As simplicial operators these are all frontal: defining D?;ngz Xn—j = X, in the

/
same way, one has D;L;‘LTIT = TD;L;’ZTI t Xn_jt1 = G

Lemma 6. The Szczarba operators satisfy

do Sziy,....iy, = SZig..yin Dig+1,
die SZiy .. inyigstsosin = Ak SZiy . ipanin—1,ein A Tk > ka1,
dn Szil ..... in L = Su Szi/ Zo,...,r) * Sv Szi” Z(p,.. n+1)-

In the last equation the sequences ', i, the integer r and the (r — 1,n — r)-shuffle
(1, v) are defined by a certain bijection

Sp = | J Shuff(r—1,n—7) x S,y x Sy,
r=1

i ((w, v),',1")
(see [11l, Lemma 3.3] ), which respects parity as follows:
n+> i = r+sen(p,v)+ 7 +> 7" (mod2).

Note that Szczarba’s sign conventions differ slightly from ours and that his
inductively-defined parity e(i,n + 1) is in fact just n+ > 4.

Theorem 7. For any twisting function 7 : X — G on a O-reduced simplicial set
X, there is a canonical homomorphism of differential graded algebras defined by

6 QCX — CG,

¢0(§x1) = TL1,
po(s7txy) = T(x)t -1,
¢n(3_1xn+1) = Z (_1)Zi Sz w (n > 1)a
€S,

Jor xni1 € Xy
Proof. The map ¢ extends linearly and multiplicatively via

Pprq(a®@b) =m(dp(a) @ ¢q(b)),  lal =p,[b] = ¢,
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THE LOOP GROUP AND THE COBAR CONSTRUCTION 1867

where m is the multiplication (B, to all of QCX. We show ¢ is a chain map, i.e.,
that 9,¢, = (bn_lf)f}. For z € X5 we can write

8?571:5 = —s Yoz + s ldix — s Mo — silx(o,l) ® silx(l)g)

= (1+s 'diz) — (14 5_1$(0,1)) ® (1+ 5_1$(1,2))
and so we have, by Lemma [0]
Oipr1s ez = 01Sz0x = doSzox — d1Szpr = Sz dix — Sz (0,1) - S2()T(1,2)
= 7(dyx)™ — T(m(o)l))fl '7'(1‘(172))71 = d)o@?s*lx.

For x € X,, 1 the argument is essentially the same. We have

Op o st = Z(—l)ziﬁnSZiz

€S,
= 2 R (X0 disna),
€S, k=0

where, by Lemma [G] all the terms for 0 < k < n cancel, and the terms for k = 0,n
may be rewritten as

Z (—1)2 278z, dyy 12+ Z (—1)" 25, Sz T(0,...,r) * Sv SZir T(r,... ny1)

0<i;<n—1 1<r<n
1€Sn 1 (), @53
—1 —1 —1 -1
= Z(—l)r Pn-15 drx + Z(_l)rm(ﬁbr—l 50, @ Pnr 8 T(r,...nt1))
1<r<n 1<r<n

-1® ¢n—1571x(1,4..,n+1) + (71)n¢n—1571x(0,...,n) ®1

n+1 n
asn_l(Z(l)“sldrx + Z(1)Ts1x(o,...,r>®s1a:(r,..4,n+1>)
r=1

r=0

= ¢n—13f3 xZ. O

We will need one further property of the Szczarba operators.
Lemma 8. Forallx € X,,41 andi € Sy, the following product in G,, is degenerate:
D(’)Z;ng TT- Sy = D;’fil rdoz ™t - - DZ# rdpz .
Proof. For any sequence ¢ € S,, we will show by induction that D;ﬁl IS Sy(i)—1-
degenerate for all j > 0, where (i) is the least integer such that i,y = 0. If iy =0,
so that k(i) = 1, then by (@),
DIt = Dily, a.s0 = soDjyg,

for all j >4y = 0. If ¢; > 0, so that x(i) > 1, then k(iz,...,in) = k(i) — 1 and we
know that D}, . (if j > 0) and D}, , , (if j > 1) are s,(;)_o-degenerate
by the inductive hypothesis. The corresponding derived operators are therefore
Sx(i)—1-degenerate and, by [, so is D;’;ng for all 7 > 0. O
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1868 KATHRYN HESS AND ANDREW TONKS

