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1. INTRODUCTION 

In this paper we are concerned with the following problem. Given a 
homomorphism ~0: X -+ G between finite groups of Lie type in charac- 
teristic p, when can this be lifted to a morphism of suitable algebraic 
groups? In the special case where G is a special linear group with cp 
an absolutely irreducible representation the answer is affirmative and a 
well-known result of Steinberg [16]. On the other hand there exist 
indecomposable representations for which there is no extension. 

We show that if q(X) is not contained in a proper parabolic subgroup 
of G and if certain restrictions are put on p when G is an exceptional 
group, then cp can be extended. Results of this type are particularly impor- 
tant in the study of subgroups of finite groups of Lie type as they permit 
certain questions to be translated from the realm of finite group embed- 
dings to the realm of embeddings of algebraic groups. As the maximal 
closed, connected subgroups of the classical algebraic groups are now fairly 
well understood and results are forthcoming on the exceptional groups (see 
[9] and [ 111 for surveys of the current situation), this can be an effective 
way to study the finite groups. 

For the purposes of this paper we make the following definition. Let w 
be a semisimple and simply connected algebraic group over the algebraic 
closure of F,, and cr an endomorphism of R normalizing each simple factor 

* Research supported in part by NSF Grant DMS-50-262-0006 and NSA grant SO-262- 
7804. 

+ Research supported in part by NSF grant DMS 8610730. 

559 
0021~8693/90$3.00 

481/131/2-13 
Copyright 0 1990 by Academic Press, Inc. 

All rights of reproduction m any form reserved. 



560 SEITZ AND TESTERMAN 

of 2 and having finite fixed point group. Let Z < Z(X, ) and X = T/Z. Then 
(T induces an endomorph&m on x, also denoted by u. A finite group of Lie 
type in characteristic p is a group of the form X= OJ”(X,). The group X is 
called the ambient algebraic group corresponding to X. 

Throughout the paper X will denote a perfect finite group of Lie type in 
characteristic p, with ambient algebraic group R and morphism rr. Let G 
be a semisimple algebraic group over the closure of FP and 6 an 
endomorphism of G such that G = OJ”(G6 ) is finite. 

THEOREM 1. Assume cp: X + G is a homomorphism such that cp(X) is 
contained in no proper parabolic subgroup of G. There is an integer N 
depending on the dimension of the largest simple factor of G, such that if 
p > N, then cp can be extended to a homomorphism of algebraic groups 
Cp: x+ G. If each simple factor of G is of classical type, then no restriction 
on p is required. 

The theorem extends Theorem 4 of [lo], which shows that if cp is an 
absolutely irreducible representation and if X preserves a nondegenerate 
bilinear or quadratic form on the underlying module, then the representa- 
tion can be extended so that X preserves the extended form. It is necessary 
to require that X = W’(XO ) be perfect. For example, X = PSL, (2) preserves 
a quadratic form on the usual 2-dimensional module, although X preserves 
no quadratic form. 

In the next section we prove the theorem, taking N as three times the 
dimension of the largest simple factor of G. However, this bound is far too 
big and in Theorem 2 we give more manageable bounds in the case of G 
an exceptional group. It seems likely that only a very mild restriction on 
p is actually required, conceivably none at all, but we have been unable to 
establish this. Such a result would be an important tool for the study of 
subgroups of exceptional groups. 

THEOREM 2. Assume the hypothesis of Theorem 1 with G a simple excep- 
tional group, and let P be a simple factor of x of minimal dimension. Then 
N = 7 suffices unless P and N = N(G) are as in the following table. In 
particular, N = 13 suffices unless P= A,, A,, or B,. 

P N(Q) NE,) W-4,) N(F.,) N(G, 1 

A,,B,, c, 13 
G2 13 13 

A3 13 13 13 

B* 23 19 13 13 

-42 43 31 19 13 

‘4, 113 67 43 43 19 

The final theorem is an application to the study of maximal subgroups. 
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THEOREM 3. Let G = G(q) = 0 p’(G,) b e a ini e exceptional group over f’ ‘t 
Fy and M a subgroup of G such that X= F*(M) is a commuting product of 
groups of Lie type in characteristic p. Assume p > N, where N is as in 
Theorem 2. Then one of the following holds: 

(i) M is contained in a proper parabolic subgroup of G. 

(ii) X is the derived group of the group of fixed points of a field or 
graph-field morphism of G. 

(iii) There is a reductive subgroup D= Bd =dM < G such that 
X<Op’(D6). IfM is maximal, then X=Op’(66). 

2. THE PROOF OF THEOREM 1 

In this section we prove Theorem 1 by induction, taking G as a coun- 
terexample of minimal dimension. Take N = 3k, where k is the dimension 
of the largest simple factor of G. It is immediate that the pair (X, X) can 
be replaced by the pair (f, To). Consequently, we now take X to be simply 
connected. 

