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Drift wave turbulence is known to self-organize to form axisymmetric macroscopic flows. The basic
mechanism for macroscopic flow generation is called inverse energy cascade. Essentially, it is an
energy transfer from the short wavelengths to the long wavelengths in the turbulent spectrum due to
nonlinear interactions. A class of macroscopic flows, the poloidally symmetric zonal flows, is widely
recognized as a key constituent in nearly all cases and regimes of microturbulence, also because of
the realization that zonal flows are a critical agent of self-regulation for turbulent transport. In
tokamaks and other toroidal magnetic confinement systems, axisymmetric flows exist in two
branches, a zero frequency branch and a finite frequency branch, named Geodesic Acoustic Modes
(GAMs). The finite frequency is due to the geodesic curvature of the magnetic field. There is a
growing body of evidence that suggests strong GAM activity in most devices. Theoretical
investigation of the GAMs is still an open field of research. Part of the difficulty of modelling the
GAMs stems from the requirement of running global codes. Another issue is that one cannot
determine a simple one to one relation between turbulence stabilization and GAM activity. This
paper focuses on the study of ion temperature gradient turbulence in realistic tokamak
magnetohydrodynamic equilibria. Analytical and numerical analyses are applied to the study of
geometrical effects on zonal flows oscillations. Results are shown on the effects of the plasma
elongation on the GAM amplitude and frequency and on the zonal flow residual amplitude. © 2008

American Institute of Physics. [DOI: 10.1063/1.2928849]

I. INTRODUCTION

Plasmas in magnetically confined fusion devices are
found in turbulent states which enhance the transport of
quantities like heat and energy, thus leading to a degradation
of the confinement. The turbulence level and the resulting
turbulence induced transport depend on nonlinear saturation
mechanisms of the underlying instabilities. An essential in-
gredient of these saturation mechanisms is the generation of
large scale flows which behave as regulation agents on the
turbulence. Large scale structure generation is known as tur-
bulence self-organization and it is a common phenomenon
not only in plasmas, but almost in all forms of turbulence in
different media. In toroidal devices, we have the generation
of axisymmetric flows, the zonal flows, which present many
analogies with the flows observed in planetary atmospheres
(Jupiter belts, jet streams). Depending on plasma parameters
zonal flows exhibit stationary or oscillatory behavior. These
oscillations are induced by the coupling with poloidally
asymmetric pressure perturbations. The coupling is due the
geodesic curvature and the modes are called Geodesic
Acoustic Modes (GAMs). GAMs have been observed on
DIII-D (Ref. 1) by Beam Emission Spectroscopy, in
JIPT-IIU,” JFT-2M,” and T-10,* by using heavy ion beam
probes, in the ASDEX-Upgrade by Doppler reﬂectometry5
and in the Heliac H1 with an array of Langmuir probes.6

The interest in GAMs is due to the role they play in the
turbulence saturation mechanism. Indeed, while zonal flows
have always a quenching effect on turbulence, GAMs may
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act as a destabilizing factor. First, oscillating zonal flows are
less effective in shearing the radial extended turbulence ed-
dies, as demonstrated by Hahm.” Second, GAMs may pro-
vide a mechanism of transfer of energy back from the zonal
flows to the drift waves.®

The role played by the nonlinear interactions of zonal
flows, GAMs and ion temperature gradient driven turbulence
on the ion heat transport has been illustrated by global gyro-
kinetic simulations in Ref. 9 using the code orBs.'" There
the total plasma current /p is used as a control parameter of
the zonal flow oscillatory behavior. Low I, (hence high
safety factor g,) corresponds to a regime with oscillatory
zonal flows and larger ion heat flux than for high 7, (low g,),
in which zonal flows are stationary.

The oscillatory behavior of zonal flows is determined by
several plasma parameters which influence the linear damp-
ing of GAM oscillations. These parameters are mainly the
temperature, the safety factor'' and the plasma geometry, as
shown by Sugama12 for helical systems. Experimental evi-
dence of the dependence of the GAM frequency on plasma
elongation has been provided by Doppler reflectometry in
ASDEX-Upgrade. "

The goal of this paper is to establish a simple relation-
ship between plasma elongation and zonal flow oscillation
properties. A fluid model is used to derive an expression for
the GAM frequency where the plasma elongation appears as
an explicit parameter. The obtained relation is compared to
the experimental values and to results from numerical gyro-
kinetic simulations.

