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ABSTRACT

Let Y be a simply connected, simple algebraic group of exceptional
type, defined over an algebraically closed field kK of characteristic p > O.
The main result describes all semisimple, closed connected subgroups of Y
which act irreducibly on some rational kY module V. This extends work of
Dynkin who obtained a similar classification for algebraically closed
fields of characteristic O. The main result has been combined with work
of G. Seitz to obtain a classification of the maximal closed connected

subgroups of the classical algebraic groups defined over k.

AMS subject classification (1980).
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INTRODUCTION

Our purpose here is to study triples (A,Y,V), where Y is a simply
connected, simple algebraic group of exceptional type, defined over an
algebraically closed field k of characteristic p > 0, V is an irreducible
rational kY module, and A is a semisimple, closed connected subgroup of v
such that V|A is irreducible. (We refer to the above set of hypotheses as
the "main problem.”) In our main result, we obtain a precise description
of the triples (A,Y,V).

Before stating our result, we introduce the following notation. Let
TA be a maximal torus of A, Ty a maximal torus of Y, with Tp < Ty. Let
TM(A) = {aq,ap,.. .} and TI(Y) = {B 1,Bo,. . .} be bases of the root systems
Z(A) and 2(Y), respectively, with u; the fundamental dominant weight
corresponding to aj and Ay the fundamental dominant weight
corresponding to Bi. Let X be the high weight of V. (Our 1abelling of
Dynkin diagrams is described on page 8.) Finally, we write A = G,, for

example, to mean that Z(A) has type Go.

Main Theorem. If VIY is tensor indecomposable, one of the

following holds:

(1) A=Aq,Y =06y, AMTp =641, MTy =Xq andp27.

(i1) Y =Gy, p=3, Z(A) is a subsystem of Z(Y) containing all Tong
(respectively, short) roots of Z(Y), and X\ITy has long (short) support.

Received by the editors February 8, 1987 and, in revised form September

4, 1987.
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2 DONNA M. TESTERMAN

(111) A=0p, Y =Fy,p=7,8nd NMTp =241 and MTy = Xy,

(iv) Y =Fg4, p=2, Z(A) is a subsystem of =(Y) containing all Tong
(respectively, short) roots, and ATy has long (short) support.

(V) A=Ay Y =Eg MTa=2U1+200, ATy = X4 or Xg, and p=2,5.

(vi) A=0Gop,V

I

Eg, MTaA =211, MTy = Xq 0r Xg, and p=2,7.
(vil) A=Cyg, Y =Eg, MTA = o, ATy = Xq or Ag, and p=2.
(vii1) Y = Eg, A = F4 is the fixed point subgroup of the graph
automorphism of Y and
(@ MTy =g + (p-2Az0r (p-2)Ag + Ag, for p>2, or
(b) NTy = (p=-3)xq or (p=3)hg, for p>3.
Moreover, if the pair (A,Y) is as in (i), (iv) or (viii) VIA is irreducible. As
well, if p>7 (respectively,p=7,p = 2,5,p= 2,7, p = 2)and Y has type G,
(respectively, Fyu, Eg, Eg, Eg), there exists a subgroup B < Y, of type Aq
(respectively, Gp, Ap, Gp, Cy) such that B acts irreducibly on V(X 4)
(respectively, V(hg), VX q), V1), V(X 1)) with the high weight

described in (i) (respectively, (ii1), (v), (vi), (vii)).O

The results of (i), (i1) and (iv) are proven in [12], where G. Seitz
considered the main problem in case Y is a classical group. We establish
(1i1), (v), (vi) (vii) and (viii) and the existence of an irreducible A4 in G5 in
this paper. The proof of the existence of an irreducible C4 in Eg was
communicated to the author by Seitz and is also included here. The
remaining existence proofs (A, < Eg, Go < Eg and Gy < F4) are given in
[16], where the conjugacy classes of the irreducible subgroups are also
determined.

For an arbitrary irreducible rational kY module V, Steinberg's
tensor product theorem ([15]) implies VIY = V4 4®---® V%, where each
Vi is a nontrivial irreducible kY module with restricted high weight and
{qq,. . .,qx} are distinct p-powers. (We refer to V;%ias a conjugate of Vj.)

If VIA is irreducible, for some subgroup A, then V;lA is irreducible for
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 3

each 1 and the triple (A,Y,V;) is described in the above theorem. Hence,
there is no loss of generality in assuming throughout that VIY is tensor
indecomposable.

The consideration of triples (A,Y,V) in the case where char(k) = 0
was undertaken by E.B. Dynkin in [7]. Given A, a semisimple algebraic
group and ¥:A—SL(V) an irreducible rational representation, Dynkin
determined all overgroups of A in SL(V), Sp(V) or SO(V). In a
straightforward way, this information yielded a classification of all
maximal, proper, closed connected subgroups of the classical algebraic
groups. Inour situation, where char(k) = p, the Main Theorem has been
combined with the results obtained by Seitz in [12] to obtain a similar
classification of the maximal proper closed connected subgroups of the
classical algebraic groups over k. (This is perhaps the most striking

application of the results to date.)

Theorem (A). Let A be asimple algebraic group and Y:A—SL(V) an
irreducible, rational representaion which is tensor indecomposable. Then
with specified exceptions, the image of A is maximal among proper,
closed connected subgroups in one of SL(V), Sp(V) or SO(V). Moreover, any
other maximal, proper closed connected subgroup of the isometry group of
V arises naturally as the stabilizer of a subspace of V or the stabilizer of

a tensor product decomposition of V.0

For a more precise statement and the proof, see Theorem (3) in
[12]. By far, the major portion of the proof of Theorem (A) lies in
describing the "specified exceptions.” These fall into two categories, as

follows:

Theorem (B). Let Y be a simple algebraic group and ¥:Y — SL(V) an

irreducible rational representation which is tensor indecomposable. If A
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4 DONNA M. TESTERMAN

is a proper, closed connected subgroup of Y with VI®(A) irreducible, then
one of the following holds:

(1) #(Y) = SL(V), Sp(V) or SO(V).

(i1) (w(A),w(Y),V) appears in Table 1.0

Table 1 contains the combined results of this paper and [12], and
lists all embeddings A < Y < SL(V) where A and Y are irreducible, VIY is
tensor indecomposable and Y = Sp(V) or SO(V). For a complete explanation
of the notation in Table 1, see the end of the introduction; we make a few
remarks here. To describe the modules VIA and VIY, we give the high
weights. To describe the embedding of A in Y, we indicate the action of a
covering group of A on the irreducible kY module W, where W is the
natural, classical module for Y, if Y is classical, and W is an irreducible,
restricted kY module of minimal dimension, if Y is exceptional. Finally,
we note that there are examples for arbitrarily large primes for which
there are no counterparts in the characteristic zero result; e.q. Iy"and Tq
in Table 3. Hence, interestingly enough, the philosophy that the answer to
the sort of question studied here should be the same for large primes p as
the answer to the analogous zero characteristic question fails to be

justified.

The methods in [12] and this paper differ greatly from those of
Dynkin, by necessity. Since in characteristic p, rational modules for
simple groups need not be completely reducible nor tensor
indecomposable, as in zero characteristic, some of Dynkin‘s key
reductions do not carry over. Though we may assume that in the triple
(A,Y,V), VIY is tensor indecomposable, it happens that VIA can be tensor
decomposable. One may notice that throughout the paper, case-by-case
analysis is required whenever this possibility persists. If we desired

only to prove Theorem (A) or to give a new proof of Dynkin's result, we
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS S

could assume VIA to be tensor indecomposable and shorten much of our
work. As well, for a new proof of the zero characteristic result the
small prime analysis of Chapter 9 and the difficulty created by the
absence of formulae for the dimensions of and multiplicities of weights in
irreducible modules could be avoided.

We now give a survey of the methods used in this paper. Let (A)Y,V)
statisfy the hypotheses of the main problem. We obtain preliminary
information about the triple (A,Y,V) via induction. Choose a maximal
parabolic P of A, with unipotent radical Qp and Levi factor La. By the
Borel-Tits theorem [2], there exists a parabolic subgroup Py of Y with
Pa <Py andQp <Qy =Ry(Py). If Ly isalLevi factor of Py, a result of
Smith ([13]) implies that Lo" and Ly act irreducibly on the fixed point
space VQA‘ Hence, considering the projection of L' into the quasisimple
components of Ly" which act nontrivially on VQA’ we obtain a smaller rank
version of the original problem. Theorem (7.1) of [12] is a complete
solution of the main problem in the case where rankA = 1. Working
inductively, we may describe VQA (so partially describe V) and partially
describe the embedding of Lo"inLy". Though we are inducting on the rank
of A, we handle the case where rank(A) = 2 and Y = E,, in Chapters 6 - 9.
Hence, in Chapters 4 and 5, we assume the results of the later chapters.

In Chapter 2, we establish machinery for studying general parabolic
embeddings. As well, we prove results applicable only in the context of
irreducibility on some module. (Several of the results are proven in [12])
Through this work, we can see the influence of the inductive information
on (1) the projections of Lp' in the components of Ly" which act trivially
on Vq, and (2) the embedding of Qa in Qy. Our considerations are as
follows. With Ly acting on Qy via conjugation, certain quotients of Qy
may be regarded as modules for Ly', and hence as modules for L’ We
consider the image of the Lo’ module Qa/[Qa,Qa] in these quotients. Of

course, in an arbitrary parabolic embedding, Qa may appear in few Ly’
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6 DONNA M. TESTERMAN

composition factors of Qy. But another consequence of Smith's result is
the equality of the commutator subspaces [V,Qal and [V,Qy]. The
existence of particular weight spaces in [V,QyJoften forces Qa/[Qp,Qpl
to appear in particular quotients of Qy. Moreover, in most cases
Qa/[Qp,Qp] must appear as an L' submodule. This will place restrictions
on the projection of LA" in the quasisimple components of Ly" which act
nontrivially on particular composition factors of Qy. We compare this
with the inductively given information and perhaps produce a
contradiction, or at least broaden our knowledge of the embedding

Pa < Py.

Throughout the paper, various numerical methods are employed as
well. Since [[V,Qpa,Qal < [V,Qy1,Qyland [V,Qpl = [V,Qy],
dim([V,Qy1/IIV,Qy1,Qy D < dim(IV,QJ/I[V,Qa1,Qa1). Moreover, if
Z(Lp)° < Z(Ly)° (which is usually implied by a suitable choice of Py), then
the dimension of a Z(Ly)° weight space of [V,Qy1/[[V,Qy1,Qy] is bounded
by the dimensions of Z(La)° weight spaces of [V,Qa1/[[V,Qal,Qp) Seitz
gives an explicit upper bound on the dimensions of the latter. This yields
further restrictions on the high weight of VIY. When the high weights of
VIA and VIY are almost explicitly determined, we attempt to show that
dimV]Y exceeds the upper bound on dimV|A given by the Weyl degree
formula. For this purpose, various methods for obtaining lower bounds on
dimensions of kY modules are discussed in Chapter 1.

The absence of a "natural” module for the exceptional group Y gives
rise to (expected) differences between Seitz's work in [12] and our work
here. If Y is a classical group with natural (classical) module W, Seitz
proves that  most cases, WIA is irreducible and tensor indecomposable.
This provides information about the restriction of elements of Z(Y) to a
maximal torus of A and, coupled with an inductive hypothesis, usually
implies that VIA is a conjugate of a restricted module. As mentioned

before, the tensor indecomposable situation is much easier to handle.
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 7

In our situation, where Y is an exceptional group, we may think of
the "natural” module W as a restricted rational kY module of minimal
dimension. However, there is no complete theory relating the subgroup
structure of Y to its action on W. We do however use the module W
whenever possible. We consider the action of Lo’ on W, in particular the
La composition series of W. (This can be determined only when we have a
fairly complete knowledge about the image of Lo in Ly If dim(w) is
relatively small (e.g., 26, 27 or 56) we can list all rational kA modules of
this dimension, determine their L' composition series and compare with
the given L' composition series of WILA" Though fruitful in specific
situations, this analysis does not serve the purpose that the natural
module does for the classical groups. Rather, the bounded rank of the
exceptional groups and our extensions of Seitz's results on parabolic
embeddings enable us to restrict to the few possibilities of the Main

Theorem.

For the convenience of the reader, many of the preliminary results
from [12] are listed in this paper. It is useful to see that some of the
results in Chapter 2 are natural extensions of the results on parabolic
embeddings in [12]. A few essential theorems from [12], which we do not
state, are often referenced. Theorem (7.1), mentioned already, is the
solution of the main problem in case rank(A) = 1. Theorem (4.1) is a
solution for the case where rank A = rank Y. (See Chapter 3 for a partial
statement.) Theorem (8.1) gives the solution of the main problem for
certain natural embeddings of classical groups. And finally, we refer to
the list of all triples (A,Y,V), where Y has classical type, as the Main
Theorem of [12].
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8 DONNA M. TESTERMAN

Throughout the paper, we use the following 1abelling of Dynkin

diagrams.
Any e—e—e ... —o a
G o Gy G Eh o—eo—o o...0—
q a3 | o5 oy a
Bn *——e ... —e——0 Cl2
9 92 %1 %n
Cﬂ ——e ... —e==60 F4 *r—=—0——o
a2 %1 “n G2 93 %
Dp, o e—elap Gp OlE(E
q o I On 12

Let us make a few remarks about the notation in Table 1. The
second column indicates the types of the groups A and Y, respectively
When the symbol * —" " occurs, A< B < Y, for a closed, connected
subgroup B, which is a commuting product of quasisimple groups as
indicated. The notation means that either A projects surjectively to each
of the simple factors of Y or some factor is of type B, and the projection
is an A4 acting irreducibly on the spin module for B,. Moreover, in order
to make sure VI|A is irreducible, it may be necessary for the projections
to involve distinct field twists.

The third column describes the action of a covering group of A on a
particular irreducible kY module, W. If Y is classical, W is the natural
module for Y; if Y has type Gy, F4, or Eg (E7 and Eg do not arise), W is a
restricted module of dimension 7 (6 if p=2), 26 (25 if p=3) or 27,
respectively.

In the fourth and fifth columns the actions of A and Y on the module
V are described, and in the last column any prime restrictions are
indicated. Column 1 associates with each example a number. In the cases
where there is an analogous zero characteristic example, Dynkin's
numbering has been used. So I4-14o, II1-1Ig, III4, IV41-1IV1q, V41 and

VI -VIz appear in [7]. Notation such as VI4' refers to a variant of
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 9

Dynkin's VI1. Examples MRj are those where rankA = rankY and examples
labelled S1-Sg are special examples occuring only when p = 2 or 3; these

were found by Seitz in [12]. Examples T4 and T, are found in this paper.

In conclusion, the author would like to express thanks to Gary Seitz,
who suggested the problem, read an earlier version of this paper and
offered useful advice throughout. As well, special thanks are given to

Mark Reeder for numerous mathematical insights.
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CHAPTER 1: PRELIMINARY LEMMAS

Let V be a finite dimensional vector space over an algebraically
closed field k of characteristic p > 0, and let X be a semisimple, closed,
connected subgroup of SL(V) with fixed maximal torus T. Let {aq,...,ap}
be a base for the root system X(X) and let €q, and fo, denote the
corresponding elements of the Lie algebra L(X). Labelling Dynkin diagrams
as in Table 1, let Xy be the fundamental dominant weight corresponding to
oj. Assume VIX is irreducible and let X be the high weight of V. Then
(N\,aq) > 0, for each i and V is said to be restricted if (\,a;) < p, for
1<i<n. For asubgroup N < X, let V denote the space of fixed points of N
on V and [V,N] the commutator subspace (v-nv | VEV, n€eN).

an. @ v=vi9%®---® V%, where each V; is an irreducible
restricted module for X and qq,...,q¢ are distinct powers of p.

(i1) If V is restricted, then V is also irreducible when
viewed as a module for L(X).

Proof: (i) is Steinberg's tensor product theorem (see [15]). For (i)
see Section A of [11.0

(1.2). ([13]) Let P be a proper parabolic subgroup of X with
unipotent radical Q and Levi factor L. ThenL = P/Q acts irreducibly on
2=

1.3). ((1.7) of [12]) Let P be a proper parabolic subgroup of X with
unipotent radical Q and Levi factor L. Then V/[V,Q] is irreducible for L.
In fact, this quotient is L-isomorphic to ((V*)g)*.0

@.4). ([2D) Let X <Y, where Y is a closed, connected subgroup of
SL(V) and let P be a parabolic subgroup of X with unipotent radical Q.

There is a parabolic subgroup Py of Y with unipotent radical Qy such that

10
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 11

P<PyandQ<Qy.O

(1.5). Let X, Y, and P be as in (1.4), and choose Py as in (1.4)
minimal such that P < Py and Q < Qy = Ry(Py). Suppose Ly  =Lq---L,
where Lj is a simple normal subgroup of Ly, with root system of classical
type for 1<i<r. Then, Z(L)° < Z(Ly)°.

Proof: This follows from the proof of (2.8) in [121.0

1.6). ((1.4)in[12]) Let X <Y,P <Py, Q<Qy beasin(1.4). Then,
Vg = VQY' So L and Ly are reductive groups both acting irreducibly on
M= Vq and the image of L in SL(M) is contained in the image of Ly.O

A.7). ((1.6) of [12]) Suppose X is simple. Then V can be expressed
as the tensor product, V = V4 ® Vo, of two nontrivial restricted
kX-modules if and only if V is restricted and the following conditions
hold:

(i) X has type By, Cp, Fy4, or Go, withp = 2,2,2,3, respectively.

(i1) V1, Vo may be arranged such that each Vi has high weight X;,
A =Xq + Xo,and A4 (respectively, Ao) has support on those fundamental
dominant weights corresponding to short (long) fundamental roots.O

(1.8) Definition: Suppose X is simple.

(A) We say V is basic (respectively, p-basic ) if the following
conditions hold.

(i) V isrestricted.

(i1) If X has type By, Cyy, F4, or Go withp =2,2,2,3, respectively,
then X has short (respectively, long) support.

(B) If X and p are as in (i1), we say the pair (X,p) is special.

(1.9). Let X, P, Y, and V be as in (1.4) and suppose VIX is basic.
Also, if (X,p) is special (respectively, (G,,2)), assume TT(X) - TT(L) is {a}
(respectively, Tong).Then there exists a parabolic subgroup Py, of Y, such
that the following hold:

(i) P<PyandQ<Qy =Ry(Py).

(i1) L <Cy(Z(L)°) <Ly, alevi complement to Qy in Py.
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12 DONNA M. TESTERMAN

(ii1) If Ty is any maximal torus of Y containing T, then Ty < Ly.

Proof: This follows from the first two paragraphs of the proof of
(2.8) in[12]0O

(1.10). ((2.16) of [12]) Let Y be a simple algebraic group and
¥: Y — SL(M) a basic representation. Suppose X is a simple, closed
subgroup of Y and ¥IX is an algebraic conjugate of a restricted
representation of X. Then ¥|X is restricted.O

(1.14). (i) V¥ is irreducible with high weight ~wo\, where wy is the
long word in the fundamental reflections generating the Weyl group of X.

(i1) X leaves invariant a nondegenerate bilinear from on V if
and only if A = —wgh.

(i11) If X has type By, Cp, Dy for neven, E7, Eg, F4, or Gy, then
X necessarily stabilizes a nondegenerate bilinear from on V.

(iv) If X has type Ap, Dy, for nodd, or Eg, then X stabilizes a
nondegenerate bilinear formon V if and only if X = T\, where T is the
graph automorphism of the Dynkin diagram of Z(X).

Proof: See Section 31 of [10].0
(1.12). ((1.14) of [12D Let X = SLp4+4. For any integer p>c>0, the

irreducible module V having high weight ¢\ q or ¢y, is isomorphic to the
space of homogeneous poylnomials of degree ¢ in a basis of the usual
module for X, or its dual. Thus, dimV = (1/nD{(c+1)(c+2)-+-(c+n).0

(1.13). ((1.13) of [12]) Suppose X = SL,. Then the weight spaces of
T on V are of dimension 1.0

(1.14). Suppose X = SLo. Let TI(X) = {a} and Tet Xy be the
fundamental dominant weight corresponding to a. Then X fixes a
symplectic (respectively, orthogonal) form on the restricted, irreducible
kX-module with high weight n)\,, where n is odd (even).

Proof: This follows immediately from Lemma 79 of [14].0

(1.15). Suppose X = SLyp. Let TI(X) = {a} and Ay the fundamental

dominant weight corresponding to a. Let W be the rational kX-module
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 13

V(aghg) ® -+ ® V(aphy) where V(ajhy) is an irreducible, rational
kX-module with high weight aj) g, for aj = Zcyp, 0<jsmj, ¢4;€Z* and
O<cyj<p. If p>2 and ZZCU is even (respectively, odd), then there is no
submodule of W isomorphic to a conjugate of V() or V(3Xy)
(respectively, V(2X )).

Proof: Suppose ZZcij iseven. Then W = ZW?k?\a’ -r<k<r, a sum of

T weight spaces. Hence, since p is odd there is no weight vector with
weight gh or 3qh, for any p-power g. Similarly, if ZZCU- is odd,
W = ZW(2}<+1)>\Q’ -r<k<r-1, and there is no weight vector with weight
2q\, for any p-power q.0

(1.16). Let X be simpleand X =qq %1 + ++- + qQg%g, Where ¥¢,...,
7 are restricted dominant weights and qq, .. ,qg are distinct powers of
p. Then X leaves invariant a nondegenerate bilinear form on V = V() if
and only if X leaves such a form invariant on each of V(7Y ), ... V(7).

Proof: This is immediate from (1.11).0

(117). ((1.12) of [12]) Let X be simpleand X = ¥4 + <=+ + ¥,
where ¥4, ..,% are arbitrary dominant weights. Suppose that X leaves
invariant a nondegenerate symplectic formon V(7 1), ..., V(7y) and a
nondegenerate orthogonal formon V(¥ 41), ... V(7). Then

(i) X leaves invariant a nondegenerate bilinear form on
V(71) ®-+-® V(7p) =D.

(i1) There is a singular subspace S of D such that V is
X-isomorphic to a nondegenerate subspace of S+/S.

(i11) X leaves invariant a symplectic form on V if k is odd and an
orthogonal form if k is even.O

(1.18). ((1.9) of [12)) Let X be simple and L = L(X) and suppose that
0 <I<L isanideal of L not containing each ey, fo for a €T (X). Then one
of the following holds:

(i) I<2Z() < L(T), the Lie algebra of T.

(i1) L has Dynkin diagram of type By, Cp, F4, 0r Gp, p =2,2,2,3
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14 DONNA M. TESTERMAN

respectively, and I contains all eg for B a short root in Z(X).0

Fix a parabolic subgroup P = QL of X, where Q =R;(P) and L is a Levi
complement containing T. Choose P such that Q is the product of those T
root subgroups corresponding to the roots Z7(X) - Z(L). Let U be the
product of all T-root subgroups for roots in =T (X). Let TT(L) = T(X)NZ(L)
and Z = Z(L)°. We now establish notation and list certain useful results
regarding the series V >[V,Q] > [[V,Q],Q] >--- > 0, where [V,Q%] = V and
[v,Q11=[[v,a1713,Q1. Note that [V,QJ]is T invariant for all j and hence has
a decomposition into a sum of T weight spaces. For d > 1, set vdQ) =
[v,ad-11/1v,qd1.

(1.19). ((2.1) of [12]) V/[V,Q] is irreducible as a module for L' of
high weight AITNL".O

Definition: Let u be a weight of V, say u = X - Scgay, with each
cp>0. Then, the Q—Tevel of u is ch, where the sum ranges over those j
for which a ;€ TT(X) - TT(L). Let V(1) denote the subspace of V consisting
of T-weight vectors of weight p.

(1.20). Suppose X is simple and V is basic, and let d>0. If (X,p) is
special, assume TT(X) — TT(L) = {a} for some a € TT(X).

(1) If when (X,p) = (G»,2), TI(L) is short, [V,Qd] = @V, the sum
ranging over those weights p having Q-level at least d. Consequently,
va+1Q) is isomorphic to the direct sum of those weights having
Q-level d.

(i1) If when (X,p) = (G,2), TI(L) is short, dim([Vv,ad1/[v,ad*+17) <
s-dim([V,Qd‘l]/[V,Qd]), where s is the number of positive roots B such
that U-g<Q and B = aj+B’, for some aJ-ETT(X) - TT(L) and B" is O or a sum
of roots in TT(L).

(111) If when (X,p) = (82,2), TI(L) = {ap} is Tong, VZ(Q) = VZ(Q)y, - @
V2(Q)>\_2a1, a direct sum of Z weight spaces. Moreover, dimVQ(Q)}\—al <
2-dimvi(Q@ and dimV2(Q)y _pq, < dimv Q).
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 15

Proof: Statements (i) and (ii) follow from (2.3) of [12). So consider

the case where (X,p) = (G5,2) and TT(L) = {ap}. Since V is restricted, V is
irreducible as a module for L(X) and so is spanned by the weight vectors
f,}/l--~f,)/mv+, for ;€3 (X). order =F(X) = {r4,. . .,rn} so that the roots
BETT(X) = TTT(L) occur first. Then, we may write f,)/l---f,)/ vt as

m
fo oy W, where wg [V,Qland 7;€2F(X) - =*(L) for 1<i<j. Say
w € VT(Jl).

Claim: With f,yl---ffymv*, w and j as above, f,}/l---f,)/JwE[\/,QJ'].

Reason: We use induction on j. If j = O, there is nothing to show. So
suppose j> 0 and O # f,}/l---f,ij. By induction, fyz---f,ijE[V,QJ*]. But
x_,}/l(l)(fyz---f,}/jw) =yl Wt fy e fy W Zwy, where the sum
ranges over & > 2 and wg € Vy(U=%p=++-=7=27). Inparticular,
{ff}/l---f,ij, wp | 2 > 2} is a set of weight vectors for distinct T weights
and so is a set of linearly independent vectors. Since
[X—O’l(l)’fofz‘”ff)/j\”] € [V,Qland [V,Q)] is a sum of T weight spaces, we
have ff}/l---f,ije[v,QJ']. Thus the claim holds.

In the situation where (X,p) = (G5,2) and TT(L) is long, the above
claim implies that V2(Q) is spanned by the images of f,w, for wg([V,q]
and 7 €Z¥(Y) - Z¥(L). But in fact, since f3q 42q, =
i(1/3)[f2a1+a2:fa1+a2] and f3a+a, = t(1/3)[f2a1+a2,fal], we obtain a
spanning set for V2(Q) from the images of fow for
¥ €{aq,aq+an,2aq+ap} and wE[V,Ql. Hence, V2(Q) is spanned by weight
vectors of Q-levels 1 and 2. So we may decompose V2(Q) as described in
(ii1). Moreover, the above remarks imply that the Z weight space
V2(Q)>\_a1 (respectively, VQ(Q)X_QQI) is spanned by vectors of the form
fow where wg[V,Ql and ¥ €{aq,aq+ap} (respectively, ¥ = 204 +ao).
Thus, we have the given bounds on the dimensions of the Z weight spaces
of V2(Q).O

(1.21). Suppose X is simpleand V = (V)% ®---® (V| )%, where

each Vy is restricted and qq,...,q¢ are distinct powers of p. Then for each
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16 DONNA M. TESTERMAN

d>0,[v,Q91 = 5[v4,09% ® - ® [Vy,a%1%, the sum ranging over sets of
nonnegative integers dq,.. . dg with 2d; = d.

Proof: This follows from (2.5) of [12].

(1.22). Let V and X be as in (1.21), with TT(X) = TT(L) = {a}. Set Wy =
Vi%, fori=1, ..k

(i) As modules for L, V2(Q) = ®(W;1(Q) ®---® wi_;1(Q) ®
Wi2(@Q® Wiy 1Q) ®---® W 1(Q)), the sum over i = 1,.. k.

(i1) Assume Vj is basic for each i and that « is long when (X,p) =
(G5,2). The above summands of V2(Q) are the Z weight spaces for the
respective weights (A-qqa)lZ,.. ., (A-qga)lZ. Each such weight space has
dimension at most s-dimv1(Q), where s is as in (1.20).

(i11) Any Z weight space of V2(Q) has dimension at most d-dimv1(q),
where

d = s as in (1.20), if one of the following holds: V; is basic
for all i; or (X,p) is special and TT(X) - TT(L) is long; or (X,p) =

(Gp,2) and TT(X) - TT(L) is Tong.

d = 2n(n+1), 2n-1, 14 or 4, if (X,p) = (By,2), (Cp,2), (F4,2) or

(G»,3), respectively, with TT(X) - TT(L) short.

d =3, if (X,p) = (G5,2) with TI(X) - TT(L) short.

Proof: The proof of this result is found in the proofs of (2.12),
(2.13) and (15.3) of [12], except for statement (ii1) when (X,p) = (G,,2) and
TT(X) = T(L) = {1} is short. So we will consider this case. Let N; be the
jth summand of the decomposition of V2(Q) given in (1). Then (1.20)(iii)
implies that Nj = NjL@N;2, where Nj® Ties in the Z weight space
V2(Q)>\_qua1, for 2 = 1,2. Hence, the Z weights in V2(Q) have the form
(Z-qjaIZ or (A-2q5a1)IZ, for 1<i<k. Suppose a Z weight space of V2(Q)
intersects Ny, and Ng for some m = 2. Then g = 2qj for some 1 <izj<k.
Then qj # 2q4 for a=jand q; = qp for b = i. Thus, the Z weight space
V2@ -qq, = MLBNZ, and by (1.20)(H 1D, dim(N 1) < 2-dimvi(a) and
dim(Ny2) < dimv1(Q). So the result of (ii1) follows.O
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 17

Let X <Y, for Y aclosed subgroup of SL(V) and let Py = QyLy be a
parabolic subgroup of Y such that P <Py, Q< Qy =R,(Py),and T < Ty, for
Ty a maximal torus of Ly. Set Zy = Z(Ly)°. Let 2(Y) be the root system
of Y and TT(Y) a fundamental system of Z(Y). We choose TT(Y) of Z(Y) such
that UNL < Qy(UyNLy), where Uy is the product of all Ty root subgroups
for roots in =*(Y) and Qy is the product of Ty root subgroups for roots in
7YY = S(Ly). Set TH(Ly) = TIYINS(Ly).

@23, (O [v,al=I[v,Qyl

(1) v1@) = vi(ay) is an irreducible module for L and Ly.

(1i1) V2(Qy) is an L-invariant quotient of V2(Q).

(iv) If wq (respectively, sq) is the Tong word in the Wey]l
group of Y (respectively, X), then —wy(O)ITNL" = =s5(M)ITNL".

Proof: (i) - (ii1) follow from (2.10) in [12].

Let W = V™ Then, by (1.11), W has high weight —wy(X\)
(respectively, —sy(\)) as a Y (respectively, X) module. By (ii) and (1.19),
wl(Q) = wl(qy) is an irreducible L' (respectively, Ly" module with high
weight —=so(MITNL (~wa()ITyNLy ). Since, UNL < Uy NLy, if
(w* + [W,Qy]) is the unique 1-space of W1(Qy) invariant under Uy NLy,
then (w* + [W,Qy1) is also the unique 1-space of W1(Q) invariant under
UNL. Recalling that T < Ty, the result follows.O

Definition: For # € TT(Y) = TT(Ly), set V¥(Ty) = ZVTY(“): the sum
ranging over those u for which A-p-% is a sum of roots in TT(Ly). Since
the Ty weights in Vl(Qy) all differ from X\ by a sum of roots in TT(Ly), it
follows that V7 (Ty) < [V,Qy] and we let

Vo (Qy) = (VY (Ty) + [V,ay 2D/[V,Qy 21,

(1.24). ((2.15) in[12]) Assume VIY is basic and ¥ € TT(Y) - TT(Ly).

(1) If {X,7) # 0, then some Ly’ composition factor of V,(Qy) has
high weight A-7.

(i1) Suppose (\,7) = 0, but (ELy,7) # O for some simple factor L,
of Ly' satisfying {(X\,ZLy) = 0. Then there exist distinct roots
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18 DONNA M. TESTERMAN

B, -Bg€T(Ly)NZL, such that some Ly composition factor of V., (Qy)
has high weight A-Bq-----B,-7.0

(1.25). Assume VIY is basic, X is simple, and that VIX =V, 4 ® -+ ®
Vi 9 with each Vj restricted and q4,. . .,qg distinct powers of p. Then

(1) V2(Qy) = BV, (Qy), the sum ranging over 7 € TI(Y) = TT(Ly).

(i) For each ¥ € TI(Y)-TI(Ly), Vo (Qy) = V7 (Ty) (as vector
spaces).

(i11) For each ¥ € TT(Y) - TI(Ly), V4(Qy) is a weight space for Zy of
weight (A=7)IZy. The decomposition in (i) is the decomposition of V2(Qy)
into distinct weight spaces for Zy.

(iv) If, in addition, TT(X) - TI(L) = {a} and Z < Zy, then for each
¥ €TT(Y) - TI(Ly), dimV 5 (Qy) < dimV1(Qa)-d, where d is as in (1.22)(iii),

Proof: This follows from (2.11) and (2.14) in [12] and (1.22) (iii)

above.O

In the remainder of this section, we 1list and establish certain
results which will be used in obtaining upper and lower bounds on the
dimensions of modules. Beyond the notation established in the next
paragraph, this material will be explicitly referenced when necessary and
is not required for the reading of the next chapter.

Assume, for the remainder of this chapter, that X is simple. Let
W(X\) be the Weyl module corresponding to the dominant weight X. Let &
be the half sum of the positive roots in Z(X). Write Z3(X) for the Z-span
of Z(X) and normalize the inner product on Z3(X) so that long roots have
length 1. Write U3\ if g = X - Zcjaj, for cy€2%1. Let P(h—L) denote the
number of distinct ways of writing A- as an integral linear combination
of elements of =T (X) with nonnegative coefficients. Also, let m(u) denote
the multiplicitly of the weight g in W(\). Finally, let W(X) denote the
Weyl group of X.
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 19

(1.26). (Weyl degree formula): dimW(X\) = (TT( +8,a))/(TT(5,a)),
where each product is taken over a € =7 (X).

Proof: See Section 24 of [9].0

1.27). Suppose rank x =2and X = mqAq + modho.

(a) If X has type Ay, dimW(\) = (1/2)(m1+1)(mo+1)(mq+mo+2).

(b) If X has type By, dimwW(\) =
(1/6)(mq+ 1Mo+ 1)(Mq+mop+2)(2mq+mo+3).

(¢) If X has type Go, dimw() =
(1/75D(mq+1)(mo+1)(My+mop+2)(M4+2mo+3)(Mq+3mo+4)(2my +3mo+5).

Proof: This follows directly from (1.26).0

(1.28). (Freudenthal): m(p) = 2Zm(u+ic)(p+ic,a))/((A+8 X+8) -
(u+5,u+8)), where the sum is taken over a € 1(X) and i>1.

Proof: See Section 22 of [9].0

(1.29). Let (v™) be the unique 1-space of V invariant under U = (U
rext(x)). Assume X is restricted and puzh. Let N = [ZT(X)l and let
{841,82,.. .,sN} denote any sequence of nonnegative integers. Given a fixed
ordering in Z¥(X) = {B1,B2,. . .BNE, VT = ((fﬁ151 fﬁNSN)V+ | A-p =
2siBi).

Proof: By (1.1), V isirreducible as a module for L(X). As L(U)

leaves (v*) invariant, Vy(u) = (fy --+fo v¥ | A= = Z93). The result
then follows from the Poincare-Birkhoff-Witt Theorem. (See Section 17
of [9])O
(1.30). Suppose V is a restricted kX-module, a € =1 (X) and p<X,
such that V() = 0. Assume 0 < (,a) < p.
(1) Vy(u-da) = 0, for each 0 < d < (u,a).
(i) If @ € TT(X), dimVy(X~da) = 1 for 0<d<{X,a).
Proof: View V as an irreducible module for L(X). (See (1.1).) Let X
be a Cartan subalgebra of L(X) and let R = (ey,fy,}). Then R = Ry B ¥,
(direct sum of Lie subalgebras), where Rty = (e ,fo ) and ¥} = Cyc(N).

Also, Ry = slo.
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20 DONNA M. TESTERMAN

Now, let O z ve V() and take a composition series of V under the
action of I, such that veVy,q - Vj. Then, ¥y induces scalars on Viyq/V;,
so Ny acts irreducibly on Vi, 4/Vy. The irreducible modules for R, are
all restricted (see Section A of [1]); in particular, the weights form a
chain. Since {(W,a) < p, (i) holds.

The result of (ii) follows from (i) and (1.29).0

(1.31). For a €TI(X), dimV1(h~-ka) < 1, for anykez™.

Proof: wWriteV=V,% ®---® V%, where Vi is a restricted
irreducible kX-module with high weight vy, and qq,. . .,qx are distinct
powers of p. Suppose A-ka = Z(qjvij - nigja) = Z(qjvi — Mjq;a), for some
integers 0<mj,nj<p. Thenk = Zn;jqj = £m;q; is the p-adic expansion of the
integer k. Somj = nj for all i and V1(-ka) = (V4I7(q4(vq - nya)) ®
2 ® (VGO T (g vk = ngad). So dimVp(h-ka) = TTdim((V;9)1(vi-nja)) < 1
by (1.29) and (1.30).0

(1.32). ((1.10)in [12]) Let u be a dominant weight of T and
Wo < W(X) be generated by those fundamental reflections corresponding to
simple roots a € TT(X) with {(,a) = 0. Then W, is the stabilizer of u in
W(X); so there are |[W(X):Wgl distinct conjugates of V(u) inv.a

(1.33). (i) (Linkage principle) Assume X is simply connected and
let X(T) be the group of rational characters of T. If u and v are high
weights of composition factors of an indecomposable kX module, then

(a) w(u+86) — (v+6) €pX(T), for some w € W(X), and

(b) pand v lie in the same coset of X(T)/X(T), where X(T) is the
sublattice generated by Z(X).

(i1) Suppose that p is a dominant weight and that W(\) contains an
X—-composition factor of high weight u. Assume that p > 2, and that p > 3
when A has type G,. Write i = X - Zcjay, where each ¢ > 0. Then

(1) 20u+6,Zcjaq) - (Scjay,Zcjaq) € (p/2)Z, if X = Go.

(i) 2(n+6,Zcjay) - (Zcjay,Zejay) € (p/6)Z if X = Go.

Proof: The statement of (i)(a) is Theorem 3 of [11]. Statement (ii)
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 21

is (6.2) of [12]. Part (b) of (i) follows from the fact that Up(V1(M)) C
SV r(n+ir), for i > 0, na weight in a rational kX module V, and r € Z(X).
See Lemma 72 of [14]0

1.34). ((8.6) of [12]) Let X = SLp4q and let V be a restricted
irreducible kX-module with high weight X. Suppose 1 <r<i<j<s=<n
and X =akj + bXjfor a=0=b. Then V(X -~ (apt--++ag)) is spanned by
vectors vy = ff!r““"‘* at_lfat Feeet as\/*, for ist<]. Moreover, vi, ... vjare
linearly independent unless a+b+j-1 = 0 (mod p), in which case they span a
j-ispace and bvj + vipq +-+++ vy=00

(1.39). Let V be arestricted kX-module. Let «,B € TT(X), with
(a,B) < 0, such that {X,a) =c¢,{\,B)=d, for 0<c,d. Then2>
dimVy(h-a-B) > 0 and

(1) if (o) = (B,B), dimVy(XA-a-B) = 1 if and only if c+d = p-1;

(1) if (a,) = 2(B,B), dimVy(XA-a-B) = 1 if and only if 2c+d+2=0

(mod p); and
(111) 1f (a,a) = 3(B,B), dimVt(h-a-B) = 1 if and only if 3c+d+3=0
(mod p).

Proof: This follows from (1.28) and the final proposition of [41.0

(1.36). Let Y be a simple closed subgroup of SL(V). Let Py = QyLy,
Ty, Uy be as inresults (1.23) - (1.25). Let ¥ € TT(Y) - TT(Ly) and B € TT(Ly)

be such that (7,7) = (B,B), (7,8) <O, (Ui-f)) is a simple normal subgroup
of Ly', {X,7) = 0 and (\,B) = p-1. Then, there exists 0 =
S VTY(X—O’~B) such that fov* and w afford distinct Ly' composition
factors of V. (Qy).

Proof: Note first that for 0 = ve€ vao\—f/—;s), either v is a

maximal vector for Ly'NUy or v lies in an Ly composition factor of

Vo (Qy) with high weight X-7. Clearly, f,v* is a maximal vector for
Ly'NUy, and so affords an Ly’ composition factor of V,(Qy). Moreover, by
(1.31), there exists a unique Ly composition factor of V,(Qy) with high
weight X~%. But (X\,B) = p-1 and (1.35) imply that dimvy (A -7-8) =2
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22 DONNA M. TESTERMAN

Hence, there exists O = W€ VTYO\—O’—jS) as claimed.O

(A.37). Let rank X = 2, with TT(X) = {a,B}. Let P, Q, and L be as in
(1.19) with L' = <Utﬁ>- Suppose V = V1% ®---® V%, for each V; isa
basic module for X and qq,...,qx are distinct powers of p. Then dim((V(On
- qiB - qya) + [V,021)/[V,Q2]) < 2, for each i.

Proof: By(1.22),0 = weVt(\ - gy - gja) corresponds to a
nonzero vector in W1 1(Q) ®---® W;2(Q) ®---® Wi 1(Q), where wy = V{%.

Let pg be the high weight of Wy, for 1<@<k. Suppose wé(wl)T(ul) ®
2o ® (WT = g4 ~ gja) ® -+ ® (W )T(k). Then w projects
nontrivially into some weight space of the form (W{)1(q - n1q1p) ®
e ® (Wt - gja) ®---® (W)t (U — nqB), for O<ny<p. Hence,

A= (ZngqpR) - gja = A - qjf - gja. S0 Zngqg = qj. Dividing this equation
by the highest power of p which occurs, and taking congruences modulo p,
we obtain n=0 (mod p) for some O<n<p. Contradiction. Thus,
weWT() ®---® (Wt - qiB - gja) ® -+ @ (W)T (), which has
dimension equal to dim((W;)T(i; - g;f = gja)). But this is at most 2, by
(1.29). Thus, the result holds.O

Using the methods of (1.26), (1.30), (1.32), (1.34) and referring to
[8], we obtain the following Tower bounds on dimensions of irreducible kX
modules.

(1.38). For V arestricted kX-module with high weight X\, let
d(\,p) = dimV, where p is the characteristic of k. Then

1

(i) X =Fg,d2xp,p) 2 25-3.5

(1) X =Eg,  1.dOg+A3+r5+rg,2) 2 20.33.5
2. dO+X3+%g,2) 2 29:35-19 3. dO g+ Ao+ hg,2) 2 24.35.13
4. dA3+ A g+ N5,3) 2 29-33.5:13  5.d(2hq+2%g,p) 2 2-35-5-11
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 23

(i) X =E+, 1. p¢3,d(>\6+}\7,p)323-32.7.19
2.d(2hq,p) = 2:32:7-17 3.x 2 0, dy+x17,3) > 26.32.7.19

4.d(3n7,p) 2 2°-52.7 5. d(2Xp,p) > 2°-32.37

6. dOvq+rs5,2) » 20.32.7.17 7.d(hp+Xsg,2) > 28-32.5.7

8. d(Ap+r7,2) > 24-3-7-37 9. d(hq+Xp,2) > 26.32.7.11

10. d(2xp+X7,3) = 20.32.7.13 11. d(hy,3) > 2°-32.5.7

12. d(2n7,p) = 22-7-29 13. d(A 1 +227,3) = 24.34.7
(v) X = Eg, 1.{a,b} = {1,2}, d( ak g +brg,3) > 25.33.5.241

2. d(Ap+r3+rg,2) > 210.33.5.7.13

3.d(2hg,p) 2 24-3-5-37 4. dng+hp+n7,2) 2 210.35.5.7

5. d(4rg,p) > 27-32.5-7-11 6. dhq+hp+hg,2) » 210.33.52.7

7.p>2, d(hp,p) = 20-3.59 8.d(2X4,p) 2 24-3%.5-11

9. d Ao+ hgt+rg,2) > 29-35.5.7-11

10. d(3hg,p) = 2°-33-5-17 11. d(hg+Xg,2) > 210.33.5.7

12. d(Nyp,2) > 28-32.52 13.d(hp+Xg,2) > 28.32.52.11

14. d(hp+rg,3) = 212.33.5 15. d(h1+rg,3) > 2°-33.52.7

16. d( 2hp+2g,3) 2 29-5-37 17.dOvg+hg+ng,2) > 27/.33.52.72
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CHAPTER 2: PARABOLIC EMBEDDINGS

In this chapter, we establish certain results concerning the
embeddings of parabolic subgroups, and in particular, embeddings of
unipotent radicals. We will adopt the following notation for this entire
chapter.

