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1. Introduction

In 1957 Rényi published his paper [R] about representations for real numbers by f-
expansions, called hereafter p-expansions, which had tremendous impact in Dynamical
Systems Theory. The ideas of Rényi were further developed by Parry in [P1] and
[P2]. See also the book of Schweiger [Sch]. The first part of the paper, section 2, is an
exposition of the theory of p-expansions in the setting of piecewise monotone dynamical
systems. Although many of the results of section 2 are known, for example see [Bo]
chapter 9 for Theorem 2.5, we state necessary and sufficient conditions for the validity
of the ¢-expansion, which are different from those in Parry’s paper [P2], Theorem 2.2
and Theorem 2.3.

We then use @-expansions to study two interesting and related problems in
sections 3 and 4. When one applies the method of section 2 to the dynamical system
Bx 4+ o mod 1, one obtains a symbolic shift which is entirely described by two strings
u®? and v®# of symbols in a finite alphabet A = {0,..., k —1}. The shift space is given
by

Z(g"’ﬁ,yo"ﬁ) = {z € A%y <oz < v™P ¥n >0}, (1.1)

where =< is the lexicographic order and o the shift map. The particular case @ = 0 has
been much studied from many different viewpoints ((-shifts). For a # 0 the structure
of the shift space is richer. A natural problem is to study all shift spaces ¥(u, v) of the
form (1.1) when we replace u®” and v®? by a pair of strings u and v. In section 3 we
give an algorithm, Theorem 3.1, based on the ¢p-expansion, which allows to compute the
topological entropy of shift spaces X (u,v). One of the essential tool is the follower-set
graph associated to the shift space. This graph is presented in details in subsection 3.1.
The algorithm is given in subsection 3.2 and the computations of the topological entropy
in subsection 3.3. The basic idea of the algorithm is to compute two real numbers & and
/3, given the strings u and v, and to show that the shift space X (u,v) is a modification
of the shift space E(gdﬁ , P ) obtained from the dynamical system 3z + @ mod 1, and
that the topological entropies of the two shift spaces are the same. In the last section we
consider the following inverse problem for the dynamical systems Sz + o mod 1: given
u and v, find a and ( so that

8 B

u=u*" and v=2v"".

The solution of this problem is given in Theorems 4.1 and 4.2 for all § > 1.

2. p-expansion for piecewise monotone dynamical
systems

2.1. Piecewise monotone dynamical systems

Let X := [0,1] (with the euclidean distance). We consider the case of piecewise
monotone dynamical systems of the following type. Let 0 = ag < a; < --- < a, =1 and
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I; = (aj,a;+1), € A. Weset A:={0,....k—1}, k> 2, and

jEA
For each j € A let
fj : Ij — Jj = fJ(Ij) - [0, ].]

be a strictly monotone continuous map. When necessary we also denote by f; the
continuous extension of the map on the closure I; of I;. We define a map T on X\Sp
by setting

T(x):= fij(x) ifzel.
The map T is left undefined on Sy. We also assume that

(Us)np=1; vj. (2.1)

ich

We introduce sets X, S;, and S by setting X, := [0, 1] and for j > 1

X]’ = jfl\ijl, Sj = {.’E S Xj . T(ZL’) € ijl}, S = U Sj .

Jj=20

Lemma 2.1 Under the condition (2.1), T™(Xn11) = X1 and T(X\S) = X\S. X\S is
dense in X.

Proof: Condition (2.1) is equivalent to 7'(X;) D Xj. Since X, = X;\S; and
S ={x € Xi: T(z) ¢ X1}, we have T'(X3) = X;. Suppose that T"(X,11) = Xi;
we prove that T (X, 1) = X;. One has X,,;; = X,,;2 U S,41 and

X1 =T"(Xps1) = T"(Xpg2) UT"(Snp) -
Applying once more T,

X1 C T(Xl) = Tn+1(Xn+2) U Tn+1 (Sn+1) .
T+ is defined on X,,4; and S,11 C X,p1.

T"HSnH = {.T S XnJrl . Tn+l<l'> € So} = {33 € XnJrl . Tn+l<.’lf) € Xl} .
Hence T" (X, 42) = X;. Clearly T(X\S) C X\S and T(S\Sp) C S. Since X; is the
disjoint union of X\ S and S\Sp, and TX; DO X;, we have T'(X\S) = X\S. The sets
X\ Sy are open and dense in X. By Baire’s Theorem X\S = N, (X\Sk) is dense. O

Let Z, :={0,1,2,...} and A%+ be equipped with the product topology. Elements of

A%+ are called strings and denoted by x = (g, 1, ...). A finite string w = (wo, -+, w,_1),
w; € A, is a word; we also use the notation w = wy - - - w,,_;. The length of w is |w| = n.

A n-word is a word of length n. There is a single word of length 0, the empty-word €.
The set of all words is A*. The shift-map o : A%+ — A%+ is defined by

o(z) := (r1,29,...).
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We define two operations p and s on A*\{e},

Wo *** Wy fw=wy - w,_; and n > 2

pw::{ 0 2 | 0 1 (2.2)
€ if w=wq
Wi+ W fw=wy - w,_; and n > 2

swi={ ! . ‘ ! (2.3)
€ if w = wy.

On A%+ we define a total order, denoted by <. We set

. +1 it f; is increasing
6(j) = e .
-1 if f; is decreasing,

and for a word w,

Let 2’ # 2" belong to AZ+; define j as the smallest integer with ' # 7. By definition

/ /i : ! /
T, < x ifo(zh---2_)=1
<z =7 'f(S(? fl)_ .

/

3
I

As usual 2’ < 2” if and only if 2’ < 2" or 2”. When all maps f; are increasing this

order is the lexicographic order.

2.2. p-expansion

We give an alternative description of a piecewise monotone dynamical system as in

Parry’s paper [P2]. In this description, when all maps f; are increasing, one could use

instead of the intervals I; the intervals I} := [a;,a;41), j € A. In that case Sy = {ax}

and S; = ) for all j > 1. This would correspond to the setting of Parry’s paper [P2].
We define a map ¢ on the disjoint union

k-1
domy := Uj—i—JjCR,
=0
by setting
o(x):=f;'(t) fz=j+tandte J;. (2.4)

The map ¢ is continuous, injective with range X;. On X; the inverse map is
o N z)=j+Tx ifxel;.
For each j, such that f; is increasing, we define @/ on j + [0, 1] (using the extension of
fi to [a;, a;jn]) by
a; if  =j+¢tandt < f(a;)
P (x) =3 fi(t) ifr=j+tandte J; (2.5)
aji1 if  =j+tand fj(a;41) <t.
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For each j, such that f; is decreasing, we define @ on j + [0, 1] by

Aj41 if x = ] + 1 and ¢ S fj(aj—H)
7 (z) = fj_l(t) ifx=j+tandte J (2.6)
a; if # =j+tand f;(a;) <t.

It is convenient below to consider the family of maps @’ as a single map defined on
0, k], which is denoted by @. In order to avoid ambiguities at integers, where the map
may be multi-valued, we always write a point of [j,j + 1] as z = j+¢, t € [0, 1], so that

P +t) =p(@) =7 ().
We define the coding map i : X\ S — AZ+ by

i(x) := (io(x),i1(2),...) withi,(z) :=jif T"x € I;.
The ¢-code of x € X\S is the string i(x), and we set

Y ={z € A% .z = i(x) for some x € X\S}.
For z € X\S and any n > 0,

o (T'z) = i,(x) + T2 and i(T"z) = o™i(x). (2.7)
Let z; € A, 1 <j <n,andt € [0,1]; we set

Pi(z1+1t) =0z + 1)
and

Gn(z1ye vz +18) =0, (21, -y 201 +P(2n + 1)) (2.8)
For n > 1 and m > 1 we have

Bram (215 ooy Zngm + 1) =B, (21, -, 20 + Py (Zng1s -+ Znm + 1)) . (2.9)
The map t — @, (2o, ...,2Tn—1 + t) is increasing if d(zg---z,—1) = 1 and decreasing if
o+ xp_1) = —1. We also write @, (z) for @,(zo,...,2Tn_1).

Definition 2.1 The real number s has a p-expansion z € AZ+ if the following limit
exists,

The @-expansion is well-defined if for all x € A%+, lim,,_., @, (z) = P (z) exists.
The p-expansion is valid if for all x € X\S the @-code i(x) of = is a p-expansion of x.

If the p-expansion is valid, then for x € X\ S, using (2.9), (2.7) and the continuity
of the maps @,

= lim B, (i0(2), ., 1n1(z))
= lim_7,(10(2),. . 10 1(2) + P (ia(@), s Lnsm1 () (2.10)

— Bui0e), o e (1) + B ((T70).
The basic and elementary fact of the p-expansion is
a,b € [0,1] and xy < 2y, = P(xo+a) < P(xy+D). (2.11)
We begin with two lemmas on the p-code (for Lemma 2.2 see e.g. [CoE]).
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Lemma 2.2 The p-code i is <-order-preserving on X\S: x <y implies i(x) < i(y).

Proof: Let x < y. Either i¢(z) < io(y), or ip(xz) = 1¢(y); in the latter case, the strict
monotonicity of f; () implies

o (x) = do(w) + T(w) < ¢ (y) = do(2) + T(y) i 0(i0(w)) = +1

p (@) = 1o(@) + T(2) > ¢ (y) = Lo(w) + T(y) if 6(i0(z)) = —1.

Repeating this argument we get i(z) < i(y). O

X

Lemma 2.3 The ¢-code i is continuousi on X\S.

Proof: Let x € X\S and {2"} C X\S, lim, 2" = z. Let x € I;,. For n large enough

" € I;, and ig(z") = io(z) = jo. Let j1 := 11(x); we can choose n;y so large that for

n>ny Tz, € I;. Hence ig(2™) = jo and i(z") = j; for all n > n;. By induction we

can find an increasing sequence {n,,} such that n > n,, implies i,;(z) = i;(z™) for all

7=0,...,m. O
The next lemmas give the essential properties of the map ..