Suppose q(X) is contained in a d-invariant connected subgroup fi of G. 
If R,(d) # 1, then O,(D,) # 1, and so by the Borel-Tits Theorem [2] X is 
contained in a b-invariant parabolic subgroup of G, whence q(X) is in a 
proper parabolic of G = Gg, a contradiction. If d is reductive, then we may 
apply induction (again using the Borel-Tits result to see that q(X) is not 
in a parabolic of D,). Thus, we may assume 

There does not exist a a-invariant connected subgroup D of G 
for which q(X) < 6. (*I 

Let G be a simply connected cover of G and 7c the natural surjection 
from G to G. Since X is universal there is a homomorphism 4: X + G such 
that cp = rco 4 (see [8]). Let Gi, . . . . G, be the simple factors of G and 
c,, . . . . G, the corresponding factors of G. 

Let A be the product of a (6) orbit of (7;s and A” the corresponding 
orbit of G;s. If y is the projection of G to A” then rr. y . @ is a 
homomorphism from X to the b-invariant subgroup A of G. If each such 
map can be extended to $ then clearly cp can be extended. Therefore, we 
may assume (6) is transitive on the simple factors of G. 

Next, let E be the collection of all elements of G of the form 
x . x6 x 62 . . . . . xak-’ for x in G, . Then i? is closed, connected, and @-stable. 
We claim that q(X) d i? If G were a direct product, this would be obvious. 
Since G fails to be a direct product only by a (finite) center of semisimple 
elements and since X is generated by unipotent elements, we have the 
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claim. Also, X is not contained in a proper parabolic subgroup of GSk. So 
the pair (G, 6) can be replaced by (E, @). Combining this with the above 
we may now assume G is simple. There is an endomorphism 8 of G such 
that z 0 $= 6 0 7~ on G. Consequently, it will suffice to extend @. Therefore, 
we may take G to be simple and simply connected. 

LEMMA 1. cp can be extended if G is of classical type. 

Proof: Part of the argument here is similar to the proof of Proposi- 
tion 3 of [lo], but we include some details for completeness. Let 8 be the 
representation of G on the standard classical module V. Associated with G, 
is a form of V, say V, over a suitable finite field. The hypothesis together 
with (*) implies that VIX is irreducible. Then PlX= V, @... @ Vk, where 
the Vi are nonisomorphic and algebraic conjugates of V,, an absolutely 
irreducible module for X. 

By Steinberg [ 161 each Vi can be regarded as an irreducible module for 
?, with high weight in the appropriate range. We obtain a representation 
,u of B into SL( P) extending the representation 0 0 cp of X. So this 
completes the argument when G = SL( P). 

Suppose G fixes a nondegenerate bilinear form on V. Then G fixes the 
extended form and for each i, either Vi is self dual or Vi is singular, and 
there exists a unique j # i for which Vj is isomorphic to the dual of Vi (as 
the irreducibles are algebraic conjugates of V, this can occur only if some 
quasisimple factor of X is a twisted group). Write P= M1 I . . . I M,, 
where each M, is either a single Vi or the sum of one and its dual. 

Fix k and set M = M,. Then A4 g M* as X modules (consider high 
weights, using (31.6) of [7]), hence X preserves a nondegenerate bilinear 
form on Mk. Choose a basis of P by taking the union of bases of the 
various Vi and let A, be the matrix of the form on P restricted to the 
nondegenerate space A4 and let A, denote the matrix of the form fixed 
by K Then A,A;’ commutes with the action of X. 

If M= Vi, then the irreducibility of X forces A,A ;’ to be a scalar 
matrix, whence X also fixes the original form on M. Otherwise, 
M= Vi 0 Vj and since these are nonequivalent irreducible modules, 
A2A;’ is a diagonal matrix, scalar on each of Vi and Vj. It follows that 
8 also fixes the bilinear form on M with matrix A,. 

If p = 2 and G = 6,, then we must show x also preserves the extended 
quadratic form. If M= Vi 0 y., then the spaces Vi and Vj are totally 
singular and the assertion is immediate, since B preserves the bilinear form. 
Suppose M is irreducible. Say 8= R, 0 0 0 X3,, the product of quasisimple 
groups, with s > 1. Then M decomposes into a corresponding tensor 
product, M= M’ Q . . . Q MS, and $ preserves a nondegenerate bilinear 
form on M’ (another application of (31.6) of [7]). Hence, the assertion 
follows from the containment Sp(Z, ) 0 Sp(Z, ) < Q(Z, 0 Z, ). 
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Finally, if s = 1, the argument in Theorem 4 of [lo] shows 8 preserves 
the extended quadratic form. We take this opportunity to fill in one detail 
of that proof. Using the notation of that argument, on p. 398, paragraph 2, 
we reached the situation where ZJ = - cr/2 and it as asserted that as p is the 
negative of a dominant weight, this is impossible. There is an exception if 
the group in question has type C, with a the root of highest height. For 
.this to occur a/2 is subdominant to the high weight of the module, and 
since the module is assumed to be restricted and tensor indecomposable, 
the high weight necessarily has short support (see (1.6) of [ 121). Conse- 
quently, L, acts irreducibly, where L, is the ideal of L = L(x) generated by 
short roots. Thus all roots considered can be taken to be short, and w can 
be chosen asf%z for a a short root. 