Notation and Hypothesis (2.0). Let Y be a simply connected, simple

algebraic group over an algebraically closed field k of characteristic
p>0. Let 8: Y — SL(V) be a nontrivial, finite dimensional, irreducible
rational representation. Suppose A = A° is a simple closed subgroup of Y
such that VIA is irreducible.

Let Z(A), 2(Y) denote the root systems of A, Y respectively, and
take TT(A) = {aq,ap,. ..} to be a fundamental system of Z(A), with y; the
fundamental dominant weight corresponding to aj. Let By = UpT be a
Borel subgroup of A with maximal torus T and unipotent radical Uy,
chosen so that Uy is the product of T po-root subgroups corresponding to
roots in S*(A). Write BA™ for (Upx™)T A, where U5~ is the opposite
unipotent radical. If (A) or Z(Y) has only one root length, we will refer
to all roots as being “long." Assume Z(Y) has type Gy, F4 or Ep,.

Fix a maximal parabolic subgroup Pa = Qala of A, where Qp =
Ry(Pa) and L is a Levi factor containing T a. Set TT(Lp) = TT(AINZ(LA)
and TT(A) - TT(LA) = {a}. We will choose P such that o corresponds to an
end node of the Dynkin diagram and Qp is the product of T p-root
subgroups corresponding to the roots in Z7(A) = Z(Lp). Let T(Lp) =
TaANLA and set Zp = Z(Lp)°. We will abuse notation and write uj for
I T AD.

Let Py = QyLy be a parabolic subgroup of Y such that Pp < Py,

24

Licensed to Ecole Polytech Fed de Lausanne. Prepared on Tue Apr 19 01:56:51 EDT 2016for download from IP 128.178.14.170.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 25

Qp < Qy = Ry(Py). (The existence of such a parabolic Py is given by the
Borel-Tits theorem.) Choose Py minimal with these properties. Let

Tp < Ty for Ty a maximal torus of Ly. We choose an ordering of Z(Y) and
a corresponding base TT(Y) = {B4,...Bp}, such that UpnNLa < Qy(Uy NLy),
where Uy is the product of those Ty root subgroups corresponding to the
roots in =*(Y) and Qy is the product of Ty-root subgroups for roots in
ST(Y) = Z(Ly). Write TT(Ly) for TI(Y)NZ(Ly) and set Zy = Z(Ly)°.

We will write U, for the T o (respectively, Ty) root subgroup
corresponding to the root r € 2(A) (respectively, Z(Y)). Also, let xn(t)
denote elements of Uy, for t€k and hy(c) denote the element of T, or Ty,
corresponding to the root 7 € TTI(A), or TI(Y), for c€k™. As well, let e, and
f- denote the corresponding elements of the Lie algebra L(Y) or L(A). For
Y of type Ep,, we will sometimes abbreviate the above notation in the
following manner: For ré =T(Y) such that r = ;311+---+j31t, {;5]-1,. ) "ﬁit} C

TT(Y) with ig<is < -+« < i, we will write Usigiye e i, fOr Usr, €4 - -1, fOr

.
er and similarly for fp., x4+(t) and ha(c). For re=*(Y), r = Za;B;, a; EtZ“L
with some a; > 1, we will write Ut(a, a,, . .,3,) for Usr, ete.

Write Ly' = L1 X---XLy, a direct product of simple algebraic groups.
We will refer to Ly as a component of Ly'. By (1.23),La"and Ly" are
irreducible on vi(Qy). Then vi(Qy) = M ®---®Mp., where each M; is an
irreducible Ly module. The embedding p: Lpo—Py/Qy = Ly gives an
embedding of Lo inLqX---X L, and we let pj:Lo" — Ly be the
corresponding projection. Then any module for Lj, in particular My, can be
regarded as a module for La".

Remark: If Ljis of classical type, with natural module Wj, the

proper parabolic subgroups of L correspond to stabilizers of flags of
totally singular subspaces of Wj. Thus, Py minimal implies W;lpi(LA") is
either irreducible or p;(LA") stabilizes a nonsingular subspace of Wj.
Hereafter, we will use this fact without reference to this remark.

Write V = V(X), where X is a dominant weight of Ty. Let X denote
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26 DONNA M. TESTERMAN

the fundamental dominant weight corresponding to the root B;. Let (v*)
be the unique 1-space of VIY invariant under UyTy = By. We may assume,
as discussed in the introduction,

(i) VIY is a restricted module, and

(i) VIA=V{ N ®---® VY, where V4,... Vi are nontrivial
restricted kA-modules and qq,. . .,qk are distinct powers of p.
As well, note that

(i11) VIY % L(Y), the Lie algebra of Y, as L(X), the Lie algebra of X,
is always a proper invariant kX-submodule of L(Y). We will use this fact

frequently without reference.

For each 7 € TI(Y) - TT(Ly), we define a certain normal subgroup K,
of Py, which in most cases is just the largest normal subgroup of Py that
is contained in Qy and does not contain the Ty root subgroup
corresponding to —7. Let Z,(Y) denote the set of roots in Z(Y) having
coefficient of % equal to -1 and zero coefficient for other roots in TT(Y) -
T(Ly). Then let K, be the product of those Ty root subgroups Ug for
which B €37(Y) - Z7(Ly) - Z4(Y). From the commutator relations it
follows that Ko 4 Py.

Q.. ((3.1) of [12D

(i) Qy/Kq is isomorphic to the direct product of those Ty root
subgroups for roots B € X, (V).

(i1) There is an Ly—-module structure on Qy/K, such that Zy acts
by scalars and such that there is @ maximal vector of weight —7.

(i11) Qy /K, is an irreducible Ly-module, unless 7 is a long root

with (7,ZLy) = 0 and Z(Y) = G, or F4, withp = 3 or 2, respectively.0

The above considerations apply to the parabolic subgroup Pa. Here

we have only a € TTI(A) - TT(L ) and we write Qa/Ky = Qp%. If (A,p) is not
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 27

special and if a is long when (A,p) has type (G5,2), then QA% = Qo/[Qp,Qp 1

(2.2). ((3.2) of [12D)

(i) Qap% has an Lp-module structure and -a is the high weight of a
composition factor.

(i1) If (A,p) is not special, Qp* is an irreducible L o module.

(i11) Qp%® has a unique maximal Lp-invariant subgroup, My, which is

a submodule having quotient module with high weight -a.0

Notation: We will write I, for the irreducible quotient, (Qa%)/M,

described in (iii) of the above result.

2.3). ((3.3) of [12]) Assume Zp < Zy and let 7 € TT(Y) — TT(Ly).

(1) QaKg /Ky is an Ly invariant submodule of Qy /K.

(1) If Vo (Qy) = 0, then Qp £ Koy

(i11) Suppose rank(Z(A)) >1 and (X,7) = 0. Then (7,Z(Ly)) = 0.0

(2.4). Assume Zp < Zy and let ¥ € TTI(Y) - TT(Ly). Suppose that
S €3(A), § has a—coefficient equal to —e and Ug $ Ko Then

(1) 71Zp =ralZp, where r is a positive integral power of p.
Moreover, r = gy, for some i, in case each Vj is basic and V4 (Qy) = O.

(i1) There exist unique roots B4,...,Bgin Zo(Y)andcy, -+ ,cq in k™
such that for LEk, xg(DKy = xg (c1t7/€)---xg (cst™/ &K,y

(iii) ﬁleA =(r/e)§, for j=1,. ..s as in (ii).

(iv) If D= QpNKy, thenU_, £ D, s0 QaKy /Ko has an Ly
composition factor isomorphic to (I,)".

(v) If (Ap) is not special, QaKy < (U_g | U_g £ Ky, SIT(LAD = 1M,
for some MEZT(A) with U_y, § Q7" YKy If (Ap) is special and he€ = (A)
with U_y § My (see 2.2(ii1)), then
U_mKy < (U_g | U_g $ Ky, sITLAD = rMIKy,.

Proof: Statements (i) — (iii) are contained in (3.4) of [12]. As well,
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28 DONNA M. TESTERMAN

if when (Ap) = (G,,2) we take a to be long, (iv) follows from the proof of
(3.4). Suppose (A,p) = (G5,2) and « is short. Let TTI(La) = {B}. Then,

Qp' = (U-3q-pU-3q-28) <D. If U_gq <D, then (U_)8 = U_q_p <D,
where g is the reflection corresponding to the root 8. But as well,
(U_a)x~ﬁ(1) < D; and a nonidentity element from U_p, _g occurs in the
factorization of this last expression. Hence, if U_q =D, then Qp < D.
Contradiction. Thus, (iv) holds. Finally, since QaKqy /Ky is an Ly
invariant submodule of Qy/K, , it is a sum of T(LA") weight spaces. The

result of (v) then follows from (iv).0

For the following result, we will need additional notation. Recall
that VIA =V {4®---®V Y%, where V; is a restricted irreducible kA
module and q1 ..,qk are distinct p-powers. Write Vi = V;S®V;%, where
Vi = VS unless (X,p) is special. If (X,p) is special, VS and V% are the
short and long parts of Vy, as in (1.7). We will write V;™ to indicate one

of Vj, V]'S, V1Q.

(2.5). ((3.5) of [12])

(i) Fori=1,..r, Mjisrestricted.

(i) Fori=1, ..,r,M;isirreducible under the action of L' and
there is a uniquely determined subset {qil,. . .,q1d} of {qq,...,9p} such that
Milla” = (Vi A% ® - @ (v e %0

Definition: Suppose one of the following holds:

(i) Ljis aclassical group with natural module Wy and WslL A’ is an
algebraic conjugate, by a p-power q, of a nontrivial restricted module.

(i1) pjLa") <L is the natural embedding of a group of type B, ina
group of type D441 and taking TT(LpA) =1{71,.. ., %m} TT(LY) =
{Tq, . Tm+ 1}, We have pj(xiryQ(t)) = xiTQ(tq) for 1<2<m and pi(xt'ym(t))
= Xay, (tDxeq (1D, for all cek™.

(D Lp = Lyand if TTLA) =471, . .Y mr and T = {T4,.. ., Ty},
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 29

PilXeq (D) = x+1j(tq), for 1<j<m, for all t€k.
Y *
Then we call g thefield twist on the embedding of L o"in L;.

(2.6). Suppose L is a classical group and MslLp" is the qj twist of a
nontrivial basic or p~basic module. Then, qjis the field twist on the
embedding of Lp" inLj.

Proof: If pj(La") < Lj is not the usual embedding of a group of type

Bm 1n @ group of type Dyp4+1, this follows from (9.1) of [12]. Suppose
piLAY < Ljis of type By < Dpyq. Let TT(Lp) and TT(L{) be as in (i1) above.
Then if (X, T;) = ¢4 for 1<i<m, then (X,7;) = ¢4q, where q is the field
twist on the embedding of La" in Lj. And by (8.1) of [12], {\,Ty) = 0 or
(N, Tm+1? = 0. S0 AN, 7 y) = dg, where d = (0, T) + (X, Tp41). BY(2.5),
MilLj is restricted so ¢j,d <pand qj = q.0

Definition: For 7 € TT(Y) - TT(Ly) with (7,ZLy) = O, suppose Qy /Ky
is an irreducible Ly’ module. Then, for 1<i<r with (7,ZL;) = 0, let 'VLI_(~7’)
denote the irreducible Ly module with high weight -7%. Suppose
VLGP = Dy ®-+® Dy'q, for Dy,...,Dg nontrivial, restricted
irreducible Lo modules and rq,. . .,rdi distinct p—powers. Let Sj(7,Lp) =
{rq,.. Srdt

(2.7). Assume Zp < Zy. Let ¥ €TTI(Y) - TTI(Ly) such that Qp $ Ky
Suppose one of the following holds:

(i) There exists a unique pair 1<i,j<r such that (ZL;,7) = 0 =
(ELy7)and Vi (=7ILp’ is irreducible for m = 1,j.

(i1) There exist distinct 1<i,j,2<r such that (EL,,,7) # O for m =
i,j,2 and VLm(—’)’)ILA' is irreducible for m = 1,j,2.

If (i) holds, either (A,p) = (Gp,2) with a Tong and rank(L{) = 1 =
rank(Ly, or Si(7,LaAINS{(¥,La) # @. If (11) holds, Si(7.,La) N
(S ,LAUS (7 La)) = 2.

Proof: Since Qp $ Ky, (2.4) implies that there exists an L’

composition factor of Qy/Ky isomorphic to a twist of I,. Now, as L’
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30 DONNA M. TESTERMAN

modules Qy /Ky = V| (=7’ ® VLJ(—O’)ILA', if (i) holds, and

VL,(")’)“—A' ® VLj(—'}’)ILA' ® VLk(—f)’)lLA', if (i) holds. If A has type Go,
p=2,and a islong, Iy = W ® W2, where W is the restricted
2-dimensional Lp' irreducible. In every other case, I, is a tensor
indecomposable Lo" module. The result then follows from the Steinberg

tensor product theorem. (See [15].) O
Hupothesis. For the remainder of Chapter 2, assume Zp < Zy.

(2.8). Assume (Y,p) is not special and let 7,6 € TT(Y) = TT(Ly).

(i) Suppose there exist r,s€=*(Y) - £¥(Ly) such that r+sez*(y),
U_p $ Ko, Uog $ Kgand x_g (1) = x_p(cqtDx_glcotdo)w, for c;€k™, g and qq
positive integral powers of p and we(U_gl B€ZT(Y) - Z¥(Ly) - {r,s}). If
q # qg, there exists a pair of roots {rq,s5} C >ty - 2+(Ly) - {r,s} such
that ro+sqy = r+s and a nonidentity element from each of Uor, and U-s,
occurs in the factorization of x_(t).

(1) Let 1<i,j<r such that (ZLy,7) = 0 = (IL4,6) and (7,8) < 0. If
Qa $ Ko 8nd Qp § Kg, there exists a p-power q such that ¥[Zp = qua =
81Z A

Proof: Letr,s, qand gy be as in (i). If there does not exist a pair

{ro.80} as described, then in the expression for 1 = [x_4(t), x_o (W], the
contribution to the root group U_p_g is cqco(atdud% - budt%), for some
a,b€k™. (Here we have used the fact that (Y,p) is not a special pair.)
Since ¢y # 0,a=-b and q = q5. Thus (i) holds.

For (i1), let r,s€Z¥(Y) - ¥ (Ly) such that U_, £ Ky and U_g ¢ Kg,
and x_o (1) = x_p(cqtx_gcotI2)w, for c; €K™, wEQy, q; a positive
integral power of p. Also, we may choose w so that no nonidentity
element from the set U_,U_g occurs in its factorization. Note that {r s}
is the unique pair of roots in E*(Y) - ¥ (Ly) whose sum is r+s. Thus, by

part (1), g4 = g and (i) then follows from (2.4).0
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 31

(2.9). Assume (Y ,p) is not special, and let 7,6 €TT(Y) - TT(Ly), as in
(2.8)(i1). Suppose Qp" = {1}. Then, Qa < K, or Qp <Kg.
Proof: Suppose false; i.e., suppose Qa $ Ky and Qp $ Kg. Then, by

(2.8), 81Zp = qo = ¥|Zp, for some p-power q. Let re=*(Y) - =¥ (Ly) and
Cr €K™ be such that U_p § Ko and x_p(cpt9) occurs in the factorization of
X_q (D). Let BETT(LA) such that U_g_g ¢ Mg. (See 2.2(111).) Let
sext(Y) - =H(Ly) and cg €k™ be such that U_g ¢ Kg and x_g(cgt9) occurs
in the factorization of x_g_,(t). (We have used (2.4) here.)

Consider the commutator [x_. (1), x_ﬁ_a(t)]. There is a nontrivial
contribution to the root group U_p_g from [x_p(c t9),x_g(cgtD]. Thus, as
the commutator is 1, there must be another contribution to this root
group. Now, {r,s} is the unique pair of roots in Z*(Y) - =*(Ly) whose sum
is r+s. Thus, a nonidentity element from the root group U_, must occur in
the factorization of x_g_q (1), and a nonidentity element from the root
group U_g must occur in the factorization of x_4(t). But this contradicts

(2.4). Thus, the result holds.O

For the following general lemmas we will need additional notation.
Let ¥ € TT(Y) — TT(Ly) and suppose that one of the following holds:

(@) There exists € TI(Y) - T(Ly) with (§,7) < 0.

(b) There exist 1<j<r and § € TT(Y) - TT(Ly) with =6 and
(ZLy,7) = 0 = (ZLJ-,S).

Let K < Kg be defined as follows: K = (U_,|r = IngB, PETI(Y),
Ng >10rng>1orny>0 for some TETI(Y) - TT(Ly) with T = 7,86).
Then, K 4 Py and Kg/K is an abelian group with an Ly module structure,
where Ly acts by conjugation and the scalar action is defined as follows:
for c,dek and s€ = (Ly) such that U_g 4 K, cx_g(d)K = x_g(cd)K. Then Ty
preserves this scalar action and the image of U_g inKg/K is a Ty weight

space of weight -s. As Ly modules, Kg/K = K1 /K X Ky/K, where K1 /K is
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32 DONNA M. TESTERMAN

the irreducible Ly module with high weight —=%. If (a) holds, K,/K is the
irreducible Ly module with high weight —»-8§. If (b) holds, let r€2+(Lj)
such that §+r+7 €Z¥(Y) and if s€TT(Ly) with b+s+9 € Z¥(Y), then ht(r) <
ht(s). ThenK,/K is the irreducible Ly module with high weight - -r-6.
Let Qy(7,8) denote the Ly composition factor, Ko/K, of Qy.

We wish to study the action of Lp on Kg/K. We note that the
commutator relations imply that K»/K is an L5 invariant subspace of
Kg/K. However, K41/K is not necessarily L invariant; in particular, under
the conditions of the following

Definition: Let §€TT(Y) - TI(Ly). We say =& is involved in L " if
there exists r€ (L) and s€ S+ (Y) - =(Ly) such that U_g ¢ Kg and a
nonidentity element from the root group U_g occurs in the factorization
of xp(b).

Consider the following example to see how we may insure, in a
particular case, that =6 is not involved inLA", when Qa < Kg. Suppose
(S,ZLJ) = 0 for a unique component LJ- and Lj has type Ay for some k.
Suppose, in addition, that VLj(—S) = Wy, the natural module for Ly, and
hence is an irreducible pj(LA") module. Say, Wjlpj(La) has high weight v;.
Let Py~ > By~ be the parabolic subgroup with Levi factor Ly” = (Ly,Us§);
soPp <Py~andQp=<Qy” =Ry(Py™) =Kg. Let p™: Lo = Ly" be the natural
homomorphism and ij be p~lL A" followed by the projection of Ly~ onto
the component L" = <Lj,Utg). Then py” is a rational morphism of L " into
a group of type Agyq. Moreover, WjA, the natural module for Lj“, has two
pj(LA') composition factors - a factor isomorphic to Wj (or Wj*) and a
one-dimensional factor. Hence, if v is not linked to the O weight, in the
sense of (1.33), then p]—(LA') acts completely reducibly on WJ-A and we may
assume, up to conjugacy by LjA, that =& is not involved in L A"

We give one additional criterion for —§ to be involved inLA".

(2.10). If -6 is involved in La", then §|Z5 = 0. Moreover, if r and s

are as in the above definition, -s(h.(c)) = cX for some k€2Z* - {0}.
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 33

Proof: Let r and s be as given. Then there exists 0 = f(t)€k[t] such
that x.(t) = ax_g(f(t))u, for some 2 €Ly and some u€Qy such that u has no
nonidentity element from U_g in its factorization. Conjugating by z€Z
and using uniqueness of factorization in Uy, we have -s(z) = 0. But, if
BETI(Ly), B(2) = 0, so the first statement holds. Also, conjugating by
hp(c), we have f(c2t) = —=s(hp(c)f(L). Let t = 1 and the result follows.O

(2.44). Let ¥ €TT(Y) = Ti(Ly) with V4(Qy) = 0. Suppose one of the
following holds:

(@) There exists € TT(Y) -~ TT(Ly) with (7,8) < 0 and Qp < Kg. If
p=2, assume (7,7) = (§,6) or & is long.

(b) There exist 1<j<rand & € TT(Y) = TT(Ly) with 7=§,

(ZLj,’}’) Z 0 (S,ZLJ-) and Qp < Kg. If p=2, assume § is long.
Then,

(i) if =& is not involved in La", Qy(7,8) has an Lo’ composition
factor isomorphic to (I,)", for some p-power r, and (Y+0)NZp = ra.
Moreover, if VIA = v1q1®-~vqu, where each Vj is basic, thenr = qj, for
some 1<izk.

(i1) Suppose in addition that if (b) holds with Y of type E,, and
6=B 4, then {B,B3,B5} L TT(Ly). Then there exists a parabolic subgroup
Py~ 2 By ™, the opposite Borel subgroup of Y, with Levi factor Ly~ =
(Ly,Usg? and such that Po < Py™, Qpa < Ry(Py™) = Qy ™.

(i11) Let Py” be as in (i1). If =6 is involved in Lo  or if ¥1Z = ra,
where r is as in (i), then Z5 < Z(Ly™)°.

Proof: Let K <Kg, K4 and Ky be as defined prior to (2.10). Note that

if =& is not involved in L', the commutator relations imply that K4 /K is
an L invariant subgroup of Kg/K. Moreover, since Za < Zy, L preserves
the given scalar action on Kg/K. So K;/K has an Lp module structure for
each i. Consider the image of Qp in Kg/K. Now, QpK/K ¢ K4 /K, else
[V,K41=[V,Qy]. But there exists be Z¥(Ly)U{O}, with Vy (A-b-7-8) = 0.
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34 DONNA M. TESTERMAN

And va<va~7—8) <[V,Qyl-[V,Kq] Thus, QuK/K projects nontrivially
into the L o submodule Ko/K = Qy(7,6). Moreover, Z either acts trivially
on Qy(7,8) or induces a full set of scalars on Qy(7,6); so in fact, QAK/K
is an L submodule of Qy(%,6). One may now argue as in our proof of (2.4)
and the proof of (3.4) of [12] that U_ K/K ¢ K1/K. So the image of

X_q (LK/K in Qy(7,6) affords the high weight space of an L' composition
factor.

Let s€ZT(Ly)U{0} and 0 = f(x) €k[x] such that x_g_, _g(f(t))
occurs in the factorization of x_, (1) and such that s is of minimal height
with this property. (Say ht(0) = 0.) Conjugating x_.(t) by an element of
T a Which does not centralize x_q(t), we obtain f(ckt) = c%f(t), for some
integers k and £, and for all c€k™, t€k. Letting t=1, we have f(x) =
alxg/k’ for some aq €k. Moreover, having chosen s of minimal height,
X_og (Dx_g (U) = x_(t+u) implies that 2/k is a positive integral power of
p. Let 2/k =r. Then, by (2.4), (s+7+8)IT 5 = ra. Thus, (¥+8)IZA = ra and
the Lp" composition factor of Qy(7,8) afforded by the image of U_ K/K is
isomorphic to (I)".

We must now show that if VIA is a tensor product of basic modules,
then r = gj, for some i. Let b€ Z*(Ly)U{0} be as in the first paragraph.
S0 Vo= Vy, (A-b=7-8) = 0. Moreover, V£ [V,0p2], since Q < Kg
implies that [V,QAQJ < [V,ng]. Since V4 ¢ [V,QAQJ,

(Vo + [V,Qa2D/[V,Q42] < V2(Qp)y, - g 3 Za weight space, for some
1<i<k. See (1.22) for the description of Z weight spaces of V2(QA).
Thus, (7+8)1Z = qja and r = qj as desired. The statement of (ii) is clear

and (iii) follows from (2.10).0

(2.12). Suppose there exist distinct tg,.. ., T € TT(Y) = TT(Ly), with
(Tg,Tg+1) <O for 0<<m, (1g,ZLy) = O for 0<@<m, (7q,ZLy) # O, and
VTO<QY) = 0. If m=1andp=2,assume (14,7 =(71,71);ifm>1andy

has type F4, assume p > 2. Suppose there exists a unique p-power q such
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 35

that (I)9 is an La" composition factor of Qy /K .

Then T4lZp = 0 for > 0. Also, if Py~ > By~ is the parabolic
subgroup of Y with Levi factor Ly~ = (Ly, Uiﬂ" . vUtTm): then Pa < Py ",
Qp < Ry(Py™) =Qy~ and Zp < Z(Ly")°.

If, in addition, there exists a unique L' composition factor of
Qy /Ky, isomorphic to ()9, then 14T = 0 for i > 0.

Proof: We use induction on m. Let m = 1 and note that since
(11,2ZLy) =0, T1IT(L A" = 0 and (2.10) implies that —t4 is not involved in
La" By (2.4), T4lZa = qo and since Qp < Ky (2.11) implies that there is a
nontrivial image of Io in Qy(To, 7). But Qy (1o, Tg) = Qy/Ky , as Ly’
modules, so a1l L' composition factors of Qy(t,,74) isomorphic to a
twist of I are isomorphic to (Io)9. Thus, (To+71)IZ = qa. Hence,
T141Zp = 0. The statements about the parabolic Py~ are clear.

Now, suppose there exists a unique L' composition factor of
QY/KTO isomorphic to (Ip)9. Letrq,. . .,rjEZ+(Y) be such that
X—rl(cl)" 'X—Fj(cj)K’fO spans the high weight space of this composition
factor. So rglT A = qa, for 1<2<j. Then, there exists an L' composition
series of Qy (T, Tq) such that x_p _g(cq) -+ x—rj—S(Cj) affords the high
weight space of the unique composition factor of Qy(t,,7q) isomorphic

to (I)9. Thus, (rg+TIT A = qa, for 1<2<j. Hence, 14ITA = 0.

Now suppose m>1. By induction, 14ITpo=0="++-=0=Ty-1ITA.
Also, the parabolic subgroup Dy > By~ with Levi factor
My =Ly, Uz, Uiy ) has the properties: Pa <Dy, Qp < Ry(Dy), and

Zp s ZMy)®. Let Ky < Ry(Dy)be asusual. Then Qa <Ky ,8sall Ly’
composition factors of R (Dy)/Ky_are trivial. Also, since (1y,ELy) =0,
TmlT(L A" = 0 and (2.10) implies that -7y, is not involved in L5’ Note that
the given hypotheses on Qy/K,(O carry over to RU<DY>/K’I’m; ie., if QY/KTO
has a unique L' composition factor isomorphic to a twist of I, then so
does RU(DY)/KTm' So we may argue as in the case m = 1 to obtain the

result.0
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36 DONNA M. TESTERMAN

In (2.11) and (2.12), the purpose of constructing the parabolic Py~
is to point out that since Qa < Qy~, [V,Qa2] < [V,(Qy")2], and so there are
many Ty weight vectors of Qy level greater than 1, which are not
contained in [V,Qa2]. Often, this construction will produce a Vo (Qy™)
which exceeds the bound in (1.25).

Hypothesis (B): (i) There exists ¥ € TI(Y) - TI(Ly) with QaK4 /Ky =

Qy /Koy and dim(QaKe /Ky ) = dim(Ig).
(i1) There exists § € TT(Y) - T(Ly) with (7,6) < 0, (§,ZLy) = 0, and
(7,7) = (§,8) when p=2.
(111 Vo (Qy) = 0.
(iv) There exists a unique 1<j<r with ('}’,ZLJ-) = 0.
(VLA = Lj, and q is the field twist on the embedding of LA’ in Lj.
(Vi) VIA =V, 4®---®V, %, where each V, is basic.

(2.13). (@) If Hypothesis (G) (i) holds, there exists a p-power r
with 7IT 5 = ra. If (1), (ii1) and (vi) hold, r = gy for some 1<i<k. If (i), (iv),
and (v) hold, g =r.

(b) If Hypothesis (G) (i) - (ii1) hold, §IT o = 0 and {\,7) = 0.

Proof: Condition (i), together with (2.4), implies Qy /K, = (I)as
La" modules, for some p-power r. Comparing high weight vectors in the
two modules, we have ¥|T o = ra. If (iii) and (vi) hold as well, then (2.4)
implies that r = gy for some i. If LA' = Lj, let q be as in Hypothesis (G) (v).
So if (L) = {Mq,.. .} we may take TT(Ly) = {Tq,.. . Ty}, such that
pj(hmz(c)) = hTR(cq), for 1<2<m and for all c€k™. Moreover, (a,ng) =
(7,7g) for all &, else QpKy /Kqy and Qy /K, are non-isomorphic p(La")
modules. Thus, the high weight space, U_y Ky /Ky, of Qy/K, affords
T(LAD weight —qa, and Qy /Ky = (Ip)9, as Lo" modules. Thus, g = r. Hence,
(a) holds.

Let & be as in Hypothesis (G) (i1) and r as in (8). Then (2.12) implies
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 37

§ITp=0. Thus {X,7) =0, else fpv* and fo, gvT are two linearly
independent vectors in VTA(X - ra), contradicting (1.31). Thus, (b)
holds.O

(2.14). Assume Hypothesis (G). In the p—adic expansion of (X\,a),
q = gy has nonzero coefficient. Moreover, if p>2 when Y has type F 4, Ly' is
not a simple algebraic group.

Proof: Note that Mj is nontrivial since V,(Qy) = 0, (7,ZLy) = O, for
all 2], and (\,”) = 0, by (2.13). Choose B, € TTL; of minimal distance

from % (on the Dynkin diagram) such that (X,B4) = 0. Then there exist
distinct Bq,.. By €TTLjwith (Bg,Bg4q) = O for O<f<t and (B,7) = O.
Also, there exist distinct aq,. . .,at € TI(Lp) With BolT A = gjag, for O<<t,
(g ,ag4q) = 0 for O=<t, (ap,a) # 0, (X, ay) # 0, and (X, ap) = O for
O<fst. Let s = By+e+-+Byandr = ag+--+ay. Then fguov* and
fs+,y+5v+ are two linearly independent vectors in (VTAO\ - Qir - gja) +
[V,Qa2D)/IV,Qa2). But if q; has zero coefficient in the p-adic expansion of
(\,a), the indicated T A weight space in VQ(QA) has dimension at most 1.
(Here we use (1.22) and (1.29).) Thus, the first statement of the result
holds.

Now, suppose Ly" is a simple algebraic group; then Ly' = Lj. Also,
assume p > 2 when Y has type F4. If T€TT(Y) - TT(Ly) with (1,SLy) = 0,
then V4(Qy) = 0 and Qp ¢ K¢. Also, Qy/Ky is an irreducible Ly’ module
and so an irreducible Lo’ module. Thus, Qy/Ky = QpaK4/Ky. Comparing
high weights, we have (7,81) # 0 and TIT o = gja. Now, if TETI(Y) - TT(Ly)
with (1,ZLy) = 0, (2.12) implies T|T o = 0. Thus, we have completely
determined the action of TT(Y) on T .

The work of the first paragraph implies VTAO\ - gja) # 0. Thus,
there exists T4 € TT(Y) = TT(Ly) with (14,ZLy) = 0 and (X, 1) # O.
Moreover, there exists a unique T, with these properties, else

dimVTA(X - gja) > 1, contradicting (1.31). Note that there does not exist
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38 DONNA M. TESTERMAN

a nonzero vector with Ta weight X - qqa for qq = q5. Thus, VIAis a
conjugate of a basic module, and so by (1.10), q; = 1. Also, note that if ¥
has type F4, the above work implies Ly' = (Utﬁ2>.

We now claim that (X,a) = (X,T4). Certainly, x = (X, 1) <
(N,a)=y,as 0 = ((fTO)X)VJ' € VTAO\ - xa). But, in fact, x >y, else there
does not exist a vector in VIY with T weight X - ya. By (1.29),
dimVy (Ov-r-a) < t+2. By (1.34), dimVy (A-s-7¢) 2 t+1. So
dim(Vy (A=5=70) ® V1 (A-5-9) & V1 (A-s-7-8)) > t+3. But each of
these Ty weight spaces lies in VTA(X—r—a), contradicting the given
bound.

This completes the proof of (2.14).0

(2.15). Assume Hypothesis (G) and let rank A = 2, withLa" = <Utj3>-
Assume also that (A,p) is not special and not of type (G,,2).

(i) There does not exist T€TI(Y) - TI(Ly), with =%, such that
(T,5L9) =0, (T,5Ly) = 0 for 23],

(i1) If Y has type F4, assume p>2. Then, there does not exist
TETI(Y) - TT(Ly) such that (7,8) < 0, (1,SLy") = 0.

Proof: LetLj= (Uiﬁj), for some Bj€TT(Ly). Then <x,ﬁj> = 0, 8s
Vo (Qy) # 0, (X\,7) = 0and (ELy,”) = O for all 8=j. Suppose there exists
T as in (). Then, Hypothesis (G) implies that V.4(Qy) = 0. So by (2.13),
T A = qja, for some i. However, fﬁj+fyv+, fﬁj+y+5v+ and f§j+rv+ are
three 1inearly independent vectors in (VTAO\ - Qi - gja) +
[V,QAQJ)/[V,QAQJ, contradicting (1.37). Thus, (i) holds. If there exists t
as in (i1), (2.12) implies TIT 5 = 0. But then fﬁj+')’v+’ fﬁj+y+5v+ and
fﬁj+,y+g+1v+ are again three linearly independent vectors in
(VTAO\ - QiR - gja) + [V,QA2])/[V,QA21 Again, this produces a

contradiction. Thus, (ii) holds.O
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 39

We close this chapter with three technical results which apply only

when rank A = 2. Hypothesis (G) is no longer necessaruy.

For (2.16) - (2.18), our only assumptions are that TT(A) = {«,B}, so
Lp = <Utﬁ) and ug 1s the fundamental dominant weight corresponding
to B.

(2.16). Suppose dim(Qa/[Qa,Qal) = 2. Let ¥ €TTI(Y) - TT(Ly) such
that Qp £ Ky and Ly has type Ay, for some k=1, for all i such that
(SL;,7) = 0. Let Wy denote the natural module for Ly, and suppose WilL A" is
tensor indecomposable, for all such i. If dim(Qy/Ky) > 2 and -9 affords
T(Lp"D weight QoM g, then 71Z A # qga.

Proof: Suppose false. Let rj be the field twist on the embedding of
Lp' inLj. Since, for each i with (2Ly,7) = 0, WilL A’ 1s tensor
indecomposable, (1.10) implies W;lpi(LA") is restricted. Then one checks,
using (1.12) for SLo, that for each s€ TT(L;), a nonidentity element from
the group Ug occurs in the factorization of pj(xg(t)). So, sIT 5 = r;p, for
each such s. (We use (2.5) to see that the p-power is ry.) Thus U_,
affords the unique 1-space of Qy/Ky with T(LpA") weight qoug, and all
other T(LA") weights in Qy /Ko are strictly less than qolg. Also, let
a; € 27(Ly) with —Zaj=% €27(Y), and such that Zaj+ 7 has maximum height
with these properties. Set rqy = 2Za; + 7. Then, Uorg affords the unique
1-space of Qy /Ky with T(Lp") weight ~Qolg- Thus, x_ (1) =
X_q(c1t90)uq and x_q (1) = x_rO(Ctho)uz, for cj€k™ and uj€K,. Now
since Qy /Ky is an irreducible Ly’ module with high weight space
U_gKy /Ky, there exists 6 € TT(Ly) with [Ug.U_p ] = 1. Clearly, §€TT(Ly)
for some i1 with (2L;,7) = 0. The remarks about the factorization of xﬁ(t)
imply that a nonidentity element from the group U—r0+8 occurs in the
expression for [xg(t),x_o-g(t)]. Since Qp’ < Ky and dim(Qa/Qp) = 2, 3
nonidentity element from the group U~r0+8 occurs in the factorization of

®_o (D). Thus, -ry+6 = -7 and Trj = 6. But then, Qy/Ky = U_pX U_y_g,

Licensed to Ecole Polytech Fed de Lausanne. Prepared on Tue Apr 19 01:56:51 EDT 2016for download from IP 128.178.14.170.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms
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contradicting dim(Qy /Ky ) > 2.0

(2.17) Assume (A,p) is not special and (A,p) = (G,,2). Suppose there
exists ¥ € TT(Y) = TI(Ly) such that the following hold:

(i) There exists a unique pair 1<i,j<r, with (ELy,7) = 0 = (ZLJ-,’)/).

(11) Ly is of type Aq, Ljis of type Ay, for some k.

(1) VL (=7) = Wy or W, for m = i,j, where Wy, is the natural
module for L.

(i) WjlLp" is tensor indecomposable.

(V) Qp $ Koy
Then there exists q, a power of p, such that q is the field twist on the
embedding of Lp"inLjand inLjand 7IZp = qa.

Proof: Note that p > k. By (2.7), the field twists on the embeddings
of Lpa"inLjand in L]- are equal. Let g be the associated power of p. Let ug
be the fundamental dominant weight corresponding to the root g. Then
the La' composition factors of Qy/Ky have high weights {q(k+1)uﬁ,
q(k=Dugl. If k+1 <p, there exists a unique L 5" composition factor
isomorphic to a twist of Qp&; moreover, this twist is q and the result
follows from (2.4). If k+1 =p, the Lo’ composition factors of Qy/K, have
high weights {pqug, q(k-1)ug}. If A has type By or Gy and B is short the
prime restrictions and the above argument imply the result. If B is long,
the result holds unless ¥|Zp = pqa. But since -7 affords T(L") weight
PALR, (2.16) implies that this cannot occur. Again the result holds.O

(2.18). Assume (A,p) is not special and (A,p) = (G,,2). Let
7,6 €TT(Y) - T(Ly) be such that § is long when p = 2 and the following
hold:

(1) (7,8) <0, Vy(Qy) = 0and Qp < Kg.

(i1) There exists a unique i (respectively, j) such that (ZL;,7) = 0
((ZLJ-,S) Z 0).

Licensed to Ecole Polytech Fed de Lausanne. Prepared on Tue Apr 19 01:56:51 EDT 2016for download from IP 128.178.14.170.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms
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(i) Ly, Lj and W, are as in (2.17) (i) and (iii).

(iv) VI (=7) = Wjor W;™ and VLJ(‘S) = Wjor Wy

(V) WjlLp' 1s tensor indecomposable.
Then, there exists q, a power of p, such that g is the field twist on the
embedding of L' inLjand inLjand (¥+8)IZ = qu.

Proof: Note that QY/K,)/ is a 2-dimensional irreducible L A" module

containing a nontrivial image of Qo%, so the prime restrictions imply that
B islong. If =6 is involved inLyp’, then (2.10) implies k is even and

61Zp = 0. Let Py” > By~ be the parabolic of Y with Levi factor Ly~ =
(Ly,Us§). ThenPp <Py”, Qa <Ry(Py™) =Qy~ and Zp < Z(Ly™). The bound
on dimV,(Qy~) implies that p > k = 2. But since p > 2, 2uﬁIT(LA') is not
linked to the zero weight in the sense of (1.33); so we may assume -§ is
not involved in Lo". Then (2.11) implies that there is a nontrivial image of
Qpa% in Qy(')’,S). The field twists on the embeddings of Lo’ in L and in Lj
are equal, else Qy(7,8) is a tensor decomposable irreducible La' module
of dimension greater than 2. Call this twist q. Then, ¥ITa = qu. As in the
previous result, we are done unless k+1 = p and (¥ +6)IZ 5 = pqa.

So suppose k+1 = p and (¥ +8)IZx = pqa. Let Lj= <Uiﬁ31> and
rEZ+(Lj) the root of maximal height. Examining the T(Lp") weight vectors
in Qy(7,6), we have x_q (1) = x_p (C1tDx_y _g(CotPDwy and x_q g (L) =
X—y-p(C3tDx_p g - p(catPDwy, where cjek™ and wieK = (U_¢ |
t=3n,t, TETI(Y), nyp>1 or ng>1 or n.>0 for some € € TI(Y) - TT(Ly),
e27,6). We have used here the fact that there is a unique Lo’ composition
factor of Qy(%,8) isomorphic to (Qa%)PA.

Now xﬁi(tq) occurs in the factorization of Xﬁ(t)' This observation,
together with the earlier assumption about the factorization of xﬁ(t),
implies that there is a nontrivial contribution to the root group U_, _g_\
in the expression for [x_a_ﬁ(t),xﬁ(t)], which must occur in the
factorization of x_,(t) due to the restrictions on the characteristic. But

this contradicts the given factorization of x_,(t).0
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CHAPTER 3: Y = F4 or Gy

In this chapter, we consider the main problem where A <V are
simple algebraic groups, with Y simply connected, having root system of
type Gy or F4. Let V. = V() be an irreducible kY module and let Tp, Ty,
Nj, Wi be as in (2.0). We first note that the following results were

obtained in [12]:

Theorem (7.4) (in [12D: If rankA < ranky in Y of type G, and VIA is
irreducible then A =PSLp, AMTy = Xq, AMTp =644 and p = 2,3,5.

Theorem (4.4) (in [12]): If rankA = ranky, then VIA is irreducible if

and only if the following conditions hold:

(1) p=2 when Y =F4 or p=3 when Y = Gy, and

(i1) Z(A) is a subsystem of Z(Y) containing a1l Tong roots
(respectively, all short roots) of (Y), and {(\,ax) = O for all a € TT(Y) with
a short (respectively, Tong).

The remaining cases are handled in the following

Theorem (3.0). (a) If Y has type G, and p = 2,3,5S, there exists a

subgroup A <Y, A = PSL,, such that V(X )IA is a restricted
7-dimensional irreducible.

(b) If Y has type F4, rankA < rankY, and VIA is irreducible, then A
has type Gp, p=7 and AT = 21, MTy = Ay.

(c) Let Y have type F4 with p = 7. Then there exists a closed,
connected subgroup B < Y, B of type Gy, with V(X 4)IB irreducible.

Proof of (3.0)(a) and (¢): The proof of (¢) is contained in[16]. For

42
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(a), let Y be a simple algebraic group of type G, with TI(Y) = {aq,as},
labelled as throughout, with irreducible module V = V(\1). Assume
p = 2,3,5 and consider the subgroup A = (x (1), x_, (1) [ t€k), where
X (1) = xa1(6t)xa2(1ot)qu+a2(30t2)x2a1+a2(120t3)><3a1+az(—540t4)-
X3a+2a,{~2160t2) and x_q () = x_g (Dx_o (Dx_g _q (~3t2)-
X 2a - {1/ D30 o L/ DDR_34,-2q ((-1/10)t9). Considering
first the action of L(Y) on V, we obtain the following description of the
root groups of G (in SL7), where we use Ejj to mean the matrix whose k2
entry is 85 65p and write I for the identity matrix:

Xq, () =1+ t(Eqp + 2634 - Egs5 + Eg7) - t2E3s;

X_q (U =T+ tEx+ Eg3 - 2654 + E7g) - t%Es3;

Xq (1) = 1= tEp3 + Egg); Xog (1) = (xg (IL);

Xa+a () =1+ tE13 = 2604 - Egqp — Es7) + t2E 06,

X_q-a (D) = T+ tE3y ~ Eq0 ~ 2Eg4 ~ E75) + t2Egp;

Xoq+a, () =1+ L(2E 4 + Ep5 + E36 ~ E47) — t2E17;

X-20,-a () = I+ tEqy + Esp + Eg3 - 2E74) - t%E7y;

X3ataylt) = 1+ HE 5 — E37)5 X 30— (V) = (X3q,+a, ()T

XJa+ 20,0 = T+ U6 + E7)s X_30,-20,(1) = (X3¢0 1+ 20 ().

Let P be the diagonal matrix diag(360,60,-12,-3,2,-12,-1). Then
one checks that P~1x  (1)P (respectively, P~1x__ (t)P) is the 7 X 7 matrix

obtained by considering the action of ((1) i] (respectively, (i f]) on the

irreducible 7-dimensional module with ordered basis {x® x5y,x4y2 x3y3,
%244 xy>,y0} and action ® 2)(xigj) = (ax+cy)(bx+dy)l. Hence, A = PSL,,

VIA is irreducible with the correct high weight and (3.0)(a) holds.O

For the remainder of this chapter,let Y = F4. The proof of (3.0)(b)
involves a straightforward reduction to the case where rankA = 2 and
then a detailed study of the possible embeddings of a maximal parabolic
subgroup of A. We adopt Notation and Hypothesis (2.0), and note that since

all components of Ly are necessarily of classical type, (1.5) implies
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44 DONNA M. TESTERMAN

ZA < Zy.
Suppose p=2. Then there is a surjection (isomorphism of abstract

groups) ¥: Y — Y. (See Section 10 of [14]) We may consider V as a

module for v~ 1(Vv).