© 2008 American Institute of Physics
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This paper is organized as follows: in Sec. II, a review of
the derivation of the GAM dispersion relation based on a
fluid model is presented in which plasma geometry comes
into play. In Sec. III an analytical approximation to the
plasma equilibrium geometry is presented, and based on this
analytical description a new dispersion relation is derived in
Sec. IV, which includes the effects of plasma elongation. In
Sec. V the analytical approximation is compared to a numeri-
cal equilibrium and several improvements to the analytical
model are suggested. In Sec. VI a numerical model based
on gyrokinetic equations is presented. In Sec. VII results
from the dispersion relation and from the numerical calcula-
tions are presented and compared. Conclusions are given in
Sec. VIII.

Il. ANALYTICAL MODEL

We use the Braginskii equations14 in the collisionless
limit. Following Ref. 15, linearization of the conventional
ion fluid equations (without diamagnetic effects) yields the
following set of equations:

Jd \ P .
;t(ni - P?Vzﬂﬁ) =—NeqiVp* V(o+p,) - neq,ivTiVIIvHi’

(1a)
90, 5o
== ur(Vid+ Vi), (1b)
ot
op; .
7[; ==Ivp - Vo-vnl'Vigy, (Ic)
where &:eq’)/ Ti.q is the electrostatic potential. n;

Pi=Pi/Pieq Uyi/vr; are the perturbed ion density, pressure,
and the component of the velocity parallel to the magnetic
field lines, the subscript eq denotes the equilibrium quanti-
ties, m; is the ion mass, e the electron charge, I' the m of
specific heats, p; the ion Larmor radius, and vy;=\T;/m; is
the ion thermal velocity. The drift velocity that appears in
Eq. (Ic) is defined as vp=-p;v7BB X V(1 /B?). In the follow-
ing we drop the subscript for the normalized quantities.

The ion density perturbation is constrained by the
electro-neutrality condition. Assuming adiabatic response of
electrons on magnetic surfaces, it takes the form,

ni_ (e
= (¢={e), 2)

ieq e.eq

where the wedge brackets (...) indicate a magnetic surface
average. We make the ansatz, ¢=d¢y+ ¢, and the same for
v and p. Here ¢, is the magnetic surface averaged potential
(i.e., ¢@p=(¢)). The following ordering holds true:
9~ pi, d1,v51,p1~ P;i»Vp- V~p;. At the proper order in p;,
the linearized system of these fluid equations yields

PV o) =Vp - V(e +p)), (3a)
i v,

= 0h==Vp-Vo——Vy, (3b)
e qu
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ur,
p1==Tvp-Vo—T—V, (3¢)
qsR
UTi
V== —7(¢d+py) (3d)
q:R

from which the dispersion relation is obtained,
WP}V o) = (7+ r)[vD V(vp - Veby)

T, ’ 22
+ q_lle piVido) |- (4)

5

We can rewrite the Laplacian as
1
Vo= TonglV iy, (5)
\J

In the above, g is the metric tensor of magnetic coordinates
(r,0,¢), where r is a flux surface label, ¢ is the toroidal
angle, 6 is a poloidal anglelike coordinate chosen so that
magnetic field lines are straight in the (6, ¢) plane. In terms
of the representation B=1V ¢+ VX Vo where ¢ is the po-
loidal flux, the safety factor ¢, and the poloidal angle w, 6 is
defined as

2 (1]
9=_Wf redo’, (6)
qs Jo

where Jrog is the Jacobian of (r,w, ) coordinates. Consid-
ering the variation scale of ¢, faster than the variation scale
of the geometry, we can approximate

V2 o =(Vr)d ¢, (7)

((vp- V)2>¢0=<(VD : Vr)zﬁfd’o- (8)

The GAM dispersion relation takes the form
W*p;(|VrI)d o) = (7+ F)l«vp AR

2
+ (U—T> p?(<|Vr|2>a%¢o)1. 9)
q,R

To evaluate the effect of the elongation on the GAM
frequency, we need to know how this parameter modifies the
averaged Laplacian (|Vr|?) and drift velocity {(vp-Vr)?) op-
erators, which appear in the GAM dispersion relation.

lll. A MODEL FOR PLASMA GEOMETRY

We recall a model for the plasma equilibrium introduced
by Connor,'® which in the following will be referred to as
Culham equilibrium. The magnetic surfaces are approxi-
mated by the following set of equations:
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R=Ry—[r—E(r)]cos w—A(r) + T(r)cos 2w

+ P(r)cos w, (10a)

Z=[r+E(r)]sin w+ T(r)sin 2w — P(r)sin o, (10b)

(R,Z, ¢) are the cylindrical coordinates and R is the plasma
major radius. The other parameters A,E,T are related, re-
spectively, to the Shafranov shift, the elongation and the tri-
angularity. P corresponds to a relabelling of the surfaces. In
the following we focus on the role of elongation, therefore
we set 7=0. When r is chosen as the minor radius p, the
following expression is obtained for P:

1r3 1r lEz

P=——+—-—"—"A-——. 11
SR(Z) 2Ry 2 r (1)

From Egs. (10a) and (10b), we can evaluate |Vr|* and \E,

5 3(r\2 A
|Vr|*=1-2A" cos 0+2E' cos 20+~ — | +—
4\ R, R,
A!Z E!2 3(E 2
=], (12)
2 2 2\r
\’E R 2 r 2E
—=|—] =|1=2—cos 8+ — cos 0
"Ry \R, Ry Ry
2 2A
—(r—2+LA’+— : (13)
2R; Ry R,

In the limit of low plasma pressure, the Shafranov shift can
be neglected, and A can be set to zero.