Lemma 2.4 Let x € A%+. Then there exist yi(z) and y,(z) in [0,1], such that
yr(z) < yi(x); yi(x) and y (x) are the only possible cluster points of the sequence

{@n(@)}n-
Let x € X\S and set x := i(z). Then

a; <yi(z) <z <yl(z) <aj ifzg=7.
If the @-expansion is valid, then each y € X\S has a unique p-expansion§,
Y =Pola) € X\S = z=1i(y).
Proof: Consider the map
t—9,(x0, ..., Tn1 +1).
Suppose that d(xg---x,_1) = —1. Then it is decreasing, and for any m
Bram (0 -y Tngme1) = Pp(@0s - - s Tt + P (@ -+ Trgem—1))
<, (o, .., xy1).

In particular the subsequence {@,(z)}, of all n such that §(zp---z,_1) = —1 is
decreasing with limit|| y,(z). When there is no n such that d(zg---z,-1) = —1, we set
Y1 (2) 1= agy41. Similarly, the subsequence {@, ()}, of all n such that §(xg---x,—1) =1
is increasing with limit y;(z) < y,(z). When there is no n such that §(zg---x,-1) = 1,
we set y;(2) = ag,. Since any @, (z) appears in one of these sequences, there are at
most two cluster points for {, (z)},.

T If we use the intervals I} = [a;,a;11), then we have only right-continuity

§ If we use the intervals I} = [a;, a;11), this statement is not correct.
|| If the subsequence is finite, then y,(z) is the last point of the subsequence.
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Let x € X\S; 2 = p(p~t(x)) and by (2.7)
= lia) + o) = slile) + o™ (T2)
= p(io(z) + p(i1(2) + T?2)) = (2.12)
= ¢(io(z) + o(i1(z) + ... + @(ina(z) + T 2))) .
By monotonicity
(x € X\Sand §(ip(z) - ip1(x)) =—-1) = (2.13)
Gnlio(), - ina()) =,
and
(x € X\S and 6(ig(x) - ipq(x)) =1) = (2.14)

@n(io(l‘)a T in—l(m)) ST
The inequalities of Lemma 2.4 follow from (2.13), (2.14) and @(io(z) +t) € [awg, Qugs1]-
Suppose that the p-expansion is valid and that 7 (z) = y € X\S. We prove that
z = i(y). By hypothesis y € I,; using (2.10) and the fact that I, is open, we can write

y=p(wo +p(r1 +P(x2+...))) = @(x0 +P(11 +P(22 +...))) .
This implies that

e y) =10(y) + Ty =z + P(z1 + P(x2 +...)) .
Since Ty € X\S, we can iterate this argument. O

Lemma 2.5 Let z,2' € A%+ and x < 2’. Then any cluster point of {@,,(x)}, is smaller
then any cluster point of {®, (z')}n. In particular, if P, is well-defined on AZ+, then
Do 15 order-preserving.

Proof: Let z < 2/ with 2, =2, k=0,...,m — 1 and x,, # x},. We have

Prrin(2) = Pp(T0, -+ Ty + 95 (0™2))
By (2.11), if §(zo - - - 1) = 1, then z,,, < 2/, and for any n > 1, £ > 1,

Bn(0"2) = By (Tm + By (0™ 2)) < y(0"2) = (2, + Pp_i (0™ 2)));

if 0(zg -+ xpm—1) = —1, then z,, > 2/ and

Bn(0™2) =01 (Tm + By (0" 2)) = By(0™2') = Py (2, + Py (™).

Therefore, in both cases, for any n > 1, ¢ > 1,

Prnn() < Pre(@') -
O

Lemma 2.6 Let z € A%+ and zo = ;.

1) Let 6(j) =1 and y;(z) € 1; be a cluster point of {@,(z)}. Then f;(y;(z)) > y;(ox)
if yr(z) = aj, f;(y1(2) < yr(oz) if y1(z) = aj41 and fi(y1(z)) = y1(oz) otherwise. The
same conclusions hold when y|(z) is a cluster point of {@,(z)}.

2) Let §(j) = —1 and yy(z) € I; be a cluster point of {@,(x)}. Then f;(y;(z)) < y,(ox)

ifyr(z) = a5, [;(1(2)) = y(ox) if y1(z) = aj1 and fi(y1(2)) = yi(ox) otherwise. The
same conclusions hold when y|(z) is a cluster point of {@, (z)}.
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Proof: Set f;(I;) := [a;,5;]. Suppose for example that §(j) = —1 and that ny is
the subsequence of all m such that §(xo,...,z,) = 1. Since §(j) = —1 the sequence
{@,,,_1(0z)} is decreasing. Hence by continuity

yi() = lim @, (2) = P(j +lim,, (o)) = P(j + y)(ox)). (2.15)

If yi(z) = aj, then f;(a;) = B; <y (ox); if y1(z) = ajp1, then fi(aj11) = a; > y (ox);
if a; < y(x) < ajy1, then

i+ filyr (@) = 97 (e +limp,, 4(0z)) =5 +y (o).

O

Similar proofs for the other cases.

Lemma 2.7 Let z € A%+,

1) If {p,(x)} has two cluster points, and if y € (y1(z),y,(x)), then y € X\S, i(y) =z
and y has no p-expansion.

Let x € X\S and set x := i(x).

2) If lim, @, (z) = y1(x) and if y € (y1(x),x), then y € X\S, i(y) = z and y has no
(p-exTpansion.

3) If lim, @, (z) = y,(z) and if y € (x,y,(x)), then y € X\S, i(y) = = and y has no
p-exTpansion.

Proof: Suppose that y;(z) < y < y;(z). Then y € I, and io(y) = xo. From Lemma
2.6

yi(oz) < Ty <y (oz) if 6(xp) =1,
and
y(ox) > Ty > yr(oz) if §(xg) = —1.

Iterating this argument we prove that 7"y € I, and i,(y) = x, for all n > 1. Suppose
that y has a p-expansion, y = g (z’). If 2’ < z, then by Lemma 2.5 5 (2') < y;(z) and
if x < 2/, then by Lemma 2.5 y,(z) < $(2’), which leads to a contradiction. Similar
proofs in cases 2 and 3. O

Lemma 2.8 Let 2’ € A%+ and x € X\S. Then
y (@) <z = 2/ <i(x) and z<y(2) = i(z) 22

Proof: Suppose that y|(2') < = and y (z’) is a cluster point. Either z; < ig(x) or
xy = 1ig(z) and by Lemma 2.6

y(ox') < Tx if 6(z)) =1,
or

yi(oz') > Tx if 6(zy) = —1.

Since y, (oz') or y;(oz’) is a cluster point we can repeat the argument and conclude that
2’ < i(z). If y;(2’) is not a cluster point, then we use the cluster point y;(z') < y,(z')
for the argument. O
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Theorem 2.1 [P2] A p-expansion is valid if and only if the @-code 1 is injective on
X\S.

Proof: Suppose that the p-expansion is valid. If z # z, then

r=p(1o(x) +P(11(x) +...)) # B(i0(2) + P(i1(z) +...)) = 2,

and therefore i(z) # i(z). Conversely, assume that x # z implies i(z) # i(z). Let
r € X\5, z = i(z), and suppose for example that y;(z) < y,(z) are two cluster points.
Then by Lemma 2.7 any y such that y;(z) < y < y;(z) is in X\S and i(y) = z,
contradicting the hypothesis. Therefore z := lim,, @, (z) exists. If z # z, then we get
again a contradiction using Lemma 2.7. O

Theorem 2.1 states that the validity of the ¢-expansion is equivalent to the
injectivity of the map i defined on X\S. One can also state that the validity of the
p-expansion is equivalent to the surjectivity of the map .

Theorem 2.2 A p-expansion is valid if and only if o : A%+ — [0,1] is well-defined on
AZ+ and surjective.

Proof: Suppose that the g-expansion is valid. Let z € A%+ and suppose that {, (z)},
has two different accumulation points y; < y;. By Lemma 2.7 we get a contradiction.
Thus P, (z) is well-defined for any z € A%+.

To prove the surjectivity of @ it is sufficient to consider s € S. The argument is
a variant of the proof of Lemma 2.7. Let 2’ be a string such that for any n > 1

fx%_lo e of$6 (S) (- jz{rz
We use here the extension of f; to I;; we have a choice for 2, whenever for _ o---ofu (s) €

So. Suppose that P (z') < s and that p(2') < z < s. Since s, 7 (z')
z € I; and therefore i(2) = zj. Moreover,

Poolor) < Tz < fou(s) if d(xp) =1
or
far (8) < Tz <Py (o) if 6(xp) = —1.

[terating the argument we get z € X\S and i(z) = 2/, contradicting the validity of the
p-expansion. Similarly we exclude the possibility that p (2’) > s, thus proving the
surjectivity of the map @ .

