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Abstract

Two-dimensional (2D) photonic crystals (PhCs) operating in the near-infrared wave-
lengths are promising candidates for novel integrated optics applications. In this work
the optical properties of the Bloch modes in 2D photonic crystals have been investigated
theoretically using different numerical methods. The plane wave expansion (PWE)
method have been formulated in a general form for arbitrary 2D photonic crystal and
applied for detailed analysis of the properties of the Bloch modes. The k space based
and the frequency based PWE methods have been derived and used, which allowed us
to analyze both propagating and evanescent modes.

The guided mode expansion method have been used to take into account three-
dimensional distribution of the electromagnetic field in the planar photonic crystals
and improve the accuracy of the analysis.

A new method of calculation of the sensitivity of the photonic crystal optical prop-
erties to small variations of the photonic crystal parameters have been developed. This
method is based on the perturbation theory and allows fast and accurate estimation of
the optical properties corrections as a result of a change the parameters of the photonic
crystal.

The developed methods have been used for design and analysis of different photonic
crystal based structures, such as cavities, waveguides, coupled-cavity waveguides and
polarization beam splitter.

The developed methods proved to be efficient and accurate tools for modelling two-
dimensional photonic crystal properties and design of photonic crystal based devices.

Keywords:
photonic crystals - numerical modelling - Bloch mode optical properties - plane wave

expansion method - guided mode expansion method - polarization beam splitter
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Résumé

Les cristaux photoniques bidimensionnels (2D) conçus pour fonctionner dans la plage de
longueur d’onde du proche infrarouge sont des candidats prometteurs pour de nouvelles
applications en optique intégrée. Dans ce travail, les propriétés optiques des modes de
Bloch dans des cristaux photoniques 2D ont été étudiées de façon théorique à partir de
différentes méthodes numériques. La méthode de développement en onde plane (DOP)
a été établie dans un cadre général pour des cristaux photonics 2D arbitraires et ensuite
appliquée pour l’analyse détaillée des propriétés des modes de Bloch. La méthode DOP a
été développée soit partir des fréquences spatiales soit à partir des fréquences angulaires,
ce qui nous a permis d’analyser la fois les modes propagatif et les modes évanescents.

La méthode de développement en mode guidés a été utilise pour prendre en compte la
distribution tridimensionnels du champ électromagnétique dans les cristaux photoniques
planaires. Cette méthode a permis d’améliorer la précision de l’analyse.

Une nouvelle méthode de calcul de la sensibilité des propriétés optiques des cristaux
photoniques vis-à-vis de petites variations de leurs paramètres structuraux a été développée.
Cette méthode repose sur la théorie de la perturbation et permet une estimation rapide
et précise de la modification des propriétés optiques des cristaux photoniques en fonc-
tion des changements de leurs paramètres structuraux.

Les méthodes développes ont été utilises pour la conception et l’analyse de différentes
structures en cristaux photoniques, tels que des cavités, guides, guides cavités couplées
et séparateurs de polarisation.

Les méthodes développées se sont révélées efficaces et précises pour modéliser les
propriétés des cristaux photoniques bidimentionnels et pour concevoir des dispositifs à
cristaux photoniques.

Mots de clés:
crustaux photoniques - méthodes numériques - propriétés optiques des modes de

Bloch - développement en onde plane - développement en mode guidés - séparateurs de
polarisation
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Preface

Periodic modulation of the dielectric permittivity and/or the magnetic permeability
of the media creates the structures called photonic crystals. In these structures the
periodicity affects the photons with the comparable wavelength in a way similar to that
in which the crystals affect the properties of electrons. As a result the photonic structure
consisting of the photonic bands and band gaps (similar to the electronic structures in
semiconductor or metal crystals) are formed.

Complex dispersion structure of the light states opens many possibilities to con-
trol the light propagation in the photonic crystals. The light dispersion properties in
photonic crystals are, in general, polarization-sensitive and direction-sensitive [1, 2].
Proper design of the photonic crystal allows to tailor light properties for the desired
application.

If the light frequency is inside the band gap, the propagation of the light modes is
forbidden and the photonic crystal serves as a photonic insulator. Such structures can
be used to reflect all incident light or to confine light in a small volume, creating a
microcavity [3, 4] or a waveguide [5].

High sensitivity of the dispersion properties to the light frequency leads to the
superprism effect [6] and can be used to create new-generation sensors.

Two-dimensional photonic crystals are considered among the key components of
modern and future integrated optics because they open many new possibilities of light
control and can be fabricated using well-developed technologies with high accuracy and
reproducibility.

Development of photonic crystal based devices and structures requires careful anal-
ysis of interaction between light and the photonic crystal and numerical modelling is
an essential part of the design process.

There are many methods to describe properties of the light modes in photonic crys-
tals. The most popular and versatile are:

� Mode expansion methods. This is a family of the methods based on the idea of
decomposition of the a light mode in a photonic crystal over the basis of known
functions.

� Scattering matrix methods [7, 8]. In these methods modulation of the dielectric
permittivity is considered as the system of scattering sources located in a layer
which is repeated periodically in a particular direction. Propagation of the light
through the media is described using the scattering matrix of the layer.

� Finite-Difference Time-Domain (FDTD) method [9]. In this method the Maxwell’s
equations for the electromagnetic field are discretized over a regular grid in space

vii



viii Preface

and time evolution of the field in each grid site is calculated using the finite-
difference formulas.

All these methods have their advantages and disadvantages.

The FDTD method is a “brute force” method which can be used to calculate light
evolution in almost any structure, periodic or not, and provides direct information about
the electromagnetic field distribution. Among the disadvantages are: high demands for
the computational resources (calculation time and required memory), especially in the
3D case; special treatment for the boundaries with discontinuous dielectric permittivity
and/or magnetic permeability to suppress approximation errors; the method provides
a raw data for the field distribution, special sophisticated treatment is required to
extract necessary information like frequency and Bloch vector of a mode, transmission
coefficient of a device etc.

The scattering matrix method also can treat the non-periodic structures but because
scattering of the light on the scattering centers usually is calculated analytically the
scattering centers with simple shape (spheres, cylinders, etc.) are considered. Since the
scattering centers have to be arranged in the layers there are some restrictions on the
photonic crystal structures (lattice symmetry, positions of the scattering centers, etc.)
which can be taken into account.

The mode expansion methods (particular cases of which are the Plane Wave Expan-
sion method and the Guided Mode Expansion method) are based on decomposition of
the field distribution in the photonic crystal using the basis of functions associated with
the considered photonic crystal. Choosing the proper basis set the Maxwell’s equations
can be written in a simplified form which allows to find the decomposition coefficients.
The advantage of such methods is that they are quite flexible and can take into account
almost any photonic crystal structure. Another important point is that these methods
give details about the behavior of the intrinsic properties of the light states in photonic
crystals and facilitate understanding of light behavior in photonic crystals. The disad-
vantage of the mode expansion methods is that they are quite sensitive to selection of
basis functions and non-optimal basis can lead to poor convergence of the method.

In this thesis the plane wave expansion method and the guided mode expansion
method have been considered. Implementation of these methods for the two-dimensional
photonic crystal have been analyzed and several ways how to improve the methods have
been proposed.

The manuscript is organized as follows:

In the first chapter the basis properties of the photonic crystals are introduced and
discussed. This chapter defines the concepts which are used throughout the manuscript.
In the second chapter the plane wave expansion method is derived for arbitrarily two-
dimensional photonic crystals. The effect of the discontinuity of the dielectric permit-
tivity and magnetic permeability is discussed and methods to minimize the errors intro-
duced by the discontinuity are proposed. Bloch vector based and frequency based plane
wave expansion methods are considered and implemented for the detailed analysis of
propagating and evanescent light modes in typical two-dimensional photonic crystals.

The third chapter describes the guided mode expansion method derived for quasi-2D
photonic crystals fabricated using the planar waveguide for the light confinement in the
vertical direction. The optical properties of such photonic crystals are discussed and
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accuracy of the plane wave expansion method and the guided mode expansion method
are compared.

In the fourth chapter a new method of analysis of small variations of photonic
crystal parameters is proposed. This method is based on the perturbation theory and
can greatly speed-up analysis of the sensitivity of the optical properties to modification
of the photonic crystal.

In the fifth chapter a polarization beam splitter is discussed. Utilization of the devel-
oped methods for design of the device structure and analysis of the device performance
illustrates application and utility of the modelling as an essential tool for engineering
new integrated optics devices.

Additional information about the optical properties of two-dimensional photonic
crystals in collected in the appendix.

The manuscript is rounded off by the conclusions and discussion of future perspec-
tives of presented work.





Chapter 1

Basic properties of the photonic
crystals

1.1 Introduction to photonic crystals

Physics of crystalline materials now is one of the most developed parts of natural
science. Properties of natural crystals (e.g. gems) have been object of many researches
since the antiquity. The tremendous progress of physics and technology in past century
in many respects has been inspired and leaded by the progress in material science,
especially related with the physics of metals and semiconductors. Understanding how
the crystalline structure determines physical properties of the crystals allows one to
design and fabricate such indispensable devices as computer chips and semiconductor
lasers.

Periodic arrangements of atoms in the crystal lattice determines the periodic po-
tential for the valence electrons and set the behavior of the electrons in the crystal.
Materials with different crystalline structures exhibit broad range of physical properties
and according to their electronic structures can be metals, insulators, semiconductors,
superconductors etc.

The developed ability to control electrons in crystals and to design devices with
many important properties inspired the interest to create artificial structures which can
control the photons in a way similar to electrons in crystals.

Such structures are called the photonic crystals (PhCs). They can be created by a
periodic modulation of the dielectric permittivity and/or the magnetic permeability of
the media. Propagation of the light in a periodic media was object of the research for
many years (see, for example [10–12]).

It has been shown that the the spontaneous emission rate of the atoms in the media
can be affected by changing the optical properties of the media and the emission rate
can be enhanced due to coupling with the resonant states [13] or can be forbidden if no
light states are available for the given frequency [14].

Possibility to control the spontaneous emission rate inspires the search for the pe-
riodic structures which have the full photonic band gap – frequency region where the
light cannot propagate through the structure.

The full photonic band gap has been predicted for structure consisting of the di-
electric spheres arranged in the diamond structure [15] and for the face-centered-cubic

1



2 CHAPTER 1. Basic properties of the photonic crystals

a) b)

Figure 1.1: a) The photonic crystal structure proposed by Yablonovitch et al.
in [16]. b) Yablonovite structure fabricated by the ion beam etching
(from [17]).

structure with non-spherical atoms [16]. The latter structure (called Yablonovite) is
created by etching (or drilling) cylindrical holes in high-permittivity dielectric, as it is
schematically shown in the Fig. 1.1(a). The photonic band gap has been demonstrated
for this type of photonic crystal in the microwave range [16]. Utilization of the ion
beam etching allows one to significantly decrease size of the holes and demonstrate the
photonic band gap effect for infrared light [17].

a) b)

Figure 1.2: a) 3D photonic crystal consisting a stack of Si bars (from [18]). b) 3D
photonic crystal with the opal structure (from [19]).

Many three-dimensional photonic crystal structures have been proposed in past years
and are subject of intense research now. Two main ways of 3D photonic crystal struc-
tures fabrication can be selected: artificial fabrication and self-assembled structures.
The first is artificial assembly layer-by-layer structures consisting high-dielectric bars in
air (usually with the woodpile arrangement) [18, 20, 21]. A typical 3D photonic crystal
with thee woodpile structure is shown in the Fig. 1.2(a). The second is working with the
opal structures (closely-packed lattice of SiO2 spheres in air), which are self-assembled
from the water colloid of monodisperse silica spheres [19, 22]. By filling the inter-sphere
space with high-dielectric material and subsequent etching of the silica the inverse opal
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structures can be fabricated [19, 23]. 3D photonic crystal with the opal structure is
shown in the Fig. 1.2(b).

The advantage of 3D photonic crystals is that they can control propagation of the
light in all three dimensions, which allows, for example, total suppression of the spon-
taneous emission by creation of the full photonic band gap. But the main disadvantage
of 3D photonic crystals is difficult fabrication process, which limits types of possible
structures (lattice symmetry, materials etc.) and incorporation of desired defects in the
photonic crystal.

a) b)

Figure 1.3: a) Air holes etched in a GaAs/AlGaAs planar waveguide.
b) GaAs/AlGaAs pillars in air.

The fabrication problem can be overcome by working with two-dimensional struc-
tures, where the mature modern planar technology is used. In this case the light is local-
ized in the vertical direction by a planar waveguide and the photonic crystal structure is
created by periodic modulation of the waveguide in plane. Two main types of the mod-
ulation are shown in the Fig. 1.3: low-dielectric (usually air) holes in the high-dielectric
planar waveguide (Fig. 1.3(a)) and high-dielectric pillars in low-dielectric (usually air)
media Fig. 1.3(b). High quality etching technology allows one to produce almost vertical
holes/pillars boundaries, which decrease out-of-plane light scattering losses to accept-
able values [24, 25]. Due to their fabrication quality and flexibility of structure designs
which can be implemented two-dimensional photonic crystals now become most used
type of photonic crystals.

a) b)

Figure 1.4: a) SOI based photonic crystal structure (from [26]). b) Membrane
based photonic crystal structure (from [27]).
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Planar waveguides with low index contrast have weak light localization in the vertical
direction and usually have the thickness of a few microns. It requires high-quality etching
at this depth (such as presented in the (Fig. 1.3(a)), which is still a challenging task.
Utilization of waveguides with high index contrast, like SOI structures (shown in the
Fig. 1.4(a)) or Si membrane in air (shown in the Fig. 1.4(b)) allows one to localize the
light in the vertical direction with the typical scale less than micron, which facilitates
fabrication process and decrease the radiation losses.

a) b)

Figure 1.5: a) The superprism effect in a 2D photonic crystal (from [28]). b) The
self-collimation effect in a 2D photonic crystal (from [29]).

Interaction of propagating light with the periodic modulation of the dielectric per-
mittivity modifies the dispersion relation of the light modes and leads to many impor-
tant phenomena, among them are the superprism effect (very strong dependence of the
light propagation direction on the light frequency) [6, 28, 30, 31] demonstrated in the
Fig. 1.5(a), and the self-collimation effect (propagation of the light beam with a very
small divergence for a long distance) [26, 29, 32–39] presented in the Fig. 1.5(b).

a) b)

Figure 1.6: a) Light localization in a photonic crystal cavity (from [40]). b) Light
guiding in a photonic crystal waveguide (from [41]).

The full 2D (for all in-plane directions) photonic band gap can also be achieved for
2D photonic crystals. It allows one to fabricate microcavities where the light is strongly
localized (see the Fig. 1.6(a)). Such cavities are building blocks for nanolasers [40, 42]
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and frequency filters [3, 43], can be used to control light emission from quantum dots
[4] etc. One-dimensional defects of the photonic crystal can be used as waveguides with
small waveguide core and strong light localization (see the Fig. 1.6(b)) [5, 41].

Such a broad variety of phenomena exhibited by photonic crystals inspired many
designs of photonic crystal based devices. A good understanding of the background
physical nature of photonic crystal optical properties and accurate theoretical descrip-
tion of light propagation in a periodic media are key elements for future progress in
photonic crystal based integrated optics.

Later in this chapter the basis theoretical concepts required to describe light propa-
gation in photonic crystals will be introduced and basic types of photonic crystal based
structures will be discussed.

1.2 Light propagation in a periodic media

1.2.1 The Bloch-Floquet theorem

There are many analogies between the properties of the light propagating through a
periodic media and electrons propagating through a crystal with a periodic potential.
So, many ideas and theories initially developed for physics of the solid-state may be
applied for photonic crystals. One of the most useful and important is the Bloch-Floquet
theorem, which describes properties of the electron wave function in a crystal with
the periodic potential. This stationary wave functions ψ(r) of the electrons are the
eigenfunctions of the equation

Hψ(r) = Eψ(r), where H = − ~2

2m
∇2 + U(r) (1.1)

Here H is the Hamiltonian of the electron in a potential field and E is the energy of
the state. The potential U(r) has the periodicity U(r + R) = U(r), where R is a vector
of the period.

For the electromagnetic field the master equations are

V E =
w2

c2
E, where V =

1

ε(r)
∇× 1

µ(r)
∇× (1.2)

WH =
w2

c2
H, where W =

1

µ(r)
∇× 1

ε(r)
∇×

for the electric field E and the magnetic field H, respectively. The master operators for
the electric field (V) and the magnetic field (W) depend on the dielectric permittivity of
the media ε(r) and the magnetic permeability µ(r). In photonic crystals the permittivity
and the permeability have the same periodicity: ε(r) = ε(r + R), µ(r) = µ(r + R).

The relations 1.2 can also be written in a general form of an eigenvalue problem as

Lψ(r) = λψ(r) (1.3)

where L represents either V or W and ψ represents either E or H.
Let TR be the translation operator, which shifts argument of any function f :

TR f(r) = f(r + R) (1.4)
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Because of the periodicity of the permittivity and the permeability

TR Lψ(r) = L(r + R)ψ(r + R) = L(r)ψ(r + R) = LTR ψ(r) (1.5)

Since the equation (1.5) is valid for any function ψ

TR L = LTR. (1.6)

The result of two consequent translations doesn’t depend on the order of the trans-
lations because

TR TR′ ψ(r) = TR′ TR ψ(r) = ψ(r + R + R′) (1.7)

and hence,

TR TR′ = TR′ TR = TR+R′ (1.8)

Equations (1.5) and (1.8) show that the master operator L and the translation
operators for all possible periodic translations generate the set of commuting operators.
Then it is possible to choose the eigenstates of the operator L which are simultaneously
the eigenstates of the operator TR:{

Lψ = λψ

TR ψ = c(R)ψ

It is worth to note, that the eigenvalues of the equation (1.9) can be mutually
degenerated, i.e. for a given eigenvalue λ there may be several eigenvalues c(R) and
vice versa.

Since the eigenvalues of the translation operator T satisfy the relation

c(R + R′) = c(R) · c(R′) (1.9)

they can be represented in the form

c(R) = eıkR (1.10)

where k is the Bloch vector.

Then an eigenstate of the equation (1.3) can be represented in the form

ψ(r) = eıkruk(r) (1.11)

where uk(r) has the same periodicity as the photonic crystal.

Since the exponent has the period equal to ı2π (eφ+ı2π = eφ) for a given eigenvalue
c(R) of the translation operator TR the Bloch vector in the equation (1.10) cannot be
uniquely determined. If a wave vector k′ is so that k′ ·R = 2π then eı(k+k′)R = eıkR.
So, two states with such Bloch vectors k and k + k′ actually correspond to the same
state. Usually it is convenient to select in k-space an area where the Bloch vectors can
be uniquely defined and then use these vectors to select the translation properties of
the light states in the periodic media.
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1.2.2 The scaling properties of the photonic crystals

An interesting property of the photonic crystals is the scalability, i.e. a possibility to
scale all geometrical dimensions of the sample or to scale the values of the dielectric
permittivity or magnetic permeability keeping all the features related to the light prop-
agation (but for the scaled light wavelength).

The master equation for the magnetic field is

1

µ(r)
∇× 1

ε(r)
∇×Hw(r) =

(w
c

)2

Hw(r) (1.12)

If the distribution of the dielectric permittivity ε(r) and the magnetic permeability
µ(r) are shrunken or expanded by a scaling factor α, i.e. the new distributions are
ε′(r) = ε(r/α) = ε(r′) and µ′(r) = µ(r/α) = µ(r′). After changing the variables in
equation (1.12) by substituting r′ = r/α the nabla operator ∇ turns to ∇′ = α∇ and
the equation (1.12) transforms into

1

µ(r′)
∇′ × 1

ε(r′)
∇′ ×Hw(r′) =

( w
αc

)2

Hw(r′) (1.13)

It means that for the photonic crystal shrunken (expanded) by a factor of α the
frequency of the state is multiplied (divided) by α, while the profile of the electro-
magnetic field is just scaled by α.

Since the periodicity of the field remains the same the eigenvalue of the translation
operator doesn’t change:

eıkR = eık
′R′ = eı(αk)(R/α), (1.14)

but the scaled period corresponds to the scaled Bloch vector.
This scaling properties can be automatically taken into account by introducing a

dimensionless Bloch vector and a dimensionless frequency:

k̃ =
a

2π
k (1.15)

u =
a

2πc
w =

a

λ
(1.16)

where a is any characteristic scale of the photonic crystal (usually the length of the
period is chosen) and λ is the light wavelength in the vacuum. It also has the meaning
of measuring the Bloch vector k in the units 2π

a
and the frequency w in the units 2πc

a
.

The dimensionless Bloch vector k̃ and the dimensionless frequency u usually are
referred to as the reduced Bloch vector and the reduced frequency or the reduced energy,
respectively. The reduced Bloch vector and the reduced frequency uniquely identify the
Bloch state independently on the spatial scaling of the photonic crystal.

Another scaling property is related with the dielectric permittivity (or the magnetic
permeability) values and contrast. By changing the permittivity by a factor of β2:
ε′(r) = β2ε(r) the equation (1.12) becomes

1

µ(r)
∇× 1

ε′(r)
∇×Hw(r) =

(
w

βc

)2

Hw(r) (1.17)
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Hence, the field profile stays the same but the frequency of the state is multiplied
by the factor β. Because the refractive index of a media equals to the square root of the
permittivity scaling of the permittivity by a factor β2 corresponds to changing of the
refractive index by the factor β. It means that the change of the state frequency (for
the same Bloch vector) is proportional to the change of the refractive index. Similar
relation corresponds to the scaling of the magnetic permeability.

1.3 One-dimensional photonic crystals

One-dimensional photonic crystals have the dielectric permittivity modulated in one
direction, for example, y: ε(r) = ε(y). (Here and later in this chapter it is assumed that
the magnetic permeability µ ≡ 1. It is true for most of the used photonic crystals.) This
is the simplest type of photonic crystals and it allows us to introduce many important
properties of the photonic crystals, which will be used later. If the minimum period of
the modulation is equal to a the Bloch vector of the light can be uniquely defined in the
area where −π/a < ky < π/a, because adding of a vector k′ = m · (0, 2π/a, 0) (where
m is any integer nonzero value) doesn’t change the translation properties of the light
state.
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Figure 1.7: Dispersion of the light propagating in the uniform media with the
artificial period a.

The dispersion of the light propagating along the y axis in a media with the refractive
index n = 1.5 is shown in the Fig. 1.7. There is the main part (plotted as a thick
line), where w = k/n. Because of the periodicity the Bloch vector is defined with the
uncertainty k′ = m · 2π/a (see the section 1.2.1), which results in the additional parts
(plotted by the dashed lines) obtained by shifting the main part by k′. Hence, the
dispersion in the whole k-space can be described considering only area where −π/a <
ky < π/a, since the Bloch vector k is the equivalent of the vector k + k′. This area is
the first Brillouin zone for one-dimensional crystal. For a selected k there are several
possible solutions with different frequencies, called bands. Then the light state can be
uniquely specified as ψk,n by the Bloch vector k and the band number n.

If the permittivity is non-uniform it leads to an important change of the light dis-
persion. An example of the dispersion of the light propagating along the y axis through
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Figure 1.8: Dispersion of the 1D photonic crystal.

the multilayer structure consisting of the layers with thickness a/2 and the refractive
indices n1 = 1 and n2 = 2 is presented in the Fig. 1.8. The real part of the Bloch vector
is plotted as a solid line and the imaginary part as a dashed line. The anticrossing of
the lines leads to opening the gaps where the Bloch vector has imaginary part. In this
case the amplitude of the field of the light state exponentially decays in the photonic
crystal and such states cannot exist in an infinite crystal (but can exist near the crystal
boundaries or defects, as it will be discussed later). This frequency regions are referred
to as the band gaps and there are no propagating states inside them. The width of the
band gaps depends on thicknesses the layers and the index contrast nhigh − nlow and
growths with increasing of the contrast.
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Figure 1.9: Electric and magnetic field amplitudes for different Bloch states of the
photonic crystal shown in the Fig. 1.8.

The anticrossing of the dispersion lines is the result of the coupling of the states
with the same Bloch vector. Because such states have the same periodicity the electro-
magnetic field can be redistributed to form the states with different energy and, hence,
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frequency. The amplitudes of the field for two states with ky = π/a are presented in the
Fig. 1.9. The fields corresponding to the top of the first band are plotted as solid lines
while the ones for the bottom of the second band are shown as dashed lines. Thick lines
show the amplitude of the electric field (here the linear polarization along the x axis is
assumed) and the thin ones are related to the amplitude of the magnetic field.

For the state with the lower frequency the electric field tends to be localized in
the layers with high permittivity (the distribution of the permittivity is shown as the
inset at the top of the figure) and the magnetic field is maximum in the layers with
lower permittivity. For the state with the higher frequency the situation is opposite: the
electric field is localized in the layers with low permittivity while the magnetic field is
maximum in the layers with high permittivity.

When the light propagates with an incidence angle, situation becomes more com-
plex. Assuming the Bloch vector in the (xy) plane there are two different solutions
which correspond to different light polarizations. The first (called s-polarization) has
the electric field only in the z direction and the magnetic field in the (xy) plane. The
second (called p-polarization) has the magnetic field only in the z direction and the
electric field in the (xy) plane.
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Figure 1.10: Dispersion relations of the Bloch modes with different light polar-
izations.

The dispersion relations of light with different polarizations are presented in the
Fig. 1.10. Only propagating states (with real Bloch vectors) are shown. The x compo-
nent of the Bloch vector kx = 0.3 (2π/a). Because of different interaction of the light
with these polarizations with the media (and especially with the internal boundaries)
they have different dispersion properties: different shape and position of the bands,
different position and width of the band gaps.
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1.4 Two-dimensional photonic crystals

In two-dimensional photonic crystals the permittivity is modulated in two directions,
for example, in the (xy) plane: ε(r) = ε(x, y). Any period R can be represented as
R = m1a1 + m2a2 + m3a3, where aj are translation vectors, which form the basis of
the photonic crystal lattice. mj are integer numbers. For the 2D photonic crystals a1

and a2 are in the (xy) plane and a3 can be chosen to be in the z direction. Because the
permittivity is constant along the z direction the length of a3 can be chosen arbitrarily,
it doesn’t affect the results.