IV. THE DISPERSION RELATION INCLUDING
ELONGATION EFFECTS

With the plasma geometry introduced in the previous
section, the Laplacian becomes

3 * E'* 3(E\?
<W4%=1+—<1> +——+—<—>. (14)
4\R,) T2 T 2\r

Truncating the expansion to first order in r/ R, the geometric
term in the Laplacian becomes

E'*> 3(E\?
2\ _ - 2=
(VrH =1+ 5 +2(r). (15)

Let us consider now the drift velocity operator {((v,-Vr)?).
The drift velocity is given by the expression

BB VB
Vp= 2pivTi? X ?

1
= - PiUTiBOB X VP

B BO>2
=—pur— X V| =] . 16
pthiBO (B ( )

Approximating B=(ByR,)/R, we can write
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which we substitute in the expression for the drift velocity,

B BO>2
= — 0. — X V - 18
Vp == pilr, B, ( B (18a)
X V| 1-2—cos 0
pivT |: R()
r ro., 2A
S+ A+ — (18b)
2R, Ry Ry
The gradient in magnetic coordinates is given by
V=Vrd,+Vé, (19)

recalling that we have set A=0, and neglecting O[(r/R)?],

Vp=2pur X [(1=E")cos 6V r+ (r—E)sin 6V 6],
‘RoBy
(20)
and multiplying by Vr,
2pur,
vp-Vr= “(r—E)sin 6B X V@) - Vr. (21)
oty
Now, B=1V ¢+ ¢, VrX Ve, with I=BR,. Therefore,
By
Vr-BXVO=B-(VOXVR)=—, (22)
VRO
—E)sin 6
Vp- Vr= 2piUT_u. (23)
! rRO
Taking the square of Eq. (23) and averaging over 6,
20007 E\?
((vp-VrHy=—3 ’(1 - —) : (24)
R r

0

In a first approximation, the shape function E is taken as
linear in the minor radius, E=(x,—1)r, where the parameter
Kk, defines the elongation. With this assumption, the Laplac-
ian and the drift velocity operators take the final form,

(VA =1+2(k,~ 1)?, (25)
202

((vp-V)D) = 1;2 (2 -2, (26)
0

which we replace in Eq. (9), in order to get the GAM
frequency,

=(r+1)—
w = (7 )R(z)

i 202-x)? 1
T[1+2(K"_1)2+q2} 27)
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V. STUDY OF THE VALIDITY
OF THE APPROXIMATION OF THE GEOMETRY

The validity of the model for plasma geometry is tested
comparing the analytical values of the operators (|VW¥|?) and
(lvp-V¥|?) with the values computed by the equilibrium
solver code CHEASE,'” on the case ¢,(p=0.5)=1.44, where
p=r/a. According to this picture, the choice of the elonga-
tion function E(r)=r(x,—1) is quite a rough approximation
of an ideal MHD equilibrium, with constant elongation
across magnetic surfaces, as can be seen writing it explicitly,

R=Ry—r[2 - k,]cos w, (28)

Z=rkK,sin (29)

while the code CHEASE gives an elongation with a profile as
a function of the magnetic surface label (Fig. 3, below, dot-
ted lines). Moreover the parameter k, acts to shrink the mag-
netic surfaces in the R direction while stretching them in the
Z direction, with the purpose of keeping the volume enclosed
by the magnetic surfaces constant. This is not the same be-
havior as the elongation parameter considered in the experi-
ment and by the code CHEASE, which we shall simply call .
This parameter is defined as the ratio of the plasma height
over the plasma width on the equatorial plane. In terms of «,
an equilibrium is described by the equations

R=I§O+ 7 cos(w+ dsin w), (30)

Z=rksin(w), (31)

where  Ry=[R(w=0)+R(w=m]/2 and 7=[R(w=0)
—R(w=1m)]/2 are, respectively, the major and minor geomet-
ric radii. Following Ref. 18, we can identify this equilibrium
in terms of the parameters in Eqs. (10a) and (10b) with