The above remarks show that ,u: x -+ 0(G). We must pull this back to G, 
an issue only if G is of type D, or B,. For otherwise 8 is an isomorphism. 
Temporarily exclude the B, case if p = 2. 

If x were simple, then for each i= 1, . . . . r, Mi is a Frobenius twist, by say 
Fi, of a representation (T; such that ci is an irreducible representation or the 
sum of two irreducibles, each a tensor product of modules, one of which is 
restricted. If X is not simple then the same thing holds, except we must 
replace each of F, and gi by products of maps, one for each of the simple 
factors of x. Denote these products by Fi and ci, respectively. Write 

where the first map is (Pi, . . . . Fr) and the second is (6,) . . . . 0,). 
Now let Y,, . . . . Y, be the connected components of the preimages under 

8 of the subgroups al(X), . . . . S,(X) of Z(M, ), . . . . Z(M,). 
Assume x does not contain a simple factor y with ( y, p) = (B,, 2), 

(C,, 2), ( F4, 2), or (G,, 3). Then the differential of ei is an isomorphism 
when restricted to the Lie algebra of each maximal unipotent subgroup ir 
of X. Hence, ci restricts to an isomorphism of D (see (4.3.4)(ii) of [14]). 
As 9 also restricts to an isomorphism of unipotent subgroups, each 5, 
factors through Yj (see the remarks on p. 193 of [ 151). Putting things 
together we have a morphism y: R +Gsuchthat0oy=p.ThenforxEX, 
&y(x)) = p(x) = &q(x)). As 0 is one-to-one on the set of unipotent 
elements of G and since X is generated by unipotent elements, it follows 
that cp = y IX, completing the result. 

The same argument works for the exceptional cases of ( Y,p) unless the 
restricted part of iii has high weight with long support. For in the latter 
case the differential is not an isomorphism on the Lie algebra of a maximal 
unipotent group. However, in this case one can precede oi by a special 
isogeny to obtain a restricted module with short support (see (10.1) 
of [16]). 
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Finally, consider the case G = B, and p = 2. The above argument does 
not work since 8 is not an isomorphism on maximal unipotent groups. 
However, the image of G under 8 has type C, and there is a special isogeny 
mapping C, to B,, say y. Then y 0 ,u: 8+ G. Restricting to X we obtain 
y 0 plX= y 0 8 0 cp. Also, y 0 8 = F is a Frobenius morphism and we may 
arrange things so that 6=F”for some a>l. So, F’-‘oyop:X+Gand 
restricts to cp on X. This completes the proof of Lemma 1. 

LEMMA 2. Assume G is an exct?ptional group with p > N. Then cp can be 
extended to a morphism ~$5: X+ G. 

Proof: Let G be an exceptional group and let tI denote the adjoint 
representation of G on L(G). If D is a subgroup of G with O,(D) # 1, then 
by (3.12) of [2] D can be embedded in a parabolic subgroup P of G such 
that O,(D) 6 R,(P). Repeating this with a series of nested parabolics of X 
we conclude rank(X) < rank(G), where if X is twisted we refer to the rank 
of X as a group with a (BN)-pair. 

Let J< X with J= A, (p) with J projecting nontrivially to each quasi- 
simple factor of X and let H be a Cartan subgroup of J. As p > N the 
J-composition factors on L(G) have dimension less than p/3. The action of 
J on L(G) can be realized as a representation of Z,(p) so each composi- 
tion factor affords a weight string where the weights are of the form 
c -+ H(c) + ce, for CEF,* and where -(p-1)/3<e<(p-1)/3. As His 
cyclic we can embed H in a torus T of G; so taking a corresponding set of 
root vectors of L(G) we have 8(H(c) e,= cLel for each root CI, where 
- (p - 1)/3 < 1, < (p - 1)/3. Also, 0( H( c) h = h for h E L(T). 

Now define a l-dimensional torus R of GL(L(G)) such that 
n(c) ecr = & ear for each root c1 and R(c) h = h for h in L(T). Then p > N 
implies that distinct H weights give distinct B weights. If [em, es] # 0, then 
the restrictions on weights forces I, + I, = la+B so that R preserves the Lie 
bracket on L(G). Hence, R< e(G) and we set R= (&‘(E7))‘. 

Write 6 = qz, where q denotes a field automorphism and z a possibly 
trivial graph automorphism. Consideration of high weights shows that the 
representations 0 0 6 and F 0 8 are equivalent, where F is a suitable field 
automorphism of GL(L(G)). An application of Lang’s theorem then yields 

eggs) = we(g) d for each ge G, (**) 

where o is the semilinear map C CiVi + X ci4 oi on ,5(G) with respect to a 
suitable basis. Fix t E r Then (**) shows that for each root M, 
e(t) we, = we(P) e, = (a(f-‘)q) we,. Now cqtq = (t(a)(t))““, so 
t?(t) oe, = r(a)(t) we, and we conclude we, = de,,,, for some constant d. 
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Hence, 

d?(c) 0-l erca) = d?(c) d-‘/q e, = co& d-‘/Y e, 

=C de&l we =cdz 3L ertz). (***I 

Taking c in the prime field, R(c) E 8(H), so that R(c) is centralized by o. 
From (***) we conclude 1,,,, = I,. Another application of (***), this time 
with c arbitrary, shows o&c) 0-l = Am. By (**), e-‘(R) is d-invariant 
and hence Rs = 8. 