(3.1). Assume V is p-basic. Then VIv~1(Y) is an algebraic conjugate
of a basic module. (See (1.8) for the definition of basic and p-basic.)

Proof: This follows from (2.2) of [12].0

Hypothesis: If p=2, we will assume [Ty has short support;i.e., VIY
is basic. For if A\ has both long and short support, VIY is tensor
decomposable, by (1.7). If X has long support, the above remarks and (3.1)
give rise to a configuration (o~1(A), 9~ L(v), V), where V is a conjugate of a

basic module. But then, we reduce to (w‘l(A),kP“l(Y),W), where W is basic.

(3.2). If rank A =3 and L' is of type B, ( = C,), then dimvi(QA) =1.
Proof: Since Py is minimal, Ly' = {Uyg Urg ). Also, ifp > 2,
Qy/KB1 and QY/KjB4 are nonisomorphic irreducible Lp" modules. Thus,
Qp <Kg orQp < Kﬁ4and (2.3) implies dimv1(Qy) = dimv1l(Qp) = 1. Thus,
if dimv1(Qa) > 1,p =2 and ATy = A3 0or A3+X4. Using induction to
determine the possible 1abellings of VIA, we see that either ATy = X4,
with MT A = qUp, iz or qqliq + qUs, or ATy = A3+ 4, with
NT A =quq + qupor qus. (Here g and qq are distinct p-powers.) But
Table 1 of [S] implies that dimVIA < dimVIY in each case. Hence,
dimvl(ay) = 1.0

(3.3). If rank A=3and Lp' is of type Ay, then dimv1(Qn) = 1.
Proof: Suppose false; i.e. suppose dimvi(QA) > 1. We first note

that size restrictions imply that Ly' is a simple algebraic group. If p >2,

(2.14) implies Ly' is not of type A,. Thus, the Main Theorem of [12] and
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 45

the above remarks imply p = 3 and Ly" is of type B3. However, the Lp’
composition factors of Qy/Kﬁ4 have dimensions 1 and 7, while dim(Qa%) =
Jor 6. Thus, Qp < Kg, But Vﬁ4(Qy) = 0, contradicting (2.3). Now if p = 2,
induction and the 1abelling of VIY imply Ly’ = {Usg_Usg ). Using (3.2),
(1.23) and Table 1 of [S], we find that dimV|A < dimV]Y in every case.
Hence, dimv1(Qy) = 1.0

The above results imply rank A = 2. For the remainder of this
chapter we use the following

Notation: Let TT(A) = {«,B} and TT(Lp) = {B}. Let u, (respectively,
uﬁ) denote the fundamental dominant weight corresponding to «

(respectively, B). We will also use g to mean pglT(LAY.
y B pITLa

(3.4). There are no examples (A,Y,V) in the main theorem with
p=2,Asimple, Y of type F4 and rank A < rank Y.

Proof: Suppose false. Then (3.2) and (3.3) imply rank A = 2. By [8],
dimVIY = 26, 246 or 4096 and dimV|A = 8K.3%,4M 6r.14S.64t, where A
has type Ap, By, G, respectively and k,2,m,r,s,te2*. So ATy = A3+ hgy
If A has type Ap, AT A =(qq + qp + g3 + q4)(q + o) for distinct
p-powers g4, Qp, 93 and qq. Thus, for a fixed maximal parabolic P,
dimv1(aa) = 16. But there is no parabolic Py of Y with dimvi(ay) = 16,
contradicting [13]. Thus, A must have type B, or Go.

Suppose A has type B,. Let P5 be a maximal parabolic of A with
dimvl(QA) > 1. By the main theorem of [12], dimvi(QA) =2,40r8. In
fact since dimVIA = 4096, we must have dimvl(QA) = 8, else dimVIA <
dimVIY. So Py (as in Hypothesis and Notation (2.0)) has type B3. However,
Qy/Kg, is then an 8-dimensional irreducible Lo module and hence cannot
contain a nontrivial image of Qo%, contradicting (2.3).

Finally, we must consider the case where A has type G,. The above

remarks imply AT o = (q1+q2)(lq+up) for qq and gy distinct p-powers.
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46 DONNA M. TESTERMAN

Now let P be the maximal parabolic of A with Levi factor La = (Uzg)Ta
where B is long. By induction, Py has Levi factor of type B,. However,
Qy /Kﬁ4 is then a 4-dimensional irreducible L 5" module which cannot

contain a nontrivial image of Qp®. But this contradicts (2.3).0

(35). (1) If {X,B) = 0 and Ly is quasisimple, then (A,p) = (Gp,3), Ly’
has type A4 and TT(Ly) = {B3} or Ahas type Bp, Ly = <U1B1:Uiﬁ>2> and B is
short.

(i1) Assume B is long, unless (Ap) = (G,,3), in which case B is
arbitrary. If Ly’ = L4 X Ly, for Lj a simple algebraic group with v1(ay) =
M4 ®M)p where M; is an irreducible kLy module, then at most one of My and

Mo is nontrivial.

Proof: Suppose (X\,B) = 0 and Ly’ is a simple algebraic group.
Since p > 2, if rank Ly’ = 1, there exists » € TI(Y) - TT(Ly) such that
Vo (Qy) = 0 and dim(Qy /Ky ) = 2. So if (A,p) = (G5,3), B must be long.
Also, (3.4) and (2.14) imply that either (A,p) = (G2,3) or Ly' = (Usg ). If
Ly’ =(Usg ), then Vg (Qy) = 050 Qp 4 Kg . But Qy/Kp_isa
3-dimensional irreducible L 5" module, while dim(QAKﬁQ/Kﬁz) = 2. Thus,
ifrank(Ly?) =1, (Ap) = (Gp,3) and Ly = (Uxg ). If rank(Ly") = 2, we use
the condition that each Qy/K, have an L’ composition factor of
dimension dim(Qa®), for ¥ € TI(Y) = T(Ly) with V4 (Qy) = 0. This results
in the second configuration of (i).

If Ly' has type Bz, the LA" composition factors of QY/K;34 are of
dimensions 1 and 7. Hence, Ly" is not of type B3. Thus, Ly has type Cx.
Since Qp ¢ Kﬁl’ QY/Kﬁ1 must be a reducible Lo’ module. Hence, by (7.1) of
[12], v1(ay) is isomorphic to the natural module for Ly'. Moreover,
(X,B1) = 0 else the bound on dimvﬁl(Qy) is exceeded. Thus, XTy = A4
and dimV|Y < 26. However, {(\,B) = 5-qq or g1 + 2qp,for q4 and q,
distinct p—powers. Applying (1.23) when A has type Ao, we see that
dimVIA > dimVIY. Contradiction. This completes the proof of (i).
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Let Lj and M; be as in (i1), and suppose M4 and My are both nontrivial.
Let qi be the field twist on the embedding of L' inLy for i =1,2. (This is
well-defined as Lj has type Aq or Ap) Then qq = g by (2.5) and (2.6).
Suppose there exists ¥ € TT(Y) - TI(Ly) such that (7,ZL;) # O fori=1, 2.
Examining the L' composition factors of Qy/K, and recalling that p > 2,
we reduce to TT(Ly) = {B; B3,B4}. Temporarily assume (A,p) = (6,,3). The
Lp' composition factors of Q\{/KB2 have high weights (qq + 4q2)u5 and
qiig;ifp= 3 and gq = 3qp, the composition factors have high weights
(2q1 + q)ug, ol and qquug. Thus, if p=3, BolZa = qqa. If p = 3 and
qq = 399, BolZp =qqa or goa. We notice that a nonidentity element from
the set U‘ﬁz'u’f’rﬁz must occur in the factorization of some element in
Qp - Qp', since {X\,B41) = 0. Since -B, (respectively, ~B1-Ro) affords
T(Lp) weight (gq + 4q2)uB (respectively, (-qq + 4901 ), (2.4) implies
p=3,q1 = 3qp and BolZ = gpa. We also note that a nonidentity element
from the set U‘ﬁz'u‘ﬁz‘ﬁa'u‘ﬁz‘ﬁrﬁzx must occur in the factorization
of some element in Qa ~ Qp’, since My is nontrivial. However, -Bo-B=
(respectively, -Bo-R3-P4) affords T(LA) weight (q1 + 2q2)1g = Saplp
(qiuug = 3qoug), contradicting BolZp = qoa.

Now suppose (A,p) = (G,3) with TI(Ly) = {B{,B3,B4} and q1, q» as
above. Consider the action of L o' on the 25-dimensional restricted
irreducible kY module, V(X 4). There is a 6-dimensional LA" composition
factor with high weight (A-Bo-B3-BIT(LA). However, there isno LA’
module of dimension 25 affording such an L A" composition factor.

Now suppose TT(Ly) = {B,B4} and assume (A,p) = (G5,3). Then Qp ¢
Kg,, for k=14, and we find that B,lZ = qqa and B 41Zp = qoa (or vice
versa). But this contradicts (2.8). If (Ap) = (G,,3), again consider the
action of La" on V(X 4). There is a 4-dimensional Lo’ composition factor
with high weight (A-B,-2B3-BIT(LAD. Now argue as before to produce

a contradiction.
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48 DONNA M. TESTERMAN

(3.6). Assume B is long unless (A,p) = (G»,3), in which case B is
arbitrary. If (X ,B) = 0, one of the following holds:

(@) (Ap) = (G,3), T(Ly) = {By,B3t, (X,B1) <2, {X,Br+p3) =0.

(b) (Ap) = (Go,3), T(Ly) = {B,B3H, (X,B1) =0=(X,Bo).

(©) T(Ly) =ABBat (N,B1)A{N,By) =0and Qp ¢ Kp,and Qa4 Kg_

(d) (Ap)=1(G6p,3), TM(Ly) = {By,B3r and (X,B1)-(X,B3) = 0.

(e) T(Ly) =ABy,B3.Bst, MTy = g, (Ap) = (G),3).

(f) THLy) =1B1,B2.B4t, ATy =chy, ¢ <2, (Ap) = (Gy,3).

(@ TLy) ={B,B2.B4}, MTy = Ao, (Ap) = (G,3).

(h) (Ap) =(Gp,3), Ly  has type Aq and TT(Ly) = {B3}.

Proof: By (3.5), either (h) holds or Ly" has type Ay XA  or Ay XA,

with only one component acting nontrivially on Vl(Qy).

Case 1: Suppose Ly’ is of type A4 X Aq.

Applying (1.15), we see that TT(Ly) = {B,,B4}. Consider the case
TT(Ly) = {B,B3r and (A,p) # (G»,3). We claim that (X,B5) = 0. Otherwise,
a nonidentity element from the root group U‘ﬁz occurs in the
factorization of some element of Qp — Qp". But then BolZa = qa, where
-Bo affords T(Lp") weight qug, for some p-power q. This contradicts
(2.16). Finally, the condition (X,B4) < 2 in (a) follows by considering the
bound on dimVB2(Qy) given in (1.25) and the Ly’ composition factor in
Vg (Qy) afforded by f51+ﬁ2V+‘ Now, if TI(Ly) = {B,B4}, p > 2, (2.10) and
(2.11) imply that Qp ¢ KBk for k = 2,3. This completes the consideration
of Case 1.

Case 2: Suppose Ly' is of type A4 X Ao.

Assume for now that if A =Gy, thenp = 3. If TI(Ly) = {B;,B3,B4},
(1.35), (1.36) and the bound on dimVBZ(Qy) given in (1.25) imply that
MTy =Xy If TI(Ly) = {By,B2,B4}, (1.36) and the bound on dimVg _(Qy)
imply that ATy = Xq, Apor chy, for ¢ < 2. Recall that ATy = Xq.

It remains to consider the case where A =Gy, p =3 andLy" has type

A1XA,. Note that when p = 3, G, irreducibles have dimensions 7K.27% for
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k, 2€2%. Suppose TT(Ly) = {B,,B3.B4} If {X,B4) = 0, (1.36) and the bound
on dimV g _(Qy) of (1.25) imply {X,B2) = 0. Since ATy = Xy, we have
ATy = 2Xq. However, by [8], dimVIA = dimV|Y. Hence, (X,B1) = 0. Again
the bound on dimV g _(Qy) and (1.35) fmply (X,B5) =0. So ATy = Az or
X4 and by [8] dimVIA = dimVIY. So TT(Ly) = {B,B3,84}.

Finally, we note that if (A,p) = (G,3), with TT(Ly) = {8, B,,B4}, then
in the action of LA’ on the 25-dimensional irreducible kY module, V() 4),
there are no 1-dimensional La" composition factors. But every
25-dimensional kA module has 1-dimensional Lo’ composition factors.

This completes the proof of (3.6).

3.7). Aisnot of type Aj.

Proof: Suppose false; choose B such that (\,8) = 0. Then (2.9)
rules out the configuration described in (¢c) of (3.6). Apply (1.23) in the
remaining cases to obtain a precise description of X|Ta. Then (1.26) and
the methods of (1.30) and (1.32) imply dim VIA < dim VI|Y in the
configurations of (a), (f) and (). If ATy = Agand T a = q(2uq + 21g)
as in (e), we must use (1.33) and Table 1 of [S] to see that the dimVI]A z
dimVIY. Thus, we have reduced to ATy = ch3 + XXy, for O<c<p, 0 < X < p
and NTp =qlcpug + cuﬁ), the configuration implied by (b) of (3.6).
However, dimV2(Qy) > dimV2(Qa). Contradiction.o

(3.8). If Ais of type By and B is short, then (X\,B) = 0.

Proof: Suppose false; i.e., suppose (\,B) = 0. Then (3.4), (3.5) and
(7.1) of [12] imply that each component, L;, of Ly has type Aki for some kj
and if ky > 1, My is isomorphic to the natural module (or dual) for L;.
However, we also have hﬁ(—l)EZ(A) < Z(Y) =1;so0in fact, Ly’ is
quasisimple and by (3.5), Ly" = <Ui’f>1’uiﬁz>' In this case,
Aakg /Kg_ = Qy/Kg_and (2.3) and (2.13) imply (X,B3+B4) = 0. Thus,
MTy = Xp. Also, (3.6) implies AT A = 2tu + CQgly, for some p—powers
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gand ggand ¢ = 0 or 2. By (1.26) and [8], dimV|A < 140 < dimVI]Y.

Contradiction.d

3.9). Aisnot of type Bo.

Proof: Suppose false. Then (3.8) implies that if {\,B) = 0, then B
is long. So (3.6) gives the possible Levi factors, Ly, of Py. Using (1.26) to
obtain an upper bound for dimVIA, we see that (3.6)(b) or (¢) holds. If
(3.6)(b) holds, so ATy = chz + xhy, for p>c>0, p>x>0 and AT = cqug
for q a p-power, then dimv2(Qy) > dimVQ(QA). Thus, (3.6)(c) holds.

Suppose ATy = ch+ XA, +yhs, forc>0,x,y>0and AT p = Cqup,
for q a p-power. We first claim that x = 0 = y. For otherwise, applying
(2.3) and (2.13), we find that B,|T o = qoa or B=ITA = qua, for gy some
p-power. Thus, f52v+ or fﬁ3v+ is a nonzero vector in VTA(X - gpa). But
(X,a) = 0. So we now have ATy =cXhq. It requires an easy check to see
that dimVQ(Qy) = dimVQ(QA) in this case. Thus [V,QA2] = [V,QYQJ. Also,
dimv3(Qu) < 2¢. But if ¢ > 1, fpp 4pp v* and fg 18 1. v* affordLy’
composition factors in V3(Qy) of dimensions c¢c~1 and 2c, respectively.
Thus, ¢ = 1. But then dimVIA < dimVIY.

Thus, it remains to consider Ly" = <Uij31> X {Usg 2, MTy = xhp +
Yhz + Chy, MTp as above. But the same argument as above implies

x=0=yandc=1 SodimVIA<dimV|Y. Contradiction.

(3.10). Let Abe of type Go. Thenp = 3.

Proof: Suppose false; choose R € TT(A) such that (\,8) = 0. Then
(3.6) implies Ly" = (Usg ) fork =1,20r4or Ly ={Usg) X <Utﬁj> for
{i,j¥ = {1,3} or {1,4}. In the latter case, (X,B;) = 0 or <x,;sj> =0. In
particular, if (X\,Bg) <1 for all 2, then dimVIA = 7 or 49 and dimVIA <
272 in any case. Now [8] implies ATy = Ay for any k. Also, ATy = 2Xy
for any k. For otherwise, [8] and (3.5) imply AITy = 2X,. But then (1.38)
implies dimVIA < dimVIY. Using (1.32) we see that dimV|Y > 49. So there
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exists 1 < J <4 with (X,By) = 2. Let W, be the stabilizer in W of X. If
rank Wq = 1, counting only the conjugates of VTYO\) and VTYOij) (where
(X.B) = 2) we see that dimVIY > 272, Thus, rank(Wy) = 2. Tt is now a
check to see that dimVIY > 272 in every case, completing the proof of

(3.10).0

(3.11). Let A be of type Gp with short roc  B. If {\,p) = 0, then
Ly' = <Uij31> X <Utﬁ3’uiﬁ4>’ p =7 and >\|Ty =\, Or )\|Ty = 2)\1.
Proof: By (3.5) and (3.10), Ly" is not a sir >le algebraic group.

Consider first the case where Ly has type Aq © Ay If ¥ €TT(Y) - TT(Ly),
Qy /Ky contains an L' composition factor iso orphic to a twist of Qo*
only if the field twists on the embeddings of L' in the two components
are equal. Also p > 2 implies Vo (Qy) = 0 for ¥ € TI(Y) - TI(Ly). Thus,
(2.3), (2.5) and (2.6) imply that only one component acts nontrivially on
viay).

Suppose TT(Ly) = {B{,B3,B4}. In the action of Lo’ on the
26-dimensional kY -module with high weight X4, there will be a
S5-dimensional composition factor. The only 26-dimensional kA module
affording this is a conjugate of the irreducible kA module with high
weight 211J3 when p = 7; hence, the prime restriction of the result.
Continuing with Ly " as above, using (1.36) and the bound on dimvg (Qy)
given in (1.25), we reduce to the configurations of the result.

Consider now the case where TT(Ly) = {B4,80,B4}. Since Qp ¢ Kg
the field twists on the embeddings of L™ in (Usg ) and in <UtB1)Utﬁ2> are
equal. Consider the action of Lo’ on the 26— dimensional irreducible kY
module, V(X 4). One checks that there are two 4-dimensional, three
3-dimensional, four 2-dimensional and one 1- dimensional LA’
composition factors. But there is no 26-dimensional kA module affording
such an L' composition series. Hence TT(Ly) = {B,B5,B4}.

It remains to show that Ly" does not have type Ay XA4. Since
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dim(Qpa®) = 4, TT(Ly) # {B,Bg}. If TT(Ly) = {B,,B 4} (respectively,
{B1,B3H), Qp < Kﬁl (respectively, Kﬁ,4). But then p > 2, (2.10) and (2.11)

produce a contradiction. This completes the proof of (3.11).

(3.12). Let Abe of type Go with B long and a short. Then (\,a) = 0.
Proof: Suppose (X,a) = 0. Then (\,B) = O for B the long root.
Recall, by (3.4) and (3.10), p > 3. Thus, (3.6) and (1.10) imply that VIA is

basic. Consider the configuration of (3.6)(c); the above remarks imply
that BolTp = a = B3ITp, while BITp =B = BylTa. So (X, Br+B3) =0
since (X,a) = 0. Now, VT, (A-281-2B )@V (A-B1-Br-B3-Bg) &
Vo, (n-Bo-B3-2B )@V T (A-283-28 )@V (A-2B1-Br-B3) <

VT (OA-2a-2R). If (0 ,8) > 1(so (X,B1) > 1 or (X,B4) > 1), the last
weight space has dimension 2 while the sum of weight spaces in VIY has
dimension 3. So (\,B) = 1 and dimVI|A < dimVI|Y. Thus, (3.6)(c) does not
hold.

Using (1.30), (1.26) and [8], we may argue that dimVIA = dimVIY in
ther configurations of (3.6) (a), (e), (f) and (g). Thus, the only possible
configuration is as described in (3.6) (b); Ly" = <UJ_,}31> X (Utﬁ3>» ATy =
CA3 + XAy, >0, x208nd AMTp = CUg. However, dimVBz(Qy) +
dimvﬁ4(Qy) exceeds the bound on dimv2(Q,). Contradiction.

Proof of (3.0)(B): Under the hypotheses of (3.0)(b), results (3.2) -

(3.12) imply that A =G, and p > 3. Let B € TT(A) be short, so by (3.12),
(N,B) = 0. As well, by (3.11), TI(Ly) = {B,B3,B4t, p=7and XMTy = Ay or
ATy = 2Xq. Ineach case, (X\,B) = 2q, for q 8 p-power. If XMTy = Ay,
dimVlY = 26, so {,x) = 0, else the methods of (1.30), (1.32) and (1.35)
imply dimVIA > dimV]Y. Then (1.10) implies the result of (3.0)(b). If ATy
= 2X 4, then (X ,a) # 0, else by (1.26) and [81 dimVIA < dimV[Y. Thus (3.6)
implies that (\,a) = 2q4, for a p-power q,. But then dimVIA = dimV1Y, by
[8]. This completes the proof of (3.0)b).0
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CHAPTER 4: THE ONE COMPONENT THEOREM

Let A <Y be simple algebraic groups, with Y simply connected,
having root system of type E,, and with rank Y > rank A > 2. In this
chapter, we prove a result which is a useful tool in finding the
configurations of the Main Theorem when rank A > 2. Throughout this
chapter, we adopt Hypothesis and Notation (2.0), with the following
additional restrictions: If A has type By, Cyyy Or F4, then p>2. The result

we prove is the following:

Theorem 4.0, If, in addition to the above hypotheses, Ly' is a simple
algebraic group of type Ay or Dy, for some k, and if dim Vi(Qy) > 1, then
the pair (A,LA", (Y Ly") is one of the following:

¢)) (C4.C3), (Ep.Ag);

(i) (C4,A3), (Eg,Ag);

(i) (F4,C3), (Eg.Ag);

(v)  (F4,B3), (Eg.Dy);

(v)  (Cg,Cy), (Eg,A7); 0r

(vi)  (C3.C2), (Eg,Dg), p=5, Ly’ = (Usg 1121<5), and ATy = Xy
Moreover, in each case, if p: La—Ly is the natural homomorphism, the

pairs p(Lp") < Ly occur as natural embeddings of classical groups.

Remarks. 1. Under the hypotheses of Theorem (4.0), we see that
Vi (Qy) = 0 for all ¥ € TI(Y)-TT(Ly) such that (¥,ZLy) = 0. (See (1.24).)
2. The hypotheses of Theorem (4.0) and (1.5) imply that Zp < Zy.

33
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54 DONNA M. TESTERMAN

(4.1). Under the hypotheses of Theorem (4.0), Lpo" % Ly’

Proof: Suppose false. Let q be the field twist on the embedding of
La"inLy'. Then, since distinct Ly'-irreducibles restrict to distinct LA’
irreducibles, Qy/Ky = (Qp®)9 as Lp'-modules, for all ¥ € TI(Y)-TT(Ly)
such that (7,ZLy) = 0. Inparticular, if ¥4, ¥ are two such roots,
—7 4 (TyNLyY = =7,(TyNLy". Also, (2.14) implies that there does not
exist &€ TTCY)-TT(Ly) with (S,ZLy) # 0. Thus, Ly' must be a maximal

parabolic of Y. So rank A =rank Y. Contradiction.O

(4.2). Assume Ly has type Ay for some k, W is the natural module
for Ly, and WiLp" = (Qa%)9 or WXILp" = (Qa®)9 for some p-power q. If
dimvi(Qy) > 1, then (4.0) (i) or (v) holds.

Proof: By (4.1), A does not have type Ap,, for any m and if A is of

type By, Lp' does not have type Ay _1.
(4.2.1) (ALp") is not of type (Bx,By).
Proof: Suppose false. By assumption, p>2 and Ly’ = A4. Theorem

(8.1) of [12] implies that there does not exist o € TI(Y)-TTI(Ly) with
(7,ZLy) = 0 such that Qy/Ky = WAW or W*AWX. Hence Y = E7 or Eg and
Qy /Ky = Wor W* for all ¥ € TT(Y)-TI(Ly) with (7,ZLy) = 0. So in
particular, QaKy /Ky = Qy /Ky for such 7. Thus, if q is the field twist on
the embedding of LA" in Ly', (2.13) implies ¥IT o = qa for all

Y €TT(Y)-TI(Ly) such that (7,ZLy) = 0. In addition, (2.12) implies

T = O for all T€TI(Y)-TI(Ly) such that (7,2Ly) = 0. Finally, note that
for all BE€TT(Ly), BITA = gh for some neTI(Lp).

By Theorem (8.1) of [12], V1(Qy) = W (or w*) or v1(Qy) = WAW (or
WXAWX). Thus, (\,a) = 0, else by (1.26) and (1.32), dim VIA < dim V|Y. So
there exists 7 € TI(Y)-TI(Ly) such that (7,ZLy) = 0 and (\,7) = 0, else
there is no vector in VIY with T weight X - qqa. (See the preceeding
work describing the restriction of B4 to Tp for 1<i<n.) These remarks,
together with (2.13), imply that TT(Ly) = {B4,B5,B¢ B9 With (X,Bo) = 0 if
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 55

Y =E7or {\,Bp+Bg) = 0if Y =Eg. We now argue that Vl(Qy) = Wor w*
For if Vl(Qy) = WAW or W*AWX, we first pass to the parabolic Py " of
(2.12), where Py” has Levi factor Ly" = (Ly,Uiﬁl). If {X,Bo) = O, then
(N,Bg) =1, else f§2v+ and f5,eevt afford (Ly ™)' composition factors of
VQ(QA)X_QQ, exceeding the bound of (1.22). With () ,Bg) =1, fﬁz\ﬁ
affords an (Ly ™)' composition factor of V2(QA)x—qa of dimension 40
unless p=3, in which case the composition factor has dimension 30. (See
(1.34).) As well, f5,cv* affords an (Ly")" composition factor of dimension
20. Hence, p=3. But then (1.34) implies that dimVTY()\—ﬁ2~;&4—ﬁ5) =3,
while the multiplicity of this weight in the first composition factor
mentioned is only 1. So the bound on dim\/z(QA)x_qa is exceeded. We may
argue similarly if Y = Eg with (X,pg) = 0. Hence, V1(Qy) = W or w*.

Using (1.34) carefully, as above, we find that the bound on
dimv2(QA)>\_qa is again exceeded unless Y = Eg with ATy = A7+yhg, for
some y>0. Now there does not exist a vector in VIY with weight A-qqa,
for qo=q, so VIA is a conjugate of a restricted module and hence by (1.10),
MT A =ap,+ U, for some O<a<p. Since ((fﬁa)g)v+ €V O -yay), y<a
But if y<a, there is no vector in VIY with T o weight A-aa 4. Soy = a.
Now, let Lg = <Uif>k | 3<k<8), a group of type Ag with natural subgroup, B,
of type B3. We note that v* affords an L, composition factor of V which
restricts to B to produce a composition factor with the same high weight
as Bz module as VIA. But L, lies in a proper parabolic of Y and hence acts
reducibly on V. Thus, dimVI|A < dimV|Y. Contradiction.

4.2.2). (ALp" is not of type (D4,Az).

Proof: Suppose false; then Ly’ = Ag. Let TT(Lp) = {aq,@p,a3}, SO
TT(A) = TT(Lp) = {ayg}. Then there does not exist ¥ € TI(Y)-TT(Ly) with
(7,ZLy) # 0, Qy /Koy = WAW (or WXAW™). This follows from Theorem
(8.1) of [12]if p > 2. If p=2, though (WAW)ILA" is reducible, one checks
that there is no La' composition factor of WAW isomorphic to a twist of

Qp%. Let qbe the field twist on the embedding of Lp"inLy". Consider
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56 DONNA M. TESTERMAN

first the case where TT(Ly) = {B{,83,84, Bs.Bet. Then, Q\(/KB2 = WAWAW
as Ly'-modules. One checks that the LA’ composition factors of WAWAW
have high weights 2qu4 and 2qus. Thus, p=2, as Qp $ Kg, So by the Main
Theorem of [12], V1(Qy) = W or W*. By (1.25), dim Vg (Qy) < 36, s0
(X\,B) = 0. Moreover, (2.13) implies that (X,87) = 0= (X ,Bg) if Y = Eg;
and recall that M|Ty = X1 if Y = E5. Thus, one of the following holds:

(@) Y =Eg, ATy = Xq (or Xg).

B) Y=E7, ATy =X+ Xy0r MTy = Xg + xh7. (¢) Y =Egand
ATy =g or hg.

Referring to Table 1 of [S], we see that dimV|A = 8K.26%.160™, for
k,e,meZ*. So [8] implies that (a) does not hold, if (b) holds
ATy = AgtX-, and if (¢) holds ATy = Ag. By induction and Theorem
(7.1) of [12], {X,a4) = 0, qq, Or q1+qo, for q4 and g, distinct p-powers.
But then dimVI|A < dimVIY, by (1.32) and (1.38). Thus, Ly" = ¢ Uiﬁil i=
1,3,4,5,6).

It remains to consider the case where Ly" = <Uiﬁa | 4<i<8). Let q be
as above. Then (2.12) and (2.4) imply B 11T 5 = 0 and B3IT A = qayg = BoIT A.
One checks that B4ITA = qap = BglTa, BslTao=qaj=B7ITp, fori=1or3,
respectively, and BglT o = qaz - aq) or qlaq - a3), respectively. Also,
by (2.13), {X,B3) = 0.

Now, Theorem (8.1) of [12] implies Vl(Qy) = W, W, WAW, or
WXAW™ (the latter two only if p=2). Thus, (X,ay4) = 0, else (1.26) and
(1.32) imply that dim VIA < dim VIY. So, in particular, A - ggag isa Tp
weight in VIA, for some p-power q,. The above remarks imply that
(X,B2) # 0, else there is no vector in VIY with T weight X - qga.

We now argue carefully, using (1.34) and the parabolic Py~ of (2.12)
(as in the proof of (4.3)), to see that the bound on dimVQ(Q‘A\)X_qa4 is
exceeded in every configuration. This completes the proof of (4.2.2).

(4.2.3). (A, Lp) is not of type (C3,Co).

Proof: Suppose false; then Ly’ = Az. Examining Ly’ composition
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 57

factors of WAW, we see that there does not exist ¢ € TTI(Y)-TT(Ly) such
that (7,ZLy) # 0 and Qy/K, = WAW. Thus, Qy/K, = W or W* for all

¥ € TT(Y)-TT(Ly) with (#,ZLy) = 0. So Qy/Ky = QaKy /Ke for all such 7.
Let TT(A) = {aq,ap,a3}. Thus, if q is the field twist on the embedding of
La' inLy’, (2.13) implies 7T 5 = quq for all ¥ € TI(Y)-TI(Ly) such that

(7, ZLy) # 0. In addition, (2.12) implies TIT 5o = O for all T€ TT(Y)-TT(Ly)
such that (7,ZLy) = 0. If TI(Ly) = {r,,r,,rs} with (ry,ri;4) <0, for i = 1,2,
then rqIT A = qap = r3iT A and rolT 5 = gz, Now, there exists at most one
7 €T(Y)-TI(Ly) with (7,5Ly) = 0 and {X,7) = 0, else dimVy (A-qa,) >1,
contradicting (1.31). So, in fact, {X,a )= cq for some O<c<p, as there
does not exist a Ty weight restricting to X - qoaq for g5 = q. So by
(1.10), q=1.

The restriction Qy /K, % WAW implies TT(Ly) is (a8) {B,B3,B4},

(b) {B4,Bs,Bet}, (©) {Bs,Bg.Bo}, or (d) {Bg,B.Bgh In (a), (b), (¢), (d),
respectively, {X\,B4) = 0,(X\,B4) =0,{X,Bg) =0,{\,Bg) = O,
respectively. Otherwise, dimVTAOwal—ccQ) > 2, contradicting (1.29).

If (X\,x;) =0, then Theorem (8.1) of [12] implies \|T o =ku,, for
O<k<p or N|Ta =alp + bluz, where a=z0zb and a+b = p-1. In the first
case, dimVTA(x—al—QaQ—a3) < 3, and in the second case, dimVTAO\-al—
ap-a3) < 2. (See (1.29).) Thus, the information in the above 2 paragraphs
implies that Y = Eg, Ly" is as in (@) or (b) and ATy = kX4 or kg,
respectively. However, this configuration is ruled out by a direct
application of (1.23). Thus, (X,aq) = O.

Now, V1 (h-ay) = 0 implies there exists 7 € TI(Y)=TT(Ly), with
(7,2Ly) # 0, and {(X,7) = 0. Recall that there exists only one such 7.
Applying these remarks, (2.13) and symmetry, we restrict still further
to:

(A) TT(Ly) = {B,B3.Bat, (X,Bo) = 0, {X,B;) =0, i24.

(B) TT(Ly) = {B4Bs.Bet, Y =E7, AN, B+B5) = 0, (N,B,+Bs+B,) = 0.

(C) T(Ly) ={Bs,Be.B9t, ¥ = Eg, (X ,Bg) = 0, (X ,B4) =0, 1<i<4.
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S8 DONNA M. TESTERMAN

(D) TT(Ly) = {B4,Rs.Bel, Y = Eg, (X,B,) =0,
(N, +Bs+B+B+Bg) = O.

Note, (1.23) rules out Y of type Eg, entirely.

By Theorem (8.1) of [12], and the above work, AT =yliq + Klip,
for O<yk<p, or X|Ta =yuq + alyp + busz, for O<y,a,b<p, a+b = p-1. We
use (1.29) to check that dimVy (A-aj-ap) < 2,dimVy (A-2aj-ap) <2,
and dimV1 (A-ag-ap-agz) <4 Also, dimVy (h-ag-2ap-ag3) <5, if
MTaA=ylq + klo.

Consider the configuration of (B) when ATy =bXg + akg + XX 7,
0<a,b,x<p, a+b = p-1. Then f,,cvT, f3,cvt, f 5V, fpfasv™ and fog v
are five linearly independent vectors in VTA(X—al—QQ—ag), contradicting
the given bound. Using (1.34) to argue in this manner for each case, we
reduce to Y of type E7, ATy =kXg + xX7, MT A =ylq + ko, for
O<k,y,x<p.

We now argue that x=y. Since 0 = (1‘;37)><v+ € VTAO\‘ Xaq), X<y.
Moreover, there does not exist a vector in VIY with T 5 weight X - zaq
where z>x. For if O=w is a Ty weight vector with weight X\ - Zc;85 and
c7 > X, thencg > 0. So ysx.

Let X = (Usg Usp Usp Usrp Usg ). Then X contains a natural
subgroup, C < X, of type C3. The X composition factor of V afforded by v*
has dimension strictly less than dimV]Y, since X is contained in the Levi
factor of a proper parabolic of Y. But the C composition factor of V
afforded by v* has the same high weight as VIA, as Cz module. Thus,
dimVIA < dimV|Y. Contradiction. This completes the proof of (4.2.3).

(4.2.4). (A, Lp) is not of type (C3,A7).

Proof: Suppose false. By assumption, p>2 and Ly’ = Ag. By the Main

Theorem of [12], L A" acts irreducibly on WAW and on W*AW™. One checks
that WAWAW has no 6-dimensional L' composition factor. Thus, Y = Eg
and Ly’ = <Uiﬁs | 4<i<8). Let q be the field twist on the embedding of LA’
inLy"
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 59

Now, one checks that QAKﬁQ/KﬁZ = QY/Kﬁz forces an embedding of
La"in Ly which gives the following: B4lTa = qap = BglTp = B7IT4,
BelTa =qlaq —ap)and BglTp = qay. Also, by (2.13), BoITp = qag =
BxIT A and 41T = 0. Moreover, (2.13) also implies that (X,B1+Bx) = 0.
Thus, either (X,az) = 0or (X,Bo) = 0. If {X,Bo) = 0, we argue carefully
using (1.34) (as in the proof of (4.2.1)) that the bound on dimv2(QA)k_qa3
is exceeded in every configuration. Thus, (:,az) = 0. But it is a
straightforward check, using induction, (1.26) and (1.32), to see that
(N,a3) = 0 implies dimVIA < dimVIY. This completes the proof of (4.2.4).

It remains to consider the case where Ly’ = A7 and (ALp") has type
(Dg,Dy4) or (F4,B3). In the first case, consideration of the quotient
QY/Kﬁz’ in view of Theorem (8.1) of [12], implies that p = 2 and
Vl(QY) = W or W*. But now in each case, the bound on dimvﬁz(QY) implies
XTy = \g, a contradiction.O

(4.7). Suppose Ly'is of type Ay, with natural module W, and
(Qa™)9 2 W or W*, as La' modules, for any p-power q. If dimv1(ay) > 1,
then Theorem (4.0) (i1) or (i11) holds.

Proof: Since Lp' acts irreducibly on W ¢ (Qa®)9, (2.3) implies that

there does not exist ¥ € TTI(Y) - TI(Ly), with (7,ZLy) # 0, such that

Qy /Ko = Wor WX, Inparticular, we have k>4. In fact, k>4. For
otherwise, since rankA > 2, Lo" must be of type B, (= Cp) in order to have
a S—-dimensional irreducible representation. Moreover, since W % (QAC‘)Q}
A = Cz. However, there exists ¥ € TI(Y)-TI(Ly), with (7,ZLy) = 0, such
that Qy /Ky = WAW or W*AW>, a 10-dimensional irreducible L’ module.
(Recall p # 2 when A =C3.) Thus Qa < Ky, contradicting (2.3).

Consider the case where Ly’ = Ag. The existence of a
6-dimensional irreducible L o'~module not isomorphic to a twist of Qo™
implies (ALA") is of type (A3,Ap), (Bz,A0), (A4,A3), (B4,Az), (C4,A3), OF
(F4,C3). If LA = Ap, then p>2. For the pairs (A3,A%), (A4,A3), and (B3,Ap),
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dimQa® < dimWw. But the Main Theorem of [12] implies that Lo’ acts
irreducibly on WAW and on W*AW™, unless p=2 and L' = A3z. Even in the
latter case, the L' composition factors of WAW have dimensions 14 and
1. Hence, there does not exist ¥ € TTI(Y) = TI(Ly) with (7,ZLy) # 0 and
Qy /Ky = WAW or WXAWX. Also, by the Main Theorem of [12],

vicay) = w, W*, WAW or W*AW™. But now a direct application of (1.23)
rules out all possible configurations.

For (ALA" of type (B4,A3), the preceeding remarks imply Ly" =
(Utﬁ1 |i=1,3,45,6). Then, QY/KJ%2 = WAWAW, as Ly'-modules. The Lp'
composition factors of WAWAW have high weights 24 and 2u=. But
since p>2, this implies Qp < KBz’ contradicting (2.3). In the (F4,C3) and
(C4,A3) cases, there does not exist an Lo’ composition factor of WAW
isomorphic to a twist of Qp%. Thus, there does not exist 7 € TI(Y)-TT(Ly)
with (7,ZLy) = 0 and Qy /Ky = WAW or W*AW™. So Y = Eg and we have
the result.

Consider now the case where Ly’ = Ag. Since W is @ 7-dimensional
irreducible Lp'-module ( #£(Qpa®)3), either Lo" = Ay and p=3, or (ALp) is
of type (F4,B3). In the latter case, Theorem (8.1) of [12] produces a
contradiction to (2.3). So we consider the case where Lo = Ay and p=3.
Let TI(LA) = {aq,ap}k. By (1.25), for ¥ €TI(Y) = TT(Ly), dimV,(Qy) < 21, if
A = Az or Bz, and dimV,(Qy) < 42, if A = C3. This restriction implies
that either (&) Y = E7 with ATy = X7 or (b) Y = Eg with ATy = Ao and A
= Cxz. (Note that we used the methods of (1.30), (1.32), and (1.35) to find a
lower bound for dimV 4 (Qy).) Ineach case, NMTp = q(uq + Uo) + xuz, for
some x>0 and some p-power . If A= Az, (1.23) implies that x = q-1. In
the configuration of (a), dimV|Y = 56. However, referring to Table 1 of
[S], and using the methods of (1.32) and (1.30), we see that dimV|A = 56.
In the configuration of (b), Q\(/Kﬁ3 = WAW. But WAW has LA’ composition
factors with high weights 3quq, 3qp, q(q+ o) and 0. (We have used
(2.6) to identify q with the field twist on the embedding of Lo"inLy")
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Thus, there is no Lo’ composition factor of QY/K;&3 isomorphic to a twist
of Qx®3. But this contradicts (2.3) and (2.4). Thus, Ly" does not have type
Ag.-

It remains to consider the case where Ly’ = A7. Since W is an
8-dimensional irreducible La'-module ( % (Qpa®)9), Lo" = As or Dy, or
(AL) has type (B4,B3). Note that V1(Qy) # W or W*. For otherwise the
bound on dimV g_(Qy) of (1.25) implies that X|Ty = Ag. Thus, the Main
Theorem of [12] implies that A = Dg, LA" = D4, and p>2. However, then L 5’
acts irreducibly on the S6-dimensional Ly’ module Qy/Kﬁz. But this
implies Qp < Kﬁz’ contradicting (2.3). Thus, Ly" does not have type A-.

This completes the proof of (4.7).0

(4.8), If Ly' is of type Dy, for some k>4 and dim Vl(Qy) > 1, then
Theorem (4.0) (iv) or (vi) holds.

Proof: Let pq,..., yg be the fundamental dominant weights for Dy.
Then we will call W = V(1) the natural module for Ly".

Suppose Lp" acts irreducibly on some Ly' module other than W. Then
the Main Theorem of [12] implies that L A" acts irreducibly on the
Ly'-modules with high weights uy_4 and uy. In every case, there exists
7 € TM(Y)-TTI(Ly) with (7,ZLy) # 0 such that the irreducible Ly'~module
Qy /Ky has high weight L _4 or py. Thus, Qp% is isomorphic to the La’
irreducible afforded by pg_q or uy. The Main Theorem of [12] then
implies that A=F4, LA =Bz, andLy" = Dg.

With (A,Lp"Ly ") of type (F4,B3,D4), suppose Y = E5 or Eg. Let qbe
the field twist on the embedding of Lo"in Ly". Then, by (2.13) and (2.6),
B1ITaA=qag=PRglTa BklTa =0,and (X, ,By) =0 for k>6. Also, since the
embedding of L' in Ly" is the natural embedding of classical groups,
BolTa=0qaq, BylTa =qapand B3ITa = qag = BsITA. We claim that
(Nay) = (X,Bq). Certainly, x = (X,B1) < (X, ay), as
0% (fﬁl)xv+ EVTY(X - xqayg). Also, (X,Bq) 2 (X\,ay) =y. For otherwise,
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there is no vector in VIY with T o weight X - ygay. Now, let X = Utﬁ1|
1<i<6). Then, X contains a natural subgroup of type F4, say Ay < X.
Moreover, the X composition factor of V afforded by v* is not all of V.
But the A, composition factor of V afforded by v* has the same dimension
as VIA. Thus, dimVIA < dimVIY. Hence, if (A,Lo",Ly") has type (F4,B3,D4),
Y = Eg and the result holds.

Now consider the case where V1(Qy) = W and L5’ acts reducibly on
every nontrivial, restricted Ly’ module other than W. The Main Theorem
of [12] then implies that the triple (La",Ly",p) is one of (A»,D4,p),
(B5.,Dg,5), (B5,07,3), (C3,07,3) or (C3,D7,7). We first note that Ly does
not have type D5. For otherwise, the bound on dimVBI(Qy) implies
ATy =g As well, (Lp',Ly") does not have type (Ap,Dy); for one checks
that Lp' acts irreducibly on each of the 8-dimensional irreducible
Ly'-modules. So Qa <Kg ,contradicting (2.3). Thus,LA"=B,and Ly’ = Dg,
with p=5. For 7 € TI(Y) - TT(Ly) such that Qy /K, is one of the restricted
irreducible spin modules for Ly", Qy /Ky has L' composition factors of
dimensions 12 and 4. Hence, (2.3) implies that A = C3 . Also, by (1.25),
dimV . (Qy) < 40, so {(\,7) = 0. An application of (1.23) then rules out Y
of type Eg. Moreover, Ly’ = (U 111<5), else Qy/Kg_is a
10-dimensional irreducible Lo' module containing a nontrivial image of
Qp%. The above remarks and (2.3) imply ATy = Aq. Thus, Y = Eg and the
result holds.