2. THE RETRACTION MAP

2.1. Definition of the map. Let X be a 0-reduced simplicial set. We introduce
in this section a map of differential graded algebras

V:CGX — QCX

between the chains on the loop group and the extended cobar construction, which
is a retraction of the Szczarba map ¢. The map 1 is uniquely determined by the
relation

(7) Un(rz-9) = Yalg) =D 5 o, i1 @ Pni(rdiz - dyg)
1=0

for x € X, 41 and g € (GX),. Note that the ¢ = 0 term on the right-hand side is
silx(o)l) ® Y (T2 - g). In fact ¢ may be expressed inductively, on the degree n and
the word length in (GX),.

Lemma 9. The definition of ¢ in ([@) may be rewritten as

Gn(72-9) = Euor) ® <wn<g) LY s i) ® Ynii (2, g>>,
=1

n

Yn(r27t h) = (1+ 57 20.0)) @ Yn(h) + Y s 2(0,....i41) @ Yn_i@i(w, ),

i=1
where
wi(z,9) = 7diz - dyg € (GX)n—i,
@i(z,h) = wi(z,7e " - h) = Tdods ' a - diyh.
Proof. Collecting the terms in (@) involving 1, (7 - g) and dividing by 1+ silx(oyl)

gives the first equation. The second is obtained by taking ¢ = 72~ ' - h in the
first. ([

From these formulae it is straightforward to give the map v explicitly in low
degrees.

Lemma 10. The map g : (GCX)o — (QCX)o agrees with that defined in Proposi-
tiondl, and the map ¢ : (GCX); — (QCX)y is given for x,z; € Xo and o, c;; = £1
by

s
Py (Tt L Tal) = Z odi (Tt .. T2 ) @y (T2 @ i/Jodo(Tx?fil cTaeT)
i—1

— _1 =
with vy (ra0) = { TN @ T ol 0=l

Lemma 11. v is well-defined.

Proof. We show that 1, (w) = 0 if w is degenerate, by induction on n and on the
word length in GX. Suppose 0 < j <n—1and

w = s;(tx - g),
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THE LOOP GROUP AND THE COBAR CONSTRUCTION 1869

where @ = £1 and 72% - g is a reduced word in (GX),,_1. For o = 4+1 we have

(1+ s 20,1) @ Pn(w) = (1+ s "20,1)) © Yn(Tsj 417 - 5,9)

n

=ns;g — Z(Sjﬂx)(o ..... it1) ® Yn—iwi(8j+17, $59)
i=1

in which the first term is zero inductively. Each term in the summation is also zero
since (s;j117)(0,...,i+1) is degenerate for j < i and w;(sj17,5;9) = s;_w;(z,g) for
j >i. Since 1+ s 1x (g 1 is invertible, we have 1, (w) = 0.

The argument for « = —1 is similar. O

2.2. Properties of the retraction map. We now prove that ¢ is a morphism of
differential graded algebras and a retraction of the Szczarba map ¢.

Proposition 12. v is a chain map.

Proof. We will show that for all z € X,, ;1 and g € (GX),,

87? 1/)n(7x . g) = ’@[Jnfl an(Tx : g),

by induction on n and on the word length in GX. We first observe that

Yp_1(do(tz - 9) — Td1x - dog) = Vn_1(Tdox™ - Tdyx - dog) — Yp_1(Td12 - dog)
n—1

=521, ® Yp_1(rdiz - dog) + Z s w1, iv2) ® Yno1—iwi(dow, Tdyx - dog),
i=1

using the second formula in Lemma [@ Now since 7dyz - dog = wi(z, g), and also
Wi(dox, Td1x - dpg) = wi(d1x, Tdy 2 - dog) = wi(di12,dpg) = wit1(x,g), we get

(8) Yn_1(do(T2 - 9) — Td17 - dog) = Z s 1, k1) © Yn_pwi (T, 9)
e

—

and substituting d;flx and dgfl g for x and g respectively, we obtain

3

(9) ¢n—r(dowr—1($7g) - wr(mag)) = Silm(r,..warl) ® ¢n—kwk(m7g)-
k=r

Now, using Lemma [0, we know that
(1457 201) @O (e -g) = 9 ((1+5 " 201) @ Pu(rz - 9))