Suppose M is a proper X-invariant subspace of L(G). Then M is spanned 
by weight vectors for H and each such weight vector is necessarily one for 
f-i So M is R-invariant. Set d= (XIX-‘:xEX). By the corollary in (7.5) 
of [7], Is is connected. Also, D leaves M invariant. In view of the previous 
paragraph, b = bs. Finally, X= [X, H] d [X, RZ(d)] = [X, K] < 4, 
contradicting (*). 

Therefore, X acts irreducibly on L(G). We claim this is only possible if 
B and G are of the same type. The irreducible representations of X occur 
by restriction from irreducible representations of X and we shall use the 
high weight theory in describing the latter representations. In addition we 
will use the following consequence of Smith’s theorem [13]. Let P be a 
parabolic subgroup of X. Use [2] to embed P in a parabolic subgroup P 
of G such that Q = O,(P) < R,(B) = Q. By [ 131 the fixed-point-space V, 
is irreducible under the action of P and by Theorem 1 of [lo] the same 
holds for the action of P on the fixed-point-space I’,. But P stabilizes Ve 
and clearly VQ < V,. Hence, equality must hold and both P and P are 
irreducible on the common set of fixed points. The high weight of VQ; is 
given simply by restricting the high weight of the representation on L(G) 
to the appropriate Levi factor of P. 

Suppose X= X, 0 X,, a commuting product of two nontrivial groups, 
and write L(G) = L1 @ L,, a corresponding tensor product. From the 
dimension of L(G) we see that one of the factors, say L,, has dimension 
dividing 2,4, 6, 7, 8, according to G of type G2, F4, E,, ET, or E,. Choose 
a maximal parabolic subgroup P of X such that X, is contained in the Levi 
factor. An application of the argument in the previous paragraph yields a 
contradiction in every case. Consequently, X is quasisimple. 

First assume X has type A 1. If we embed a Cartan subgroup of X in a 
maximal torus of G, the Cartan group acts trivially on the Lie algebra of 
this maximal torus and hence has a fixed point space of dimension at least 
the rank of G. On the other hand from the representation theory of X we 
see that the fixed point space on L(G) has dimension 1 unless L(G)lX is the 
Steinberg module. However, if the latter case held, then dim(G) would be 
a power of p, a contradiction. Thus rank(X) > 1. 
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Table 1 of Section 3 gives a list of certain restricted dominant weights il. 
The list includes all A for which the corresponding irreducible module is 
self-dual and of dimension at most that of L(G). This list is obtained under 
much weaker prime restrictions than in the current situation. Moreover, 
under the current prime restriction we have (A+ p, x) <p for each positive 
root Q of -%?, SO from [l] we conclude that the dimension of the irreducible 
module of high weight 1 is given by the Weyl degree formula. 

Suppose L(G)lX can be decomposed as a tensor product. As above, one 
of the tensor factors has small dimension. Moreover, from the theory of 
high weights and the fact that L(G) is self-dual it follows that this factor 
must be self-dual (see 31.6 of [7]). In each case the other tensor factor 
must be the twist of a restricted module. A contradiction is now obtained 
using the list in Table I. 

Thus, L(G)lX is the twist of a restricted module and we again use the list 
of Table I to determine the possibilities. We find that either the claim holds 
or one of the following holds for the triple (G, X, A), where I is the high 
weight of the underlying restricted module: ( Gz, B, , 21, ), (E,, B,, A2 ), 
(E,, C,, 2J, ). In each case let P be the maximal parabolic subgroup of X 
obtained by deleting the end node on the right (label Dynkin diagrams as 
in Section 3). At this point we embed P in a parabolic subgroup of G, use 
the above argument, and compare dimensions to obtain an easy contra- 
diction. 

We now have X and G of the same type. By Steinberg [16] we can 
extend f3 0 cp to a representation p of x into GL(L(G)). Necessarily, p is the 
twist of a restricted representation (the action is tensor indecomposable) 
and L(G) is a twist of the adjoint module for .%? Consequently, X fixes two 
Lie products on L(G), one, call it [ , Ia, coming from L(G), and the other, 
c 5 1x3 coming from X via the adjoint module. 

One checks that in each case L(G) A L(G) = A @L(G) as modules for X, 
where A is an irreducible module of high weight different from that of 
L(G). Thus, Hom,(L(G) A L(G), L(G)) is a l-space, [ , Ic and [ , ]r are 
scalar multiples of each other, and so p(X) = 0(G) (as each group is the 
connected component of the full stabilizer in CL of the corresponding Lie 
product). 