Ry=R,-A-T, (32)
F=r-E, (33)
r+FE
= , 34
x r—F (34)
4T
=—. (35)
p

The parameter « acts only to stretch the magnetic surfaces in
the Z direction, therefore expanding the volume enclosed by
the surface. Figure 1 shows how a circular equilibrium is
modified by Egs. (30) and (31) with k=1.75 and by Egs.
(10a) and (10b) with x,=1.75. Notice that the last case cor-
responds to a CHEASE/experimental elongation of «=7.
Therefore we must be careful comparing analytical results
with numerical and experimental ones; the same definition of
the elongation parameter must be chosen. Using Eq. (34) we
can now rewrite in term of the experimental/CHEASE « the
Laplacian,
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FIG. 1. (Color online) Comparing equilibria. Solid lines correspond to the
Culham equilibrium with «,=1.75; dashed lines correspond to the
experimental-like equilibrium with «,=1.75. The starting circular equilib-
rium is plotted as a reference. The Culham equilibrium has an effective
elongation, as defined in the experiment, of k=7.

3-2k+3K

(1+x)? ° (36)

(VrP) =

and the drift velocity,

2 2

2pivr, 4

R(z) (1+x)?*

((vp-V)?) = (37)

Thus the GAM frequency becomes

2
w2=(T+F)—T2"[L2+l2} (38)
Ry 3-2k+3Kk" g
Now let us go back to the problem of the dependence of the
elongation on the magnetic surface, which is so far not cor-
rectly included in the model. In addressing this problem ana-
lytically, the first step is to have an expression for the radial
dependence of k. We assume a polynomial dependence
which we fit to the CHEASE results (p=r/a is the normalized
minor radius),

fdp)=ap’ +bp* +cp+d. (39)

If the value of the elongation at the plasma edge is
f.{(p=1)=k,, from Fig. 3 we observe that at p=0, elongation
is approximately 1+ (x,—1)/2, which fixes d=(k,+1)/2. A
good fit is obtained assuming b=c=0, thus a=(x,—1)/2 and
the final elongation profile is

fp) =30k, = Dp* + K+ 1]. (40)

Remark: In this expression, the plasma boundary elongation
K, is a parameter which identifies a whole profile. Introduc-
ing f, in Eq. (34), the shaping function E becomes
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1.2

FIG. 2. (Color online) Comparing equilibria. Solid red lines correspond to the adapted Culham equilibrium; the dotted blue lines correspond to the ideal MHD
equilibrium from CHEASE. The starting circular equilibrium is plotted as a reference.

_ (fK_l)
E—r(fK+1).

(41)

Plugging this expression into Egs. (10a) and (10b), it turns
out that a shrinking of the minor radius on the equatorial
plane is still present,

2
f:r—E:r(f+l>. (42)

The shrinking may be compensated by defining a rescaled
minor radius and shaping function E,

rS=erT+1, (43)
_ (fK_l)
Es—rs(f’(-l-l). (44)

We can now formally write the same equations as Eqgs. (10a)
and (10b), which now describe an equilibrium where the
parameter «; acts as in CHEASE and in the experimental equi-
libria (see Fig. 2 for a comparison of the plasma shape, and
Fig. 3 for the elongation profile),

R=Ry—-[rg— Eg]cos 0, (45a)

Zz[rs+ES:|Sin 6. (45b)

With the rescaled Eg and rg, we write the GAM frequency in
the more general form,

(46)

—==-, (47)

1.8

loc

1.27

0.8 ‘ ‘ ‘ ‘

FIG. 3. (Color online) Comparison of the elongation profiles. k.. is the
local value of the elongation, p=r/a is the normalized radial coordinate in
the equatorial plane. Solid lines are from the adapted analytical Culham
equilibrium while the dotted ones are from the CHEASE code.
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-0.4 ; ‘
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time [Qci] x10*

vE/vE(t

FIG. 4. (Color online) Example of the evolution in time of the poloidal
velocity v for large aspect ratio equilibrium, £=0.1. The velocity is mea-
sured at the radial position p=0.5, which in this case correspond to a value
of the safety factor g,=1.44.

dE redf, 1 redf fo—1
E_g‘=_S_E5+_Si_ _Sif—

= - . 48
drg adpfo+1 adp(f.+1)? (“48)

VI. NUMERICAL MODEL

Simulations are run with the gyrokinetic global code
orBs.'”!"" The important feature of the code exploited here is
the capability to operate using ideal MHD equilibria. The
evaluation of the GAM frequency, damping rate, and zonal
flows is provided by linear simulations, initialized with an
axisymmetric density perturbation. The numerical calcula-
tion provides us the time evolution of the electrostatic poten-
tial and the poloidal component of the E X B velocity, which
are linearly damped to a residual final value as predicted by
the Rosenbluth-Hinton theory.zo An example of the output of
the ORB5 simulations is plotted in Fig. 4. In this figure the
EXB velocity is plotted normalized to its initial value
vi/vg(0) as a function of time. Time is normalized to the ion
cyclotron frequency (1.