This completes the proof of (4.8).0

The proof of Theorem (4.0) is now complete.
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CHAPTER 5: RANK(A) > 3

In this chapter we establish the Main Theorem under the following
conditions: Y has type E,, and rank A > 2. We adopt Notation and
Hypothesis (2.0) throughout the chapter. Note that Theorem (4.1) of [12]

implies rank A < rank Y. Our result is the following.

Theorem (5.0). If VIA is irreducible, then Y = Eg and one of the

following holds:

(i) A is the fixed point subgroup of the graph automorphism of v, so
A has type F4,and ATy = (p=3)X4 or (p-3)\g, for p>3, or
ATy =Xq + (p=2)A3 0r hg + (p-2)Ag, for p>2. Moreover, with A and Vv
as described, VIA is irreducible.

(i1) p>2, A has type Cq, MTp = Hpand ATy = Xq or hg.

Moreover, if p>2, Y = Eg and B is the fixed point subgroup of the

automorphism iy, where iy is the inner automorphism associated with

X=hg +2B,+285+3B,+2B+R(~1), then B has type Cy, and V(1 1)IB and
V(Xg)IB are irreducible with high weight p,.

Proof of existence statement in (ii); (due to G. Seitz) It is a check

to see that the fixed point subgroup of the automorphism Tiy, is

B = (x4p,(Dxsp (1), x1p (Dx4p (1), X4p (1),
xi(B2+,B3+ﬁ4)(t)xt(ﬁ2+ﬁ4+ﬁs)("t) | tek), that this group has type C4 and
that V(1) and V() g) have a B composition factor with high weight 5.
But then, p>2 and Table 1 of [S] imply that this composition factor has
dimension 27 and so V(X ¢)IB and V(X g)IB are irreducible.0

63
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64 DONNA M. TESTERMAN

(5.1) Assume there are no examples (B,Y ,W) satisfying the
hypotheses of the Main Theorem with Rank(B) = 3. Also, assume (A,p) is
not special. If L' is of type Az and dimv1(Qa) > 1, then Ly' is a simple
algebraic group.

Proof. Suppose false; i.e., suppose Ly’ has more than one component.
Let TT(LA) = {aq,@p,a3}, 50 @ = ay. Thenby rank restrictions Ly has 2
components. In fact Ly’ has type Az X Az, since Py is minimal and Az has
no S-dimensional irreducible representation. Thus, (1.5) implies Zp < Zy.
By (2.7), we may assume the field twist on the embedding of L' in each
component of Ly" is q, for some p-power q.

Consider the case where T(Ly) = {B,$3,B4,B¢,87.Bgt The L'
composition factors of Q\//KB5 have high weights among
{q(m1+M3),0,2qN4, 2gM3, g}, where Mg, My, M3 represent the
fundamental dominant weights of Az, labelled as throughout. Since there
is a nontrivial image of QA% in QY/Kﬁs’ A=DgorCy,orp=2and A=Ay,
Then (1.23) forces dimVIA < dimV|Y if p=2 and A has type A4. Thus,

A =Dy or Cq. Now, dim(Qy/Kg ) < dim Qx%, s0 Qp < Kg, But (1.33)
implies that gh; and O cannot be high weights of an indecomposable LA’
module, for i = 1 or 3. Hence, we may assume that -, is not involved in
La" So(2.11) implies that there is a nontrivial image of Qx% in
Qy(Bsg,Bp). However, the Lo’ composition factors of this Ly' irreducible
have high weights among {g(m1+M5), q(ho+M3), g4, ghz}. Thus, TT(Ly) =
(B1.B3.84.Be.B7. Bt

We now have TI(Ly) = {B,,B3,84.B¢.B5.8gt. The LA’ composition
factors of Qy/Kﬁ5 have high weights among {q(h1+M5), ¢, g(Mo+M3),
gnz}. Since (2.3) implies that there is a nontrivial image of Qa in
Qy/KﬁS, A= Agzor By Asabove,if Qp < Kg, then -B 4 is not involved in
La" But there is no 4-dimensional La" composition factor of Qy(Bg,B1).
Hence (2.11) implies Qp ¢ Kg,- Since each of the irreducible Ly’ modules

Qy/KﬁS and QY/Kﬁ1 must have an L' composition factor isomorphic to a
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JRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 65

twist of @Qp%4, the embedding of T(LA") in T(Ly") is as follows: hy (€) =
hg (cD-hg (cD, hy (©) =hg (cD-hg (cT) and hy (€) = hg (ch)-hg (c).
Considering the T(LA") weight vectors in Qy/KﬁS, we see that

X_q (1) = X as(CtDR_gg7(CotDx_,o5(c3tDw, where cj €k, some c;
nonzero, and w€Kg_. S0 BglT A = qlag-ay~ap). This implies (X B,) =0
for 3<k<6, else (VTY(}»—qa4+qa1+qa2) 2] VTY(}\-qa4+qa1) &3]

VT (OA-qag+qag) ® Vy (A-qug-qagz+qey)) = 0. Also, (2.13) implies
B1ITA = quy.

Suppose A is of type By, so p>2. Then (X,ay) = 0 for i=2,3,4, else
rank restrictions imply there is a parabolic subgroup of Y, P, containing
the Bz parabolic of A with containment of unipotent radicals and such that
the Levi factor of P, is a simple algebraic group. However, Theorem (4.0)
and the induction hypothesis imply that no such configuration occurs.
Thus AT = q(apq) for some O<a<p. Comparing this with the information
in the preceeding paragraph, we have ATy = xXkq+ak,, for some x20.
However, O = fﬁ2+ﬁ4+ﬁ5v+ €V1,(A-qay). Contradiction.

So we have reduced to the case where A = A4. Applying (1.23) and
(1.10) and the above remarks we find that either AT = auq+apy4 and
ATy = xXq+ako, for some a>0, x>0 or AT =bus+buz and
ATy =yhq+bAho+bhg, for some b>0, y>0. In the first case, a > 1, else
dimVIA < dimVIY. But then f vt and f,,c.v* are linearly independent
vectors in VTA(x—al—a4), which is a 1-dimensional weight space. In the
second case, 0 = fegvt € V1, (A-ay), contradicting (N,ag? = 0.

This completes the proof of (5.1).0

(5.2). Let (A)Y,V) be as in the Main Theorem with Y of type E,, and
rankA > 3. Assume there are no examples (B,Y ,W) satisfying the
hypotheses of the Main Theorem with rank(B) = 3. Also assume (A,p) is

not special. Then Y has type Eg and one of the following holds:
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66 DONNA M. TESTERMAN

(1) Aldsof type Cy, 50 p>2, AT o = Hp,and ATy = Xq (or Ag).
(i1) A is of type F4.
Proof: Choose P4 such that dimv2(Qu) > 1. Consider first the case

where rankA = 4. By (5.1) and size restrictions, Ly' has one component.
Then, the induction hypothesis implies that Theorem (4.0) applies. In
particular, (1.5) implies Za < Zy.

Consider the case where A =C4and L’ = Az, as in (4.0) (i1). Then
Y =Egand Ly’ = Ag. The embedding of L' in Ly’ is the natural embedding
of Az in Ag. The Main Theorem of [12] implies that one of the following
holds:

(@) ATy = Aq+xhoor Ag+xho, for Osx<p and AT o = qlo+yliy,
where q is some p-power and y>0.

(®) MTy =xAo+rzor xho+hg and AT A = quq+quz+yliy, where
X, qand y are as in (a).

In either case, the Cx parabolic of A acts nontriviaily on (v*). Thus,
Theorem (4.0) and the induction hypothesis imply that the Cxz parabolic of
A is contained in a conjugate of Py, with containment of unipotent
radicals. Theorem (8.1) in [12] rules out the configuration of (b) and
forces y = 0 in the configuration of (a). Thus VIA is a conjugate of a basic
module (recall that p>2 when A = C4), and so by (1.10), VIA has high
weight 1y, Moreover x=0, else (1.26) and (1.32) imply that

dimVIA < dimVIY. Thus ATy = X1 and we have the configuration of (i) in
the statement of the result.

Consider now the case where A=Cy,La"'=C3, Y =Eqand Ly’ = Ag,
as in (4.0) (i). The embedding of L™ in Ly" is the natural embedding of Cxz
in Ag. Theorem (8.1) of [12] implies that the A3 parabolic of A acts
nontrivially on (v*), so we may reduce to the first case. Thus, if
rankA=4, (i) or (ii) holds.

Suppose rankA = 5 and consider the case where Ly is a simple

algebraic group of classical type; so by (4.0), A=Cg, Lo = Cy, and
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JRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 67

Ly' = Az, as in (4.0) (v). The embedding of LA™ inLy" is the natura]
embedding of classical groups. By (8.1) of [12], the A4 parabolic of A acts
nontrivially on {(v*). Thus, size restrictions and the preceeding two
paragraphs imply that Theorem (4.0) applies. But there are no examples
(Cq,A4), (Y,Ly") in Theorem (4.0). Thus, if rankA =S, Ly" = Eg or E5. The
only possible configuration, given inductively by the preceeding two
paragraphs would be: A =Cg, Lp' = Cy4, and Ly’ = Eg. However, Qy/KB7 is a
27-dimensional irreducible L A" module on which Z 5 induces scalars. But
then, QAKﬁ7/Kﬁ7 is an 8-dimensional L' submodule of QY/KBT by (2.4).
Thus rankA = 5. Also, by induction and Theorem (4.0), rank A = 6,7.

This completes the proof of (5.2).0

(5.3). Suppose (A,Y,V) are as in the Main Theorem and the pair (A)Y)
has type (F4.,Eg), withp>2. Then V is a basic module for A. Moreover, A is
the fixed point subgroup under the graph automorphism of V.

Proof: Let P4 (respectively, P,) be the maximal parabolic of A,

containing B, corresponding to the simple root a4 (respectively, aq). If
Pj = LjQ; is the Levi decomposition for Py, then L4' =Bz and L' = C3. Rank
restrictions imply that Theorem (4.0) applies whenever dimV1<Q]~) > 1. 1In
particular, Theorem (8.1) in [12] implies that vl(Qi) is a tensor
indecomposable L' module. Thus, if VIA is tensor decomposable, the above
remarks and (1.7) imply that AT o= qqapq+qobuy,, where p>a,b>0 and qq
and g, are distinct p-powers. However, Theorem (8.1) of [12] implies
that v1(Qq) cannot have high weight (q1ap)IT(L1"). Thus, VIA is a tensor
indecomposable module. Then p>2 and (1.10) imply that V|A is basic.
Hence Proposition (2.8) of [12] holds.

Let Pyl and Py2 be as in Proposition (2.8) of [12]. That is, if Py! =
Ly'ay is the Levi decomposition of Pyl then Py <Pyl @y <yl Ly < Ly!
and Zj = Z(L{)° < Zy' = Z(Ly"® for i=1,2. Moreover, the fixed maximal

torus Ty is contained in Lyi. Now VIY nontrivial implies that
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68 DONNA M. TESTERMAN

dimv1(Qy) > 1 for i = 1 or 2. Induction and the Main Theorem of [12] imply
dimv1(Q,) > 1 in every possible configuration, and that (Ly2) has type As.

Choose a base TI(Y) = {B1,B2,83.84.85.Bp} of 2(Y), l1abelled as
throughout, such that TT((Ly2)) = {B 1.83.84.85,8p} and QY2 = ( Uy |
rEST(Y) = ZLy ). Then, xg (1) = xg (1), Xq (1) = xg_(Dxg () and
Xa (1) = Xg ()xg (1), Also, examining the T(L,") weights in QYQ/Kﬁz, we
see that x_al(t) = x_ﬁz(at)u, where a€k*™, uEKB2.

We claim that (Lyl)' has type D4. This follows from the Main
Theorem and induction, if dimvi(Ql) > 1. So suppose dimvi(Ql) =1.
Then, MTy = akq+xkp and AT p = aly4. In fact, x=0 as there is no
nontrivial embedding of B3 in A4 If (Lyl)' is not of type Dy, (Lyl)' is a
conjugate of (Usg , Usg , Urg,, Uspo, Uiﬁe,)’ and dimv2(ay1) > 16.
However, (1.25) implies dimV2(Qq) < 8. Thus, (Ly1) has type D4, as
claimed. Also,Lq" < (Ly1) must be the natural embedding of classical
groups.

So there exists {71,72,73,74} S Z(Y) such that
(Lyly = (Usg, Ury, Ury, Usy ) 15 of type Dy and such that
X_o (1) = X_qr (D1 1), X (Dot) = x4 (1) and xg (1) = g bal)xy (bst), for
some bj €k™. Comparing this with the known information about the
factorization of these elements, we see that Y1=Bo, Y0 =B4, 173,74}
={B3,fs}tand by = bs. Then, A is in fact the fixed point subgroup under

the graph automorphism of Y.O

In the following few results, we will determine on which modules
V, the fixed point subgroup of the graph automorphism of Y = Eg acts
irreducibly. We are forced to do tedious calculations within the universal
enveloping algebra of L(Y). Thus, it is necessary to know the structure
constants of L(Y); i.e., we need a set of consistent signs for the
commutator relations among elements of a Chevalley basis of L(Y). (Since

all root strings in =(Y) have length 1, the constants involved are either 1
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 69

or —1.) In Section 4.2 of [6], 3 method for constructing a set of structure
constants is described. It involves choosing a set of "extraspecial” pairs
(r,s) of roots. The structure constants, Np. o, where [ep,eg]l = Ny g€p4g,
may be chosen arbitrarly for these pairs. Then, using Theorem 4.1.2 of
[6], one generates the remaining structure constants.

The set of extraspecial pairs is chosen by first fixing a total
ordering on the space U containing the roots. We do this as follows. Let
V1 =B1,Vp=B3,V3=B4g,Vq=B2, V5= Bg, Vg = Bg. Then, we say
0 < Zcyvy if and only if the first nonzero coefficient cj is positive. An
ordered pair (r,s) is said to be special if r+s €Z(Y) and 0<r<s. An
ordered pair (r,s) is said to be extraspecial if (r,s) is special and if for
all special pairs (rq,s1) wWithr+s =rq+s4, we have rzr4. Then, every
root in =*(Y) which is the sum of two roots in Z+(Y) can be uniquely
expressed as a sum of an extraspecial pair. We choose Np g =1 for all

extraspecial pairs.

(5.4). Let (A)Y,V) be as in (5.3), so p>2. Then one of the following
holds: (i) ATy = (p=-3)X4q or (p=3) g, for p>3.
(1) ATy =Xq + (p-2X30r Ag + (p-2)Ag, for p>2.

Proof: In view of (5.3) and (1.1), it will suffice to work with the

Lie algebras L(A) < L(Y). Actually, we do all computations inside of the
universal enveloping algebra of L(Y), where we view L(Y) as a subalgebra
of its universal enveloping algebra. (See Section 17 of [9].) Let TT(A) =
{aq,ap,a3,a4) and TICY) = {B1,82.83.B4.85.8} be 1abelled as
thrdughout. Let {eﬁi,fﬁillsi%} be the corresponding elements of L(Y).
Let (v*) be the unique 1-space of V such that eﬁiv*’ = 0 for 1<i<6. Then
we have the elements eq, Of L(A) as follows:

(54.1). eq =ep,, €a, = €B,

ea3: 8133 + 8135, ea4 = 8B1 + eﬁG
In the following, we will consider the possible modules V|Y given
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inductively by repeated applications of Theorem (8.1) of [12]. In all cases
except the two in the statement of the result, we will produce a vector
weV - (vF), which is a maximal vector for LT(A), the Lie subalgebra of
L(A) generated by €, for 1<i<4. Thus, L(A) acts reducibly on V|Y except
in these two configurations. (Note that (1.34) is frequently used in the
check that w is a maximal vector.)

By Theorem (8.1) of [12], the C3 parabolic of A will act nontrivially
on (v*) in every possible configuration. (For convenience, we will refer
to (8.1) of [12] simply as (8.1) for the next few results.) Suppose
(X\,Bk?) = 0 for k=3,4,5,6, as in the first configuration of (8.1) (¢). Then,
(8.1)(d) implies that ATy = aX\4, for some a>0. Consider the vector

+ f

W= (=f1 1221017 F123asf134t f111,21,00f 13" F1234F1345

::::::::::

for L*(A). Moreover, if a = p-3, then w0, 85 €¢; 1 ; 5, yW =
(@+3)h(y 4 1 2, yv" = al@+3)v*. Thus, if ATy = ak4, (i) holds.

In the configuration where ATy =bXz + XXy, for 1 = b = p-1 and
p>x>0, (8.1)(d) implies that x=0 or xz0 and x + b + 2 = 0 (mod p). Suppose
x = 0. Consider the vector w=(f4 45,4 0yF f11121.035F
f12345f34% f13452347 2F23a5T134% F0,1,1,2,1,0f37 Tozasesa +
fyasefo3a * To11.220)V7. (Recall, p>2.) Using the fact that b=p-1, we
can show that f,fz,v* = f 5, fsv*. Then, applying other elements of L(Y)
to this equation and using commutator relations, we obtain other such
dependence relations. These are necessary to show that, in fact,

L¥(A)w = 0. Moreover, w0 $iNCe €1 4 2, 13W = heg s 1 55 1vF = bv™.
Thus, L(A) does not act irreducibly on V. Suppose now that A|Ty = bz +
XXo and x=z0. Then, since x + b+ 2 = 0 (mod p), and b = p-1, we have
x=b=p-1. Let w=(fip34f5~ fo34f13~ f1ozas+ f13asT2 ~ fozase*
fzas6f2)vt. Then LY (A)w = 0 and w = 0 as e, 3,5W = -bv*. Thus, L(A)
does not act irreducibly on V.

Consider next the configuration where ATy = cXq + bAz + XXo,

Licensed to Ecole Polytech Fed de Lausanne. Prepared on Tue Apr 19 01:56:51 EDT 2016for download from IP 128.178.14.170.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 71

foo1,1210f 3% f3as6f234 = Fozas6f3a+ fl0,0,1,2,1,00F 13+
(b+2)F(1 1 2010+ Fro3af345 = FozasTriza)VT. Then LY (A)w = 0 and
€011220W = B+ 1 555v" = (b+2)bv™; 50 1f b = p-2, then w0
and (i1) holds. Suppose A\ is as above with x>0. Then (8.1)(d) implies that
b+x+2 = 0 (mod p). Let w = (foz,fy + B+ pz,+ fousfs+ Cfouc IV
Then LT (A)w = 0 and w # 0, as eg,w = f,f,vT = 0.

Finally, we must consider the case where ATy =bXz + aky + xho,

for a=0zb, a+b = p~1 and p>%x>0. Theorem (8.1) implies that x = 0. Let

W = (fousefas = fasefoast @f(11.1.2.1.0) = (@FDfp34f st BF345f o0t

f134T 245 +(@+ 1) 234564 F3us6T2478F 256 34% T1234F 34— F1zafoza)V’

:::::

This completes the proof of (5.4).0

Definition: If u = X - Zc¢iBy is a Ty weight in V, then the level of u
is 3cj. We define the level of a T 5 weight v = X - Zdjaj similarly. For
each 1<i<6, B4lITa = aj for some 1<j<4, so level is preserved under

restriction.

(5.5). Let Y have type Eg and let A<Y be the fixed point subgroup of
the graph automorphism of Y and assume p>2. Suppose V is a restricted
irreducible, rational kY -module with high weight \. Let (v*) be the
unique 1-space of V|Y invariant under By. If V|A is reducible, there exists
a maximal vector for B, weV - {v*), such that one of the following
holds:

1) ATy

(1) ATy = Xq + (p=2)X3, for p>2,and ey 4 5 54 oy WELVT) or

:::::

1
~
o
|
[ON]
p—
>
’_\
N
o
S
©
\
[&N]
[a)]
>
Q.
D
a
-
"
N
N
=
[N
<
m
Py
<
+
~

:::::

1L,4,4,

Proof: We first prove the following

Claim: There exists a maximal vector for Ba, weV - (v*).
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Note that the long word for the Weyl group of Eg, W, lies in A.
That is, there exists a coset representative, ng, such that wgy = ngNy(Ty)
and ng € A. Indeed, one checks that wg = (Sﬁ1+232+233+3ﬁ4+2}3s+ﬁ5 .
Sﬁc{8133+}34“‘ﬁ5°sﬁ1+ﬁ3+54+ﬁs+ﬁe)NY(TY)’ where sy is the reflection
corresponding to the root r. Now, since VIA is reducible, there exists
0<W<V, an irreducible A-submodule of V. If v €W, the result follows.
So suppose v €W. Since ng€A, ngvt €W. Also, ngvt is @ maximal vector
for By ™ = (U_p|rez=(Y)Ty.

Consider now the kY-module V¥, with high weight ~wg\, by (1.11).
write V = (ngvt) @ V, and define a vector fT € V™ as follows:
fT(ngvt) = 1 and f¥(vy) = 0 for vy €V,. One checks that f* is a maximal
vector for Byt and has weight —wgX. Thus, (f*) is the unique 1-space of
V* with these properties. Moreover, f¥ ¢ Ann(w) as novt €w. Hence, in
VXA, Ann(W) is an invariant submodule, not containing the maximal vector
fT. So there exists a vector g7 € V* - (f*), such that g* is a maximal
vector for Ba. So the claim holds for V*. But V¥|A =V|A, and so the claim
holds in general.

We now pass to the level of Lie algebras. Thus, there exists a
vector weV = (vF) such that L*(A)w = 0, where LT (A) is the Lie algebra
span of the elements €q, for 1<i<4. And we may assume, W€ VTA(V), for
some dominant weight v. However, w# VTY(u), for any weight = X\ -
=diB;. For otherwise, (5.4.1) and the linear independence of weight
vectors with distinct weights would imply we(vt). Choose w to have
minimal level. Since wg (vt), w is not a maximal vector for L*T(Y), the
Lie algebra span of the elements eg., for 1<i<6. Thus, (5.4.1) implies that
eg W # Oor eg W # 0.

Case L. egWw # 0.

Note that eg w (v*), else we V1 O-ag) = Vy (A-By),
contradicting the opening remarks of the proof. Thus, by minimality,

eg, W is not a maximal vector for L*(A). Since 81w = 0 fori=1, 2 and 4,
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eq 21w = (eytes)e,w = e;5wW = 0. Here also e,swg(vT), else

wE€ VTy(x—B 1—-B3). So by minimality, e,sw is not a maximal vector for
L*(A). Now, eq 3w = 0 fori=1,3 and 4, so q f13W = €134W = 0. AS
above, e,5,w£{vt), and so is not a maximal vector for L*(A). But,

q 134w = 0 fori=2 and 4. Thus, €q,134W # 0 OF g 8434w = O.

SUpPOSE g B134W = €1p34W = 0. Since the only Ty weight
restricting to A-aq-ap-a3z-ayg is A=-B1-Bo-B3-B4, €1,3,wE (V') and
so is not a maximal vector for L*(A). Since €q 1234w = O for i=1, 2 and
4, €q£1234W = €12345W # 0. Suppose now that €q8134W = €13a5W = O.
Note that e,5,sW# (vt), else the opening remarks of the proof imply that
)\lTy = }\1+(p—2)>\3 and W€ VTY(X"ﬁ 1—B3—_B4_ﬁ5) S5}
VTY(X'B3_;34—.BS"JB6) EBVTY(X-/B 1-2B3-B4). Sow = af1345v+ +
bfseev™ + Cfy34fsvT, for some a,b,c€k. But eq,W = 0 implies that b = 0,
W = 0 implies that ¢ = 0 and Eq W = 0 implies that a = 0, contradicting
the original choice of w. So by minimality e, z,w is not a maximal
vector for L*(A). Now €q f1345W = O for 1=2, 3. In fact €, L1345V =
€13u56W = 0, @S €43456€ LT(A). (We use here the fact that p>2.) Thus,
€q,B1345W = €12345W # 0, 1N this case also.

Now, if &,345WE <V+), WIS VTA()\—ai—a2~2a3—a4). But,
A-aq-ap —2a3z-ay is not a dominant weight, with X as given. Thus,
€4,34sW £ (v*), and so is not a maximal vector for L¥(A). Now,
€af12345W = 0 fori=1and3. In fact, € 12345W = €123456W = O, 88
€123456 € LT (A). Hence eq €1p345W = €(1 11 21,00W # 0. Note that
e11,121,0WEVT), else weVT (A-ag-20p-2a3-ay). But

A-aq-2ap-2a3-ay4 is not a dominant weight. Thus, by minimality,

IR

+ —
€1,1,1,21,0EL7 (A). Hence eq_ € 11421 0)W = €(11,221,00W # O-

1L, 4,

SUPPOSE €(1 1 551, 0)WE(VT). Then weVy (h-aq-20p-3az-ay). Since

:::::

A-aq-2ap-3az-oy is dominant only if ATy = X4 + (p-2)X3, we have
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74 DONNA M. TESTERMAN

one of the configurations of the resuilt.

Suppose now that ey ; , 51 W #{v™) and so is not a maximal
vector for L*(A). Since €ala,1221,0W = 0 fori=1, 2 and 3, we have
€, f1,1221,0W = &11221,0W = 0. Notethat eq € 1554 )W =0
for 1<i<4, as ey 1 55, 1y€LT(A). So by minimality,

+
€1,1,221,0W VT,

This completes the consideration of Case L

Case IL epw # 0.

Note that eg_wg(v™), else weVy (A-az) = V1 (A-B3),
contradicting the opening remarks of the proof. Thus, by minimality,
e W is not a maximal vector for L*Y(A). Since, eq RV = 0 fori=1,3,
we have € LRV = E34W # 0or €q BBV = "E13W & 0. If e;sw = 0, we
may refer to Case I. So suppose es,w = 0. Note that es,wg({v*), else
wEVT (A-B3-P4), contradicting the opening remarks of the proof.
Hence, by minimality, es,w is not a maximal vector for L*(A).

Now eq 834w = 0, and in fact, eq_es,w = 0, as e3,5€L*(A). Thus,
€q C34W = Ep3aW # Oor € B34W = “€43qW # 0. If e43,w = O we may
refer to Case I. So suppose e,3,w # 0. Then e, s, wg(v*), as above, and
50 is not a maximal vector for L¥(A). But eq ep3,w =0 for i=1,2. In

- + -
fact, a4f234W = 0, 8s e,345€L 7 (A). Hence, €, B234W = ~1p34W # 0. But
now we may refer to Case L

This completes the proof of (5.5).0

(5.6). Let (AY) be as in(5.5), so p>2. If ATy = (p-3)X 4, for p>3,
VIA is irreducible.

Proof: Suppose false; i.e., suppose VIA is reducible. Then (5.5)
implies that there exists weV - (v*), a maximal vector for Ba, such that
€1122.1.)WEVT). Hence, eqW = 0 for 1<i<4, where we now view V as
a module for L(A). Now, W€ V1, (Mg -2ap-3a3-2ay). The nontrivial Ty

weights restricting to A-a,-2a,-3az-2a, are
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A-28,-B,~2B5-2B,~Bs, N-B1-Bo-2B3-2B4-B5-Bg, and
A-B1-Bo-B3-2B4-2P5-PBg. The last two weights are conjugate to
A-PB 1 and so have multiplicity 1. A spanning set for the weight space
V1, (A-2B1-B2-2P3-2P4-Ps) is Wy = f(1,1,2,2,1,0)‘(/[31\#» Wp =

+ _ + _ +
f103a5T134Y" > W3 = f1 11 21,00f 13" @Nd wy = f1o3,f1545v". Hence

:::::

+
fa,1220Y
Applying eq , 1<i<4, and e, 34 (an element of L*(A)) to w, we find

that L¥(A)w = 0 only if g = 0 = C5. SO WEVT (A-2B,-B,~2B35-2B, -By).
But, the linear independence of weight vectors with distinct weights and
(5.4.1) imply that egw =0, for 1<1<6. Since wg(vt), thisis a
contradiction.

This completes the proof of (5.6).0

(5.7). Let (A,Y) be as in (5.5), so p>2. If ATy = Xq + (p~2)X 3, for
p>2, then VIA is irreducible.
Proof: Suppose false. Then (5.5) implies that there exists

;;;;;
14,4,

:::::

Then we VT (A-ag-2ap-3az-ay). The nontrivial Ty weights
restricting to A-aq-2a,-3az-agare g = A-fo-B3-2R4-2B5- B¢,
Wop=A-B2-2B3-2B4-Ps5-Pp, U3 = A-B1-B2-3B3-2B4, and
Wy = f(o,1,1,2,1,1)f3"+’ W3 = f3a56 T23a9", Wa = To3as6f34v",

_ _ + _
Ws = f1o54f54f V" We = fua1210f59 7 Wo = f 001097
We = f1o34f3a5 ", ANd W = fo35f15,v". Then VT () = (wy),
VTY(u2) = <W2,W3,W4), VTy(Ji:g) = <W5) and VTY(Jl4) = <W1| 6<i<9).
Thus, w = Zcywj, for some ¢ € k, 1<i<9.

Applying €,345, €345, €R. €347 €45 and e, z,+ €454 (a1l elements of
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76 DONNA M. TESTERMAN

L*(A)) to w, we find that L¥(A)w = 0 only if cg = —c7 = cg = —¢g,
cy =0=cgandcy =c3 = -Cy.

We now claim that we (v*), which will contradict the choice of w.
It suffices to show that egw = 0 for 1<i<6. By hypothesis,
eg,w=0=¢ég,w. Consider now egw = 06(f(0‘1’1,2,1’0)fﬁ3+ fozafzas —
fo34sf3)VT. It is a straightforward check that eﬁi(eﬁ%W) = 0 for 1<i<6.
Thus eg,Ww = 0; so ER W = 0.

Now eg w =eg w+egws= 0 and since eg W€ VTY(X—}S2~B3—2JS4
~Bs5-Be) B VT (A-P1-Bo-P3-2P4-PBs)andeg weVT (A-B1-Bo-283
-2B4), we must have eﬁaw =0= eﬁsw. Hence, egw = 0 for 1<i<6, and
w €(v™) as claimed. This completes the consideration of Case I.

Case II: ey 4 5,4 HWECVT).

Then, weVy (h-ag-2ap-3az-2ay). The nontrivial Ty weights
restricting to A-aq-2ap-3az-2ag are Uq = A-2p1-B,-3B3-2B4,

Mo =A-P1-Bo-B3-2P4-2Bs5Pe, U3 = A-P1-B2-2B3-2B4-B5Bg and
Ba=r-2B1-Bp-2B3-2B4-Bs. Also, V1, (ip) = (wq), V1 (1)) = (wp),
Vr (3) = (wil3 <1< 7)and V1 (1g) = (wy|8 < k < 10), where

Wy = fiozafisfaavt, wy = f(1,1,1,2,2,1)v+’ W3 = f<1,1,2,2,1,1)v+»

W4 = f13a56T2349" Ws = T3456T134Y ", We = F1ozas6f34v ",

Wo = f(o,1,1,2,1,1)f13v+’ Wg = f(1,1,2,2,1,o)f1\’+’ W = f1345F1347,

Wio = faa21,0f13v"

APP1YINg ey, €24, €345 12347 €46 and e 3,+ €454 (all elements
of LY(A)), we see that LT(A)w = 0 only if cy=0fori=1,28,910. So
wE VTY(LL3). But (5.4.1) and the linear independence of weight vectors
with distinct weights implies egW = 0 for 1<i<6. But this implies
we€(v*T). Contradiction.

This completes the proof of (5.7).0

The remainder of this chapter is devoted to proving that there are

no examples (A,Y,V) in the main theorem with A simple, of rank 3 and Y of
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type Ep, nor with (A,p) special and rankA > 2. This will complete the
proof of Theorem (5.0).

(5.8). Suppose rank A = 3 with (A,p) not special, Lp" is of type A,
with dimv1(Qp) > 1. Then Ly’ = Ly XLy, with L; of type A, or Dy
Moreover, if Lj has type Dy, then (X8 ) = 0 for 1<j<5.

Proof: If Ly'is quasisimple, Theorem (4.0) implies that Ly’ is of
exceptional type. Then (6.0) implies that Ly’ = Eg and Qy /st7 is a
27-dimensional irreducible Lo’ module. Thus, Z, induces scalars on
Qy/KB7, forcing QAKﬁ_)/Kﬁ7 to be an L’ submodule of QY/K;%7- Since
dimQp < 27, Qp < Kﬁ_;, contradicting (2.3). Thus, Ly" is not a quasisimple.

By size retrictions, Ly' = L1 XLy, where L; is a simple algebraic
group of classical type. Hence, (1.5) implies Zp < Zy. Notice, if A, is
embedded in Dg, acting reducibly on the natural module for Dg, A, lies in a
proper parabolic of Dg. Thus, the minimality of Py and the Main Theorem
of [12] imply that L; has type Ay or D4. Suppose Lj = Dg4. Since Py is
minimal, p;(LA") is either irreducible on QY/KﬁY or p=3and L’ acts on
Qy/Kg, with composition factors of dimensions 1 and 7. Thus, Qp < Kg,
and by (2.3), (k,ﬁj) =0 for 1<j<5.0

(5.9). If (ALp") is of type (B3,Bp) and p>2, then dimv1(qp) = 1.

Proof: Suppose dimvi(QA)>1. Then Ly" is not a simple algebraic
group. For otherwise, Theorem (4.0) implies Ly is of exceptional type.
But the result of Chapter 7 indicates that there is no such embedding.
Thus Y = Egand Ly’ is of type AzXAz or A3XA,. Also, the projection of
Lp' into each component of Ly’ must act irreducibly on the natural module
for that component, as Py is minimal. Note that ha3(—1)EZ(A) <
Z(Y) = {1}. Since Y is simply connected, ha3(—1) must be in the kernel of
the 4-dimensional representation of La". But it is easy to check that this

is not the case. Contradiction.O
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78 DONNA M. TESTERMAN

(5.10). If Ais of type Az or Bz, with (A,p) not special, and Lo’ is of
type Ay, then dimv1(Qy) = 1.

Proof: Suppose false. Let TTI(Lp) = {aq,ap}, s0 TT(A) = TI(LA) = {a3}.
By (5.8), Ly' = L1 XLy, with Lj of type Ay or Dy. Let qj be the field twist
on the embedding of LA" inLj for i = 1,2. Thus, (1.5) implies Zp < Zy.
Suppose Lq = Dg4. Then Y =Eg, TT(Lq) = {B5,B3,84.Bs5}, TT(Lp) = {B+,Bg}, and
(X,B ) =0 for 1<j<5. By (1.23) and (5.9), XIT 5 = qlepg+dup+euy) if
A= Azor MTa =qcuq if A=Bgz, with ATy = xhg+chjtdry where
{jk} = 7,8 and q is some p-power. If p=3, 0<c,d<2 and (1.26) and (1.32)
imply dimV]A < dimVIY. Hence, p=3.

Since p = 3, p1(LA" acts irreducibly on VLI(—ﬁ6) and (2.7) implies
that q=qp. One checks that if py(hg (€)) = hﬁa(cq2) and polhg (c) =
hﬁ7(cq2), the L' composition factors of QY/KﬁGhave high weights
qo(Hq+245), qo(214) and qolp. By symmetry, if pz(hal(c)) = hﬁ7(cq2)
and pothg (€)) = hBS(CQZ), there is no Lo’ composition factor of Qy/Kg
isomorphic to a twist of Qp*3. Thus, Lo' must project into Ly in the first
way described.

we claim (\,Bg+B7) = 0. For otherwise, since V1, (A-Bp) @
V1, (h -Bg=P7) = 0, some nonidentity element from the set
U“ﬁs'u‘ﬁs‘ﬁ7 must occur in the factorization of an element in Qa - Q"
However, —Bg (respectively, -Bg-B7) affords T(Lp") weight qo(uq+215)
(respectively, 2qp4). But no such weight vectors occur in QAKﬁs/Kﬁe'
Thus, if Ly has type D4XAo, ATy = c)hg, for some 1<c<p. Then (1.23)
implies AT p = qo(cpq+cuz) if A= Az, and (5.9) implies AT = qpcpy, if
A = B3. In any case, dimvﬁS(Qy) < 3/2(c+1)(c+2), by (1.25) and (1.12).
However, f136+137+138V+ affords an Ly’ composition factor in vﬁs(QY) of
dimension 4c(c+1). Contradiction.

Now consider the case where Lj has type Ay for i = 1,2, and L4 and
Lo are separated by exactly two nodes of the Dynkin diagram. For

convenience, temporarily label as follows:
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 79

Ly' = (Uso, Uwz) X Uz, Ui%) = L4 X Lo, 73,74 €TI(Y) = TI(Ly), with
(71,74+1) < 0 for 1<i<5. Then (2.8), (2.5) and (2.6) imply that only one of
L4 and L, act nontrivially on V1(Qy). SayLqvt = vF, LovF = v*. Since
Qp ¢ K,y3, we compare high weights of the Lo" modules QAK73/K73 and
Qy /Ky to see that py(hg (€)) = h,yl(c(h) and pq(hg () = h,yz(cqx). It is a
check to see that the Ly’ composition factor of Qy afforded by Uy,
has no 3-dimensional L 5" submodule isomorphic to a twist of Qp%3. But by
(1.33), we may assume that if Qp < Ky =74 isnotinvolved in L A" Hence,
(2.11) implies that Qp ¢ Ky

Now, Qp $ K,y3 and Qp ¢ K,y4 and (2.9) imply that A = B3. Moreover,
(2.13) and (2.8) imply 731T A = qqaz = Y4lTa. BY (5.9), {\,7y) = O for
2<i<6. Also, by (1.10), q1=1 and so, if (}\,')/1) = ¢, for O<c<p, then
(Maq) = c. Now, the subgroup X = {Usy, Uy, Urgy s, Urgy , Uy, Usgy )
of type Ag has a natural subgroup, B, of type B3. Moreover, the X
composition factor of VIY afforded by (v*) is not all of VIY as X is
contained in the Levi factor of a proper parabolic of Y. But the B
composition factor of VY afforded by (v*) has the same high weight, as
Bz module, as does VIA. Thus, dimVI|A < dimVI|Y. Hence, this configuration
does not occur.

Consider now the case where L4 and L, are separated by more than
two nodes of the Dynkin diagram. Thus Y = Eg, TT(L¢) = {B,,B3} and
TM(Lo) = {B5,Bgt. Then (2.13) and (2.3) imply that (X ,By) = O for k =
2,4,5,6. We first note that only one of L4 and Lo acts nontrivially on
vi(ay). For otherwise (2.13) implies B4IT A = g3, BglT A = qoas, and
BolTa=0=BglTa. As well, we have B4ITA =qqaq, B3ITA =qqa9,
BglTa =0qoaq, B7ITA = qoap. Thus, there is no vector in VIY with T
weight X - qas, for any p-power g, contradicting (2.14).

Note that A does not have type Bz. For otherwise,\|T 5 = cqjuq, for
i=1o0r2,and ATy =cXq or chg. And as above, considering the usual

embedding of Bz in Ag we have dimVIA < dimV|Y. Also, (1.23) and (1.10)
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imply VIA is restricted; say AT = cuq+dup+cuz Let Py™ > By~ be the
parabolic subgroup of Y with Levi factor Ly” = (Ly,Usg). Then Qp < Qy”
= Ry(Py™) and Zp < Z(Ly™)° by (2.12). For the argument which follows,
we may assume (X ,B1+B3) = 0and (X,B7+Bg) # 0. So ATy = dr7+chg,
BsITA=0, BglTa=as3, B7lTa=apand BglTa=ag. If Q5 <Kg , by (1.33)
we may assume that —-B 4 is not involved in LA". Hence, by (2.11), there is
a nontrivial image of QA%31in Qy " (Bg.B4). But Qy"(Bg,B4) hasno Ly’
composition factor isomorphic to a twist of Qo®3. Thus, Qp ¢ Kg, and
BalT o =gqa3. Now, if VTA(X—ag—xag) = 0, then conjugating by Sqy We
see that Vp (h-ap=(c+1-x)az) = 0. Sox < c+l. Inparticular, qq = 1,
else 0 = fugeyv " €V (A-ap=(q+Dagz). So B4ITp = ay, B3ITA = ap, and
BalTa = az. Now, if (X,B7) 22, (fg)2vt, (fgg )2V, f e fovT and
f34sg7V' are 4 linearly independent vectors in VTAO\‘QQQ‘?O‘S)- But
(1.28) implies dimVy (A-2ap-2a3) < 3. Thus, (X,87) = 1. Also,
(X,Bg) > 1, else (1.23) implies dimVIA < dimVIY. If (X, Bg) = ¢ = (X, aq) =
(X ,a3), we may assume ¢ = p-2, else by (1.35), dimVTA(X—aQ—a3) =1,
but fg,vt and fgg,v* are 2 linearly independent vectors in this weight
space. Now by Theorem 3 of [3] and (1.28), if c+1 < p-1,
dimvy (A-p7-Bg) = dimVy (A-2p7-2Bg) = dimV 1 (A-B7-2Bg) = 2
Thus, dim[va<>\~2fs6—257—258) V7, (A-2B5- 2B6-2B7-2Bg) +
VT, (M-P5-2Pg=2B7-2Bg) + VT (A-B4-Ps5-Bg~2R7 -2Bg) +
VTY(X_Bs_,Bz;“ﬁs‘ﬁe_B7_258)+ VTYO\”B1“}33’54“55_55“137‘58)) > 9.
But each of these weight spaces lies in VTA(X-2a1—2a2—2a3), which has
dimension at most 9, by (1.28). Hence, we may assume c+1 > p-1, s0
¢ = p-1. Now, (1.33) implies dimVTY(}\—ﬁ7—2ﬁ8) = 2 and since
A-2p7-2Bg is conjugate to A-B7-2Bg, dimVTY(X—2ﬁ7—2ﬁ>8) = 2. And
again the dimension of the given sum of Ty weight spaces exceeds 9.
Thus, T(Ly) = {B4,B3,85,Bg}

It remains to consider the case where Lj is of type A, for i=1,2 and

L1 and L, are separated by exactly one node of the Dynkin diagram. For
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convenience, temporarily label as follows: TT(L1) = {¥ 1,72}, TT(Ly) =
74,75}, Y3€T(Y) - TI(Ly) and (74,7 j4+1) < O for 1<i<4. Then (2.7)
implies that the field twists on the embeddings of Lo"inLq and in L, are
equal. Call this twist q. Thus, by (2.5) and (2.6), only one of L1 and L»
acts nontrivially on V1(Qy). Say, Lyv* = vt and Lovt = v*.

Now we may assume p>2. For otherwise, A = Az and (1.23), (1.26)
and (1.32) imply dimV|A < dimV|Y. Then, we find that QY/K')’3 has an LA’
composition isomorphic to a twist of Qo%3 if and only if hal(C) = h,y2(CQ).
hy (cD and hy (€) = hyy (cDhy (9. Then, considering the T(Lp") weight
vectors in the module Qy/Ky , we see that x_g (t) = x_,yz_,y3(c1tq)-
x_f}/s_,}/4(02tq)w, where cj €k, with ¢cq and ¢, not both zero, and we K,y3.
Thus, 731TA = qlaz = aq). Inparticular, (X,73) = 0. So if (X,74) = d,
(X,72) = c, for some 0<c,d<p, then {\,a4) = cqand {(\,ar) = dq. If
A = Bz, d=0by (5.9). In fact, c=0 also, else f,y2+ ,)/3v+ is a nonzero vector
in vV (v - qag). Thus, A= Az and (1.23) implies that (X ,a3) = cq. Let
P > By~ be the proper parabolic subgroup of Y with Levi factor (Uifyil
1<i<5)Ty. Then, considering the usual embedding of Az in Ag, we see that
dimV]A < dimvi(Ru(P)) < dimVI]Y. This completes the proof of (5.10).0

(5.11). If A has type Cz, with p>2, and L 5" has type A, with
dimv1(Qa) > 1, then Y has type Eg, Ly" has type Ay X D4 and
ATy =chy +dhg, d =0, (\,aq) =cq, {\,ap) = dq, for some p-power q.

Proof: By (5.8), Ly'=Lq X Ly, where L has type Ay or D4. Thus,
(1.5) implies Zp < Zy. Consider first the case where L4 = D4. Then
Y = Eg, Ly" has type D4 X Ay and {\,B{) =0 for 1 <i<5.