Suppose that p__ : A%+ — [0, 1] is well-defined and surjective. Let x € X\S and
z = i(x). Suppose that r < P (x). By Lemma 2.7 any z, such that = < z < § (z),
does not have a p-expansion. This contradicts the hypothesis that @ is surjective.
Similarly we exclude the possibility that = > @ (z). O

Theorem 2.3 A p-expansion is valid if and only if P, : A%+ — [0,1] is well-defined,
continuous and there exist xt with . (z7) =1 and z~ with . (x~) = 0.
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Proof: Suppose that the p-expansion is valid. By Theorem 2.2 @ is well-defined and
surjective so that there exist * and 2~ with g (z7) = 1 and p(z~) = 0. Suppose
that 2™ | x and set y := @ (z), x, := P(2"). By Lemma 2.5 the sequence {z,} is
monotone decreasing; let x := lim, z,. Suppose that y < x and y < z < x. Since
y < z <z, for any n > 1 and lim, 2" = z, we prove, as in the beginning of the proof of
Lemma 2.7, that z € X\S. The validity of the p-expansion implies that z = B (i(z)).
By Lemma 2.8

z=1i(z) 2"

Since these inequalities are valid for any z, with y < z < z, the validity of p-expansion
implies that we have strict inequalities, z < i(z) < ™. This contradicts the hypothesis
that lim, ... 2" = z. A similar argument holds in the case z" T z. Hence

lim 2" =2 = lim P(2") = Pu(z).

n—oo

Conversely, suppose that @ : A%+ — [0,1] is well-defined and continuous. Then,
given § > 0 and z € A%+, In so that
0 <sup{@(z): 2 =2;5=0,...,n—1}
—inf{@ (2):2f=2;7=0,...,n -1} <§.
We set
n,— + =

2" =z, gz and X i=xg-ox,9x T

For any x € X\S we have the identity (2.12),
v = plio(e) + 9(a(®) + ..+ @lin s + T"2)))
= @n(lﬂ(x)a R in—l(x) + Tnx) :
If §(ip(x) -+ ip—1(x)) =1, then

Poo(@™7) =2, (10(2), s ina(7) + Poo(2))
= @n(10(@), ., in-1(2))
<@, (i0(x), ... iy 1(x)+ T 2)
< @u(io(@), s dnoa(e) +1)
= @ulio(), - 1o (#) + P (@) =2 P (2™7)
If 6(ip(z)---in_1(x)) = —1, then the inequalities are reversed. Letting n going to
infinity, we get P (i(z)) = x. O

Remark 2.1 When the maps fo and fr_1 are increasing, then we can take
2t =(k—-1,k—1,...) and x =(0,0,...).

Theorem 2.4 [P2] A necessary and sufficient condition for a @-expansion to be valid
is that S is dense in [0,1]. A sufficient condition is sup, |¢'(t)| < 1.
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For each j € A we define (the limits are taken with x € X'\S)
w o= lilm i(r) and v := lTim i(x). (2.16)
x]a; xTaj+1

The strings u/ and v/ are called virtual itineraries. Notice that v/ < w/*! since v < u{f .

oful = ak(lilm i(x)) = liim o*i(r) = lilm i(T ) (xe X\S). (2.17)
Tlagj Tlagj Tlag

Proposition 2.1 Suppose that 2’ € A%+ verifies u®n < oz < vn for alln > 0. Then
there exists x € X\S such that i(x) = 2'.

Notice that we do not assume that the ¢-expansion is valid or that the map @ is well-
defined. For unimodal maps see e.g. Theorem I1.3.8 in [CoE]. Our proof is different.

Proof: If y;(2') < y,(2') are two cluster points, then this follows from Lemma
2.7. Therefore, assume that lim, , (2') exists. Either there exists m > 1 so that
yr(o™z’) <y (c™a’) are two cluster points, or lim,, @, (c™2’) exists for all m > 1.

In the first case, there exists z,, € X\S,

m_,/

yr(o™z) < zp <y (o™z') and i(zm) = o™X .
Let

Fm—1 = @(‘T;n—l + 2m) -
We show that a,r < zm-1 < a, 1. This implies that z,, € int(domy) so that

0 Mom) =0 ATz =2+ 2m.
Suppose that 0(z;, ;) = 1 and a = zy,_1. Then for any y € X\S, y > a , we
have T'y > z,,. Therefore, by Lemma 2.2, i(Ty) = i(z,,) = o™2'; io(y) = ,_, when y
is close to a,, , so that

. - ! p—
lim i(y) = " = o™ 2/,
yl%/m 1

which is a contradiction. Similarly we exclude the cases §(z}, ;) = 1 and ay 11 =

Zm-1, 0(7, 1) = —land ay = zp1, 8(2;,_y) = =1 and ay 11 = 2,1 Iterating
this argument we get the existence of zp € X\ S with i(z) = 2/

In the second case, lim, g, (ca’) exists for all m > 1. Let x := lim, p,(z').
Suppose that z(, = j, so that w < 2’ < v/, By Lemma 2.2 and definition of %’ and v’

there exist 21, 2o € I; such that
n<r<z; and W <i(z)<x <i(z) V.
Therefore a; < x < aj41, ig(x) = z; and Tr = P (02’) (Lemma 2.6). Iterating this
argument we get 2’ = i(z). O
Theorem 2.5 Suppose that the p-expansion is valid. Then
(i) ¥ :={i(z) € A%+: 2 € X\S} = {z € A%+:u™ < o"z <v™ VYn >0}
(i1) The map i: X\S — X is bijective, P.oi = id and iop, = id.
Both maps i and @, are order-preserving.
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(11i) o(X) =3 and p(ox) =Tp(z) if x € X.

(iv) If x € AZ+\X, then there exist m € Z+ and j € A such that p(0™z) = a;.

(v) Vn>0,Vj €A: uh =< g™y < U if 6(ud)---u! ) =1 and uh < o =< v if
o (ud - - uﬁl ) =-1

(vi) ¥n > 0 ‘v’] € A: u < ol < v if §(ud vl ) = =1 and u'n < o™ < pvn
if o(udy -l _)) = 1.

Proof: Let z € X\S. Clearly, by monotonicity,

i) < O'ki(l’) <@ Yk e Z, .

Suppose that there exist # € X\S and k such that o%i(z) = v*®. Since (c*i(z))y =
ig(T*z), we can assume, without restricting the generality, that k& = 0 and i(x) = j.
Therefore = € (a;,a;41), and for all y € X\9S, such that + < y < a;j41, we have by
Lemma 2.2 that i(y) = i(z) = v/. By Theorem 2.1 this contradicts the hypothesis
that the (-expansion is valid. The other case, ocFi(x) = u**®@) is treated similarly.
This proves half of the first statement. The second half is a consequence of Proposition
2.1. The second statement also follows, as well as the third, since T(X\S) = X\S (we
assume that (2.1) holds).

Let z € A%+\Y and m € Z, be the smallest integer such that one of the conditions
defining Y is not verified. Then either 0™z <X u*", or 0™z > v*". The map P, is
continuous (Theorem 2.3). Hence, for any j € A,

o) =a; and P (v') = aju -
Let o™z < u™. Since v*»~! < o™z,
a“xm = @oo(yxm_l) S @oo(o’mg) S @oo(ﬂmm) = axm N

The other case is treated in the same way. From definition (2.16) w < gyl < gt
Suppose that (5(u0 ul 1) = 1 and o™/ = v¥». By continuity of the ¢-code there

exists # € X\S such that = > a; and ix(z) = u}, k =0,...,n. Let a; < y < x. Since
o(ud -l ) =1, Ty < T"x and consequently

hrnl(T y) = o™ < i(T"z) < v

ya]

Hence 0"i(x) = v™, which is a contradiction. The other cases are treated similarly. [

2.3. Dynamical system [fx + o mod 1

We consider the family of dynamical systems Sz + «a mod 1 with > 1and 0 < a < 1.
For given a and (3, the dynamical system is described by k = [a + (3] intervals I; and

maps f;, Iy = (0,571 —a)), -1 = (87 (k—1—a),1) and
L=0B"G-a),8 (+1-0a),j=1,.. k-2
and

file) =0r+a—j,j=0,...k—1.
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The maps T, 5, ¢*° and *” are defined as in subsection 2.1.

0 if0<t<a
7Pt =8 N t—a) fa<t<a+p (2.18)
1 if a+f<t<[a+p]
and
So={a;:j=1,....,k—1}U{0,1}with a;:=p"'(j— ). (2.19)

Since all maps are increasing the total order on A%+ is the lexicographic order. We have
2k virtual orbits, but only two of them are important. Indeed, if we set

u =4’ and vP =KL,
then

u = ju™”?,
and

B i=0,...k—2.

v = ju
Proposition 2.2 Let > 1 and 0 < a < 1. The p-expansion for the dynamical system
Bx 4+ a mod1 is valid.

$oP = Li(z) € A%z € X\S} = {z € A%+ P < o™z < v™P ¥n > 0}.
Moreover

u®® < o™’ < v*® and u®? < v < v*? wn > 0.

The closure of £%? is the shift space

E(ga’ﬁ,ya’ﬁ) ={z € AZ+ P <L gt <P n > 0}. (2.20)
We define the orbits of 0, resp. 1 as, (the limits are taken with z € X\S)

TX 5(0) == lai;%leﬁ(a:) k>0 resp. Tk 4(1) = lingI;ﬁ(X), k>0.
From (2.16) and (2.17) the coding of these orbits is u®”, resp. v*¥,

MwhﬁWﬂ%@)wdaWLMM@ 5(x)) . (2.21)

Notice that 7% 5(0) < 1 and T} 5(1) > 0 for all k& > 0.
The virtual itineraries u = u®” and v = v®? of the dynamical system Gz 4+« mod 1
verify the conditions

u=<oc'u<v VYn>0 and u<o"v<v Vn>0. (2.22)
By Theorem 2.3, (2.21) and Theorem 2.5 we have (x € X\9)
Pe (0fw) = lim B (3(T5 5(x)) = lim T3 5(w) = T3 5(0) (2.23)

gt )Zlglll%o (1(T% 5(2)) —hm o) =T5p(1). (2.24)
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Hence u and v verify the equationsq

7’ (w) =0, p5f(ouw) =a and P’(v) =1, p’(ov) =7,  (2.25)
with

vi=a+pB—-k+1€(0,1]. (2.26)
The strings u®” and v are -expansions of 0 and 1. Because of the presence of
discontinuities for the transformation 7, 3 at ai,...ay_;, there are other strings u,
v which verify (2.22) and (2.25), and which are also ¢-expansions of 0 and 1. For
latter purposes we need to decribe these strings; this is the content of Proposition 2.3,
Proposition 2.4 and Proposition 2.5. We also take into consideration the borderline
cases « = 1 and v = 0. When a = 1 or v = 0 the dynamical system T, 3 is defined
using formula (2.7). The orbits of 0 and 1 are defined as before. For example, if a =1
it is the same dynamical system as 7j g, but with different symbols for the coding of the
orbits. The orbit of 0 is coded by u!*® = (1), that is Q;’ﬁ =1 for all j > 0. Similarly,
if v = 0 the orbit of 1 is coded by v*? = (k — 2)*®. We always assume that o € [0, 1],
v €10,1] and g > 1.