Two main types of 2D lattices are presented in the Fig. 1.11: a) square lattice
(a1 = a2 = a, ∠(a1, a2) = 90◦) and b) triangular lattice (a1 = a2 = a, ∠(a1, a2) = 60◦).
The translation vectors a1 and a2 are plotted by dark arrows and the lattice primitive
cell is indicated by dashed line. Photonic crystal “atoms” are shown as gray circles.
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Figure 1.11: Main types of 2D PhC lattices. a) Square lattice. b) Triangular lat-
tice.

For a given set of the basis vectors {aj} the corresponding set of the reciprocal basis
vectors {bj} is defined by ai · bj = 2πδij. The solution to these equations is:

b1 = 2π
a2 × a3

Vc
, b2 = 2π

a3 × a1

Vc
, b3 = 2π

a1 × a2

Vc
(1.18)

where Vc = (a1 × a2) · a3 is the volume of the primitive unit cell.
The reciprocal basis vectors form the basis set in the reciprocal space and they define

the reciprocal lattice of the crystal. The reciprocal lattices for the selected types of the
2D lattices are shown in the Fig. 1.12. The sites of the reciprocal lattices are indicated
by dark points and the reciprocal basis vectors are plotted as dark arrows.

Because ai ·bj = 2πδij for any vector of the reciprocal lattice k′ = p1b1 +p2b2 +p3b3

(where pj are any integer numbers) k′ ·R = 2π(m1p1 + m2p2 + m2p2) and eık
′·R = 1.

Hence, k and k+k′ are equivalent Bloch vectors. There are many ways to select the area
where the Bloch vector can be uniquely defined. The most common is to choose an area
in k-space where all k-vectors are closer to a selected site of the reciprocal lattice than
to all other sites. These areas are called the first Brillouin zones of the lattice. They
surround each site of the reciprocal lattice and the set of all Brillouin zones completely
fills the plane.

The first Brillouin zones are shown in the Fig. 1.12 as gray polyhedrons around the
reciprocal lattice sites.
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Figure 1.12: Main types of 2D PhC reciprocal lattices. a) Square lattice. b) Tri-
angular lattice.

The reciprocal lattice for the square lattice has several points with high symmetry:
Γ point – any reciprocal lattice site, X point – center of the line connected two nearest
reciprocal lattice sites, and M point – center of the line connected two second-nearest-
neighbour reciprocal lattice sites. Positions of such high symmetry points are indicated
in the Fig. 1.12(a).

The corresponding points of the reciprocal lattice for the triangular lattice are: Γ
point – any reciprocal lattice site, M point – center of the line connected two nearest
reciprocal lattice sites, and K point – center of the triangle formed by tree nearest
reciprocal lattice sites. These points are shown in the Fig. 1.12(b).

An important parameter of the photonic crystal is the filling factor which is defined
as the fraction of the photonic crystal primitive cell area occupied by the photonic
crystal “atoms”. This parameter reflects the coupling strength of the light and the
photonic crystal and greatly affects the Bloch mode dispersion properties.

For the square lattice photonic crystal consisting of a single circular atom in the
primitive cell the filling factor f = πR2

a2 , where R is the radius of the atom and a is the
lattice constant.

For the triangular lattice photonic crystal consisting of a single circular atom in the
primitive cell the filling factor f = 2π√

3
R2

a2 .

1.4.1 The slab polarization

In an ideal 2D photonic crystal there is a translational symmetry along the z direction.
In this case there are two different polarization of the light. For the first one the electric
field has no component along the z direction: Ez = 0. So, the electric field has only
components in the (xy) plane and such states are called as the transverse electric or
TE-polarized light. For the second one the magnetic field has no component along the
z direction and these states are referred to as the transverse magnetic or TM-polarized
light.

But real photonic crystals have finite thickness and the breaking of the translation
symmetry in the z direction modifies the field properties. In order to confine the light
in the z direction a planar waveguide is often used. It has a core with higher refractive
index surrounded by cladding layers with lower refractive indices. Such waveguide has



1.4. Two-dimensional photonic crystals 13

no translational symmetry in the z direction, but has the translation symmetry in the
(xy) plane.

Consider the light propagating in such waveguide along the x direction. All fields are
uniform in the y direction: ψ = const(y). Because of the translation symmetry along
the x direction there are two different polarizations: the first has Ex = 0 and the second
has Hx = 0. For the first case the electric field has only one component Ey 6= 0 and the
magnetic field has non-zero components in the (xz) plane. It can be considered as the
quasi -TE polarization. In the second case the magnetic field has only one component
Hy 6= 0 and non-zero electric field components in the (xz) plane. It can be considered
as the quasi -TM polarization.

The optical properties of the photonic crystal slabs have been considered in many
papers, see, for example [44–47]

Two examples of the planar waveguide have been examined in this thesis. The first is
an InP-based waveguide with weak refractive index contrast [48]. The waveguide consists
of the GaInAsP core layer of thickness 522 nm with the refractive index nrefr = 3.35
sandwiched between two InP cladding layers of thickness 300 nm (upper) and 600 nm
(lower) with the refractive index nrefr = 3.17. The substrate is n+-doped InP layer with
the refractive index nrefr = 3.24. This waveguide later will be referred to as the thick
waveguide.

The second waveguide is an SOI (Silicon-On-Insulator) structure with the high re-
fractive index contrast. The waveguide core is a Si layer of thickness 220 nm with the
refractive index nrefr = 3.477 and the waveguide lower cladding layer is SiO2 substrate
with the refractive index nrefr = 1.444. This waveguide will be referred to as the thin
waveguide.
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Figure 1.13: Field distribution of guided modes propagating in the thick planar
waveguide. a) Magnetic field distribution Hxz for the quasi -TE light
polarization. b) Electric field distribution Exz for the quasi -TM light
polarization.

Examples of the corresponding field distributions for the light with the vacuum
wavelength λ = 1.55 µm propagating in the thick waveguide are shown in the Fig. 1.13.

One can see that for the TE-polarized light the magnetic field is mainly vertical (es-
pecially in the core layer, where the field amplitude is maximum). Electric field distribu-
tion for the TM-polarized light has similar structure. Hence, the horizontal components
of the fields can be neglected and it is assumed, that there is only Hz component for



14 CHAPTER 1. Basic properties of the photonic crystals

the TE-polarized light and only Ez-component for the TM-polarized light. It means,
that the distribution of the entire electromagnetic field can be described using only one
scalar variable (Hz(r) or Ez(r), respectively) which simplifies the calculations.
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Figure 1.14: Field distribution of guided modes propagating in the thin planar
waveguide. a) Magnetic field distribution Hxz for the quasi -TE light
polarization. b) Electric field distribution Exz for the quasi -TM light
polarization.

But for thin waveguides with high refractive index contrast the situation is more
complex. Because the light is more confined in the z direction the field distribution is
changed.

Examples of the electromagnetic field distributions for the light propagating in the
thin waveguide are presented in the Fig. 1.14. The magnetic and the electric fields now
have noticeable horizontal components. However, the fields still can be considered as
mainly vertical and the approximation of single z-component can be used. But the error
of this approximation is larger in case of the thin waveguides.

1.4.2 Dispersion properties of 2D photonic crystals

The dispersion of the Bloch modes of two-dimensional photonic crystals has many
similarities with the dispersion of the Bloch modes in one-dimensional photonic crystals,
but is more complex, because in this case the frequency is a function of the Bloch vector
w = w(k), instead of the scalar k as for 1D photonic crystals. As it has been discussed
above in the section 1.4 the dispersion has the same periodicity as the reciprocal lattice
and the Bloch vector can be uniquely defined in the Brillouin zone. For a given k vector
there are several possible values of frequencies: w = wn(k). These values form series of
surfaces in the (w,k) space, called the photonic bands of the photonic crystal.

The examples of the Bloch mode dispersions are shown in the Fig. 1.15. Here only
real Bloch vectors are assumed. The considered photonic crystal has the triangular
lattice and the corresponding first Brillouin zone is the regular hexagon (indicated in
the figure by the white dash line). The circular holes etched in the planar waveguide
serve as the “atoms” of the photonic crystal. For small frequency (and corresponding
large wavelength) the shape of the frequency isolines are almost circular. When the
wavelength is much larger then the size of the crystal unit cell the light reacts on the
averaged permittivity and the photonic crystal can be considered as an homogenous
media [49]. Because the “atoms” in this example are circular (and so have high rotational
symmetry) the effective media is almost isotropic. If the PhC atoms are anisotropic
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a) b)

Figure 1.15: Dispersion of the TE-polarized Bloch modes for the triangular lattice
photonic crystal consisting of the circular air holes (the filling factor
f = 0.4) in the dielectric slab with the effective refractive index
neff = 3.24. a) The first band. b) The second band.

the intrinsic anisotropy of the permittivity distribution leads to the anisotropy of the
effective media even for the small frequencies.

Figure 1.16: Dispersion of the first band TE-polarized Bloch modes for the tri-
angular lattice photonic crystal consisting of the elliptical air holes
(the filling factor f = 0.4) in the dielectric slab with the effective
refractive index neff = 3.24.

An example of the dispersion of the first band Bloch modes for the photonic crystal
consisting of the elliptical atoms is presented in the Fig. 1.16. The ratio of the length of
the main axes of the ellipse β = 2 and the angle between the ellipse longer axis and the
x axis is 30◦. High eccentricity of the atoms leads to strong anisotropy of the dispersion
near the Γ point.

When the Bloch vector k is close to the boundary of the Brillouin zone (and the
wavelength is comparable with the size of the unit cell) the shape of the frequency
isolines is different from the circle and we can see the effect of the periodicity of the
permittivity distribution.

For the second band the shape of the frequency isolines is quite complex. Because it
corresponds to the higher frequency the light wavelength is less and such states depends
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more on the exact permittivity distribution inside the photonic crystal primitive cell.

The standard way for the representation of the dispersion properties is to plot the
cross-sections if the surfaces wn(k). It is convenient to use the directions where the
Brillouin zone has the symmetry, like ΓM or ΓK for the triangular PhC lattice.
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Figure 1.17: Dispersion of the Bloch modes for the triangular lattice photonic
crystal consisting of the circular air holes (the filling factor f = 0.4)
in the dielectric slab with the effective refractive index neff = 3.24.
a) TE polarization. b) TM polarization.

Examples of such cross-sections are shown in Fig. 1.17. For the TE polarization
there is a band gap between the first and the second gaps indicated by the grey color.
For this frequency range only states with non-zero imaginary part of the Bloch vector k
exist. Such states cannot propagate through the photonic crystal and carry the energy.
For the TM polarization there is no full band gap but there are partial bang gaps (for
example, along the ΓM direction) where the transmission of the light is forbidden.

1.5 Defects in two-dimensional photonic crystals

Any irregularities in the photonic crystal lattice destroy the translation symmetry and
modifies the photonic crystal optical properties. In perfect photonic crystal Bloch modes
with different different frequencies and/or different Bloch vectors are orthogonal. Pres-
ence of the defects introduces coupling between the different Bloch modes and so, defects
serve as scattering centers for propagating Bloch modes.

Another way of changing the optical properties is creation of new states. A defect
has a core (zone where the photonic crystal is modified) surrounded by the undisturbed
photonic crystal. A light state associated with the defect in the outer region has to
satisfy the periodicity of the lattice and therefore, can be represented as a superposition
of the Bloch modes of the original photonic crystal. But because there is the boundary
between the defect core and the outer region the full basis of possible Bloch modes
includes not only propagating modes, but also the evanescent modes with the non-zero
imaginary part of the Bloch vector. Such modes included in the basis have to decay
with increasing the distance from the defect core. Hence, the states localized near the
defect core and exponentially decaying outsize of the core can exist.
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The photonic crystal can be disturbed in many ways, among them are: changing
the size or shape of the photonic crystal “atoms”, shifting the “atoms” in the photonic
crystal lattice, modifying the dielectric permittivity and/or magnetic permeability of
the “atoms”, introducing additional “atoms” into the lattice cell, etc.

The effect on the optical properties of the original photonic crystal depends on the
size and parameters of the defects. The larger the defect core size or the lattice dis-
turbance the more pronounced modification of the optical properties can be observed.
One of the simplest way to achieve large disturbance of the original lattice is remov-
ing/adding “atoms” from the photonic crystal. Because most of the used photonic crys-
tals have large permittivity contrast between the “atoms” and the background media
such disturbance greatly modifies the optical properties of the sample. Fine tuning of
the created defect can be done by shifting and modifying the “atoms” near the defect
core.
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Figure 1.18: Cavities in triangular lattice photonic crystals. a) H1 cavity. b) H2
cavity.

The defects can be separated into several categories, according to size of their core. If
the size of the defect core is of the order of the photonic crystal lattice primitive cell it is
called that the defect is the zero-dimensional (0D) defect, also called cavity. If the defect
is long (much longer that the lattice period) in one particular direction the defect is
one-dimensional (1D). The defect which have a large size in two different directions this
is two-dimensional defect (2D). In tree-dimensional photonic crystals three-dimensional
defects are also possible, if their size is large enough in all three principal directions.

Examples of typical zero-dimensional defects in the triangular lattice photonic crys-
tal are shown in the Fig. 1.18. They are created by removing atoms from the lattice.
The simplest cavity (called H1 cavity) is presented in the Fig. 1.18(a) and is created by
removing one atom from the photonic crystal lattice. The remaining atoms are shown
as black circles. A larger cavity (called H2 cavity) consists of seven removed atoms is
depicted in the Fig. 1.18(b).

Another type of cavities in two-dimensional photonic crystal is plotted in the Fig. 1.19.
These cavities are created by removing the atoms along the line in one of the lattice
principal directions (such as ΓK or ΓM directions for the triangular lattice and ΓX
and ΓM directions for the square lattice). The Fig. 1.19(a) shows the L2 cavity: two
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Figure 1.19: Cavities in triangular lattice photonic crystals. a) L1 cavity. b) L3
cavity.

adjacent atoms along the ΓK direction removed from the lattice. The L3 cavity (three
removed atoms) is presented in the Fig. 1.19(b) [50, 51].

The cavities are usually designed to be able to support modes with the frequencies
inside the full photonic band gap. It ensures strong light localization in the cavity,
because only evanescent modes exist outside of the defect core [3].

Increasing the number of the removed atoms in the L-type cavity leads to creation
of the one-dimensional defect – the chain of missing atoms along the ΓK direction. This
defect is called W1 waveguide and is shown in the Fig. 1.20(a). Two neighbour lines of
missing atoms create the W2 waveguide, depicted in the Fig. 1.20(b).
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Figure 1.20: Waveguides in triangular lattice photonic crystals. a) W1 waveguide.
b) W2 waveguide.

Because a one-dimensional defect is long enough in a particular direction the effect
on the light dispersion is more pronounced for the light modes propagated along this
direction because the interaction between the defect and the light is maximum in this
case.

Modification of the dispersion relation for the Bloch modes propagating along a
linear defect can create states with the frequency inside the full photonic band gap of
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the perfect photonic crystal. Modes with such frequencies cannot propagate inside the
photonic crystal and so they are localized near the defect, but they can propagate along
the defect. This effect creates guided modes which are guided because of the features
of the photonic crystal dispersion, not because of the refractive index guiding, like in
the typical waveguides.

Parameters of the photonic crystal waveguides determine the dispersion properties
and the field distribution of the guided modes. For example, the W1 waveguide has
the mirror symmetry relative to the reflection in the (xz) plane which contains the
waveguide axis (the plane y = 0). Such waveguide can support the mode which also
has even symmetry relative to the reflection in the plane y = 0 [5]. The W2 waveguide
doesn’t have the mirror symmetry and so the corresponding guided modes have different
symmetry properties in comparison with the modes of the W1 waveguide.





Chapter 2

Light mode properties of the
two-dimensional photonic crystals

2.1 The Maxwell’s equations for the electromag-

netic field

The electromagnetic field in an electric polarisable and magnetizable material is gov-
erned by the Maxwell’s equations, which in the Gaussian Centimetre-Gram-Second
(CGS) units are:

∇ ·D = 4πρ (2.1)

∇ ·B = 0 (2.2)

∇× E = −1

c

∂B

∂t
(2.3)

∇×H =
4π

c
j +

1

c

∂D

∂t
(2.4)

where E(r) and B(r) are the mean values of the electric field and the magnetic induction
in the media. For the isotropic materials if the electric field and the magnetic induction
strengths are small enough (so that there are no non-linear effects in the media) the
electric displacement D(r) and the magnetic field H(r) are given by the equations:

D = εE (2.5)

H =
1

µ
B (2.6)

where ε(r) is the dielectric permittivity and µ(r) is the magnetic permeability of the
media.

Assuming that there are no external charges (ρ = 0) and currents (j = 0) the

21
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Maxwell’s equations become:

∇ · (εE) = 0 (2.7)

∇ ·H = 0 (2.8)

∇× E = −µ
c

∂H

∂t
(2.9)

∇×H =
ε

c

∂E

∂t
(2.10)

Considering a monochromatic light with the standard time dependence exp(−ıwt)
the following equations can be derived:

1

ε(r)
∇× 1

µ(r)
∇× E(r) =

w2

c2
E(r) (2.11)

1

µ(r)
∇× 1

ε(r)
∇×H(r) =

w2

c2
H(r) (2.12)

According to these equations the electric field and the magnetic field can be decou-
pled and treated separately. (But known distribution of the electric field allows to find
the distribution of the magnetic field and vice versa.) The equations (2.11) and (2.12)
have structure of eigenvalue problems for the vectorial functions. The eigenvalues of the
problems provide the allowed light frequencies and the corresponding eigenfunctions
gives the field distributions.

2.2 The plane wave expansion method

The plane wave expansion method, initially proposed by Maradudin et al. [52], now
became a standard tool for calculation of the dispersion properties of photonic crystals
[53, 54]. Due to it’s simplicity and high flexibility it allows one to describe not only
photonic crystals with perfect periodicity but also point defects (cavities) and linear
defects (waveguides).

As has been discussed in the section 1.2.1, any light state of the photonic crystal
can be written as:

ψ(k, r) = eıkruk(r) (2.13)

where the function uk(r) having the same periodicity as the photonic crystal and k
denoting the Bloch vector.

Such a periodic function uk(r) can be decomposed using the plane waves which
correspond to the reciprocal lattice:

uk(r) =
∑
m

um(k)eıGmr (2.14)

where Gm are the vectors of the reciprocal lattice. It is convenient to index them so
that G−m = −Gm and this is assumed in the text below.

The permittivity and the permeability can be decomposed in a similar way:

ε(r) =
∑
m

εme
ıGmr (2.15)

µ(r) =
∑
m

µme
ıGmr (2.16)
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Because the equations (2.11) and (2.12) contain the inverse permittivity and the
inverse permeability it is also convenient to introduce the following decompositions:

1

ε(r)
=
∑
m

θme
ıGmr (2.17)

1

µ(r)
=
∑
m

ηme
ıGmr (2.18)

As it has been discussed in the section 1.4.1 for the two-dimensional photonic crystals
the full-vectorial electric and magnetic fields have one master component and can be
approximated as the fields with only Hz component for the TE-polarized light and only
Ez component for the TM-polarized light.

For the states with the Bloch vector k these components are represented as:

Ez(r) = eıkr
∑
m

Ame
ıGmr =

∑
m

Ame
ı(k+Gm)r “TM polarization” (2.19)

Hz(r) = eıkr
∑
m

Bme
ıGmr =

∑
m

Bme
ı(k+Gm)r “TE polarization” (2.20)

Since the nabla operator in the basis of the plane waves corresponds to the compo-
nentwise product:

∇×
∑
m

Fme
ıSmr =

∑
m

[Sm × Fm] eıSmr (2.21)

the expression for the operator ∇ × 1
µ
∇× can be derived using the equations (2.18),

(2.19), and (2.21) as follows:

∇× 1

µ
∇× Ez = ∇× 1

µ
∇×

[∑
m

Ame
ı(k+Gm)r

]
=
∑
m,n

An · [(k + Gm) · (k + Gn)] · ηm−n · eı(k+Gm)r (2.22)

The full governing operator in the equation (2.11) then can be written as:

1

ε
∇× 1

µ
∇× Ez =

∑
m,n,l

An · [(k + Gn) · (k + Gl)] · θm−l · ηl−n · eı(k+Gm)r (2.23)

The expression for the magnetic field can be derived in the similar way and is

1

µ
∇× 1

ε
∇×Hz =

∑
m,n,l

Bn · [(k + Gn) · (k + Gl)] · ηm−l · θl−n · eı(k+Gm)r (2.24)

If the magnetic permeability µ(r) ≡ 1, which is true for the vast majority of di-
electrics, ηm = δm,0 and the equations (2.23) and (2.24) can be simplified as follows:

1

ε
∇×∇× Ez =

∑
m,n

An · [(k + Gn) · (k + Gn)] · θm−n · eı(k+Gm)r “TM pol.” (2.25)

∇× 1

ε
∇×Hz =

∑
m,n

Bn · [(k + Gm) · (k + Gn)] · θm−n · eı(k+Gm)r “TE pol.” (2.26)
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Combining these equations with the decompositions (2.19) and (2.20) one can derive
that for any m∑

n

An · [(k + Gn) · (k + Gn)] · θm−n =
w2

c2
Am “TM polarization” (2.27)

∑
n

Bn · [(k + Gm) · (k + Gn)] · θm−n =
w2

c2
Bm “TE polarization” (2.28)

For the computational purpose the number of the plane waves used for the decom-
position is limited. The common way to choose used plane waves is to work with the
waves with |Gm| ≤ Gmax. It corresponds to best isotropic approximation of the details
of all considered functions (electro-magnetic field, dielectric permittivity etc.). Increas-
ing the parameter Gmax allows to improve the accuracy of the approximation but the
drawback is fast increasing of the number of used plane waves, which greatly increase
demanding computational resources.

After truncation of the set of the reciprocal vectors {Gm} to a finite number the
equations (2.27) and (2.28) have the form of the matrix eigenvalue problems. Due to
the truncation some of the indices for the coefficients of the permittivity decomposition
may be out of the scope. Such coefficients are substituted by zero. For any given Bloch
vector k and the set of the reciprocal vectors {Gm} the matrices in the these equation
can be constructed and the eigenvalues provide the light frequencies for the TE and TM
polarized states. The corresponding eigenvectors provide the coefficients of the Ez or Hz

fields decomposition. These coefficients are used to reconstruct the full electromagnetic
field distribution of the found modes.

2.3 Approximation of the dielectric permittivity dis-

tribution

Optical properties of the photonic crystals depends on the multiple light scattering on
the inhomogeneities of the permittivity and/or the magnetic permeability. The larger
the amplitude of the variations of these parameters, the more pronounced the effect on
the light dispersion. Hence, photonic crystals with large contrast of the permittivity are
preferable. In most of popular methods of photonic crystal fabrication (like etching of
the holes in semiconductor slabs or assembling dielectric rods in air) there is a sharp
change of the permittivity with the discontinuity at the boundaries between the “atoms”
and the background media. Though the Fourier series approximation converges to the
original function with increasing the number of the used plane waves, this convergence
is not uniform. Representation of the functions with discontinuities using the finite
number of terms in the Fourier series expansion exhibits the so-cold Gibbs phenomenon:
oscillations of the approximated functions near the original function discontinuities.

Example of the Gibbs phenomenon for the box function is presented in the Fig. 2.1.
Here the considered function g(x) is the periodic function with the period equals to 2π
and defined (inside the period) as:

g(x) =

{
5, |x| ≤ π/2

3, π/2 < |x| ≤ π
(2.29)
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Figure 2.1: Approximation accuracy of the box function and the Gibbs phe-
nomenon.

Near the discontinuities of g(x) at x = ±π/2 there are oscillations of the approxi-
mated function. The period of the oscillations is determined by the number of harmonics
used for the approximation (In this example 21 harmonics are used, which gives the
spatial resolution comparable with typical values used for calculation of the dispersion
properties of photonic crystals.) The amplitude of the oscillations is proportional to the
value of the function discontinuity. The particular feature of the Gibbs phenomenon is
that it cannot be removed with increasing the number of the terms in the Fourier series
expansion.

The Gibbs phenomenon deteriorates the accuracy of the approximation of the initial
master equations (2.12) and (2.12) by the algebraic matrix eigenvalue problems (2.27)
and (2.28) and special mathematical techniques have been developed to suppress this
problem.

One of the important problem related to the Gibbs phenomenon is approximation of
the product of the discontinues functions. If there are two functions f(x) and g(x) that
have discontinuities at x = x0 but h(x) = f(x) · g(x) is a continuous function at x = x0

these functions have so-cold complementary jumps at x = x0. A physical example of
such behavior is the electric field and the permittivity. At the boundary with the jump
of the permittivity the electric field also has the jump, but the normal component of
the displacement vector Dn = εEn is continuous.

An example of such functions is shown in the Fig. 2.2. Here f(x) is the periodic
function with the period equals to 2π and defined (inside the period) as:

f(x) =

{
1.2, |x| ≤ π/2

2, π/2 < |x| ≤ π
(2.30)

Function h(x) = f(x) · g(x) = 6 is a continuous function.

Taking into account the truncation of the Fourier series decomposition the considered
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Figure 2.2: The product of two box-shaped functions.

function can be represented as:

f(x) =
M∑

m=−M

fme
ımx (2.31)

g(x) =
M∑

m=−M

gme
ımx (2.32)

h(x) =
M∑

m=−M

hme
ımx (2.33)

The standard way to obtain coefficients hm (also called the Laurent’s rule) is:

hm =
M∑

n=−M

fm−n · gn (2.34)

It is assumed, that if the subscript index is out of the truncation scope ([−M,M ])
the corresponding Fourier decomposition coefficient equals to zero. The Laurent’s rule
can also be written in the matrix form:

h = F · g, (2.35)

where g and h are the vectors of the coefficients gm and hm while F is the Toeplitz
matrix (the matrix where the elements Fmn = fm−n).

