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Abstract. Nondeterministic weighted automata are finite automata with numerical weights
on transitions. They define quantitative languagesL that assign to each wordw a real num-
berL(w). The value of an infinite wordw is computed as the maximal value of all runs overw,
and the value of a run as the maximum, limsup, liminf, limit average, or discounted sum of the
transition weights. We introduce probabilistic weighted automata, in which the transitions are
chosen in a randomized (rather than nondeterministic) fashion. Under almost-sure semantics
(resp. positive semantics), the value of a wordw is the largest realv such that the runs overw
have value at leastv with probability 1 (resp. positive probability).
We study the classical questions of automata theory for probabilistic weighted automata: empti-
ness and universality, expressiveness, and closure under various operations on languages. For
quantitative languages, emptiness and universality are defined as whether the value of some
(resp. every) word exceeds a given threshold. We prove some of these questions to be decid-
able, and others undecidable. Regarding expressive power,we show that probabilities allow us
to define a wide variety of new classes of quantitative languages, except for discounted-sum
automata, where probabilistic choice is no more expressivethan nondeterminism. Finally, we
give an almost complete picture of the closure of various classes of probabilistic weighted au-
tomata for the following pointwise operations on quantitative languages: max, min, sum, and
numerical complement.

1 Introduction

In formal design, specifications describe the set of correctbehaviours of a system. An implementa-
tion satisfies a specification if all its behaviours are correct. If we view a behaviour as a word, then
a specification is a language, i.e., a set of words. Languagescan be specified using finite automata,
for which a large number of results and techniques are known;see [18, 22]. We call themboolean
languagesbecause a given behaviour is either good or bad according to the specification. Boolean
languages are useful to specify functional requirements.

In a generalization of this approach, we considerquantitative languages, where each word is
assigned a real number. The value of a word can be interpretedas the amount of some resource
(e.g., memory or power) needed to produce it, or as a quality measurement for the corresponding
behaviour [5, 6]. Therefore, quantitative languages are useful to specify non-functional requirements
such as resource constraints, reliability properties, or levels of quality (such as quality of service).

Quantitative languages can be defined using (nondeterministic) weighted automata, i.e., finite
automata with numerical weights on transitions [11, 15]. In[7], we studied quantitative languages
of infinite words and defined the value of an infinite wordw as the maximal value of all runs of an
automaton overw (if the automaton is nondeterministic, then there may be many runs overw). The
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Fig. 1. Two specifications of a channel.

value of a runr is a function of the infinite sequence of weights that appear alongr. There are several
natural functions to consider, such asSup, LimSup, LimInf, limit average, and discounted sum of
weights. For example, peak power consumption can be modeledas the maximum of a sequence of
weights representing power usage; energy use, as a discounted sum; average response time, as a limit
average [4, 5].

In this paper, we considerprobabilistic weighted automata as generators of quantitative lan-
guages. In such automata, nondeterministic choice is replaced by probability distributions on suc-
cessor states. The value of an infinite wordw is defined to be the maximal valuev such that the set of
runs overw with value at leastv has either positive probability (positive semantics), or probability 1
(almost-sure semantics). This simple definition combines in a general model the natural quantitative
extensions of logics and automata [12, 13, 7], and the probabilistic models of automata for which
boolean properties have been well studied [20, 3, 2]. Note that the probabilistic Büchi and coBüchi
automata of [2] are a special case of probabilistic weightedautomata with weights 0 and 1 only
(and the value of an infinite run computed asLimSup or LimInf, respectively). While quantitative
objectives are standard in the branching-time context of stochastic games [21, 14, 16, 5, 9, 17], we
are not aware of any model combining probabilities and weights in the linear-time context of words
and languages, though such a model is very natural for the specification of quantitative properties.
Consider the specification of two types of communication channels given in Fig. 1. One has low cost
(sending costs1 unit) and low reliability (a failure occurs in 10% of the caseand entails an increased
cost for the operation), while the second is expensive (sending costs5 units), but the reliability is
high (though the cost of a failure is prohibitive). In the figure, we omit the self-loops with cost0 in
stateq0 andq′0 overack, and inq1, q2, q

′
1, q

′
2 oversend. Natural questions can be formulated in this

framework, such as whether the average-cost of every wordw ∈ {send, ack}ω is really smaller in
the low-cost channel, or to construct a probabilistic weighted automaton that assigns the minimum
of the average-cost of the two types of channels. In this paper, we attempt a comprehensive study of
such fundamental questions, about the expressive power, closure properties, and decision problems
for probabilistic weighted automata.

First, we compare the expressiveness of the various classesof probabilistic and nondeterministic
weighted automata over infinite words. ForLimSup, LimInf, and limit average, we show that a wide
variety of new classes of quantitative languages can be defined using probabilities, which are not
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expressible using nondeterminism. Our results rely on reachability properties of closed recurrent
sets in Markov chains. For discounted sum, we show that probabilistic weighted automata under the
positive semantics have the same expressive power as nondeterministic weighted automata, while
under the almost-sure semantics, they have the same expressive power as weighted automata with
universal branching, where the value of a word is the minimal(instead of maximal) value of all
runs. The question of whether the positive semantics of weighted limit-average automata is more
expressive than nondeterminism, remains open.

Second, we give an almost complete picture of the closure of probabilistic weighted automata
under the pointwise operations of maximum, minimum, and sumfor quantitative languages. We also
define thecomplementLc of a quantitative languageL by Lc(w) = 1 − L(w) for all wordsw.4

Note that maximum and minimum are in fact the operation of least upper bound and greatest lower
bound for the pointwise natural order on quantitative languages (whereL1 ≤ L2 if and only if
L1(w) ≤ L2(w) for all wordsw). Therefore, they also provide natural generalization of the classical
union and intersection operations of boolean languages.

Note that closure under max trivially holds for the positivesemantics, and closure under min
for the almost-sure semantics. We also define thecomplementLc of a quantitative languageL by
Lc(w) = 1 − L(w) for all wordsw. Only LimSup-automata under positive semantics andLimInf-
automata under almost-sure semantics are closed under all four operations; these results extend cor-
responding results for the boolean (i.e., non-quantitative) case [1]. To establish the closure properties
of limit-average automata, we characterize the expected limit-average reward of Markov chains. Our
characterization answers all closure questions except forthe language sum in the case of positive
semantics, which we leave open. Note that expressiveness results and closure properties are tightly
connected. For instance, because they are closed under max,theLimInf-automata with positive se-
mantics can be reduced toLimInf-automata with almost-sure semantics and toLimSup-automata
with positive semantics; and because they are not closed under complement, theLimSup-automata
with almost-sure semantics andLimInf-automata with positive semantics have incomparable expres-
sive powers.

Third, we investigate the emptiness and universality problems for probabilistic weighted au-
tomata, which ask to decide if some (resp. all) words have a value above a given threshold. Using
our expressiveness results, as well as [1, 8], we establish some decidability and undecidability results
for Sup, LimSup, andLimInf automata; in particular, emptiness and universality are undecidable
for LimSup-automata with positive semantics and forLimInf-automata with almost-sure semantics,
while the question is open for the emptiness ofLimInf-automata with positive semantics and for
the universality ofLimSup-automata with almost-sure semantics. We also prove the decidability of
emptiness for probabilistic discounted-sum automata withpositive semantics, while the universality
problem is as hard as for the nondeterministic discounted-sum automata, for which no decidability
result is known. We leave open the case of limit average.

2 Definitions

A quantitative language over a finite alphabetΣ is a functionL : Σω → R. A boolean language (or a
set of infinite words) is a special case whereL(w) ∈ {0, 1} for all wordsw ∈ Σω. Nondeterministic
weighted automata define the value of a word as the maximal value of a run [7]. In this paper, we
study probabilistic weighted automata as generator of quantitative languages.