The map p is a combination of a suitable Frobenius map F and the 
adjoint representation Ad of 1 We have two groups X and G mapping to 
the same group 19(c). In each case the image arises as the adjoint represen- 
tation, which is an isomorphism when restricted to a maximal unipotent 
subgroup. As in Lemma 1, Ad can be factored through G. That is, there 
exists a homomorphism 5: 8 + G such that Ad = 19 0 c. Now for x E X we 
have 8(cp(x)) = Ad( F(x)) = 13([( F(x))). As before this yields cp = i 0 FIX, 
and we have the required extension. 
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3. THEOREM 2 

In this section we prove Theorem 2. We follow the proof of Lemma 2 of 
Theorem 1, being more careful with the definition of the relevant 
l-dimensional torus. Let G be an exceptional group, take P to be a simple 
factor of X of minimal dimension, and let N be as given in Theorem 2. - - 
With one exception, the number N given for the pair (Y, G) is at least that 
obtained by considering any other simple factor of X. The exception is 
(G,, E6), with x containing a simple factor of type A,. However, an 
argument using [2] shows that E, cannot contain such a subgroup. 
Consequently, the number N will suffice for each simple factor of 1. 

The prime restrictions in Theorem 1 arose at two points of the proof. 
The first and most important was in the course of defining a certain 
l-dimensional torus. Later, prime restrictions were used in order to show 
X acts irreducibly on L(G) and that x and G are of the same type. 

The definition of the torus depended on the composition factors of a 
subgroup J of X isomorphic to SL,(p) or PSL,(p). If J can be chosen so 
that all composition factors are small, then it is possible to improve on 
the bound. We consider an appropriate group J in 7 and obtain a 
l-dimensional torus as before. We repeat this for each simple factor of 1. 
At this point we either can use the product of the tori obtained or can take 
a diagonal l-dimensional torus of the product. 

If rank(P) > 1, we will proceed by first obtaining restrictions on the 
possible composition factors of X on L(G), assuming relatively mild restric- 
tions on p. This yields Table I. Then we choose J< Y to be contained in 
a fundamental SL2 corresponding to a long root and argue that all com- 
position factors of J on L(G) must be of low dimension. If P= A,, the 
bounds are obtained using information on unipotent classes. 

Once again assume we are in the inductive proof of the theorem. We first 
argue that cp( Y) acts on L(G) as a simple group. For suppose 
Z= Z(cp( Y)) & Z(G). Then Z is either cyclic or Z2 x Z,. In either 
case 11.51 of [ 151 implies Z is contained in a maximal torus, so the 
preimage under 8 of C,(Z) is a d-invariant subgroup of positive dimension 
containing q(X), contradicting (*). Hence, cp( Y) is simple (as p > N). 

We also claim X acts without fixed points on L(e). First note that G acts 
irreducibly on L(G) (see [6] ). In particular, Z(L(G)) = 0. Suppose 
S = CL(~)(X) # 0. Then S is w-invariant, so there exists 0 # u E S fixed by w 
(see the proof of Proposition AG(14.2) of [3]). But as d = C,(u) has 
positive dimension, this contradicts (*). Thus, CLcGJ (X) = 0. 

Case 1. P =A,. 

The choice of N yields p > N> 3(hc - l), where hc is the Coxeter 
number of G. Consequently, we may apply the results of Chapter 5 of 
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Carter [5]. Let B= UT be a Bore1 subgroup of J= SL,(p) < Y, with 
U= (u) and T= (t). 

If e # 0 is a nilpotent element of L(G), then e can be embedded in a sub- 
algebra E of type A, ((53.1) of [S]) which can be exponentiated ((5.5.5) 
of [S] ) to yield a subgroup 4 of 0(G) of type At. By (5.4.7) and (5.5.5) of 
[S], it follows that E and d are completely reducible on L(G) with 
irreducibles of the same dimension. Let T be a Cartan subgroup of B nor- 
malizing the unipotent subgroup u < D, where L(U) = (e). Embedding T 
in a maximal torus of G we obtain a weighted Dynkin diagram (see (5.6.6) 
of [S]) which in turn yields all weights of rT on L(c). The highest such 
weight possible is twice the height of the highest root. As this number 
is less than p it follows that all composition factors of 4 on L(G) are 
restricted. 

For g E G, exp(ad(rld( g) e)) = Ad(g) , exp(ad(e)) . Ad(g)- ‘, so that the 
map 5: e --t u(e) is a map of G-classes, where u(e) is the unipotent part of 
&‘(exp(ad(e)). We claim 5 is a bijection. The G-class of e is determined 
by the above labelling of the Dynkin diagram of G, which in turn is deter- 
mined by the dimensions and multiplicities of the simple E-submodules (see 
the proof of (5.6.7) of [S]). But these are also simple modules for d and 
therefore Jordan blocks for exp(ad(e). It follows that 4 is injective. The 
Springer correspondence gives a G-equivariant map between the set of 
unipotent elements of G and the set of nilpotent elements of L(G). So the 
number of classes are equal and the claim follows. The surjectivity of 5 
implies there is a subgroup 4 < G of type A r and containing u = u(e) for 
suitable e. 