Let g; be the field twist on the embedding of LA’ in Lj, for i=1,2. If
q1#dp, L' acts irreducibly on Qy/Kﬁeor p=3 and QY/Kﬁe has La’
composition factors of dimensions 21 and 3. Thus, since Qa¢ Kﬁe’ q1=9p.
If pothg, (€)= hﬁ7(cq1) and pothy () = hﬁs(cql), the L' composition
factors of Qy/Kg _have high weights {q1 (213 +42), 111, q1242}. BY
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symmetry, if polhy (©)) = hﬁB(c(h) and po(hy (©)) = hg_(ch), there is no
Lp' composition factor of QY/Kﬁe isomorphic to a twist of Qp%3. Thus,
we see that Lo must project onto Ly in the first way described and
BglZa = qraz. Note that <>\»ﬁ‘6) = 0 else a nonidentity element from U‘J36
must occur in the factorization of some element of QAaa; but -Bp does
not afford a T(LA") weight in (Qp%)9%. (See (2.4).) Also, if ATy =
ch7+dhg, then (X\,aq) = cqq and (X\,ayp) = dqq. Suppose d =0 = c. Then
(1.26) and (1.25) imply dimV g (Qy) < 3(c+1)(c+2). Now, fﬁ6+137v+ affords
an Ly’ composition factor of VB6(Qy) of dimension 8-dimV, where V4 is
the A, module with high weight (c-1)hq+M5 and mq, hy are the
fundamental dominant weights for A,. The corollary to Theorems 3 and 4
in [3] implies dimV, = c(c+2) if ¢ < p—1 or 2(c+1)(c+2) + (c-1) if c= p-1.
But 8-dimV, > 3(c+1)(c+2) in each case, contradicting the bound on
dimvﬁs(Qy). Thus d = 0.

Now consider the case where L is of type A, for i=1,2. Say
Lqv* = v*. Since p>2, Qx¥3 is a 6-dimensional irreducible La' module. So
there does not exist ¥ € TI(Y) - TT(Ly) with (7,ZL4) = 0 and such that
Qy /Ky is isomorphic to a 3-dimensional irreducible Ly module. Thus,
there exists 7o € TI(Y) = T(Ly) with (74,ZLy) = O for i=1,2. For
convenience, temporarily label as follows: TT(L1) = {7,,%,}, (¥2,7,) # O,
TM(Lp) = {73,774}, (¥3,7) # 0. Then (2.7) implies that the field twists on
the embeddings of Lp" in L4 and in Ly are equal. Call this twist q.
Considering the LA’ composition factors of Qy/K,yO, we have hal(c) =
hy (cDhy (c9) and hy (@)= hy (€D hy (9.

We first claim that there does not exist T€TT(Y) - TT(Ly) with
(T1,74) # 0. For if there exists such a 1, Qy/K.¢ is a 3-dimensional
irreducible Lo’ module and so Qp < K. By (2.10), -7 is not involved inLp’,
so (2.11) implies that there is a nontrivial image of QA3 in Qy (74, 7),
which is also a 3-dimensional irreducible La’ module. Contradiction. As
well, there does not exist T € TT(Y) - TT(Ly) with (T,73) = 0. For if there
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exists such a 1, as above, Qp < K¢, =T is not involved in La" and (2.11)
applies. But Qy(7,7) has Lo’ composition factors of dimensions 8 and 1
(7 and 1, if p=3).

The above work implies Y = Eg and TT(Ly) = {B,B3,Bs,8g}. We may
assume, by symmetry, that {\,Bg+Bg) = 0, and by (2.3), {\,B5) = 0. Also,
one checks that x_q () = x_ﬁ4(citq)w, where clek* and we€Kg . Thus, by
(2.4), B4lT A = quz; and (2.12) implies BolTp = 0. Thus, {X,B4) = 0, else
f,vT and f24v+ are two linearly independent vectors in VTA(X—qa:g).

We claim that (X,a3) = 0. For since B4ITp = qaq = BglTA,

B3ITA =quo = BslTa, BylTa =qa3, and {X,B4) = O, there does not exist a
vector in VIY with T o weight X - qqaz for any p-power q,. So we have
NTa =qlcuq + dup) and ATy = chq + dh3 for some O<c,d<p.

Now Tet X = <Uiﬁ1’uiﬁ3lutﬁ4’UiB5'UiBG>- Then X has a natural
subgroup, C, of type C3. Moreover, vt affords an X composition factor of
VIY with dimension strictly less than dimVI|Y, as X is contained in the Levi
factor of a proper parabolic of Y. But vt affords a C composition factor
of VIY with the same high weight as V|A, as Cz module. Thus, dimVIA <
dimV|Y. Contradiction.O

(5.12). If (AL A" is of type (C3,Cp) with p>2, then dimv1(a,) = 1.

Proof: Suppose false; i.e., suppose dimvi(QA) > 1. We first claim
that Ly" is not simple. The work of Chapter 7 indicates that Ly’ is not a
simple algebraic group of exceptional type. Hence, if Ly' is simple,
Theorem (4.0) implies Y = Eg, ATy = A4 and (X,ay) = 2q, for some
p-power q. However, this contradicts (5.11). Thus, Y =Egand Ly’ is of
type Az X Az or Az X Ay

We first claim that <x,a2> # 0. For otherwise, (5.11) and the Main
Theorem of [12] imply XIT 5 = quz and dimVIA < dimVIY. Hence, (5.11)
implies ATy = chy+dhg with d=0. Now <Utﬁj| j=6,7,8)isa
component of Ly" with the embedding of L™ in Ly' the natural embedding

of classical groups, up to some twist. Thus, <x,a2> =dqq and
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(X, a3) = cqq for some p-power qq. In fact, since d = 0, (5.11) implies
(X\,a1) = cqq, S0 by (1.10), gy = 1. Now, let X = <U¢ﬁj |2 <j<8). Then X
has a natural subgroup of type C3, call it C. (See IVg on Table 1 of [12].)
Moreover, vt affords an X composition factor of V|Y of dimension strictly
less than dimV[Y. But v affords a C composition factor of VIY with the
same high weight as VIA, as Cz modules. Thus, dimVI|A < dimV]Y.
Contradiction.O

(5.13). If (AY,V) is an example in the main theorem, with Y of type
En, and rankA > 2, then (A,p) is not special.

Proof: Suppose false

Case I. Suppose p = 2 and A has type By or Cy.

We first claim that (X,a) > O for some j > 1. For otherwise,
applying induction to a maximal parabolic of A corresponding to ay, rank
restrictions, (5.1) - (5.11), (9.4) and the Main Theorem of [12] imply that
AT A = quuq or (q+qgdiq and dimVIA = 2k or (2k)2, respectively. Also,

k < rankY, by Theorem (4.1) of [12]. But then (1.32) and [8] imply dimV]Y
= dimVI]A. So (X,aj> > 0 for some j > 1, as claimed.

For the remainder of Case I considerations, let « = aq; s0 LA" has
type By—q or Cx—1, and dimvl(QA) > 1. Suppose Ly has type Dy, for some
2 > 4. Thenby (1.5), Zp < Zy and by (4.1) of [12], rank Lp" = k-1 <
rankLy". If Lo"acts irreducibly on some module other than W, the natural
module for Ly’, the Main Theorem of [12] implies that either LA" acts
irreducibly on the 2 fundamental spin modules for Ly*, or Lp' = Bz,

Ly ' =Dgand L acts irreducibly on 2 of the 3 restricted 8-dimensional
irreducible Ly’ modules. But there exists ¥ € TT(Y) - TT(Ly) with

Vo (Qy) # 0 and Qy /K, isomorphic to one of these two spin modules;
while I is never isomorphic to one of these modules. Thus, W is the only
Ly’ module on which La" acts irreducibly. So vl(Qy) = w. If Ly’ = Do,
then dimvl(Qy) =14, so k = 4. However, the bound on dimVﬁl(Qy) implies
ATy = Xg. By (4.1) of [12], the only remaining possibility is that
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Ly =Dg, k=4 and XMTp = X1 +qly, for some p-power gq. Induction,
applied to the maximal parabolic of A corresponding to ay, implies that x
= 0, qq or gq+qp, for g4 and gy distinct p-powers. So dimVI|A = 16, 128,
or 1024. As well, {X,Bo+B3+Bg) =1 and (X,B4) = 0. Finally, using (2.3)
to obtain more information about XITy, and (1.32) and [8], we see that
dimVIA = dimVI|Y. Thus, no component of Ly" has type Dy.

Suppose A = Bz or C3. The above work and (9.4) imply that L; has
type Az for all i. Note that ATy = Xy for any 2. For otherwise,
MTa = Qoxq+qo s Or qqXiq+dopz for x = 0 or 1 and for some
p-powers g4 and gp. Then Table 1 of [S]implies dimVIA = 8, 14, 48 or 64;
so dimVIA = dimVIY by [8]. Now, in general, induction and rank
restrictions imply dimV|A < 62.8 if Y = Eg or E- and dimV|A < 6-85 if
Y = Eg. But then the above remarks, (1.32) and [8] imply dimVIA < dimV]Y.
Hence, A = Bz or C3.

Now, suppose A = C4 or B4. A straightforward argument shows that
Ly = Ag and A|T p = x4 +quyp for some p-power q. If Y = Eg or E-,
induction (applied to the Az maximal parabolic of A) implies that x = 0 or
g. SodimVIA =26 or 112. But then (1.32) and [8] imply dimVIA = dimV]Y.
So Y = Eg. By induction, x = 0, g4, q, or g4+q, for some p-power g4 # q.
Then, dimVI|A = 26, 112, 208, or 896. But [8] and (1.32) imply dimVI|A <
dimVIlY. So Y = B4 or Cy.

Suppose A = Bg or Cg. The previous work of this result and the
Main Theorem of [12] imply that Ly’ = A7. The bound on dimvﬁz(Qy)
implies that ATy = Xq. Also, T = x4 +quyp. However, induction
(applied to the A4 maximal parabolic of A) provides a contradiction.
Thus, A does not have type Bg or Cg. But this fact, together with rank
restrictions implies that A does not have type Bg or Cg, and consequently
neither can A have type B~ or C-.

Case Il Ahas type Fgqandp = 2.

First note that O"“j) > 0 for some 1 < j <3, else by induction, the
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Main Theorem of [12] and the previous work of this result, X|Ta = qug4,
for some p-power q, and dimV|A = 26 < dimV|Y. Let a = ay, S0 LA" = B3
and dimv1(Qa) > 1. If Ly’ = D7, V1(Qy) = W, the natural module for Ly".
For otherwise, by the Main Theorem of [12], QY/Kﬁl is a tensor
decomposable, irreducible L " module containing a nontrivial image of
Qa%. But now, the bound on dimV g (Qy) implies ATy = hg. If Ly' = A7,
the bound on dimV g (Qy) implies ATy = Xq, while AT A = quz+xig.
Hence, dimVIA = 246-26K or 4096-26K for some k>0. (See [8].) But then
dimVIA = dimVIY by [8].

Suppose Ly’ = Ag. Since LA" acts irreducibly on W, the natural
module for Ly", (2.3) implies that there does not exist ¥ € TT(Y) - TT(Ly)
with Qy/Ky = W or W*. Also, by induction Vl(Qy) = W or W*. Hence, if
Y = Eg, the bound on dimV g (Qy) implies ATy = Xy or hg. But then [8]
implies dimVIA = dimVIY. So Y = E7, TI(Ly) = {B;] ] = 2,4,5,6,7}, and
ATy = xA3+Xp where & =2 or 7. Also, AT = qu4+yp, and by [8],
dimV|A = 26K; so x = 0. By induction, {X\,a4) = 0 or qq; so dimV]A < 262 <
dimVIy, by (1.32). So Ly’ = As.

It remains to consider the case where Ly has type D4 and by
induction AT 5 = XqQuUq+quU3z+Yligq for some p-power gand x = O or 1.
Also, since QY/Kﬁi must contain a nontrivial image of Qp%, for i =1 and 5,
N,B3+Bg) =1, (N, Byg) =0and (X,Bo) =x. As well, (2.3) implies
(X,Bg) =0 for & > 7. Applying induction to the Cx maximal parabolic of
A, we find that Y = Eg, ATy = akq+X3, and AT o = quz+qy. However,
[8] and (1.32) imply dimV|A < dimV]Y. This completes the proof of (5.13).0
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CHAPTER 6: INITIAL RANK TWO RESULTS

In this chapter, we will prove the Main Theorem in case A = Ay, p>2
and Y = E4. The method of proof depends almost entirely on restricting
our attention to the embedding of one of the two maximal parabolics of A.
In fact, we will actually be studying the embedding of the maximal
parabolic of any rank 2 group whose Levi factor is <Utﬁ): for B long.
(Though we must assume p > 3, if A= Gy.) We establish a reasonably
short 1ist of possible such embeddings. (See (6.9).) For A = Ay, repeated
applications of (1.23) usually enable us to determine the structure of VIA,

by knowing this one embedding. The A, result is the following.

Theorem 6.0. (a) Let A be a simple algebraic group of type Ao, Y a
simply connected, simple algebraic group of type E,,. Suppose p>2, A < Y
and VIA is irreducible, for V = V() a nontrivial, restricted irreducible
kY-module. Then,p=5,Y =Eg and ATy = X4 (or Ag). Moreover,

MTa =204 + 249, where uq and i, are the fundamental dominant
weights corresponding to a fixed set of simple roots for Z(A).

(b) If p= 2,5and Y = Eg, there exists a closed subgroup B < V,

B = PSL3(k) such that V(XA 1)IB is irreducible.

Remark: The proof of (6.0)(b) is given in [16].

Hupothesis: For the remainder of this chapter we adopt Notation
and Hypothesis (2.0) with rank A = 2, 2(Y) of type Ej;, p > 2 and p = 3 when
A = G,. So (A,p) is not special. However, we will write TT(A) = {«,B}, so

La = (Utﬁ)TA and write j 4 and ug for the corresponding fundamental

87
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dominant weights. We take B to be the long root. Finally, assume VIA is

irreducible and (\,R) = 0.

(6.1). Ly'is not a simple algebraic group.

Proof: Suppose false. First note that Theorem (7.1) of [12] implies
Ly’ is not of type Ex. Thus, by (1.5), Zp < Zy. Consider first the case
Ly = Ag for some k. By (2.14), k>1. Let W be the natural module for Ly".
Then by (7.1) of [12], Vi(Qy) = W or W*. Thus, there does not exist
¥ € TT(Y)-TT(Ly) such that (7,ZLy) = 0 and Qy/K, = W or W*. Moreover,
since WAW (or W*AW™) has all even weights as an L’ module andp > 2,
there does not exist 7 € TI(Y)-TI(Ly) such that (7,ZLy) = 0 and Qy /Ky =
WAW or W*AWX. These remarks imply that Ly’ = Aq_q, where Y = Ep,
n=6,7,8 Moreover, by (1.25), dimV,(Qy) < 2n in each case. However, it
is an easy check to see that dimVg_(Qy) 2 £n(n-1) in each case.
Contradiction.

Suppose Ly = Dg and Vl(QA) has high weight (3q4 + 3q2)u;3, as
described in Theorem (7.1)(c) of [12]. Then there exists ¥ € TI(Y)-TT(Ly)
such that (7,3Ly) = 0 and Qy /K, is a 16-dimensional irreducible
La'-module. Thus Qp < Ky, contradicting (X,8) = O.

Since p>2, it remains to consider the case where Ly’ = Dy for some
k and Vl(QY) = W, the natural module for Ly". Note that by (1.14), W is a
tensor decomposable L A" module and Ly* = D4 or Dg. If Ly" = Dg, fi34567v"
affords an Ly’ composition factor of Vg (Qy) of dimension 32. However
this exceeds the bound of (1.25). Hence, Ly' = D4 and V1(Qa) has high
weight (q1+3@2)ug, for q1 and g distinct p-powers. One checks that LA’
acts irreducibly on two of the three fundamental 8-dimensional
irreducible Ly'-modules. Hence, LA" acts irreducibly on QY/KB1 or on
Qy/Kg, forcing Qa < Kg or Kg . But this contradicts (2.3).

This completes the proof of (6.1).0

Licensed to Ecole Polytech Fed de Lausanne. Prepared on Tue Apr 19 01:56:51 EDT 2016for download from IP 128.178.14.170.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 89

Remark (6.2). (1) If there exists 1<i<r with L of exceptional type,
then dimv1(Qy) > 1, induction and Theorem (7.1) of [12] imply that ¥ = Eg,
Ly =L1XLp, where Ly = Egand Ly = (Urg ) and ATy = xX7 + chg, for
some p>x20 and p>c>0. Now, dimV2(Qy) > 27¢c. Thus, the bound on
dimv2(Qa)y - qa and the description of V2(Qp) in (1.22) imply that k27,
where VIA= V14 ® -+ ® Vi %, as in (2.0). In particular, if VIA is tensor
indecomposable and Vl(QA) is nontrivial, all components of Ly have
classical type.

(2) We will often use without reference the fact that
U-2q-p U-3a-p-U-30-28 <Qa" This follows from the stated prime

restrictions.

(6.3). If Ljhas type Dk‘1 for some i and kj, then Y has type Eg,

ATy =xX7 + chg, for c>0 and T(Ly) = {B,,83,B4,8s5,Bg} or
{B1,B2:83.B4.Bs.Bet

Proof: Since all components of Ly" are necessarily of classical
type, (1.5) implies Zp < Zy. Moreover, by (6.1), Ly’ is not simple, so size
restrictions imply Ly = D4 or Dg and Y has type E- or Eg.

Case I. Suppose M; is nontrivial.

Consider first the case where Ly = Dg. Then, (7.1) of [12] and (1.14)
imply pi(Lp") acts irreducibly on the two fundamental spin
representations of Lj. Hence, <Uiﬁ1) <Ly, else Qy/Kﬁ1 is a 16-dimensional
irreducible L o' module containing a nontrivial image of Q5. The same
argument applied to QY/KB6 implies (Utﬁ7) <Ly’ Thus, Ly’ =LjXLj where
Ly= <Uiﬁ—,> or <Urﬁ7: Uiﬁa)‘ Also, (2.7) implies Mj is trivial. Now, using
(1.30) and (1.32), and recalling that p>3 in this configuration, we see that
the bound on dimV g (Qy) of (1.25) is exceeded. Thus, Lj = Dgy.

Since p=2, (7.1) of [12] and (1.14) imply MsILA" has high weight
(q1+3q2)uﬁ, for qq and g distinct p-powers. By considering pithg(c)),

one checks that pj(La") acts irreducibly on two of the three restricted
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8-dimensional irreducible L; modules. On the third pj(Lpo") acts with
composition factors of dimensions 3 and 5. Thus, Qp = Kﬁf contradicting
(2.3). This completes the consideration of Case L

Case II: Suppose M;j is trivial.

Note that there does not exist ¥ € TI(Y)-TT(Ly) and 1<j<r, j=i such
that (ZL,7) = 0 = (ZLJ-,'Y). For otherwise, by size restrictions, Mj is
nontrivial and (1.32) and (1.36) imply that the bound on dimV o (Qy) of
(1.25) is exceeded in every possible such configuration. Thus, Y = Eg and
Ly =Ly X (Usp ), where Ly = <U4_,ﬁjl 2<j<S)or (Uiﬁjl 1<j<5 ). Also,
(X,7) =0 for all ¥ € TI(Y)-TT(Ly) such that (7,ZL;) = 0, else the bound
on dimV (Qy) is exceeded. Thus, (6.3) holds.O

6.4). Let ¥ € TI(Y)-TI(Ly) and 1<izj<r such that
CLy,”) = 0 = (ZLj,')/). Then Mj or Mj is trivial.

Proof: Suppose false; i.e., suppose M; and MJ- are both nontrivial. By
Theorem (7.1) of [12] and (6.3), L and L j have type Ay, Ak, respectively,
for some kj, kj 2 1. Thus, by (1.5), Zp < Zy. Let Wy denote the natural
module for Ly, k =1, j. By (7.1) of [12], if rank Ly > 1, My = W) or W™ for
k=1, ]

Case I: VLQ(—’}’) = Wy or Wo™ for £ = iand j.

By (2.5) and (2.7) and the preceeding remarks, ¥ = B4 and there
exists k = 1, j, such that M is trivial and (ZLy,B4) = 0. Then, (1.15)
implies that LiXL;jXLy has type Aj XA XAm, m =1 or 3, or A{XAX Ap,,
m = 2, 3 or 4 (with a possible reordering of the triples). Then (1.36)
implies that the bound on dimVg (Qy) of (1.25) is exceeded unless the
triples are {Aq,A1,Am}t, m=1or 3, or {A1,A,Ap} with the Ay component
acting trivially on vi(ay).

Suppose rank Ly, =1 for m=1, j, k. Let ¥, € TT(Y) such that
Lym = (Uir)/m) for m =1, j, k. Let qj (respectively, qy) be the field twist on
the embedding of LA" in (Uifyi) (respectively, (Ui')’j»: where qj = qj.
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Then, by (2.7), we may assume that the field twist on the embedding of La’
in <Ui'yk) is also qj. Then the Lo’ composition factors of Qy/Kg  have high
weights (2q5 + qjug and gjuug. Since VTYO\")’VJM) = 0, some element
from the group U‘54'U"}’1“J34 must appear in the factorization of an
element in Qa=Qp". But -B 4 (respectively, -7 j-B4) affords T(Lp") weight
(2q5 + qi)“ﬁ (respectively, (2qj - qi)uﬁ). Neither of these weights
occurs in (QAa)qi. Thus, rank Ly, > 1 for m =1, j, or k.

We consider now the case where LiXLjXLy, in some reordering, has
type Aq XA XAz, 50 TT(Ly) = {B,,B3,85,8¢,85) Let <Uiﬁ5)ut}36:ut}37> = Lo
Let qq (respectively, gp) be the field twist on the embedding of LA" in
(Uiﬁz) (respectively, (Uiﬁ3)). Since p>2, (1.15) implies VLO(—ﬁ4)ILA' is
tensor indecomposable; in particular, p>3. Let the field twist on the
embedding of LA™ in Ly be 3. By (2.5), (2.6) and (2.7), {q4,92,93} consists
of two distinct powers of p. It is then an easy check to see that there is
no 2-dimensional Lp" composition factor of Qy/KB4. Thus Qp < Kg,
contradicting (2.3).

We have, therefore, TI(LiXLXLy) = {B1,83,82.B5.B¢r With
(X,B2) = 0. The bound on dimVg (Qy) of (1.25) implies that (A,B4) = 1 =
(N,Bg) and {X,By) = O for 2smsS. Now, f,,vt affordsan Ly’
composition factor in VB4(QY) of dimension 14, if p=3, or 16 otherwise.
Also, dimVTY(X—ﬁl—ﬁ:g -B4-Bs-Bg) > 4, by (1.34) and if p=3, a 1-space
from this weight space occurs in the above mentioned composition factor,
and otherwise, a 2-space from this weight space occurs. Hence, 3
(respectively, 2) distinct composition factors of V54(QY) of dimension 2
are afforded by vectors in VTY(X—}S 17 B3-B4-Bs-Bg), if p=3
(respectively, p=3). In either case, the bound on dimvﬁ4(Qy) is exceeded.
Thus, LiXLXLy does not have type ApXApXAq and this completes the
consideration of Case L

Case II: For @ =for j, V| (-7) & Wg or Wy ™.

Since Wy is an irreducible La’ module for 2 =1, j, if rank Ly > 1,
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there does not exist § € TI(Y)-TT(Ly) such that Qy/Kg = Wy or W™, else
Qa < Kg. Applying (1.36) and the various techniques for obtaining lower
bounds on dimensions of modules (e.g., (1.30), (1.32) and (1.35)), the bound
on dimV 5 (Qy) of (1.25) restricts the situation still further. We find that
T(LiXL3) = {By,B2,B4,85t and p=3. In particular, WylLA’ is tensor
decomposable. Let qq be the field twist on the embedding of L' in wiﬁl)'
Suppose WJ-ILA‘ has high weight (q2+q3)uﬁ, for g, and g3 distinct
p-powers, with qp = qq = q3. Then, Q\,/Kﬁ3 has L' composition factors
with high weights (q1+29) g and (q1+2q3)0g. Inparticular, there is no
2-dimensional Lp" composition factor of QY/Kﬁ3» contradicting (2.3).

This completes the consideration of Case II and the proof of (6.4).0

(6.5). Suppose there exist distinct 1<i,j,k<r such that
(ZLm,B4) # 0 for m =i, j, k and suppose My, is nontrivial for m =i, jor k.
Then one of the following holds:

(i) A=Gp,Y=Eg AlTy =Xq0rhgand TT(Ly) = {B5 11 =4}

(1) Az Ap, Y =Eg, MTy = Xq and TIXLXLE) = {By,B3.82.85. B¢t

(1) Y = E7, p=3, LiXL XLk has type A1 XAq XAz and
ATy = xXq + X7, p>%x20.

(iv) Az Ag,rank Ly, =1 form=1i,j,k, and
dim(M; ® My ® M) = 2 = dimvi(ay) and (X ,B4) = 0.

Proof: Since all components of Ly" are necessarily of classical
type, (1.5) implies Zp < Zy. Let Wy, denote the natural module for Ly,
m =1, j, k. Then Theorem (7.1) of [12] implies that if rankL,, > 1 and My,
is nontrivial, My, = Wy, or W™, and (6.4) implies that only one of M;, M;
and M is nontrivial. As well, (1.15) restricts the situation somewhat.
We then use the bound on dimV g (Qy) of (1.25) in conjunction with (1.36)
to see that (\,B4) = 0 and one of the following holds:

(@) rank Ly =1 for m=1, j, k and dim(M; ® MJ- ® M) = 2.
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 93

(b) TT(Ly) = {Bs,B3.Bs.Be.B5}, (X,Bm) = O for 2<m<6 and
(N,B7) =1.

(€) LiXLXLg has type ApXA1XAp, the A component acts trivially
on v1(Qy) and if My is nontrivial for L€{1,1k}, Mg = (V| (-7 )™

(d) LyXLjXLy has type ApXAg XAz, (X, By) = O for 1<m<6,

(n\,B7) =1 and v1(Qp) is a tensor decomposable L o' module.

(Recall, MTy = Ag if Y = Eg.) In the configuration of (d), Y = E>,
else QY/KBS is a 4-dimensional irreducible L o'~-module containing a
nontrivial image of Qo®. But now, using (1.23), (1.32) and (1.35), we find
that dimVIA = dimVI|Y. Thus the configuration of (d) does not occur.

Consider now the configuration of (¢). If Y = Eg, dimVIY = 27. Using
the methods of (1.30), (1.32), (1.33) and (1.35) we see that if A has type
Gp, dimVIA > 27. Thus, (i) holds. If Y = E5, Qp < Kﬁ7 since QY/KI37 is a
3-dimensional irreducible Lp'-module. But then, ATy = X 4. Consider the
case where Y = Eg. We must study the image of Qp in Qy/Kﬁ4. For the
purposes of this argument we may assume (X, = 1, {X\,By) = O for
2<m<6. Let qq, gp and gz be the field twists on the embeddings of LA" in
<Ui}31:UiB3>’ <Utﬁ2> and (Uiﬁs,ui%), respectively. By (2.7), qq, g and g3
are not all distinct. We will show that, in fact, q1 = g3.

Suppose qq = g2 # q3. Then the La' composition factors of Qy /Kﬁ4
have high weights (3q2+2q3)uﬁ and (qq+2q3)lg. (If p=3 and 3q4 = q3, the
weights are 3q3uﬁ, q3ug and (q1+2q3)uﬂ.) Thus, (2.4) implies that p=3,
39y = gz and BlZa = 9q a or 3qsa. Since Vy (A-B,-B,-B3-B) = 0,4
nonidentity element from the set U_,,-U_,z,U_,,3, must appear in the
factorization of some element in Qa - Qp". Also, ~Bo-B 4 (respectively,
~Bo-P3-B4g, ~B1-Bo-B3-B4) affords T(LA) welght 7qq g
(respectively, 594, 3q1). So (2.4) implies B4lZa = 3qqa = gza. Then,
examining the T(Lp") weights of root group elements in QY/K;&4» we see
that x_q (1) = X_1,34(c1t9)ug and x_g g (1) = %_45345(Cot Uy, where

ci € k¥, uj € KB4. However, there is then a nontrivial contribution to the
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94 DONNA M. TESTERMAN

root group U_, 345 in the expression for [xg(t), x_q g ()], contradicting
(6.2)(2) and the given factorization of x4 (t). Thus, we do not have

qq = qp # q3. A similar argument shows that the configuration qq = qp =
g3 cannot occur. In fact, qq = g3, regardiess of the 1abelling of A|Ty.

If Qp < Kg_, MTy = Xq. Suppose Qp $ Kg_. Then (Upg ) <Ly’ else
Qy /Kﬁ7 is @ 3—dimensional irreducible L A" module containing a nontrivial
image of Qp%*. Then (2.7) implies that the field twist on the embedding of
La"in <U’—“ﬁa> is g1 = q3. Thus, (2.5) implies (\,pg) = 0. Moreover,
(X,B7) =0 else the bound on dimV g (Qy) of (1.25) is exceeded. Thus,
ATy = Xq or Ag. Ineither case, A = Ay, as (1.23) implies dimVIA <
dimVIy. If ATy = Xg, (7.1) of [12] implies (X ,a) = 0, q, 2q, 3q, 4q, 5q,
q+qg or q+2qq, for q and qq distinct p-powers. Then (1.27) implies
dimV]A < 2-33-72.11. But by (1.38) dimVIY > dimVIA. Hence, MTy = Xg
and (i1) holds.

For Ly as in (b), p=3, else V1(Qy) is tensor decomposable and (1.15)
is contradicted. Also Y =E-, else QA/KB_) is a 4-dimensional irreducible
La'-module containing a nontrivial image of Qa. Thus, (i11) holds.

Finally, we must consider the case where rank(L,,) = 1 for
m =1, j, K. Suppose qq is the field twist on the embedding of LA" in two of
the components Ly, Ly, Lk and qq 1s the twist on the embedding in the third.
If gy # qq, the Lo’ composition factors of QA/Kﬁ4 have high weights
(290 + qq)ug and gqqpug. Since p>2, (2.4) implies B4lZp = g1

Temporarily label as follows: TT(Ly,) = {¥y} for m =1, j, k, and let
(,77) # 0. So (X, 7+7,) = 0. Let g, be the field twist on the
embedding of Lp" in Ly, for m =1, j, k. Suppose qj = 9k = Q- From above,
B4lZa = qja. However, VTy(}\-'}’i—BA;) # 0 implies that a nonidentity
element from the set U“§4'U“’71‘ﬁ4 must appear in the factorization of
some element in Qp—Qp". But —B 4 (respectively, -7 ;- 4) affords T(LpA"
weight (2q]- + q]-)uB (respectively, (2q]~ - q,-)uﬁ) which is not a weight in
QAT if g5 = qj. Thus, gj = gj or qj = Q.
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 85

We are now able to show that there does not exist 1<2<r, 2 £{i,j Kk}
such that My is nontrivial. For, suppose there exists such an 2. Then,
Qp <Kg,, contradicting (2.3). If Ly = <Ui}37»Utﬁ8>’ (2.17) implies that the
field twists on the embeddings of Lo’ in (Uyp ) and in Ly are equal. Also,
if this twist is q, BglZa = qu. The above work on field twists and (2.5)
imply B4lZa = ga. However, dimVg (Qy) = 4dimMy = dimV2(Qa)y - gq. bY
(1.22). But there is a nontrivial contribution to V2(Qp)y, - qo from
Vﬁe(QY)' Contradiction. Thus, Ly = (Uiﬁa). If Qp ¢ Kgg (2.8) implies that
the field twists on the embedding of L' in (Uiﬁs) and in Ly are equal. If
Qp < Kﬁe’ we consider the Lo’ composition factors of Qy(B7,B¢). Since
p>2,(2.10) and (2.11) give the same result Now proceed as before to
produce a contradiction. We have, therefore, dimvl(Qy) = 2. Moreover,
(1.23) implies dimVIA < dimV|Y if A = A,. Thus, (iv) holds and the proof of
(6.5) is complete.O

(6.6). Let ¥ €TTI(Y)-TI(Ly). Suppose there exists a unique pair
1<i,j<r such that (ZL;,7) = 0 = (ZLJ-,’}’), Ly, Ljare of type Aki’ Akj for some
ki, kj2 1 and dim(M; ® My > 1. Then, one of the following holds:

(1) A=G,(s0p>3), Y = Eg, THL{XLY = {By,B2,83.84.86}, MTy = Ay,
(\,B) = 4qq and {X\,a) = g+qq, 2q¢+q or 3qq+q, for g and g4 distinct
p-powers

(i) Az Ap, Y =E7orEg, (Urg)and(Usg ,Usg,, Urg ) are
components of Ly, and (Uzg_) <Ly’ Also, (X,Bp) =1,(X, Bg) =0 for g
=1,3,4,5,6,7and dimvi(ay) = 4.

(111) LyXL has type Ay XAs and (X, 7) = 0.

(V) A=As0or By, p>3,Y =E7, MTy = X9, TTLy) = {B,B3.B5.86.B5F
and V1(Q,) is a tensor indecomposable L' module.

(V) A=BporGy,Y=Eg, AMTy=2Xoand TI(Ly) = -
{R1,B2: B4 BB Bgt Moreover, B3lZa = g = BglZa, Where q is the field
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96 DONNA M. TESTERMAN

twist on the embedding of L' in each component of Ly".

(vi) A=Bpor Gy, Y =E7orkg,L;j(respectively, Ly has type Ay
(respectively, Az), and (\,?) = 0. VLm(—'}’) = W, or W™, where Wy, is
the natural module for Ly, for m =1,j. If Liv* = v¥, then Ljv* = v* and
M= Wy IfLjvt = vF then LyvT = v and My = (VLj(—'}’))*. Moreover, in
each case, VLj(-')’)ILA' is tensor decomposable and dimv1(ay) =
dim(M; ®My).

In addition, if there exists § € TT(Y) ~ TT(Ly) with (§,2Ly) = O,
(6,5Ly) = O for k = i and Qy/Kg = M; or My, then either k; = 1 or
Vg(Qy) = 0.

Proof: Since all components of Ly' are necessarily of classical
type, (1.5) implies Zp < Zy. Let Wy denote the natural module for L,

k =1, . Theorem (7.1) of [12] implies that if rank Ly > 1 and My is
nontrivial, then My = Wy or W™ for k = 1, j. Also (6.4) implies that only
one of M; and M; is nontrivial.

Case I V| (=%) = Wy A Wy (or Wi A W) for k =1 or j.

The bound on dimV 4 (Qy) of (1.25) and (1.15) restrict the situation
considerably. We are left with the following possibilities for the type of
LiXLy AgXAy, k=3, 4,5 with the Ay component acting trivially on
vicay), or A3XA3. The cases LiXLjof type AzXAg or A1 XAg are easily
ruled out by standard arguments.

Consider now the case LiXLj of type AgXA4. The bound on
dimV o (Qy) of (1.25) implies (X,B5) = 0 = (X,7). Thus, if Y = Eg,

MTy = Xq or Agand dim VIY = 27. However, if we recall that p>5 and
apply (1.29), (1.32) and (1.23), it is not difficult to see that dimVIA > 27 in
everycase. Thus, Y = E; or Eg. Moreover, standard arguments imply
TLiXLY) = {By,82,83,84,8¢) and (N,Bq) =1, (X\,By) =0 for 2<i<b. We
consider the image of Qp in Qy/KﬁS. Let g4 be the field twist on the
embedding of Lp" in the A4 component and let g, be the field twist on the

embedding of La" in (U_t%). Examining the Lo’ composition factors of
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 97

Qy/Kg we see that if q1 = qp we must have p =5 and 5g4 = q».
Moreover, the only composition factor isomorphic to a twist of Qo* has
twist qq, 50 B5lZp = qqa. Since Vy (A-B1-B3-B4-B5) = 0,4
nonidentity element from the set U_g-U_ 5-U_3,45°U_,3,45 Must appear in
the factorization of some element in Qpo-Qp’. However, -85
(respectively, -B4-Bs, -B3-B4-PBs, B1-B3- B4—Bg) affords T(Lp")
weight 11q1u}3 (respectively, 9q1uﬁ, 7q1u}3, Sqiup), none of which
occur in (Qa®)%. Thus, (2.4) implies g4 = go.

We now claim that BglZa = qqa. Examining the LA’ composition
factors of QY/KﬁS we see that this is clear if p>7. If p=5, possibly
BslZa = 5qqa. But, in this case, examining the T(LA") weight vectors in
Qy/Kg, we have x_q(t) = X_ 45(C1 12X _gg(cotSUw4 and Xog-p(D) =
X=(1,1,2,22, 0012 X_(1 1 2 2.1, (212w, where ¢y, di€k, cq or ¢
nonzero, d4 or dp nonzero, and wj €K However, since a nonidentity
element from the group Uﬁ4 appears in the factorization of xﬁ(t), there is
a nontrivial contribution to the root group U_, <, in the expression for
[X_q-p (1), xg(t) 1. This contradicts the given factorization of x_g(t).
Thus, BsglZp = 5qqa. If p=7, the Lo’ composition factors of QY/Kﬁ5 have
high weights 7q; g, 5q1 11, 3q1 g, and qq g and -Bg affords T(L ")
weight 7qq4g. By (2.16) BglzZp = 7q14p. So BslZa = qqa, as claimed.

Suppose Y = E7; 50 ATy = Aq + xA7 where p>x>0. Thus, Qp ¢ Kg,
and since Qy/Kg_is isomorphic to QpAD%, B7IT A = gqa. However, fﬁ7v+
and f,5,cv™ afford 2 distinct Ly' composition factors in the Za weight
space V2(QA)>\_q1a, exceeding the dimension bound of (1.22). So Y = E~.

We now have Y = Eg. If (Usg ) is a component of Ly", (2.17) implies
Qp < Kﬁ_}, SO ATy = Xq. If (Ui%) is not a component of Ly", {X,8g) =0
by (2.3) and (X,B7) = 0 by (2.13). Again ATy = Aq. Also, f,s,cv* affords
an Ly’ composition factor in V2(QA)X—qla of dimension 10, which is the
upper bound on this dimension, by (1.22). So dimV2(Qp)y —qq = 10. This

can occur only if qq4 has nonzero coefficient in the p—adic expansion of
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98 DONNA M. TESTERMAN

(\,a). (See (1.22) for a description of V2(QA)>\—q1a-> Suppose now that
V|A is tensor indecomposable. We first claim that Qp $ Kg Otherwise,
we have Po < Py™ > By ™, a parabolic subgroup with Levi factor Ly~ =
<Ly,Utﬁ_)) and Qa < Ry(Py™) = Qy”. But dimv2(Qy") exceeds the bound on
dimv2(Qa). So Qa ¢ Kg., as claimed. This implies that Ly’ = LiXL;.
Moreover, B71ZA = qqa as inE5. Also, Qp < Kﬁs’ s0 if Pop > By~ is the
parabolic subgroup of Y with Levi factor Ly = (Ly, Usg ), then P5 < P2 and
Qp < Ry(P2) = Qg Now [V,p2] = [V,052], since Vg (a) = Vg (Qy) =
V2Qp) % -ga = V2(Qa). BY (1.20) dimV3(Qu) < 20. BUt f(s 31521 0,00V
and f,34s6,vT afford distinct L, composition factors in V3(Qy) of
dimensions 15 and 10, respectively. Contradiction. Hence, VIA is tensor
decomposable.

By induction and the above remarks, (\,a) = q1+q, q1+2q, 244 +q,
q+qq+Qqy, q1+3qor 3qq1+q, for g and q, distinct p-powers, each distinct
from g4. So (1.23) implies that A does not have type A,. By [8],
dimV|Y = 3875. Now, (1.27) implies dimVI|A < dimVIY if A =B,. If A =Gy,
[8] and the methods of (1.30) and (1.32) imply dimV|A > 3875 if
(N, ) = q+Qqg+qq, 91 +3q or g1 +2q. Thus, (6.6)(i) holds.

Consider now L1><LJ- of type A1 XAz3. Since the Az component acts
nontrivially on v1(ay), TTLiXL ) = {By,B2,84,85}. Otherwise, Qy/Kg 1sa
4-dimensional irreducible L o'-module with proper submodule QAKﬁ/Kﬁ‘r
A similar argument and (6.4) imply Y = E5 or Eg and <Utﬁ7> is contained in
a component of Ly* which acts trivially on v1(Qy). The bound of (1.25) on
dimVg (Qy) and dimv g (Qy) implies (X,B5) = 1 and (X,By) = 0 for k =1,
3,4,5, 6. Moreover, A does not have type Ay, else (1.23), (1.26) and (1.32)
imply dimVIA < dim VIY. Thus, if LiXLjhas type Ag XAz, (6.6)(11) holds.

This completes the consideration of Case I

Case II: VLk(—'}’) = Wi or Wi ™ fork =1, .

We first note that since p>2, (1.15) allows us to reduce to the

following pairs LiXLj: A XAy, 1 =2, 3, 4, ApXAz and AzXAz. Moreover,
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JRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 99

the bound on dimV o(Qy) and (1.36) imply (X,?) = 0 in every case. Again,
standard arguments show that L1><LJ- does not have type AxXAz.

Consider the configuration where (Li,LJ-) has type (Ay,A3). Then p>2
and (1.15) imply that WJ-ILA‘ is tensor indecomposable and so p>3. Let q be
the field twist on the embedding of LA™ inLj and in Lj. (There is only one
twist by (2.7).) Temporarily label as follows: TI(Lj) = {7 4,7}, TH(Ly) =
{73,74,75t With (72,%) = 0 # (¥3,7) and (73,7 4) # 0 = (¥4,7%5). Then
there does not exist § € TT(Y)-TT(Ly) such that (§,75) = 0. For otherwise,
(§,2Ly) = 0 for all k=i s0 Qy/Kg = Wi or Wi™. Thus, Qp < Kg and M; is
trivial. But since p>2, (2.10) and (2.11) imply that there is a nontrivial
image of Qp% in Qy(7,8), a 3-dimensional irreducible L’ module.
Contradiction. Similarly, there does not exist T € TI(Y)-TT(Ly), 17 such
that (1,73) = 0. Otherwise, as above, Qa < Ky and (2.11) applies.
However, Qy(%,7) has all even T(LA") weights and there can be no
nontrivial image of Qp% in this module. (See (1.15).)

The considerations of the preceeding paragraph imply that either
Y = E7 with TI(LiXLy = {8;,B3,B5,Be, B9t 0F Y = Eg with TT(LyXLy) =
1B2.B4PeB7 R, {B2.84,B5,87.Bgt or {B3.84,86,87.Bgr If TTLiXLy =
{B3,B4.BeB.Bgls QY/K.Bk is a 3-dimensional irreducible L' module, for
k=1and2,s0Qp < Kg,. Hence (X,Bp) =0 for 1<2<4. But then the bound
on dimV g (Qy) implies ATy = Xg. If TILiXLy = {B2,84,85,8+,B¢},
standard arguments allow us to reduce to a special case of (6.6)(ii). If
T(LXLy) = {B1,B3,Bs, BB}, the bound on dimVﬁ4(Qy) and (2.3) imply
ATy =Xq0r X7. Thus, ATy = X5 and dim V|Y = 56. Using (1.30) and
(1.32), it is not difficult to see that dim VIA > 56 if A = Go. Thus, (6.6)(iv)
holds.

Finally, suppose TT(L1><L]-) = {B5,84.B¢.87.Bgt. Consider
QAKﬁs/KﬁSS QY/KﬁS- If we examine the Lo’ composition factors of
QY/Kﬁs and recall that p>3, we see that BglZa = qu, if p>5. If p=5, -Bg
affords T(Lp") weight Squﬁ s0 BslZa # Sqa, by (2.16). So again
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100 DONNA M. TESTERMAN

BslZp = qo. Note that (Usg ) is @ component of Ly". Otherwise,
(N,B1)=0by(23)and (X,Bj) =0fori=2,3,485Qp< Kg but then the
bound on dimV g (Qy) implies ATy = hg. Notice that if Qp $ Kg_, (2.17)
implies that the field twist on the embedding of LA™ in <Uiﬁ31) is also q,
and that BxlZ = qa. Thus, {X,B1) = 0, by (2.5). As well, the bound on
dimV2(Qa)y - qo Of (1.22) implies NTy = hp. Also, if we apply (1.23)
when A = A5, we see that dim VIA < dim VIY. Thus (6.6)(v) holds.