The result of this approximation is presented in the Fig. 2.3. The Laurent’s rule leads
to the oscillations of the approximated function at the positions of the complimentary
jumps x = ±π/2. It has been shown in [55] that despite the convergence of the Fourier
series obtained using the Laurent’s rule this convergence is non-uniform and there are
always oscillations near the positions of the complementary jumps. The period of these
oscillations decreases with increasing the number of used terms, but the maximum
amplitude of the oscillations is proportional to the product of jumps of the original
functions f and g and the oscillations remain even at the limit M →∞.
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Figure 2.3: Approximation of the function h(x).

Another way to avoid this problem and calculate hm has been proposed. It is known
as the inverse rule:

hm =
M∑

n=−M

gn ·

([
1

f

]−1
)
mn

(2.36)

Here [1/f ] denotes the Toeplitz matrix generated by the Fourier coefficients of 1/f (it
is assumed that f 6= 0).

The inversion rule means:

1. Calculate the Fourier coefficients of the inverse functions l = 1/f .

2. Construct the Toeplitz matrix L of the coefficients lm.

3. Calculate the inverse matrix F = L−1.

4. Use the matrix F instead of the matrix F.

The comparison of the results obtained by the Laurent’s rule and the inverse rule
is shown in the Fig. 2.3. It is clearly seen that the inverse rule provides the exact
approximation of h(x) without any oscillations.

Approximation of a continuous function is less challenging. The Fourier series con-
verge uniformly and fast. An example is presented in the Fig. 2.4. The periodic function
(with the period equals to 2π) g(x) here is defined as g(x) = 2 exp(cosx). The approxi-
mated function is very close to the original one even for relatively small number of used
terms (equals to 11 here). The small discrepancy has an oscillatory behavior with the
period and amplitude determined by the number of used terms.

Consider the product of two continuous functions f(x) and g(x) (depicted in the
Fig. 2.5). Here f(x) = 1.5 exp(−2 cosx) and h(x) = f(x)g(x) = 3 exp(− cosx).

Both strategies can be used to approximate the product of two functions. Compar-
ison of the results obtained by the Laurent’s rule and the inversion rule is presented
in the Fig. 2.6. The difference between them is quite small which allows to use both
methods for approximation of the product of two continuous functions.

The worst case is a combination of the discontinuous functions without the comple-
mentary jumps. An example of such functions is shown in the Fig. 2.7.
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Figure 2.4: Approximation accuracy of the continuous periodic function. a) The
original function g(x) and the approximated function g1(x). b) The
approximation error ∆g(x) = g1(x)− g(x).
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Figure 2.5: Product of two continuous periodic function.

Here

f(x) =

{
2.5, |x| ≤ π/2

1.5, π/2 < |x| ≤ π
(2.37)

g(x) = 2 exp(−1/2 cosx) (2.38)

h(x) = f(x)g(x) (2.39)

Because the jump persists for the h(x) one can suggests that the approximated
function exhibits the oscillations. Indeed, both methods provide similar approximation
quality (which is depicted in the Fig. 2.8).

Based on the examples discussed above it can be said that the inverse rule is more
favorable method to approximate a product of two (continuous or discontinuous) func-
tions using the Fourier series expansion.

The Gibbs phenomenon also appears when two-dimensional discontinuous functions
are approximation by the Fourier series expansion. For typical photonic crystals such
discontinuous function is the dielectric permittivity. An example of approximation of
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Figure 2.6: Approximation of the function h(x). a) The Laurent’s rule and
the inverse rule approximation results. b) The approximation errors
∆h1(x) = h1(x)− h(x) and ∆h2(x) = h2(x)− h(x).
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Figure 2.7: Product of two functions without the complementary jumps.

the permittivity for a square-lattice photonic crystal is shown in the Fig. 2.9. Here
the photonic crystal consists of air holes (with the refractive index n = 1) with the
diameter d = 0.35a etched in a semiconductor slab with the effective refractive index
neff = 3.24 (and corresponding permittivity ε ≈ 10.5). The size of the hole is plotted
as the black dashed line. The color map of the approximated permittivity distribution
is presented in the Fig. 2.9(a) and the cross-section along the line with y = 0 (indicated
as the white dashed line) is shown in the Fig. 2.9(b). The approximated permittivity
exhibits a clear oscillating behavior with the spacial scale of the oscillations roughly
inversely proportional to the maximum length of the used plane waves (indicated by
the parameter Gmax). Since the number of used plane waves is proportional to the G2

max,
increasing of Gmax in order to improve the approximation accuracy leads to fast growth
of the dimension of the matrices in equations (2.27) and (2.28) and the computational
resources required to solve these problems.

As it has been mentioned before, the main field components for the plane wave
expansion model are Ez for the TM-polarized light and Hz for the TE-polarized light.
These components are continuous at the boundaries of the photonic crystal atoms.
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Figure 2.8: Approximation of the product of two functions without the comple-
mentary jumps.
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Figure 2.9: a) Distribution of the permittivity for a square photonic crystal
(Gmax = 10). b) Cross-section of the distribution of the permittiv-
ity for different number of used plane waves.

According to the equations (2.9) and (2.10), the curl operator of these fields gives

∇× E = ı
w

c
µH = ı

w

c
B (2.40)

∇×H = −ıw
c
εE = −ıw

c
D (2.41)

At the boundaries of the photonic crystal atoms (it is assumed that the boundaries
are sharp, where the dielectric permittivity and/or the magnetic permeability have a
jump) the tangential components of the electric field Exy and the magnetic field Hxy

are continuous, while for the case of the normal components the electric displacement
Dxy = εExy and the magnetic induction Bxy = µHxy are continuous. In order to
preserve the continuity of the components of the field the inverse rule should be used.

According to the inverse rule the coefficients of the decomposition of the inverse
permittivity θm−n and the inverse permeability ηm−n in the equations (2.27) and (2.28)
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should be substituted by the components of the matrices

θm−n → Θmn, where Θ = ε̂ −1, ε̂mn = εm−n (2.42)

ηm−n → Ξmn, where Ξ = µ̂ −1, µ̂mn = µm−n (2.43)

Here the matrices ε̂ and µ̂ are constructed from the coefficients of the Fourier series
decompositions of the permittivity ε(r) and the permeability µ(r). The matrices Θ and
Ξ are the inverse matrices ε̂ and µ̂, respectively.

Because the permittivity of a lossless dielectric is a real value the coefficients of
the Fourier decomposition satisfy the following relation: εm = ε∗−m. It means that the
matrices ε̂ and Θ are hermitian. The same is true for the decomposition of the magnetic
permeability.

The coefficients εm−n and µm−n should be substituted in the similar way as

εm−n → ε̂mn, where ε̂ = θ̂ −1, θ̂mn = θm−n (2.44)

µm−n → κ̂mn, where κ̂ = η̂ −1, η̂mn = ηm−n (2.45)

Then the inversion rule for the tangential components leads to the relations

Et =
1

ε
Dt ⇒ Et = Θ ·Dt (2.46)

Ht =
1

µ
Bt ⇒ Ht = Ξ · Bt (2.47)

and for the normal components

Dn = εEn ⇒ Dn = ε̂ · En ⇒ En = θ̂ ·Dn (2.48)

Bn = µHn ⇒ Bn = κ̂ · Hn ⇒ Hn = η̂ · Bn (2.49)

It means, that for the best accuracy of the representation of the Maxwell’s equations
using the Fourier series expansion it requires to separate the in-plane field into the
components normal and tangential to the boundaries of the atoms and treat them
separately. In each point of the plane a local basis {en, et} should be introduced and the
in-plane field decomposed according to the local basis. For example, E = Enen +Etet.
At the boundaries of the atoms the basis corresponds to the normal and the tangential
components. An example of such basis for the square lattice primitive cell is shown
in the Fig. 2.10. The coefficients of the decomposition of the in-plane field are scalar
functions of the coordinates (Et = Et(r), En = En(r)) and have the meaning of the
tangential and the normal components of the field. These components are decomposed
using the plane wave expansion and, for example, Et corresponds to the vector of the
decomposition coefficients for the tangential component of the electric field and En

corresponds to the vector of the decomposition coefficients for the normal component
of the electric field. The same notation is used for the in-plane magnetic field. The
inverse rule should be used for the tangential components of the field and the Laurent’s
rule (but using the matrices of the inverse permittivity θ̂ and the inverse magnetic
permeability η̂) for the normal components.

The idea of decomposition the in-plane components of the electromagnetic field into
the normal and the tangential parts with different subsequent treatments has been
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Figure 2.10: An example of the local basis for the square lattice. Red vectors
correspond to the normal component and blue vectors correspond to
the tangential component.

proposed in [56] and allows one to improve the accuracy of the plane wave expansion
method. However, such decomposition is a non-trivial problem. Potential problems can
be seen in the Fig. 2.10 at the center of the atom (depicted by the black dashed line),
where the singularity problem for the basis vectors direction exists, and at the bound-
aries of the primitive cell (depicted by the green line), where because of the translation
symmetry the basis vectors should change the sign. The situation become even more
complex when there are several atoms in the primitive cell. If the introduced basis is dis-
continuous even a continuous in-plane field has (after the decomposition) discontinuous
components which leads to additional errors for the Fourier series representation.

As a compromise between the complexity of the method and the accuracy of the
results in the presented approach both components are treated in the same way (as the
tangential components in the expressions (2.46) and (2.47)) using the inverse rule. In
this case any local basis can be used (for example, the Cartesian basis).

The equations (2.27) and (2.28) can be written in the matrix form as

V · A =
w2

c2
A “TM polarization” (2.50)

W · B =
w2

c2
B “TE polarization” (2.51)

where the components of the matrices V and W are defined as:

Vmn = [(k + Gn) · (k + Gn)] ·Θmn (2.52)

Wmn = [(k + Gm) · (k + Gn)] ·Θmn (2.53)

The disadvantage of the equation (2.50) is that the matrix V is not hermitian (in
contrast to the matrix W) and it adds unnecessary computational complexity to the
problem (symmetric eigenvalue problems can be handled more efficiently than asym-
metric ones). However, the substitution proposed by Maradudin et al. in [52] allows to



2.3. Approximation of the dielectric permittivity distribution 33

convert the equation (2.50) into a normal hermitian eigenvalue problem. This substitu-
tion is

Am → Cm = |k + Gm|Am (2.54)

and it leads to the equation

U · C =
w2

c2
C “TM polarization” (2.55)

where
Umn = [|k + Gm| · |k + Gn|] ·Θmn (2.56)

2.3.1 Filtering of the Gibbs phenomenon

Another way to decrease the effect of the Gibbs phenomenon is to reduce the phe-
nomenon itself. Any discontinuous function g(x) of a scalar argument (which have a
countable set of the jumps at x ∈ {xi}) can be represented as a sum of a continuous
function fc(x) and the series of the Heaviside step function h(x):

g(x) = gc(x) +
∑
x∈{xi}

αih(x− xi) (2.57)

For a periodic function a similar decomposition can be done using the box-shape
functions. It has been shown in [57] that the origin of the Gibbs phenomenon is the
behavior of the coefficients of the Fourier decomposition of the box-shape (or the Heav-
iside) function. The coefficients of the box function decomposition gn ∝ eıβnk/(nk),
where k = 2π/a is the wave vector of the period and β is a parameter which depends
on the width of the box. The decay of gn with increasing of the index n is slow and
non-monotone. It leads to the oscillatory behavior of the approximated function with
the increasing number of used terms. A way to suppress it is to increase the decay rate
of the coefficients gn. If a finite number of the coefficients is used for the decomposition
(n ≤ N)

g(x) =
N∑

n=−N

gne
ınkx (2.58)

a way to increase the decay rate is to introduce the filter function f :

g̃(x) =
N∑

n=−N

f(n/N)gne
ınkx (2.59)

Multiplication of the Fourier decomposition coefficients corresponds to the convolu-
tion of the functions:

g̃(x) = f̂ ◦ g =

∫ ∞
−∞

g(x− t)f̂(t)dt (2.60)

where the function f̂ is the function which have the Fourier decomposition coefficients
fn = f(n/N). Such function should have the maximum at t = 0 and decays to zero
when |t| increases. The convolution with f̂ smooths the jumps of g and suppress the
Gibbs phenomenon. Because the coefficients fn depend on N the function f̂ varies for
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different number of used Fourier series terms. It becomes more localized around t = 0
for larger N and less affects g.

The requirements for f are: 
f(0) = 1

f(1) = 0

f ′(0) = 0

f(−t) = f(t)

(2.61)

and the function f should monotonically decrease from 1 to 0 when t varies from 0
to 1. Such type of the filter function suppress the high-order harmonics of the Fourier
decomposition and improve the convergence of the Fourier series.

Different filter functions have been proposed in [57]. Among them are

f1(t) =
sin(πt)

πt
Lanczos filter (2.62)

f2(t) =
cos(πt) + 1

2
Rising cosine filter (2.63)
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Figure 2.11: Approximation of the box function using different filters.

Examples of the effect of different filters are presented in the Fig. 2.11. Here

g(x) =

{
5, |x| ≤ π/2

3, π/2 < |x| ≤ π
(2.64)

and 21 harmonics are used for the decomposition. The approximated g(x) exhibits
large oscillations near the jump points. Utilization of the filters allows to significantly
suppress them. Because for the rising cosine filter function f2(t) the derivative f ′2(1) = 0
it suppress the high-order harmonics more efficiently and the resulting approximated
function is smoother. The drawback of using the filters is smoothing of the jumps
and decreasing the slope of the approximated function. Despite the smoothing region
becomes narrower with increasing of the number of used harmonics and the slope rises
it remains about two times less in comparison with the approximation without filters.
The advantage of using filters is that outside of the smoothing region the shape of the
original function is preserved.
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This type of filtering can be easily generalized for the case of two dimensions as

g̃(r) =
∑
m

f(Gm/Gmax)gme
ıGmr (2.65)
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Figure 2.12: The effect of the Lanczos-type filter to the distribution of the per-
mittivity. a) Distribution of the permittivity for a square photonic
crystal. b) Cross-section of the distribution of the permittivity for
different number of used plane waves.

The effect of the filtering on the approximation of the permittivity distribution for a
square lattice photonic crystal is shown in the Fig. 2.12. The parameters of the photonic
crystal are the same as used for the Fig. 2.9. The Lanczos filter almost completely
removes the oscillations of the permittivity and improve the approximation accuracy.
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Figure 2.13: Approximation of the product of two box functions using different
filters.

The effect of the filters on the product of two functions is illustrated in the Fig. 2.13.
The parameters of the box functions are the same as used for the Fig. 2.3. The inverse
rule approximation provides the results almost identical to the original function for all
types of filters. But for the Laurent’s rule the effect of the filters are important. Keeping
the discrepancy with the original function near the jumps positions the oscillations are
almost completely suppressed outside of these regions.
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Figure 2.14: Approximation of the product of two functions without the compli-
mentary jumps using different filters.

Similar effect is observed when the product of two functions is discontinuous. The
approximation of the product of two functions without the complimentary jumps is
presented in the Fig. 2.14. Parameters of the functions are the same as used for the
Fig. 2.8.

The Lanczos filter efficiently smooths out the oscillations and restore the shape of
the original function (compare with the Fig. 2.8). The disadvantage of using the filter
is that the jumps are almost completely removed but nevertheless the overall results
are better than the simple approximation without the filters. The Laurent’s rule and
the inverse rule provide quite similar results.

a)
4 6 8 1 0 1 2 1 4 1 6 1 8 2 0 2 2 2 4 2 6 2 80 . 2 2 7 5

0 . 2 2 8 0

0 . 2 2 8 5

0 . 2 2 9 0

0 . 2 2 9 5

0 . 2 3 0 0

0 . 2 3 0 5

R
ed

uc
ed

 fr
eq

ue
nc

y

G m a x ,  ( 2 π/ a )

 N o  f i l t e r i n g
 L a n c z o s  f i l t e r

b)
4 6 8 1 0 1 2 1 4 1 6 1 8 2 0 2 2 2 4 2 6 2 80 . 4 0 9

0 . 4 1 0

0 . 4 1 1

0 . 4 1 2

0 . 4 1 3

R
ed

uc
ed

 fr
eq

ue
nc

y

G m a x ,  ( 2 π/ a )

 N o  f i l t e r i n g
 L a n c z o s  f i l t e r

Figure 2.15: Convergence of the reduced frequency values of the TE polarized
Bloch modes calculated with and without the filtering of the per-
mittivity distribution. a) The Bloch vector at the K point, the first
band. b) The Bloch vector at the Γ point, the second band.

The effect of the utilization of the filtering of the Fourier decomposition of the
permittivity distribution on the calculated reduced frequencies of the Bloch modes is
illustrated in the Fig. 2.15. The triangular lattice photonic crystal consists of the air
holes with the filling factor f = 40% etched in the thick planar waveguide. Gmax is the
maximum value of the wave vectors for the plane waves used in the calculations.

Fig. 2.15(a) corresponds to the Bloch modes of the first band with the Bloch vector
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at the K point. The frequencies obtained with and without the filtering are quite similar
because the electric field for this Bloch mode is mainly localized in the regions with high
permittivity, where the effect of the Gibbs phenomenon on the field is less pronounced
(The absolute value of the permittivity variation is large, but the relative change of the
permittivity is small). Utilization of the Lanczos-type filter gives lower convergence rate
because the permittivity step is approximated by the a smoother function with lower
slope (see, for example, Fig. 2.11).

Fig. 2.15(b) corresponds to the Bloch modes of the second band with the Bloch
vector at the Γ point. In this case the electric field penetrates deeper into the holes and
the effect of the permittivity approximation is more important. (See the section 2.6 for
more details about the field distribution.) The relative variations of the permittivity
distribution due to the Gibbs phenomenon are high which leads to lower convergence
rate of the PWE method. It is important to note, that the Gibbs oscillations remains
even for high values of Gmax (and, correspondingly, for large numbers of used plane
waves), while they are almost completely removed by using of the Lanczos-type filter.
It leads to different calculated electromagnetic field distribution of the Bloch modes
and different convergence limits of the mode frequencies calculated with an without the
filtering.

It can be concluded based on the presented results that one of the key point of
the plane wave expansion method is how to treat the dielectric permittivity and/or
magnetic permeability in the photonic crystals. Approximation of these functions and
constructing the master equations for the electromagnetic field require an elaborated
technique in order to improve the accuracy of the plane wave expansion method.

2.3.2 Calculation of the permittivity Fourier expansion coeffi-
cients

The coefficients εm of the Fourier decomposition of the permittivity are obtained as

εm =
1

Sc

∫
cell

ε(r)e−ıGmrdr (2.66)

where Sc is the area of the unit cell and integration is performed over the primitive cell
of the photonic crystal.

Assuming that the photonic crystal consists of atoms with constant dielectric per-
mittivities εj immersed in a material with the constant background permittivity εb

εm =
1

Sc

∑
j∈atoms

∫
(εj − εb)e−ıGmrdΩj + εbδGm,0 (2.67)

Here each integral is performed over the area of j-th atom. The background permittivity
gives an additional term for zero wave vector Gm.

For each atom the function

g =

∫
e−ıGmrdΩ = e−ıGms

∫
e−ıGmrdΩ′ (2.68)

is the product of the position factor, determined by the position of the atom center s
(in the coordinate system related with the unit cell), and the form-factor of the atom,
determined by the atom shape.
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Figure 2.16: Parameters of an atom of the photonic crystal. a) Circular atom.
b) Elliptical atom.

Two atom types considered in this thesis are shown in the Fig. 2.16. The circular
atom is determined by the radius R and the the position of the atom center s. The
corresponding form-factor and the position factor are

g =
2πR

Gm

J1(GmR)e−ıGms = πR2[J0(GmR) + J2(GmR)]e−ıGms (2.69)

where J0, J1, and J2 are the Bessel functions of the first kind.
The elliptical atom is determined by the position of the atom center s and the

parameters of the ellipse: two semi-axes l1 and l2 and the orientation unit vectors e1

and e2. The form factor of the elliptical atom can be calculated in the frame of reference
connected with the atom orientation: (x, y)→ (x′, y′). Then Gm = k1 · e1 + k2 · e2.

g =

∫
e−ıGmrdΩ = e−ıGms

∫
e−ıGmrdΩ′ = e−ıGms

∫
e−ı(k1x

′+k2y′)dΩ′ (2.70)

Here the scale of the y′ axis can be changed as ỹ′ = y′ · l1/l2 as well as k̃2 = k2 · l2/l1.
Then k̃ =

√
k2

1 + k̃2
2 and dΩ̃′ = dΩ′ · l2/l1. The expression (2.70) transforms into

g = e−ıGms

∫
e−ı(k1x

′+k̃2ỹ′)dΩ̃′ (2.71)

and the integration is actually performed over a circle with the radius l1. It gives

g =
2πl2

k̃
J1(k̃l1)e

−ıGms = πl1l2[J0(k̃l1) + J2(k̃l1)]e
−ıGms (2.72)

Using the given expressions the coefficients of the Fourier decomposition of the
permittivity distribution can be calculated. With the vectors of the reciprocal lattice
(determined by the symmetry of the photonic crystal lattice) it completely determines
the parameters required for calculation of the photonic crystal optical properties.

2.4 Frequency-based plane wave expansion method

The standard (Bloch vector based) plane wave expansion method allows for any given
Bloch vector k to find the frequencies and the field profile of the corresponding Bloch
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states. However, there are several features of this this method which makes it not well
suited for particular problems.

Firstly, because the frequencies of the states are unknown and can be found only as a
final result of the calculation, the dispersion of the dielectric permittivity and magnetic
permeability of the materials of a photonic crystal cannot be taken into account directly
[58–60]. It is possible to introduce an iterative numerical scheme to fit the results using
known dispersion relations but this is time-consuming and not very convenient.

Secondly, the standard plane wave expansion method is not designed to provide full
information about all possible solutions of the master equations (2.11) and (2.12). For a
particular light frequency the full set of the solutions consists of the propagating Bloch
modes (with real corresponding Bloch vectors) and the evanescent modes (where the
Bloch vectors have imaginary parts). When the frequency is inside the full photonic band
gap only evanescent modes can exist in a photonic crystal. Such states exponentially
decay in a photonic crystal and are localized near boundaries and defects. So, they
play an important role in the coupling of the light from an external source with the
photonic crystal light states [54, 61], or mode coupling at the internal boundaries inside
a photonic crystal. Working with the evanescent states using the standard plane wave
expansion method leads to many difficulties. In general, substitution of a complex k into
equations (2.55) and (2.51) makes the matrices non-hermitian and the corresponding
eigenvalues (as well as the state frequencies) also become complex. Hence, it requires a
search in multidimensional space (effective 4D space for 2D complex Bloch vectors) in
order to find the states with real frequencies.

An alternative approach to solve these difficulties of the standard plane wave expan-
sion method is to fix the frequency and scan the k-space in order to find the appropriate
states. The Bloch vector k is defined by two complex components. An efficient algo-
rithm may be constructed to find only one coefficient at the time, so the search may be
performed along a line in 2D complex k-space (or along a plane in the equivalent 4D
space).

A method which considers real and imaginary parts of the Bloch vector pointed in
the same direction (i.e. modes which decay or growth along the phase velocity direction)
has been proposed in [61] and used to investigate mode coupling at photonic crystal
heterointerfaces in [60]. In this thesis an extended approach has been derived. This
method can consider Bloch modes with arbitrary direction of the real and the imaginary
components of the Bloch vector. It allows us to describe evanescent states which decay
and propagate in different directions, for example penetration of the electromagnetic
field of a PhC waveguide guided modes into photonic crystal cladding regions.

kx

ky

k0

k1

Figure 2.17: The Bloch vector search scheme.
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In the derived method the Bloch vector is represented as

k = k0 + αk1 , (2.73)

where k0 is any 2D complex vector and k1 is a real 2D vector of the unit length. This
is schematically shown in the Fig. 2.17.

The equations (2.11) and (2.12) can be rewritten as

∇× 1

µ(r)
∇× E(r) =

w2

c2
ε(r)E(r) “TM polarization” (2.74)

∇× 1

ε(r)
∇×H(r) =

w2

c2
µ(r)H(r) “TE polarization” (2.75)

Using the same derivation as for the equation (2.22) one can obtain

∑
m,n

An · [(k + Gm) · (k + Gn)] · ηm−n · eı(k+Gm)r =
w2

c2

∑
m,n

An · εm−n · eı(k+Gm)r (2.76)

or ∑
n

An · [(k + Gm) · (k + Gn)] · ηm−n =
w2

c2

∑
n

An · εm−n (2.77)

As it has been discussed in the section 2.3, in order to achieve better approximation
accuracy the coefficients of the Fourier decompositions of the dielectric permittivity
εm−n and the the magnetic permeability ηm−n should be replaced by the coefficients of
the matrices Θnm and Ξmn, respectively.

The equations (2.74) and (2.75) transform then into

∑
n

An · [(k + Gm) · (k + Gn)] · Ξmn =
w2

c2

∑
n

An · ε̂mn “TM polarization” (2.78)

∑
n

Bn · [(k + Gm) · (k + Gn)] ·Θmn =
w2

c2

∑
n

Bn · µ̂mn “TE polarization” (2.79)

The direct matrix ε̂ is used in the right part of the equation (2.78) because in the
original equation (2.11) division by the permittivity ε(r) in the left part corresponds
(according to the inverse rule) to the multiplication of the vector of the Fourier decom-
position coefficients to the inverse matrix of the permittivity Θ. It gives us the direct
matrix ε̂ if the equation (2.11) is written as (2.74). Because of the same reason the
direct matrix µ̂ is used in the right part of the equation (2.79).