= oy <Zslfc(0,...,i+1) ® Yn—iwi(T, g) +¢n9>

i=1
n
- 28?5_130(0,..‘,%1) ® Y —iwi(T, g)
=1

n—1

- (71)i571x(0,4..,i+1)®wn—l—ian—iwi(m,g) + Yn-10ng,
1

.
Il
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1870 KATHRYN HESS AND ANDREW TONKS

since inductively 02 ;1 _; = i 10,_; and 9, g = 1,,_10,9. Now expanding
the operators 9 and 9 we get

(1+ s_la:(o’l)) ® O ahy (T2 - g)
n 1+1

= - Z Z(—1)T+157135(0,...,&...#1) ® Yp—iwi(x, )

i=1r=0

(10) Z Z Is lx(o),_,7q) ® sflx(q’”_,iﬂ) ® Yp—iwi(x,g)
=1
n
- (_1)j+ts_lm(, 7j+1)®77[}n 1— ]dtw] x g + Z wn 1dkg
j k=0

Collecting together the terms for which either i =1, k =0, r =0, or ¢ = 1 gives

((1 + 57190(071)) -1+ 5135(0,2))) @ VYpwi(r,9) + Yn_1dog

+ Z L+s  w,1)) x(l,...i+1) ® hn—iwi(z, g)

= (1 + 5 201) @ Up_1do(Tz - 9) — (1 + s ' 2(0,2)) ® Yn—1wi (2, g) + Yn_1dog
by (), and by Lemma [0 the last two terms here cancel exactly with the terms for
r=1andi>1in ([I0).

Now collecting the terms for r = ¢+ 1 and ¢ > 1 in ({I0), together with all the
(i, ¢)-indexed terms not already considered, gives

_ Z ((—1)145_1‘%(07_”71') + Z(—l)qs_lx(o,”_)q) ® s_lx(q,...,’i+1)> ® Ql)n,zwz(x,g)

=2 q=2
- Z(il)T‘silw(O,“.,T) ® (wn—rwr(xvg) + Zsilx(r,“.,i+1) & Qpn—iwi(x,g))
r=2 k=r
n
= - Z(_l)rs_lx(O,...ﬂ') ® wn—rdowr—l(xa g)
r=2

by (@), and this cancels exactly with the terms for ¢ = 0 in (0.
Thus expression ([I0) is equal to

n

(L4 s '201) ® Yp_1do(tz - g) + Z(*l)kwn—ldkg

k=1
(11) - Z (1) s o, i) © Ynoiwi(, )
2<r<i<n
- Z (=17 s o, ) ® Yn1jdiw; (2, 9).
1<j<j+t<n
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THE LOOP GROUP AND THE COBAR CONSTRUCTION 1871

Now to complete the proof it remains to show that expression () is equal to

(14 s 201) @ Yn_10n(t2-9) = (145 201) ® Yu_1do(T2 - g)
+Z (T s 20,1) @ Yno1(Tdig1z - dig).

The first term is as required, and by Lemma [0 the summation is

n

Z( 1) <¢n 1dig — Z 57 (dit17)(0,... k1) @ wnlkwk(di+1w7di9))-

i=1
The result therefore follows from the observations that

T — ) wr+1(z, 9)
(d1 11') yok - (Ot b 42) wk(di 1xadig): .
+ © +1) .’E(O,”_vk_;,_l), * di—kwk(mag) (Z > k)

Proposition 13. The map v is an algebra homomorphism.

Proof. Let v € (GX), and w € (GX), and consider v ® w € (CGX ® CGX),,
n = p + q. To show that v is multiplicative we must prove that

Gamu@w) = 3 (—1)EE Y, (5,0 5,0) = Byv & Ygw
(k,v)

in QCX by induction on p and the word length of v. For v = %, or p or ¢ = 0, there
is nothing to prove; suppose inductively that p,¢g > 1 and v = 72 - g for x € X, 11
(the argument for v = 727! - g is similar). Then by Lemma [0l

(145 201) @ Unlsu(rz - g) - sow) = (145 201) @ Un(7s),7 - (549 - 5yw))

n

= n(sug - W) — Z A 80,0 @ P wi (8,7, 8,9 - SW).
i=1

The term d::_;s;;v will be degenerate unless ¢ < p and (s,,s,) is of the form

(Site,Side,_1 - Siter Sosc) for some (p — i, q)-shuffle (¢,¢), and we have
(1+ s_lx(m)) ® Yym(v @ w)
= 2 D (g - syw) = 3 (~)F O @ i(sewi(w,9) - scw)