Now, consider L1><LJ- of type A1 XA,4. Temporarily label as follows:
TLXLY = 70,7 1,72,73,7 4 With (70,7) = 0 = (7,7 4) and
(71,7441) = 0 for i = 1,2, 3. We have already (X,7) = 0. Actually, the
bound on dimV ,(Qy) implies (X, %) =0 fork =0,1,2,3 and {X,74) = 1.
Let W be the natural module for the A4 component. Then L A" acts
irreducibly on W and W*. Moreover, La" acting on WAW (or W*AW*) has all
even weights. Thus, since p>2, there does not exist T€ TT(Y)-TT(Ly) such
that (7,74 # O for some 1<i<4 and (t,ZLy) = O for all k = i, j. These
considerations imply that Y = Eg and either (8) TT(Ly) = {B, |1 =3, 5<i<8},
with (x,Bg) = 1 or (b) TILXLy) = {B; 11 = 2, 5<1<8}, with (X ,Bg) = 1 or
(©) TM(L4XL ) = {B2.B4.Bs, Be,Bgh, With (N,Bo) =1. As well, (2.17) implies
that there exists a p-power, g, such that q is the field twist on the
embedding of Lp"In Lj and in L and such that #1Z = qu.

In the configuration of (a), suppose that Qp $ KJ31' Then Qy/Kﬁ1 is
isomorphic to (Qa®)9 as Lp'-module,so (2.4) implies B41Za = qa. But
B4lZ = qa; s0 the bound on dimV2(Qa)y —qq Of (1.22) implies (X,B4) = 0.
Als0, 1f Qp < Kg, (X,B4) = 0. But then in either case MTy = Ag.

If LiXLj is as in (b), {Usg ) < Ly', else (2.3) and the preceeding
remarks imply MTy = kg If Qa £ Kg_, (2.8) implies R3lZ, = qa. Since
Qy/Kg_is 8 2-dimensional Lo’ irreducible, the field twist on the
embedding of LA™ in <Ui'f>1> is g and therefore (X,f4) = 0, by (2.5).
Moreover, {\,B3) = 0, else the bound on dimVQ(QA)X_qa is exceeded.
Also, 1f Qpa = Kg_, (X,B4+B3) = 0. But ineither case ATy = hg.
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 101

If LiXLj is as in (c), previous remarks imply <Uiﬁ1) <Ly However,
now we have a configuration of Case I which was ruled out. This
completes the consideration of LiXLj of type A1 XA4.

We now consider (Lj.L ) of type (A1,A3). We have (X\,7) = 0.
Moreover, the bound on dimV ,(Qy) of (1.25) implies that if M; is
nontrivial, Mj = Wj and if Mj is nontrivial M; = (VLj(—’}’))* (= Wjor Wy by
the first paragraph of the proof). As well, (1.15) implies W]-ILA‘ is tensor
decomposable. Temporarily label as follows: TT(Ly) = {7}, TT(L =
{7 1,72,734H (¥ 1,7) = 0,(7,7i41) # 0,1 =1, 2. Let qbe the field twist
on the embedding of L' in L. Say VLJ_(—'}’)ILA' has high weight (q + qQoIHg-
(The power q appears by (2.7).) Then the LA’ composition factors of
Qy /Ky have high weights (2q + qo)nﬁ and qoltg- Since p>2, Y1Zp = qoa,
by (2.4).

Claim: If dimMy > 1 for somek, thenk =1 or j.

Reason: Suppose false; i.e., suppose there exists k = i, j such that
dimM > 1. If Ly is separated from Lj or L by exactly one node of the
Dynkin diagram, size restrictions, (6.4) and the work of this result thus
far imply Y = Egand TT(Ly) = {B},4.85.Be.Bgr- Also, (X,B1) =1 =(X,Bg)
and (X,B) = 0, 3<i<7. Let qq, qp be the distinct field twists on the
embeddings of LA’ in <Uiﬁ1>’ <Uiﬁ8>’ respectively. (They must be distinct
by (2.5).) Then, by the preceeding paragraph, QY/Kﬁz is an irreducible
La'-module with high weight (qq + q2)up and B3lZa = goa and
B71ZA = qqa. For the purposes of this argument, we may assume hﬁ(c) =
hBI(CQ1)hj34(cq1+qz)hﬁs(czqz)h%(cqﬁqz)hﬁs(cqz). Examining the T(LA")
weight vectors in Qy/Kg_and Qy/Kg_, we find that x_4 (1) = X_,3(cqt92)-
X_54(Cotd2)x_g(d1 tIX_ce-(dotIw, where ¢4, dj € k, ¢4 or ¢, nonzero,
d4 or dy nonzero, and weKﬁ3 N K;57~ Suppose co = 0. Since
VTY(X—ﬁ 1-B3-B4) = 0, anonidentity element from the group U_,z, must
occur in the factorization of some element from Qo-Qp'. However,

~B1-B3-B4affords T(LA") weight (qx-2q9)lg, which does not occur in
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102 DONNA M. TESTERMAN

(QAC()QQ, contradicting (2.4). Thus, ¢ # 0. A similar argument shows
that dp = 0. But cpdp = O contradicts (2.8).

Thus, Ly 1s separated from Lj and L by more than one node of the
Dynkin diagram. Size restrictions imply Y = E; or Egand TT(Ly) =
{B1,B2,B5.B6,p7F. Since Qp £ Kg_and Qy/KB3 is @8 2-dimensional
irreducible L o"~module, B3IT 5o = o Where qq is the field twist on the
embedding of LA"in (Uxg ). Then (2.8) implies B4IZ = qoa. Thus, if
Ly= <U‘—“ﬁ5 :Utﬁ»gutﬁ7>» v,_j(—ﬁ4)|LA' has high weight (q+qo)uﬁ and the
field twist on the embedding of LA™ in <Ut}32> is q. (See the previous
general work on QaKa /Ky < Qy/Ky, in this configuration.) Thus, (2.5)
implies that M;is trivial and so (X,Bo) =1, (X,By) =0 for 4<i<7. Now,
using (1.36) if (X,B3) = 0, we see that the bound on dimV2(QA)x—qoa of
(1.22) is exceeded. This completes the proof of the Claim.

Now apply (1.23) when A = Ay to find that dim VIA < dim VIY, unless
Y = E7 and ATy = A7. But then dim VIY = 56 and dim VIA = 8 or 64 (7 or
49 if p=3). (See (1.36).) Thus, A does not have type A,. Moreover, (1.23)
also implies Y does not have type Eg. Thus, (6.6)(vi) holds. This
completes the consideration of Case IL

The final statement of (6.6) follows from (2.3).0

(6.7). Suppose there exists 1<i<r such that L; is separated from all
other components of Ly’ by more than one node of the Dynkin diagram and
such that Mj is nontrivial. Then rank Lj = 1 and dimv1(Qy) = dim M;.

Proof: Since all components of Ly" are necessarily of classical
type, (1.5) implies Zp < Zy. Moreover, by (6.3), L; has type A, for some k.
Let W denote the natural module for Lj. Theorem (7.1) of [12] implies
Mj = W or WX if rankL; > 1. Thus, if rank Lj > 1, there does not exist
7 €TM(Y)-T(Ly) such that (#,2L{) = 0 and V| (-7) = W or W*, as Qy /Ky
would be a (rank(Lj)+1)-dimensional irreducible L A'~module containing a

nontrivial image of Qa. Thus, if rank Lj > 1, TT(L;) = {B,82.83.B4}
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 103

However, (1.15) implies that Qp < Kg, contradicting (2.3). So rank Lj = 1.
Let q be the field twist on the embedding of LA in Lj. We will suppose
dimv1(ay) > dim M;. Inparticular, there exists 1<msr, mx=i, such that
Mp is nontrivial. Thus, by (6.3) each component of Ly has type Amk, for
some my > 1.

Now, (6.5), (6.6) and the above remarks imply that either

(a) there exists k = i,m such that L, XLy has type A{ XA,
(orAoXA¢), TiLy, and TTLy are separated by exactly one node of the Dynkin
diagram, corresponding to a simple root 7, and (ZLJ-,’)’) =0 for j= k,m, or

(b) rankLy, = 1 and TT(L,y,) is separated by more than one node of the
Dynkin diagram from all other components of Ly".

Claim. There does not exist &,7 € TT(Y) - T(Ly) such that (§,7) < 0,
(8,5L3) = 0 and (T,SLy) = O.

Reason: Suppose false. Then by (2.13) and (2.3), {\,8) = 0 = (X ,7),
81T A = qa and TIT o = 0. Also, by (2.15), TIL; corresponds to an end node of
the Dynkin diagram and TTLj = {841} If TTL;j = {Bo}, (2.15) implies = Bg
and TT(Ly) = {B,,B;,85}. If TTL; = {B 7}, we argue similarly that TT(Ly) =
{B.B1.B2} or {B7.B,,83,82 Finally, if TIL; = {Bg), TT(Ly) = {Bg,B1,B2.84

Consider the case where TT(Ly) = {B1,8,,85}. Then Qp ¢ Kgand
Qp ¢ Kﬁ4; otherwise, p > 2, (2.10) and (2.11) imply that there is a
nontrivial image of Qo in Qy(B3,B4), contradicting (1.15). Now (2.8)
implies that the field twists on the embeddings of LA™ in <Ui51) and in
<Utj32) are equal; call this twist q. (In particular, only one of (\,B4) and
(X,B5) is nonzero.) Let qy = q be the field twist on the embedding of La’
n(Usp_). Then B3ITp =qa = B4lTp, BsITa = 0and BglTA = qoa.
Moreover, (XA ,B4+Bs+Bg) = 0. If (X,B5) = 0,(X\,p3) =0, else (Vg_(Qy)
B Vg (Qy)) < V2(QA))\—qa and the bound on dimv2(QA)>\_qa is exceeded.
But now we see that there is no vector in VIY of weight A-qga,
contradicting (2.14). Hence, (X,B1) = 0 and (X,B,) = 0. If {X,B3) % 0,

f5vt @A f_ _u* are 2 Tinearly independent vectors in V1 (A-2qa),
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104 DONNA M. TESTERMAN

contradicting (1.31). So (X\,B3) = 0 and again (2.14) is contradicted.
Hence, TT(Ly) = {B;,82,8}

If TI(Ly) = {By,B3.82,85}, let Py~ be the parabolic of (2.12), so Py"
has Levi factor Ly” = (Ly, Usg_). Then the bound on dimVg (Ry(Py"™))
implies that {X,Bp+B3+B4) =0and (X,B4) = 1. By(2.17), there is a
p-power gy which is the field twist on the embedding of L' in
<U‘—‘B1’Ui53> and <Utj32> and such that B41Za = qga. Examining the T(Lp)
weight vectors in Qy/Kg , we have x_g(t) = x_53_54(cltqo)-
x_ﬁz-ﬁ4(02tqo)uo, for ¢y €k, ¢4 or cp nonzero and Uo€Kg,. Hence
(B3+BPITA = goa and B4yIT o = qola—B). But now one can check that there
is no vector in VIY with weight A-qa, where q is the field twist on the
embedding of LA" in Ly, contradicting (2.14).

Finally, consider the case where TI(Ly) = {B;,8,,B4,Bgt Let Qo be
the field twist on the embedding of Lo" in (Usg ) and (Usg_Usg,). Then
Qp < Kg,, 80 (N,Bo+Ba+Ps+Be+B7) = 0. Also, ~Bg is not involved in
Lp', else BsglZa = 0 and the bound on dimVQ(QA)x_qoa is exceeded. Let
Py " be the parabolic of (2.12); so Py~ has Levi factor Ly~ =Ly, Ui’ﬁe>'
Then, Qa < Kg_ < Ry(Py™) = Qy” and (2.11) implies that there is a
nontrivial image of Qp% in Qy~“(B7,B5). But this implies that the field
twist on the embedding of L' in <Uif’8> is also qg, contradicting (2.5).

This completes the proof of the claim.

Now consider the configuration of (a). Note that by size retrictions
and the above claim TT(L;) is separated by exactly two nodes of the Dynkin
diagram from TT(LXLy,). In fact, (L XLy) = {B5,B7,8g} or
{B5.Bg.8g}, T(L{j) = {B 41} and in each case <Uij32> is a component of Ly".
For in the other possible configurations (2.8), (2.17), and (2.18) would
force the field twist on the embedding of LA" in Ly, to be g, contradicting
(2.5) and (2.6). In fact, TM(LgXLy) = {Bs,Be,Bgt. For otherwise, Qp ¢ Kg,
and we argue that Ly, = (Usg ) and the field twist on the embedding of L o’

inlLy is q. This again produces a contradiction.
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 105

Consider now TT(Ly) = {B1,8,,85.8,8g}, with (X,81) = 0. Since
p>2, (1.15) implies Qp < Kﬁ4. However, —B 4 is not involved in Lp'; for
otherwise, B4lZ 5 = 0 and using the parabolic Py~ of (2.11), we see that
the bound on dimV g (Qy™) is exceeded. If q is the field twist on the
embedding of LA" in <Uiﬁ1)’ then q = qg, where qq is the field twist on the
embedding of Lp"in (Usp ) and (Urg_Usg ). By (2.11), there is a
nontrivial image of Qp%® in Qy(Bg,B4); so the field twist on the embedding
of La"In (Usp ) is also qo. Now there is a nontrivial image of Qa® in the
Ly" module Qy(B3,B4), which has L’ composition factors of high weights
(2q0+q)uﬁ and quug. Hence, (B3+BIZa =qa and B4lZp = 0. But as
above, the bound on dimV53(Qy“) of (1.25) is exceeded. Thus, the
configuration of (a) cannot occur.

It remains to consider the case where rank(L,,) = 1 and Ly, is
separated from all other components of the Dynkin diagram by more than
one node of the Dynkin diagram. Note that the above claim implies that if
TTLj or TTLy, = {B g}, then 2 £{3,4,5} and if Y = Eg, & = 6. Also, (2.8)
implies that TT(L;) and TT(L,y,) are not separated by exactly two nodes of
the Dynkin diagram. Finally, there does not exist T € TT(Ly) such that
Ly' =Ly X Ly X {Usq? and TT(L;) and TT(L,y,) are separated from T by
exactly two nodes of the Dynkin diagram. For otherwise, p>2, (2.18) and
(2.8) imply that the field twists on the embeddings of LA™ in Lj, (U4 and
Ly, are all equal. These remarks and the above claim allow us to reduce to
T(Ly) = {B1,B2.Bs,Begl Then since p>2,Qp < Kg , 50 THLiXLp) = {8y, B}
Let q (respectively, qg) be the field twist on the embedding of L" in
(Uyg,) (respectively, (Uzg )). Then (2.18) and (2.8) imply that q, is also
the field twist on the embedding of L A" in <Uij35)- As in the previous case,
(2.11) implies that there is a nontrivial image of Qp% in Qy(Bz,f4). Thus,
the field twist on the embedding of LA™ in <Ut}32> is either q or q,.

Since p>2, examining the Lo’ composition factors of Qy(B3,84)
gives that (B3+B 4)IZ = qa or gga (depending on the field twist on the

Licensed to Ecole Polytech Fed de Lausanne. Prepared on Tue Apr 19 01:56:51 EDT 2016for download from IP 128.178.14.170.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



106 DONNA M. TESTERMAN

embedding of Lo" in {Uxg )). But if (B3+B4)IZa = qu, then B4lZp =0, as
B3lZ = qo. Using the parabolic Py~ of (2.11), we see that the bound on
dimVﬁB(Qy“) is exceeded. Thus, (B3+ByIZp = qox. However, using (1.36)
if (\,B4) or (X,Bg) = p-1, we see that the contribution of Vg _(Qy) and
the Ly’ composition factor(s) afforded by f133+134v+ and/or fﬁ1+ﬁ3+ﬁ4v+
exceed the bound on dimv2(QA)>\_q0a.

This completes the proof of (6.7).0

(6.8). Let ¥ €TTI(Y)-TI(Ly) such that there exists a unique pair
1<1,j<r with (ZLy4,7) # 0 = (EL3,7) and Ly has type Ay, L has type A5 and
dim(M®My) > 1. Then dimv1(ay) < 3 and if A = Ay, then ¥ = g

Proof: Suppose there exists k = i, j such that My is nontrivial. By
size restrictions, L, is necessarily of classical type for all 1<m<r, so by
(1.5), Zp < Zy. Also, by size restrictions, L has type Anp, for some n. So
(6.5), (6.6) and (6.7) imply Ly has type A4 or A, and is separated by
exactly one node of the Dynkin diagram, corresponding to a root
S €TI(Y)-TI(Ly), from a component of Ly’ of type Ay or A4, respectively.
Moreover, there are exactly two components of Ly’ whose root systems
are not orthogonal to §. By size restrictions, (S,Z(L]-XL]-)) # 0. However,
(2.17) implies that the field twists on the embeddings of LA™ in Ly, L and
Lk are equal, contradicting (2.5) and (2.6). Hence, My is trivial for all
2 =1, ]

Now (6.6) implies {X,7) = 0. Moreover, if Lj = <Ui7’i> for
¥1€TT(Ly), and if {X,74) % 0, the bound on dimV ,(Qy) implies (X,7;) < 2.
Thus, dimvl(Oy) = max{ dim M;, dim Mj }<3. Then, if Y = E or Eg, A does
not have type A,, as (1.23) shows dim VIA < 27 < dim V|Y. This completes
the proof of (6.8).0

Proof of (6.0): Let aq, ap, 14 and uo be as in the statement of
(6.0). Without loss of generality, we may assume (X,aq) = 0. Let
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 107

La = <Um1>TA and fix notation as before. By (6.1), Ly" is not a simple
algebraic group.

Suppose there exists 1<i<r such that L has type Dy for some k.
Then by (6.3), (1.23) and (1.10), Y = Eg, MTy = xXAy+Cchg, AT A = cl,+Ci,
and TT(Ly) = {B,,B3,84,85.8gt or {B1,B2.B3.84.85.Bgt Also, (2.9) implies
that Qp < Kﬁe’ Then using the parabolic Py~ of (2.11) and applying (1.36),
we see that the bound on dimV2(QA) implied by (1.22) is exceeded. Thus,
there does not exist i such that L has type Dy.

Suppose there exist distinct 1<i,j,k<r such that (ZL,,B4) = O for
m = i, j, k and such that My, is nontrivial for m =1, jor k. Then (6.5)(i) or
(i11) holds. If (6.5)(i) holds, it is established in the proof that the field
twists on the embeddings of La"in (Usg Usg ) and in (Uyg_Usg ) are
equal. Call this twist q. Then by (1.23) and (1.10), AT = 214 + 245,
Now, dim VIY = 27; but (1.36) implies dim VIA < 27 if p=5. Hence, (6.0)(a)
holds.

Now, consider the configuration described in (6.5)(iii). Then, by
(1.23), MTp = (qq+9p)X(uq + o) for qq and g, distinct p-powers, or
AT =0qBuq + 31y, for some p-power q, p>3. If xz0, (1.32) and (1.26)
imply dim VIA < dim VIY. Thus, x=0 and dim VIY =56. If A|Tp =
(q1+92)(lq + po), dim VIA = 64 or p=3 and dim VIA = 49. (Use (1.35).)
Hence, XMT A = q(3uq + 315) and p>3. So, by (1.10), q=1. The Weyl module
for A with high weight 314 + 35 has dimension 64 by (1.27). Using
(1.33) and the fact that p>3, we see that dim VIA < 64 if and only if p=7
and dimVy (A-aj-ap)=1orp=SanddimVy (A-3aj-3ap) < 4. However,
if p=7and dimVy (h-ajq-ap) =1, (1.33) implies dim VIA <
64 - dimV(2u4 + 2u5) < 56. And if p=5, dim VIA > 64 - 4 = 60. Hence dim
VIA = S6. Thus, the configuration of (6.5)(ii1) does not occur.

Suppose there exists 7 € TI(Y)-TI(Ly) such that there exists a
unique pair 1<i,j<r with (EL4,7) = 0 = (EL4,7) and M; or Mj is nontrivial.
Then L and L have type Aks’ respectively Akj for some ky, kj> 1 and
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108 DONNA M. TESTERMAN

(6.6)(ii1) or (iv) holds. If (6.6)(iv) holds, p>3, (1.23) and (1.10) imply
MT p =314 + 3up. Then the argument of the preceeding paragraph shows
dim VIA = dim VIY.

Suppose (6.6)(111) holds. Then by (6.8), Y = Eg and dimv1(ay) < 3. If
T(LiXLy) = {By,B4.Bs}, (6.6) and (6.8) imply (X,By) = O for 2<k<6 and
(N,B1) =c <2 By(1.23), A[Tp =qlcuq). But then dim VIA < dim V|Y.
Suppose TI(LiXLj) = {B3,85,8¢}. Recall that the field twists on the
embeddings of Lo"inLj and inLjare equal. Call this twist q. Then, (2.17)
implies B4lZa = qu. Moreover, Qp ¢ Kg, elsep>2, (2.10) and (2.11)
imply that there is a nontrivial image of QpA® in Qy(B4,B 1), a
3-dimensional irreducible Lo'-module. Hence, by (2.4), B11Zp = qa, also.
This implies (X,B4) = 0 and (X,B3) < 1, else the bound on dimVA(Qa)\ —qq
of (1.22) is exceeded. Hence by (1.23) and (2.3), ATy = A3 or Ag and
AT =0q2uq + up)or ATy = Xg and AT = q(2u4). However, in each
case, dim VIA < dim V|Y. Consider next the configuration TT(L1><LJ-) =
{B1.B2.Bat If Ly' = LiXLy, Qa < Kp, MTy = ¢hq and by (1.23)

AT =qlcuq), for c =1 or 2. However, dim VIA < dim VIY. Thus,

(Upp ) <Ly’ If (X, Bo+Ba) # 0,Qp $Kg, 50 (2.17) implies that the field
twist on the embedding of LA™ in <U’—'I35> is also q and that BglZ, = qa.
Thus, we see that ATy = Ao, else the bound on dimVQ(QA)k_qa, of (1.22),
is exceeded. But this is a contradiction. Hence, (X,84) = 0. Applying
(6.8) and (1.23), we see that dim VIA < dim VIY.

So if (6.6)(ii1) holds, we may assume by symmetry that W(L1XLJ-) =
{BB3Bor If Ly = LyXLy, (X, Bs+Bg) = 0. But (1.23) then implies
dimVIA < dimVIY. Thus, Ly’ = LiXLjX (Usg ) and by (6.8), {X,Bg) = 0. In
fact, (X,Bg) = 0, for otherwise, Qp ¢ Kgos and (2.8) implies BglZp = qa
which means the bound on dimv2(Qp)y, - qa 0f (1.22), is exceeded. But
now (1.23) implies dim VIA < dim V|Y. Hence, the hypothesis of (6.6)
cannot be satisfied.

Consider now the possibility that there exists 1<i<r such that L; is
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separated from all other components of Ly’ by more than one node of the
Dynkin diagram. Then all components of Ly are necessarily of classical
type, 50 by (1.5), ZA < Zy. BY (6.7), rank Ly = 1 and dimv1(ay) = dim M; =
c+1, for some p>c>0. Let g be the field twist on the embedding of LA in
Lj. Consider first the case where Y = E5 or Eg. Then (1.23) and (1.10)
imply AT =clq + cp. Let ¥, 6 € TI(Y)-TI(Ly) such that (SL,7) = O,
(7,6) < 0. Then, by (2.4), ¥|Zp = « and by (2.3) and (2.9), Qp < Kg. If =6 is
not involved in L', (2.11) implies (¥ +86)I1Zp = a. Thus, 8IZ5 = 0. If -8 is
involved in L', (2.10) implies 8|Zx = 0. Hence, we may use the parabolic
Py~ of (2.11) to see that the bound on dimV ,(Qy) and (1.36) imply
{(X\,7) = 0. Moreover, (SLy,8) = 0, else c<2 and dimV]A < 27 < dimVIY.
Now (2.15) implies Li= (Usrg ), # = Bgand & = Bgor Lj = (Usg ) If Y = Ep,
Now, if (X,ﬁj) = 0 for some B€TI(Y) - TT(Ly), then B4€TTI(Y) - TT(Ly) and
the bound on dimvz(QA) is exceeded. So, (X,Bj) =0 for all B g Ly, In
each case, there is a parabolic of Y with Levi factor, L, of type Ag such
that vt affords an L composition factor with dimension (c+1)(c+2)(c+3)-
(c+4)(c+5)/5! by (1.12). Since dim VIA < (c+1)3, by (1.27), c<3. Using the
methods of (1.30) and (1.32), it is easy to check that dim VIA < dim V]Y.
Hence, Y = Eg.

Since Ly' is not simple, we may take Lj = <Uif>j> forj=1,2,3. In
fact, by (2.15), we may exclude j=3. If L; = (Uiﬁz), (2.15) implies
<Uiﬁ1> <Ly BYy(29),Qp < KJ33- However, since p > 2, this contradicts
(2.18). Hence, Ly = (Usg ). Then (2.15) implies (SLy,B4) = 0, s0 by (2.9),
Qp =Kg, and Vg (Qy) = 0. The considerations of the case where L =
(Utﬁ2> and previous general remarks imply that TT(Ly) = {B,8,,Bs} or
{B,Bs, Bt or {B4,B5,Bs,Bgt. In the second and third cases, (1.23) and
Theorem (7.1) of [12] imply ATy = Xq and AT A = quq + 2qgU,p for some
p-power qy. However, dim V|A < 18 < dim VIY. In the first case, by
considering the action of A on V¥, we see that (X\,83) = 0. Then (1.23) and
(1.10) imply MTa=cpq +yupand ATy =chq + yhg. Hence, if y=o0,
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110 DONNA M. TESTERMAN

(2.4) implies BglZa = a and the bound on dimV2(Qp) is exceeded. So y=0.
But then clearly dim VIA < dim VIY. Therefore, the conditions of (6.7)
cannot be satisfied.

It remains to consider the possibility that there exists 1<i<r such
that L has exceptional type. ThenY =Eg, TT(Ly) = {B,82.83,84.85.B¢ Bgt
and by (7.1) of [12], ATy = xA7+chg for p>c>0. Then (1.23) and (1.10)
imply AT = cuq + cup. However, this contradicts Remark (6.2).

This completes the proof of (6.0).0
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(6.9): Summary of Results in Chapter 6

00 ? 010 0 %asllql (6.6)21’1‘?
00 ? 0o0o0a ax0 3q,9+q1 (6.6)(i1)
00 8 oobc ¢>0,b>0 cq (6.2) or (6.3)
10 8 00 2q (6.5)(1)
10 8 0000 2q,4q (6.5)(i1) or (6.6)(1)
ao g 001 a>0 39,9+q1 (6.5)(ii1)
0o g 001 3q (6.6)(iv)
0o (13 0000 2q (6.6)(V)
Parti ri
000 Qr 100 Qr 001 q (6.5)(iv)

1 0 0
«+c1000+++ QF ++*0100°-* 2q (6.8)
+++C000: -+ C<2 cq (6.8)
++41 0000 q,q9+qq (6.6)(vi)
cesCese €20 cq (6.7)
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CHAPTER 7: A=B,

In this chapter, we will prove that there are no examples in the
solution of the main problem with A of type B,, Y of type E,, and p=2. We
adopt Notation and Hypothesis (2.0), with the following additions and/or
modifications. With TT(A) = {aq,a5}, with aq long, we will take
La= <Uia2>TA- Note that since p=2, Qp%1 is @ 3-dimensional irreducible

La" module.

Remark (7.1). Note that hy (-1) € Z(A) < Z(Y). Since Z(Y) = Z3
(respectively, Z,, 1) if Y = Eg (respectively, E-, Eg), ha (1) = 1 will
imply Y has type E5. Inparticular, if Lj has type A4 for some 1<i<r, then
Y = Eo.

(7.2). Let qbe a p-power.

(1) If p>3 and (X\,a5) = 3q, then dimV|A = S6.

(2) If p>3 and (X ,ap) = q, then dimV|A = 56 if and only if
(X\,a1) = 2q, for some p-power qq = q.

(3) If MTy = X j for some j, then (\,ap) = 2q.

Proof: Suppose p>3, {\,ap) = 3q and dimVI|A = 56. Then (1.27)
implies that (\,aq) # 0. The methods of (1.30) and (1.32) imply that V|A
is tensor indecomposable, else dimV|A > 56. So AT 5 = xquq+3quo, for
some x<p. If x>1, the methods of (1.30), (1.32) and (1.35) imply that
dimVI|A > 56. So we may assume A|Tp = uq+3Us. Now, p=7, else (1.27)
and (1.35) imply that dimVIA < 64 - dimV(3,) < S6. Also,p = 5, else the
last proposition of [4] implies dimVIA < 64 - dimV(q+ 1) < 56. But
now, p > 7 and (1.33) imply dimV|A = 64. This completes the proof of (1).

112
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 113

Now suppose p>2, {\,a5) = qand dimV|A = 56. We first claim that
VIA is tensor decomposable. For if N|T o = Xquq+quyp for some O<x<p,
(1.27) implies x>3. In fact x=3, else the methods of (1.30) and (1.32)
imply dimVIA > S6. By (1.33), dimV(3u1+ o) < 80 only if p=13 or p=7. If
p=7,dimV|A > 80 - 4(d1mVTA(X—3a1—3a2)) >80 - 16. (Use (1.29) to find
a spanning set for the indicated weight space.) If p=13, dimV|A < 80 only
if dimVTA(x—Qai—az) < 2. However, dimVTA(x—2a1~a2) >1,s0
dimVIA > 80 - dimV(3u,) > 60. (A-2a1-2ayp = 3Uyp.) Thus, VIA is tensor
decomposable as claimed. It is now easy to see that (\,aq) = 2q, for
some p-power qq # q. This completes the proof of (2).

Suppose (X,ap) =2qand ATy = Xj for some 1 < j<rankY. Then
(N,aq) # 0 else dimVIA < dimVIY. If (X,axq) = 1:q, for some p-power g,
dimV|A < 50; so (1.32) implies that Y = Eg and dimVIA = 27. So g=q,. But
now applying the last proposition of [4], we see that dimV(u+2u,) = 27.
Consider now the possibility that (X,aq) = 2qq, for some p-power q,. If
q # qg, Using (1.27), (1.30) and (1.32), we find that 117 < dimVIA < 140.
However, using (1.32) and [8], we see that dimV|Y > 140 or dimVIA < 117.
Thus, g=qq, and by (1.27), (1.30) and (1.32), 36 < dimVIA < 81. Thus, [8]
implies that Y = E5, ATy = X7 and dimV|A = 56. Now, dimVI|A < 81 and
(1.33) imply p=5 or p=7 (recall p = 2). If p=7, (1.33) and the last
proposition of [4] imply dimV|A = 81 - t, where t is the dimension of the
irreducible kA-module with high weight 2u,. Using (1.33) again for this
module when p=7, we see that t = 10 and dimV|A = 71 % 56. So p=5. Then
(1.33) and [4] imply that dimV]A > (81-14) - x, where x is the multiplicity
of the weight A-3a4-4a, in the Weyl module W(). But by (1.29), a
spanning set for this weight space has size 8. Thus x < 8 and dimVIA > 56.
So, dimV|A % 56, as claimed. Hence, (X,a1> # 2q,, for gy a p-power.

For the remaining possibilities, we refer to (6.9) and the
configurations in which X|Ty is more explicitly described. In each case,

the methods of (1.30), (1.32) and (1.35), (1.27), [8] and the work of the
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114 DONNA M. TESTERMAN

preceeding paragraphs show that dimVIA = dimV|Y. This completes the
proof of (3) and of (7.2).0

{@.3) If dimvl(Qy) > 1, Ly is not a simple algebraic group.

Proof: Suppose false. Then Theorem (7.1) of [12] implies Ly" is of
classical type, so by (1.5), Zp < Zy. Consider first the case where Ly" has
type Dy for some k > 4. Arguing as in the proof of (6.1), we reduce to Ly’
of type Dg, with V1(Qy) isomorphic to the natural module for Ly.
Moreover, Y = E5, else QY/K}38 is a 12-dimensional irreducible L A" module
containing a nontrivial image of Qx%1. The bound on dimV g (Qy), (1.32)
and (1.34) imply {X,B4) = 0. Therefore, dimV|Y =56 and {(\,a5) = q+5q,
or q;+Q,+2qs3, for qq, gp and gz distinct p-powers. Using the methods of
(1.30) and (1.32), we see that dimVIA > 56 in either case. Hence, Ly" has
type Ay, for some k.

Assume for now that rank Ly' > 2. Then (7.1) of [12] implies
vi(Qy) = Wor W*, where W is the natural module for Ly". Since Ly'acts
irreducibly on W (and W*), there does not exist 7 € TT(Y) ~ TT(Ly) such that
Vi 7)) = Wor W*. If Ly" has type Ay when Y has type Ep, the bound
on dimVg (Qy) of (1.25) implies ATy = Xp. Inparticular, ¥ = Eg. But
now induction, (1.30) and (1.32) imply that dimV|A > dimV|Y in each case.

Now, consider Ly' = (Utﬁj | 1 < j<4). The bound on dimv g _(Qy) and
(2.3) imply (X,Bj) = 0 for j> 5. Also, {\,an) = 4q, for some p-power q.
If Y = Eg (respectively, E7), XMTy = A4 (respectively, Xp). Thus, Y = Eg
as dim VIA> 27 =dim V|Y. SoY =E7and ATy = XAp,0r Y = Eg and
ATy = Xq0r Xp. The Ly composition factors of Qy/KﬁS have high
weights 6qu, and 2quo; if p = 5, the high weights are (q +5q)u, and
2quy. Thus, (2.12) applies to give BJ-IZA =0 for j > 6. Then, using the
parabolic Py~ of (2.12), we see that the bound on dimV g _(Qy™), of (1.25),
is exceeded. So, Ly" = (Uipjl 1<j<4). Butifly' = <Utﬁ,~ |j=1,3)inY
of type Eg, the bound on dimV g _(Qy), of (1.25), implies ATy = Xhg. Also,
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 115

Ly = <Utj3j | j = 2,4,5,6,7) as there is no 3-dimensional composition
factor of Qy/Kﬁ3, contradicting (2.3). Thus, we have shown that
rank(Ly") < 2.

Note that rank Ly' = 1, else dim(Qy/Ky) < 2 for all
v €TI(Y) - TI(Ly) and Qp < Ky for all such 7, contradicting (2.3). Hence,
Ly" has type Ap. Let q be the field twist on the embedding of L™ inLy".
Then BIT A = qao for BETI(Ly). Since QpKy /Koy = Qy/Kq for all
7 € TI(Y) - TI(Ly) such that (7,2Ly) = O, 7IT 5 = gy, for all such 7. By
(2.12), 8IT o = 0 for all § €TT(Y) - TI(Ly) such that (§,5Ly) = 0. Also,
(N,aq) # 0, else dimVIA < dimV]Y. So there exists ¥ € TT(Y) - TT(Ly) with
(7,2Ly) # 0.and {\,7) = O, else VTA(X—qal) = 0. Moreover, there exists
a unique such 7, else dimVTA(k—qai) > 2, contradicting (1.31). Also,
(2.13) implies ¥ corresponds to an end node of the Dynkin diagram.
Finally, we need to note that VIA is a conjugate of a restricted module as
there are no nontrivial Ty weights in VIY restricting to X - qgaq, for
Qo # Q- S0 by (1.10), XT o = xq + 2o for p>x > 0. Then by (1.29),
dimVTA(X—al—ZaQ) < 3. However, it is easy to check that if the above
conditions are satisfied, there exist 4 linearly independent vectors in VI[Y

which lie in vTA<x—a1—2a2). This completes the proof of (7.3).

(7.4). If dim Vl(Qy) > 1, each L; has type Aka’ for some kj > 1.

Proof: Suppose false. Then L has type Dy for some i and k.
Otherwise, by (7.1) of [12], Y = Eg and Ly has type EgXA4. But this
contradicts Remark (7.1). Since p > 2, (7.1) of [12], (7.3) and size
restrictions imply L has type D4 or Dg and Y = E; or Eg. Since all
components of Ly" are necessarily of classical type, (1.5) implies
Zp < Zy.

Arguing as in the proof of (6.3) and applying (7.1) and (7.3), we
reduce to Ly’ of type D4. Note that M; is nontrivial. For otherwise, (7.1),
(7.3) and the bound on dimV g (Qy) and on dimV g (Qy) imply ¥ = Eg and
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116 DONNA M. TESTERMAN

ATy = Xg. Then, M; nontrivial, p>2, (7.1) of [12], and (1.14) imply LA’
acts on My (= the "natural” module for L) with high weight (g4 + 3q2)1>,
for qq and gp distinct p-powers. Since Q\,/Kﬁ1 and QY/Kﬁs must each
have a 3-dimensional L' composition factor, the remarks in the proof of
(6.3) imply that (X,B3) = 0, V| (-BellLa’ = MjlLo" and (Usg ) < Ly
Moreover, (1.15) implies ¥ = Eg and (Usg_Usg ) <Ly". Thenby (2.7),
(X,B7) =0=(X\,Bg) and the bound on dimVg (Qy) and on dimvg (Qy)
implies ATy = Xp. By (6.9), (X,xq) =0,3q,q + g, 2q, or q, for g and q,
distinct p—powers. But (1.27) and (1.38) imply that, in every case,
dimV|A < dimV|Y. Contradiction.

This completes the proof of (7.4).0

@.5). 1f T(Ly) = {B1,B2,B3.Bs, 8}, then dimvi(ay) = 1.

Proof: Suppose false. By (1.5), Zp < Zy. Let qq,qp, g3 and g4 be
the field twists on the embeddings of L' in <Ut,Bl'Ui133>: (Utﬁz), <Ui}35>’
(Ut57), respectively. Note that (7.1) implies that Y = E.

Claim 1. If (X\,B1+Bp+B3+Bg) > 0, exactly one of (X,B1+p3),
(X,B2) and (X\,Bg) is nonzero.

Reason: Suppose false. Then (2.7), (2.5) and (2.6) imply that
{91,92,93} consists of exactly two distinct p-powers. If qo = q3, the LA’
composition factors of Qy/Kﬁ‘4 have high weights (2qq + 2qp)u5 and
2qq lp. Hence, B4lZa = qqaq. Since (X,B4) or {(X,p3) is nonzero, a
nonidentity element from the set U_,-U_3,-U_, 5, must occur in the
factorization of some element in Qp — Qp". However, -B 4 (respectively,
-B3-B4, ~B1-B3-B4g) affords T(Lp") weight (2qq + 2q2)u) (respectively,
2qo49, (=241 + 292)1p). And since p > 2 and qq = qp, none of these
weights occurs in (Qp%D%. Hence, we may assume qq = qp. Then, the LA’
composition factors of QY/Kﬁ4 have high weights (3q,+ q3) 1 and
(q,+ q9)up. If p = 3 and 3q4 = q3, the weights are 2q3 5, (q,+ g1
and 0. Thus, p = 3, 3q,=q3 and B4lZp = qza4. Then, we find that
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 117

X-g (1) = %o (C4tIDUY, Xog g (1) = X g554(Cot I s5(c3tBIup, and
Kog-20, 1) = X_10345(C4t93) Uz, Where cq, c4 € K¥, Cp, Cc3 € Kk, Cp Or C3
nonzero, and u; € K54. Then, there is a nontrivial contribution to the root
group U_,s4s In the expression for [xa2(t), x~a1~2a2(t)]: contradicting the
given factorizations of x_al(t) and x_al_a2(t). This completes the proof
of Claim 1.

Claim 2. {\,B1+Bp+B3+B5) = 0.

Reason: Suppose false; then Claim 1 implies that exactly one of
(NLB1+B32, (N,Bo), (X,Bg) is nonzero. By (2.7), {q1,92,93} consists of at
most two distinct p-powers. Arguing as in the proof of Claim 1, we find
that qo=q3 and B4lZA = qqaq.

Suppose (X\,B1+B3) = 0. Then, the proof of Claim 1 shows that
g1=qo. Also, the bound on dimVB4(Qy) implies <x,ﬁ4+ﬁ3) = 0. Now, if
Qp $ Kﬁs’ (2.17) implies that the field twist on the embedding of LA’ in
(Ut%) is also qq. Thus, by (2.5) and (2.6), (:,f7) = 0. Also, (\,Bg) = O,
else the bound on dimV g (Qy) is exceeded. But now we have ATy = Xj.
So (X\,B1+B3) =0 = (X,Br+Bs).

Suppose {(X,B-o) = 0,50 (X\,Bp) =0 for2=1,3,5 If Qs ¢ Kgg
(2.17) implies that the field twist on the embedding of Lo" in (Usg_) 1s
q3 = go. Then (2.5) and (2.6) imply {(X,B7) = 0. Moreover, {X,Bg) = O, else
the bound on dimVBB(Qy) is exceeded. Finally, using (1.36) and the bound
ondimVg (Qy), we see that ATy = Xp, and (X ,ap) = 1-q2. By (6.9),
(N,aq) =0,4q, 9+ gy, 3q0r 2q, for q and qq distinct p-powers. Inevery
case, (1.27) and [8] imply dimVIA < dimVIY. Thus, {\,p1+Bo+B3) = 0 and
(X\,Bg) = 0.

The arguments of the preceeding paragraph imply ATy = Ag + xhg,
for x > 0 and by (2.17), BglT A = qpaq. Moreover, q1 # qp, else the bound
on dimV2(Qp) ~q,q,r Of (1.22), 1s exceeded. So V2(Qp)y —qq, = 0 #
V2(QA)>\~q2a1 and VIA is tensor decomposable. Inparticular, (h,a4) = 0.
By (6.9), {\,a1) = q, 29 or xq, for some p-power q = gp. Then by (1.27)
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118 DONNA M. TESTERMAN

and (1.32), dimVI|A < dimV]Y unless <>\,a1> = xq with x = 0. However, then
d"mVQ(QA)}\—qzal = 2 while f56V+ affords an Ly’ composition factor in
VQ(QA)X-qzal of dimension 6. Contradiction. This completes the proof of
Claim 2.

Claim 2 implies that (X\,87) = 0; so by (2.7), g3 = q4.

Claim 3. Qp <Kp,.

Reason: Suppose Qp ¥ K54. We examine the image of Qp%1in
QY/Kﬁ4- Arguing as in the proof of Claim 1, we see that g, = q3 and
BalZa = qqaq. Suppose qq = q3. Examining the T(LA") weights of Qy/K}34,
we see that x_q (1) = ><_45(c1tq1)x_24(02tq1)x_ﬁ6(03tq3)uo, where ¢; € k,
Cq Or cp nonzero, ¢z = O, and uOEKﬁ4ﬂ Kﬁs’ In fact, cqcp = O, else there
is a nontrivial contribution to the root group U‘ﬁ4 in the expression for
[xq (1),%-q (D] We also find that x_g _oq (1) = X_;345(d1tH)-
X_1034(dot AR _ce-(d3td3)uq, where dj€ k, d3 = 0, d4 or dy nonzero and
Ug €Kg N Kg. Thus, in the expression for [x_al(t),x_al_Qaz(t)], there is
a nontrivial contribution to the root group U_,,c6-. Contradiction.

So qq = g3 and again examining the T(L ") weight vectors in Qy/Kg ,
we find that x_q (1) = X_5,(8;t93)x_,4(a8,tB)x_45(ast W)x_g _(a,tI)w, and
X0 —20,(1) = X~ 1345(b1 tIDX_ 4 534t IR _ 5 4e(bstTDK_ g6, (b tIDW,,
where aj, by € k, a4bg = 0, W, Wy € Kg N Kg, and ajby = O for some
1<1,j=<3. Infact, at least two of a4, ap, a3 are nonzero, else there is a
nontrivial contribution to the root group U‘ﬁ4 in the expression for
[x_al(t),xaz(t)]. So a4 or a5 is nhonzero. But then there is a nontrivial
contribution to the group U_,s67°U—_34c56- 1IN the expression for
[x_al(t),x_al_Qaz(t)]. Contradiction. This completes the proof of Claim 3.

Now, Qp <Kg, implies that ATy = x\g + cX7, for x > 0, ¢>0 and
(M ,ap) = cqu. Referring to (6.9), we see that if x = 0 or if c>1,

(N,aq) =0,4q, 29, xq or ¢q. SO d1mv2(QA) <5c+3,by (1.22). Let w=
fasev™ 1 (X, Bg) # 0,00 W= fgev 1f (X, Bg) = 0. Thenw € [V,Kg 2],
S0 wf[V,QAZ]; hence, w affords an Ly' composition factor in V2(QA).
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 119

Adding the dimension of the Ly’ composition factor afforded by fﬁ6v+ (or
fevt), we find that if x = 0 or c>1, dimV2(Qp) > Sc+3. (Use (1.36).)
Hence, ATy = X7 and (7.2) implies that <>\:a1) = 2q, for some p-power
q# 94

One checks that in the action of Lo’ on the kA module
V(2qu,+q,l,), if qq # 3q, there is an 8- or 10-dimensional Lp’
composition factor. However, the given embedding of LA’ in Py affords no
such Lp' composition factor on V(X7). So p=3 and q4 = 3q. Then, there
are exactly six 6-dimensional L' composition factors of V(2quq + qql»),
two of which have distinct high weights. However, one checks that the
given embedding of L A" in Py does not afford such an L’ composition
series of V(7).