4 One can defineLc(w) = k − L(w) for any constantk without changing the results of this paper.
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Value functions. We consider the following value functionsVal : Qω → R to define quantitative
languages. Given an infinite sequencev = v0v1 . . . of rational numbers, define

– Sup(v) = sup{vn | n ≥ 0};

– LimSup(v) = lim sup
n→∞

vn = lim
n→∞

sup{vi | i ≥ n};

– LimInf(v) = lim inf
n→∞

vn = lim
n→∞

inf{vi | i ≥ n};

– LimAvg(v) = lim inf
n→∞

1

n

n−1∑

i=0

vi;

– For0 < λ < 1, Discλ(v) =

∞∑

i=0

λi · vi;

Given a finite setS, a probabilistic distributionoverS is a functionf : S → [0, 1] such that∑
s∈S f(s) = 1. We denote byD(S) the set of all probabilistic distributions overS.

Probabilistic weighted automata. A probabilistic weighted automatonis a tuple A =
〈Q, ρI , Σ, δ, γ〉 where:

– Q is a finite set of states;
– ρI ∈ D(Q) is the initial distribution;
– Σ is a finite alphabet;
– δ : Q × Σ → D(Q) is a probabilistic transition function;
– γ : Q × Σ × Q → Q is a weight function.

We can define anon-probabilisticautomaton fromA by ignoring the probability values, and
saying thatq is initial if ρI(q) > 0, and(q, σ, q′) is an edge ofA if δ(q, σ)(q′) > 0. The automatonA
is deterministicif ρI(qI) = 1 for someqI ∈ Q, and for allq ∈ Q andσ ∈ Σ, there existsq′ ∈ Q
such thatδ(q, σ)(q′) = 1.

A run of A over a finite (resp. infinite) wordw = σ1σ2 . . . is a finite (resp. infinite) sequence
r = q0σ1q1σ2 . . . of states and letters such that (i) ρI(q0) > 0, and (ii) δ(qi, σi+1, qi+1) > 0 for
all 0 ≤ i < |w|. We denote byγ(r) = v0v1 . . . the sequence of weights that occur inr where
vi = γ(qi, σi+1, qi+1) for all 0 ≤ i < |w|.

The probability of a finite runr = q0σ1q1σ2 . . . σkqk over a finite wordw = σ1 . . . σk is
PA(r) = ρI(q0).

∏k
i=1 δ(qi−1, σi)(qi). For eachw ∈ Σω, the functionPA(·) defines a unique

probability measure over Borel sets of (infinite) runs ofA overw.
Given a value functionVal : Qω → R, we say that the probabilisticVal-automatonA gener-

ates the quantitative languages defined for all wordsw ∈ Σω by L=1
A (w) = sup{η | PA({r ∈

RunA(w) | Val(γ(r)) ≥ η}) = 1} under the almost-sure semantics, andL>0
A (w) = sup{η |

PA({r ∈ RunA(w) | Val(γ(r)) ≥ η}) > 0} under the positive semantics. For non-probabilistic au-
tomata, the value of a word is either the maximal value of the runs (i.e.,Lmax

A (w) = sup{Val(γ(r)) |

r ∈ RunA(w)} for all w ∈ Σω) and the automaton is then callednondeterministic, or the minimal
value of the runs, and the automaton is then calleduniversal.

Note that Büchi and coBüchi automata ([2]) are special cases of respectivelyLimSup- and
LimInf-automata, where all weights are either0 or 1.

Notations. The first letter in acronyms for classes of automata can be N(ondeterministic),
D(eterministic), U(niversal), POS for the language in the positive semantics, or AS for the language
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Fig. 2. Reducibility relation.C is reducible toC′ if C → C′. Classes that are not connected by an arrow are in-
comparable. Reducibility for the dashed arrow is open. TheDisc-automata are incomparable with the automata
in the figure. Their reducibility relations are given in Theorem 5.

in the almost-sure semantics. We use the notationsD
N to denote the classes of automata whose deter-

ministic version has the same expressiveness as their nondeterministic version. When the type of an
automatonA is clear from the context, we often denote its language simply by LA(·) or evenA(·),
instead ofL=1

A , Lmax
A , etc.

Reducibility. A classC of weighted automata isreducibleto a classC′ of weighted automata if for
everyA ∈ C there existsA′ ∈ C′ such thatLA = LA′ , i.e. LA(w) = LA′(w) for all wordsw.
Reducibility relationships for (non)deterministic weighted automata are given in [7].

Composition. Given two quantitative languagesL, L′ : Σω → R, we denote bymax(L, L′)
(resp.min(L, L′) and L + L′) the quantitative language that assignsmax{L(w), L′(w)} (resp.
min{L(w), L′(w)} andL(w) + L′(w)) to each wordw ∈ Σω. The language1 − L is called the
complementof L. Themax, min and complement operators for quantitative languages generalize
respectively the union, intersection and complement operator for boolean languages. The closure
properties of (non)deterministic weighted automata are given in [8].

Remark. We sometimes use automata with weight functionsγ : Q → Q that assign a weight
to states instead of transitions. This is a convenient notation for weighted automata in which from
each state, all outgoing transitions have the same weight. In pictorial descriptions of probabilistic
weighted automata, the transitions are labeled with probabilities, and states with weights.

3 Expressive Power of Probabilistic Weighted Automata

We complete the picture given in [7] about reducibility for nondeterministic weighted automata, by
adding the relations with probabilistic automata. The results for LimInf, LimSup, andLimAvg are
summarized in Fig. 2s, and forSup- andDisc-automata in Theorems 1 and 5.
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3.1 ProbabilisticSup-automata

Like for probabilistic automata over finite words, the quantitative languages definable by probabilis-
tic and (non)deterministicSup-automata coincide.

Theorem 1. POSSUP andASSUP are reducible toDSUP.

Proof. It is easy to see that POSSUP-automata define the same language when interpreted as NSUP-
automata, and the same holds for ASSUP and USUP. The result then follows from [7, Theorem 9].

�

3.2 ProbabilisticLimAvg-automata

Many of our results would considerMarkov chainsandclosed recurrent statesin Markov chains. A
Markov chainM = (S, E, δ) consists of a finite setS of states, a setE of edges, and a probabilistic
transition functionδ : S → D(S). For all s, t ∈ S, there is an edge(s, t) ∈ E iff δ(s)(t) > 0. A
closed recurrent setC of states inM is a bottom strongly connected set of states in the graph(S, E).
We will use the following two key properties of closed recurrent states.

1. Property 1.Given a Markov chainM , and a start states, with probability 1, the set of closed
recurrent states is reached froms in finite time. Hence for anyǫ > 0, there existsk0 such that for
all k > k0, for all starting states, the set of closed recurrent states are reached with probability
at least1 − ǫ in k steps.

2. Property 2.If a closed recurrent setC is reached, and the limit of the expectation of the average
weights ofC is α, then for allǫ > 0, there exists ak0 such that for allk > k0 the expectation of
the average weights fork steps is at leastα − ǫ.

The above properties are the basic properties of finite stateMarkov chains and closed recurrent
states [19].

Lemma 1. Let A be a probabilistic weighted automata with alphabetΣ = {a, b}. Consider the
Markov chain arising ofA on inputbω (we refer to this as theb-Markov chain) and we use similar
notation for thea-Markov chain. The following assertions hold:

1. If for all closed recurrent setsC in theb-Markov chain, the (expected) limit-average value (in
probabilistic sense) is at least 1, then there existsj such that for all closed recurrent sets arising
of A on input(bj · a)ω the expected limit-average reward is positive.