% 1<i<
) €0
= P,m(g ®w) ZdH_Zx ® Yp—im(wi(z,g) @ w)

(wpg — Zdz+2$ ® wp_iwi(x,g)) ® qw, by the inductive hypothesis,

= (I+s~ $(0,1)) ® Ypv ® YPw
by Lemma [l The result follows. O

Proposition 14. The map 9 is a retraction of ¢; that is, the composite V¢ is the
identity.
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Proof. 1t is enough to prove this on algebra generators of QCX. Forz € X1 and
i=(i1,...,1in) € S, we will show that

Vo Sziw = r ifiy=---=1, =0,
" 10 otherwise.

Denote by xg,; the element of X satisfying
Dg;tlmz = TZ0,.

Lemma [ tells us that 1, (720.; - Sz;2) = 0, and so by Lemma [0 we have
n
YpSzix = Z dZ;gwo;i ® kWi (To;4, S2iT).
k=1

From () we see that ng-lmc has an si_1 degeneracy if ix, # 0. Thus dz_;gxo;i is
degenerate except in the case i1 = --- =i, = 0. In this case we see from (@) and
Lemma [6] that

_ Dn—k‘-‘rl

k i k
wr(xo.i,52;x) = Tdixo,; - dySzix = dyz,

ln

k
0; ik+17'~~>in7-d1$ ’ SZikJrlv--
which is degenerate again by Lemma[8 The only nonzero term is therefore
YnSz0,.. 0 = T00,.0@Yo(x) = =z,

and hence Y¢x = x, as required. 0

3. DEFORMATION RETRACTION OF THE LOOP GROUP

Both the Kan functor G and the cobar construction model loop spaces. In the
1-reduced case it is easy to show that the Szczarba map ¢ : QCX — CGX is a
weak equivalence, by applying Zeeman’s comparison theorem to the map of spectral
sequences associated with

WX —= WX Ry, CX —= (X
. | | -
CGX —=C(GX x; X)——=(CX

in which the total spaces are acyclic.
We prove here the following stronger result.

Theorem 15. Let X be a O-reduced simplicial set. Let ¢ be the Szczarba map and
1 the retraction map defined above.
There is a natural strong deformation retraction of chain complexes

e A,
60X = CGX.

Recall that if A and B are chain complexes, V : A — B and f : B — A are
chain maps, and h : B — B is linear map of degree +1, then

v @
A_—_—B"
f
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is a strong deformation retract if fV = Idy and 0h + hd = Vf — Idg. Given a
strong deformation retract, one can apply the machinery of homological perturba-
tion theory to transfer perturbations of the structure B across to A, obtaining a
new strong deformation retract; see [4], [5], []].

Proof. According to Proposition [[4] we need only to prove that there is a natural
chain homotopy from the composite ¢ to the identity map on CGX. The proof,
an acyclic models argument, proceeds by induction on the degree.

The base step of the induction is trivial, by Proposition @l We can simply set
Py =0:CoGX — C1GX for all O-reduced simplicial sets X.

Suppose now that & : C,GX — Ci11GX has been defined for all 0 < k < n
and for all O-reduced simplicial sets X so that

(1.k) @y is natural in X for all k, and

(2.k) 0Py + P10 = ¢t — Ideex for all k and all X,
where n>1

Let A[n] denote the quotient of the standard simplicial n-simplex by its 0-
skeleton. If x = (ko - - - k;) is a j-simplex of A[n], let 2 -n denote the (j+ 1)-simplex
(ko---kjn). Let

hit: (GAR]); = (GAR]),,,
denote the group homomorphism specified by h?(tz) = 7(z-n) for all x € Aln];41.
Let
R : C.GAln] — Cyy1GAn]

denote the degree +1 linear map specified by hl'(w) = —h?(w) for all w € (GA[n]);.