Lemma 2.9 The equation
y=2"(zx+1), yel0,1]

can be solved uniquely if y & So, and its solution is x, = i9(y) and t =T, (y) € (0,1).
If y <o/, then the solutions of the equations

y=9""(zx+1) and y' =" (x +1)
are such that either x, =z, and T, g(y') — Top(y) = B(Y —y), or x, < ..
Proof: The proof is elementary. It suffices to notice that
yg Sy = y=¢"(ax +1).
The second statement follows by monotonicity. O

Proposition 2.3 Let 0 < a < 1 and assume that the p-expansion is valid. The
following assertions are equivalent.
1) There is a unique solution (u = u®®) of the equations

7%%(w) =0 and % (ou) =a. (2.27)
2) The orbit of 0 is not periodic or x = 0 is a fixed point of T,, g.

3) u®? is not periodic or u™® = 0, where 0 is the string x with xz; =0Vj5>0.

Proposition 2.4 Let 0 < v < 1 and assume that the p-expansion s valid. The
following assertions are equivalent.
1) There is a unique solution (v =v*") of the equations

?%’(w) =1 and 2%°(ov)=17. (2.28)

9§ If the ¢-expansion is not valid, which happens when § = 1 and a € Q, then (2.23) and (2.24) are
not necessarily true, as simple examples show. Hence u*? and v*? do not necessarily verify (2.25).
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2) The orbit of 1 is not periodic or x =1 is a fized point of T, g.
8) v*P is not periodic or v*P = (k —1)>.

Proof: We prove Proposition 2.3. Assume 1. The validity of the (p-expansion implies
that u®” is a solution of (2.27). If a = 0, then u%? = 0 is the only solution of (2.27)
since z # 0 implies P%%(z) > 0 and z = 0 is a fixed point of T 5. Let 0 < o < 1. Using
Lemma 2.9 we deduce that ug = 0 and

a=T,5(0) =" (u; + 7% (c”u)).

Ifa=a;,7=1,...,k—1 (see (2.19)), then (2.27) has at least two solutions, which
are 0j(c?u™?) with p%f(c?u?) = T?(0) = 0 (see (2.23)), and 0(j — 1)v*? with
728 (v*P) = 1. Therefore, by our hypothesis we have a & {ai,...,ap_1}, uy = u$’
and %P (0?u®P) = T?(0) € (0,1). Iterating this argument we conclude that 1 = 2.
Assume 2. If z = 0 is a fixed point, then o = 0 and «*? = 0. If the orbit of 0 is not

periodic, (2.21) and the validity of the ¢-expansion imply
P T (T (0) > T () = .
Assume 3. From (2.23) and the validity of the @-expansion we get
7 (0"u™?) = T3 5(0) > 9’ (w™?) = 0,
so that the orbit of 0 is not periodic. The orbit of 0 is not periodic if and only if
TF 5(0) & {ay,...,ap—1} for all k > 1. Using Lemma 2.9 we conclude that (2.27) has a
unique solution. O
Propositions 2.3 and 2.4 give necessary and sufficient conditions for the existence
and uniqueness of the solution of equations (2.25). In the following discussion we
consider the case when there are several solutions. The main results are summarize
in Proposition 2.5. We assume the validity of the p-expansion.
Suppose first that the orbit of 1 is not periodic and that the orbit of 0 is periodic,
with minimal period p := min{k: T%(0) =0} > 1. Hence 0 <y < land 0 < o < 1. Let

u be a solution of equations (2.27) and suppose furthermore that w is a ¢-expansion of
1 such that

Vn: u=<o"u=<w with %°(w)=1, 7% (ow) <~.
By Lemma 2.9 we conclude that

wj=uS" and T30) =% (0" 'w), j=1,....,p—2.
Since T?(0) = 0, T*~1(0) € {a4,...,ar_1} and the equation

T7510) = 22 (up-1 + 92’ (0Pw))

a?ﬁ
p—1
P28 (0Pu) = 1. Let a be the prefix of u®” of length p and @' the word of length p

obtained by changing the last letter of a into™ u;",ﬁ 1—1. Wehavea' <a. Ifu, ;= sz 15

has two solutions. Either u, ; = w3} and %%(cPu) = 0 or u, ; = u;"_ﬁl — 1 and

+ u;"_ﬁl > 1. u;"_l =0 if and only if p=1 and a = 0.
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then we can again determine uniquely the next p — 1 letters u;. The condition v < o*u
for k = p implies that we have ug, 1 = ug’_ﬁ 1 so that, by iteration, we get the solution

u = u®” for the equations (2.27). f upq = u;",ﬁl — 1, then
1= 2% (0%u) = 227 (u, + 7% (0" 'w)) .

When 3%%(cPu) = 1, by our hypothesis on u we also have %°(c?*'u) = 7. By
Proposition 2.4 the equations

7% (0Pu) =1 and P (cP'u) =1

have a unique solution, since we assume that the orbit of 1 is not periodic. The solution
is oPu = v’ so that u = a'v®® < u®” is also a solution of (2.27). In that case there
is no other solution for (2.27). The borderline case o = 1 corresponds to the periodic
orbit of the fixed point 0, u>’ = (1)*. Notice that L7 (cu’) # 1. We can also
consider @’ -expansions of 0 with ug = 0 and $5?(cu) = 1. Our hypothesis on u imply
that pL7(c%u) = v. Hence, u = 0v'¥ = a'v*% < u®? is a solution of (2.27) and a
pLA-expansion of 0.

We can treat similarly the case when u®* is not periodic, but v®? is periodic. When
both u®? and v®? are periodic we have more solutions, but the discussion is similar.
Assume that u®? has (minimal) period p > 1 and v®? has (minimal) period ¢ > 1.
Define a, @’ as before, b as the prefix of length ¢ of v*#, and ¥’ as the word of length ¢
obtained by changing the last letter of b into vgﬁﬂl +1. When0<a<land 0 <y <1,
one shows as above that the elements u # u®? and v # v®? which are *”-expansions

of 0 and 1 are of the form
u=2dbt"ba™---,n; >0 and v=>ba™ab™ .- m>0.

The integers n; and m; must be such that (2.22) is verified. The largest solution of
(2.27) is u®? and the smallest one is a'v®”.

Proposition 2.5 Assume that the p-expansion is valid.
1) Let u be a solution of (2.27), such that u < o™u for alln > 1, and let v be a solution
of (2.28), such that c"v < v for alln > 1. Then

w=<u"’ and v*¥ <v.

2) Let u be a solution of (2.27), and let u®" = (a)* be periodic with minimal period
p > 1, and suppose that there exists w such that

Vn: u<o"u<w with 2% (w)=1, %°(ow) <7.
Then
u’ <u=<u*” where u®”:=av*’ anda’ = (pa)(a,_1 —1). (2.29)

Moreover, u = u®? <= a is a prefiv of u <= PP (cPu) < 1.
8) Let v be a solution of (2.28), and let v’ = (b)* be periodic with minimal period
q > 1, and suppose that there exists w such that

Vn: w=<o"w=<v with %(w)=0, %°(ow) > a.
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Then
v < v <0v*?  where v’ :=bu*’ andb’ = (pb)(bg—1 +1). (2.30)

Moreover, v = v*? <= b is a prefiv of v <= 7%F(c%) > 0.

3. Shift space X(u,v)

Let u € A%+ and v € A%+ such that ug = 0, vy = k — 1 (k > 2) and (2.22) holds.
These assumptions are valid for the whole section, except subsection 3.2. We study the
shift-space

S(u,v) :={z € r? :u=<o"z<v Vn>0}. (3.1)

It is useful to extend the relation < to words or to words and strings. We do it only in
the following case. Let a and b be words (or strings). Then

a<b iff 3c € A*, gk > O such that a =cay---, b =cbhy--- and ay < by.

If @ < b then neither a is a prefix of b, nor b is a prefix of a.
In subsection 3.1 we introduce one of the main tool for studying the shift-space
3 (u,v), the follower-set graph. In subsection 3.2 we give an algorithm which assigns

to a pair of strings (u,v) a pair of real numbers (a,3) € [0,1] x [1,00). Finally in
subsection 3.3 we compute the topological entropy of the shift space (u,v).

3.1. Follower-set graph G(u,v)

We associate to X(u,v) a graph G(u,v), called the follower-set graph (see [LiM]). The
graph G(u,v), or its variants, have been systematically studied by Hofbauer in his works
about piecewise monotone one-dimensional dynamical systems; see [Hol], [Ho2] and
[Ho3] in the context of this paper, as well as [Ke| and [BrBr|. Our presentation differs
from that of Hofbauer, but several proofs are directly inspired by [Ho2] and [Ho3].

We denote by L(u,v) the language of ¥(u,v), that is the set of words, which are
factors of z € 3(u,v) (including the empty word €). Since 03 (u,v) C 3(u,v), the
language is also the set of prefixes of the strings z € ¥(u, v). To simplify the notations
we set in this subsection ¥ := 3(u,v), £ := L(u,v), G := G(u,v).