The basic magnetic configuration is a circular low pres-
sure (B8~ 1073) plasma. The equilibrium has been supplied
by the CHEASE equilibrium code. The major radius is
R=1.32 m. Upon variation of the minor radius a, we shall
consider two cases of inverse aspect ratio e=a/R=0.1 and
€=0.36. Density, ion temperature, and electron temperature
profiles are flat with 7;=T,. The scale of the system is fixed
to L,=2a/p,=280, where p, is the ion sound Larmor radius.
Different safety factor profiles have been used for the test,
two of which are plotted in Fig. 5. Four values of the edge
elongation, «,=1,1.25,1.5,1.75 are considered for studying
the dependence of GAM frequency on plasma elongation.

The numerical simulations have been performed with
16 million tracers for k,=1, 1.25, and 24 million for
k,=1.5,1.75. More tracers are needed for highly elongated
plasma in order to compensate for the increase in plasma
volume. The electrostatic potential is solved on a grid
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3.5
- - - Profile a,

—— Profile a,

FIG. 5. (Color online) Two safety factor profiles used in the simulations.
The lower one takes the value g,=1.44 for s=0.6 and is named profile g,,.
The higher one takes the value g,=2.1 for s=0.6 and is named profile g,,.

128 X 128 X 64, in toroidal coordinates s= \/z/f/_z,/fa (¢ is the
poloidal magnetic flux and ¢, its value at the edge), 6
(straight field line angle), ¢ (toroidal angle). The zonal flow
damping test has been performed with the ORB5 code in the
linear mode, which means that nonlinear terms in particle
trajectory equations have been suppressed. In order to repro-
duce the results of Hinton and Rosenbluth, we solve only for
the n=0,m=0 component of the electrostatic potential, the
other modes are Fourier filtered. The initial condition has
been prepared in order to obtain an axisymmetric ion density
perturbation &n;=n, sin(mp). Here &n, is chosen so that
(Vp),(t=0)=0.07vy;. After a convergence test, a time step of
ArQ).;=40 (where () is the ion cyclotron frequency) has
been chosen. The ions considered are deuterium.

VIl. RESULTS

Before analyzing the effects of the elongation, we check
our model against variation of other parameters, notably the
safety factor profile and the aspect ratio.

A. wgan dependence on the safety factor g,

For a circular plasma, kinetic and fluid theories predict
slightly different frequencies. From the kinetic dispersion re-
lation, wgay 1S given bylz’21

2
1 23 Ur.
2 2 ;
WGAM = | @Gamo T <—+87'e+27§>}(—> ,
M { v ‘]?wéAM,o 2 R
(49)
where wgap o is defined as
Ogamo =3 + 27 (50)

From the fluid dispersion relation,22
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FIG. 6. (Color online) GAM frequency as a function of the safety factor g,.
Results from kinetic, Eq. (49), and fluid, Eq. (51), dispersion relations are
compared with gyrokinetic simulation results, for a value of the inverse
aspect ratio £=0.1 and a radial position p=0.5. Frequencies are normalized
to the ion cyclotron frequency Q..

1\(vr,\
5 .
wGAM=(F+T9)(2+_2>(?) . (51)
s

In a recent work,23 a kinetic-fluid closure model is derived
for zonal flows, by which the kinetic wgam,o can be recov-
ered. Numerical simulations with ORB5 show a dependence
of wgam ON g, in excellent agreement with the kinetic calcu-
lation (see Fig. 6). In this comparison, the chosen value of
the inverse aspect ratio is £=0.1 and the radial position is
p=r/a=0.5.

B. Dependence of the GAM damping and frequency
on the aspect ratio

We consider two cases with inverse aspect ratio e=0.1
(large aspect ratio) and £=0.36 (cyclone base case®* aspect
ratio), g,=2 at p=r/a=0.5 in both cases.

The frequency dependence on & found in the simula-
tions, Fig. 7, is explained by the dependence in the sound
velocity c,/R,

Cs 2 qi

'S SLX miBO. (52)
The values from kinetic and fluid dispersion relations for
£=0.36 are wgn/©,;=5.6-107 and wp/w,;=54-107.
Other geometric effects of the aspect ratio [for example, in
the Laplacian operator Eq. (14)] are of lower order.