Using the expression (2.73) one can obtain

(k + Gm) · (k + Gn) = α2 + αk1(2k0 + Gm + Gn) + (k0 + Gm)(k0 + Gn) (2.80)

Introducing the vector of the coefficients A the equation (2.78) can be rewritten as:

α2Ξ · A + αR · A + S · A =
w2

c2
ε̂ · A (2.81)
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where matrices R and S are auxiliary matrices with the coefficients:

Rmn = Ξmn · [k1 · (2k0 + Gm + Gn)] (2.82)

Smn = Ξmn · [(k0 + Gm) · (k0 + Gn)] (2.83)

Multiplying the equation (2.81) by the matrix µ̂ one obtains

α2A + αµ̂ · R · A + µ̂ · S · A =
w2

c2
µ̂ · ε̂ · A (2.84)

or

α(αA) = µ̂ · R · (αA) + µ̂ ·
(
w2

c2
ε̂− S

)
· A (2.85)

The unknown α can be found using the extended eigenvalue problem:(
O I

µ̂ ·
(
w2

c2
ε̂− S

)
µ̂ · R

)
·
(

A
αA

)
= α

(
A
αA

)
“TM polarization” (2.86)

where O is the zero matrix and I is the identity matrix.
The corresponding equation for the magnetic field can be obtained by simultaneous

substituting µ̂→ ε̂, ε̂→ µ̂, and Ξ→ Θ:(
O I

ε̂ ·
(
w2

c2
µ̂−Q

)
ε̂ · P

)
·
(

B
αB

)
= α

(
B
αB

)
“TE polarization” (2.87)

where

Pmn = Θmn · [k1 · (2k0 + Gm + Gn)] (2.88)

Qmn = Θmn · [(k0 + Gm) · (k0 + Gn)] (2.89)

If µ(r) ≡ 1 the equations (2.86) and (2.87) simplify a lot, because µ̂ = Ξ = I and
hence: (

O I(
w2

c2
ε̂− S

)
R

)
·
(

A
αA

)
= α

(
A
αA

)
“TM polarization” (2.90)(

O I
ε̂ ·
(
w2

c2
I−Q

)
ε̂ · P

)
·
(

B
αB

)
= α

(
B
αB

)
“TE polarization” (2.91)

while R and S become

Rmn = 2k1 · (k0 + Gm) · δm,n (2.92)

Smn = (k0 + Gm)2 · δm,n (2.93)

Using the expressions above it is possible for a given frequency w and vectors k0

and k1 to find values for α and completely determine the Bloch vectors of the state.
Because the matrices in the equations (2.86) and (2.87) are non-hermitian most of the
eigenvalues are complex even for a frequency where the propagating states (with purely
real Bloch vector) exist. Also, because the search of the Bloch vectors is performed along
a line in the k-space, the states from the high-order Brillouin zones are also included in
the set of the obtained eigenvalues. It requires a special treatment to find the unique
solutions which corresponds to the first Brillouin zone.

Examples of calculation of the evanescent modes properties using the frequency-
based plane wave expansion method are discussed in the section 2.8.
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2.5 Light propagation in photonic crystals

The light eigenstates in a photonic crystal are the Bloch modes, determined by the
Bloch vector k, the frequency w, and the polarizations. If the Bloch vector is purely
real such a state can propagate in the photonic crystal without the attenuation. Most
of the photonic crystal based devices rely on the properties of the propagating light
modes and, hence determination of the Bloch modes is the key point for the design of
such devices.

2.5.1 Dispersion properties of photonic crystals

The plane wave expansion method allows for each Bloch wave vector to find the eigen-
frequency of the Bloch modes. Hence, the dispersion of the light in a photonic crystal
(i. e., the dependence w(k)) can be reconstructed. Dispersion of the Bloch modes is one
of the most important properties of the photonic crystals. It determines propagation of
the modes in the photonic crystal and, consequently, the performance of many photonic
crystal based devices.

Dispersion of the Bloch modes depends on many parameters of the photonic crystal.
The most important among them are:

� The type of the photonic crystal lattice (square, triangular, graphite, etc.), which
affects the dispersion symmetry properties.

� The type of the permittivity and/or the permeability contrast (for example, air
holes in the high-permittivity background, dielectric rods in the air, etc.), which
modifies the dependence of the dispersion on the light polarization.

� Distribution of the “atoms” in the photonic crystal primitive cell (single atom in
a simple cell or several atoms in a super-cell) and the shapes of the atoms (for ex-
ample, high symmetrical circular atoms or elliptical atoms with lower symmetry),
which also affects the dispersion symmetry properties.

2.5.1.1 Square lattice photonic crystals

Examples of the dispersion of the TE polarized Bloch modes for the square lattice
photonic crystal are shown in the Fig. 2.18. Here the photonic crystal consists of the
circular air holes (one hole in the primitive cell) etched in the thick planar waveguide.
The effective refractive index for both TE and TM polarizations is equal to 3.24. The
filling factor f = 0.4. The maximum length of the reciprocal lattice vector Gmax = 82π

a

and the number of used plane waves N = 197, which ensures a good accuracy of
calculated Bloch modes frequencies.

At the first band near the Γ point the frequency is linearly proportional to the Bloch
vector which is similar to the properties of light propagating in a homogeneous media.
Closer to the boundary of the first Brillouin zone the effect of the photonic crystal
becomes visible since the shape of the isolines are different from the circles. At the
second band the effect of the photonic crystal is much more pronounced. The square-like
shape of the isolines means strong anisotropy of the light propagation properties for the
light with the corresponding frequency. The bands with larger index have more complex
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a) b)

Figure 2.18: Dispersion of the TE-polarized Bloch modes for the square lattice
photonic crystal consisting of the circular air holes (the filling factor
f = 0.4) in the dielectric slab with the effective refractive index
neff = 3.24. a) The first band. b) The second band.

structure. In general, the larger the index of the band the larger the corresponding mode
frequency and the less equivalent light wavelength. Such light modes interact stronger
with the inhomogeneities of the permittivity and are more sensitive to the details of
the permittivity distribution (like the shape of the photonic crystal atoms). It leads to
a complex dispersion of the bands with the large index.

The dispersion of the same photonic crystal for the TM polarized Bloch modes is
presented in the Fig. 2.19. The dispersion of two lowest bands is similar to the dispersion
of two lowest bands for the TE polarized light but with increasing the index of the
band (and the corresponding mode frequency) the difference between the dispersions
of the TE and TM polarized light become more pronounced. It happens because of the
different direction of the electric field (as well as the displacement field) for TE and TM
polarizations. Boundary conditions for the field at the photonic crystal atom boundaries
lead to different field distributions for TE and TM polarized light which results in the
different mode frequency for the same Bloch vector.

The cross-section of the Bloch modes dispersion is shown in the Fig. 2.20. Two full
photonic band gaps (indicated by the gray regions) exist for the TE polarized light.
Only partial photonic band gaps (for example, along the ΓX and the ΓM directions)
exist for the TM polarized light because the widths of these gaps are not enough to
overlap and create a full band gap.

The effect of the photonic crystal on the light dispersion depends on the filling factor.
The larger the filling factor the larger the interaction between the electromagnetic field
and the atom material and the larger effect on the light dispersion. The dependence
of the position and the width of the full photonic band gaps on the filling factor is
shown in the Fig. 2.21. The maximum theoretical filling factor achievable for the square
lattice photonic crystal with one circular atom is fmax = π/4 ≈ 0.785. Because of the
fabrication reason in order to avoid to have the atom boundaries too close each other
the filling factor should be less than this limit.

The dependence of the position and the width of the full photonic band gaps on the
filling factor is presented in the Fig. 2.21. For the case of the “holes in the dielectric”
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a) b)

Figure 2.19: Dispersion of the TM-polarized Bloch modes for the square lattice
photonic crystal consisting of the circular air holes (the filling factor
f = 0.4) in the dielectric slab with the effective refractive index
neff = 3.24. a) The first band. b) The second band.
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Figure 2.20: Dispersion of the Bloch modes for the square lattice photonic crystal
consisting of the circular air holes (the filling factor f = 0.4) in the
dielectric slab with the effective refractive index neff = 3.24. a) TE
polarization. b) TM polarization.

photonic crystal the full photonic band gaps open for the TE-polarized light when
the filling factor is larger then about 0.32 and for the TM-polarized light when the
filling factor is larger then about 0.48. The widths of the band gaps are relatively
small, which means that light can propagate in the photonic crystal for a wide range
of the frequencies and it is difficult to create photonic crystal based structures which
constrain Bloch modes propagation and can efficiently localize the light. When the
photonic crystal is of the “pillars in the air” type the full photonic band gaps exist
mainly for the TM polarization. In this case propagation of the TM-polarized light can
be efficiently limited.

The dispersion relation of the square lattice pillar-based photonic crystals is pre-
sented in the appendix A.1.1.
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Figure 2.21: The full photonic band gaps for the square lattice photonic crystals
consisting of air holes in a dielectric slab (neff = 3.24).

2.5.1.2 Triangular lattice photonic crystals

Examples of the dispersion of the TE polarized Bloch modes for the triangular lattice
photonic crystal are shown in the Fig. 2.22. The corresponding dispersion of the TM
polarized Bloch modes are shown in the Fig. 2.23. Here the photonic crystal consists
of the circular air holes (one hole in the primitive cell) etched in the thick planar
waveguide. The effective refractive index for both TE and TM polarizations is equal to
3.24. The filling factor f = 0.4. The maximum length of the reciprocal lattice vector
Gmax = 7 2√

3
2π
a

and the number of used plane waves N = 187. The first Brillouin zone
has the hexagon shape and is indicated in the figures by the white dashed line.

a) b)

Figure 2.22: Dispersion of the TE-polarized Bloch modes for the triangular lattice
photonic crystal consisting of the circular air holes (the filling factor
f = 0.4) in the dielectric slab with the effective refractive index
neff = 3.24. a) The first band. b) The second band.

The behavior of the dispersion relation for the triangular lattice photonic crystal is
similar to the dispersion relations of the square lattice photonic crystals. The noticeable
difference is that the triangular lattice has higher symmetry which leads to higher
symmetry of the corresponding reciprocal lattice. Then the difference of the distances
between the center of the first Brillouin zone (Γ point) and the centers of the sides
(ΓM distance) and the corners (ΓK distance) is smaller for the triangular lattice than
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a) b)

Figure 2.23: Dispersion of the TM-polarized Bloch modes for the triangular lat-
tice photonic crystal consisting of the circular air holes (the filling
factor f = 0.4) in the dielectric slab with the effective refractive
index neff = 3.24. a) The first band. b) The second band.

for the square lattice (here the distances ΓM and ΓX are compared). It leads to better
overlap of the partial photonic band gaps for the ΓM and the ΓK directions and wider
full photonic band gaps.
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Figure 2.24: Dispersion of the Bloch modes for the triangular lattice photonic
crystal consisting of the circular air holes (the filling factor f = 0.4)
in the dielectric slab with the effective refractive index neff = 3.24.
a) TE polarization. b) TM polarization.

The cross-sections of the dispersion of the Bloch modes are presented in the Fig. 2.24.
The full photonic band gap exists between the first and the second bands for the TE-
polarized light.

The dependence of the position and the width of the full photonic band gap on the
filling factor is plotted in the Fig. 2.25. The maximum achievable filling factor for the
triangular lattice is fmax = π

2
√

3
≈ 0.907 but because of the fabrication reason it should

be less than this limit.
The dispersion properties of the triangular lattice pillar type photonic crystals are

shown in the appendix A.1.2.
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Figure 2.25: The full photonic band gaps for the triangular lattice photonic crys-
tals consisting of air holes in a dielectric slab (neff = 3.24).

2.5.1.3 Effect of the dispersion of the planar waveguide effective refractive
index

Two-dimensional approximation of the photonic crystal doesn’t take into account the
real vertical structure of the sample. If the light is confined in the vertical direction
using the planar waveguide the effective refractive index of the waveguide is usually
used as the refractive index of the background media in the 2D approximation. In
the standard Bloch vector based plane wave expansion method it is assumed that the
effective refractive index is a constant and doesn’t depend on the frequency. For a thick
waveguide with weak vertical light confinement the effective refractive index is almost
constant and this approximation is valid. But for the thin waveguide with the high
index contrast the dispersion of the effective refractive index may be very strong.

The examples of the dispersion of the SOI waveguide (230 nm thick Si layer on SiO2

substrate) effective refractive index for the TE and the TM polarized light are shown
in the Fig. 2.26(a). The corresponding dispersions using the reduced frequency units
for the photonic crystal lattice constant 0.43 µm are plotted in the Fig. 2.26(b). It is
clearly seen that the effective index strongly depends of the light frequency (especially
for the TM light polarization) that should affect the dispersion of the Bloch modes in
the photonic crystals.

The dispersion of the Bloch modes for the triangular lattice consisting of the air
holes etched in the Si layer of the SOI structure is plotted in the Fig. 2.27(a) for the
TE polarized light and in the Fig. 2.27(b) for the TM polarized light.

The results provided by the standard PWE method (where the waveguide effective
refractive indices for the wavelength λ = 1.55 µm have been used) are plotted by
the green solid lines. The results provided by the frequency-based PWE method (with
the same values of the effective refractive indices) are plotted by the blue squares.
They perfectly coincide with the results of the standard PWE method. The results
of the frequency-based PWE method with the dispersion of the effective refractive
indices are plotted by the red circles. Now the shape of the band curves is distorted.
The effect of the dispersion of the effective refractive index is like that the original
dispersion curve (obtained using the constant effective refractive index) is compressed
in the vertical direction according the dispersion of the effective refractive index. The
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Figure 2.26: Dispersion of the effective refractive index for the SOI structure.
a) neff as a function of the light wavelength. b) neff as a function
of the PhC reduced frequency.
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Figure 2.27: Dispersion of the Bloch modes for the triangular lattice photonic
crystal consisting of the circular air holes (the filling factor f = 0.4)
etched in the SOI structure calculated with and without taking into
account the dispersion of the effective index. a) TE polarization.
b) TM polarization.

chosen wavelength λ = 1.55 µm corresponds to the reduced frequency u ≈ 0.2774 and
this frequency serves as a central (fixed) point for the compression transformation.

Because the dispersion of the effective index is more pronounced for the TM polar-
ization the dispersion of the TM polarized Bloch modes is more distorted.

2.5.1.4 W1 photonic crystal waveguide

The W1 photonic crystal waveguide has been chosen as an example to illustrate the
application of the PWE method for analysis of the dispersion properties of a photonic
crystal based structure. Such waveguide is one of the key components of many modern
photonic crystal based devices and detailed knowledge of the W1 waveguide properties
is required to design them carefully.

The dispersion of the TE polarized light for the W1 photonic crystal waveguide is
shown in the Fig. 2.28. The photonic crystal here consists of the circular air holes etched
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Figure 2.28: Dispersion of the even and the odd modes of the W1 photonic crystal
waveguide.

in the thick planar waveguide. The filling factor f = 40%. The maximum length of the
reciprocal lattice vector Gmax = 6 2√

3
2π
a

and the number of used plane waves N = 1159.
There are two modes with different symmetry properties relative to the reflection

in the (xz) plane located in the middle of the waveguide (y = 0). For the even mode
the magnetic field Hz is symmetric and keep the sign after the reflection. For the odd
mode the magnetic field is antisymmetric and changes the sign after the reflection.

The dispersion of the guided modes can be tuned by modifying parameters of the
photonic crystal atoms near the waveguide core or changing the photonic crystal lattice
by shrinking/expanding in the x or y direction.

2.5.2 Group velocity of the propagating Bloch modes

A Bloch mode with a given Bloch vector k0 and the frequency w0 is a mode which
exists everywhere in space and is infinitely long in time. Similar to the case of light
propagating in a continuous media such mode cannot carry the information or transfer
the energy. Light pulses of a finite duration and localized in a finite volume are natural
states used for these purposes.

In general, light pulse in a photonic crystal can be represented as a superposition of
the Bloch modes with different Bloch vectors and frequencies:

u(r, t) =
∑
m

∫
f(k,m)ψk,m(r, t)dk (2.94)

where ψk,m is m-th Bloch mode with the Bloch vector k and f(k,m) is the amplitude
of the mode.

If the amplitude function f noticeably differs from zero only in the vicinity of the
vector k0 and only for the index of the state m = m0 (which corresponds to the
frequency w0) it is said that the pulse has the carrier mode ψk0,m0 and the carrier
frequency w0.

Such pulse can be obtained by multiplying the carrier mode by the envelope function
f(r, t) which has a long duration (much longer than the period of the carrier mode) and
is localized in space with a large localization scale (much larger that the wavelength of
the carrier mode).
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The motion of such wave packet is governed by the group velocity which is equal to
the gradient of the Bloch mode dispersion Vg = ∇k · w(k).

Using the Bloch vector based plane wave expansion method the dispersion of the
light can be calculated for a grid in the k-space determined as {kij}, where i = 1 . . .M
and j = 1 . . . N . The gradient operator then can be calculated using the finite-difference
formulas for each node of the grid. Here the formulas of the second-order accuracy have
been used in order to calculate the group velocity.

2.5.2.1 Square lattice photonic crystals

a) b)

Figure 2.29: Group velocity of the TE-polarized Bloch modes for the square lat-
tice photonic crystal consisting of the circular air holes (the filling
factor f = 0.4) in the dielectric slab with the effective refractive
index neff = 3.24. a) The first band. b) The second band.

a) b)

Figure 2.30: Group velocity of the TM-polarized Bloch modes for the square lat-
tice photonic crystal consisting of the circular air holes (the filling
factor f = 0.4) in the dielectric slab with the effective refractive
index neff = 3.24. a) The first band. b) The second band.

Examples of the group velocity for the square lattice photonic crystal are plotted
in the Fig. 2.29 and the Fig. 2.30. The calculation parameters are the same as used for
the Fig. 2.18 and the Fig. 2.19. The group velocity here is measured in the units of the
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vacuum light speed c. The modulus of the group velocity |Vg| is plotted as the color
map and the direction is indicated by the vector field. In the first band for both light
polarizations the group velocity is directed outwards from the Γ point and the value
is almost constant near this point. Hence, the light with low frequency propagates in
the photonic crystals like in a homogeneous media. The effective refractive index of
this media has been estimated by Kirchner at al. in [62] and depends on the light
polarization and the filling factor of the photonic crystal. Despite the symmetry of the
photonic crystal lattice the dispersion for the low-frequency modes is almost isotropic
(mainly due to the high symmetry of the “atoms”, which have the circular shapes in
this examples). For higher order bands the group velocity, in general, strongly depends
on the Bloch vector.
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Figure 2.31: Group velocity of the Bloch modes for the square lattice photonic
crystal consisting of the circular air holes (the filling factor f = 0.4)
in the dielectric slab with the effective refractive index neff = 3.24.
a) TE polarization. b) TM polarization.

The group velocity of the Bloch modes for the Bloch vector along the high-symmetry
directions is plotted for the first three bands in the Fig. 2.31(a) for the TE light polar-
ization and in the Fig. 2.31(b) for the TM light polarization.

At the boundary of the first Brillouin zone the derivative of the mode frequency in
the direction normal to the boundary equals to zero ∂w

∂kn
= 0. This leads to zero group

velocity at the high-symmetry points M and X.
While in the first and the group velocity is directed outwards from the Γ point in

the second band the direction strongly depends on the k vector and for some Bloch
vectors may be even opposite the direction of k. Such complex dependence of the group
velocity on the carrier mode Bloch vector leads to many important phenomenons, like
the superprism effect [6, 28, 30, 31] and the self-collimation effect [26, 29, 32–39].

2.5.2.2 Triangular lattice photonic crystals

Examples of the group velocity for the TE and TM polarized Bloch modes for the
triangular lattice photonic crystal are shown in the Fig. 2.32 and Fig. 2.33, respectively.
The calculation parameters are the same as used for the Fig. 2.22 and the Fig. 2.23.
They have many similarities with the group velocity for the square lattice photonic
crystal. For the first band near the Γ point the group velocity is almost constant and
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directed outwards from the Γ point, while for the second band a complex dependence
Vg(k) is observed.

a) b)

Figure 2.32: Group velocity of the TE-polarized Bloch modes for the triangular
lattice photonic crystal consisting of the circular air holes (the filling
factor f = 0.4) in the dielectric slab with the effective refractive
index neff = 3.24. a) The first band. b) The second band.

a) b)

Figure 2.33: Group velocity of the TM-polarized Bloch modes for the triangular
lattice photonic crystal consisting of the circular air holes (the filling
factor f = 0.4) in the dielectric slab with the effective refractive
index neff = 3.24. a) The first band. b) The second band.

The group velocity of the Bloch modes for the Bloch vector along the high-symmetry
directions is plotted for the first three bands in the Fig. 2.34(a) for the TE light polar-
ization and in the Fig. 2.34(b) for the TM light polarization.

A noticeable effect which can be seen in the Fig. 2.34 is the switching of the group
velocity between different bands (like the switching between the second and the third
bands between the Γ and K points and at the K point in the Fig. 2.34). The reason for
this effect is crossing of the dispersion curves for the corresponding bands (which can
be observed in the Fig. 2.24(a)). This crossing leads to the exchange of the band indices
when we follow the curves (because the states are indexed in the frequency ascending
order) and exchange of the group velocity values for the corresponding bands.



2.5. Light propagation in photonic crystals 53

a)
0 . 0

0 . 1

0 . 2

0 . 3

0 . 4

0 . 5
 1 s t  b a n d
 2 n d  b a n d
 3 r d  b a n d

 MKΓ

|V
g|

M b)
0 . 0

0 . 1

0 . 2

0 . 3

0 . 4

0 . 5
 1 s t  b a n d
 2 n d  b a n d
 3 r d  b a n d

 MKΓ

|V
g|

M

Figure 2.34: Group velocity of the Bloch modes for the triangular lattice photonic
crystal consisting of the circular air holes (the filling factor f = 0.4)
in the dielectric slab with the effective refractive index neff = 3.24.
a) TE polarization. b) TM polarization.

2.5.2.3 W1 photonic crystal waveguide

The group velocity of the W1 waveguide is shown in the Fig. 2.35(a). The calculation
parameters are the same as used for the Fig. 2.28. The even mode have relatively large
and almost constant group velocity for 0.12π

a
< k < 0.252π

a
. The odd mode changes the

sign of the slope at k ≈ 0.2852π
a

and the group velocity changes the direction.
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Figure 2.35: a) Modulus of the group velocity of the even and the odd modes of
the W1 waveguide. b) The group index of the even and the odd W1
waveguide modes.

Near the boundary of the Brillouin zone (k = 0.52π/a) the group velocity goes to
zero and the slow light regime [63–65] is achieved.

2.5.3 Shape of the frequency isolines and the self-collimation
effect

The motion of the light pulse in photonic crystal is governed by the group velocity
Vg = ∇k · w(k). This approximation is valid for a light pulse which has the carrier
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mode ψk0 and slightly localized envelope function f(r, t) in the real space and, hence,
the envelope function g(k) in the reciprocal space strongly localized near the Bloch
vector k0 of the carrier mode. Increasing the light localization in the real space leads
to widening the envelope function in the reciprocal space and the second-order effects
start to be important.

Wide envelope function g(k) in the reciprocal space can be considered as a super-
position of several narrow envelope functions gi(k), each localized near their specific
carrier mode Bloch vector ki. It corresponds to decomposition of the original light
pulse into superposition of several pulses and considering them independently. Each
secondary pulse has the group velocity Vg,i = ∇k ·w(k)|k=ki . In this case the evolution
of the original pulse shape depends on the differences between the group velocity of the
secondary pulses.

If the group velocities Vg,i are close each other the distortion of the original pulse
will be minimal. If the group velocities have a noticeable difference the original pulse
will enlarge because different parts of the pulse will have different group velocities.

Consider the most important case when the original pulse is almost monochromatic
(for example, exited by a laser) with the frequency w0, but localized in the real space
(for example, exited in a finite spot). Then the envelope function in the reciprocal
space is localized along the frequency isoline w(k) = w0 (in general, it is also called the
equifrequency surface (EFS) to keep the notation accepted in the solid-state physics).

The direction of the secondary pulses group velocities are normal to the frequency
isoline, so the widening of the original pulse is determined by the shape of the isoline.
If the curvature of the isoline is large the original pulse will diverge or focus, depending
on the sign of the curvature. The flat isoline with the zero curvature corresponds to the
case when the original pulse can propagate with small distortion, because all secondary
pulses have the same group velocity. This is called the self-collimation effect [26, 34–38].

The curvature of the frequency isoline near the Bloch vector k0 can be calculated
using the analysis described below.

The dispersion relation near a point in the k-space can be approximated using the
Taylor series:

w(k0+∆k) = w(k0)+(∆k·∇k)w(k)+
1

2!
(∆k·∇k)2w(k)+

1

3!
(∆k·∇k)3w(k)+. . . (2.95)

where the derivatives are calculated at the point k0.
It is convenient to introduce here a new local coordinate system where the direction

of one basis vector (here it is e′y) is along the gradient of the w(k) and the origin is
at the point k0. If the gradient equals to zero the following analysis is not applicable,
but concerning the shape of the dispersion relation surface it is a very rare situation. In
the new coordinate system (denoted by the prime) k0 → 0, ∆k→ k′ and the equation
(2.95) transforms into

w(k′) = w(0) + (k′ · ∇k′)w(k′) +
1

2!
(k′ · ∇k′)

2w(k′) +
1

3!
(k′ · ∇k′)

3w(k′) + . . . (2.96)

Using the second order approximation

w(k′) = w(0) + (k′ · ∇k′)w(k′) +
1

2
(k′ · ∇k′)

2w(k′)

= a00 + a10k
′
x + a01k

′
y + a11k

′
xk
′
y + a20k

′2
x + a02k

′2
y (2.97)
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where

a00 = w(0) a10 =
∂w(k′)

∂k′x

∣∣∣∣
0

a01 =
∂w(k′)

∂k′y

∣∣∣∣
0

a11 =
∂2w(k′)

∂k′x∂k
′
y

∣∣∣∣
0

a20 =
1

2

∂2w(k′)

∂k′2x

∣∣∣∣
0

a02 =
1

2

∂2w(k′)

∂k′2y

∣∣∣∣
0

(2.98)

Because of the chosen coordinate system a10 = 0 and a01 6= 0.
The equifrequency line for w = w(0) is locally approximated by the curve k′y = k′y(k

′
x)

which is defined by the equation

a02k
′2
y + (a01 + a11k

′
x)k
′
y + a20k

′2
x = 0 (2.99)

Then

k′y =

{
−a01+a11k′x+

√
(a01+a11k′x)

2−2a02a20

2a02
, a02 6= 0

− a20

a01+a11k′x
, a02 = 0

(2.100)

The curvature of a curve y = y(x) is calculated according to s = d2y
dx2/

√
1 +

(
dy
dx

)2
.