This completes the proof of (7.5).0

(7.6). Let ¥€TI(Y)-T(Ly) and 1 < i,j < r such that
(ZLy,7) = 0 = (ZLy4,7).

(i) Then M or Mjis trivial.

(i1) If in addition there exists k = i,j such that (SLy,7) = O, then
dim(Mg) = 1 for 2 =i,j,k.

Proof: By (7.4), all components of Ly have classical type, so by
(1.5), Zp < Zy. Let Wy, denoted the natural module for Ly,. By (7.1) of
[12], if dimMy, > 1 and rankLy, > 1, My, = Wy, or Wy, ™. Consider first the
case where there exists k as in (ii), so ¥ = B4. Then (2.5) and (2.7) imply
that at most two of M;, Mj, and My are nontrivial. Since rank(Ly,) = 1 for
m =1, jor k, (7.1) implies that Y = E5 and <UiJ33> is not a component of
Ly’ This observation, together with (1.15), implies that LjXL;XLy has
type A XA, XAz or TT(L1><LJ-><Lk) = {B,83,82,Bs}. In the second case,
Ly" = Lj XLjXLX {Usg ), else hy (-1) does not centralize Ug . But this
configuration does not occur, by (7.5). If LiXL XLy has type A1 XA,XAz,
p>2, the bound on dimV ;34(Qy) and (1.36), imply ATy = X4 or 7. But
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MTy # Xq, 80 ATy = X7. Also, considering QY/Kﬁ4 in view of (1.15), we
see that V1(Qa) is tensor indecomposable; so (\,ap) = 3q, for some
p-power, q, and p > 3. But this contradicts (7.2). Hence, (ii) holds.

Now suppose M; and Mjare both nontrivial. We may assume
VL (-7) # Wyor Wji*. For otherwise, (2.5), (2.6) and (2.7) imply that there
exists k = 1,j with (ZLy,?) # 0. But then (ii) implies dim(Mj) = 1 =
dim(M;). Hence, rank(L{) > 2 and V| (=7) = WjAW; or Wi*AW;™. Moreover,
since L' acts irreducibly on Wj, there does not exist & € TT(Y) - TT(Ly)
such that Qy/Kg = Wj or Wi™, else Qa < Kg, contradicting (2.3). Since
(WiAW{ILA" has all even T(L ") weights, (1.15) implies that Lj has type A,
or Ljhas type Az and MjlL A" is tensor decomposable. Thus Lj has type A4
and p > 3. Let qq be the field twist on the embedding of L' in Lj. Then
(WijAWIL A" has composition factors with high weights 6q4 15 and 2q4 Lo
(or (5qq+qq)1o and 2qq Wp, if p=5). Using (2.5) and (2.6), and the above
remarks, it is a check to see that there is no composition factor of Qy /K,
isomorphic to a twist of Qp%1. Thus, Qp < Ky, contradicting (2.3). Hence,
(i) holds.

This completes the proof of (7.6).

Q7). Let ¥€TI(Y) - TI(Ly) and 1 < i, j < r, such that (L4,7) = 0 =
(ZLJ-,')’). Then dim(M1®Mj) =1.

Proof. Suppose dim(M1®Mj) > 1. By (7.4), each component of Ly" has
type Ay for some kj 2 1; so (1.5) implies Zp < Zy. Let Wy, denote the
natural module for Ly, m =1, j. By (7.1) of [12], if My, {s nontrivial and
rank(Ly,) > 1, My & Wy or wm*. Also, (7.6) implies that only one of M;
and Mj is nontrivial.

Case I Suppose V,_i(—')’) % Wjor W™

Then rank(Ly) > 2 and V| (=7) = WjAW; or Wi AWy™. Since
(WiAWDIL A" has all even weights, p>2 and (1.15) implies Ly has type A, or
Az,s0Y =E; or Eg. Note that if My, is nontrivial and rank(L,,) > 2, there
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does not exist § € TT(Y) = TT(Ly) such that Qa € Kg, (6,5Ly) = O and
Qy/Kg = Wy, or W™ These remarks and the bound on dimV o (Qy) imply
that = Bg and either Y = Eg, with TI(Ly) = {B; |1 = 5,8} and

MTy = N+ xhg, or Y = E7 (respectively, Eg), with TT(Ly) =
{B,.B3.B4Bg Bt and NTy = A5 (respectively, X7+xXg, for x > 0).

In the first case, the argument in the second paragraph of the proof
of (7.6) implies that the field twists on the embeddings of LA’ in the two
components of Ly are equal. Call this twist q. Then, as p>3, the only LA’
composition factors of Qy/KBS isomorphic to a twist of Qp%1 have high
weight 2qup. Thus, BglZa = qaq. If X = 0, Qp $ Kﬁs and QY/K,BS is the
irreducible L A" module with high weight 2quo, so BglZ = qa 4 also.
However, the bound on dimVQ(QA)x_qal, of (1.22), is exceeded. Thus,

x = 0. BYy(6.9), {\,xq) =0, 2q4 Or qg, for some p-power qy. But (1.27) and
[8] imply dimVIA < dimVIY. Thus, the first configuration does not occur.

In the second case, (7.2) implies that Y = E. If x # 0, one checks
that Vy (A-Bg) < V1 (A-qay), where (X,ap) = 2q, for some p-power q.
By (6.9), (\,a1) = 0, q, 2q or xq. But then 9 > dimV2(QA) > V2(Qy) >
dim(Vgs(Qy) + Vﬁs(QY)) > 12. Hence x = 0, contradicting (7.2).

This completes the consideration of Case 1.

Case II: Suppose V| (=7) = W or W™ for m =1, J.

By (7.6), we have (ELy,?) = 0 for k # i, j. Also, (1.15) and (7.1)
imply LiXLjhas type AjXAg, 2 =1or 3and Y = E7, or LiXLj has type
ApXAg, R =2,3 0r4,or AzXAz. Actually, LyXLj cannot have type AzXAz,
else Y = Egand Qp < Kﬁz; so (X\,Bg) =0 for 1 <2 < 4. But then the bound
on dimV,(Qy) of (1.25) implies ATy = Ag.

Now consider L1-><Lj of type ApXAy4. Using (2.3) and the bound on
dimV,(Qy) of (1.25), we restrict the possibilities for . We are left
with 'Y = Eg, AMTy = X4 and (X\,an) = 2q or 4q, for some p-power q. But
(7.2) and a dimension argument from Case I imply that dimVIA = dimVIY.

Suppose L1><Lj has type ApXAz. Temporarily label as follows:
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122 DONNA M. TESTERMAN

Li = (Usg Usy ), Ly= (Usgy, [k =3,45),(70,7) = 0=(7,73),

(YK, Yk+1) <0,k =3, 4. Note that (1.15) implies Vl_j(—?’) ILp" is tensor
decomposable. Let VLJ_(—')’) have high weight (qq + gp)uo as L' module,
where qq and g, are distinct p-powers. Then, by (2.7) and (2.6) we may
assume that the field twist on the embedding of Lo" in L is 4. Then
Qy /Koy has Lo’ composition factors with high weights (3qq + go)uo and
(qq1+ gp)up. Thus, p = 3 and 3qq = qp, else there is no 3-dimensional
composition factor. In this case, 7|Zp = qoaq, and we find that

x_al(t) € U_yKy,

X—aq=a V€U Uy Uy iy oy —r

Uog -9 v 53— )Xo, and

X200 = Xy ey — gy om0y LOLIDU,
where ¢ € k*, ug€ Ky. Then, there is a nontrivial contribution to the root
group U_y g~y -9 1, In the expression for [xg (1), X_q 24 (D],
contradicting the given information about x_g (t) and x_g —q (t). Thus,
LiXLj does not have type ApXAg3.

Consider now the pair A{XAz in Y of type E5. Temporarily label as
follows: Ly = (Usy ), Ly= Uy, |15k <3),(7,71) = 0and (7, 7k41) < O
fork =1, 2. By (1.15), WjlLa™ is tensor indecomposable, so p > 3. Note
that there does not exist § € TT(Y) = TT(Ly), with (§,7,) = 0 and (§,2Ly) = 0
for k = 1. For otherwise, since Qy/Kg is a 2-dimensional irreducible Lo’
module and Qy(7,8) is a 4-dimensional irreducible La" module, (2.11)
implies ~§ is involved in LA". But this cannot occur as p=2. (See (2.10).)
Arguing similarly, one shows that there does not exist § € TT(Y) - TT(Ly)
with (§,73) # 0 and (§,2Ly) = 0 for all k = j. These remarks, and the
bound on dimV ,(Qy), together with (1.36), imply that {(X,%) = 0 and either
(8) TI(LiXLy) = {B2.Bs,Be, Bk or (b) TILiXL ) = {B2,B4.85.85}. By (2.17),
there exists a p-power g, which is the field twist on the embeddings of
La"inLjand inLjand such that 7IZx = qay.

In each case, Ly’ = L{XLj, else hg, (-1) £Z(Y). In case (a), the bound
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on dimVg_(Qy) and (2.3) imply ATy = chyp for 1<c<3 or ATy = Agor A,
If MTy = cXho forc =2o0r 3, then {X\,xq) = 0 or cqq for some p-power q.
But (1.27) and (1.32) imply dimV|A < dimV|Y. In the remaining cases, (6.9)
implies (A,aq) = 0, q1, 2q4q, 394 or g4+qp, for qq and g, distinct
p-powers. Now (1.27) and [8] imply dimVIA = dimVIY unless ATy = X~.

In this case dimVIY = dimVI|A by (7.2). Thus the configuration of (a) does
not occur. If Ly' = LjXLjas in (b), Qp < Kg_3s Qy/Kg_has L’
composition factors of dimensions S and 1. Hence X|Ty =cX-, for 1<c<3.
If MTy # X7, we may argue as above to see that dimVIA = dimVIy. If
ATy = N7, (7.2) implies AT 5 = 2qo1+qUo, for g and g, distinct
p-powers. However, the Za weight space V2(QA))\_qO[1 has dimension 2,
while 0 = wEVTY(X~ﬁ7—ﬁ6) affords an Ly’ composition factor of
V2(C}A)}\_qm1 of dimension 4. Thus, L;XL; does not have type AqXAz.

Consider now the case where LiXLjhas type A1XAq in Y of type E.
Temporarily 1abel as follows: let 71,75 € TM(Ly), with L, = <Ui')’k)’ k=1,]
and let q be the field twist on the embeddings of LA" inLj and in Ly (See
(2.17).) Then, it is easy to check that ¥IT o = qq. As in the previous
case, there does not exist € TT(Y) - TT(Ly) such that (§,7,) = 0,

(S,ZLK) = 0 for all k = i. Similarly, there does not exist § € TT(Y) = TT(Ly)
such that (8,')’j) # 0,(6,ZLy) = 0 for all k = j. These remarks imply that
174,73 = {B2,Bs}t or {Bs,p7}

Consider the case where {74,7} = {B2.B5}. Then <Uiﬁ1> is not a
component of Lp', else haz(—l) ¢ Z(Y), contradicting (7.1). Thus, (2.12)
implies 41T = 0 = B3ITA. This forces {X\,84) = 0, else f5,v* and fﬂ4v+
are linearly independent vectors in V1 (A-qaq), contradicting (1.31).
Suppose {X\,Bo) = 0. Then f,,v*, foz,v* and f,5,vt are 3 linearly
independent vectors in VTY()\—qai—an), contradicting (1.37). Thus,
(X,Bo) = 0. Asimilar argument shows that (X,85) = 0. So 7,7 =
{B2.Bsk.

Consider now the case where {74,7 i} = {B5,87}. The previous
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remarks imply that there exists another component of Ly", say L, with
(SLy,B4) = 0. Note that (Ut%) is not a component of Ly", else haz(—l)
does not centralize Uﬁf So if Uiﬁ:ﬂ <Ly, <U1131»Ut}33> is a component of
Ly" In fact, if <Uiﬁ1»Utﬁ3> is a component of Ly" then (Usg_) is also, else
he (1) does not centralize Ug . Thus, (7.5) implies Ly = LyX L; X <Uif>2>-

By the previous case, {\,Bo+Bg) = 0 and (X\,B7) = 0. We claim
that Qp < KB4‘ Otherwise, (2.17) implies that the field twist on the
embedding of L™ in (Utﬁz> is also q and we find that X-q () = x_B4(cth).
X- 3 (CotDUL, Ko 20 (1) = X-545(C3tDX_g67(C4t DU, where ¢j € k¥,
i€ Kg, N Kgg But then there is a nontrivial contribution to the group
U_p456 "U-as67 1n the expression for [x_q (1,X_q —2q (V)] S0 Qa <Kg,
and (2.3) implies {(X\,Bk) = O for 1<k<S.

If -B4 is involved inLp’, BylZp = 0 by (2.10). Otherwise, (2.11)
implies that there is a nontrivial image of Qx®1in Qy(Bg,B4). So the
field twist on the embedding of LA' in <Uij32> isq, (Bg+Bg)lZp = quq and
again B4lZa = 0. Using the parabolic Py~ of (2.11), we see that the bound
on dimVg (Qy") is exceeded unless (X,B¢) = 0 and (X,B7) < 3. (Refer to
(1.36) in case (\,B7) =p-1.) So ATy =chy,c <3 and (X,an) =cq. By
(6.9), (M, aq) =00rcqyifc>1,0r(haq)=0,3qy,qq + dq, Gy OF 2dg, for
do and g4 distinct p—powers, if ¢ = 1. But (1.27) and (1.38) imply
dimVIA < dimVIY if ¢>1. Thus, ¢ =1, dimVIY =56, and by (7.2), X|Tp =
2Qglt1 + qup where gy # q. Note that the Z weight space VQ(QA))\_qC,L1
has dimension 2. But V1 (A-B7-Bg), V1 (A-B7-Bg-f5) and
VTY(}\-ﬁ7~ﬁ6—J35—ﬁ4) are 3 nonzero weight spaces 1ying in
V2(QA)x—qo;1- Contradiction.

It remains to consider the case where LijXLy has type ApXA,. We
first claim that there does not exist a third component of Ly". For if Ly’
has 3 components, size restrictions and the fact that (7,ZLy) = 0 for
k =1, j, imply that the third component has type Aq. Then by (7.1), Y = E-
and TT(Ly) = {B,B5,B4.Be. B Now, (1.15) implies Qp < KB3, S0
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(X,Bg)=0for1<2<4and (X Bg) or (X,B7) is nonzero. Since p>2 and
all T(Lp") weights in QY/Kﬁ3 are odd, (2.10) implies that -@z is not
involved in La". Thus (2.11) implies that there is a nontrivial image of
Qa%1 in Qy(Bg,B3), an Lo’ module with no 3-dimensional composition
factor. Thus, Ly'=L; X Lj, as claimed.

Now, the bound on dimV ,(Qy), of (1.25), implies that (\,7) = 0.
Hence, there exists § € TT(Y) ~ TT(Ly) with (X,8) = 0. For otherwise,
ATy = Xy for some 2 and (\,ap) = 2q, contradicting (7.2). Then & = 7
and by (2.3), (6,ZLy) = 0. Say (§,ZL;) = 0. Let g be the field twist on the
embedding of L™ in Lj and in L. (Use (2.7) to get equal twists.) Then the
La" composition factors of Qy/K, have high weights 4qu,, 2qu, and 0.
Thus, ¥1Zp = quq. Moreover, QuKg/Kg = Qy/Kg and by (2.13), §IT o = qa .
Then, the bound on dimvz(QA)X_qal, of (1.22), implies that M; is
nontrivial. Also, by (2.13), there does not exist 816 (YY) = T(Ly) with
(64,8) < 0. So & corresponds to an end node of the Dynkin diagram. we
now claim that there does not exist 74 € TI(Y) - TT(Ly) with (7,7 1) < 0.
For if there exists sucha 74, Qp < 2 and (2.12) and the above remarks
imply that 9 11Zx = 0. Then using the parabolic Py~ of (2.11), we find that
dimV,(Qy~) + dimV g(Qy ™) exceeds the bound on dimVQ(QA)x_qal, of
(1.22). Finally, we note that there does not exist 816 YY) = T(Ly) with
¥ % 64 % 6and (64,5Ly) = 0. For,as with §, §4IT o = qaq and the bound
on d1‘mV2(Q,4;)}_qoL1 is exceeded. These remarks imply that Y = Eg and
6 = Bg. The bound on dimv2(QA)>\_qOL1 implies, even more explicitly, that
ATy = X7+ xhgforp>x>0.

By (6.9), (X\,a1) = 0, Xqq, Qo OF 2qg, for some p~power qy. Then
(1.27) and (1.32) imply (X,xq) = Xqg, else dimV|A < dimV|Y. In fact, since
BglTa=qaq, fﬁ8V+ is @ honzero vector in VTAO\‘qal)? S0 gg = qand by
(1.10), AT = Xq + 2Up. Now, let Py > By~ be the parabolic subgroup of
Y with Levi factor Lg = (UJ_rﬁ,j2 |S <2 <8)Ty. Then, Ly has anatural
subgroup, B, of type B,. Moreover, Vi(Ru(PO))IB has a composition factor
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with the same high weight, as a Bo-module, as that of VIA. Thus, dimV|A <
dimVIY. Contradiction.

This completes the proof of (7.7).

(7.8). Suppose there exists 1 <i < r such that L; is separated from
all other components of Ly’ by more than one node of the Dynkin diagram.
Then My is trivial.

Proof: Suppose false; i.e., suppose Lj is as described and M; is
nontrivial. By (7.4), each component of Ly' is of classical type, so (1.5)
implies Zp < Zy. Let W be the natural module for L; (of type Ay). Then by
(7.1) of [12], if rank(L;) > 1, My = W or W™,

Case I. Suppose rank(Lj)>2.

Arguing as in the proof of (6.7) and applying (7.1) and (7.3), we see

that Ly = <U«:;3j| 1<js4) and Ly’ =Ly X (Usp_Usp ). Let qq (respectively,
Qo) be the field twist on the embedding of Lo" in Ly (respectively,
(Urg_Usg ). Then the La" composition factors of Qy/Kg_have high
weights 6qq iy and 2qq . So BglZp = qqaq. Since Qy/Kg = (Qp%1)92 as
La" modules, if Qp $ Kg , BglZa = qpacq. Then (2.8) implies that q = qp.
Thus, either Qp < Kgg and (\,By) =0 fork=6,7,8,0r qq = qp and (2.5)
and (2.6) imply (X,B,+Bg) = 0. In fact, even in the second case,
(X,Bg) =0, else the bound on cﬁmVQ(QA))\_q10£1 of (1.22) is exceeded.
Also, (\,Bg) = 0, else the bound on dimVﬁS(Qy) of (1.25) is exceeded. So
ATy = Xq or Ap and (X ,ap) = 4q4. Referring to (6.9), we find that if
ATy = Xq, then (X, aq) = 0, 2q, q, or g+q,, for g and gy distinct
p-powers. However in each case, by (1.27) and [8], dim VIA < dim VIY.
Thus, ATy = Xp. Now, by (6.9), {\,a1) = 0, 3q, 2q, q, or g+q,. However,
(1.27) and (1.38) imply dim VIA < dim VIY. This completes the
consideration of Case L.

Case II. Suppose rank(Lj) < 2.

Then, in fact, rank(L{) = 2, else there exists a 2-dimensional Lp’
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irreducible, Qy/Kg, containing a nontrivial image of Qp%1. Suppose there
exists 1 <k < r, k=i with Mg nontrivial. Then (7.7) implies that Ly is
separated from all other components of Ly’ by more than one node of the
Dynkin diagram. Then previous remarks of this result imply that Ly is of
type Ao, Let gj (respectively, qy) be the field twist on the embedding of
La inLy (L. So gy = . If SETT(Y) = TI(Ly) with (§,3Ly) = 0, for j=1ior
j=k, then Qy/Kg = (Qa®D%and 8IT 5 = qjecs. (See (2.4).) By (2.8), L and
Lk are separated by more than two nodes of the Dynkin diagram. So Y = Eg
and TT(Ly) = {B4,B3,B5,Bg}. Moreover, by (2.13) and (2.3), O"ﬁj) =0 for
J=2456. If we take Ly = {Usg Urg ) and Ly = (Usg_Usg ), the above
remarks imply B4IT 5 = gjxq and BglT o = qgaxq Also, (2.13) implies
BolTa=0=BglTa. Wealsohave B1ITa = gjap = B3IT o and B5IT A = qan
= BglTa. Inparticular, VTAO\“qai) = 0 for all p-powers q. Thus,
(N,aq) = 0and AT p = (2G5 + 2q)pyp; so dim VIA < 100 < dimVIY by (1.27)
and (1.32). Hence, there does not exist 1 <k <r, kzi with Mg nontrivial.
Now (7.2) implies that there exists § € TT(Y) = TT(Ly) with (X\,8) = 0.
By (2.3), (§,SLy) = 0. We claim that (§,5L;) = 0. Otherwise, the bound on
dimVg(Qy) implies that there exists a unique 1 <k < r, k=i with
rank(Ly) < 2 and with (SLy,8) = 0. Actually, Ly has type Ao, else Qy/Kg is
a 2-dimensional irreducible L 5" module containing a nontrivial image of
Qp%1. If Ljand Ly are separated by more than two nodes of the Dynkin
diagram, Ly X Ly is as in the above paragraph. Then (\,8) = O contradicts
(2.13). Thus, L and Ly are separated by exactly two nodes of the Dynkin
diagram. Let 7y, €TT(Y) = TI(Ly) with (74,7} < 0, (7,ZL) = O for
j=1Kk. Let gbe the field twist on the embedding of L' in L. Note that if
YklZp =0, (so 7y = 8) then 0 = wEVTY(X—S) affords an Ly~ composition
factor of Vg(R,(Py™)) which exceeds the bound of (1.25), where Py~ > By~
is the parabolic of Y with Levi factor Ly~ = <LY,Ui-f)/k>. Hence, if Qp <Ky ,
s0 8= 7y, (2.10) implies that -7 is not involved in Lo’ and by (2.11),

there is a nontrivial image of Qp%1in Qy (74,7 ). Hence, the field twist on
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the embedding of Lo' inLg isq. If Qp ¢ Koy o (2.8) implies that

7klZ A = gy, Which in turn implies, by (2.6) that the field twist on the
embedding of LA™ in Ly is again q. Thus, Qy/Kg = (Qa®Dd and §IT 5 = qa4.
(See (2.4).) But then the bound on dimVQ(QA)x_qal of (1.22) is exceeded.
Thus, if §€TT(Y) - TT(Ly) with {(X,8) = 0, then (§,5L;) = 0 as claimed.

Now, there exists a unique such §. For otherwise,
dimVTAqual) > 1, contradicting (1.31). Hence, ATy = Ag+xX, for
some 2,m. Moreover, the nodes of the Dynkin diagram corresponding to 8
and By, are separated by at most one node. By (6.9), {\,aq) = 0,qq, 2q,,
3q4, Qp+qq Or Xqq for distinct p-powers q4 and q4. Using (1.32) and
(1.27), we see that dimVIA < dimVIY unless (k,al) = X(q,. Moreover, since
foute VTA(x~qa1), do = g and by (1.10), VIA is restricted.

Temporarily label as follows: TTLj = {? 1,72} and (§,74) < 0. We
claim that 7o must correspond to an end node of the Dynkin diagram. For
otherwise, if §5€TT(Y) = TI(Ly) with (§45,75) < 0, arguing as above,

§olTa = aq. The bound on dimV2(Q,) implies (X,71) = 1 and (X,75) = 0.
Consider the subgroup Ly = (UiS»Ui’)’l:Ut’}’Z’U150>‘ Then L, has a natural
subgroup, B, of type Bo. Moreover, v* affords an L, composition factor of
V which restricted to B produces a B composition factor with the same
high weight as VI|A, as B, module. But Ly lies in a proper parabolic of Y
and so acts reducibly on V. Hence, dimVIA < dimVIY. Thus, 7,
corresponds to an end node, as claimed. Also, (2.13) implies that Ly =
(Upg Usg ) and 1f Ly = (Usp Usp ), & = Bgand ¥ = E7 or Eg. In fact,

Li = (Usp Usg,). For otherwise, (2.12) implies that B4|T o = 0 and using
the parabolic Py~ of (2.12), we see that the bound on dimvz(QA) is
exceeded. Hence, either Y = E; with X|Ty = xXg+Xg0or XA+, 0or Y = Eg,
with ATy = xhAg+X7 or XAg+Ag.

InY of type k-, let Lq = (Uiﬁl,uiﬁa,utﬁ4,uiﬁs), a group of type Ag4,
which has a natural subgroup, B, of type B,. Then f,ofvt affords anly

composition factor of V which restricts to B to produce a composition
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factor having the same high weight, as B, module, as VIA. Similarly, inY
of type Eg, let Lp = (Usg _Usp, Urg Usg ). Here, the vector f1o3as6f7V T
serves the same purpose as above. In each case, L; lies in a proper
parabolic of Y, so acts reducibly on V. Hence, dimVI|A < dimVI|Y and the

result of (7.8) holds.O

(7.9). There are no examples in the Main Theorem with Y of type E
and A of type Bo, when p>2
Proof: Suppose false; i.e., suppose VIY is a nontrivial kY-module.

Then, (7.3), (7.7), and (7.8) imply {(X,ap) = 0. So{X,aq) =0. Let P>Bx~

be the parabolic subgroup of A with Levi factor L = <Uia1>TA- Let R be a
parabolic subgroup of Y withP <R and Q = R,(P) < Q5 = R(R). Let R be
minimal with these properties. Let L, be a Levi complement of Q4 in R
such that T, < Ly, for some maximal torus of R, with To < T,. Fix a base
TTo(Y) of the root system, Z,7(Y), of Y such that LNUA < Qo(LyNU),
where U, is the product of T4 root subgroups corresponding to roots in
2,7 (Y) and Qq is the product of T, root subgroups corresponding to roots
inZy7(Y) = 2Ly Let oY) =1{74,...,7n}, with Dynkin diagrams labelled
as throughout. Let (w*) be the unique 1-space fixed by Ug; let X be the
Ty weight of w¥. Then by (6.9), dimVIA < dimVIY unless Ly" = L4 X Lo,
with L4 a simple algebraic group of type A4 and L, a semisimple algebraic
group acting trivially on V1(Qp). So if Ly = (Usg) for some BeTT(Y),
then {(X,B) = ¢ = (X\,aq), for some p>c>0. (Use (1.10).) It is easy to check
that dimv2(Q) = ¢, in this case. Thus, if ¥ € TMolY) = Ty, {X,7) = 0.

: + +
(Use (1.36) 1f (7,B) = 0) Also, B = 74, else fy_y g W7, foy j+ oy W and
f,y5+ ,},4w+ afford distinct L, composition factors of V2(QO), exceeding
dimV2(Q). Hence we may choose 7 3,7y,7 g € TTo(Y) with (8,73 < 0,
(73,7) <0 and (7y,7g) < 0. The subgroup N = (Uifyj,Uiyk,Ui,}/Q,UtB) <Y
has type A4, and therefore has a natural subgroup of type Bo, say Ag.

Also, the N-composition factor of V afforded by v* is not all of V|Y, as N
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130 DONNA M. TESTERMAN

is contained in the Levi factor of a proper parabolic of Y. But the A,
composition factor of VIY has the same high weight, as B, module, as does
VIA. Thus, dimVIA < dimVI]Y. Contradiction.O
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CHAPTER 8: A = G,

Let A <Y be simple algebraic groups, with Y simply connected,
having a root system of type E,,. Let V = V(X) be a restricted irreducible
kY-module. In this chapter, we consider the main problem in case A has
type Go. Let T (respectively, T) be a fixed maximal torus of A
(respectively, Y) with Tp < T. Let TT(A) = {aq,ap} be a base of the root
system =(A) and TT(Y) a base of Z(Y). Label the Dynkin diagrams of Z(A)
and Z(Y) as throughout. Let {pq,up} (respectively, {4, Xp,.. ., An})
denote the fundamental dominant weights corresponding to the given

ordered bases. The result is the following:

Theorem (8.0). (8) If VIA is irreducible, thenp = 2,7, Y = Eg,
AT =Xq (or Xg), MTa =241.

(b) If p=2,7and Y = Eg, then there exists a closed subgroup B < V,
B of type Gy, such that V(X 1)IB is irreducible.

Remark: The proof of (8.0)(b) is given in [16]. We prove (8.0)(a) in
this chapter in case p > 3. The case where p = 2 or 3 is handled in

Chapter 9.

We adopt Notation and Hypothesis (2.0) throughout this chapter,
with the additional conditions: Assume p >3 andLa = (Usg )T p, SO

Qp% = Qp%2 is @ 4-dimensional, tensor indecomposable L 5" module.

The following technical lemma which will be used in many of the

successive results.

131
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132 DONNA M. TESTERMAN

(8.1). (i) For p=5,dimV(4u,) > 156.

(i1) dim V = 27 if and only if AT 5 = 2qu4, for some p-power
g,andp = 7.

(i11) There does not exist an irreducible kA-module of
dimension 56; so if Y has type E5, ATy = A+.

Proof: By applying the methods of (1.30) and (1.33), repeatedly, and
recalling that the Weyl group of A has order 12, we obtain (i).

Now, suppose dim V = 27. Then (1.32) implies V is tensor
indecomposable, so we may assume V is restricted. Suppose
(N,aq)=a=0=b=(\ap). Then, by[8],a>1 or b>1. Breaking the
argument up into separate cases for a=2 or a>2, and b=2 or b>2, the
methods of (1.30), (1.32) and (1.35) show that dim V > 27. Thus, a=0 or
b=0. Moreover, by (1.27), if a 2 0, a>1 and if b # 0, b>1. Since p>3, [8]
implies b=2. Then, the methods of (1.30) and (1.32) imply that dim V > 27
if b=0. So a=0 and b=0. If a=2, [8] implies the result. By [8], a=3. But if
a>3, the methods of (1.30) and (1.32) imply dim V > 27. Thus, (ii) holds.

Arguing similarly, we obtain (iii).0

(8.2). If dim V1(QY) > 1,Ly" is not a simple algebraic group.

Proof: Suppose false. Then Theorem (7.1) of [12] implies that Ly
is of classical type, so by (1.5), Zp < Zy. Consider first the case where
Ly" has type Dy for some k>4. We may argue as in the proof of (6.1), to
obtain: Ly’ = Dg, Y = E7 and V1(Qy) = W, the natural module for Ly". Also,
(X,B1) =0, else the bound on dimvﬁl(Qy), of (1.25), is exceeded. But now
ATy = A9, contradicting (8.1). Thus, Ly' does not have type Dy for k>4.

If Ly" has type Ag for k>3, we may argue as in the proof of (6.1) to
reduce to Ly’ of type Ap_4 in Y of type E,, with ATy = Xy, contradicting
(8.1) and previous general remarks.

We have, therefore, Ly of type Ay for k<3. Actually, k=3, else
there exists 7 € TI(Y)-TI(Ly), with Qy /K, an irreducible L o'-module of
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 133

dimension 2 or 3, containing a nontrivial image of QAO‘z. Note also that
there does not exist & € TI(Y)-TI(Ly) with VLY-(—'Y) = WAW. For (WAW)IL A’
has composition factors of dimensions S and 1 or two factors of
dimension 3. Thus, for each ¥ € TT(Y)-TI(Ly) with (7,ZLy) # O,
Qy /Ko = Wor W*. Since p > 2, Qp%2 is tensor indecomposable, so WIL A’
is tensor indecomposable. Suppose WILA' has high weight 3qu, for some
p-power q. Then comparing high weight vectors in Qy /K, and Qp%2, we
see that ¥[T o = qao for all ¥ € TI(Y)-TTI(Ly) with (7,ZLy) = 0. Also,
(2.12) implies T|T 5 = 0 for all T€ TI(Y)-TI(Ly) with (7,ZLy) = 0. As in the
proof of (2.16), BIT o = qaq, for each B € TT(Ly).

Now (X\,ap) # 0, else dim VIA = dim VIY. (Use [8], (1.30) and
(1.32).) Hence, there exists 7 € TI(Y)-TT(Ly) with (7 ,ZLy) = 0 and
(X,7) = 0. For otherwise, there is no vector in VIY with T o weight
A - Qqpap, for any p-power qqy. By (2.13), ¥ must correspond to an end
node of the Dynkin diagram. Applying this restriction and the bound on
dim(v2(QA)>\_qaz), we reduce to the following:

(@ Y =Eg, Ly =(Usp [1=13,4), XTy = Xg +xhp x>0.

(b) ¥ =Ep, Ly = (Usp, | 4<1<6), Ty = Ag + xhp, x>0.

(©) Y E7, Ly’ =(Usg | 45i<6), MTy = Xg + xh7, x>0.

(d) Y =Eg, Ly = (Usp | 5<i<7), ATy = X7 + x)hg, x>0.
Actually, the configurations of (a) and (b) can be ruled out by (1.23).

Now, VIA is a conjugate of a basic module since there is no vector in
VIY with T 5 weight A-qggap for qq = q. So by (1.10), g=1 and (X, aq) = 3.
By (1.29), dim V1 (A-3aq-ap) < 4. Thus, Y = E7; for otherwise, fasevY,
f1as67Y Y, Frase7V T Fouservt and fegogvt are five linearly independent
vectors in VTA(X—Sal—aQ). Now, one checks that in the action of LA" on
the S6-dimensional irreducible kY-module V(X -), there are no 2- or
3-dimensional composition factors, and all composition factors are
tensor indecomposable. But there is no 56-dimensional kA-module which

affords such an L' composition series. Hence, Ly’ does not have type As.
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134 DONNA M. TESTERMAN

This completes the proof of (8.2).0

(8.3). If dim v1(Qy) > 1, each L; has type Ak, for some ki = 1.

Proof: We first claim that each L has classical type. For
otherwise, Y = Eg and Ly has type EgXA4. By Theorem (7.1) of [12],

ATy = %X + chgand (X,aq) = c-q, for ¢>0 and some p-power q. By (6.9)
and (1.22), dimv2(Qa) < 11c + 8. But fgv* and/or fﬁ7+5av+ afford(s) Ly’
composition factors in V2(Qy), forcing dimv2(Qp) > 27¢. (Use (1.36) if

x # 0 and ¢ = p—1.) Thus, each component of Ly"' has classical type, so
(1.5) implies Zp < Zy.

Suppose Lj has type Dy for some k. Arguing as in the proof of (6.3),
we see that M; is trivial. Now (Uyg_,Usg ) is not a component of Ly, else
the bounds on dimV g (Qy) and dimV g (Qy) imply ATy = Xg. Hence,

Ly = L]-XLJ- with Lj of type A4 and Mj nontrivial. Moreover, (TTLi,TTLj) # 0,
else there exists § € TI(Y)-TT(Ly) with (§,5L}) # 0 and Qy/Kg 3
2-dimensional irreducible L oA’~module containing a nontrivial image of
Qp%2. Let ¥ €TT(Y) = T(Ly) with (7,ZL4) = 0 = (7,ZL). Now (1.36) and
the bound on dimV 4 (Qy) of (1.25) imply L = D4. So T(Ly) =

{B7, By 12sm<5 }, with {X,By) = 0 for 2<m<5 and (X,B7) > 0. The
previous remarks imply that Y = E5. But the bound on dimvﬁl(oy) and on
dimv g (Qy) (in conjunction with (1.36)) implies that ATy = X7,
contradicting (8.1). This completes the proof of (8.3).0

(8.4). Suppose there exists 7 € TI(Y)-TI(Ly) and 1<i,j<r such that
(7,ZL4) = 0 = (7,ZLy). ThenMjor M;jis trivial.

Proof: Suppose false; i.e., suppose M; and Mjare both nontrivial. By
(8.3), each component, Ly, of Ly" has type Apy, for some my21; so (1.5)
implies Zp < Zy. Let Wy, denote the natural module for Ly, m =1, j. By
(7.1) of [12], if rank(Lyy) > 1, My & Wiy or W™
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 135

Case I: Suppose V| (=7) # Wjor Wi

Then rank(Ly) 2 3 and V| (-7) = WjAW; or Wi AW, Now (1.15)
implies that Lj cannot have type Ap. Also, since L’ acts irreducibly on
Wp, for m =1, j, if rankLy, = 3, there does not exist S €TT(Y)-TI(Ly) with
(§,3Ly) # 0 and Qy/Kg = Wy or W™ for m =1 or j. Finally, the bound on
dimV,(Qy), restricts the situation still further. (Use (1.34), (1.36) and
p>3.) These remarks imply that LiXLj has type AzXA4, AgXAz or AgXA,.

If LiXLjhas type AgXAq with gy = qp the field twists on the
embeddings of LA’ in L and Lj respectively, then one checks that there is
no 4-dimensional La" composition factor of Qy/K,. But this contradicts
(2.3); s0 LyXLj does not have type AgXAq. If TI(LiXLy) = {B [k = 1,5} in
Eg, the bound on dimV g (Qy) implies ATy = xhq+Xg+Xg where 2 = 2 or
3. However, fBQ+ﬁ4+55V+ and fﬁs*ﬁe*ﬁf“ﬁaw afford distinct Ly’
composition factors of VBS(QY) of dimensions 60 and 20, respectively,
exceeding the bound of (1.25). Hence, LiXL; does not have type Az XAx.

Finally, consider the case where LiXLy has type AzXA1. We first
note that WilL o’ is tensor indecomposable. For otherwise, if WilLa' has
high weight (qq + g2l 4 and if gz is the field twist on the embedding of
La'in LJ-, for qq, qo, q3 distinct powers of p, the L' composition factors
of Qy/K, are 6 dimensional. But this implies Qp < Ky, contradicting
(2.3). So WilL A" has high weight 3qu4 for some q = q3. However, now the
La' composition factors of Qy/K, have dimensions 10 and 2 so again
Qp < Ko, contradicting (2.3). This completes the consideration of Case L

Case I V| (=%) = Wy or W™ form =1, .

Then (2.7) implies that there exists k = i, j with (ZLy,7) = 0 and
dimMg = 1. Thus, ¥ = B4. We first claim that (UJ_,%) is not a component
of Ly'. For otherwise, Qp < Kg, since Q\(/Kﬁ1 is a 2-dimensional
irreducible Lp'-module. Also p > 2 and (2.10) imply that -4 is not
involved in L 5. Hence, by (2.11), there is a nontrivial image of Qa%2 in

Qy(B4,B1). But Qy(B4.81) is an irreducible, tensor decomposable
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136 DONNA M. TESTERMAN

La™=module. Thus, {U+g , Urg_) and {U.+g ) are components of Ly". Then
(1.15) and p>3 imply that the third component adjacent to B4, say L, has
type Ako for kg =2, 3 or 4. If L, has type Az, again by (1.15), VLO(—B4)!LA'
is tensor decomposable. The bound on dimV g (Qy) of (1.25), together with
(1.36), implies {\,B») = 0 in case L, has type A3 or A4. Previous remarks
then imply that if Ly has type Ao or Az, Qy /Ky has no L' composition
factor isomorphic to a twist of Qu®2. Hence, TT(Ly) = {B,, | m = 4} in Eg
and ATy = Xq + Ag. (The labelling of X\ is given by the bound on
dimV54(QY).) But now, f,3,v* and f,ge7v* afford distinct Ly
composition factors of Vg (Qy) of dimensions at Teast 46 and 16,
respectively, exceeding the bound of (1.25).

This completes the proof of (8.4).0

(8.5). Suppose there exist distinct 1 <1, j, k < r such that
(ZLg.Bg) = 0 for 2 =1, j, kand dim(M;®M;®M ) > 1. Then Y = Eg,
MTy = Xq (or Ag) and AT = 2)uq. Moreover, p = 7.

Proof: Since each component of Ly’ is necessarily of classical type,

(1.5) implies Zp < Zy. Let Wy, denote the natural module for Ly, m = 1i,jk.
By (7.1) of [12], if rank(Ly,) > 1 and My, is nontrivial, My, = Wy, or Wp,*,
for m =1,j,k. By (8.4), only one of M;, Mj and Mg is nontrivial.

Since p > 2, (1.15) implies L1~><L]-><L,< has type A1 XA1XAg, 2 =1 or
3, 0r ApXA XA, & =2, 3, 0or 4. If LiXLyXLg has type A1 XA XAy,
Qp <Kg,, as Q\(/Kﬁ1 is a 2-dimensional irreducible Lp'-module. Moreover,
(2.10) implies that -84 is not involved in Lp". Hence, by (2.11) and (1.15),
applied to Qy(B4.81), & # 1. And in the case where LiXL XLk has type
Ay XA XAz, (1.15) applied to Qy/Kg implies V| (=Bl A" is tensor
indecomposable. But (2.11) and (1.15) (applied to Qy(B 4,8 1)) produce a
contradiction. Thus, Li><LJ-><L,< has type Ao XA1 XAy, 2 =2,3, 4.

Consider the case where LiXL XLy has type AxXAq1XA4. The bound
on dimvﬁ4(oy) implies ATy = Xq, and {X,aq) = 2q for some p-power q.
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 137

By (6.9), {\,ap) = 0, 2qq, OF Gy, for some p—power q,. But then [8] and
(1.27) imply dimVIA < dimVIY. Thus, Ly’ does not have type A, XA XA,
Consider now the case where LiXL XLy has type ApXA1XAz. Then (1.15)
implies that if Ly has type Az, VLk(—ﬁ4)ILA' is tensor decomposable. So if
Y =Eg, QY/K;BB has no L' composition factor isomorphic to a twist of
Qp%2; so (X ,Bs+Bg+B7+Bg) = 0. Moreover, the bound on dimvﬁ4(Qy)
implies that either (X,B4) =1 and (X,By) = 0 for 7>2>1 or (X\,B7) =1
and (X\,Bo) =0 for 2 < 7. In the first case, Y = Eg. But we may argue as
in the previous case to see that dimVIA < dimVIY. In the second case,
previous remarks imply that Y = E-, contradicting (8.1).

Finally, we must consider LiXLjXLy of type Ap XA XA). The bound
on dimVg (Qy) and (1.36) imply that (X,B4) = 1 and (X,B ) = O for
2zmz6 or {X,Bg) = 1 and {X,B ) =0 for 1<m<5. So if Y = E, dimV|y =27
and the result follows from (8.1) and (1.10). If Y = E7, then Qp < Kg, as
Qy/Kg_ is a 3-dimensional frreducible La'-module. But then (X,By) =0
fork=5,6,7and ATy = Xq.

Suppose Y = Eg. Let qq (respectively, g, q3) be the field twist on
the embedding of Lo in (Usg Usg ) (respectively, (Usg ), (Urg_Usp ).
Then, (2.7) implies that g4, qp, g3 are not all distinct. If q4 = qo = g3 or
if g4 # qp = g3, the Lo’ composition factors of Qy/Kﬁ4 have dimensions 12
and 6. If g1 = g3 # qop, the L5’ compositions factors of QY/Kﬁ4 have
dimensions 10, 6, and 2. Thus, g4 = Qo = g3. The LA’ composition factors
of Qy/Kﬁ4 have high weights 5qq 14, 3914 and qqq. Thus,

B4lZp = qrap. Examining the T(LA"D) weights in Qy /Kg4 we see that
X-q () = x_ﬁz_m(c1tq1)x_ﬁ4_ﬁs(02tq1)x_}33_B4(03tql)uo, for cy€K, cq, Co,
c3 not all zero, and Uy €Kg . Since BolTp = qrayg for2=1,2,3, 5,6,
BalTa=qq(ay = ay).

Let Lj = (Uspg Usg ) and Ly =(Usg_Urg ). Note that if Qp £ Kg_,
dim(Qy/Kg ) > 4; so <Uiﬁa> <Ly’ We first claim that Mjis trivial. For
suppose Mj is nontrivial; in particular, Qa ¢ Kﬁj Then (2.17) implies that
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the field twist on the embedding of La"in {Usg ) is also qq and that
B71ZA = qqap. Thus, (2.5) and (2.6) imply (\,Bg) = 0. Now, the bound on
dimV2(Qa) ~qa, Of (1.22), implies ATy = Xg. BY (6.9), (X,ap) = 0,24,
g, or g + qg, for g and q, distinct p-powers. However, (1.27) and (1.32)
imply dimVIA < dimVIY. Thus MJ- is trivial; so My is nontrivial and
(N,B1) =1,{X,Bg) =0 for 2<2<6. If ATy = A4, we may argue as in the
AqXApXA,4 case to produce a contradiction. Thus, (X,7+Bg) = 0. Argue
as in the previous paragraph to get (\,Bg) = 0. But then the bound on
dimvg (Qy) is exceeded.