Let C, be the set of words w € £ such that

w':w' # e, w is a prefix of u
“- { wow' : wy # ug, w' is a prefix of u, possibly €.
Similarly we introduce C, as the set of words w € £ such that
w' i w' # e, wis aprefix of v
e {wow’: wo # vy, w' is a prefix of v, possibly € <, .
Definition 3.1 Let w € L. The longest suffix of w, which is a prefix of v, is denoted by

v(w). The longest suffix of w, which is a prefix of u, is denoted by u(w). The u-parsing
of w is the following decomposition of w into w = a' - - - a* with o’ € C,. The first word
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al is the longest prefirx of w belonging to C,. If w = a'w’ and w' # €, then the next word
a? is the longest prefiz of w' belonging to C, and so on.

The v-parsing of w s the analogous decomposition of w into w = bl bt with
Ve,

Lemma 3.1 Let wc and cw' be prefizes of u (respectively of v). If wew' € L, then wew’
is a prefiv of u (respectively of v). Letw € L. Ifa'---a" is the u-parsing of w, then only
the first word a' can be a prefiv of u, otherwise u(a’) = sa’. Moreover u(a®) = u(w).
Analogous properties hold for the v-parsing of w.

Proof: Suppose that we and cw’ are prefixes of u. Then w is a prefix of u. Assume
that wew' € L is not a prefix of u. Then u < wew'. Since w is a prefix of u, c!%u < cw'.
This contradicts the fact that cw’ is a prefix of u. By applying this result with ¢ = €
we get the result that only the first word in the u-parsing of w can be a prefix of u.
Suppose that the u-parsing of w is a'---a*. Let k > 2 and assume that u(w) is not a

¥ is not a prefix of u, u(w) has a* as a

suffix of a* (the case k = 1 is obvious). Since a
proper suffix. By the first part of the lemma this contradicts the maximality property

of the words in the u-parsing. O

Lemma 3.2 Let w € L. Let p = |u(w)| and ¢ = |v(w)|. Then
{@EE:Qisapreﬁxofg}:{XEAZJF:g:mX, y€eX, oPu=xy 2oiv}
Moreover,

{yeZrwyeX={yeX:u(lwyecX} ifp>q
fyeSiwyeXt={yeX:v(wyecX} ifqg>p.

Proof: Suppose that x € 3 and w, |w| = n, is a prefix of . Let n > 1 (the case n =0
is trivial). We can write z = wy. Since z € X,

u=<c"r<v VIL>0,

so that y € X. We have
u=0""Pr=u(wy.

Since u(w) is a prefix of u of length p, we get oPu < y. Similarly we prove that y < o9%v.

Suppose that z = wy, y € X and o’u X y X o%. To prove that z € X, it is
sufficient to prove that u < ¢z < v for m = 0,...,n — 1. We prove u < ¢"z for
m = 0,...,n — 1. The other case is similar. Let w = a'---a’ be the u-parsing of w,
|lw| =n and p = |u(w)|. We have

cPu <y = uw=xolu=zou(wy Vj=0,...,p.

If a’ is not a prefix of u, then p = n — 1 and we also have u < a¥y. If o’ is a prefix

of u, then p = n (and ¢ = 1). This proves the result for ¢ = 1. Letié > 2. Then df is
not a prefix of u and a*~'a’ € £. Suppose that a’~! is not a prefix of u. In that case
u < Qz_lg@ and we want to prove that u < ajag_lgfg for j =1,...,|a"!|. We know
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that oa’~! is a prefix of u, and by maximality of the words in the u-parsing and Lemma

Zlf

3.1 u < ca’'a’; hence u < oa’~'a'y. Therefore

u=olu=<oldtay Vji=0,...]d".

Similar proof if / = 2 and a*~!

is a prefix of u. Iterating this argument we prove that
u=o0c"rform=0,...,n—1.

Suppose that |u( )| > |v(w)| and set @ = u(w). We prove that v(a) = v(w). By
definition v(w) is the longest suffix of w which is a prefix of v; it is also a suffix of a,
whence it is also the longest suffix of a which is a prefix of v. Therefore, from the first

part of the lemma we get

fyeX:wyeX}={yeX:u(wyecX}.

Definition 3.2 Let w € L. The follower-set™ of w is the set
Fu={yeX:wyeX}.

Lemma 3.2 gives the important results that F, = Fuu) if |u(w)| > |v(w)|, and
Fuw = Fow) if [v(w)| > |u(w)|. Moreover,

Fuw={y € X¥:0Pu =y = olv}where p = [u(w)| and q = |v(w)]. (3.2)
We can define an equivalence relation between words of L,
we~w = Fy=Fuy

The collection of follower-sets is entirely determined by the strings u and v. Moreover,
the strings v and v are eventually periodic if and only if this collection is finite. Notice
that ¥ = F. = F, when p=q = 0.

Definition 3.3 The follower-set graph G is the labeled graph whose set of vertices is the
collection of all follower-sets. Let C and C' be two vertices. There is an edge, labeled
by a € A, from C to C' if and only if there exists w € L so that wa € L, C = F,, and
C' = Fua- Fe is called the root of G.

The following properties of G are immediate. From any vertex there is at least
one out-going edge and at most |A|. If A = {0,1,...,k — 1} and k > 3, then for each
j € {l,...,k — 2} there is an edge labeled by j from F, to F.. The out-going edges
from F,, are labeled by the first letters of the strings y € F,,. The follower-set graph G
is right-resolving. Given w € L, there is a unique path labeled by w from F, to F,.

Lemma 3.3 Let a be a u-prefiz and suppose that b = v(a). Let p = |a|] and g = |b| so
that Fo = {y € X: oPu = y < o%}. Then there are more than one out-going edges
from F, if and only if u, < v,.

* Usually the follower-set is defined as F,, = {g €L:wye /.3}. Since £ is a dynamical language, i.e.
for each w € L there exists a letter e € A such that we € £, the two definitions agree.
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Assume that u, < vy. Then there is an edge labeled by vy from Fo to Fy,,, an edge
labeled by uy, from Fy to Fay, and v(aupc) = v(c). If there exists u, < { < vy, there is an
edge labeled by ¢ from F, to F.. Moreover, there are at least two out-going edges from
Fy, one labeled by vy to Fy,, and one labeled by {' = w11 < Vg to Fuwye. Furthermore
ulbu,e) = ulc).

Proof: The first part of the lemma is immediate. Suppose that there is only one out-
going edge from F, that is from F, to Fp,,. This happens if and only if u(b)v, is a
prefix of u. By Lemma 3.1 we conclude that av, is a prefix of u, which is a contradiction.
Therefore u(bv,) = €; hence u(bv,c) = u(c). O

Lemma 3.4 Let b be a v-prefix and suppose that a = u(b). Let p = |a| and q = |b| so
that Fy = {y eX:olu=y= ol}. Then there are more than one out-going edges from
Fy if and only if u, < v,.

Assume that u, < v,. Then there is an edge labeled by w, from Fy to Fay,, an
edge labeled by vy from Fy to Fp, and u(bvee) = u(c). If there exists u, < { < vy,
there is an edge labeled by ¢ from Fy to F.. Moreover, there are at least two out-going
edges from Fy, one labeled by w, to Fau, and one labeled by U' = vjy(a)j+1 > Up to Fyayer-
Furthermore v(au,c) = v(c).

Scholium 3.1 The main property of the graph is the following one. Let w be a prefix
of u for ezample. Suppose that v(w) = b, that the letter following w in u is €”, and that
the letter following b in v is ¢'. We have an out-going edge labeled by €', from F,, to
Fve if and only if € < €'. Moreover we necessarily have an an edge labeled by e from
Fy to Fye with e < €', where a = u(b). We also have e < €”.

Definition 3.4 Let X be a shift-space and L its language. We denote by L,, the set of
all words of L of length n. The entropy of X is
1
h(X) := lim —log, card(L,) .
n—oo n,

The number h(X) is also equal to the topological entropy of the dynamical system
(X,0) [LiM]. In our case we can give an equivalent definition using the graph G. We
set

{(n) := card{n — paths in G starting at the root F.} .

Since the graph is right-resolving and for any w € L£,, there is a unique path labeled by
w, starting at the root Fe, so that h(X) = h(G) where

h(G) = lim llog2 l(n).

n—oo n,

3.2. The algorithm for finding (&, 3)

We describe an algorithm, which assigns to a pair of strings (u,v), such that uy = 0 and

vo = k — 1, a pair of real numbers (&, 3) € [0,1] x [1,00). We assume tacitly that for
the pair (o, 3) one has o € [0,1], 8 < k, and that the map $*° verifies

0<p*P(t)<1 Vte(l,k—1).
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In particular 3 > k —2. When k = 2 we assume that 3 > 1. Recall that *(¢) is given
by (2.18),

y=a+B—-k+1,
and notice that our assumptions imply that 0 <~ < 1.

Definition 3.5 The map *” dominates the map @7 if and only if g (t) > 77 ()
for all t € [0, k] and there exists s € [0, k] such that P (s) > 77 (s).

Lemma 3.5 If g dominates 37, then, for all x € A%+, %P (z) > 727 (). If
0<p™(2) <1 or 0<p¥¥(x)<1,
then the inequality is strict.

Proof: If 3 dominates 3, then by our implicit assumptions we get by inspection
of the graphs that

VE>t P () > () if tt € (a0 + ),
otherwise g*4(t) > % (). Therefore, for all n > 1,

enl(@) 290 (x).
Suppose that 0 < p%%(z) < 1. Then zy + p%%(cx) € (a, a + B) and

vl (@) = 9™ (20 + 93 (o) > 97 (w0 + P57 (o)) = P (a) -
Similar proof for 0 < % (z) < 1. O
Lemma 3.6 Let o =o' € [0,1] and 1 < 8 < 3. Then, for x € A%+,

ol
0 <pi(e) -7 (o) < L2EL
Lety=+"¢€0,1],0<a’ <a<1and 3 > 1. Then, for z € A%+,
o - ]a —
The map 3 — p%%(x) is continuous at 3 = 1.