For the equifrequency line

dk′y
dk′x

∣∣∣∣
k′x=0

= 0,
d2k′y
dk′2x

∣∣∣∣
k′x=0

= −2
a20

a01

(2.101)

and the curvature s = −2a20/a01. The curvature has the positive sign then the contour
is concave in the direction of the frequency gradient (and the group velocity Vg) and
is negative when the contour is convex in the direction of the frequency gradient.

Vg

a)

Vg Vg

c)b)

Vg,i Vg,i Vg,i

Figure 2.36: EFS curvature and the divergence of the light pulse. a) Positive EFS
curvature: pulse focuses. b) Zero EFS curvature: self-collimation of
the pulse. c) Negative EFS curvature: pulse diverges.

Three principal cases of the EFS curvature are illustrated in the Fig. 2.36. The
frequency isoline is shown as a solid line and the group velocity Vg is shown as a
grey arrow. Group velocities of the secondary pulses Vg,i are plotted as black arrows.
Positive curvature (Fig. 2.36(a)) leads to focusing of the original pulse. Zero curvature
(Fig. 2.36(b)) means that all secondary pulses propagates in the same direction and
the pulse is collimated. Negative curvature (Fig. 2.36(c)) leads to the divergence of the
pulse.

Because it is adopted to use the dimensionless value of the Bloch vector (i.e. measure
it in the special units 2π/a) it is convenient also to work with a dimensionless EFS
curvature. It corresponds to measuring the curvature in the a

2π
units.
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2.5.3.1 Square lattice photonic crystals

The maps of the EFS curvatures as functions of the Bloch vector for the square lattice
photonic crystal are plotted in the Fig. 2.37 for the TE polarization and in the Fig. 2.38
for the TM polarization. The calculation parameters are the same as used for the
Fig. 2.18 and the Fig. 2.19.

a) b)

Figure 2.37: EFS curvature of the TE-polarized Bloch modes for the square lattice
photonic crystal consisting of the circular air holes (the filling factor
f = 0.4) in the dielectric slab with the effective refractive index
neff = 3.24. a) The first band. b) The second band.

a) b)

Figure 2.38: EFS curvature of the TM-polarized Bloch modes for the square lat-
tice photonic crystal consisting of the circular air holes (the filling
factor f = 0.4) in the dielectric slab with the effective refractive
index neff = 3.24. a) The first band. b) The second band.

As it can be seen in the Fig. 2.18 and Fig. 2.19 near the Γ point the frequency isolines
have almost circular shape with the radius going to zero at the Γ point. This leads to
the infinite EFS curvature when k→ Γ. Near the boundaries of the Brillouin zone the
frequency isolines also have a large curvature because the isolines have to be normal to
the boundary. In order to highlight the features of the EFS curvature distributions a
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limited range of the EFS curvature values s is selected: −10 < s < 10. Values above
and below the limits are plotted with the constant colors. Isolines s = 0 are indicated
in all figures.

Several general features of the EFS curvature distribution may be noticed. Near the
Γ point the curvature tends to minus infinity for the first band and tends to plus infinity
for the second band. At the boundary of the Brillouin zone the curvature tends to have
large positive values for the first band and to large negative values for the second band.
The curvature tends to have large positive values at the ΓM line for the second band.
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Figure 2.39: EFS curvature of the Bloch modes for the square lattice photonic
crystal consisting of the circular air holes (the filling factor f = 0.4)
in the dielectric slab with the effective refractive index neff = 3.24.
a) TE polarization. b) TM polarization.

The cross-sections of the EFS curvatures are presented in the Fig. 2.39 for the TE
and the TM polarizations. The self-collimation condition (zero EFS curvature) can be
satisfied for the pulses with the carrier mode which have the Bloch vector along the ΓM
direction (at the first band) and and along the ΓX direction (at the second band).

2.5.3.2 Triangular lattice photonic crystals

The distributions of the EFS curvature for the triangular lattice photonic crystal are
plotted in the Fig. 2.40 and Fig. 2.41. The calculation parameters are the same as used
for the Fig. 2.22 and the Fig. 2.23. They exhibit basic features similar to the case of
the square lattice photonic crystal.

The difference is that for the triangular lattice the equivalent of the ΓM direction is
the ΓK direction.

The cross-sections of the EFS curvatures are shown in the Fig. 2.42 for the TE and
the TM polarizations. It is seen that the self-collimation condition can be satisfied for
the ΓM direction at the second band and for the ΓK direction at the first and the third
bands.
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a) b)

Figure 2.40: EFS curvature of the TE-polarized Bloch modes for the triangular
lattice photonic crystal consisting of the circular air holes (the filling
factor f = 0.4) in the dielectric slab with the effective refractive
index neff = 3.24. a) The first band. b) The second band.

a) b)

Figure 2.41: EFS curvature of the TM-polarized Bloch modes for the triangular
lattice photonic crystal consisting of the circular air holes (the filling
factor f = 0.4) in the dielectric slab with the effective refractive
index neff = 3.24. a) The first band. b) The second band.
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Figure 2.42: EFS curvature of the Bloch modes for the triangular lattice photonic
crystal consisting of the circular air holes (the filling factor f = 0.4)
in the dielectric slab with the effective refractive index neff = 3.24.
a) TE polarization. b) TM polarization.
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2.6 Field distribution of the Bloch modes

According to the two-dimensional approximation of the 2D photonic crystals there are
two principal components of the electromagnetic field: Hz for the TE polarized light
and Ez for the TM polarized light. These components are represented using the plane
wave decomposition introduced in the equations (2.19) and (2.20). The coefficients of
the decompositions of can be obtained as the components of the eigenvectors in the
equations (2.51) and (2.55) for the standard PWE method or in the equations (2.86)
and (2.87) for the frequency-based PWE method.

The in-plane components can be calculated using the relations (2.40) and (2.41),
which leads to the expressions

Bxy = −ı c
w
∇× E =

∑
m

Am [(k + Gm)× ez] e
ı(k+Gm)r “TM polarization” (2.102)

Dxy = ı
c

w
∇×H =

∑
m

Bm [(k + Gm)× ez] e
ı(k+Gm)r “TE polarization” (2.103)

In order to convert the electric field E into the displacement field D (and vice
versa) the permittivity have to be used and hence, the results depends on the quality
of the permittivity distribution approximation. The same treatment should be applied
for the magnetic field H and the magnetic induction B, connected by the magnetic
permeability µ if µ is discontinues in the photonic crystal.

The amplitude and the phase of the field can be chosen arbitrarily and in this section
all modes are normalized to have the maximum amplitude max(Ez(r)) = 1 for the TM
polarized modes and max(Hz(r)) = 1 for the TE polarized modes.

2.6.1 In-plane field components and the effect of the Gibbs
phenomenon

a) b)

Figure 2.43: Magnetic field Hz component of the second band TE-polarized Bloch
mode with the Bloch vector at the Γ point. The photonic crys-
tal consists of the circular air holes (the filling factor f = 0.4) in
the dielectric slab with the effective refractive index neff = 3.24.
a) Calculation without the filtering of the permittivity distribution.
b) Calculation using the Lanczos filter.
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As it has been discussed in the section 2.3.1 the Gibbs phenomenon leads to the
oscillation of the approximated permittivity distribution near the atom boundaries. The
filtering of the Fourier expansion coefficients can be used to prevent such oscillations.

a) b)

Figure 2.44: Displacement field Dxy amplitude and the direction of the second
band TE-polarized Bloch mode with the Bloch vector at the Γ point.
The photonic crystal consists of the circular air holes (the filling fac-
tor f = 0.4) in the dielectric slab with the effective refractive index
neff = 3.24. a) Calculation without the filtering of the permittivity
distribution. b) Calculation using the Lanczos filter.

The effect of the filtering of the Gibbs phenomenon on the magnetic field distribution
is presented in the Fig. 2.43. The lattice primitive cell is indicated by the red dashed
line and the circular holes are indicated by the white dashed lines. The difference of
the calculated mode frequency is quite small: u ≈ 0.4124 without the filtering and
u ≈ 0.4101 for the Lanczos filtering (Gmax = 10.5 2π/a). The distributions of the
magnetic field are also very similar.

a) b)

Figure 2.45: Electric field Exy amplitude and the direction of the second band
TE-polarized Bloch mode with the Bloch vector at the Γ point. The
photonic crystal consists of the circular air holes (the filling factor
f = 0.4) in the dielectric slab with the effective refractive index
neff = 3.24. a) Calculation without the filtering of the permittivity
distribution. b) Calculation using the Lanczos filter.

The displacement field Dxy is plotted in the Fig. 2.44. The color map indicates the
field intensity and the vector map shows the field direction. Now the difference is visible:
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the field obtained using the filtering is smoother near the atom boundary. Using the
unfiltered approximation the oscillations of the field intensity are observed along some
directions.

The electric field is obtained from the displacement field by division to the permit-
tivity Exy = 1

ε
Dxy (or, operating with the Fourier decompositions, by multiplying the

vector of the coefficients by the inverse permittivity matrix E = Θ ·D) and is quite sen-
sitive to the oscillations of the permittivity around unity inside the hole. The calculated
distribution of the electric field Exy is presented in the Fig. 2.45.
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Figure 2.46: Cross-section along the line y = 0 of the electromagnetic field distri-
bution of the second band TE-polarized Bloch mode with the Bloch
vector at the Γ point. The photonic crystal consists of the circular
air holes (the filling factor f = 0.4) in the dielectric slab with the
effective refractive index neff = 3.24. a) Amplitude of the electric
field Exy. b) Amplitude of the displacement field Dxy.

The field distribution calculated using the approximation without the filtering ex-
hibits the oscillations inside the hole while the approximation with the filtering provides
relatively smooth result.

The cross-section of the fields distributions along the line y = 0 is shown in the
Fig. 2.46(a) for the electric field and in the Fig. 2.46(b) for the displacement field. It
is clearly seen that filtering of the Gibbs phenomenon allows to obtain smooth field
distribution without the oscillations introduced by the approximation error.

Hence, filtering of the Gibbs phenomenon is important if the precise distribution of
the in-plane field is required.

The electromagnetic field distribution for the TM polarized light can be calculated in
a similar way. The Ez field is obtained directly from the equation (2.55) or the equation
(2.86) and Dz = εEz.

The electric field Ez and the displacement field Dz for the second band Bloch mode
with the Bloch vector k = 0 are plotted in the Fig. 2.47. The electric field (as well as
the displacement field) tends to be localized in the media with high permittivity, which
is typical for the second band modes.

The in-plane magnetic field Hxy is shown in the Fig. 2.48. It is also localized in the
dielectric between the air holes.
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a) b)

Figure 2.47: a) Electric field Ez and the displacement field Dz amplitudes of the
second band TM polarized Bloch mode with the Bloch vector at
the Γ point. The photonic crystal consists of the circular air holes
(the filling factor f = 0.4) in the dielectric slab with the effective
refractive index neff = 3.24.

Figure 2.48: Magnetic field Hxy amplitude and the direction of the second band
TM polarized Bloch mode with the Bloch vector at the Γ point. The
photonic crystal consists of the circular air holes (the filling factor
f = 0.4) in the dielectric slab with the effective refractive index
neff = 3.24.

2.6.2 Field distribution of the propagating Bloch modes

The field distribution of the propagating Bloch modes (with k 6= 0) is more complex
than the field of the standing modes. As it has been discussed in the section 1.2.1, in a
periodic media the field distribution can be written as

ψk(r) = eıkruk(r) (2.104)

where uk is a stationary function which have the same periodicity as the media.
It is convenient to remove the plane wave factor eıkr and analyze only uk(r) because

this function is same for all photonic crystal cells. Later in this section uk(r) is assumed
as the field distribution instead of ψk(r).

Another important feature of the field distribution of the Bloch mode with k 6= 0
is that the field cannot be normalized to have only real or only imaginary part. Both
real and imaginary parts have to be taken into account. This is a common feature of
both field: ψk(r) and uk(r). Multiplication or division of the field by the plane wave
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eıkr cannot compensate the distribution of the field phase.
The magnetic field Hz distribution of the first band TE polarized Bloch mode with

the Bloch vector at the middle between the Γ and the K points (k = (1/3, 0) 2π/a) is
shown in the Fig. 2.49. The real and the imaginary parts have comparable contributions
to the total magnetic field.

a) b)

Figure 2.49: Magnetic field Hz component of the first band TE polarized Bloch
mode with the Bloch vector at the middle between the Γ and the K
points. The photonic crystal consists of the circular air holes (the fill-
ing factor f = 0.4) in the dielectric slab with the effective refractive
index neff = 3.24. a) Real part <(Hz). b) Imaginary part =(Hz).

Similar effect can be observed for the Hz distribution of the second band TE polar-
ized Bloch modes with the same Bloch vectors k, which is plotted in the Fig. 2.50.

a) b)

Figure 2.50: Magnetic field Hz component of the second band TE-polarized Bloch
mode with the Bloch vector at the middle between the Γ and the K
points. The photonic crystal consists of the circular air holes (the fill-
ing factor f = 0.4) in the dielectric slab with the effective refractive
index neff = 3.24. a) Real part <(Hz). b) Imaginary part =(Hz).

The modulus of the Hz for the first band and the second band Bloch modes are
presented in the Fig. 2.51. For the first band the magnetic field has the maximum in
the air hole, while for the second band the field is maximum in the dielectric.

For the propagating Bloch modes the in-plane field components form a 2D complex
vector field. Consider as an example the electric field Exy:

Exy(r, t) = (ERe(r) + ıEIm(r)) eı(kr−wt) (2.105)
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a) b)

Figure 2.51: Magnetic field modulus |Hz| of the TE-polarized Bloch modes with
the Bloch vector at the middle between the Γ and the K points. The
photonic crystal consists of the circular air holes (the filling factor
f = 0.4) in the dielectric slab with the effective refractive index
neff = 3.24. a) The first band mode. b) The second band mode.

where ERe(r) and EIm(r) are the real and the imaginary parts of the field, correspond-
ingly.

The expression (2.105) describes, in general, the elliptically polarized field where the
directions of the principal polarization axes and the elipticity depend on the position
inside the photonic crystal cell.

This expression can be rewritten as

Exy(r, t) = (E1(r) + ıE2(r)) eı(ϕ(r)+kr−wt) (2.106)

by introducing the phase ϕ(r) chosen so that for any given r the scalar product
(E1(r) · E2(r)) = 0 and both vectors are real. Then the vectors E1(r) and E2(r) de-
fine the amplitudes and the directions of the principal polarization axis.

The same treatment should be done with other in-plane fields (Dxy for the TE
polarized light and Hxy for the TM polarized light).

a) b)

Figure 2.52: The amplitude and the directions of the principal polarization axes
for (a) the electric field Exy and (b) the displacement field Dxy of
the second band TE-polarized Bloch mode with the Bloch vector at
the middle between the Γ and the K points. The photonic crystal
consists of the circular air holes (the filling factor f = 0.4) in the
dielectric slab with the effective refractive index neff = 3.24.
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While for the modes with k = 0 the in-plane field is always linearly polarized when
k 6= 0 the ellipticity can be noticeable. Such elipticity has been directly measured for
the guided modes of the W1 waveguide in [66].

The distributions of the electric field Exy and the displacement field Dxy are pre-
sented in the Fig. 2.52. The modulus of the field amplitude is plotted as the colormap
and the directions and amplitudes of the principal polarization axis are indicated by
black lines. Almost circular polarizations is observed for the electric field at the regions
inside the air holes.

The ellipticity of the electric field polarization can affect the tunability of the pho-
tonic crystal infiltrated by the liquid crystals (LQ) [67–69]. Optical properties of such
photonic crystals may be tuned by changing the orientation of the LQ molecules or by
the phase transition between the nematic and the isotropic phases. If the polarization is
elliptical the effective permittivity of the liquid crystal, obtained from the permittivity
tensor by the averaging according to the local orientation of the electric field, is less
sensitive to the orientation of the LQ molecules. It deteriorates the tunability of the
LQ PhCs.

a) b)

Figure 2.53: Electric field Ez component of the second band TM-polarized Bloch
mode with the Bloch vector at the middle between the Γ and the K
points. The photonic crystal consists of the circular air holes (the fill-
ing factor f = 0.4) in the dielectric slab with the effective refractive
index neff = 3.24. a) Real part <(Ez). b) Imaginary part =(Ez).

The electric field Ez distribution of the TM polarized propagating Bloch modes
is similar to the case of the TE polarized modes. The example of the electric field
distribution for the second band Bloch mode with the Bloch vector k in the middle
between the Γ and the K points is presented in the Fig. 2.53. Here both real and
imaginary parts have equal contributions into the total field amplitude.

The modulus if the total field amplitude |Ez| is shown in the Fig. 2.54(a). For the
second band the electric field tends to be localized in the regions with high dielectric
permittivity, i.e. outside of the air holes. The corresponding distribution of the modulus
of the displacement field |Dz| is plotted in the Fig. 2.54(b). This distribution is similar
to one shown in the Fig. 2.54(a) but is even more localized outside of the holes.

The magnetic field Hxy also have an elliptical polarization, where the principal
polarization directions and the ellipticity depend on the position inside the photonic
crystal cell. The magnetic field distribution is presented in the Fig. 2.55. The magnetic
field has a minimum inside the holes and maximums at the hole boundaries and in the
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a) b)

Figure 2.54: Electric field modulus |Ez| (a) and displacement field modulus |Dz|
(b) of the second band TM-polarized Bloch modes with the Bloch
vector at the middle between the Γ and the K points. The photonic
crystal consists of the circular air holes (the filling factor f = 0.4) in
the dielectric slab with the effective refractive index neff = 3.24.

Figure 2.55: The amplitude and the directions of the principal polarization axes
for the magnetic field Hxy of the second band TM-polarized Bloch
mode with the Bloch vector at the Γ point. The photonic crystal
consists of the circular air holes (the filling factor f = 0.4) in the
dielectric slab with the effective refractive index neff = 3.24.

regions with high permittivity. The local polarization varies from the linear to almost
circular, depending on the position inside the photonic crystal cell.

2.7 Cavities and localized states

Breaking of the photonic crystal periodicity creates new light states associated with the
lattice defect. If the frequency of a created state is inside the full photonic band gap
of the original photonic crystal this state is localized near the defect. Zero-dimensional
lattice defects serve as microcavities with small localization volume (the characteristic
scale is square PhC lattice constant) and high quality factor [43, 50, 70].

One of the main attribute of the localized state is the field distribution. Since the
frequency of the state is inside the photonic band gap the field in the region around
the defect (where the photonic crystal has the perfect lattice) can be only evanescent,
decaying with increasing the distance from the defect. Such field cannot carry the energy,
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so when the defect is surrounded by a large area photonic crystal the in-plane losses
are negligible small. The only loss channels are material absorbtion and out-of-plane
radiation losses. In the 2D approximation the out-of-plane losses are neglected, so if the
material is non-absorptive the theoretical quality factor is infinitely large. Taking into
account the third dimension (which is discussed in the chapter 3) the radiation losses
can by calculated by coupling between the localized states and the radiative states of
the planar waveguide cladding layers [71]. The coupling intensity depends on the overlap
between the field distribution of the localized state and the field of the radiative states,
so the detailed knowledge of the cavity mode field distribution is required to design a
cavity with desired quality factor [43, 51, 72, 73].

The distribution of the magnetic field Hz for the 1st localized state of the L3 cavity is
shown in the Fig. 2.56. This is the state with the lowest reduced frequency u ≈ 0.2384.

a) b)

Figure 2.56: Magnetic field Hz component modulus (a) and amplitude (b) of the
1st localized state of the L3 cavity. The photonic crystal consists of
the circular air holes (the filling factor f = 0.4) in the dielectric slab
with the effective refractive index neff = 3.24.

The magnetic field has the even symmetry relative to the reflection in the (xz) plane
(y = 0) and the odd symmetry relative to the reflection in the (yz) plane (x = 0), where
the origin of the coordinates corresponds to the center of the cavity.

Other states can have different symmetry properties. The example of the magnetic
field distribution of the 3rd localized state with the reduced frequency u ≈ 0.2625 is
presented in the Fig. 2.57. This state has the odd symmetry relative to the reflection
in the (xz) plane and the even symmetry relative to the reflection in the (yz) plane.
Different symmetry properties of the modes lead to different coupling with the radiation
states and different quality factors.

Another important aspect is distribution of the in-plane fields (Exy and Dxy for the
TE polarized light). Fabrication of the PhC cavity based light source [4] requires an
emitter (quantum dot/dots, quantum wire, or quantum well) coupled with the desired
cavity state. In order to have a good coupling the light source should be located at
the place where the amplitude of the electric field is maximum. Because the coupling
strength can also depends on the direction of the electric field (which is important, for
example, for quantum wires) the full vectorial distribution of the in-plane electric field
should be taken into account.

Examples of the in-plane fields distributions are shown in the Fig. 2.58 and the



68 CHAPTER 2. Light mode properties of the two-dimensional photonic crystals

a) b)

Figure 2.57: Magnetic field Hz component modulus (a) and amplitude (b) of the
3rd localized state of the L3 cavity. The photonic crystal consists of
the circular air holes (the filling factor f = 0.4) in the dielectric slab
with the effective refractive index neff = 3.24.

a) b)

Figure 2.58: The amplitude and the direction of (a) the electric field Exy and (b)
the displacement field Dxy of the 1st localized state of the L3 cavity.
The photonic crystal consists of the circular air holes (the filling
factor f = 0.4) in the dielectric slab with the effective refractive
index neff = 3.24.

Fig. 2.59 for the 1st and the 3rd cavity states, respectively. The amplitudes of the field
are plotted as the colormaps and the direction of the field is indicated by black arrows.

The 1st cavity state has a clear maximum of the electric field at the cavity center
where the field is directed along the y axis. The 3rd state has two maximums inside the
cavity where the field is directed along the x axis.

Variation of the parameters of the cavity and position of the light emitter change
the coupling between the source and the cavity mode [4] and is the main way to design
PhC cavity based lasers [42].
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a) b)

Figure 2.59: The amplitude and the direction of (a) the electric field Exy and (b)
the displacement field Dxy of the 3rd localized state of the L3 cavity.
The photonic crystal consists of the circular air holes (the filling
factor f = 0.4) in the dielectric slab with the effective refractive
index neff = 3.24.

2.8 Evanescent modes in photonic crystals

2.8.1 Ministop band in the W3 waveguide

The dispersion relation of the guided modes of the W1 waveguide has been discussed in
the section 2.5.1.4. Increasing of the waveguide width increases the number of allowed
modes. If the field distributions of two modes have same symmetry relative to the
reflection in the (xz) plane these modes can interact with each other and it leads to
formation of the anticrossing of the mode dispersion curves. The anticrossing creates the
ministop band (MSB) [5] – frequency range where the light propagation is suppressed.
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Figure 2.60: Dispersion of the Bloch modes for the W3 photonic crystal waveguide
consisting of the circular air holes (the filling factor f = 0.31) in the
dielectric slab with the effective refractive index neff = 3.25.

The dispersion of guided modes of the W3 waveguide calculated using the plane
wave expansion method is shown in the Fig. 2.60. Anticrossing of two modes with the
even symmetry creates the ministop band near k ≈ 0.172π/a and u ≈ 0.261. Although
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the modes with the frequency inside the ministop band have the imaginary part of the
Bloch vector and exponentially decay in the waveguide this imaginary part is relatively
small and the dispersion relation can be measured experimentally [74].

The W3 waveguide (triangular lattice parameter a = 0.40 µm, hole diameter d =
0.27 µm, and total length L = 24 µm was designed to operate in the vicinity of
the ministop band for the TE polarized light around a wavelength of 1.55 µm. The
GaInAsP/InP planar waveguide is single mode in the frequency range of interest with
an effective index of 3.25. Details about the structural parameters and the fabrication
are given in [74]. The method of dispersion relation measuring is described in [75].
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Figure 2.61: Dispersion of the Bloch modes for the W3 photonic crystal waveguide
near the ministop band. Solid lines are calculated using the standard
PWE method and dashed lines are obtained using the frequency-
based PWE method; real (black) and imaginary (blue) parts of the
Bloch vector k are shown. Scatter points correspond to experimental
results: real part of k is red and imaginary part is green.

The comparison of the theoretical results (obtained using the frequency-based plane
wave expansion method) and the experimental dispersion relation of the W3 waveguide
modes is presented in the Fig. 2.61. Solid lines are calculated using the standard (k-
based) plane wave expansion method and dashed lines are obtained using the frequency-
based plane wave expansion method. For the frequencies where guided modes exist (with
purely real Bloch vectors) the results obtained by both methods are identical. But inside
the ministop band the frequency-based PWE method finds the evanescent modes with
non-zero imaginary part of the Bloch vector. The imaginary part =(k) starts from zero
at the boundaries of the ministop band and reaches the maximum in the MSB center.

The experimental results are plotted by red circles (real part of k) and green circles
(imaginary part of k). There is a good agreement between the theoretical and the
experimental results, which proves validity of the frequency-based PWE method. The
discrepancy near the edges of the ministop band is the result of the intrinsic disorder
of the W3 waveguide [74].
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2.8.2 Penetration of the guided modes into the cladding re-
gions

As it has been discussed in the section 2.5.1.4 the W1 waveguide supports two guided
modes with different symmetry properties. The dispersion of the guided modes is shown
in the Fig. 2.62.
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Figure 2.62: Dispersion of the even and the odd modes of the W1 photonic crystal
waveguide.