Considering the GAM damping rate v, its expression
from the kinetic theory is given in Ref. 12. With the present
choice of parameters, the radial wave number is small k,p;
~0.01, and the finite orbit width effects can be neglected. In
this limit, a simplified formula (Landau damping rate) is
found to give a good approximation of the numerical results,
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q2(10_3
i[RI
“““““““ g
jm| |
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1 1.2 k4 1.6 1.8
b

FIG. 7. (Color online) GAM frequency as a function of the edge elongation
for two values of the inverse aspect ratio. Results from the gyrokinetic
simulations. The dependence on «; is the same for both & with a shift
explained by the variation of c¢,/R with the aspect ratio. Frequencies are
normalized to the ion cyclotron frequency ).

YKIN = @AM EXP(— Ogan/2), (53)

where the normalized GAM frequency is defined as dgam
=wgamgsR/vr;. For an inverse aspect ratio of &£=0.36,
Eq. (53) gives g/ ®,=3.0-10"* and for =0.1, Y/ @,
=8.1-10. From ORrB5 (Fig. 8), 7v,,/0,=8-107 and
Yose! ©0=2.8-107*. Again a factor 3.6 between the aspect
ratios explains the differences between the corresponding
damping rates, and a good agreement between the analytical
and the numerical results is found.

The residual zonal flow levels, from ORB5 simulations,
are plotted in Fig. 9. In particular, for a circular plasma
k=1, the values are A=0.030 for £=0.1, and Ax=0.053 for

x 107
6r N
.1 €=0.36, qs=2 '
Sl ¢ e=01,9=2 | . O
4 o
©

g, h
2
L 0 ,,,,,,,,,,,,,,,, 0 """""""""" o
¢
01 1:2 1i4 1j6 1:8

K

FIG. 8. (Color online) GAM damping rates as a function of the edge elon-
gation for two values of the edge inverse aspect ratio. Results from the
gyrokinetic simulations. Growth rates are normalized to the ion cyclotron
frequency ().
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FIG. 9. (Color online) Zonal flow undamped component A as a function of
the edge elongation for two values of the edge inverse aspect ratio. Results
from the gyrokinetic simulations.

£=0.36. The residual zonal flow as given by the Rosenbluth—
Hinton theory,20

r -1/2 |-1
AR={1+1.6q5<I—e> } (54)

gives Ap=0.034 for £=0.1, and A3,=0.062 for £=0.36. Cor-
rections of higher order in & have been calculated.” Once
these corrections are included in Eq. (54), the residuals be-
come ARr=0.030 for £=0.1, and Ax=0.050 for £=0.36, in
very good agreement with ORB5 results (Fig. 9).

C. wgan dependence on elongation

In this section the dependence on the elongation of
GAM frequency, damping rate, and residual zonal flow com-
ponent is analyzed in detail. We start comparing the fre-
quency evaluated from the gyrokinetic simulations to the one
evaluated with the fluid dispersion relation and the simplified
equilibrium E=r(k—1)/(x+1) (for which the elongation is
constant across the magnetic surfaces x=k;). The expression
for wgay is therefore given by Eq. (38). The results are
plotted in Fig. 10. The edge inverse aspect ratio is e=0.1 and
the normalized radial position is p=r/a=0.5. The analytical
and numerical results agree qualitatively. The GAM fre-
quency is reduced with increasing elongation. But the ana-
lytical calculation gives a stronger dependence of wgay On &
compared to the numerical simulations. The difference is
mainly due to the fact that in the analytical equilibrium « is
a global parameter, constant over the whole radius, while in
the numerical equilibrium « is a function of the radius. A
way to improve the agreement is to plot the frequency wgam
obtained numerically as a function of the averaged elonga-
tion (k) (Fig. 11), the average being over the full minor
radius. In this sense, the value of the elongation to be in-
serted in the analytical formula in order to get the correct
frequency is to be interpreted as an averaged value, because
it is then considered constant over the full radius.
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FIG. 10. (Color online) GAM frequency as a function of the edge elonga-
tion k,. The dotted lines are the results from the numerical simulations,
while the dashed lines are the results from the fluid dispersion relation and
the equilibrium with constant elongation across the magnetic surfaces. The
inverse aspect ratio considered here is £=0.1 and the frequencies are evalu-
ated at the normalized radial position p=r/a=0.5. The frequencies are nor-
malized to the value for the circular case w(1).

A more rigorous approach is to introduce the equilibrium
described by Egs. (45a) and (45b) where the elongation ra-
dial profiles closely reproduce the ones of the ideal MHD
equilibria from the code CHEASE, as shown in Fig. 3. The
frequency thus obtained is plotted in Fig. 12, and compared
with the numerical results, showing a very good agreement.
Here choosing the appropriate « for the plot is not an issue,
since k; is now a parameter which identifies a profile com-
mon to both the numerical and the analytical equilibrium.
The “locality” is kept into account choosing the radial posi-
tion for the measure or evaluation of the frequency.