Proof: Let a =o' € [0,1] and 1 < g < . For t,t' € [0, k],
77 (') — 2™ ()] < [ (t') — ™7 ()] + [2*7 () — 2™ ()]
t_ t/ _ /
| - |+|Bﬁlﬁ|_
e maximum of [@%" (t) — ©*”(t)| 1s taken at o + ). induction
(Th i f [ (t) — 2P (t)] is tak ). By inducti
727 (20, 1) — PP (@0, . @) S B = B D (B)

j=1

Since (# > 1 the sum is convergent. This proves the first statement. The second
statement is proved similarly using

7 (1) =P (O] < [0 () = ()] + 97 () — (1))
t =t Jo=a]
< /

B e

+
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which is valid for v =+ € [0,1] and 0 < &/ < a < 1. We prove the last statement.
Given € > 0 there exists n*

P (2) 2 pt(z) — <.
Since 8 — $%°(z) is continuous, there exists 3’ so that for 1 < 8 < 3,
@) > (@) > 7t @) —e Vn>ant

Hence

Pl (z) — 26 <937 (2) <93 (2)

Corollary 3.1 Given x and 0 < o <1, let

gor(7) = 75" (2) with B(y) =7 —a" +k—1.
For k > 3 the map go~ is continuous and non-increasing on [0,1]. If 0 < go+(70) < 1,
then the map s strictly decreasing in a neighborhood of ~vy. If k = 2 then the same
statements hold on [a*, 1].

Corollary 3.2 Given x and 0 < ~* < 1, let

hy (@) = %@ (2)with  Bla) =~ —a+k—1.
For k > 3 the map h is continuous and non-increasing on [0,1]. If 0 < hy«(g) < 1,
then the map is strictly decreasing in a neighborhood of ag. If k = 2 then the same
statements hold on [0, 7).
Proposition 3.1 Let k > 2, u,v € A%+ verifying up = 0 and vo = k — 1 and

ocu=<v and u=<ov.

If k = 2 we also assume that ou < ov. Then there exist & € [0,1] and 3 € [1,00) so
that ¥ € [0,1]. If 3 > 1, then

7l (ow) =a and B (ov) =7.
Proof: We consider separately the cases ov = 0 and ou = (k— 1) (i.e. u; =k —1 for
allj >1). Ifov =0, thenu=0and v = (k—1)0; weset @ :=0and 3 :=k—1 (5 =0).
If ou = (k— 1), then v = (k — 1)>® and u = 0(k — 1)>; we set a := 1 and 3 := k.

From now on we assume that 0 < ov and ou < (k — 1)*°. Set ap := 0 and [ := k.

We consider in details the case k = 2, so that we also assume that ocu < ow.
Step 1. Set a; := ap and solve the equation

7P (ov) =B4+a; —k+1.

There exists a unique solution, (3, such that £k — 1 < ; < k. Indeed, the map
Gor (V) 7= gor (7) =7

with
Jor (7) = P27 (ow) and B(y) =7 — a1 +k -1
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is continuous and strictly decreasing on [aq, 1] (see Corollary 3.1). If ov = (k — 1)*
then G,,(1) = 0 and we set ; := k and we have v, = 1. If ov # (k — 1), then there
exists a smallest j > 1 so that v; < (k — 2). Therefore p2*(c7v) < 1 and

Pt (o) = (v + PR () < 1,
so that G4, (1) < 0. On the other hand, since ov # 0, p2*(ov) > 0, so
that G,,(0) > 0. There exists a unique 73 € (0,1) with G,,(71) = 0. Define

51 Z:ﬁ(’}/l):’}/l—@l‘i‘k—l.
Step 2. Solve in [0,7) the equation

79 (ou) =a with fla): =y —a+k—1=03 +a; —a.

If ou = 0, then set @ := 0 and 3 := ;. Let ou # 0. There exists a smallest 7 > 1 such
that u; > 1. This implies that $22% (69u) > 0 and consequently

P (o) = B (g + P (07u)) > 0.
Since ou = ov,
0 < 7" (ouw) < B (ov) =M.

We have ; = 1 only in the case ov = (k—1)>; in that case we also have P71 (ou) < 1.
By Corollary 3.2, for any o > ay we have @2l 51 (ou) > 74P (gu). Therefore, the map

H’h (a) = h’Yl (a) — awith h’Y1( ) - @aﬁ(a)( )

is continuous and strictly decreasing on [0,71), H,, (1) > 0 and lim,q,, Hy, () < 0.
There exists a unique ay € (a1, v1) such that H,, (o) =0. Set B ==y —as+k—1=
a;+ ) —ag and vy := as + B — k+ 1 = 7. Since ay € [0,71), we have 5 > 1. Hence

o < g <7 and 1< 62 < 61 and Yo =1 (33)

If ov=(k—1)®, v =1 and we set @ := ay and 3 := [3,.
Step 3. From now on ou # 0 and ov # (k — 1)*®. Set a3 := s and solve in [as, 1] the
equation

0 (gv) = ywith () =7 —az+k—1.
By Lemma 3.5 (k = 2),
paaen) (o) = P32t (ow) 2 P2t (ow) > Pe2™(ou) = as,
since 0 < ap < 1. On the other hand by Corollary 3.2,
PP (o) = Gea T (ow) < PR (0w) = PR (ow) = (34)

since 0 < 7y < 1. Therefore, the map G,, is continuous and strictly decreasing on
[as, 1], Gay(a3) > 0 and Ga,(71) < 0. There exists a unique v3 € (as, 1) such that
Gag(’YS) = 0. Set 63 =73 — Q3 + k- 1, so that 63 <Y — Qo +k—1= 52. Hence

as=ay and 1<f3<fy and 0<~y3 <y <l. (3.5)
Step 4. Solve in [0,73) the equation
720D (gu) =a with Bla)=v —a+k—1=p3+a3—a.
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By Lemma 3.5
gzl (ou) = 753 (ou) > Pe3* (ou) = P2 (ou) = az, (3.6)
since 0 < ap < 1. On the other hand,
0 < P2 (ou) = P53 (ou) < PeH(0w) =73 < 1.
By Corollary 3.2
7o (ou) < @e2? ) (ou) Vo € (ag, 7).
Therefore, the map
H, (o) :=hy(a) —a with h,(a):= 7% (ou)

is continuous and strictly decreasing on [ag,73), Hyy(a3) > 0 and limgqa, Hoyy(a) < 0.
There exists a unique oy € (a3,73). Set B4 == y3 —as+k—1 = a3+ 3 — oy and
Y4 :=ay+ B4y — k+1=r3. Hence

g < oy < Y3 and 1< 64 < 63 and Y4 = V3. (37)

Repeating steps 3 and 4 we get two monotone sequences {a,} and {3,}. We set
a = lim, o @, and G = lim,_.o G-

We consider briefly the changes which occur when k£ > 3. Step 1 remains the same.
In step 2 we solve the equation H.,, (o) = 0 on [0,1) instead of [0,71). The proof that
H., (0q) > 0 remains the same. We prove that lim,; H,, (o) < 0. Corollary 3.2 implies
that

=7 (on) = P w) > 7 on) Vo>
Since ou < v and G(ay) = G,

P ow) <P (vg + 5V (0w)) < P (0 + W (0w)) < 1.
Instead of (3.3) we have

ap<ay <1l and 1<fBy<f and vy =m7.

Estimate (3.4) is still valid in step 3 with & > 3. Hence G,,(71) < 0. We solve the
equation Gy, (y) = 0 on [0,7;]. We have

Pos?0) (ou) = Pe2%(ou) = as .
By Corollary 3.1 we get

22 (ou) > @B (ou) = ay Yy <.
Since u =< ov,

PO (g + 5270 (ow)

20 (g + 90 (u) > 0.

Estimate (3.6) is still valid in step 4 so that H.,(a3) > 0. Corollary 3.2 implies that
s = P (00) = o) > P on) Vo> ag.
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Therefore

2B (o + 74P (gv))

a3:8(03) (y 4 74P (gu)) < 1.

Instead of (3.7) we have
az3<ag <1 and 1<(Gy<f3 and v4=13.

Assume that 3 > 1. Then 1 < 3 < 3, for all n. We have

7o (gv) = 7,, nodd

and
7P (ou) = oy, meven.

Let y=a+ 3 —k+1. For n odd, let 3% :=*% — a,, + k — 1; using Lemma 3.6 we get
9% (o) — | < [9%7(00) — P (ow)| + [P % (ov) — Pl (00)|

+ [ — 7l
1 B —
< ﬁ(ﬂa — ap| + 6 = Bl) + 1 — 71,

since 3% = 3+ a — a,,. Letting n going to infinity we get @ ’ﬂ(cw) = 7. Similarly we
prove %7 (ov) = a. O

Corollary 3.3 Suppose that (u,v), respectively (u',v'), werify the hypothesis of
Proposition 3.1 with k > 2, respectively with k' > 2. If k > k', u < v and v/ <X v,
then ' < 3 and & > a.

Proof: We consider the case k = k', whence ov’ < ov. From the proof of Proposition
3.1 we get 7; < and o) > a;. Suppose that 7} <v; and o > aj for j =1,...,n. If
n is even, then a;,; = a;, and a, 41 = a,,. We prove that v, ., < v,41. We have

77/z+1 = @gélﬂﬁ(’ynﬂ)( ) Doo "+1ﬁ(7n+1)< ) < @X?Hﬁ(%ﬂ)(

/
= Vn+l > V1 -

ov)

If n is odd, then v, ., =+, and ¥,4+1 = v,. We prove that o), ., > 1. We have

Apy1 =
41,V —Qnt1+k—1)
< Pec (

@anﬂﬁ(anﬂ)(gu) < aggﬂ,ﬁ(anﬂ)(ag) — agngla’anLl—OénH"‘k_l)(o-@/)

!/ /
ou') = A > g

We state a uniqueness result. The proof uses Theorem 3.1.