The light propagated in the W1 photonic crystal waveguide is localized because the
frequencies of the guided modes are inside the full photonic band gap. The light in the
cladding regions, where photonic crystal have the perfect lattice, exponentially decays
with increasing the distance from the waveguide but has a finite penetration depth.
The light distribution in the cladding regions can be considered as a special evanescent
state in a perfect photonic crystal.

For a selected guided modes (with the given frequency w and the Bloch vector kx)
due to the conservation rules the frequency of the evanescent state equals to w and the
projection of the Bloch vector on the waveguide direction equals to kx. The only free
parameter is the component of the Bloch vector normal to the waveguide direction: ky.

In general, the light in the photonic crystal regions can be represented as a sum
of the Bloch modes of the infinite photonic crystal with the given frequency and the
projection of the Bloch vectors on the waveguide direction. The Bloch vectors also have
to have the imaginary part directed outwards the waveguide. The contribution of the
states with larger =(ky) decays faster with increasing the distance from the waveguide
than the contribution of the states with lower =(ky). Hence, the field penetration depth
is determined mainly by the states with the lowest imaginary parts of the Bloch vectors
=(ky).

The imaginary parts =(ky) of the Bloch vectors for the states with the lowest =(k
are plotted in the Fig. 2.63. The imaginary part depends on the guided mode Bloch
vector kx (and also on the corresponding mode frequency) and the mode symmetry.
The light can penetrate deeper into the photonic crystal regions when the modes with
lower imaginary part exists.

In order to check the correlation between the guided modes penetration depth and
the calculated imaginary parts of the cladding modes Bloch vectors the profiles of the
guided modes have been analyzed.
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Figure 2.63: Imaginary part of the cladding modes for the W1 photonic crystal
waveguide guided modes.
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Figure 2.64: Magnetic field distribution of the periodic part of the Bloch modes.
a) |Hx| for kx = 0.35 2π/a. b) |Hx| for kx = 0.45 2π/a. c) Cross-
section of the Hz field distribution for x = 0.5 a.

The magnetic field distribution for the even guided modes are plotted in the Fig. 2.64.
Two Bloch states have been chosen: with kx = 0.35 (where the evanescent state with a
small =(ky) exist) and with kx = 0.45 (where all evanescent states have larger =(ky)).
The cross-sections of the field distribution are shown in the Fig. 2.64(c). It is seen that
despite the field intensity in the nearest vicinity of the waveguide is larger for the state
with kx = 0.45 the field for the state with the kx = 0.35 penetrates deeper into the
photonic crystal region.

The same effect is observed for the odd guided modes for which the magnetic field
distribution is plotted in the Fig. 2.65. The states with the same Bloch vectors as in
the Fig. 2.64 have been selected. The cross-sections of the field distribution exhibit a
similar behavior: the field penetrates deeper into the photonic crystal regions when the
corresponding evanescent states with small =(ky) exist.

It is worth to note, that according to this analysis there is no direct dependence
between the group velocity and the penetration of the field into the cladding regions, as
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Figure 2.65: Magnetic field distribution of the periodic part of the Bloch modes.
a) |Hx| for kx = 0.35 2π/a. b) |Hx| for kx = 0.45 2π/a. c) Cross-
section of the Hz field distribution for x = 0.

it has been erroneously suggested in [76], but the key parameter of the field penetration
depth is the Bloch wave vector.





Chapter 3

The guided mode expansion method

3.1 Introduction

An ideal two-dimensional photonic crystal has the translation symmetry along the z
axis, which leads to the existence of two independent polarizations: TE and TM. Real
fabricated devices, meanwhile, have a limited thickness and use the planar waveguide
in order to confine the light in the vertical direction. As it has been discussed in the
section 1.4.1, the field distribution of the guided modes can be quite different from the
field distribution of the 2D plane waves. Also, the dispersion properties of the guided
modes are more complex than the simple linear dispersion of the plane waves. These
effects should be taken into account in order to increase accuracy of calculation of the
optical properties of the two-dimensional photonic crystals. A natural extension of the
plane wave expansion method is the guided mode expansion method (GME), where the
set of the guided modes of the planar waveguide is used instead of the set of the plane
waves as the basis set for the Bloch mode decomposition [71, 77]. In these papers the
GME method has been formulated for a photonic crystal slab based on a three-layer
planar waveguide. In this thesis the guided mode expansion method has been derived
for structures with arbitrary number of layers in the planar waveguide. The results of
the GME and the PWE methods has been compared for different structures based on
the thick and the thin planar waveguides.

3.2 Guided modes of the planar waveguide

Consider the planar waveguide determined by the distribution of the material per-
mittivity ε(z), where ε is a piecewise constant function. The vertical structure of the
waveguide is schematically shown in the Fig. 3.1. It consists of the stack of the layers
where the layer permittivity is denoted as ε(j) (j = 0 . . .M) and the layer thickness is
dj. The boundary between the j-th and the (j+1)-th layer has the coordinate zj+1. The
bottom (j = 0) and the top (j = M) layers are the cladding layers and it is assumed
that they have infinite thicknesses.

The light waves propagating in the (xy) plane along the x direction can be rep-
resented in the form of ψ = ψ(y, z)eıgx−ıwt, where g is the wave vector and w is the
light frequency. Because of the translation symmetry along the y direction all compo-
nents of the electromagnetic field are constant along this direction and ∂

∂y
= 0. Hence,

75
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Figure 3.1: Vertical structure of the planar waveguide.

ψ = ψ(z)eıgx−ıwt. It is assumed below that all components of the electromagnetic field
satisfy this dependence.

In each layer (where the permittivity ε(j) is a constant) the governing equations
(2.11) and (2.12) become

∆Ej + ε(j)w
2

c2
Ej = 0 (3.1)

∆Hj + ε(j)w
2

c2
Hj = 0 (3.2)

There are two general solutions with different light polarizations. For the TE-
polarized light Ex = 0 and the main variable is Hx. The governing equation is

∂2Hxj

∂z2
+ χ2

jHxj = 0, where χ2
j = ε(j)w

2

c2
− g2 (3.3)

Other components can be obtained using the equations:

Eyj = ı
1

χ2
j

w

c

∂Hxj

∂z
Hyj = ı

g

χ2
j

∂Hxj

∂y
= 0

Ezj = −ı 1

χ2
j

w

c

∂Hxj

∂y
= 0 Hzj = ı

g

χ2
j

∂Hxj

∂z
(3.4)

For the TM-polarized light Hx = 0 and the main variable is Ex. The governing
equation is

∂2Exj
∂z2

+ χ2
jExj = 0, where χ2

j = ε(j)w
2

c2
− g2 (3.5)

Other components satisfy the equations:

Hyj = −ıε
(j)

χ2
j

w

c

∂Exj
∂z

Eyj = ı
g

χ2
j

∂Exj
∂y

= 0

Hzj = ı
ε(j)

χ2
j

w

c

∂Exj
∂y

= 0 Ezj = ı
g

χ2
j

∂Exj
∂z

(3.6)

The equations (3.3) and (3.5) for the main variables in each layer have the form

∂2ϕj
∂z2

+ χ2
jϕj = 0, (3.7)
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where ϕj represents Hxj or Exj. The solution of the equation (3.7) can be written for
all layers (except the bottom one) as:

ϕj = Aje
ıχj(z−zj) +Bje

−ıχj(z−zj) (3.8)

where zj ≤ z ≤ zj+1 for intermediate layers (j = 1 . . .M − 1) and zM ≤ z for the top
cladding layer (j = M).

For the bottom cladding layer, where j = 0, the solution is written as:

ϕ0 = A0e
ıχ1(z−z1) +B1e

−ıχ0(z−z0). (3.9)

This exceptional dependence on the z coordinate is assumed below for all field compo-
nents without special notifications.

The coefficients in the neighboring layers are connected by the layer transmission
matrix T and the interface matrix S as(

Aj+1

Bj+1

)
= Sj · Tj ·

(
Aj
Bj

)
(3.10)

The transmission matrix for the layer with the thickness dj defines the new coeffi-
cients A and B when the coordinate is changed zj → zj + dj = zj+1. It equals to

Tj =

(
eıχjdj 0

0 e−ıχjdj

)
(3.11)

The interface matrix determines the change of the coefficients A and B at the
different sides of the layers boundary.

The boundary conditions for the TE polarized mode are continuation of Hx and Hz

at the interface. The corresponding interface matrix

Sj =
1

2χj

(
χj + χj+1 χj − χj+1

χj − χj+1 χj + χj+1

)
(3.12)

The boundary conditions for the TM polarized mode are continuation of Ex and
Dz = εEz at the interface. The corresponding interface matrix

Sj =
1

2ε(j+1) · χj

(
ε(j+1) · χj + ε(j) · χj+1 ε(j+1) · χj − ε(j) · χj+1

ε(j+1) · χj − ε(j) · χj+1 ε(j+1) · χj + ε(j) · χj+1

)
(3.13)

The coefficients of the field distribution in the first and the last layers of the waveg-
uide are connected as(

AM
BM

)
= SM−1 · TM−1 · SM−2 . . . S1 · T1 · S0 ·

(
A0

B0

)
= D ·

(
A0

B0

)
(3.14)

Here the matrix D is the characteristic matrix of the planar waveguide. The matrix
D = D(g, w) connects the field coefficients in the top and the bottom cladding layers.

For the guided modes the parameter χ2 have to be negative in the top and the
bottom cladding layers, so the field exponentially decays when z → −∞ and z → +∞.
It leads to the conditions for the coefficients:{

A0 = 0

B0 6= 0
and

{
AM 6= 0

BM = 0
(3.15)
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The corresponding condition for the matrix D is

D22 = 0. (3.16)

The dispersion relation w(g) can be found as a solution of the equation (3.16). For
a given wave vector g there may be several values for the frequency w that nullify D22.
They correspond to different guided modes which have different spatial distribution of
the electromagnetic field. If the wave vector is too small there are no solutions of the
equation (3.16) and, hence, the waveguide cannot support a guided mode. The values
w and g allow to obtain χ(j) for each layer and reconstruct the mode field distribution.

A guided mode is defined by the wave vector g, the mode index l, the frequency wl
and the polarization s = TE,TM. The Greek letters will be used below to index the
modes, which denote combinations (g, s, l). For example, the field distribution in the
j-th layer will be written as:

ϕµj = Aµje
ıχµj(z−zj) +Bµje

−ıχµj(z−zj) (3.17)

For the TE polarized mode the equations (3.4) provide the components of the elec-
tromagnetic field in the j-th layer:

Hxµj =
(
Aµje

ıχµj(z−zj) +Bµje
−ıχµj(z−zj)

)
eıgµx

Eyµj = − 1

χµj

wµ
c

(
Aµje

ıχµj(z−zj) −Bµje
−ıχµj(z−zj)

)
eıgµx (3.18)

Hzµj = − gµ
χµj

(
Aµje

ıχµj(z−zj) −Bµje
−ıχµj(z−zj)

)
eıgµx

For the TM polarized mode the equations (3.6) give the electromagnetic field com-
ponents in the j-th layer:

Exµj =
(
Aµje

ıχµj(z−zj) +Bµje
−ıχµj(z−zj)

)
eıgµx

Hyµj =
ε(j)

χµj

wµ
c

(
Aµje

ıχµj(z−zj) −Bµje
−ıχµj(z−zj)

)
eıgµx (3.19)

Ezµj = − gµ
χµj

(
Aµje

ıχµj(z−zj) −Bµje
−ıχµj(z−zj)

)
eıgµx

For a guided mode propagating along an arbitrary direction in the (xy) plane it is
convenient to use the coordinate system with the unit basis vectors p, q, and z. The
vector p is chosen along the propagation direction, the vector z along the z direction
and the the vector q = z × p lays in the (xy) plane and is normal to the propagation
direction.

The electromagnetic field of the guided TE polarized mode in each layer is:

Eµj =− 1

χµj

wµ
c

(
Aµje

ıχµj(z−zj) −Bµje
−ıχµj(z−zj)

)
qµe

ıgµr

Hµj =

[(
Aµje

ıχµj(z−zj) +Bµje
−ıχµj(z−zj)

)
pµ− (3.20)

gµ
χµj

(
Aµje

ıχµj(z−zj) −Bµje
−ıχµj(z−zj)

)
z

]
eıgµr
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For the TM polarized light the electromagnetic field in each layer is:

Eµj =

[(
Aµje

ıχµj(z−zj) +Bµje
−ıχµj(z−zj)

)
pµ−

gµ
χµj

(
Aµje

ıχµj(z−zj) −Bµje
−ıχµj(z−zj)

)
z

]
eıgµr (3.21)

Hµj =
ε(j)

χµj

wµ
c

(
Aµje

ıχµj(z−zj) −Bµje
−ıχµj(z−zj)

)
qµe

ıgµr

All guided modes can be normalized according to∫
H∗µ ·Hν dr = δµν = δ(g1 − g2) · δl1,l2 · δs1,s2 (3.22)

where µ = (g1, l1, s1) and ν = (g2, l2, s2).
The integration of the periodic part over the (xy) plane gives∫

eı(g2−g1)rdr =
1

(2π)2
δ(g1 − g2) (3.23)

If g1 = g2 and l1 6= l2 or s1 6= s2 the integration over the z coordinate nullifies the
result because the field distributions Hµ and Hν are the eigenfunctions of the Maxwell’s
equations with different eigenvalues. Hence, only the case µ = ν should be considered
to calculate the coefficients {Aµj, Bµj}. The index µ is omitted below for the simplicity.

The required integral over the z coordinate is composed as a sum of the integrals
over all layers and may be represented as:∫

H∗ ·H dz =

(∫ z1

−∞
+

M−1∑
j=1

∫ zj+1

zj

+

∫ ∞
zM

)
H∗ ·H dz (3.24)

It is convenient to introduce two functions which will be used for the calculation of
the integrals in the equation (3.24) over the intermediate and the cladding layers of the
waveguide:

Ij(α) =

∫ dj

0

eıαjzdz = − ı

αj

(
eıαjdj − 1

)
and Jj(α) =

∫ ∞
0

eıαjzdz =
ı

αj
(3.25)

The index j here corresponds to the j-the layer of the structure. It is assumed, that αj
for the Jj(α) has the imaginary part =(αj) > 0. The corresponding integral over the

bottom cladding layer can be expressed via Jj(α):
∫ 0

−∞ e
ıαjzdz = − ı

αj
= Jj(−α). In this

case =(αj) < 0.
Using the expressions (3.20) for the TE polarized light one can derive that in the

j-th layer

H∗j ·Hj =
(
A∗je

−ıχj(z−zj) +B∗j e
ıχ∗j (z−zj)

)(
Aje

ıχj(z−zj) +Bje
−ıχj(z−zj)

)
+

g2

|χj|2
(
A∗je

−ıχ∗j (z−zj) −B∗j eıχ
∗
j (z−zj)

)(
Aje

ıχj(z−zj) −Bje
−ıχj(z−zj)

)
(3.26)
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Combining this expression with the (3.24) and (3.25) one can obtain the following
equation:∫

H∗ ·H dz =|B0|2J0(χ− χ∗)
(

1 +
g2

|χ0|2

)
+ |AM |2JM(χ− χ∗)

(
1 +

g2

|χM |2

)
+

M−1∑
j=1

{[
|Aj|2Ij(χ− χ∗) + |Bj|2Ij(χ∗ − χ)

](
1 +

g2

|χj|2

)
+ (3.27)

[
A∗jBjIj(−χ− χ∗) + AjB

∗
j Ij(χ+ χ∗)

](
1− g2

|χj|2

)}
The expressions (3.21) provide the following relation for the TM polarized light in

the j-th layer:

H∗j ·Hj =
(ε(j))2

|χj|2
w2

c2

(
A∗je

−ıχj(z−zj) −B∗j eıχ
∗
j (z−zj)

)(
Aje

ıχj(z−zj)−Bje
−ıχj(z−zj)

)
(3.28)

Using the expressions (3.24) and (3.25) the following equation is derived:∫
H∗ ·H dz =

(ε(0))2

|χ0|2
w2

c2
|B0|2J0(χ− χ∗) +

(ε(M))2

|χM |2
w2

c2
|AM |2JM(χ− χ∗)+

M−1∑
j=1

(ε(j))2

|χj|2
w2

c2

{
|Aj|2Ij(χ− χ∗) + |Bj|2Ij(χ∗ − χ)− (3.29)

A∗jBjIj(−χ− χ∗)− AjB∗j Ij(χ+ χ∗)
}

According to these normalization rules the orthonormal basis set {Hµ} of the guided
modes can be constructed. These modes can be used to calculate the electromagnetic
field in photonic crystal slab structures.

3.3 Guided modes expansion

The Maxwell’s equations lead to the following master equation for a monochromatic
magnetic field:

WH(r) = ∇× 1

ε(r)
∇×H(r) =

w2

c2
H(r) (3.30)

The magnetic field of a Bloch mode may be expanded using the orthonormal set of
the basis states as

H(r) =
∑
ν

cνHν(r) (3.31)

After substitution of the equation (3.31) into (3.30) and multiplying it by H∗µ(r) the
following relation is obtained:

∑
ν

cνH
∗
µ∇×

1

ε
∇×Hν =

w2

c2

∑
ν

cµH
∗
µHν (3.32)
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This expression may be integrated over a volume, which leads to the eigenvalue
problem: ∑

ν

Wµνcν =
w2

c2
cµ (3.33)

where the elements of the matrix Wµν are given by

Wµν =

∫ (
H∗µ∇×

1

ε
∇×Hν

)
dr (3.34)

Since

H∗µ∇×
1

ε
∇×Hν = ∇ ·

(
H∗µ ×

1

ε
∇×Hν

)
+

1

ε
(∇×H∗µ) · (∇×Hν) (3.35)

the first term in this expression may be converted into a surface integral and vanishes.
It can be explained using the fact, that if the considered modes have been emitted a
finite time ago the field is localized in a finite volume and the integral over the infinitely
far surface equals zero. Because the integration volume can be chosen arbitrarily big
the lifetime of the modes can be infinitely long and the spectrum of the modes can be
infinitely narrow. Hence, this assumption is valid for the monochromatic guided modes.

Finally,

Wµν =

∫
1

ε(r)
(∇×H∗µ) · (∇×Hν)dr (3.36)

It is worth to note, that Wµν = W∗
νµ and so the matrix in the eigenvalue prob-

lem (3.33) is hermitian. This ensures positive eigenvalues and, hence, real Bloch mode
frequencies.

The guided modes of the planar waveguide depend on the wave vector g which can
take any value in the (xy) plane. However, light modes in the photonic crystal have
the form dictated by the Bloch-Floquet theorem and they depend on the Bloch vector
k. So, in order to preserve the periodicity of the photonic crystal lattice, only guided
modes with the wave vector g = k + G, where G is a vector of the reciprocal lattice,
may be used. Then the guided mode expansion of the magnetic field is:

Hk =
∑
G

∑
l

∑
s=TE,TM

c(k + G, l, s)Hguided
k+G,l,s (3.37)

Here l is the mode index for the given wave vector k + G and s = TE,TM represents
the mode polarization. If the photonic crystal is non-symmetric relative to the mirror
reflection in the (xy) plane (which may be because of the planar waveguide structure
or because of the etched holes) the TE and TM polarized guided modes are coupled
and the Bloch mode has a mixed TE+TM polarization. If the photonic crystal has the
mirror symmetry the guided modes with the different polarizations are decoupled and
Bloch modes are TE or TM polarized.

The matrix element (3.36) should be calculated for all possible combinations of the
guided modes.

Inside each layer the following expressions can be derived (assuming µ = (k + G, l)):

∇×Hµj = ı
ε(j)

χµj

w2

c2
(
Aµje

ıχµj(z−zj) −Bµje
−ıχmuj(z−zj)

)
qµe

ıgµr (3.38)
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for the TE polarized modes and

∇×Hµj =− ıε(j)w

c

[(
Aµje

ıχµj(z−zj) +Bµje
−ıχµj(z−zj)

)
pµ−

gµ
χµj

(
Aµje

ıχµj(z−zj) −Bµje
−ıχµj(z−zj)

)
z
]
eıgµr (3.39)

for the TM polarized modes.

The inverse dielectric permittivity in each layer is approximated using the plane wave
decomposition of the permittivity and inversion of the permittivity matrix following the
procedure described in the section 2.3. Then Θ

(j)
µν corresponds to element Θmn of the

inverse matrix ε̂ in the j-th layer, where µ = (k + Gm, l1) and ν = (k + Gn, l2).

Using these expressions the matrix elements for all combinations of the guided modes
polarizations can be calculated using the following formulas:

TE-TE element:

Wµν =
w2
µw

2
ν

c4
(qµ · qν)

[
Θ

(0)
µν (ε(0))2

χ∗µ0χν0
B∗µ0Bν0J0(χν − χ∗µ)+

M−1∑
j=1

Θ
(j)
µν (ε(j))2

χ∗µjχνj

{
A∗µjAνjIj(χν − χ∗µ) +B∗µjBνjIj(χ

∗
µ − χν)− (3.40)

A∗µjBνjIj(−χν − χ∗µ)−B∗µjAνjIj(χν + χ∗µ)
}

+

Θ
(M)
µν (ε(M))2

χ∗µMχνM
A∗µMAνMJM(χν − χ∗µ)

]

TM-TM element:

Wµν =
wµwν
c4

[
Θ(0)
µν (ε(0))2

(
(pµ · pν) +

gµgν
χ∗µ0χν0

)
B∗µ0Bν0J0(χν − χ∗µ)+

M−1∑
j=1

Θ(j)
µν (ε(j))2

{(
(pµ · pν) +

gµgν
χ∗µjχνj

)[
A∗µjAνjIj(χν − χ∗µ) +B∗µjBνjIj(χ

∗
µ − χν)

]
+(

(pµ · pν)−
gµgν
χ∗µjχνj

)[
A∗µjBνjIj(−χν − χ∗µ)−B∗µjAνjIj(χν + χ∗µ)

]}
+ (3.41)

Θ(M)
µν (ε(M))2

(
(pµ · pν) +

gµgν
χ∗µMχνM

)
A∗µMAνMJM(χν − χ∗µ)

]
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TE-TM element:

Wµν =−
w2
µwν

c3
(qµ · pν)

[
−Θ

(0)
µν (ε(0))2

χ∗µ0

B∗µ0Bν0J0(χν − χ∗µ)+

M−1∑
j=1

Θ
(j)
µν (ε(j))2

χ∗µj

{
A∗µjAνjIj(χν − χ∗µ)−B∗µjBνjIj(χ

∗
µ − χν)+ (3.42)

A∗µjBνjIj(−χν − χ∗µ)−B∗µjAνjIj(χν + χ∗µ)
}

+

Θ
(M)
µν (ε(M))2

χ∗µM
A∗µMAνMJM(χν − χ∗µ)

]
TM-TE element:

Wµν =− wµw
2
ν

c3
(pµ · qν)

[
−Θ

(0)
µν (ε(0))2

χν0
B∗µ0Bν0J0(χν − χ∗µ)+

M−1∑
j=1

Θ
(j)
µν (ε(j))2

χνj

{
A∗µjAνjIj(χν − χ∗µ)−B∗µjBνjIj(χ

∗
µ − χν)− (3.43)

A∗µjBνjIj(−χν − χ∗µ) +B∗µjAνjIj(χν + χ∗µ)
}

+

Θ
(M)
µν (ε(M))2

χνM
A∗µMAνMJM(χν − χ∗µ)

]

3.4 Comparison of the PWE and the GME methods

The comparison of the dispersion of the Bloch modes in a photonic crystal calculated
using the Plane Wave Expansion method and the Guided Mode Expansion method is
presented in the Fig. 3.2. The photonic crystal consists in the circular holes etched in a
thick waveguide with the weak refractive index modulation. In the selected frequency
range the waveguide is monomode for both TE and TM light polarizations and the
effect of the higher order modes is very small. The effective refractive indices for the
PWE method have been calculated for the light wavelength in the vacuum λ = 1.55 µm
which corresponds for the used lattice constant of the photonic crystal a = 0.43 µm to
the reduced frequency u = 0.2774.

Both methods provide similar general structure of the dispersion diagrams, but there
are several noticeable differences. For the first band, when the light frequency is small,
the guided modes of the planar waveguide are weakly localized near the waveguide core
and the effective index of such modes is small. Because for the first photonic band
the light modes with the wave vectors inside the first Brillouin zone have dominant
contribution into the Bloch modes the band dispersion curve is similar to the dispersion
of a guided modes of the planar waveguide. This is why the dispersion curve obtained
using the GME method corresponds to higher frequencies.

Another important effect is that the field distribution of guided modes have a com-
plex vertical profile. The field intensity is maximum near the waveguide core and decays
into the cladding layers. It means that the effective overlap between the field and the
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Figure 3.2: Dispersion of the Bloch modes for the triangular lattice photonic crys-
tal consisting of the circular holes with the filling factor f = 40%
etched in the thick waveguide. a) TE polarization. b) TM polariza-
tion.

0 . 0

0 . 1

0 . 2

0 . 3

0 . 4

0 . 5

0 . 6

 P W E  m e t h o d
 G M E  m e t h o d

MKΓM  

u=
a/

λ

Figure 3.3: Dispersion of the TE-polarized Bloch modes for the triangular lattice
photonic crystal consisting of the circular holes with the filling factor
f = 40% etched in the SOI waveguide.

holes is different in the GME method and the PWE method. It can be described in
terms of the effective size of the atoms, which depends on the mode frequency and the
Bloch vector. This effect modifies the shape of the dispersion diagram.

Similar effects are observed for the photonic crystals based on thin waveguide with
high refractive index contrast. The dispersion diagram for the triangular lattice photonic
crystal based on the SOI structure with the Si layer thickness 0.23 µm is shown in the
Fig. 3.3.

In this case the effective index of the waveguide growths noticeably with increasing
frequency which leads to some kind of the “compression” of the dispersion diagram in
comparison with the results calculated using the PWE method.