1 o ORBS: Klocal, 5=0.62
..% . ORB5: <K>0 g
0.95+ .0 ORB5: Kedge, s=1
-¢-Fleq.:q, .=1.44
~ 0.9 M foe
= o
>§o.85— ’ 1
\é/ RN o (o)
0.8’ s ~ N b
0.75| T
0.7 : : :
1 1.2 1.4 1.6 1.8

K

FIG. 11. (Color online) GAM frequency as a function of different defini-
tions of k. “Local” means at the radial maximum of the mode, p~0.5, (...)
means a radial average. The better agreement between analytical and nu-
merical results is when the numerical frequency are plotted as a function of
(k). The edge inverse aspect ratio is £=0.1 and the frequency are evaluated
at the normalized radial position p=r/a=0.5. The frequencies are normal-
ized to the value for the circular case w(1).
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FIG. 12. (Color online) GAM frequency as a function of the edge elonga-
tion k;,. The dotted lines are the results from the numerical simulations,
while the dashed lines are the results from the fluid dispersion relation and
the modified Culham equilibrium. The inverse aspect ratio considered here
is £=0.1 and the frequency are evaluated at the normalized radial position
p=r/a=0.5. The frequencies are normalized to the value for the circular
case w(1).

D. GAM damping rate dependence on elongation

Linear gyrokinetic simulations show that the GAM
damping rate 7y increases with the plasma elongation. The
GAM damping rates are plotted as a function of «; in Fig.
13. Two inverse aspect ratios (¢=0.1, £=0.36) and two
safety factor profiles (given in Fig. 5) are considered. The
plotted values of y are normalized to the circular case, thus
separating the effect of the elongation from the effects of the
other parameters. The normalized radial position chosen for
measurement is p=r/a=0.5. For all cases considered here
the damping rate 7y increases with elongation.

We compare these results with the analytical kinetic
theory. In Ref. 12 and Eq. (53), y contains a factor

25 | |
-A-¢=0.1, q0=2_00
-0 e=0.1,q,=1.44
; ©
2F '@-8:0.36, q0=2_00 ::: °
"Il O £=0.36,q=1.44| @~
M ,/’®¢
E‘ ,/’ -
o= . 5
1.5 P ]
- e
,,,,,,,,,,,,,,,,,,,,,,,,,, g
aBTHT | | |
bt 1.2 1.4 1.6 18
K

FIG. 13. (Color online) The GAM damping rates as a function of the edge
elongation k,. Two inverse aspect ratios (¢=0.1, £=0.36) and two safety
factor values (g,=1.44, gq,=2) are considered. The damping rates are nor-
malized to the value in the case of a circular plasma y,_;.

Phys. Plasmas 15, 062306 (2008)

2.5 O- ORBS5: q=2.00
(O ORBS: g =1.44 O

v th: q0=1 44 5
2t O th: qS=2.00

TT’{ \\\\\ 1 :2 1 l4 1 16 1.8

FIG. 14. (Color online) The GAM damping rates as a function of the edge
elongation «; from the ORB5 simulation is compared to the one predicted by
the analytical calculation. The inverse aspect ratio considered here is
£=0.36. Two values of the safety factor (¢,=1.44, ¢,=2.00) are considered.
The damping rates are normalized to the value in the case of a circular
plasma y,._;.

exp(-@gap/2). When the frequency varies the GAM damp-
ing rate changes. If we substitute the elongation dependent
GAM frequency into the kinetic formula for v, we found that
most of the dependence of y on «; in Fig. 13 can be ex-
plained by this factor (see Fig. 14).

E. Dependence of the residual zonal flow level
on elongation

The residual zonal flow level Ay is plotted in Fig. 15 as
a function of k,: Ay increases with the elongation. As for the
damping rates, the values A, are normalized to the circular
case, and the normalized radial position is p=r/a=0.5. The
relative variation with the elongation depends weakly on the

2. ¢ e=0.1,q,=2.00
©x e=0.1, =144
1.8’ _e-s:o.367 qo=200

I - % -£=0.36, q =1.44

* 1.6} | ——Xiao (PoP 2006) ]
<‘:0:
~ 14 1
<

1.8

FIG. 15. (Color online) The residual zonal flow level A as a function of the
edge elongation ;. Two inverse aspect ratios (¢=0.1, £=0.36) and two
safety factor values (g,=1.44, q,=2) are considered. The analytical value,
solid curve, is evaluated for e=0.1 and g,=2. The residuals are normalized
to the value in the case of a circular plasma Ag ,_;.
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FIG. 16. (Color online) The residual zonal flow level Ay as a function of the
averaged elongation (x). Two edge inverse aspect ratios (€=0.1, £=0.36)
and two safety factor values (¢,=1.44, q,=2) are considered. The analytical
value, solid curve, is evaluated for £=0.1 and g,=2. The residuals are nor-
malized to the value in the case of a circular plasma Ag ;.