Each irreducible summand of L(G)IB is a Jordan block of U, and these 
summands are determined by the weighted diagram. Since u also acts as a 
single Jordan block on each J-composition factor of L(G), the largest such 
factor is bounded by the dimension of the largest composition factor of d. 

First suppose u is a semiregular unipotent element; i.e., C,(u) = Q x Z, 
with Q a connected unipotent group and Z = Z(G). We have u = u(e) with 
(e) = L( 0) and C,(e) is F-invariant. Now CLcc,(e) = CLcG)(u) (check the 
representations of the corresponding Ai’s) so (1.14) of [S] implies C,(e) 
and C,(U) have the same dimension. A quick check of pages 401406 of 
[S] shows that there are unique nilpotent and unipotent classes with 
centralizers of this dimension. It follows that the G-class of e corresponds 
under the Springer map to the G-class of U. Clearly, C,(e) < 
CG(exp(ad(e))) = C,(u), so it follows that C,(e) = C,(U) and thus C,(U) 
is T-invariant. 

For t E T, u’ = uk for some k E ?=, whence t E C,(u) T An argument with 
(9.3) of [3] shows every semisimple element of C,(u) T is conjugate to an 
element of Z x T, so conjugating if necessary we may assume t E Z x T. As 
8(T) <0(T), we can use T in place of the torus i? in the proof of 
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Theorem 1. It is still necessary to assume that the J-composition factors 
have dimension at most (p - 1)/Z in order to avoid congruences among the 
weights. This is consistent with the bounds in Theorem 2. 

Now suppose u is not a semiregular unipotent element. Here we use the 
list of labelled diagrams on pages 401406 of [S] in order to determine the 
highest weight of D on L(G). This weight is m = C bili, where the numbers 
li are the labels given and the bi are the coefficients of the highest root. As 
indicated above, this yields an upper bound on the largest composition fac- 
tor of J. We check that our assumption on p guarantees that (p - 1)/3 > m, 
so we are in a position to define the torus R. This completes the argument 
for F=A,. 

Case 2. P has rank 2 2. 

As mentioned at the start of his section our goal here is to show that the 
composition factors of a subgroup J= SL,(p) contained in a fundamental 
SL2 in Y are of small dimension. The group J is contained in the subgroup 
C of Y defined over the prime field. All composition factors of C on L(G) 
can be regarded as restrictions to C of restricted modules for F. Let 1 be 
the high weight of such a composition factor, V= V(J). Since L(G) is self- 
dual (see 31.6 of [ 71) either V is self-dual or V* is also a composition 
factor. Consequently we begin with Table I which gives conditions on the 
high weights of all the restricted self-dual representations for F having 
dimension at most dim(L(G)) and the restricted non-self-dual modules of 
dimension at most ($)dim(L(G)). The results are obtained under the 
assumption p > N. In some cases, we give separate restrictions according to 
the various possibilities for G. 

In the following we describe our methods for obtaining Table I although 
the actual details are left to the reader and are somewhat tedious. Let 
V= V(J) be as above and let p denote the half-sum of positive roots. 
Express 1 as nonnegative combination of the fundamental dominant 
weights, A= C cilzi, where the fundamental dominant weight Ji corre- 
sponds to the fundamental root ai. 

If (1+ p, a) <p for each positive root a, then the Weyl module of high 
weight 3, is irreducible (see [ 11, so dim(V) is given by the Weyl degree 
formula. If C c, is reasonably small, then these dimensions are listed in [4]. 
On the other hand, if C ci is large, then the degree formula gives a 
contradiction. 

Now suppose there exists a positive root a such that (I + p, a) > p. We 
obtain a lower bound on dim(V) by counting conjugates of certain domi- 
nant weights appearing in V. Namely, dim(V) is bounded below by the 
sum of orbit lengths of all subdominant weights to 1 for which the corre- 
sponding weight space of V is nontrivial. To get subdominant weights with 
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nontrivial weight space, proceed as follows. If ci> 0, then V contains a 
composition factor for the fundamental A, corresponding to cli with high 
weight c,A,. Therefore each of the weights I-bai occurs with nonzero multi- 
plicity for b < ci. Moreover, for b < cJ2, these weights are dominant. Given 
such a b and aj adjacent to ai, one checks that the A, corresponding to aj 
has a composition factor of high weight d,lj, where d = cj - (bai, aj). 
Hence, I-b&cAj is also a dominant weight of V for all 0 6 d/2. One can 
repeat this process to get further dominant weights. 

We make use of Table I, which we base on the labelling of Dynkin 
diagrams below. In some cases symmetries of the Dynkin diagram can be 
applied to yield further entries. In all cases we assume p > N, where N is as 
given in Theorem 2. 