An accurate prediction of the shape of the dispersion curve is important to design
the structures which can slow down the group velocity of the propagating Bloch modes.
Because the group velocity equals to the gradient of the dispersion relation w(k) it is
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Figure 3.4: Top-view scanning electron microscope (SEM) image of the het-
erostructure coupled-cavity waveguide (CCW).

quite sensitive to small variations of the dispersion relation. The guided mode expansion
method allows one to take into account real vertical structure of the planar waveguide
and increase accuracy of the dispersion calculation, especially for the planar waveguides
with strong light confinement, like SOI and semiconductor membrane in air.

One of the way to achieve the slow group velocity is to fabricate a chain of the optical
cavities, where each cavity weakly coupled with the nearest neighbors. Such structure
called coupled cavity waveguide (CCW) [78, 79]. Because the cavities ar coupled there
is energy transfer between them, which allows the light modes to propagate along the
chain. The velocity of the light modes is determined by the coupling strength and
decreasing the coupling strength the group velocity can be made very small.

An example of the coupled cavity waveguide is shown in the Fig. 3.4. It is based
on a standard photonic crystal single-line-defect waveguide (W1), the lattice constant
of which is periodically decreased in the propagation direction by 10 nm to create a
double heterostructure [79]. The optical cavities are formed by four successive periods
of lattice constant a = 430 nm and they are separated by potential barriers consisting
of two periods of ab = 420 nm (highlighted by red in Fig. 3.4). The total length of the
CCW is 25.8 µm and it comprises 8 cavities, which are coupled to the access waveguides
by an intermediate photonic crystal waveguide region of a = 430 nm. Hole diameter of
d = 286 nm is constant in the whole photonic crystal, corresponding to the filling factor
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Figure 3.5: Experimental dispersion diagram of the CCW waveguide compared
with the Plane Wave Expansion and the Guided Mode Expansion
calculations.
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of f = 40% in the cavities.
Coupled cavities create an additional band for the dispersion, which has very small

bandwidth and, hence, small slopes.
The comparison of the experimental dispersion curve on the coupled-cavity waveg-

uide and the calculations is presented in the Fig. 3.5. The experimental points have been
measured using the Fourier-space imaging technique [75], which allows one to obtain
directly the dispersion relation of the CCW. Theoretical dispersion relations have been
calculated using the plane wave expansion and the guided mode expansion methods.
3925 guided modes (or plane waves) have been used for the theoretical calculations.
The effective refractive index of the SOI waveguide neff = 2.8278 (for λ = 1.55 µm)
have been used for the PWE calculation. The best fit with the experimental dispersion
of the coupled-cavity band has been obtained using the filling factor f = 39% for the
guided-mode expansion method and f = 47% for the plane wave expansion method.

It is clearly seen from the Fig. 3.5 that the guided mode expansion method provides
much better agreement with the experiment. The GME method can provide right shape
and bandwidth of the CCW band and also have a good agreement with the experimental
dispersion of the waveguide mode, while the PWE method significantly underestimate
the bandwidth of the CCW band and overestimate the frequency of the waveguide
mode.



Chapter 4

Analysis of small variations of
photonic crystal parameters

Photonic crystals (PhC) are one of the key elements of the modern integrated optics.
Utilization of PhC-based structures allows to tailor light propagation properties and
create such devices as waveguides [5], microcavities [4, 51] etc. The design of these
devices requires an extensive numerical modelling to determine, for example, the dis-
persion relation for propagating modes, frequency, field distribution, and the quality
factor for the localized states. The computation speed becomes one of the critical pa-
rameters, because a large series of the calculation is usually required to find an optimal
design. Since the computational time and the required resources growth very fast with
the increasing of the device size and/or the spatial resolution it is important to have a
method which can rapidly estimate the effect of the device parameters variation on the
device performance.

The formalism of the perturbation theory, widely used in quantum mechanics, is
very promising for the calculation of the response of the device properties to small
variation of different parameters of the PhC structure. Unfortunately, the standard
perturbation theory approach is inappropriate for most of photonic crystals because of
the high index contrast and the sharp boundaries between the host material and PhC
atoms (holes or pillars) [80, 81]. Another important problem is how to introduce the
continuous perturbation parameter, which describes the variation of the PhC structure.
The methods based on the decomposition of the electromagnetic field over the basis
of the orthogonal functions (the plane wave expansion method and the guided mode
expansion method) has proved to be powerful and efficient tools for determining the
Bloch mode properties for any periodic structure. The representation of the permittivity
and the electromagnetic field distributions using the orthogonal basis allows one to
introduce the continuous variation of PhC structure parameters and overcome the issue
due to the permittivity discontinuity [81, 82]. The developed method calculates the
change of the state frequency and the field distribution as a result of the PhC parameters
perturbation.

87



88 CHAPTER 4. Analysis of small variations of photonic crystal parameters

4.1 The Bloch mode calculation and the perturba-

tion theory

As it has been discussed in the section 2.1, the monochromatic electromagnetic field is
a solution of the Maxwell’s equations:

1

ε(r)
∇×∇× E(r) =

(w
c

)2

E(r)

∇× 1

ε(r)
∇×H(r) =

(w
c

)2

H(r) (4.1)

for the electric (E) and the magnetic (H) fields, respectively. Here and later in this
chapter it is assumed that the magnetic permeability µ(r) ≡ 1 and that the dielectric
permittivity ε(r) is a scalar real positive function of the coordinates.

The equations (4.1) can be written in a general form of an operator eigenvalue
problem

Lψ = λψ, (4.2)

where ψ represents either the electric field E or the magnetic field H and λ is the eigen-
value. The operator L is determined by the distribution of the dielectric permittivity
and the type of the field.

The eigenvalues of the equation (4.2) determine the mode frequencies and the eigen-
functions determine the field distribution.

Variation of the permittivity distribution leads to change of the operator L and new
solutions of the equation (4.2). If the variation is small the new operator may be written
as

L = L(0) + αL(1) + α2L(2) (4.3)

where α is a perturbation parameter. Operator L(0) corresponds to the original un-
perturbed permittivity distribution and operators L(1) and L(2) are the perturbation
operators of the first and the second accuracy orders, respectively. The way how to
describe the variations of the permittivity and how to introduce the perturbation pa-
rameter will be discussed in the section (4.2).

Then the equation (4.2) is converted into(
L(0) + αL(1) + α2L(2)

)
ψ = λψ (4.4)

Mathematical formalism for the solution of this type of equations is well developed
and is widely used, for example, in quantum mechanics. The permittivity in this case can
be considered as a some equivalent of a potential energy of light in the Hamilton operator
and the permittivity distribution determines the energy and the field distribution of the
solution of the Maxwell’s equations (4.1). Following this analogy, several useful methods,
initially developed for quantum mechanics, can also be applied for the solution of the
problem of the light propagation.

According to the perturbation theory, a small variation of the master operator pro-
duces new eigenvalues and eigenfunctions, which can be determined using the known
solutions λn

(0) and ψn
(0) for the n-th state of the initial problem (4.2). For the per-

turbed equation (4.4) with a small perturbation the new solution for one particular
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state (indicated by the index n) can be expressed as:

ψn =
∑
m

cmψ
(0)
m , cm = c(0)

m + αc(1)
m + α2c(2)

m + . . .

λn = λ(0)
n + αλ(1)

n + α2λ(2)
n + . . . (4.5)

where functions ψ
(0)
m are normalized solutions of the unperturbed eigenvalue problem

L(0)ψ(0)
n = λ(0)

n ψ(0)
n (4.6)

The summation over the index m in the expressions (4.5) is performed over all
possible solutions of the initial problem (4.6) (the discrete spectrum is assumed) and
the upper index of the terms in the series corresponds to the perturbation order. The
derivation of the exact formulas for the coefficients of the series (4.5) can be found in
many textbooks (see, for example [83]).

For the non-degenerated eigenstates of the equation (4.6) the corrections of the first
order of the accuracy are:

λ(1)
n = L(1)

nn (4.7)

c(1)
m =

{
0, m = n

L(1)
mn

/(
λ

(0)
n − λ(0)

m

)
, m 6= n

(4.8)

Here L(1)
mn is the perturbation matrix element

L(1)
mn = 〈ψ(0)

m |L(1)|ψ(0)
n 〉 =

∫
ψ∗(0)
m L(1)ψ(0)

n dr (4.9)

Because the perturbation operator L(1) is hermitian the matrix element L(1)
mn = L∗(1)

nm .
The second order corrections are:

λ(2)
n = L(2)

nn +
∑
m 6=n

∣∣L(1)
nn

∣∣2/(λ(0)
n − λ(0)

m

)
(4.10)

c(2)
m =


−1

2

∑
l 6=n

∣∣∣L(1)
ln

∣∣∣2(
λ
(0)
n −λ

(0)
l

)2 , m = n

1

λ
(0)
n −λ

(0)
m

[
L(2)
mn − L

(1)
nn·L

(1)
mn

λ
(0)
n −λ

(0)
m

+
∑

l 6=n
L(1)
ml ·L

(1)
ln

λ
(0)
n −λ

(0)
l

]
, m 6= n

(4.11)

Here the matrix element L(2)
mn = 〈ψ(0)

m |L(2)|ψ(0)
n 〉.

If the states of the operator L(0) are degenerated the standard procedure of the
diagonalization should be applied for using the perturbation theory.

Using the plane wave expansion method or the guided mode expansion method the
solutions of the equation (4.6) are represented as a sum of orthonormal functions which
form the basis in a functional space {ϕl}. Then the solutions can be written as:

ψ(0)
n =

∑
l

alϕl, ψ(0)
m =

∑
k

bkϕl (4.12)
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Then the matrix element

〈ψ(0)
m |L|ψ(0)

n 〉 =
∑
l,k

a∗l bk〈ϕl|L|ϕk〉 =
∑
l,k

a∗l bkLlk (4.13)

So, the matrix elements L(1)
mn and L(2)

mn for two solutions of the equation (4.6) can be

calculated using the matrix elements of the basis functions L(1)
lk and L(2)

lk .
The Maxwell’s equation operator L is determined by the permittivity distribution,

hence, the perturbation operators L(1) and L(2) are determined by the perturbation of
the permittivity.

4.2 Variations of the permittivity distribution

As it has been discussed before in the chapters 2 and 3 the coefficients of the Fourier
decomposition of the permittivity distribution are used in order to calculate the operator
matrix element for the basis functions. The following idea is applicable for the plane
wave expansion and the guided mode expansion methods.

Consider a photonic crystal slab where the permittivity in the j-th layer is ε
(j)
b (and

the corresponding refractive index is n
(j)
b ). The coefficient of the Fourier decomposition

of the permittivity distribution for the photonic crystal which consists of cylindrical
atoms can be written as:

ε(j)(Gm) = ε(j)
m =

∑
l∈atoms

[(
n

(j)
l

)2

−
(
n

(j)
b

)2
]

2πRl

ScGm

J1 (GmRl) e
−ıGmrl + ε

(j)
b δGm,0

(4.14)
Here Gm is the wave vector of the reciprocal lattice, l is the index of the atom in

the computational cell, n
(j)
l is the atom refractive index, Rl is the atom radius, Sc is

the area of the cell, and rl is the position of the atom center. J1 is the Bessel function
of the first kind.

Later in this section it is assumed that all calculations required for the approximation
of the permittivity matrix are performed for each layer in the case of using GME method
and the index j of the layer is omitted for simplicity.

Using the plane wave expansion method there is only one effective layer and n
(j)
b is

the effective refractive index of the planar waveguide. The index j is not required in
this case.

In general, the coefficients of the decomposition of the permittivity are functions of
a set of parameters, which describe the positions and properties of all atoms in the cell.
They can be defined as functions of variables in the multidimensional parametric space
ε(k) = ε(k,x), where the vector x contains all coefficients which describe the photonic
crystal structure (atom’s radii, atoms’s positions, etc.).

Because these functions are smooth enough we can write the change of the coef-
ficients due to the variation of the parameters (up to the second order of accuracy)
as:

ε(k,x + ∆x) = ε(k,x) + (∆x · ∇x)ε(k,x) +
1

2
(∆x · ∇x)2ε(k,x)

= ε(k,x) + ∆xi
∂ε(k,x)

∂xi
+

1

2
∆xi∆xj

∂2ε(k,x)

∂xi∂xj
(4.15)
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Here the summation over all components in the parametric space is assumed.
In order to facilitate calculation of the derivatives in the expression (4.15) we can

note, that the expression (4.14) has the form

ε(k) =
∑

l∈atoms

g1(nl)g2(Rl)g3(rl) + εbδk,0 (4.16)

where

g1(n) = n2 − n2
b (4.17)

g2(R) =
2πR

Sck
J1(kR) (4.18)

g3(r) = e−ıkr (4.19)

The constant term for the zero wave vector doesn’t affect the derivatives.
So, the variations of the atoms refractive indices, atoms sizes, and atoms positions

can be separated. It allows to calculate all partial derivatives in (4.15) using the ex-
pressions:

∂g1

∂n
= 2n

∂2g1

∂2n
= 2 (4.20)

∂g2

∂R
=

2π

Sc
RJ0(kR)

∂2g2

∂2R
=

2π

Sc
[J0(kR)− kRJ1(kR)] (4.21)

∂g3

∂rm
= −ıkme−ıkr ∂2g3

∂rm∂rn
= −kmkne−ıkr (4.22)

One particular case of the variation of the parameters of the photonic crystal will
be considered here. In this case different components of the variation vector ∆x are
connected as

∆xi = α∆x̃i, (4.23)

where ∆x̃i are arbitrary constants and α is a free variable. It corresponds to the variation
of the parameter vector x along a line in the parametric space. Hence, the variation can
be described (with a given set of constants ∆x̃i) by only one perturbation parameter:
α.

The coefficients of the decomposition of the permittivity and the corresponding
permittivity matrix can be written as:

ε(Gm) = ε(Gm, α) = ε0,m + αε1,m + α2ε2,m (4.24)

ε̂mn = ε̂mn(α) = ε̂0,mn + αε̂1,mn + α2ε̂2,mn (4.25)

Since the matrix elements of the operator W depend on the inverse permittivity
matrix Θ = ε̂ −1 the goal is to obtain the perturbation of the inverse permittivity
matrix in the form:

Θ = Θ0 + αΘ1 + α2Θ2 (4.26)

where Θ0 = (ε̂0)
−1 and Θ1, Θ2 are correction matrices.

Assuming a small variation of the matrix ε̂ (α� 1) it can be approximated (up to
the second order of accuracy) using the matrix Taylor series expansion:

Θ = Θ0 − αΘ0 · ε̂1 ·Θ0 + α2 (Θ0 · ε̂1 ·Θ0 · ε̂1 ·Θ0 −Θ0 · ε̂2 ·Θ0) (4.27)
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And hence

Θ1 = −Θ0 · ε̂1 ·Θ0 (4.28)

Θ2 = Θ0 · ε̂1 ·Θ0 · ε̂1 ·Θ0 −Θ0 · ε̂2 ·Θ0 (4.29)

The matrix elements L(1)
mn and L(2)

mn can be calculated using the formulas for the
original operator L0 by substitution of the coefficients Θ1,mn and Θ2,mn instead of Θmn.

4.3 Application of the perturbation method

The perturbation method described above can be used to analyze the response of the
optical properties of the photonic crystals on small variations of the photonic crystal
parameters. Consider a triangular lattice photonic crystal consisting of circular holes
etched in the thick waveguide with the effective refractive index neff = 3.24. The radius
of the holes R = 0.33a, where a is the lattice constant. The dispersion relation of the
TE polarized Bloch modes calculated using the PWE method is shown in the Fig. 4.1.
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Figure 4.1: Dispersion of the TE polarized Bloch modes for the triangular lattice
photonic crystal consisting of the circular air holes (the filling factor
f = 0.4) in the dielectric slab with the effective refractive index neff =
3.24.

Two states are selected for the further analysis: the state of the first band with the
Bloch vector k1 in the middle between the Γ and the K points and the state of the
second band with the Bloch vector k2 at the Γ point.

The comparison of the results obtained by the standard PWE method and the
perturbation method is discussed below. The maximum length of the reciprocal lattice
vector Gmax = 7 2√

3
2π
a

and the number of used plane waves N = 187, which ensures a
good accuracy of calculated Bloch modes frequencies.

Infiltration of the holes by a material changes the dispersion of the Bloch modes,
because the photonic crystal “atoms” have new refractive index. Hence, the photonic
crystals can be used as sensor to the refractive index of the environment. In order to
design the photonic crystal structure with desired sensitivity and calibrate it a precise
knowledge of the response of the dispersion on the variations of the atom refractive
index is required. The perturbation method can analyze such variations with a high
accuracy.
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Figure 4.2: Dependence of the Bloch mode frequency on the variation of the hole
refractive index for different accuracy of the inverse permittivity ma-
trix approximation. a) The first state. b) The second state.

The dependence of the Bloch mode frequency on the variation of the hole refractive
index is shown in the Fig. 4.2. Several different ways have been used to calculate the
mode frequencies. The first uses exact inverse permittivity matrix for each values of the
hole refractive index. The results obtained by this approach are plotted by black lines.
The second way is to approximate variation of the inverse permittivity matrix with the
first order of accuracy and then use the approximated matrices to construct the eigen-
value problem (red lines). The reference point for the hole refractive index have been
taken in the middle of the variation range. The last way is to use the second order ap-
proximation for the inverse permittivity matrix (green lines). In all these cases the final
mode frequencies have been obtained by exact solutions of the corresponding eigenvalue
problems. Hence, the accuracy of the approximation of the inverse permittivity matrix
variations are examined in this example.

The frequencies obtained using different approaches are quite close which proves the
quality of the approximation of the inverse permittivity matrix using the Taylor series.
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Figure 4.3: Relative error of the mode frequencies calculated with different ac-
curacy of the inverse permittivity matrix approximation. a) The first
state. b) The second state.

The frequencies calculated using the exact inverse permittivity matrix with conse-
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quent solution of the corresponding eigenvalue problems are chosen as the reference
frequencies uref and the relative frequency difference (u− uref )/uref is used to analyze
the accuracy of the method.

The relative frequency difference as a function of the hole refractive index is plotted
in the Fig. 4.3. The typical scale of the relative frequency difference is of the order of
10−3, which prove high accuracy of the proposed approximation scheme. The results
are similar for both states, which allows to expect similar approximation errors for all
states with arbitrary Bloch vector within several first photonic bands.

It is clearly seen that utilization of the first approximation order leads to a systematic
error roughly proportional to the square of the deviation of the hole refractive index
from the reference value. Utilization of the second approximation order eliminate this
error and greatly improves the accuracy.

The next step in the proposed perturbation method is to replace the solution of
the eigenvalue problem for each value of the varied photonic crystal parameter by
calculation of the corrections to the eigenvalues.
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Figure 4.4: Dependence of the Bloch mode frequency on the variation of the hole
refractive index for different orders of the perturbation method. a) The
first state. b) The second state.

The comparison of the results obtained by utilization of the perturbation method
and exact solution of the eigenvalue problem is presented in the Fig. 4.4. The results
provided by the exact solutions of the exact eigenvalue problem for each values of
the atom refractive index are shown as black lines. The results obtained as the exact
solutions of the eigenvalue problems with the approximated inverse permittivity matrix
(the second order approximation has been used) are plotted as red lines. Green and
blue lines correspond to the results calculated using the perturbation method of the
first and the second accuracy orders, respectively. All methods give very close results
and detailed analysis of the relative frequency difference is required.

The relative frequency difference for different calculation methods is plotted in the
Fig. 4.5. All methods exhibit very good accuracy with the typical relative error less than
10−3. The first order approximation method also exhibit the systematic parabolic error
which can be removed by using the second order perturbation method. The relative
error in this case can be improved for up to 10−4.

Another important example of variation of the parameters of the photonic crystal
is change of the “atom” sizes. Because fabrication of the real-life samples always in-
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Figure 4.5: Relative error of the mode frequencies calculated with the perturba-
tion method. a) The first state. b) The second state.

troduced some fabrication error and there is always some uncertainty in the sizes of
the etched holes or pillars. The perturbation method can serve as an efficient tool to
examine the tolerance of the photonic crystal structures to the fabrication errors.

Here the variation of the frequency of the same Bloch modes as have been used
above is examined for the hole radius R changing from 0.31a until 0.35a.
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Figure 4.6: Dependence of the Bloch mode frequency on the variation of the hole
size for different accuracy of the inverse permittivity matrix approxi-
mation. a) The first state. b) The second state.

The dependence of the Bloch mode frequency on the variation of the hole refractive
index is shown in the Fig. 4.6. The notation of the results is the same as used in the
Fig. 4.2. Approximation of the inverse permittivity matrix using the Taylor series in
this case leads to larger errors in the mode frequencies, especially for the first order
approximation.

The relative error of the calculated frequency is plotted in the Fig. 4.7. Typical
relative error is the order 10−2 for both states. The first order approximation exhibits
the systematic parabolic-like error which can be suppressed using the second order
approximation of the inverse permittivity matrix.

Utilization of the perturbation method for calculation of the corrections to the eigen-
values allows to obtain the results quite close to the exact calculation, which is clearly
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seen in the Fig. 4.8. The notation of the results is the same as in the Fig. 4.4.
The relative error in the mode frequency is shown in the Fig. 4.9. The typical error

is of the order 10−3 for the first order perturbation method and is improved up to 10−4

for the second order. Surprisingly, the full perturbation method (approximation of the
inverse permittivity matrix + approximation of the eigenvalue corrections) works better
than partial perturbation method (approximation of the inverse permittivity matrix +
exact solution of the corresponding eigenvalue problem). It seems that there is some
intrinsic stability of the perturbation method which improves accuracy of the eigenvalue
corrections approximation.
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Figure 4.7: Relative error of the mode frequencies calculated with different ac-
curacy of the inverse permittivity matrix approximation. a) The first
state. b) The second state.
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Figure 4.8: Dependence of the Bloch mode frequency on the variation of the hole
size for different orders of the perturbation method. a) The first state.
b) The second state.

Another example of the photonic crystal parameter variation is shifting positions
of the “atoms”. Such disturbance of the photonic crystal lattice change dispersion of
the structure and an be used to tune the photonic crystal optical properties for some
specific applications.

Consider the L2 cavity in the triangular lattice photonic crystal consisting of the
circular air holes etched in the thick planar waveguide with the effective refractive
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Figure 4.9: Relative error of the mode frequencies calculated with the perturba-
tion method. a) The first state. b) The second state.
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Figure 4.10: a) L3 cavity in the triangular lattice photonic crystal. b) Dependence
of the cavity localized modes frequencies on the displacement of the
side holes.

neff = 3.36. This cavity is schematically shown in the Fig. 4.10(a). Shifting the position
of the side holes (indicated by blue color) along the x axis in the directions indicated
by the black arrows modifies the cavity geometry and frequencies of the cavity localized
states. Variation of the position of these holes (as well as variation of the hole size) also
affect the quality factor of the localized states.

The dependence of the cavity localized modes frequencies on the displacement of the
side holes is plotted in the Fig. 4.10(b). The magnetic field Hz profiles of the selected
localized states (all are TE polarized) are shown in the insets.

Calculation of such dependencies is a challenging task for the plane wave expansion
or the guided mode expansion methods. A large super-cell is required to represent the
cavity surrounded by the photonic crystal area. Increasing the size of the super-cell
leads to fast increasing of the number of used plane waves (or guided modes) and
greatly increase the computer resources required to find the mode frequencies.

The perturbation method solve the matrix eigenvalue problem only once, which
drastically reduces the time of the calculation.

Comparison of the selected localized mode frequencies obtained by the exact calcu-
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Figure 4.11: Comparison of the results obtained by the exact solution and using
the perturbation method.

lation and using the perturbation method is presented in the Fig. 4.11.
The second order perturbation method exhibit a small relative error of the order

10−3 and can properly reproduce non-linear dependence of the mode frequency on the
holes displacement (which is evident for the mode with the lowest frequency).



Chapter 5

Polarization Beam Splitter design

Photonic crystals are in the focus of extensive research for integrated optics applications.
Through skilful engineering, PhC heterostructures offer a variety of appealing optical
functionalities, that may be integrated in advanced photonic circuit chip as building
block with a very small footprint. However, PhC structures are highly sensitive to the
polarization of the light and there is a fundamental need for devices enabling polar-
ization control. Polarization splitters belong to such class of devices, which can be of
interest in a polarization diversity scheme where both orthogonal polarization states of
the signal are treated independently.

Polarization beam splitter (PBS), that can split light into two orthogonal polariza-
tion states, is one of the important components in integrated photonics. A polarization
splitter is a more demanding device compared to a polarizer, as it should perform equally
well for both polarization. The key parameters to assess the quality of a polarization
splitter device are transmission coefficients for both polarization outputs which should
be as close to unity as possible and cross talk and back reflection which should be as
low as possible.

Several types of PBSs have been reported based on ridge waveguides. However,
the typically required guiding length is of the order of millimeters, making them less
attractive for integration. Recently, a new type of PBSs, based on two-dimensional
photonic crystals, has been proposed [84–93].

There are two major requirements to realize a compact high-efficiency PBS. First,
both the TM and the TE polarized light must propagate with low loss in the device.
Second, the difference between the propagating properties of the TM and the TE light
must be large enough to ensure that the two polarizations can be separated after a
short propagation distance. The first requirement might be satisfied by creating the
device in a PC with a complete photonic band gap (PBG) for both polarizations, e.g., a
triangular or square lattice of air holes in a high-index medium with a sufficiently large
air-filling factor. Utilization of two parallel waveguides with low losses and different
coupling efficiency for the TE and the TM polarized light and, consequently differ-
ent coupling length, allows to transfer light with only desired polarization from one
waveguide to another [84, 85]. Another approach is based on polarization-dependent
dispersion properties of PhC, which may lead to different propagation direction for the
TE and the TM polarized light. Utilization of positive refraction for one polarization
and negative refraction effect for another allows one to separate light beams [86–89].