specific values of both the inverse aspect ratio and the safety
factor profile. We compare the values obtained by the gyro-
kinetic simulations with the expression of the residual given
in Ref. 25. In this work, the corrections due to aspect ratio,
elongation, triangularity, and Shafranov shift to the R—H for-
mula, Eq. (54), are calculated. We already discussed in Sec.
VII B the correction of higher order in &. Here we consider
elongation, once again neglecting Shafranov shift and trian-
gularity effects. The equilibrium employed in Ref. 25 is a
limit of the Miller equilibrium,* in which the radial variation
of the elongation is neglected. Therefore, comparing with the
numerical results, we again find a situation similar to the one
encountered for the GAM frequency. Comparing the residual
as a function of the edge elongation «, (Fig. 15) results in
only a qualitative agreement between analytical and numeri-
cal values. On the other hand, when the averaged elongation
(k) is plotted (as in Sec. VII C), a better quantitative agree-
ment is obtained (Fig. 16).

VIil. COMPARISON WITH EXPERIMENTAL RESULTS

We compare the GAM frequency predicted analytically
and numerically with the Doppler reflectometry measure-
ment on the ASDEX Upgrade presented by Conway.27 Par-
ticular care must be taken in this comparison since two
branches of GAMs are found experimentally, one localized
in the plasma core and one localized in the edge (p~0.95).
Up to now, only the core branch has been accessible to the-
oretical analysis, and, unfortunately, this branch has been
explored experimentally only at very low elongation, be-
cause of technical difficulties. Not all the properties of the
two branches are the same. For circular plasmas, the edge
GAMs have a higher frequency compared to the core GAMs,
whose measured frequency is found to be in good agreement
with the theoretical prediction. The measured edge GAM
frequency decreases with elongation but the agreement with
theory is only qualitative, since the dependence on « found
in the experiment is stronger (Fig. 17). No conclusions can
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FIG. 17. (Color online) GAM frequency as a function of the edge elonga-
tion. The solid line is the curve calculated from the fluid dispersion relation
and the dotted line is the fit of the experimental data found in Ref. 27.
Particular care must be used when comparing these results, since the fluid
dispersion relation is derived for core GAMs, while the experimental data
are measured for GAMs localized in the plasma edge.

be drawn for core GAM, since the range of elongation ex-
plored is 1<k;,<1.16, which corresponds to a predicted
variation of frequency of just 5%.

Several hypotheses could explain the differences. In the
experiments the increase in elongation comes with an in-
crease of plasma triangularity. This additional geometry ef-
fect is not yet included in the analytical model. For «, larger
than 1.4, the experimental plasma configuration changes
from limiter to divertor. The divertor configuration has even
stronger triangularity, especially close to the separatrix. The
presence of a density pedestal and large k, effects (cf.
Ref. 12) can contribute to the shift in frequencies.

IX. CONCLUSIONS

Fluid theory gives a GAM frequency dependence on
elongation in good agreement with numerical simulations,
once the equilibrium profiles are described with enough ac-
curacy. The equilibrium we proposed was the Culham equi-
librium with a radial variation of the elongation which is
given by a simple polynomial expression, Eq. (40). A sim-
plified equilibrium can be considered, which neglects the ra-
dial variation of the elongation, such as the Culham equilib-
rium with an elongation function given by E(r)=r(x,—1),
or a Miller equilibrium with constant elongation. But in this
case only the dependence on a radially averaged elongation
(k) can be recovered. The gain in simplicity is paid for by
a certain loss in accuracy. The same argument applies to the
residual zonal flow level. On the other hand, the analytical
kinetic theory calculation'” shows that the GAM damping
rates k-dependence found in the simulations can be ex-
plained in good part by <y being proportional to
exp(—d)é Am/2), thus completing a coherent picture of the
effects of plasma elongation on the properties of GAMs.

The results presented indicate that the GAM frequency
decreases with «;,, while the GAM damping rate and the
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undamped zonal flow level increase at higher plasma elon-
gations. Therefore, in more elongated plasmas we expect a
more effective shearing of the turbulence by larger zonal
flows and smaller GAM oscillations. This picture suggests an
important impact of elongation on turbulent transport. This
hypothesis still needs to be verified by full nonlinear simu-
lations of plasma turbulence.
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