Proposition 3.2 Let k> 2, u,v € A%+, ug =0 and vy = k— 1, and assume that (2.22)
holds. Then there is at most one solution («, 3) € [0,1] X [1,00) for the equations

pel(ou) =a and P (ov) = 7.



Computation of topological entropy 26

Proof: Assume that there are two solutions (aq,0;) and (aw,3) with f; < [y, If
Qg > 0, then

ay — oy = P22 (ow) — P (ou) <0,
which is impossible. Therefore ay < ay. If 31 = 35, then
0> ay —ay = Pe™ (ow) — ™ (ou) >0,

which implies as = ;. Therefore we assume that ar, < a7 and (6; < (. However,
Theorem 3.1 implies that

logy B1 = h(X(u, v)) = log, B,

which is impossible. O

3.3. Computation of the topological entropy of 3(u,v)

We compute the entropy of the shift space ¥(u,v) where u and v is a pair of strings
verifying up = 0, vo = k — 1 and (2.22). The main result is Theorem 3.1. The idea for
computing the topological entropy is to compute & and 3 by the algorithm of section 3.2
and to use the fact that (X (u™?,v%P)) = log, 3 (see e.g. [Hol]). The most difficult case
is when u and v are both periodic. Assume that the string u := ¢ has minimal period
D, la] = p, and that the string v := b has minimal period ¢, [b| = ¢. If ap = a,—1 =0,
then u = 0 and p = 1. Indeed, if ap = a,—1 = 0, then aa = (pa)00(sa); the result follows
from (2.22). Similarly, if by = b,—1 = k — 1, then v = (k — 1)* and ¢ = 1. These cases
are similar to the case when only one of the strings u and v is periodic and are simpler
than the generic case of two periodic strings, which we treat in details.

The setting for subsection 3.3 is the following one. The string v := a® has minimal
period p > 2 with uy = 0, or u = (1)*°. The string v := b has minimal period g > 2
with vg = k— 1, or v = (k —2)°>°. We also consider the strings u* = a/b> and v* = ba>
with @’ = pa(u,_; — 1) and V= pb(v,—1 + 1). We write ¥ = X(u,v), ¥* = X(u*,v*),
G = G(u,v) and G* = G(u*,v*). The main point is to prove that h(G) = h(G*) by
comparing the follower-set graphs G and G*.

Lemma 3.7 1) In the above setting the vertices of the graph G are F., F,, with w a
prefix of pa or of pb, pa and pb included.

2) Let r := |v(pa)|. If up—1 # v, then F, = F. and there is an edge labeled by u,—4
Jrom Foa to Fe. If up_1 = v,, then Fo = Fypay, and there is a single edge, labeled by
Up—1 = Uy, from Fpq 10 Fypa),- If k = 2 the first possibility is excluded.

3) Let s := |u(pb)|. If vy—1 # us, then F, = F. and there is an edge labeled by v,y
from Fyy to Fe. If vg_y = ug, then Fy, = Fupbu, and there is a single edge, labeled by
Vg—1 = Us, from Fpp t0 Fuppyu,- If k= 2 the first possibility is excluded.

Proof: Suppose that w and ww' are two prefixes of pa. We show that F,, # Fy. Write
u = wz and v = ww'y and suppose that F, = Fyu. Then (see (3.2)) z = y = oPu, so
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that u = (w')*°, contradicting the minimality of the period p. Consider the vertex Fp,
of G. We have

Foo={z€X: 0" 'u <z <0"v} wherer = |v(pa)l.

Let d be the prefix of v of length r + 1, so that pd = v(pa). If u,_; # v,, then there are
an edge labeled by u,_; from F,, to F, = F. (since oPu = u) and an edge labeled by
v, from Fp, to Fy. There may be other labeled edges from Fy, to F. (see Lemma 3.3).
If u,—1 = v,, then there is a single out-going edge labeled by wu,_; from F,, to F, and
v(a) = d. We prove that F, = Fy. If u(d) = €, the result is true, since in that case

Fp={zeXiuzz=2oM}={zeX:0clu<z <o} =7F,.

We exclude the possibility u(d) # €. Suppose that w := u(d) is non-trivial (|u(d)| < p).
We can write a = ¢”"w and a = wa since w is a prefix of u, and consequently aa = a"wwa.
From Lemma 3.1 we conclude that ww is a prefix of u, so that au = a"www - - -, proving
that u has period |w|, contradicting the hypothesis that p is the minimal period of w.
If k£ = 2 the first possibility is excluded because u,_1 # 0 and we have u,_; < v, by
oP7"u =< v. The discussion concerning the vertex Fy; is similar. O

Proposition 3.3 Consider the above setting. If h(3X) > 0, then h(X) = h(X*).

Proof: Consider the vertex F,, of G*. In that case (u,_1 — 1) # v, so that we have an
additional edge labeled by u,_; — 1 from Fy, to F, (see proof of Lemma 3.7), otherwise
all out-going edges from Fj,, which are present in the graph G, are also present in G*.
Let v*(w) be the longest suffix of w, which is a prefix of v*. Then

Similarly, there is an additional edge labeled by v4_1 + 1 from Fp, to Fy. Let u*(w) be
the longest suffix of w, which is a prefix of u*. Then

Fy={ze¥X v 222w} ={zec¥ v Sz 2u}.

The structure of the graph G* is very simple from the vertices F, and Fy. There is a
single out-going edge from Fy to Fyry,, from Furyy to Faryge, and so on, until we reach
the vertex Fupp. From that vertex there are an out-going edge labeled by v, to Fyu
and an out-going edge labeled by v,_; 4+ 1 to Fy. Similarly, there is a single out-going
edge from Fy to Fy,,, from Fy,, to Fyy,, and so on, until we reach the vertex Fyp,.
From that vertex there are an out-going edge labeled by w,_; to Fy and an out-going
edge labeled by u,_; —1 to F,. Let us denote that part of G* by G*\G. This subgraph is
strongly connected. The graph G* consists of the union of G and G*\G with the addition
of the two edges from Fp, to Fy and Fy, to Fyy. Using Theorem 1.7 of [BGMY] it easy
to compute the entropy of the subgraph G*\G (use as rome {Fy, Fy}). It is the largest
root, say \*, of the equation

AT+ NP —-1=0.
Hence \* is equal to the entropy of a graph with two cycles of periods p and ¢, rooted

at a common point. To prove Proposition 3.3 it sufficient to exhibit a subgraph of G
which has an entropy larger or equal to that of G*\G.
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If £ > 4, then there is a subgraph with two cycles of length 1 rooted at F.. Hence
h(G) > log,2 > X*. If F, = F. or F, = F., which could happen only for k£ > 3 (see
Lemma 3.7), then there is a subgraph of G consisting of two cycles rooted at F., one of
length p or of length ¢ and another one of length 1. This also implies that h(G) > \*.
Since the minimal periods of u and v are p and g, it is impossible that F,, = F, for w a
non trivial prefix of pa or pb. Therefore we assume that k < 3, F, # F. and F;, # F..

Let H be a strongly connected component of G which has strictly positive entropy.
If F. is a vertex of H, which happens only if £ = 3, then we conclude as above that
h(G) > A\*. Hence, we assume that F, is not a vertex of H. The vertices of H are
indexed by prefixes of pa and pb. Let F, be the vertex of H with ¢ a prefix of u and |c|
minimal; similarly, let F; be the vertex of H with d a prefix of v and |d| minimal. By
our assumptions r := |¢| > 1 and s := |d| > 1. The following argument is a simplified
adaptation of the proof of Lemma 3 in [Ho3]. The core of the argument is the content
of the Scholium 3.1. Consider the v-parsing of a from the prefix pc, and the u-parsing
of b from the prefix pd,

a=(pc)a'---d* and b= (pd)b'---b’.

(From pc the v-parsing of a does not depend on pc since there is an in-going edge at
F..)

We claim that there are an edge from F,),1 to Fy and an edge from F, g to Fe.
Suppose that this is not the case, for example, there is an edge from Fe)e1..05 t0 Fy,
but no edge from Fppar..qi t0 Fg, 1 < @ < j. This implies that v(a’) = sa’ = p(d)
and (pc)a'---a’f' is a prefix of u with f/ < f and f defined by d = (pd)f. On the
other hand there exists an edge from Fye)gt..a-1 t0 Fy(pejat--ai-1)x = Fu(ai-1)« With *
some letter of A and v(a/~')x # d by hypothesis. Let e be the first letter of /. Then
* = (e+1) since we assume that F, is not a vertex of H and consequently there are only
two out-going edges from Fpe)a1...i-1. There exists an edge from F,ui-1) 10 Fyp(ai-—1))
where * is some letter of A (see Scholium 3.1). Again, since F, is not a vertex of H
we must have * = e. Either u(v(a’~'))e = ¢ or u(v(a/7'))e # c. In the latter case,
by the same reasoning, there exists an edge from Fei-1)) 10 Fyu(u@i—1)))(e+1) and
v(u(v(a’™1)))(e + 1) # d by hypothesis; there exists also an edge from Fyyy(@i-1))) t0
Fuwuw@-1))))e- After a finite number of steps we get

u(+-v(u(v(@®™)))e = c.
This implies that pc is a suffix of @’~!, and the last letter of ¢ (or the first letter of a')
is e. Hence a' = ed---. If we write @/~ = g(PQ) we have

(po)a' =cd---=c(pd)f--- and a''a'f = g(pc)e(pd)f’ = ge(pd)f’.

We get a contradiction with (2.22) since ¢(pd)f’ < c(pd)f.