99
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Two main types of 2D photonic crystals have been proposed for this type of the PBS:
high permittivity pillars in air [86, 87] and air holes in a dielectric media [88, 89]. Weak
vertical light localization in the case of the pillar-type photonic crystals leads to very
high losses, unacceptable for any practical devices [87]. Long light path inside hole-type
PhC and large air holes are detrimental to light guiding and lead to out-of-plane losses
[24, 25]. Furthermore, the difference between the TM light and the TE light propaga-
tion properties will not be substantial if both polarization states are guided through a
similar effect, which would violate the second requirement for a compact PBS.

The way to create a large difference of the propagation properties of two different
polarization is working in the frequency range where there is the band gap only for one
polarization. In this case the main idea of the PBS design is utilization of a PhC slab
which can transmit light with one polarization and reflect light with another due to the
band gap effect [90–93].

5.1 Simple design

The simple design of the polarization beam splitter contains PhC slab, operating as the
splitter, input waveguide and output waveguides for transmitted and reflected light. It
is presented in the Fig. 5.1.

TE + TM

TM
TE

Figure 5.1: Schematic principal design of the polarization beam splitter.

The light beam comes from the input waveguide and TE polarized light is reflected
into one output waveguide while TM polarized light is transmitted into the second
output waveguide.

Straightforward implementation of such concept, where a PhC slab, exhibiting a
band gap for only one polarization, is inserted into a regular or a PhC waveguide,
proved to be inefficient. This is mainly due to the occurrence of strong in-plane light
diffraction because the PhC slab interface acts as a grating as it is located at a PhC/non
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Figure 5.2: 2D FDTD simulation of the TE polarized field pattern for the simple
design polarization beam splitter.

PhC crystal boundary. An example of the field distribution of the TE polarized light is
shown in the Fig. 5.2. Strong backward scattering is observed which decreases the device
performance. Because the direction of the scattered light depends on the light reduced
frequency (u = 0.3 (2πc/a) in this example) usually there is small deviation between
the direction of the backward scattered light and the direction of the input waveguide.
In this example shallow etched waveguide with small refractive index contrast are used
and the light localization is weak, so the light can propagate even outside of the input
waveguide. Utilization of the waveguide with large index contrast also exhibit strong
backward scattering but in this case the field pattern is more complex because of the
interference with the input beam. So, only the case of the shallow etched waveguide is
presented here for the sake of simplicity.

Strong scattering of the TE polarized light drastically decreases intensity of the light
in the TE-output waveguide. This makes such a device an acceptable polarizer but not
a good polarization beam splitter.

5.2 Self-collimation based design

It is therefore important to decrease the losses which arise due to the mismatch of the
light modes inside the polarizer and the outer regions. It can be done by control of the
possible mode propagation directions. As it has been discussed in the section 2.5.3, for
specific frequencies and PhC lattice structure, light can propagate without diffraction.
This effect, commonly referred to as self-collimation, relies on the special dispersion
properties of Bloch waves in PhCs where the curvature of the equifrequency surface
(EFS) moves away from the normally circular curvature in free space. As the direction
of a propagating Bloch mode is always normal to the EFS, self-collimation is achieved
when the EFSs are as flat as possible.

The self-collimation effect has been proposed to control the beam propagation in
square lattice photonic crystal [32, 91] and suppress the light scattering at the heteroin-
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terfaces. This effect is also used in several proposed designs of the PBS to decrease the
in-plane losses for the propagating beams [92, 93].
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Figure 5.3: Gap map of a square lattice photonic crystal consisting of air holes
in a dielectric with the effective index neff = 3.25. The shaded areas
indicate the band gap energies. The black (grey) curve shows the self-
collimating frequency for TM (TE) polarization. A pair of operating
points are indicated (A and B). The shaded segment indicates a 5%
operating range, corresponding to coarse CWDM operation.

Fig. 5.3 shows the gap map of a square lattice photonic crystal consisting of air
holes in a dielectric with the effective index neff = 3.25. The shaded areas indicate the
band gap energies as a function of the filling factor f . The grey (black) curve shows the
self-collimating frequency for TE (TM) polarization as a function of f . The operating
points should be chosen such that for a given frequency the first lattice has a band
gap for one polarization but not for the other, whereas the second lattice exhibits self-
collimation for both polarizations. Such a pair of operating points is indicated in the
Fig. 5.3 (points A and B). The frequency range of operation depends on the frequency
width of the band gap and is also related to the slope of the self-collimating curves; a
steeper curve favours a wider operating range. A 5% frequency range, for coarse CWDM
operation is indicated in Fig. 5.3 (shaded segment, note that the frequency axis is on a
log-scale).

For low index contrast planar waveguide structure self-collimation has the desirable
property that it occurs at nearly identical frequencies for both TE and TM polarizations
and over a wide frequency range (several percents).

The proposed polarization splitter structure [94] is shown in the Fig. 5.4. It consists
of a tile polarization splitter, comprised of a PhC working in the self-collimation mode
(a square lattice working in the second band). Embedded in this is an intermediate PhC
slab with identical lattice symmetry but different filling factor which exhibits a large
reflection coefficient for TE and a high transmission coefficient for TM polarization.
Note that the short path length of the TM light through the slab means that maintaining
self-collimation in this region is not essential. Embedding the polarizing slab within a
PhC structure of the same crystal lattice (only the filling factor changes) suppresses
the in-plane diffraction losses at the PhC/non-PhC interface.
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Figure 5.4: Schematic design of the polarization beam splitter based on the self-
collimation effect.
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Figure 5.5: 2D FDTD modeling of (a) TE and (b) TM field patterns for the op-
timized self-collimating polarization splitter structure, showing trans-
mission for TM light and high reflection for TE light.

The results of 2D finite-difference time-domain (FDTD) simulations of light propa-
gation through the polarization beam splitter are shown in Fig. 5.5 for the TE (a) and
TM (a) field patterns for the optimized self-collimating polarization splitter structure.
Note the weak back reflection and the absence of in-plane diffraction at the boundary
between the polarizer region and the cladding photonic crystal regions.

The light propagating in the photonic crystal regions exhibits out-of-plane scattering
which give information about the field distribution and intensity. The top view of the
polarization splitter obtained using a high-numerical-aperture microscope is presented
in Fig. 5.6 for the TE (a) and the TM (b) input polarization states. It is clearly seen,
that TE-polarized light is reflected while TM-polarized light is transmitted through the
polarization splitter. The scattered light is observed only inside photonic crystal regions
since the input and output waveguides have very weak radiation losses.

Performance of the polarization splitter has been estimated and optimized using 2D
FDTD method. Calculated transmission for both light polarizations is shown in Fig. 5.7.
The optimized filling factor for a square lattice structure of holes was found to be
fsc = 30% for the self-collimating tile and fpol = 50% for the polarizer slab. Transmission
for both polarizations of up to 83% is predicted including the insertion reflection, and
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a) b)

Figure 5.6: Top view from a high-numerical-aperture microscope image of the
polarization splitter with TE and TM input polarization states. (a)
TE-polarized beam is reflected; (b) TM-polarized beam propagates
through the splitter. λ = 1.55 µm.

occurs over a bandwidth as large as ∆u/u = 7% (shaded area in Fig. 5.7). As expected,
the TE channel exhibits good transmission when the incident beam frequency lies within
the photonic band gap, and the TM channel exhibits transmission over a broader range
which is limited either by the band-edge of the TM band gap or when the frequency
deviates too much from the self-collimation conditions.

The fabricated structure consists of six lines with nominal f = 50% embedded
in a tile of 40 lines with f = 30%. Refraction in the slab and Goos-Hänchen effect

Figure 5.7: Solid curve, 2D FDTD modeling of the (top) TE and (bottom)
TM output spectrum of the optimized structure (fsc = 30% and
fpol = 50%); dashed curve, cross-talk TE (TM) transmission in the
TM (TE) channel.
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[95] induce a small offset of the output axis waveguides compared with their nominal
specular location which has to be taken into account in the final device design. The
structure actually fabricated consist of a set of two splitters, the first splitter performs
the polarization separation itself while the second splitter reflects the TE beam, thus
allowing the two polarizations to be measured through parallel ridge waveguides. The
structures were fabricated in a single- and a dual-block version (see Fig. 5.8). Note that
TE measurements presented below are normalized to a single polarization splitter, i.e.
the shown transmission spectra are the square root of the measured spectra.

The planar waveguide consists of an optimized GaInAsP/InP structure [48]. The
lithography was performed on a LEO 1530/Raith Elphy electron-beam system, and
structures were etched onto a custom-designed chemically assisted ion-beam etching
(CAIBE) system by using Ar : Cl2 and flowable oxide (FOx-12, Dow Corning) as the
hard mask. While the PhC section was deeply etched, the access waveguides were defined
in a second lithography step and were shallow etched to ensure single-mode operation.

Figure 5.8: Output spectrum of the polarization splitter (lattice constant
a = 450 nm) in single (top) and dual (bottom) versions, TM (TE)
channel left (right). TM, black; TE, gray. TE output is normalized
to one device. Insets, microscope images of the single-block and dual-
block version with or without an intermediate ridge waveguide.

Measurements were performed on a regular end-fire setup with a tunable laser (range
1.47− 1.66 µm) light source coupled into the sample via lensed optical fibers. Polariza-
tion control and analysis are inserted into the input and collection fibers. The samples
as fabricated had filling factors close to the nominal values, as determined optically
from calibration test structures. The transmission spectra for both output channels are
shown in Fig. 5.8. The best results were obtained over a frequency bandwidth in excess
of 5% and show an output transmission of 35% (25% - 30%) for the TM (TE) channel
with 0.2% - 0.8% (3% - 4%) TE (TM) cross talk in the TM (TE) output, respectively.
The frequency range is likely to be larger, as the low-energy cutoff could not be mea-
sured owing to the limited wavelength range of the tunable laser for the given lattice



106 CHAPTER 5. Polarization Beam Splitter design

constant of the sample. The free spectral range of the FabryPerot type fringes in the
dual-block version [Fig. 5.8(b)] agrees with the optical length corresponding to back
reflections at the tile interface or at the polarizing slab. The fringe contrast allows us to
evaluate the reflection coefficient at 37% for TE and 10% for TM. The values obtained
for the TE output were confirmed by an independent in situ measurement performed
by N. Le Thomas and R. Houdré based on an analysis of the emission pattern of the
light diffracted from the surface [black dots in Fig. 5.8(d)].

Two mechanisms reduce the transmission of the polarization splitter: (1) out-of-
plane light scattering, which can be either intrinsic, because the sample always op-
erates above the light cone, or extrinsic, due to sample imperfections (hole shape or
disorder); and (2) back reflection of the light at the interfaces (the ridge waveguide
with the PhC tile or the polarizing slab). Improving the processing could reduce light
scattering; however, this can be a demanding task, given that the present processing
is already of high quality. Back reflected light could be reduced by improved design
of the interfaces, including antireflective coatings with, for example, rows of increasing
hole sizes. Considering that back reflection was estimated at 37% (TE) and 10% (TM),
this gives a potential for improvement of transmission in the range of 45% - 55% for
the TM channel and 60% - 90% for the TE channel, which are acceptable values for a
marketable device.



Chapter 6

Conclusions and perspectives

In this work the optical properties of two-dimensional photonic crystals have been
theoretically investigated using the methods developed in the framework of the thesis.
These methods are based on the general ideas of the mode expansion method and allow
one to obtain detailed information about the Bloch modes in the photonic crystals.

The general formulation of the plane wave expansion method for arbitrary two-
dimensional photonic crystal has been derived in the second chapter of the thesis. The
Bloch vector based approach and the frequency based approach have been considered.
These approaches are intended for investigation of the propagating Bloch modes and the
evanescent Bloch modes, respectively. It has been shown that combination of these ap-
proaches allows one to analyze properties of complex photonic crystal based structures,
like cavities and waveguides.

The effect of the discontinuity of the distribution of the dielectric permittivity and/or
the magnetic permeability in the photonic crystal on the accuracy of the developed
methods have been discussed. The discontinuity leads to the Gibbs phenomenon which
deteriorate accuracy of the approximation of the dielectric permittivity and/or the
magnetic permeability. New methods to filter out the oscillations relater with the Gibbs
phenomenon and improve the approximation accuracy have been proposed and tested.
It has been shown that the proposed methods can significantly improve accuracy of the
calculated distribution of the in-plane components of the electromagnetic field in 2D
photonic crystals.

A detailed analysis of the optical properties (dispersion relation, group velocity, self-
collimation effect, field distribution etc.) of the 2D photonic crystals has been performed
using the developed methods.

An extension of the PWE method – the guided mode expansion method has been
derived for the 2D photonic crystal slabs with the intrinsic planar waveguide. This
method takes into account the electromagnetic field distribution in the planar waveg-
uide, which improves accuracy of the method, especially for the case of thin waveguides
with high refractive index contrast (e. g. SOI and membrane waveguides).

A new method of analysis of small variations of photonic crystal parameters has
been developed. This approach has been proven to be fast and accurate method for
calculation of the effect of the photonic crystal modification on the optical properties.

The developed methods have been used to design the polarization beam splitter
based on the self-collimation of the Bloch modes and polarization-dependent dispersion
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of light in 2D photonic crystals. Good agreement between the theoretical predictions
and performances of the fabricated sample proves the validity of the methods.

The methods discussed in this thesis work well and provide many important infor-
mation about the light modes in 2D photonic crystals. But several directions of the
methods improvements may be proposed based on the gained experience.

First direction is based on the fact that all discussed methods work with photonic
crystals with periodicity either at the micro scale (primitive photonic crystal cell) or the
macro scale (artificial super-cell to represent lattice defects). All real life samples have
imperfections due to fabrication, which are randomly distributed across the sample. A
method to take into account the small disorder and estimate its effect on the sample
optical properties is important for more detailed analysis of the real-life structures.

Another important point is further analysis of the effect of the permittivity and/or
the permeability discontinuities on the accuracy of the methods. New ways to suppress
the Gibbs phenomenon will improve the convergence rate and increase the calculation
speed of the proposed methods.

One thing is certain. Since the numerical modelling is an essential tool for the
integrated optics future advances in the modelling methods will have large and positive
impact on development next-generation integrated optics devices.



Appendix A

Optical properties of the 2D
photonic crystals

A.1 Dispersion properties of photonic crystals

A.1.1 Square lattice photonic crystals

The dispersion of the Bloch modes of the square lattice photonic crystal consisting of
a semiconductor circular pillars with the effective refractive index neff = 3.24 in the
air and with the filling factor f = 0.4 is presented in the Fig. A.1 and Fig. A.2. The
maximum length of the reciprocal lattice vector Gmax = 82π

a
and the number of used

plane waves N = 197. The dispersion of the first band near the Γ point is close to the
dispersion of the light in a homogeneous media and only near the boundary of the first
Brillouin zone the effect of the photonic crystal is visible. The noticeable difference is
observed for the dispersion of the second band for the TE polarized light. The maximum
mode frequency corresponds to the states with the Bloch vector at the corner of the
first Brillouin zone (the M points) (in comparison with the Γ point for the photonic
crystal made of the air holes in the dielectric background). The dispersion of the TM

a) b)

Figure A.1: Dispersion of the TE-polarized Bloch modes for the square lattice
photonic crystal consisting of the circular dielectric pillars (the filling
factor f = 0.4) with the effective refractive index neff = 3.24 in the
air. a) The first band. b) The second band.
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a) b)

Figure A.2: Dispersion of the TM-polarized Bloch modes for the square lattice
photonic crystal consisting of the circular dielectric pillars (the filling
factor f = 0.4) with the effective refractive index neff = 3.24 in the
air. a) The first band. b) The second band.

polarized Bloch modes is similar to the dispersion of the TM polarized modes of the
hole-type photonic crystal.
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Figure A.3: Dispersion of the Bloch modes for the square lattice photonic crystal
consisting of the circular dielectric pillars (the filling factor f = 0.4)
with the effective refractive index neff = 3.24 in the air. a) TE
polarization. b) TM polarization.

The cross-section of the light dispersion is shown in the Fig. A.3. In this case two
full photonic band gaps (indicated by the gray regions) exist for the TM polarized light.
Changing of the type of the permittivity contrast from “low index atoms, high index
background” to “high index atoms, low index background” modifies the effect of the
photonic crystal to different light polarization. The first type corresponds to a larger
effect on the TE polarized light while the second one affects more the TM polarized
states.

The dependence of the position and the width of the full photonic band gaps on
the filling factor is shown in the Fig. A.4. The gaps exist for the TM polarized Bloch
modes in a wide range of the filling factor and only a narrow full band gap for the TE
polarized states opens for large filling factor f ≈ 0.65.
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Figure A.4: The full photonic band gaps for the square lattice photonic crystals
consisting of dielectric pillars (neff = 3.24) in the air.

A.1.2 Triangular lattice photonic crystals

The dispersion of the Bloch modes of the triangular lattice photonic crystal consisting of
a semiconductor circular pillars in the air with the effective refractive index neff = 3.24
and with the filling factor f = 0.4 is presented in the Fig. A.5 and the Fig. A.6. The
maximum length of the reciprocal lattice vector Gmax = 7 2√

3
2π
a

and the number of used
plane waves N = 187. Similar to the case of the square lattice photonic crystal the
maximum frequency of the second band for the TE polarized light corresponds to the
corners of the first Brillouin zone (the K points).

a) b)

Figure A.5: Dispersion of the TE-polarized Bloch modes for the square lattice
photonic crystal consisting of the circular dielectric pillars (the filling
factor f = 0.4) with the effective refractive index neff = 3.24 in the
air. a) The first band. b) The second band.

The cross-sections of the dispersion of the Bloch modes for the pillar type triangular
lattice photonic crystal are presented in the Fig. A.7. The full photonic band gap exist
for the TE polarized Bloch modes and two much larger full band gaps exist for the TM
polarized states.

The dependence of the position and the width of the full photonic band gaps on the
filling factor is shown in the Fig. A.8. The gaps exist for the TM polarized Bloch modes
for almost all possible values of the filling factor and a narrow full band gap for the TE
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a) b)

Figure A.6: Dispersion of the TE-polarized Bloch modes for the square lattice
photonic crystal consisting of the circular dielectric pillars (the filling
factor f = 0.4) with the effective refractive index neff = 3.24 in the
air. a) The first band. b) The second band.
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Figure A.7: Dispersion of the Bloch modes for the triangular lattice photonic
crystal consisting of the circular dielectric pillars (the filling factor
f = 0.4) with the effective refractive index neff = 3.24 in the air.
a) TE polarization. b) TM polarization.
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Figure A.8: The full photonic band gaps for the triangular lattice photonic crys-
tals consisting of dielectric pillars (neff = 3.24) in the air.

polarized states opens for the filling factor f larger that about 0.2.



A.2. Group velocity of the propagating Bloch modes 113

A.2 Group velocity of the propagating Bloch modes

A.2.1 Square lattice photonic crystals

The group velocity of the Bloch modes for the square lattice photonic crystal made of
the dielectric pillars in the air is presented in the Fig. A.9 and the Fig. A.10. It exhibit
the behavior similar to the case of the hole-based photonic crystal. The calculation
parameters are the same as used for the results shown in the section A.1.1.

The difference can be observed for the direction of the group velocity for the TE po-
larized Bloch modes in the second band near the M points. Because the mode frequency
is maximum at the M points the group velocity is directed towards the M points, which
opposite to the case of the hole-based photonic crystal (see Fig. 2.29).

a) b)

Figure A.9: Group velocity of the TE-polarized Bloch modes for the square lattice
photonic crystal consisting of the circular dielectric pillars (the filling
factor f = 0.4) with the effective refractive index neff = 3.24 in the
air. a) The first band. b) The second band.

a) b)

Figure A.10: Group velocity of the TM-polarized Bloch modes for the square
lattice photonic crystal consisting of the circular dielectric pillars
(the filling factor f = 0.4) with the effective refractive index neff =
3.24 in the air. a) The first band. b) The second band.
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The group velocity of the Bloch modes for the Bloch vector along the high-symmetry
directions is plotted for the first three bands in the Fig. A.11(a) for the TE light
polarization and in the Fig. A.11(b) for the TM light polarization. The group velocity is
maximum at the Γ point for the first band and decays when the Bloch vector approaches
the boundary of the first Brillouin zone. The group velocity for higher bands has more
complex dependence on the Bloch vector but in general it tends to be equal to zero at
the Γ, M, and X points.
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Figure A.11: Group velocity of the Bloch modes for the square lattice photonic
crystal consisting of the circular dielectric pillars (the filling factor
f = 0.4) with the effective refractive index neff = 3.24 in the air.
a) TE polarization. b) TM polarization.

A.2.2 Triangular lattice photonic crystals

The group velocity of the Bloch modes for the triangular lattice photonic crystal made
of the dielectric pillars in the air is presented in the Fig. A.12 and the Fig. A.13. The
calculation parameters are the same as used for the results shown in the section A.1.2.

a) b)

Figure A.12: Group velocity of the TE-polarized Bloch modes for the triangular
lattice photonic crystal consisting of the circular dielectric pillars
(the filling factor f = 0.4) with the effective refractive index neff =
3.24 in the air. a) The first band. b) The second band.
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a) b)

Figure A.13: Group velocity of the TM-polarized Bloch modes for the triangular
lattice photonic crystal consisting of the circular dielectric pillars
(the filling factor f = 0.4) with the effective refractive index neff =
3.24 in the air. a) The first band. b) The second band.

The group velocity of the Bloch modes for the Bloch vector along the high-symmetry
directions is plotted for the first three bands in the Fig. A.14(a) for the TE light
polarization and in the Fig. A.14(b) for the TM light polarization.
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Figure A.14: Group velocity of the Bloch modes for the triangular lattice pho-
tonic crystal consisting of the circular dielectric pillars (the filling
factor f = 0.4) with the effective refractive index neff = 3.24 in the
air. a) TE polarization. b) TM polarization.

A.3 Shape of the frequency isolines

A.3.1 Square lattice photonic crystals

The maps of the EFS curvature as functions of the Bloch vector for the square lattice
photonic crystal consisting of the dielectric pillars on the air are plotted in the Fig. A.15
for the TE polarized Bloch modes and in the Fig. A.16 for the TM polarized Bloch
modes. The calculation parameters are the same as used for the results shown in the
section A.1.1.
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a) b)

Figure A.15: EFS curvature of the TE-polarized Bloch modes for the square lat-
tice photonic crystal consisting of the circular dielectric pillars (the
filling factor f = 0.4) with the effective refractive index neff = 3.24
in the air. a) The first band. b) The second band.

a) b)

Figure A.16: EFS curvature of the TM-polarized Bloch modes for the square
lattice photonic crystal consisting of the circular dielectric pillars
(the filling factor f = 0.4) with the effective refractive index neff =
3.24 in the air. a) The first band. b) The second band.

The cross-sections of the EFS curvature are shown in the Fig. A.17 for the first
three bands of the TE polarized Bloch modes (Fig. A.17(a)) and the TM polarized
Bloch modes (Fig. A.17(b)).
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Figure A.17: EFS curvature of the Bloch modes for the square lattice photonic
crystal consisting of the circular dielectric pillars (the filling factor
f = 0.4) with the effective refractive index neff = 3.24 in the air.
a) TE polarization. b) TM polarization.

A.3.2 Triangular lattice photonic crystals

The maps of the EFS curvature as functions of the Bloch vector for the triangular
lattice photonic crystal consisting of the dielectric pillars on the air are plotted in the
Fig. A.18 for the TE polarized Bloch modes and in the Fig. A.19 for the TM polarized
Bloch modes. The calculation parameters are the same as used for the results shown in
the section A.1.2.

a) b)

Figure A.18: EFS curvature of the TE-polarized Bloch modes for the triangular
lattice photonic crystal consisting of the circular dielectric pillars
(the filling factor f = 0.4) with the effective refractive index neff =
3.24 in the air. a) The first band. b) The second band.

The cross-sections of the EFS curvature are shown in the Fig. A.20 for the first
three bands of the TE polarized Bloch modes (Fig. A.20(a)) and the TM polarized
Bloch modes (Fig. A.20(b)).
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a) b)

Figure A.19: EFS curvature of the TM-polarized Bloch modes for the triangular
lattice photonic crystal consisting of the circular dielectric pillars
(the filling factor f = 0.4) with the effective refractive index neff =
3.24 in the air. a) The first band. b) The second band.
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Figure A.20: EFS curvature of the Bloch modes for the triangular lattice photonic
crystal consisting of the circular dielectric pillars (the filling factor
f = 0.4) with the effective refractive index neff = 3.24 in the air.
a) TE polarization. b) TM polarization.



Acknowledgments

I would like to take this opportunity to thank all the people who helped me to work on
this thesis. First of all I would like to thank Dr. Romuald Houdré who accepted me for
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R. M. De La Rue, R. Houdré, U. Oesterle, C. Jouanin, and D. Cassagne, “Optical
and confinement properties of two-dimensional photonic crystals,” J. Of Lightwave
Technology, vol. 17, no. 11, pp. 2063–2077, 1999.

[2] D. W. Prather, S. Shi, J. Murakowski, G. J. Schneider, A. Sharkawy, C. Chen, and
B. Miao, “Photonic crystal structures and applications: Perspective, overview, and
development,” IEEE J. Of Selected Topics In Quantum Electronics, vol. 12, no. 6,
pp. 1416–1437, 2006.

[3] P. R. Villeneuve, S. Fan, and J. D. Joannopoulos, “Microcavities in photonic crys-
tals: Mode symmetry, tunability, and coupling efficiency,” Phys. Rev. B, vol. 54,
no. 11, pp. 7837–7842, 1996.

[4] S. Noda, M. Fujita, and T. Asano, “Spontaneous-emission control by photonic
crystals and nanocavities,” Nature Photonics, vol. 1, pp. 449–458, 2007.

[5] H. Benisty, “Modal analysis of optical guides with two-dimensional photonic band-
gap boundaries,” J. Appl. Phys., vol. 79, no. 10, pp. 7483–7492, 1996.
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� N. Le Thomas, V. Zabelin, R. Houdré, M.V. Kotlyar, and T.F. Krauss, “Influ-
ence of residual disorder on the anticrossing of Bloch modes probed in k space”,
Phys. Rev. B, vol. 71, p. 125301, 2008.
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