2. If for all closed recurrent setsC in theb-Markov chain, the (expected) limit-average value (in
probabilistic sense) is at most 0, then there existsj such that for all closed recurrent sets arising
of A on input(bj · a)ω the expected limit-average reward is strictly less than 1.

3. If for all closed recurrent setsC in theb-Markov chain, the (expected) limit-average value (in
probabilistic sense) is at most 0, and if for all closed recurrent setsC in thea-Markov chain, the
(expected) limit-average value (in probabilistic sense) is at most 0, then there existsj such that
for all closed recurrent sets arising ofA on input(bj · aj)ω the expected limit-average reward
is strictly less than 1/2.

Proof. We present the proof in three parts.
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1. Letβ be the maximum absolute value of the weights ofA. From any states ∈ A, there is a path
of length at mostn to a closed recurrent setC in theb-Markov chain, wheren is the number of
states ofA. Hence if we choosej > n, then any closed recurrent set in the Markov chain arising
on the input(bj ·a)ω contains closed recurrent sets of theb-Markov chain. Forǫ > 0, there exists
kǫ such that from any states ∈ A, for all k > kǫ, on inputbk from s, the closed recurrent sets of
theb-Markov chain is reached with probability at least1− ǫ (by property 1 for Markov chains).
If all closed recurrent sets in theb-Markov chain have expected limit-average value at least 1,
then (by property 2 for Markov chains) for allǫ > 0, there existslǫ such that for alll > lǫ, from
all statess of a closed recurrent set on the inputbl the expected average of the weights is at least
1− ǫ, (i.e., expected sum of the weights isl− l · ǫ). Consider0 < ǫ ≤ min{1/4, 1/(20 ·β)}, we
choosej = k+ l, wherek = kǫ > 0 andl > max{lǫ, k}. Observe that by our choicej+1 ≤ 2l.
Consider a closed recurrent set in the Markov chain on(bj · a)ω and we obtain a lower bound
on the expected average reward as follows: with probability1 − ǫ the closed recurrent set of the
b-Markov chain is reached withink steps, and then in the nextl steps at the expected sum of the
weights is at leastl− l · ǫ, and since the worst case weight is−β we obtain the following bound
on the expected sum of the rewards

(1 − ǫ) · (l − l · ǫ) − ǫ · β · (j + 1) ≥
l

2
−

l

10
=

2l

5

Hence the expected average reward is at least1/5 and hence positive.
2. The proof is similar to the previous result.
3. The proof is also similar to the first result. The only difference is that we use a long enough

sequence ofbj such that with high probability a closed recurrent set in theb-Markov chain is
reached and then stay long enough in the closed recurrent setto approach the expected sum of
rewards to 0, and then present a long enough sequence ofaj such that with high probability a
closed recurrent set in thea-Markov chain is reached and then stay long enough in the closed
recurrent set to approach the expected sum of rewards to 0. The calculation is similar to the first
part of the proof.

Thus we obtain the desired result. �

We consider the alphabetΣ consisting of lettersa andb, i.e.,Σ = {a, b}. We define the language
LF of finitely manya’s, i.e., for an infinite wordw if w consists of infinitely manya’s, thenLF (w) =
0, otherwiseLF (w) = 1. We also consider the languageLI of words with infinitely manya’s (it is
the complement ofLF ).
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Lemma 2. Consider the languageLF of finitely manya’s. The following assertions hold.

1. The language can be expressed as aNL IM AVG.
2. The language can be expressed as aPOSL IM AVG.
3. The language cannot be expressed asASL IM AVG.

Proof. We present the three parts of the proof.

1. The result follows from the results of [7, Theorem 12] where the explicit construction of a
NL IM AVG to expressLF is presented.

2. A POSL IM AVG automatonA to expressLF is as follows (see Fig. 3):
(a) States and weight function.The set of states of the automaton is{q0, q1, sink}, with q0 as

the starting state. The weight functionγ is as follows:γ(q0) = γ(sink) = 0 andγ(q1) = 1.
(b) Transition function.The probabilistic transition function is as follows:

(i) from q0, givena or b, the next states areq0, q1, each with probability 1/2;
(ii) from q1 givenb the next state isq1 with probability 1, and fromq1 givena the

next state issink with probability 1; and
(iii) from sink state the next state issink with probability 1 on botha andb. (it is

an absorbing state).
Given the automatonA consider any wordw with infinitely manya’s then, the automata reaches
sink state in finite time with probability 1, and henceA(w) = 0. For a wordw with finitely many
a’s, let k be the last position that ana appears. Then with probability1/2k, afterk steps, the
automaton only visits the stateq1 and henceA(w) = 1. Hence there is a POSL IM AVG for LF .

3. We show thatLF cannot be expressed as an ASL IM AVG. Consider an ASL IM AVG automaton
A. Consider the Markov chain that arises fromA if the input is onlyb (i.e., onbω), we refer to it
as theb-Markov chain. If there is a closed recurrent setC that can be reached from the starting
state (reached by any sequence ofa and b’s), then the limit-average reward (in probabilistic
sense) inC must be at least 1 (otherwise, if there is a closed recurrent setC with limit-average
reward less than 1, we can construct a finite wordw that with positive probability will reachC,
and then followw by bω and we will haveA(w · bω) < 1). Hence any closed recurrent set on
theb-Markov chain has limit-average reward at least 1 and by Lemma 1 there existsj such that
theA((bj · a)ω) > 0. Hence it follows thatA cannot expressLF .

Hence the result follows. �

Lemma 3. Consider the languageLI of infinitely manya’s. The following assertions hold.

1. The language cannot be expressed as anNL IM AVG.
2. The language cannot be expressed as aPOSL IM AVG.
3. The language can be expressed asASL IM AVG.

Proof. We present the three parts of the proof.

1. It was shown in the proof of [7, Theorem 13] that NLIM AVG cannot expressLI .
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Fig. 5. A probabilistic weighted automaton (POSL IM AVG, POSL IM SUP, or POSL IM INF) for Lemma 4.

2. We show thatLI is not expressible by a POSL IM AVG. Consider a POSL IM AVG A and consider
the b-Markov chain arising fromA under the inputbω. All closed recurrent setsC reachable
from the starting state must have the limit-average value atmost0 (otherwise we can construct
an wordw with finitely manya’s such thatA(w) > 0). Since all closed recurrent set in the
b-Markov chain has limit-average reward that is 0, using Lemma 1 we can construct a word
w = (bj · a)ω, for a large enoughj, such thatA(w) < 1. Hence the result follows.

3. We now show thatLI is expressible as an ASL IM AVG. The automatonA is as follows (see
Fig. 4):
(a) States and weight function.The set of states are{q0, sink} with q0 as the starting state. The

weight function is as follows:γ(q0) = 0 andγ(sink) = 1.
(b) Transition function.The probabilistic transition function is as follows:

(i) from q0 givenb the next state isq0 with probability 1;
(ii) at q0 givena the next states areq0 andsink each with probability 1/2; (iii) the

sink state is an absorbing state.
Consider a wordw with infinitely manya’s, then the probability of reaching the sink state is 1,
and henceA(w) = 1. Consider a wordw with finitely manya’s, and letk be the number ofa’s,
and then with probability1/2k the automaton always stay inq0, and henceA(w) = 0.

Hence the result follows. �

Lemma 4. There exists a language that can be expressed byPOSL IM AVG, POSL IM SUP and
POSL IM INF, but not byNL IM AVG, NL IM SUP or NL IM INF.

Proof. Consider an automatonA as follows (see Fig. 5):
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1. States and weight function.The set of states are{q0, q1, sink} with q0 as the starting state. The
weight function is as follows:γ(q0) = γ(q1) = 1 andγ(sink) = 0.