I 3 4 5 6 

‘%I -. ,,. -. Eg --I--* 

1 2 n-l ” 2 

1 3 4 5 6 I 

J% C-. “’ -. 
E’ --I-+---’ 

I 2 n-l ” 2 

13 4 5678 

Cn C-. “, .a+. 
E* --I------- 

1 2 n-1 n 2 

n-1 

D, C-.... < F4 -we-. (32 - 
I 2 n-2 n 1 2 3 4 1 2 

Using the information in Table I we can improve the bounds. We have 
J N X,(p) with J< C < Y. Each composition factor of C on L(G) arises 
from an irreducible module V= V(L) for y with high weight 2 = C ci& 
satisfying the conditions in Table I. In some cases the list can be further 
shortened. For example, as mentioned earlier, q(Y) acts as a simple group. 
So, for example, this would rule out the case P= C, with I = Jr or 31,. 

We must rule out a few special configurations. If 9= G, and G = E,, 
then 1# 21,. For suppose otherwise. Then by [6], dim( V(n)) = 77 and as 
L(G) is self-dual and of dimension 78 we conclude that X has fixed points 
on L(G), contrary to earlier remarks. Similarly, we show it is not the case 
that 8= C,, G= E,, and A=41,. For otherwise, dim( V(n))= 126 (by 
(8.1) and (1.14) of [12]). As Z(P) acts trivially on L(G), there is but one 
nontrivial composition factor of Y on L(G). Hence Y fixes a nonzero 
element ZE L(G) which can be taken to be either nilpotent or semisimple. 
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TABLE I 

P G Conditions on 1= z c,l, 

A, 4<n 

A4 

A3 

A2 

4 

c3 

B2 

Dn 5<n 
n=4,5 

G2 

xc,<3 and xc,<2 ifn=l 
xc,<4 
xc,<3 
xc,<5 or/t=61,,7i, 
xc,<3 
~cj<100rI=ci,,c<14 
xcc,<8 or1.=91,, 101, 
xcc,<60ri=71, 
xc;<4 ori.=51, 
Zc,62 
Atmost2c,‘sare#Oand3~~c,~l+c,+c,. 
At most 2 c,‘s are # 0. Either n = 4 with I = 3 E., 

or2>~c,<l+c,+c,. 
xc,<4. Ifc,#O, then1=21, orc,=l 

and Cc,<3. 
xcc,<3.1fc2#0, thenc,=l andCc,<2. 
zcc,<4 
Ecc,<3 or1,=41, 
zcc,<9 
xc,<7 
CC,<5 

xcc,<2 
1=1, or21, 
xcc,<3. If c,>Oforj#l,n,n-1, thenjis 

unique, c, = 1, and 1 c, Q 2 
c, +2c,<4 
c, + 2c, < 3 

47 22 
4, I.7 
18 
4, 1.4 

Then Yd C,(I), so Y is contained in either a proper parabolic subgroup 
or a reductive subgroup of maximal rank. In either case Y must act 
nontrivially on the Lie algebra of C,(I). But no proper subgroup of G has 
dimension at least 126. 

Lastly, consider the case Y=A, with 1=61, or 72,. The latter case is 
trivial for otherwise Y would not act as a simple group. Assume II = 6A,, 
so that dim(V) = 84 by (1.14) of [ 123. As V is not self-dual, I’* must also 
appear as a composition factor, forcing (? = E,. Hence, p > N = 13. If 
p > 19, this case presents no difficulties for the arguments to follow. So 
assume p = 19 or 17. Since Y must act as a simple group we have 
C= SL(4,p) or SU(4,p), respectively. Let K be a maximal torus of a 



572 SEITZ AND TESTERMAN 

fundamental SL(2,p) of order 18, let t be the involution in this torus, and 
let w have order 3, with w central in a subgroup F of C of type SL(3, p) 
or SU(3,p). Choose w to commute with K. Then C,(t)=D, or A, E7, of 
dimension 120 or 136, respectively, and C,(w) = A, E, of dimension 86 
(here we use the fact that w E F= F’). In this way we have the possible 
dimensions of the centralizers of t and w on L(G). It is then possible to use 
Table I and the action of t and w on various modules to determine all 
possibilities for the composition factors of L(G)1 Y. They are as follows, 
where we use the notation (a&)“ to indicate the irreducible module of high 
weight aA, + b& + CA, occurs with multiplicity d:(600)1/(O06)‘/(200)4/ 
(002)4, (600)‘/(006)‘/(010)‘2/(000)8, (600)‘/(O06)‘/(020)‘/(010)10. We next 
calculate dim( Cc(K)) = 64, 64, 58, respectively. As K is cyclic it can be 
embedded in a maximal torus of G, so that CG(K) is a group of maximal 
rank with the given dimension. One checks that the only possibility is 
CG(K) = T, A, of dimension 64. However, another check shows Cc(K) n 
C,(w) has dimension 18, whereas viewing w E T, A7, we see that this is not 
possible. 