Consider the smallest strongly connected subgraph H’' of H which contains the
vertices Fe, Fpeat, Fa and Fpgyr. Since H has strictly positive entropy, there exists
at least one edge from some other vertex A of H to F. or F,, say F,. Define G’ as the
smallest strongly connected subgraph of H, which contains H’ and A. This graph has
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two cycles: one passing through the vertices F., Fpeyat, Fa, Frpapr and Fe, the other
one passing through the vertices F¢, Fpoat, Fa, Fpapts A and F,. The first cycle has
length |a'| + |b'], and the second cycle has length |a!| + [b'| +-- -+ [b/] if A = F ot
We also have

el =o'l = || and [|a'|=|d].
Therefore one cycle has period

@'+ [b'] < la'| +Ic] < p,
and the other one has period

d| + [B'] + - + || < q.

[

Theorem 3.1 Let k > 2 and let u € A%+ and v € A%+, such that ug = 0, vg = k — 1
and

yu=<c"u=<v Yn>0 and u<o'v<v ¥Vn>0.

If k = 2 we also assume that ou < ov. Let & and 3 be the two real numbers defined by
the algorithm of Proposition 3.1. Then

h(E(u, v)) = log, 3.
If k =2 and ov < ou, then h(X(u,v)) = 0.

Proof: Let 3 > 1. By Propositions 3.1 and 2.5 we have
S, v™7) € B(u,v) € B(ud, o).

From Proposition 3.3 we get
(S, 0™7)) = h(S(u fﬁ i) = log, 3.

Let lim, o, = @ and lim, 3, = 3 = 1. We have o, < 1 and 3, > 1 (see proof of

Proposition 3.1). Let

un — uan ,Bn

and v":= Va“”g’“ .
By Proposition 2.5 point 3,
v <y <ot
By monotonicity,
pea(ov') <P (ov') = = 1@ (00?).
Therefore v' < v? (v} = v2) and by Proposition 2.5 point 2,
v <u=<u” and v <y’

By monotonicity,

Par(ou’) = ag = ay = P32 (0u?) < PP (0u?).
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Therefore v < u? and

v’ Su and y*F <y <P
[terating this argument we conclude that

u" 2w and v=v".
These inequalities imply

h(X(u,v)) < h(Z(u",v")) =logy, 5, — 0 forn — oco.

Finally let £ = 2 and ov < ou. If ou = (1)*°, then v; =0 for a single value of 7,
so that h(X(u,v)) = 0. Suppose that cu # (1) and fix any § > 1. The function
a — $%%(ou) is continuous and decreasing since 7% dominates P*? if a < o'
There exists o € (0,1) such that %%(ou) = a. If vy < v§”, then v < v*? and
S(u,v) C X(u, v*?), whence h(Z(u,v)) < log, 3. If vy = yg“’ﬁ =1, then

2% (ov) < 7% (ou) = a < v = g2’ (ov™?).

The map »%7 is continuous and non-decreasing on A%+ so that ocv < ov®”, whence
v < v*? and h(E(u,v)) < log, 3. Since 8 > 1 is arbitrary, h(X(u,v)) = 0. O

4. Inverse problem for Sx + a mod1
In this section we solve the inverse problem for Sx + o mod 1, namely the question:
gien two strings u and v verifying

u=c'u<v and u<o'v<v VYn>0, (4.1)

can we find o € [0,1) and 8 € (1,00) so that u = u®® and v = v*P?

Proposition 4.1 Let the p-expansion be valid. Let u be a solution of (2.27) and v a
solution of (2.28). If (4.1) holds, then

ul =y < VYn>0: @ﬁf(a”g) <1
<~ VYn>0: @2‘55(0”@) >0 < v =yp.

Proof: The g-expansion is valid, so that (2.23) is true,

vn > 0: 2% (o"u™’) =Ty 4(0) < 1.
Proposition 2.3 and Proposition 2.5 point 2 imply

u=u"? = VYn>0: %% "u) <1.
Similarly

v=0v"% <= VYn>0: @?gg(any) > 0.
Let z < 2/, z,2" € ¥(u,v). Let £ := min{m > 0: z,, # 2],}. Then

?el(2) =9 () = P (0™ e) =1 and 2L (0" 'x) =0.



Computation of topological entropy 31

Indeed,

P (o, wen, 2+ P (0 ) = P (o, e, 7+ 227 (0 )
Therefore z, = x, + 1, p%°(c*'z) = 1 and p%°(¢*"'z) = 0. Suppose that
P28 (o*u) = 1, and apply the above result to ofu and v to get the existence of m
with p%#(o™v) = 0. O

Let u € A%+ with uy = 0 and u < o™u for all n > 0. We introduce the quantity

4 :=sup{oc"u:n >0}.

We have
c'u<u Vn>0.

Indeed, if @ is periodic, then this is immediate. Otherwise there exists n;, with n; T co
as j — 00, so that & = lim; 0™ u. By continuity

o't = lim o"™Mu < a.

j—00

Example. We consider the strings ' = (01)> and v’ = (110)*°. One can prove that
u' = u®? and v’ = v*? where (3 is the largest solution of

=B =p=p-B+1)(F-5-1)=0
and a = (14 )~!. With the notations of Proposition 2.5 we have
a=01 =00 b=110 b =111.
Let
= (00110111) = (a'bb)*
We have
@ = (11100110)® = (Ya'b)™
By definition %7 (ou) = a. We have
() 2a=3b(a)”.

From Proposition 2.5 point 3 and Proposition 3.3 we conclude that log, 5 = h(X(u, 1)).

Theorem 4.1 Let k > 2 and let u € A%+ and v € A%+, such that ug = 0, vg = k — 1
and (4.1) holds. If k = 2 we also assume that ou < ov. Set log, § := h(X(u, ). Let &
and 3 be defined by the algorithm of Proposition 3.1.

1) IfB<B, then u = u®® and v = v™P.

2) ]fﬁ B >1 and u®? and v™? are not both pertodic, then u = uaﬂ andy V&P,
3) [fﬁ B >1 and u®? and v™? are both periodic, then u # u®” and v # v®

Qi

Proof: Let B < (3. Suppose that u # u®? or v #* v™P. By Proposition 4.1 u # u®B
and v # v™?, and there exists n such that $%°(0c™u) = 1. Hence %°(@) = 1. If 5 > 0,
then Gy = vy = k — 1 whence ol < ov, so that %7 (¢@) = 7. By Propositions 2.5 and
3.3 we deduce that

log, B = h(2(u, 1)) = h(X(u,v)) = log, 3,
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a contradiction. If ¥ = 0, either uy = k—1 and @ ’B(au) ~, and we get a contradiction
as above, or 4y, = k — 2 and @ o0 (ocw) = 1. In the latter case, since ou =< @, we conclude
that 4y =k —2and @ ’ﬂ(a u) = 1. Using c"u = u we get u = (k — 2)> :yo‘ﬁ, so that
h(E(u,u)) = h(X(u,v)), a contradiction

We prove 2. Suppose for example that u®” is not periodic. This implies that & < 1, so
that Proposition 2.3 implies that u = u®”. We conclude using Proposition 4.1. Similar
proof if v®? is not periodic.

We prove 3. By Proposition 4.1, u = u® aB or v = v®P if and only if u = uiﬁ and

v =%, Suppose u = u® ﬂ then u is perlodlc so that & = oPu for some p. This implies
that

727 (o) <P%0(@) = B2 (0"u) < 1.
by Proposition 4.1. Let uy = k—1. We can apply the algorithm of Proposition 3.1 to the
pair (u,u) and get two real numbers & and ﬁ (if k= 2, usmg ﬁ > 1 and Theorem 3.1, we
have ou < o). Theorem 3.1 implies B = 3, whence 3 = 3. The map « — P .0 (ouw) is
continuous and decreasing, so that o — @ o8 (ocu) — « is strictly decreasing, whence there

exists a unique solution to the equatlon [72)4 o0 (cu) — a = 0, which is @ = @. Therefore
722 (0t) < 1 and we must have k = k, whence

P(00) = a+ B —k+1=5%"(ov).
But this implies % (@) = 1, a contradiction O

Theorem 4.2 Let k > 2 and let u € A%+ and v € A%+, such that uy = 0, v9 = k — 1
and (4.1 holds. If k = 2 we also assume that ou = ov. Let & and 3 be defined by the
algorithm of Proposition 3.1. If h(3(u,a)) > 1, then there exists u, = U such that

u, < v = u=u* and v = v®?

U, == u # u® andv#v’ﬁ

Proof: Asin the proof of Theorem 4.1 we define k and, by the algorithm of Prop081t10n
3.1 applied to the pair (u, @), two real numbers & and 3. By Theorem 3.1, log, 3 =
h(X(u,u)). We set
gﬁ“ﬁ if Qaﬁ is periodic
U, = -~ o~
p®P if v*# is not periodic.

It is sufficient to show that u, < v implies 3 > 3 (see Theorem 4.1 point 1). Suppose

the contrary, 5 = 3. Then

1=9%"@) <72 ().

We have %7 (v) = 1 and for o > &, %% (v) < 1 (see Lemma 3.5). Therefore & < @. On
the other hand, applying Corollary 3.3 we get a > @ so that & = @ and k = k. From
Propositions 2.4 or 2.5 we get v < u,, a contradiction.

Suppose that u, = v. We have i < v < u,, whence h(X(u,a)) = h(3(u, u,)) and
therefore 7 = B . As above we show that @ = @. Notice that if u? is not periodic, then
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by Proposition 2.3 g&ﬁ =u. If yaﬁ is not periodic, then by Proposition 2.4 yavg =u. If
v is periodic, then inequalities (4.1) imply that we must have Qg’ﬁ < v. Therefore we
may have u, > v and inequalities (4.1) only if u®? and v*? are periodic. Suppose that
it is the case. If u is not periodic, then using Proposition 4.1 the second statement is
true. If u is periodic, then u = oPu for some p, whence @ff (oPu) = 1; by Proposition
4.1 u # ga’ﬁ ) O
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