2. Transition function.The probabilistic transition is as follows:
(i) from q0 if the input letter isa, then the next states areq0 andq1 with probability 1/2;
(ii) from q0 if the input letter isb, then the next state issink with probability 1;
(iii) from q1, if the input letter isb, then the next state isq0 with probability 1;
(iv) from q1, if the input letter isa, then the next state isq1 with probability 1; and
(v) the statesink is an absorbing state.

If we consider the automatonA, and interpret it as a POSL IM AVG, POSL IM SUP, or POSL IM INF,
then it accepts the following language:

Lz = {ak1bak2bak3b . . . | k1, k2, · · · ∈ N≥1 ·

∞∏

i=1

(1 −
1

2ki
) > 0} ∪ (a ∪ b)∗ · aω;

i.e.,A(w) = 1 if w ∈ Lz andA(w) = 0 if w 6∈ Lz: the above claim follows easily from the argument
following Lemma 5 of [2]. We now show thatLz cannot be expressed as NLIM AVG, NL IM SUP or
NL IM INF. Consider a non-deterministic automatonA. Suppose there is a cycleC in A such that
average of the rewards inC is positive, andC is formed by a word that contains ab. If no such
cycle exists, then clearlyA cannot expressLz as there exists word for whichLz(w) = 1 such that
w contains infinitely manyb’s. Consider a cycleC such that average of the rewards is positive, and
let the cycle be formed by a finite wordwC = a0a1 . . . an and there must exist at least one index
0 ≤ i ≤ n such thatai = b. Hence the word can be expressed aswC = aj1baj2b . . . ajkb, and hence
there exists a finite wordwR (that reaches the cycle) such thatA(wR · wω

C) > 0. This contradicts
thatA is an automaton to expressLz asLz(wR · wω

C) = 0. Simply exchanging the average reward
of the cycle by the maximum reward (resp. minimum reward) shows thatLz is not expressible by a
NL IM SUP (resp. NLIM INF). �

The next theorem summarizes the results for limit-average automata obtained in this section.

Theorem 2. ASL IM AVG is incomparable in expressive power withPOSL IM AVG and NL IM AVG,
andNL IM AVG cannot express all languages expressible byPOSL IM AVG.

Open question.Whether NLIM AVG is reducible to POSL IM AVG or NLIM AVG is incomparable to
POSL IM AVG (i.e., there is a language expressible by NLIM AVG but not by a POSL IM AVG) remains
open.

3.3 ProbabilisticLimInf-automata

Lemma 5. NL IM INF is reducible to bothASL IM INF andPOSL IM INF.

Proof. It was shown in [7] that NLIM INF is reducible to DLIM INF. Since DLIM INF are special
cases of ASL IM INF and POSL IM INF the result follows. �

Lemma 6. The languageLI is expressible by anASL IM INF, but cannot be expressed as aNL IM INF

or a POSL IM INF.
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Proof. It was shown in [7] that the languageLI is not expressible by NLIM INF. If we consider
the automatonA of Lemma 3 and interpret it as an ASL IM INF, then the automatonA expresses the
languageLI . The proof of the fact that POSL IM INF cannot expressLI is similar to the the proof
of Lemma 3 (part(2)) and instead of the average reward of the closed recurrent setC, we need to
consider the minimum reward of the closed recurrent setC. �

Lemma 7. POSL IM INF is reducible toASL IM INF.

Proof. Let A be a POSL IM INF and we construct a ASL IM INF B such thatB is equivalent toA. Let
V be the set of weights that appear inA and letv1 be the least value inV . For each weightv ∈ V ,
consider the POSCW Av that is obtained fromA by considering all states with weight at leastv as
accepting states. It follows from the results of [1] that POSCW is reducible to ASCW (it was shown
in [1] that ASBW is reducible to POSBW and it follows easily that dually POSCW is reducible to
ASCW). Let Dv be an ASCW that is equivalent toAv. We construct a POSL IM INF Bv from Dv

by assigning weightsv to the accepting states ofDv and the minimum weightv1 to all other states.
Consider a wordw, and we consider the following cases.

1. If A(w) = v, then for allv′ ∈ V such thatv′ ≤ v we haveDv′

(w) = 1, (i.e., the POSCW Av′

and the ASCW Dv′

acceptsw).
2. Forv ∈ V , if Dv(w) = 1, thenA(w) ≥ v

It follows from above thatA = maxv∈V Bv. We will show later that ASL IM INF is closed under
max (Lemma 18) and hence we can construct an ASL IM INF B such thatB = maxv∈V Bv. Thus
the result follows. �

Theorem 3. We have the following strict inclusion

NL IM INF ( POSL IM INF ( ASL IM INF

Proof. The fact that NLIM INF is reducible to POSL IM INF follows from Lemma 5, and the fact
the POSL IM INF is not reducible to NLIM INF follows from Lemma 4. The fact that POSL IM INF

is reducible to ASL IM INF follows from Lemma 7 and the fact that ASL IM INF is not reducible to
POSL IM INF follows from Lemma 6. �

3.4 ProbabilisticLimSup-automata

Lemma 8. NL IM SUP andPOSL IM SUP are not reducible toASL IM SUP.

Proof. The languageLF of finitely manya’s can be expressed as a non-deterministic Büchi au-
tomata, and hence as a NLIM SUP. We will show that NLIM SUP is reducible to POSL IM SUP. It
follows thatLF is expressible as NLIM SUP and POSL IM SUP. The proof of the fact that ASL IM SUP

cannot expressLF is similar to the the proof of Lemma 2 (part(3)) and instead ofthe average reward
of the closed recurrent setC, we need to consider the maximum reward of the closed recurrent set
C. �
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Deterministic in limit NL IM SUP. Consider an automatonA that is a NLIM SUP. Let v1 < v2 <
. . . < vk be the weights that appear inA. We call the automatonA deterministic in the limitif for
all statess with weight greater thanv1, all statest reachable froms are deterministic.

Lemma 9. For everyNL IM SUP A, there exists aNL IM SUP B that is deterministic in the limit and
equivalent toB.

Proof. From the results of [10] it follows that a NBWA can be reduced to an equivalent NBWB
such thatB is deterministic in the limit. LetA be a NLIM SUP, and letV be the set of weights that
appear inA. and letV = {v1, . . . , vk} with v1 < v2 < · · · < vk. For eachv ∈ V , consider the
NBW Av whose (boolean) language is the set of wordsw such thatLA(w) ≥ v, by declaring to
be accepting the states with weight at leastv. Let Bv be the deterministic in the limit NBW that is
equivalent toAv. The automatonB that is deterministic in the limit and is equivalent toA is obtained
as the automaton that by initial non-determinism chooses between theBv ’s, for v ∈ V . �

Lemma 10. NL IM SUP is reducible toPOSL IM SUP.

Proof. Given a NLIM SUP A, consider the NLIM SUP B that is deterministic in the limit and equiv-
alent toB. By assigning equal probabilities to all out-going transitions from a state we obtain a
POSL IM SUP C that is equivalent toB (and henceA). The result follows. �

Lemma 11. ASL IM SUP is reducible toPOSL IM SUP.

Proof. Consider a ASL IM SUP A and let the weights ofA be v1 < v2 . . . < vl. For 1 ≤ i ≤ l
consider the ASBW obtained fromA with the set of state with reward at leastvi as the Büchi states.
It follows from the results of [1] that ASBW is reducible to POSBW. Let Bi be the POSBW that
is equivalent toAi. Let Ci be the automaton such that all Büchi states ofBi is assigned weightvi

and all other states are assignedv1. Consider the automataC that goes with equal probability to the
starting states ofCi, for 1 ≤ i ≤ l, and we interpretC as a POSL IM SUP. Consider a wordw, and
let A(w) = vj for some1 ≤ j ≤ l, i.e., givenw, the set of states with reward at leastvj is visited
infinitely often with probability 1 inA. Hence the POSBW Bi acceptsw with positive probability,
and sinceC choosesCi with positive probability, it follows that givenw, in C the weightvj is
visited infinitely often with positive probability, i.e.,C(w) ≥ vj . Moreover, givenw, for all vk > vl,
the set of states with weight at leastvk is visited infinitely often with probability 0 inA. Hence for
all k > j, the automataBk acceptsw with probability 0. ThusC(w) < vk for all vk > vj . Hence
C(w) = A(w) and thus ASL IM SUP is reducible to POSL IM SUP. �

Lemma 12. ASL IM SUP is not reducible toNL IM SUP.