Morace and Prouté proved in [10] that for all ¢ > 1,

(‘%HB? + B;llaz— = Id,

i.e., that h" is a contraction in positive degrees. It follows that H;GA[n] = 0 for
all ¢ > 1.
Consider the infinite wedge

W(n+1)= \/ Aln+1].
meN

There is a chain homotopy
P CLGW (n 4 1) — Cof1GW(n 4 1)

that is a contraction in positive degrees and that generalises Morace and Prouté’s
construction.
Let

w=T6% - Tok € (GW(n+1)),

where §,,, denotes the unique nondegenerate (n + 1)-simplex in the m

A[n+1] in W(n), and o; = £1. Set
®,, (w) = A" (o (w) — w — @1 (Ow)).
The induction hypothesis implies that ¢ip(w) — w — ®,_1(dw) is a cycle and that
0P, (w) =— fz"(’)(dn/z(w) —w— 0,1 (0w)) + ¢Y(w) — w — P,_1 (Ow)
= ¢p(w) —w — @p_1(Ow).

th
7

copy of
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Adding ®,,_1(0w) to both sides of this equation, we obtain
0P (w) + Prn—1(Ow) = Pth(w) — w;

i.e., (2.n) holds for all such w.
Let X be any 0-reduced simplicial set, and let

— o1, [0
w = TI] T,

be any nondegenerate n-simplex in GX, where o; = &1 for all i. Let ¢; : A[n+1] —
X be the simplicial map representing x;.

Let v : A[n + 1] — X denote the simplicial map collapsing everything to the
basepoint. Consider the morphism of simplicial groups

U, =G(GV--VGV \ 7):GW(n+1) - GX.

m>k
Observe that
U (707" -+ To0F) = w,

where §; denotes the unique nondegenerate n-simplex in the i*" copy of A[n + 1] in
Wi(n+1).

Using the map ¥,, constructed above for any generator w of C,,GX, we define
®, : C,,GX — C,,;1GX for any 0-reduced simplicial set X by

O, (w) = Cpp1Wy 0 Oy (707" -+ - TO).
Note that if X =W (n+1) and w = 763" --- 705", then
U, :GWn+1)— GW(n+1)

is a homomorphism of simplicial groups given simply by permuting generators. It
follows from the construction of the chain homotopy ~2"*! and therefore of the chain
homotopy A™! that h"t! is natural with respect to homomorphisms that simply
permute generators, so that

Cri1Uy 0 % = Al 0 C, 0,

Consequently, ®,(w) is indeed well-defined, since ¢, 1 and, by the induction hy-
pothesis, ®,,_; are all natural with respect to simplicial maps.
Moreover,

0P, (w) = Cry1Vy 0 0P, (107 - - - TOF)
= Crn1Vy o ((0¢ — Ideaw (n) — Pr—10)(T071 -+ - 703*))
@ (¢ = Idocax — ®n—10) 0 Cp Wy (107" - TO)
= (oY — Idcgx — Pp-10)(w),
where the equality (x) follows from naturality of ¢, ¥ and ®,_;. In other words,
0Py, + @10 = ¢y — Idcex,

for all X; i.e., condition (2.n) holds.
To conclude, observe that condition (1.n) holds as well, since for all simplicial
maps g : X — Y between 0-reduced spaces and all w € GX,

GgoV,, = \I/Gg(w) :GW(n+1) — GY. O
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Remark 16. It is in order to be able to apply the chain homotopy of Morace and
Prouté that we work with O-reduced simplicial sets. There is no such chain homo-
topy in the 1-reduced case, so it seems we are obliged to prove the existence of the
strong deformation retract in the 0-reduced case in order to conclude that it exists
in the 1-reduced case as well.

Remark 17. As defined in the proof above, ®,, is almost certainly not a derivation
homotopy, since, as easy computations show, h is not a derivation homotopy.

Remark 18. Morace and Prouté showed that A, o A" = 0 for all i and n, from
which it follows that h}, | o hi* = 0 as well and therefore that

ﬁﬁi% 0 @y (765 - T5F) =0
for all j1, ..., jr and aq, ..., ay.

Remark 19. The results in this paper generalise from chain complexes to crossed
complexes. There is a crossed cobar construction Q27X on the fundamental crossed
complex X, see [2], and we may define a ‘crossed’ Szczarba map of crossed chain
algebras ¢ : Qr X — 7GX that forms part of a deformation retraction

_¢, o
OrX  ~ nGX.

The classical argument that ¢ is a weak equivalence, using ([I2]), does not go through
in this slightly nonabelian situation, since it seems there is no good notion of twisted
tensor product of crossed complexes.
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