Now V occurs as a composition factor of the tensor product of the 
fundamental modules V(&), each repeated ci times. It is fairly easy to 
obtain the action of J on fundamental modules. For example, say 8= C,. 
Then each of the fundamental modules occurs within an appropriate wedge 
of the usual module. Since J is generated by a pair of opposite root groups 
acting as groups of transvections on the usual module it follows that com- 
position factors of J on a wedge module are of dimension 1 or 2. So if, for 
example, i = 1, + A,, all composition factors of J on V have dimension 1, 
2, or 3. In some of the other cases a few additional comments are required 
to obtain the action of J on fundamental modules. If x= D, or B,, then 
J has composition factors on the spin modules of dimensions 1 and 2. This 
is proved by induction, noting that a Levi subgroup of type D,- I or B,- 1 
decomposes the space into the sum of two spin modules. For the excep- 
tional groups there are at most two fundamental modules to consider. One 
is the adjoint module where J has composition factors of dimension 1, 2, 
or 3. The other one (for x# E,) is a module on which J has composition 
factors of dimensions 1 or 2. This is seen by realizing the appropriate 
module within a parabolic subgroup of some larger group and then using 
the commutator relations to see that unipotent elements of J have 
quadratic minimal polynomial. 

At this point we carry out the analysis in each case to obtain the possible 
sizes of composition factors of J. If the largest possible dimension is b + 1, 
then the required inequality is (p - 1)/3 > 6. For this allows us to define the 
required l-dimensional torus. 

Having defined the torus we next argue that X acts irreducibly on L(G). 
For otherwise, the argument of Lemma 2 produces a connected, 
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b-invariant subgroup 4 containing X and the torus. We recall some of the 
arguments at the start of the proof of Theorem 1. An argument with the 
Borel-Tits Theorem shows D is reductive. Next argue that we may assume 
(S ) is transitive on the simple factors of D. Now reduce to X< & where 
E is a simple diagonal subgroup of D invariant under dk, where k is the 
number of simple factors of B. If i? is classical then by Lemma 1 cp: X-+ i? 
can be extended to 1, so X leaves invariant the subspace L((p(X)) and we 
can repeat the argument unless cp(x) = i?. At this point we have the asser- 
tion. If i? is exceptional replace G with E and repeat the above arguments. 
Eventually we either obtain the result, or reach a situation where X acts 
irreducibly on L(G) and G is an exceptional group. 

Therefore we now assume X acts irreducibly on L(G). It will suffice to 
show X and C are of the same type, for given this we complete the proof 
as in Lemma 2. As before, we show X is quasisimple and not of type A,. 
In the proof of Theorem 1 we then used Table 1, the Weyl degree formula, 
and [4] to determine dim( I’). However, in view of the weakened restric- 
tions on p, we can no longer assert that all Weyl modules are irreducible 
for weights i in Table I. Consequently some changes are required. From 
[ 11 we argue that all relevant Weyl modules are irreducible unless x= D,, 
for n > 6 and ,7. = 2 A1 or x= B,, C, for n > 3. In the following we indicate 
the sorts of arguments required to complete the proof for these cases. 

As before, we see that L( G)IX is tensor indecomposable, so there is an 
irreducible restricted module for X of dimension equal to that of L(G). Let 
1 be the high weight. We give the details for the case X= C,, leaving the 
remaining cases, which are based on the same sorts of arguments, to the 
reader. If p > 13, then by [ 1 ] all relevant Weyl modules are irreducible and 
we have the same contradiction as before. Choose a maximal parabolic 
subgroup P of X with Levi factor L of type A, and use the argument 
described in the middle of the proof of Lemma 2. Namely, embed P 
in a parabolic subgroup P of I? having Levi factor 1 such that 
Q=O,(P)<R,(P)=Q. Then VP= V,, this module is irreducible for 
both L and E, and the latter module is of known type. The prime restric- 
tions force the Weyl module corresponding to V, IL to be irreducible and 
we conclude A= aA, + b E,, + c& , with a + b < 1. Now replace P by the 
parabolic subgroup with Levi factor of type C, and repeat the argument. 
We conclude that b = c = 0, so i = Ai, contradicting the irreducibility of X. 

4. THEOREM 3 

Here we sketch the proof of Theorem 3, which is a slight variation of the 
arguments of the previous sections. Let G be an exceptional group, let 
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N = N(G) be as in Theorem 2, and fix notation as in the proofs of 
Theorems 1 and 2. 

First argue as in the proof of Theorem 2 that if X acts irreducibly on 
L(G), then X and G are of the same type and there is a surjective 
morphism (p of x to G. Applying (**) to the representation 8 0 (p we see 
that (ii) of Theorem 3 holds. Now suppose S is a proper X-invariant 
subspace. Using (* *) we check that M and 6 normalize the group 

D = n N,-(~-~(~J s), 

the intersection taken over all m E M and all i>O. Each of the spaces 
O(m) S is X-invariant and hence invariant under the constructed 
l-dimensional torus. Since o normalizes this torus (see the comments 
following (***)), the torus is contained in b so that B has positive dimen- 
sion. If d is not reductive, then by [Z] it can be embedded in a canonical 
parabolic subgroup P, which is then invariant under M and 6. But then 
M Q NG( Pa) = P,, a parabolic subgroup of G. If D is reductive, we have 
the first assertion of the theorem as X< 4. In fact p > N implies Xd Do. If 
M is maximal, then necessarily X= F*(M) = Op’(Db). 
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