Proof. It follows from [1] that for0 < λ < 1 the following languageLλ can be expressed by a
ASBW and hence by ASL IM SUP:

Lλ = {ak1bak2bak3b . . . | k1, k2, · · · ∈ N≥1.
∞∏

i=1

(1 − λki) > 0}.
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It follows from argument similar to Lemma 4 that there exists0 < λ < 1 such thatLλ cannot be
expressed by a NLIM SUP. Hence the result follows. �

Theorem 4. ASL IM SUP andNL IM SUP are incomparable in expressive power, andPOSL IM SUP is
more expressive thanASL IM SUP andNL IM SUP.

Lemma 13. POSCW is reducible toPOSBW.

Proof. Let A = 〈Q, qI , Σ, δ, C〉 be a POSCW with the setC ⊆ Q of accepting states. We construct
a POSBW A as follows:

1. The set of states isQ ∪ Q whereQ = {q | q ∈ Q} is a copy of the states inQ;
2. qI is the initial state;
3. The transition function is as follows, for allσ ∈ Σ:

(a) for all statesq, q′ ∈ Q, we haveδ(q, σ, q′) = δ(q, σ, q′) = 1
2 · δ(q, σ, q′), i.e., the stateq′

and its copyq′ are reached with half of the original transition probability;
(b) the statesq ∈ Q such thatq 6∈ C are absorbing states (i.e.,δ(q, σ, q) = 1);
(c) for all statesq ∈ C andq′ ∈ Q, we haveδ(q, σ, q′) = δ(q, σ, q′), i.e., the transition function

in the copy automaton follows that ofA for states that are copy of the accepting states.
4. The set of accepting states isC = {q ∈ Q | q ∈ C}.

We now show that the language of the POSCW A and the language of POSBW A coincides. Consider
a wordw such thatA(w) = 1. Letα be the probability that given the wordw eventually always states
in C are visited inA, and sinceA(w) = 1 we haveα > 0. In other words, as limitk tends to∞,
the probability that afterk steps only states inC are visited isα. Hence there existsk0 such that
the probability that afterk0 steps only states inC are visited is at leastα2 . In the automatonA,
the probability to reach states ofQ after k0 steps has probabilityp = 1 − 1

2k0
> 0. Hence with

positive probability (at leastp · α
2 ) the automaton visits infinitely often the states ofC, and hence

A(w) = 1. Observe that since every state inQ \C is absorbing and non-accepting), it follows that if
we consider an accepting runA, then the run must eventually always visits states inC (i.e., the copy
of the accepting statesC). Hence it follows that for a given wordw, if A(w) = 1, then with positive
probability eventually always states inC are visited inA. ThusA(w) = 1, and the result follows.

�

Lemma 14. POSL IM INF is reducible toPOSL IM SUP, andASL IM SUP is reducible toASL IM INF.

Proof. We present the proof that POSL IM INF is reducible to POSL IM SUP, the other proof being
similar. LetA be a POSL IM INF, and letV be the set of weights that appear inA. For eachv ∈ V ,
it is easy to construct a POSCW Av whose (boolean) language is the set of wordsw such that
LA(w) ≥ v, by declaring to be accepting the states with weight at leastv. We then construct for
eachv ∈ V a POSBW Av that accepts the language ofAv (such a POSBW can be constructed by
Lemma 13). Finally, assuming thatV = {v1, . . . , vn} with v1 < v2 < · · · < vn, we construct the
POSL IM SUP Bi for i = 1, 2, . . . , n whereBi is obtained fromAvi

by assigning weightvi to each
accepting states, andv1 to all the other states. The POSL IM SUP that expresses the language ofA is
maxi=1,2...,n Bi and since POSL IM SUP is closed undermax (see Lemma 16), the result follows.

�
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Lemma 15. ASL IM INF andPOSL IM SUP are reducible to each other;ASL IM SUP andPOSL IM INF

have incomparable expressive power.

Proof. This result is an easy consequence of the fact that an automaton interpreted as ASL IM INF

defines the complement of the language of the same automaton interpreted as POSL IM SUP (and
similarly for ASL IM SUP and POSL IM INF), and from the fact that ASL IM INF and POSL IM SUP are
closed under complement, while ASL IM SUP and POSL IM INF are not (see Lemma 21 and 22).

�

3.5 ProbabilisticDisc-automata

For probabilistic discounted-sum automata, the followingresult establishes equivalence of the non-
deterministic and the positive semantics, and the equivalence of the universal and the almost-sure
semantics.

Theorem 5. The following assertions hold: (a)NDISC andPOSDISC are reducible to each other;
(b) UDISC andASDISC are reducible to each other.

Proof. (a) We first prove that NDISC is reducible to POSDISC. Let A = 〈Q, ρI , Σ, δA, γ〉 be a
NDISC, and letvmin, vmax be its minimal and maximal weights respectively. Consider the POSDISC

B = 〈Q, ρI , Σ, δB, γ〉 whereδB(q, σ) is the uniform distribution over the set of statesq′ such that
(q, σ, {q′}) ∈ δA. Let r = q0σ1q1σ2 . . . be a run ofA (over w = σ1σ2 . . . ) with valueη. For
all ǫ > 0, we show thatPB({r ∈ RunB(w) | Val(γ(r)) ≥ η − ǫ}) > 0}. Let n ∈ N such that
λn

1−λ
· (vmax − vmin) ≤ ǫ, and letrn = q0σ1q1σ2 . . . σnqn. The discounted sum of the weights inrn

is at leastη − λn

1−λ
· (vmax). The probability of the set of runs overw that are continuations ofrn

is positive, and the value of all these runs is at leastη − λn

1−λ
· (vmax − vmin), and therefore at least

η − ǫ. This shows thatLB(w) ≥ η, and thusLB(w) ≥ LA(w). Note thatLB(w) ≤ LA(w) since
there is no run inA (nor inB) overw with value greater thanLA(w). HenceLB = LA.

Now, we prove that POSDISC is reducible to NDISC. Given a POSDISC B = 〈Q, ρI , Σ, δB, γ〉,
we construct a NDISC A = 〈Q, ρI , Σ, δA, γ〉 where(q, σ, {q′}) ∈ δA if and only if δB(q, σ)(q′) >
0, for all q, q′ ∈ Q, σ ∈ Σ. By analogous arguments as in the first part of the proof, it iseasy to see
thatLB = LA.

(b) It is easy to see that the complement of the quantitative language defined by a UDISC (resp.
ASDISC) can be defined by a NDISC (resp. POSDISC). Then, the result follows from Parta) (essen-
tially, given a UDISC, we obtain easily an NDISC for the complement, then an equivalent POSDISC,
and finally a ASDISC for the complement of the complement, i.e., the original quantitative lan-
guage). �

Note that a by-product of this proof is that the language of a POSDISC does not depend on the
precise values of the probabilities, but only on whether they are positive or not.

4 Closure Properties of Probabilistic Weighted Automata

We consider the closure properties of the probabilistic weighted automata under the operationsmax,
min, complement, and sum. The results are presented in Table 1.
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max min comp.sum emptinessuniversality

>
0

POSSUP
√ √

×
√ √ √

POSL IM SUP
√ √ √ √ × ×

POSL IM INF
√ √

×
√ √ √

POSL IM AVG
√

× × ? ? ?
POSDISC

√ × × √ √
? (1)

a
lm

os
t-

su
re

ASSUP
√ √ × √ √ √

ASL IM SUP
√ √

×
√ √ √

ASL IM INF
√ √ √ √

× ×
ASL IM AVG × √ × × ? ?
ASDISC ×

√
×

√
? (1)

√

The universality problem for NDISC can be reduced to (1). It is
not known whether this problem is decidable.

Table 1.Closure properties and decidability of the emptiness and universality problems.

4.1 Closure undermax and min

Lemma 16 (Closure by initial non-determinism).POSL IM SUP, POSL IM INF andPOSL IM AVG is
closed undermax; and ASL IM SUP, ASL IM INF andASL IM AVG is closed undermin.

Proof. Given two automataA1 andA2 consider the automataA obtained by initial non-deterministic
choice ofA1 andA2. Formally, letq1 andq2 be the initial states ofA1 andA2, respectively, then
in A we add an initial stateq0 and the transition fromq0 is as follows: forσ ∈ Σ, consider the
setQσ = {q ∈ Q1 ∪ Q2 | δ1(q1, σ)(q) > 0 or δ2(q2, σ)(q) > 0}. From q0, for input letterσ,
the successors are fromQσ each with probability1/|Qσ|. If A1 andA2 are POSL IM SUP (resp.
POSL IM INF, POSL IM AVG), thenA is a POSL IM SUP (resp. POSL IM INF, POSL IM AVG) such that
A = max{A1, A2}. Similarly, if A1 andA2 are ASL IM SUP (resp. ASL IM INF, ASL IM AVG), then
A is a ASL IM SUP (resp. ASL IM INF, ASL IM AVG) such thatA = min{A1, A2}. �

Lemma 17 (Closure by synchronized product).ASL IM SUP is closed undermax and POSL IM -
INF is closed undermin.

Proof. We present the proof that ASL IM SUP is closed undermax. LetA1 andA2 be two probabilis-
tic weighted automata with weight functionγ1 andγ2, respectively. LetA be the usual synchronized
product ofA1 andA2 with weight functionγ such thatγ((s1, s2)) = max{γ1(s1), γ2(s2)}. Given
a pathπ = ((s1

0, s
2
0), (s

1
1, s

2
1), . . .) in A we denote byπ ↾ 1 the path inA1 that is the projec-

tion of the first component ofπ and we use similar notation forπ ↾ 2. Consider a wordw, let
max{A1(w), A2(w)} = v. We consider the following two cases to show thatA(w) = v.

1. W.l.o.g. let the maximum be achieved byA1, i.e.,A1(w) = v. Let Bv
i be the set of statessi

in Ai such that weight ofsi is at leastv. SinceA1(w) = v, given the wordw, in A1 the event
Büchi(Bv

1 ) holds with probability 1. Consider the following set of paths inA

Πv = {π | (π ↾ 1) ∈ Büchi(Bv
1 )}.
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Since givenw, the event Büchi(Bv
1 ) holds with probability 1 inA1, it follows that givenw, the

eventΠv holds with probability 1 inA. Theγ function ensures that every pathπ ∈ Πv visits
weights of value at leastv infinitely often. HenceA(w) ≥ v.

2. Consider a weight valuev′ > v. Let Cv
i be the set of statessi in Ai such that the weight of

si is less thanv′. Given the wordw, sinceAi(w) < v′, it follows that probability of the event
coBüchi(Cv

i ) in Ai, given the wordw, is positive. Hence given the wordw, the probability of
the event coBüchi(Cv

1 × Cv
2 )) is positive inA. It follows thatA(w) < v′.

The result follows. IfA1 andA2 are POSL IM INF, and inA we assign weights such that every state
in A has the minimum weight of its component states, and we consider A as a POSL IM INF, then
A = min{A1, A2}. The proof is similar to the result for ASL IM SUP. �

Lemma 18. POSL IM SUP is closed undermin andASL IM INF is closed undermax.

Proof. Let A1 and A2 be two POSL IM SUP. We construct a POSL IM SUP A such thatA =
min{A1, A2}. Let Vi be the set of weights that appear inAi (for i = 1, 2), and letV = V1 ∪ V2 and
let v1 be the least value inV . For each weightv ∈ V1 ∪ V2 = {v1, . . . , vk}, consider the POSBW
Av

i that is obtained fromAi by considering all states with weight at leastv as accepting states. Since
POSBW is closed under intersection(by the results of [2]), we can construct a POSBW Av

12 that is
the intersection ofAv

1 andAv
2 , i.e.Av

12 = Av
1 ∩ Av

2 . We construct a POSL IM SUP Bv
12 from Av

12 by
assigning weightsv to the accepting states ofAv

12 and the minimum weightv1 to all other states.
Consider a wordw, and we consider the following cases.

1. If min{A1(w), A2(w)} = v, then for allv′ ∈ V such thatv′ ≤ v we haveAv′

12(w) = 1, (i.e.,
the POSBW Av′

12 acceptsw).
2. If Av

12(w) = 1, thenA1(w) ≥ v andA2(w) ≥ v, i.e.,min{A1(w), A2(w)} ≥ v.

It follows from above thatmin{A1, A2} = maxv∈V Bv
12. Since POSL IM SUP is closed undermax

(by initial non-determinism), it follows that POSL IM SUP is closed undermin. The proof of closure
of ASL IM INF undermax is similar. �

The closure properties ofLimAvg-automata in the positive semantics rely on the following lemma.

Lemma 19. Consider the alphabetΣ = {a, b}, and consider the languagesLa andLb that assigns
the long-run average number ofa’s andb’s, respectively. Then the following assertions hold.

1. There is noPOSL IM AVG for the languageLm = min{La, Lb}.
2. There is noPOSL IM AVG for the languageL∗ = 1 − max{La, Lb}.

Proof. To obtain a contradiction, assume that there exists a POSL IM AVG A (for eitherLm or L∗).
We first claim that if we consider thea-Markov or theb-Markov chain ofA, then there must be either
ana-closed recurrent set or ab-closed recurrent setC that is reachable inA such that the expected
sum of the weights inC is positive. Otherwise, if for alla-closed recurrent sets andb-closed recurrent
sets we have that the expected sum of the weights is zero or negative, then we fool the automaton
as follows. By Lemma 1, it follows that there exists aj such thatA((aj · bj)ω) < 1/2, however,
Lm(w) = L∗(w) = 1

2 , i.e., we have a contradiction. W.l.o.g., we assume that there is ana-closed
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recurrent setC such that expected sum of weights ofC is positive. Then we present the following
word w: a finite wordwC to reach the cycleC, followed byaω; the answer of the automaton is
positive,i.e., LA(w) > 0, while Lm(w) = L∗(w) = 0. Hence the result follows. �

Lemma 20. POSL IM AVG is not closed undermin andASL IM AVG is not closed undermax.

Proof. The result for POSL IM AVG follows from Lemma 19. We now show that ASL IM AVG is not
closed undermax. Consider the alphabetΣ = {a, b} and the quantitative languagesLa andLb that
assign the value of long-run average number ofa’s andb’s, respectively. There exists DLIM AVG (and
hence ASL IM AVG) for La andLb. We show thatLm = max(La, Lb) cannot be expressed by an
ASL IM AVG. By contradiction, assume thatA is an ASL IM AVG with set of statesQ that definesLm.
Consider anya-closed recurrentC in A. The expected limit-average of the weights of the recurrent
set must be 1, as if we consider the wordw∗ = wC · aω wherewC is a finite word to reachC,
the value ofw∗ in Lm is 1. Hence, the limit-average of the weights of all the reachable a-closed
recurrent setC in A is 1.

Givenǫ > 0, there existsjǫ such that the following properties hold:

1. from any state ofA, given the wordajǫ with probability1−ǫ ana-closed recurrent set is reached
(by property 1 for Markov chains);

2. once ana-closed recurrent set is reached, given the wordajǫ , (as a consequence of property 2
for Markov chains) we can show that the following propertieshold: (a) the expected average of
the weights is at leastjǫ · (1− ǫ), and (b) the probability distribution of the states is withǫ of the
probability distribution of the states for the worda2·jǫ (this holds as the probability distribution
of states on wordsaj converges to the probability distribution of states on the wordaω).

Let β > 1 be a number that is greater than the absolute maximum value ofweights inA. We chose
ǫ > 0 such thatǫ < 1

40·β . Let j = 2 · jǫ (such thatjǫ satisfies the properties above). Consider

the word(aj · b3j)ω and the answer byA must be3
4 , asLm((aj · b3j)ω) = 3

4 . Consider the word
ŵ = (a2j · b3j)ω and consider a closed recurrent set in the Markov chain obtain from A on ŵ. We
obtain the following lower bound on the expected limit-average of the weights: (a) with probability
at least1 − ǫ, afterj/2 steps,a-closed recurrent sets are reached; (b) the expected average of the
weights for the segment betweenaj anda2j is at leastj · (1− ǫ); and (c) the difference in probability
distribution of the states afteraj anda2j is at mostǫ. Since the limit-average of the weights of
(aj · b3j)ω is 3

4 , the lower bound on the limit-average of the weights is as follows

(1 − 3 · ǫ) · (3·j+j·(1−ǫ)
5j

) − 3 · ǫ · β = (1 − ǫ)(4
5 − ǫ

5 ) − 3 · ǫ · β

≥ 4
5 − ǫ − 3 · ǫ · β

≥ 4
5 − 4 · ǫ · β

≥ 4
5 − 1

10

≥ 7
10 > 3

5 .

It follows thatA((a2j · b3j)ω) > 3
5 . This contradicts thatA expressesLm. �
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4.2 Closure under complement

Lemma 21. POSL IM SUP andASL IM INF are closed under complement.

Proof. We first present the proof for POSL IM SUP. Let A be a POSL IM SUP, and letV be the
set of weights that appear inA. For eachv ∈ V , it is easy to construct a POSBW Av whose
(boolean) language is the set of wordsw such thatLA(w) ≥ v, by declaring to be accepting the
states with weight at leastv. We then construct for eachv ∈ V a POSBW Āv (with accepting states)
that accepts the (boolean) complement of the language accepted byAv (such a POSBW can be
constructed since POSBW is closed under complementation by the results of [1]). Finally, assuming
thatV = {v1, . . . , vn} with v1 < v2 < · · · < vn, we construct the POSL IM SUP Bi for i = 2, . . . , n
whereBi is obtained fromĀvi

by assigning weight−vi−1 to each accepting states, and−vn to
all the other states. The complement ofLA is thenmax{LB2

, . . . , LBn
} which is accepted by a

POSL IM SUP (since POSL IM SUP is closed undermax). The result for ASL IM INF is similar and it
uses the closure of ASCW under complementation which can be easily proved from theclosure
under complementation of POSBW. �

Lemma 22. ASL IM SUP andPOSL IM INF are not closed under complement.

Proof. It follows from Lemma 8 that the languageLF of finitely manya’s is not expressible by an
ASL IM SUP, whereas the complementLI of infinitely manya’s is expressible as a DBW and hence
as a ASL IM SUP. It follows from Lemma 6 that languageLI is not expressible as an POSL IM INF,
whereas its complementLF is expressible by a DCW and hence a POSL IM INF. �

Lemma 23. POSL IM AVG andASL IM AVG are not closed under complement.

Proof. The fact that POSL IM AVG is not closed under complement follows from Lemma 19. We now
show that ASL IM AVG is not closed under complement. Consider the DLIM AVG A over alphabet
Σ = {a, b} that consists of a single self-loop state with weight1 for a and0 for b. Notice that
A(w.aω) = 1 andA(w.bω) = 0 for all w ∈ Σ∗. To obtain a contradiction, assume that there exists a
ASL IM AVG B such thatB = 1−A. For all finite wordsw ∈ Σ∗, let B(w) be the expected average
weight of the finite run ofB overw. Fix 0 < ǫ < 1

2 . For all finite wordsw, there exists a number
nw such that the average number ofa’s in w.bnw is at mostǫ, and there exists a numbermw such
thatB(w.amw ) ≤ ǫ (sinceB(w.aω) = 0). Hence, we can construct a wordw = bn1am1bn2am2 . . .
such thatA(w) ≤ ǫ andB(w) ≤ ǫ. SinceB = 1 − A, this implies that1 ≤ 2ǫ, a contradiction.

�

4.3 Closure under sum

Lemma 24. POSL IM SUP andASL IM SUP are closed under sum.

Proof. Given two POSL IM SUP (resp. ASL IM SUP) A1 andA2, we construct a POSL IM SUP (resp.
ASL IM SUP) A for the sum of their languages as follows. For a pair(v1, v2) of weights (vi in Ai, for
i = 1, 2), consider a copy of the synchronized product ofA1 andA2. We attach a bitb whose range
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is {1, 2} to each state to remember that we expectAb to visit the guessed weightvb. Whenever this
occurs, the bitb is set to3 − b, and the weight of the state isv1 + v2. All other states (i.e. when
b is unchanged) have weightmin{v1 + v2 | v1 ∈ V1 ∧ v2 ∈ V2}. Let the automata constructed
beA(v1,v2). ThenA = max(v1,v2) A(v1,v2). Since POSL IM SUP (resp. ASL IM SUP) is closed under
max the result follows. �

Lemma 25. POSL IM INF andASL IM INF are closed under sum.

Proof. Given two POSL IM INF (resp. ASL IM INF) A1 andA2, we construct a POSL IM INF (resp.
ASL IM INF) A for the sum of their languages as follows. Fori = 1, 2, letVi be the set of weights that
appear inAi. Let vmin = min{v1 + v2 | v1 ∈ V1 ∧ v2 ∈ V2}. Forv1 ∈ V1 andv2 ∈ V2, for i = 1, 2,
consider the POSCW (resp. ASCW) Avi

obtained fromAi by making all states with weights at least
vi as accepting states. LetA(v1,v2) be the POSCW (resp. ASCW) such thatA(v1,v2) = Av1

∩ Av2
:

such an POSCW (resp. ASCW) exists since POSCW (resp. ASCW) is closed under intersection. In
other words, for a wordw we haveA(v1,v2)(w) = 1 iff A1(w) ≥ v1 andA2(w) ≥ v2. Let A(v1,v2)

be the POSL IM INF (resp. ASL IM INF) obtained fromA(v1,v2) by assigning weightv1 + v2 to all
accepting states and weightvmin to all other states. Then the automaton for the sum ofA1 andA2

(denoted asA1 + A2) is max(v1,v2)∈V1×V2
A(v1,v2). Since POSL IM INF (resp. ASL IM INF) is closed

undermax the result follows. �

Lemma 26. ASL IM AVG is not closed under sum.

Proof. Consider the alphabetΣ = {a, b}, and consider the DLIM AVG-definable languagesLa and
Lb that assigns to each wordw the long-run average number ofa’s andb’s in w respectively. Let
L+ = La + Lb. We show thatL+ is not expressible by ASL IM AVG. Assume towards contradiction
thatL+ is defined by an ASL IM AVG A with set of statesQ (we assume w.l.o.g that every state inQ
is reachable). Letβ > 1 be greater than the maximum absolute value of the weights inA.

First, we claim that from every stateq ∈ Q, if we consider the automatonAq with q as starting
state thenAq(a

ω) = 1: this follows since if we consider a finite wordwq to reachq, thenL+(wq ·
aω) = 1 and henceA(wq · aω) = 1. It follows that from any stateq, ask tends to∞, the expected
average of the weights converges almost-surely to 1. This implies if we consider thea-Markov chain
arising fromA, then from any stateq, for all closed recurrent setC of states reachable fromq, the
expected average of the weights ofC is 1. Hence for everyγ > 0 there exists a natural numberkγ

0

such that from any stateq, for all k > kγ
0 given the wordak the expected average of the weights is

at least12 with probability1 − γ (this is because we can chose long enoughk such that the closed
recurrent states are reached with probability1−γ by property 1 for Markov chains, and then the long
enough sequence ensures that the expected average approaches 1 by property 2 for Markov chains),
and for the firstkγ

0 steps the expected average of the weights is at least−β. The same result holds if
we consider as input a sequence ofb’s instead ofa’s.

Consider the wordw generated inductively by the following procedure: (a)w0 is the empty word;
(b) we generatewi+1 from wi as follows: (i) the sequence of letters added towi to obtainwi+1 is
at leasti; (ii) first we generate a long enough sequencew′

i+1 of a’s afterwi such that the average
number ofb’s in wi ·w

′
i+1 falls below1

i
; (iii) then generate a long enough sequencew′′

i+1 of b’s such
that the average number ofa’s in wi ·w

′
i+1 ·w

′′
i+1 falls below1

i
; (iv) the wordwi+1 = wi ·w

′
i+1 ·w

′′
i+1.
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The wordw is the limit of these sequences. Forγ > 0, consideri ≥ 6 · kγ
0 ·β (wherekγ

0 satisfies the
properties described above forγ). By construction fori > 6·kγ

0 ·β, the length ofwi is at least6·k0 ·β,
and hence it follows that in the segment constructed betweenwi andwi+1, for all |wi| ≤ ℓ ≤ |wi+1|
with probability at least1 − γ the expected average of the weights is at least

ℓ−k
γ
0

2 − kγ
0 · β

ℓ
≥

1

2
−

2 · kγ
0 · β

ℓ
≥

1

2
−

1

3
≥

1

6
.

Hence for allγ > 0, the expected average of the weights is at least1
6 with probability at least1− γ.

Since this holds for allγ > 0, it follows that the expected average of the weights is at least 1
6 almost-

surely, (i.e.,A(w) ≥ 1
6 ). We haveLa(w) = Lb(w) = 0 and thusL+(w) = 0, while A(w) ≥ 1

6 .
Thus we have a contradiction. �

Lemma 27. POSDISC andASDISC are closed under sum.

Proof. The result for POSDISC follows from Theorem 5 and the fact that NDISC and UDISC are
closed under sum (which is easy to prove using a synchronizedproduct of automata where the weight
of a joint transition is the sum of the weights of the corresponding transitions. �

Open question.Whether POSL IM AVG is closed under sum remains open.

5 Decision Problems for Probabilistic Weighted Automata

We conclude the paper with some decidability and undecidability results for classical decision prob-
lems about quantitative languages (see Table 1). Most of them are direct corollaries of the results
in [1]. Given a weighted automatonA and a rational numberν ∈ Q, the quantitative emptiness
problemasks whether there exists a wordw ∈ Σω such thatLA(w) ≥ ν, and thequantitative
universality problemasks whetherLA(w) ≥ ν for all wordsw ∈ Σω.

Theorem 6. The emptiness and universality problems forPOSSUP andASSUP are decidable.

Proof. By Theorem 1, these problems reduce to emptiness of DSUP which is decidable ([7, Theo-
rem 1]).

The following theorems are trivial corollaries of [1, Theorem 2].

Theorem 7. The emptiness problem forPOSL IM SUP and the universality problem forASL IM SUP

are undecidable.

It is easy to obtain the following result as a straightforward generalization of [1, Theorem 6].

Theorem 8. The emptiness problem forASL IM SUP and the universality problem forPOSL IM INF

are decidable.

Theorem 9. The emptiness problem forPOSL IM INF and the universality problem forASL IM SUP

are decidable.
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Proof (Sketch).We sketch the main ideas of the proof that emptiness of coBüchi automata in positive
semantics is achievable in EXPTIME and with exponential memory. The proof extends easily to
POSL IM INF and to the universality problem for ASL IM SUP.

Emptiness of coBüchi automata in positive semantics can beviewed as deciding the existence
of a blind positive-winning strategy in a stochastic game with coBüchi objective. We show that this
problem can be decomposed into positive winning for safety and reachability objectives.

Positive reachability.For positive winning for reachability we have the following:

1. if there is a blind winning strategy for positive reachability, then the memoryless strategy that
plays all actions uniformly is a positive winning strategy for reachability;

2. from the randomized strategy there is a deterministic strategy that is positive winning (since
there is a finite path and we can select the letters of the path).

Positive safety.We first assume that finite-state randomized strategy existsfor positive safety. We
then show that there is a finite-state deterministic strategy. If we fix a finite-state randomized strategy
that is positive winning, then in the Markov chain obtained there must be a closed recurrent set that
is subset of the safe set. If we restrict the strategy to a deterministic strategy obtained from the
restriction of the randomized strategy, and the closed recurrent set will be a subset of the original
closed recurrent set, and hence we would obtain a deterministic strategy for positive safety.

From positive reachability and safety to positive coBüchi. We present an iterative algorithm. Let
C be the set of coBüchi states. LetW0 = ∅. We obtainWi+1 from Wi as follows: letZi be the set
of states such that player 1 can ensure staying safe inC ∪Wi with positive probability, andWi+1 is
obtained as the set of states that can reachZi with positive probability. Clearly player 1 can ensure
from all Wi that coBüchi objective is satisfied with positive probability. Let W ∗ be the fixpoint.
From every state in the complement ofW ∗ player 1 cannot ensure positive probability to stay safe
in C ∪ W ∗, and hence for every player 1 strategy player 2 can ensure to reach¬C ∩ ¬W ∗ with
probability 1. From every state in the complement ofW ∗ player 1 cannot ensure positive probability
to reach toW ∗, and hence against every player 1 strategy, player 2 can ensure to stay safe in¬W ∗.
Hence given a strategy for player 1, the player 2 strategy to reach¬C ∩¬W ∗ with probability 1 and
stay safe in¬W ∗ ensure that the from¬W ∗ the coBüchi condition is falsified with probability 1.

Positive Safety Finite-memory.Consider the knowledge based construction [?] where we consider
essentially the probability support (instead of the precise probability). If player 1 can ensure positive
probability safety with knowledge based strategy, then clearly that is a positive winning strategy for
safety. If there is no knowledge based strategy for positivesafety, then for any observation based
strategy, the target set is reached inn steps with probabilityαn (this holds for all deterministic
strategies of lengthn, and hence for all probabilistic choices as well). It follows that the target is
reached with probability 1.

The following result is a particular case of [1, Corollary 3].

Theorem 10. The emptiness problem forASL IM INF and the universality problem forPOSL IM SUP

are undecidable.

Finally, by Theorem 5 and the decidability of emptiness for NDISC, we get the following result.
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Theorem 11. The emptiness problem forPOSDISC and the universality problem forASDISC are
decidable.

Note that by Theorem 5, the universality problem for NDISC (which is not know to be decidable)
can be reduced to the universality problem for POSDISC and to the emptiness problem for ASDISC.
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FoSSaCS, LNCS 4962, pages 287–301. Springer, 2008.
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