This completes the proof of (8.5).0

(8.6). Let ¥ €TT(Y)-TI(Ly). Suppose there exists a unique pair
1<i,j<r with (ZL;,7) = 0 = (ZLj,'}’) and dim(Mi®Mj) > 1. Then LiXLj has
type Aq XAz and only one of M; and My is nontrivial. Moreover, if
L) = {70}, Ly = {7 1,72}, with (74,7) < O, then there does not exist
SETI(Y) - T (Ly) with (§,7,) = 0 (respectively, (§,75) = 0) and
(6,ZLyyy) = 0 for all m = i (respectively, mxj).

Proof: By (8.3), each component, Ly, of Ly" has type Amk for some
mi>1, so (1.5) implies Zp < Zy. Let Wy, denote the natural module for Ly,
for m =1, j. By (7.1) of [12], if My, is nontrivial and rank(L,) > 1,

Mm & W or W™, for m = ior j. By (8.4), only one of My and M; is
nontrivial.

Case I: Suppose VLi(—')’) # Wjor Wy

Then (1.15) and size restrictions imply that L;XLj has type AzXAy,
for 2 =10r 3, AygxXAg, for & =1o0r 3, AgXAg or AgXAq. If LiXLy has type
AmXAq for m = 4,5 or 6, the bound on dimV ,(Qy), together with (1.36),
implies that the Aq component acts trivially on V1(Qy). But if LiXLj has
type AgXAq, the bound implies ATy = Ag. Also, if LTXLJ- has type
AgXAq, thenY = E-, else QY/KBS is a 6-dimensional irreducible

La'-module containing a nontrivial image of Qx%2. The bound on
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 139

dimVg_(Qy) implies that ATy = X7, contradicting (8.1). Thus, LyXL does
not have type AgXA4 or AgXAg.

Consider now the case where LijXL;j has type AgXAq (so the Aq
component acts trivially on V1(Qy)). The bound on dimV »(Qy) and (1.23)
imply that if Y = Eg, ATy = Ap; thus, Y =E5or Eg. If Y = E, ()Y/KB7 is
an irreducible L A'-module of dimension 2 or 5; s0 Qp < Kg: Thus,

T(Ly) = {B1,B2,B3.B4.Bg} BY (2.10), -B7 is not involved in LA". However,
then (2.11) implies that there is a nontrivial image of Q%2 in Qy(Bs5,B ),
an La'-module with no 4-dimensional, tensor indecomposable compositon
factor. Hence, Y = Eg. Let qq (respectively, qo) be the field twist on the
embedding of LA' in Lj (respectively, LJ-). The Lo’ composition factors of
Qy /Ko have high weights (6q4 + go)uq anad (2qq + Qo) q; if p=5 and

Sqq = qp, the high weights are (2qp + qq)uq, g1, and (2q4 + gl ; if
a4 = qp the high weights are 7qq 14, 5q1 11, 39414 and qq 4. Thus,

g = 92 and ¥IZp = qraz.

Now standard arguments (using (2.5), (2.6), (2.17) and (1.22)) imply
that T(LiXLy = {B, | k = 1,2,4,5,6}. We have, therefore, TT(LjXLy) =
{B1,B2, B3,B4.Bel. As well, <Uij38) is a component of Ly', else we can
argue as in E; to produce a contradiction. Also, (1.15) implies Qp < Kg
If -7 isinvolved inLa', B71Zp = 0. Otherwise, (2.11) implies Qy(Bg,B7)
contains a nontrivial image of Qo%2. Arguing as with Q\(/Kﬁ5 (in the
previous paragraph), we see that the field twist on the embedding of LA’
in <Uiﬁ8> is qq and (Bg + B7)IZA = qqap. So again B7IZ, = 0. Using the
parabolic Py~ of (2.11), we see that ATy = X, else the bound on
dimvﬁs(Qy”) is exceeded. By (6.9), (\,ap) = 0, 2q or g, for some p-power
q. But [8] and (1.27) imply that dim V|A = dim VIY. Thus, LiXL; does not
have type AgXAq.

If TT(LyXLy) = {B, | k # S} in Eg, the bound on dimV g _(Qy) implies
that ATy = X4 and {X\,aq) = 4q for some p-power q. Arguing as in the

previous paragraph, we have dimVI|A z dimVIY. Thus, LiXL; does not have
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type AgXA3.

Consider the case where TT(L;) = {B,,B3,84} and TT(Lj) = {Bg.B7.Bst
in Eg. Note that Qag Kg . For otherwise, (X,BK) = O for 1<k<4 and the
bound on dimV g_(Qy) implies that ATy = hg. Since Qp ¢ Kg , WilLp"1s
tensor indecomposable. Then (1.15) (applied to Qy/KﬁS) implies that
WJ-ILA' is also tensor indecomposable. Let qq (respectively, qo) be the
field twist on the embedding of LA™ in Ly (respectively, Ly). Then the L’
composition factors of QY/KBS have high weights (4q4 + 3gq5)u4 and
3qo1q, if qq # qp; i1f 91 = qp, the high weights are 7q1 14, Sqq 14, 3qq 111
and qqu1. Thus, BslZa = doap. Also, since Qy/Kg = (Q%2)%,

B1ITA =qqan. If g1 = go, the bound on dimVQ(QA)}\—qlaz: of (1.22),
implies that X|Ty = Ag. Thus qq = gp. Examining T(LA") weight vectors
in Qy/Kg and in Qy/Kg_, we have x_qo () = x_ﬁl(atqox_%s(bltqz)-
X_345(botd2)u, where a€k™, bj €Kk, UEKg, N Kp_ Infact by = 0, else there
is a nontrivial contribution to the root group U_ﬁ4_ﬁ5 in the expression
for [xal(t),x_az(t)]. However, by = 0 and qq = g, contradicts (2.8). Thus,
LiXLj does not have type AzXA3.

We must now consider LyXL;j of type AzXA,. Suppose TLiXLy) =
{B5.B3.B4Bet IfQp < Kg,» ~B1 18 not involved in Lp'; else B41Zp = 0, and
using the parabolic Py~ of (2.11), we see that the bound on dimVﬁS(QYA) is
exceeded. Thus, (2.11) implies Qp § Kﬁf as Qy(Bg,B 1) has no
4-dimensional Lo composition factor. So if TT(Lj) = {B;,B3,B4}, VLi(—ﬁ, 1)
is tensor indecomposable. We also note that the field twists on the
embeddings of L™ in Lj and L are equal, else there is no 4-dimensional
L’ composition factor of QY/KBS‘ Call this twist . Thenthe La’
composition factors of QY/K;&S have high weights Squ 4, 3qu4 and quq. So
BslZa = qa. Then, examining the T(Lp) weight vectors in QY/Kﬁ>1 and in
QY/KﬁS, we have

(1) - (1) = x_g (@tDx_ 581 tDx_ge(artDw,

(2) Xog - {8 = %o g3 (BtDX_545(bg tDR_5 45Dt Dx_456(b3t DY,
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) X3~ (V) = ><_1234(ctq)x_23456(c1tq)x_ﬁ2_ﬁ3_2ﬁ4_ﬁ5(c2tQ)u,
where a, b, c€k™, aj, by, cy€k, a4 or ap, cqor ¢y and some b nonzero, u, v,

WEKﬁ QKB s
1 s

Note that a5 = 0 else there is a nontrivial contribution to the root
group U‘ﬁs in the expression for [x_az(t),xal(u)]. Then, this implies
bz = O, else no nonidentity element from U-g-g, Occurs in the
factorization of [x_al_az(t),xal(u)]. But if bz = O, there is a nontrivial
contribution to the root group U_ﬁl_ﬁ2_.ﬁ3_2ﬁ4_ﬁ5_ﬁ6 in the
factorization of [x_al_%(t), ><_3a1_a2(u)]. Contradiction. Hence,
TT(L]'XLJ') = {B2.83.84.B¢h

It remains to consider the case where TTLXLy) = {B2,B4.Bs. By
The above argument implies that Y = E5 or Eg and <Uij37> <Ly" Suppose
(Uiﬁ7> is a component of Ly'. Then QY/KﬁS has no 4-dimensional LA’
composition factor, so Qp < Kg_. Also, if Y = Eg, dim(Qy/KBB) = 2 implies
Qp < Kﬁa‘ So (X,Bj) =0 for j=2,j=4. Infact, the bound on dimVBB(Qy)
implies ATy =chq,wherec=1o0r 2 Ifc=1,Y =Egandby[8],
dimVIY = 3875. However, referring to (6.9), we have (X,a,) = 0,q, or
2q,, for some p-power q,. Ineach case, dimV|A < dimV|Y. Hence, ¢ = 2.
Then by (6.9), {)\,an) = 0 or 2q,. But (1.38) and (1.27) imply dimVIA <
dimVIY. Hence (U+g_) s not a component of Ly"

So TM(Ly) = {B,B2.B4.Bs5.B5.Bg If Qp < Kg, argue as in the
preceding paragraph to produce a contradiction. Hence, Qp ¢ Kﬁg Then
(1.15) implies that VLi('B6)“-A' is tensor indecomposable, where TT(L;) =
{B,B4,B5}. Then previous remarks and (2.7) imply that the field twists
on the embeddings of LA™ in L, Lj and <Ufﬁ7’UiJ38> are equal, say q. So,
(X,B7+Bg) = 0. The Lp" composition factors of Qy/Kg_have high weights

- fmy 2
SQuq, 3quq and qug. Thus, BglZp = qap. The bound on dimVa(Qa)y —qa,
implies that X|[Ty = Apor chq,forc=12o0r 2. If X|Ty =c)X4, arque as
above to produce a contradiction. If X|Ty = Xy, refer to (6.9) to see that
(X,a2> =0,qq *+ g2, 391, 2494 or qq, for g4 and gy distinct p-powers. But
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by (1.27) and (1.38), dim VIA < dim VIY. Thus, this configuration cannot
occur.

This completes the consideration of Case L

Case II: Suppose V| (=7) & Wy or W™ for k = iand j.

Then Qy /Ky has a 4-dimensional, tensor indecomposable LA’
composition factor only if LyXLj has type Aq XAy, for k =2 or 4 or
AoXAz. Suppose that LyXLjhas type Ay XAj. Let 7, 74, and 7, be as in
the statement of the result. If there exists 6 € TT(Y) - TT(Ly) with
(6,70) < 0and (§,ZLy) = O for all m = i, then Qy/Kg is a 2-dimensional
irreducible Lo’ module, so Qp < Kg. By (2.10), =6 is not involved in L', so
(2.11) implies that there is a nontrivial image of Q%2 in Qy(7,6). But
Qy(7,8) is a 3-dimensional irreducible L' module. Thus, no such §
exists. Arguing similarly, we show that there does not exist
S ETT(Y) = TI(Ly) with (§,79) = 0 and (§,EL,y,) = O for all m = j. In this
case, we use p > 2 and (1.33) to see that if such a § exists, we may assume
-6 is not involved in La". Thus, if LiXLj has type A1 XAy, the result holds.

We now consider the case where Lj (respectively, LJ-) has type A4
(respectively, Ag). Then (2.17) implies that there exists a p~power, q,
which is the field twist on the embeddings of Lo’ in both L; and Lj and such
that 7IZa = qap. Temporarily label as follows: Lj = <Ui'}’o>’ Ly=
(Upy, | 1sksd), with (7,99) < 0, (7, %41) < O for k = 1,2, 3. We first
note that there does not exist § € TTI(Y)-TI(Ly) with (8,7 4) = 0 and
(8,2Ly) = O for all ki. For if there exists such a §, Qy/Kg is a
2-dimensional irreducible Lao"~module, so Qp < Kg. By (2.10), -6 is not
involved in Lp', 80 (2.10) implies that there is a nontrivial image of Q%2
in Qy(7,8), which is a 5S-dimensional irreducible Lp'-module. Arguing
similarly, we show that there does not exist § € TT(Y)-TT(Ly) with
(6,74) # 0 and (§,3Ly) = O for all k=i. In this case, we must use p > 3 and
(1.33) to see that we may assume -§ is not involved in LA". Also, if there

exists 6 € TT(Y)-TT(Ly) with (§,ZLj) = 0 and (§,2Lp) = O for all & = j, then
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Qp < Kg. For neither WilLa™ nor (WjAW;ILA" has a 4-dimensional tensor
indecomposable composition factor. In particular, if such a § exists, Mj is
trivial.

If Y = E, consider the action of LA’ on the S6-dimensional
irreducible kY-module, V(X 7). One checks that there isan Ly’
composition factor with high weight 6qj11 and one with high weight 4qu.
But there is no S6-dimensional kA-module which affords such an L’
composition series. Hence Y = Eg. Moreover, previous remarks imply that
either TT(LiXLy) = {B2,B | S<k<8} or TT(LiXLY = {By |k =2,45,6,8}. In
the first configuration, we note that Ly = LjXL;. For if <Uif31> is a
component of Ly, QY/Kﬁ3 is a 2-dimensional irreducible Lo'~module; so
Qp < Kg_. BY(2.10), -B3 is not involved in LA’, so (2.11) implies that
there is a nontrivial image of Qp%2in Qy(B4,B3), contradicting (1.15).
Thus, Ly" = LjXLjand (2.11) implies that B3lZ = 0. Using the parabolic
Py~ of (2.11), the bound on dimvﬁ4(oy“), together with (1.36), implies
that X|Ty = XAg. Thus, the first configuration cannot occur.

Consider now the second configuration. If Qp ¢ Kgy <Utj31> is a
component of Ly". The work of Case I then implies that <>\,}3j> =0 for
j=1,2,4,5,6 and the bound on dimVB3(Qy) implies that (\,B3) = 0. If
Qp <Kg, (2.3) implies <x,;3j> =0 for j < 6. As well, (1.36) and the bound
on dimVg _(Qy) imply that ATy = chg, for 1<c<4, and (X,q) =c-q. By
(6.9), {X\,ap) = 0 or c-qq, for some p—power qq. However, (1.38) and (1.27)
imply dim V|A < dim V|Y in each case.

We must now consider LiXL;j of type ApXAz. Temporarily label as
follows: Ly =(Usy Usy ) Ly = Usg Usy Uiy ), With
(72,7) = 0= (7,73) and (7,7k+1) <O for k=3, 4. By (1.15),
VLJ,(—’)’)ILA‘ is tensor indecomposable. Let q be the field twist on the
embeddings of Lo"inLjand inLj (The twists are equal by (2.7).) Then the
La' composition factors of Qy/Ky have high weights Squ 4, 3qu4 and qu 4.

Thus, 71Zp = qao. Moreover, examining the T(LA") weight vectors in
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144 DONNA M. TESTERMAN

Qy /Ky, we see that x_q (1) = x_y__ g (CqtDx_o_y (CotDuy, for ciek, cq
or co nonzero, and uq €Ky Since ¥ IT o = qaq, for 1<k<5, ¥|Tp =
qap—aq). Inparticular, (X,7) = 0.

We now point out various restrictions on the possible
configurations which may arise with L]-XLj as above. First, note that if
there exists § € TT(Y)-TT(Ly) with (§,ZL;) # 0 and (§,5Ly) =0 for all k=i,
then Qp < Kg. For Qy/Kg is a 3-dimensional irreducible L o'-module. In
particular, if such a § exists, M; is trivial and (X,8) = 0. Also, if there
exists § € TT(Y)-TT(Ly) with (§,74) = 0 and (§, SLy) = O for all k=], then
Qp < Kg. For Qy/Ky has La" composition factors of dimensions S and 1. In
particular, if such a § exists, My is trivial and {(X\,8) = 0. Now, the bound
on dimV »(Qy) implies that (X,%) = 0 and if My is nontrivial,

(N, 73+74) = 0and (X,75) = 1. Also, note that if there exists

§ € TT(Y)-TT(Ly) with (§,73) = 0 or (§,75) # 0 and (§,ZLy) = O for all k=j,
then Qp ¢ Kg. For otherwise, (2.10) implies that -§ is not involved in L',
and so by (2.11), there is a nontrivial image of Qx%2 in Qy(7,8),
contradicting (1.15). Then since Qy/Kg = (Qa%2)9 as Lp'-modules and

Qp € Kg, comparing high weight vectors we have 8T 5 = qp. Thus, if
(X,8) = 0, the bound on dimV2(QA)>\_qa2 implies My is nontrivial and
(5,’)’5) # 0.

Suppose Y = E7. The above remarks and (8.1) imply ATy = A3 or
g and (X\,aq) = 2q. BY (6.9), {\,ap) = 0, g, or 2q, for some p~power qg.
But in each case, [8] implies dimVIA = dimVIY. Thus, Y = Eg.

Suppose TT(L;) = {B;,B3} and TT(L]-) = {Bs,Be.B5t. We have BolZp =0,
by (2.11). Using the parabolic Py~ of (2.11), we see that if M; is nontrivial
(X,B4? =1and {\,B3) =0, else the bound on dimvﬁ4(Qy“) is exceeded.
Previous remarks imply ATy = A4 and by (6.9), {X,a5) = 0, g4 0Or 2q, for
some p-power qq. But [8] and (1.27) imply dimV|A < dimVIY in each case.
Thus, M; is nontrivial and ATy = X7 + x\g, for x20, and (X ,aq) = 3q.

Moreover, if xz0, 0 = fﬁﬁv”r € VTA(}\ - Qqup), so in the p-adic expansion
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 145

for {X,ap), g has nonzero coefficient. By (6.9), {\,ap) = 0, x-q, gy OF
2qq, for gg some power of p. Then (1.27) and (1.32) imply dimVI|A < dimV]Y,
unless x=0 and (\,as) = x-q. By the above remarks and (1.10),

NTp =314 + xUo. Now, consider the subgroupD <Y, D = <U“—”ﬁ3k | 2<k<8),
of type D-. The D composition factor of V afforded by v* has dimension
strictly less than dim V|Y. Also, D has a natural subgroup of type G,, say
Ao (found by letting G, act on its Lie algebra). Moreover, v* affords an A,
composition factor of V with the same high weight as V|A, as G,—-module.
Thus dim VIA < dim VIY. Hence, TI(L{XLj) = {B1,83,85,B6.8)-

Suppose TT(L{) = {B,Bgh, 50 TI(Ly) = {B2,B4,B5} or {B3,84,Bsr. The
work of Case I, the general remarks of the A, X Az work and the bound on
dimvg(Qy) for € TT(Y) = TI(Ly) imply ATy = X7. So {X,aq) = 29 and
(6.9) implies (X,ap) = 0, qq Or 2q, for some p-power q,. But [8] and
(1.32) imply dimVIA < dimVIY. Similar arguments rule out TT(L1><LJ-) =
1BeB7.B1,B3.B4}

The general remarks about L1-><Lj of type Ao XAz imply that it
remains to consider TT(Ly) = {B5,B4} and TT(Lj) = {Bg,B,Bg} Now
Qp ¢ Kg, else NTy = Xg. Thus, <Uil31) is a component of Ly" and (2.17)
implies that the field twist on the embedding of Lo" in <Uif31> is also q.
Thus, by (2.5) and (2.6), {\,B41) = 0. Also, by(2.17), B3IZA = qap. Thus,
the bound on d1‘mV2(QA)>\_q0L2 implies ATy = Ao, and (X\,aq) = 2q. By
(6.9), {X,an) = 0, 3qg, 9o + 1, 244 OF dg, for gy and g4 distinct p-powers.
But in each case, (1.27) and (1.38) imply dim VIA < dim VIY. Thus, LiXL;
does not have type ApXAz3.

This completes the proof of (8.6).0

(8.7). Suppose there exists 1<i<r such that Lj is separated from all
other components of Ly’ by more than one node of the Dynkin diagram.
Then Mj is trivial.

Proof: Suppose false; i.e., with i as given, suppose dim(M;) > 1. By
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(8.3) and (1.5), Zp = Zy and L has type Ay_for some ky. Let W; denote the
natural module for Lj. Arguing as in the proof of (6.7), we may reduce to
L; of rank 3. Also, (8.2) and the working hypotheses imply Y = E; or Eg.
Moreover, there does not exist 6 € TI(Y)-TT(Ly) with Qy/Kg = WijAWj. For
(WiAWIL A" has no 4-dimensional composition factor. Finally, note that
Mj 1s tensor indecomposable, as there exists SE€TT(Y) - TT(Ly) with
Qy/Kg = M;j or Mi* and Qp ¢ Kg.

Consider now the possibility that Ly = L1><LJ-, where Ly has type A4
and is separated by exactly 2 nodes of the Dynkin diagram from L;.
Temporarily label as follows: Ly = <Uityl,Utry2,Uir}/3>, Ly= (Uifyo), where
(Y, Yk+1) <O fork=1,2. Let §5, &4 € TT(Y)-TT(Ly) with (§5,61) < 0,
(60,70) = 0= (84,71). Then Qp <Kg ,as Qy/Kg, 1s 8 2-dimensional
irreducible L o'~module. Moreover, by (2.10), -8, is not involved in L".
Thus, (2.11) implies that there is a nontrivial image of Qp%2in Qy(64,5,).
However, this contradicts (1.15). Hence, Ly’ = LiXL; as described. In
particular, Y = Eg.

Suppose TT(Ly) = {B{,83,84}. Then (8.50, (8.6) and previous remarks
imply V1(Qy) = M. As well, since dim(Qy/Kg ) < 4 for k = 6,7,8,
(X,Bg+tP7+Pg) = 0. So NTy = Aj+xhp+yhs, where =1 or 4. In fact,
either x = 0 or y =0, else fﬁva“ and f,st+ are 2 linearly independent
vectors in V1 (A-qap), contradicting (1.31). Let z = {X,Bp+Bg). If
Z = 0, g has a nonzero coefficient in the p-adic expansion of <x,a2>. By
(6.9), {X,an) =0, 2q, g, Or 2q, for some p-power qq. Now (1.32) and [8]
imply dimV]A = dimVIY unless 220 and {X\,a») = 2q; so by (1.10),
MTa=3pg+zlp I ATy = Xg + 2xg, k=20r 5, then Vg (A-B4-$,) &
V1, (-B4-Bs) <V (h-ag-ap). So (1.35) implies z = p-2. But then
dimVTA(}\—al—aQ) =1, also by (1.35), contradicting the above
containment. So ATa = Xq + 22X for k =2 0r 5. In this case, z = 1 else
V1, O-2B=B1) ® VT (A-Bo-B4Bs) ® VT (A-2B¢-By isa
S-dimensional subspace of Vy (A-ay-2ap), contradicting (1.29). But
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now dimVI|A < dimV]Y.

It remains to consider the case where TT(L{) = {Bg,B,Bgh. We first
claim that MTy = xhg + Ay, where k = 6 or 8. For if <x,pj> # 0 for some
1< j<4, either B5€T(Ly)or QY/Kpj has an L' composition factor
isomorphic to a twist of Qa%2. Then the work of this proof, (8.7) and
(1.15) imply TT(Ly) = {B; 11 = 4,5} and Qp ¢ Kg, SO (2.17) implies that
there is a power of p, say qq, such that g, is the field twist on the
embedding of L in {Usg U+g ) and in {Upg ), and such that B 41Zx = qoocp.
Then (2.8) implies that qy = . Thus, by (2.5) and (2.6), {X,8y) = O for
k=1,2,3,s0 (\,pg) = 0. But then the bound on dimVﬁ4(Qy) is exceeded.
So MTy = XxAg + Xy, for k=6 or 8, as claimed. As well, if x=0,
f55V+ € VTAO‘_qQQ)' s0 g has a nonzero coefficient in the p-adic
expansion of (X,ap). By (6.9), {X\,ap) =0, qq, 2qq, 4g*+qq Or Xq, for
distinct p-powers qq and q,. Then by (1.27) and (1.32), dimVIA < dimV[Y
unless x>1 and {(X\,a») = xq; so by (1.10) g = 1. Now (2.13) implies
<Uij32:UijS3>m-Y = {1} and previous work of this proof implies
dim(Qy/Kg ) > 2. If MTy = xhg + kg, dimV,Qy1/IV,Qy 5] 2 84 if
X # p=2,0r 2 60 if x = p=2. If ATy = xhg+hg, dim{V,ayJ/[V,ay3]) > 02.
(See Table 1 of [S]) But (1.20) and (1.35) imply dim([V,QA1/[V,Qx3]) < 80
if x=p~2, and < 55 if x = p—2. Contradiction.

This completes the proof of (8.7).0

(8.8). Let ¥ €TI(Y)-TI(Ly). Suppose there exists a unique pair
1<i,j<r with (EL;,7) = 0 # (ELJ-,?’). Assume Lj is of type Ay and Lj is of
type Aq. Then Mj and Mjare trivial.

Proof: Note that (1.5) implies Zx < Zy. Also, 1f Qp § Ko, (2.17)
implies that there is a p-power q, which is the field twist on the
embedding of Lo inLyand inLjand 71Zp = qoap.

Claim 1: If Ly" has components Ly = (Usg » and L = (Us+g_, Usp ),
then dimvi(ay) = 1.
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Proof: Suppose dimv1(Qy) > 1. Let qbe the field twist on the
embedding of La" in Ly and Ly, If {X,By) = 0 for k = 1, 2, 4, then (8.6) and
(8.7) imply (Ui%) is a component of Ly and (X,Bg) = 0. Then Y = Eg, else
Qy/KJ37 has no LA’ composition factor isomorphic to a twist Qa%2. Thus,
by symmetry and (8.6), we may assume (X,By) = O for a unique k €{1,2,4}.

Suppose wi’ﬁs) 4Ly’ Then Qy/KﬁS is a 3-dimensional irreducible
L module, s0 Qp < Kg_and (X\,BK) =0 for k = 2,4,5. Hence, (1.23)
implies Y = Eg. In fact, (X,By) = 0 for k > 5 also, as (8.6) and (8.7) imply
vi(ay) = M ®M, and dim(Qy/Kﬁj) <4 for j>5. If -BgisinvolvedinlLy’
then BslZp = 0. Otherwise, by (2.11) there is a nontrivial image of Qa%2
in Qy(B3,B5). Since Qy(B3,B5) has LA’ composition factors with high
weights 3quq and quq, (B3+Bs)ZA = qap and again BglZa = 0. So we
may use the parabolic Py~ of (2.11). The bound on dimv2(QA)>\_qa2
implies {X\,B3) = 0and (X,B4) < 2. If (X,B4) =1, (6.9) implies that
(h,an) =0, qq, Or 2q, for some p-power q,. In each case, dimV|A =
dimVly, by (1.27) and [8]. So (X,B4? = 2. Then (X\,ay) = 0 or 2q, and
dimVIA < dimVIlY. Thus the assumption that <Ui136> $ Ly’ was incorrect.

Suppose (Uxg ) is a component of Ly". Then Qp % Kg. For
otherwise, (2.10) implies that —-Bg is not involved in L', so by (2.11),
there is a nontrivial image of Q%2 in Qy(B3,B5), contradicting (1.15).
Now (2.17) implies that the field twist on the embedding of L' in (Ui%)
is also q. Moreover, B3l1Z = quo = BglZ. Examining the T(LA") weight
vectors in Qy/Kﬁ3 and in QY/Kﬁs’ we have x_az(t) = x_ﬁ3(atq)x_55(btq)u1,

X (1) = X_y3(a1tDxR_34(aot Dx_45(bg tDx_gg (bt DUy and X- 3o —a, (1)

-
= )<._112324(th)X_2456(dtq)U3, where a,b,c,d€k™, uj€Kg_NKg,, ay,by€k, ag
or a» nonzero, bq or by nonzero. In fact, a, = O as a nonidentity element
from the root group U_s, occurs in the factorization of [x_az(t),x,al(u)]
and (-B3-BPIT(LAD = quq. By examining [x~a2(t)'x—3al—a2(t)]: we see
that X_3q, 20 (1) = X—15345(f1 (1DX_53456(F2(1))W where 0 = f(1) €k[t]

_ +
and weU_plr = Scop 7, YE€TI(Y), cr €27, Catep, > 2 or CR*CRy> 0).
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 149

But this gives a nontrivial contribution to the root group
U_g,~B,~2B852B,~Bs " the expression for [X_3q -2q (1)) X—q g (W]
Contradiction. Hence <Ufﬁ6> is not a component of Ly". (SoY =& or Eg.)

If <Uiﬁ35’ui}37> is a component of Ly’, then (1.15) implies Qp < Kﬁs
and Qp < Kpg So{X,Bk) =0fork=2andk > 4. If -5 is involved in Ly’
BslZp =0. If -Bg isnot involved inL ", (2.11) implies that there is a
nontrivial image of Qp%*2 in Qy(B3,B5), so the field twist on the
embedding of La"in {Usp ,Uxg ) is also q. Moreover, the La’ composition
factors of Qy(Bz3,B5) have high weights Squ4, 3quq and quq, so
(B3+B)IZa = qap. Hence, again BglZ = 0. But using the parabolic Py~
of (2.11), we see that the bound on dimv ﬁE(QyA) is exceeded.

Thus, Y = Eg and TT(Ly) = {B,B2,B4,B¢.B.Bgt. Now —Bg is not
involved in Lp"; else BglZa = 0 and we may again produce a contradiction.
If the natural module for <Uiﬁe’uiﬁ7’ufﬁ8> is a tensor decomposable Lp’
module, neither Qy/Kg_nor Qy(B3,85) has an LA’ composition factor
isomorphic to a twist of Qp%2, contradicting (2.11). So the natural
module for <Ui56’uiﬁ7’uiﬁs> is a tensor indecomposable L' module; so
(1.15) and (2.11) imply Qp ¢ Kﬁs' By (2.17), the field twist on the
embedding of L' in wiﬁe’uiﬁTUiﬁa) is also q and one checks that
BslZa = qugp. Examining the T(LA") weight vectors in C)Y/Kﬁ3 and QY/Kﬁs’
we find that x_g (1) = x_g _(@tDx_,5(a1tDx_gslatDug and x_g o (1) =
X q3(b tDR_34(botIx_,4s(C 1 tDX_456(CotDx_goo(c3tDuy, where a k™,
a1,b4,Cy €K, Uy €Kp,NKp.. Also, aq or ap, bq or by and some ¢; is nonzero.
In fact, aq = 0 = ap, else there is a nontrivial contribution to the root
group U_g_1n the expression for [x_az(t), xal(t)]. Alsobq = 0,as a
nonidentity element from the root group U_,s occurs in the factorization
of [x_az(t), Xoq,(01and (B4 -BITLAD = qug. However, we now see
that there is a nontrivial contribution to the root group U_,3,5in the
expression for [x_az(t), x-al—az(t)]- Contradiction. This completes the

proof of Claim 1.
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Claim 2: If Ly = (Usp,, Usp ) and Ly, = (Urg ) are components of Ly’
with (Uzg ) $ Ly’ then dimvi@y) = 1.

Proof: Suppose false. Then (8.6) and (8.7) imply {\,By) = O for a
unique k€ {1,2,3} and V1(Qy) = My ®M,,,. Let g be the field twist on the
embedding of La"inLyg and Ly, S0 B4lZa = qup. Suppose there exists
SETI(Y) = TI(Ly), §=B 4, with {X,8) = 0. Since Qp £ Kg, dim(Qy/Kg) > 4.
By size restrictions and (1.15), & = g and (Usg , Usg_, Usg ) is
component of Ly'in Y of type Eg. But (2.8) implies BglZa = qao, so the
bound on d1mV2(QA))\_qa2 is exceeded. Thus, no such § exists and
(X,By) =0 for k 5.

If <Uiﬁ6> $ Ly, (2.12) implies BglZp = 0. Using the parabolic Py”
of (2.11), and the bound on dimVg (Qy™), we have ATy = hq, Agorchy
for ¢ = 1 or 2. Use (1.23), (6.9), (1.27), (1.32) and [8] to see that in every
possible configuration, dimVIA = dimVIV. Thus (Usg ) < Ly" If <Ui.86> is
a component of Ly', then Qp < Kgs and (2.10) and (2.11) produce 3
contradiction. So Y =Ey or Egand (Uyg Usp ) <Ly If (Upg Usp ) is @
component of Ly’, Qp <Kg_and Qp <Kg . S0 {X,By) =0 fork 25 If -Bg
is involved in L', BglZa = 0. Otherwise, an application of (2.11) implies
BslZp = 0. Soin either case we may use the parabolic Py~ of (2.11) to
see that the bound on dimVg (Qy™) implies ATy = Xq. Again, use (6.9),
(1.27) and [8] to see that dimVIA = dimV]y.

Therefore, under the hypotheses of Claim 2, if dimvl(Qy) >1,
Y=EgandLly =Ly XL X (Usp Usg Usp ). We claim that Qa § Kg_
For otherwise, since thereis no Lo’ composition factor of Qy(B 4,85)
isomorphic to a twist of Qp%2, (2.11) would imply that -Bg is involved in
La- S0 BglZa = 0. But using the parabolic Py”™ of (2.11) ,the bound on
dimvh(Qy‘) implies A|Ty = Xq. Now we can argue as before to produce a
contradiction. Since Qa ¢ Kg_, (2.4) and (2.8) imply Qy/Kg_1is a tensor
indecomposable La" module isomorphic to (Qa%2)4. Examining the T(LA"

weight vectors in Qy/Kg and Qy/KﬁS, we have x_q (t) = ><_54(atq)-
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 151

x_ﬁs(btq)ul and X_q, —q (1) = x_BB_h(a1tq)x_}32_54(82tq)-
X—ﬁs—ﬁe(bitq)uz where a, b, by €k™, uj €Kg,NKgand ajek with some a;
nonzero. However, there is a nontrivial contribution to the root group
U_pg,-Bs- R, IN the expression for [x_q (1),x_q _o (1)1 Contradiction.
This completes the proof of Claim 2.

Now suppose Lj has type A, and Ly has type Aq with dim(Mi®Mj) > 1.

Case L. Suppose Mj is nontrivial, so by (8.6) MJ- is trivial.
Temporarily label as follows: TI(Ly) = {7q,72}, ML = {7}, (71,7) < 0.
We first note that there does not exist 6 € TT(Y)-TT(Ly) with (§,ZLy) = 0
and (§,ZLy) = O for all k=i. For otherwise, Qy/Kg is a 3-dimensional
irreducible L o’-module containing a nontrivial image of Qpx%2. These
remarks, together with Claim 1, imply Ly = <U152’Ui’ﬁ‘4>' Also, (8.6)
implies that there does not exist € TT(Y)-TI(Ly) with (§,2L;) # 0 and
(6,ZLy) = 0 for all k=]j. Let g be the field twist on the embeddings of LA’
inLjandinlj, s0 71Zp = qup. Examining the T(LA") weight vectors in
Qy /Ko, we see that x_az(t) = x_,y(atq)u, where a€k™, ueK,. Thus,
YIT 5 = qoo.

Consider the possibility that Ly = <Ui,B1,Uiﬁ3>- Then Claim 2
implies Ly = <Urﬁ5> and previous remarks imply Y = E; or Eg and
<Urﬁ7> < Ly'. Also, (2.12) implies that BoIT o = 0. Using the parabolic Py~
of (2.11), we see that (\,B4) = 0, else the bound on dimVﬁ4(QyA) is
exceeded. Also, (X,B2) =0,by (2.3). Suppose Ly’ =Ly X LyX (Usg_).
Then (1.15) implies Qp < Kﬁe' Thus, {X,By) =0 fork=5,6,7. If Y = Eg,
Qp < Kg, as dim(Qy/Kg ) = 2. So(X,Bg) =0,als0. Thus, ATy =%y
(with Y of type Eg) or A3. BY (6.9), (X,as) = 0, qy Or 2q,, for some
p-power go. However, (1.27), [8] and (1.32) imply dim VI|A = dim VIY.

Thus, if Ly = (Uyg Usg dand Ly=(Usg ), then Y =Egand Ly’ = Lj X
Ly X <Uiﬁ37’u‘—‘ﬁa>' Using standard arguments, we reduce to ATy = X4 or
A3. But then we proceed as before to produce a contradiction. Thus,

Ly = <Ut.Bl’Ui,BE>'
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152 DONNA M. TESTERMAN

Suppose now Lj = (Uiﬁs’uiﬁe) inY of type Eg. Then, (8.5), (8.6) and
the general remarks at the beginning of Case I imply that <Ut;32> and
wi’ﬁ’a) are components of Ly; and (Ui‘ﬁa) $ Ly". Also, the field twists on
the embeddings of LA in Ly, (Usg ) and {Usg ) are g and B4lZp = qayp =
B+1Z. Thus, the bound on dimVQ(QA)}\—qaz implies {X,B4+B~) = 0. As
usual, {X,Bo+Bg) =0and (X,B1+B3) =0. Thus, ATy = Agor Ag and
(N,a1) = 2q. BY(6.9), {\,ap) =0, 2q, or g, for some p-power g,
However, (1.27) and (1.32) imply dim VIA < dim VIY. Thus, L =
(Uzp Usp ), in ¥ of type Eg.

Reviewing the general remarks and the cases considered so far, we
see that in Case I it remains to consider L = <U‘—‘ﬁ7’UiBa> inY of type Eg;
S0 Lj = <Utj35>- Using (8.5), (8.6), (8.7), (2.17), (2.5) and (2.6), it is easy to
see that Vi(Qy) 2= Mj. Suppose there exists § € TI(Y)-TI(Ly), § # Bg, with
(X\,8) = 0. Then Qp § Kg implies dim(Qy/Kg) > 4. Thus, § = B4 and
<Ui32,uiﬁ3) N Ly" % 1. The bound on dimvﬁ4(0y), of (1.25), implies that
Ly'=L; X LjX wif’k) for k =2 or 3. But then Qy/Kg hasno Ly’
composition factor isomorphic to a twist of Qo%2, contradicting (2.3).
Thus, there exists no such §, and XIT 5 = xXAg + X7 0or xAg + g, for
p>x20. In fact, the bound on dimV g (Qy) implies that ATy = xXg+X7, for
p>%x20. By (6.9), {\,an) = 0, xqqg, g OF 2q,, for gy some p—power. Then,
(1.27) and (1.32) imply dim VIA < dim VIY unless (\,ap) = xq, and x=0.
Since BglTa = qaop, O & fﬁev+ € V1, (A-gay), so in fact, g5 = q. Then by
(1.10), NT o = 21 +XUo.

Now, consider the subgroup D < Y of type D4XD,4 defined by
D= (Usp,Usp3Us(par ot B Vsp) *(UepaUaBer v B Vst Urty)
(commuting product), where tq = 2B 1+2B»+3B3+4B4+3Bg+2B g+ B~ and
to = Bo+B3+2B4+Bs. Then VID is not irreducible by Theorem (4.1) of
[12], so (v*) affords a D-composition factor of VIY with dimension
strictly less than dimVI|Y. Restrict this composition factor to the natural

subgroup G < D of type GpXGy. (The fixed point subgroup of D4, under the
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graph automorphism of order three has type Gp.) Let TTI(G) = TTq 1 TT»
with TTq = {7 1,72}, TTp = {73,774} and (71,7 1) < (¥2,72), (¥3,73) <
(74,7 4). Let mj be the fundamental dominant weight corresponding to 7.
Then, there is a G-composition factor of V|Y afforded by (v*) with high
weight (xnp + M) + ((x+1)My + (2x+1)M3). This composition factor has
dimension at least 12-dimV(xm, + Mq). But since VIA occurs as a
compostion factor of the tensor product V(g + xu)®V(1y),
dimVIA < 7-dimV(q + X)) < 12-dimV(xmy + Mq) < dim VIY.
Contradiction.

This completes the consideration of Case L

Case II. Suppose Mj is nontrivial and M; is trivial.

By (8.6), there does not exist § € TT(Y)-TT(Ly) with (S,ZLJ-) # 0 and
(8,5L) = 0 for all k=i. Let qbe as in Case L

We now claim that TI(L ) corresponds to an end node of the Dynkin
diagram. For, if not, the above remarks imply that there exists k=i with
TT(Ly) separated from TT(LJ-) by exactly one node of the Dynkin diagram. By
(8.5) and (8.6), Ly is unique and has type A,. Thus, Y = Egand TT(Ly) =
{B1,B3.Bs5.B.B8gr Also, by (8.6) and (2.3),{(\,Bg) =0fore2=1,2,3,7,8.
As inCase I, B4IT o = qup = BglTo. Moreover, by (2.12), BolZx = 0. Now,
using the parabolic Py "~ of (2.11), we see that the bound on
dimVQ(QA))\_q% Is exceeded. Thus, TT(L;) must correspond to an end node
of the Dynkin diagram, as claimed.

Suppose Lj = <Uiﬁ1>' Then Claim 1 implies Lj = <Utj34»Uij35> and by
(8.6), <Uiﬁ7> <Lly' Now Qp < Kﬁz and if ~B, is involved inLp’, BolZp = 0.
Otherwise, (2.11) implies that there is a nontrivial image of Qp%2 in
Qy(B3,89). But Qy(B3,Bp) has L' composition factors with high weights
3quq and qliq, so (B3 + B)IZA = qap and again BolZx = 0. Using the
parabolic Py~ of (2.11), and (1.36), we see that the bound on dimv%(Qy")
is exceeded unless (\,B3) = 0 and {\,Bq) < 2.

Suppose Qp § Kf—‘s’ Then (1.15) implies <Ut}3—,> is a component of Ly’,
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and by (2.17) the field twist on the embedding of L A" in (Utﬁ7) is also q.
Thus, by (2.5) and (2.6), {X,B~) = 0. Also, the bound on dimvg (Qy)
implies {X,Bg) = 0. Finally, if ¥ = Eg, Qy/Kg_a 2-dimensional
irreducible La’-module implies Qp < Kg_, s0 {X,Bg) = 0. Thus,

ATy =chyg, for c<2. Now, if Qp < Kg , (2.3) implies (X ,Bg+R7) = 0. If
Y = Eg, either <Utj37> or <U‘—Lﬁ7’Uiﬁ8> is a component and we argue as
above or apply (2.4) to get {X,Bg) = 0. Thus, if Qp < K ATy =chq for
c<2,as above. If Y = E-, then ¢ = 1. But now we argue as in Claim 1 to
produce a contradiction. Thus, Ly = (Usg ).

Consider next the configuration where Lj= (Ut%). Then by Claim
2, the previous general remarks and symmetry, we may assume Ly =
<U”—'f>5’ U’-*ﬁ(:) and Y = Eg. A straightforward argument, using (2.10) and
(2.11), implies that (Usg Uspg ) N Ly =1,(X,B4+B3) = 0and
B11Zp =0=B31Zp, by (2.12). Using the parabolic Py " of (2.12) and (1.36),
we see that the bound on dimVB4(QY“) is exceeded. Thus, Lj = (Utﬁ2>-

The opening remarks of the proof and the cases considered thus far
allow us to reduce, finally, to the case where Y = Eg and L = <U’—'J55’Uiﬁ36>’
L]- = <Ui.68>' We first claim that Vl(Qy) = MJ-. For otherwise, (8.5), (8.6)
and (8.7) imply that there exists a unique 1<k<r, k = i, j, with Ly of type
A1, (SLg, B4 = 0, and M nontrivial. However, (2.17) implies that the
field twist on the embedding of LA" in Ly is also q, contradicting (2.5) and
(2.6). Thus, vl(Qy) = Mj, as claimed. Suppose there exists
SETI(Y)-TT(Ly), § = B7 with (X\,6) = 0. Then Qp ¢ Kg implies
dim(Qy/Kg) > 4. Thus & = B4 and (Usp Usg ) N Ly = 1. However, the
bound on dimVg (Qy), of (1.25), is exceeded. Thus, if 6 € TI(Y)-TT(Ly) with
(N,8) = 0,8 =85 SoXTy =xAv + chg, for p>x20 and p>c>0, and
(M,aq) = c-q. Recall ATy # Ag. By (6.9), {\,ap) = 0, cqq or xq, for some
p-power qq. In fact, if x=0, 0 = fﬁ7v+ EVTA(X—qQQ) implies that in the
p-adic expansion for (\,as), q has nonzero coefficient, so by (1.10)

g=Qqp =1
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Let Dy < Y be the subgroup of tupe D4 defined by
Do = (Usp Ut Us(B + Bot Bt By UsRg - Then, 1f G < Dy 1s the fixed
point subgroup of the graph automorphism of Dy of order 3, G has type G,.
Now, Dg s the Levi factor of a proper parabolic of Y, so the D,
composition factor of VIY afforded by v* is not all of VIY. Moreover, the
G-composition factor afforded by vt has high weight Clq + XUo, as
Go-module . Thus, if AT =clq + Xlo, dim VIA < dim VIY. Hence,
(N,ap) =0 or cqq.

We now claim that if x=0, x=C. Let P > Bp™ be the parabolic
subgroup of A with Levi factor L = (Um2>TA. Since V]A is basic, (1.9)
implies that there is a parabolic subgroup Py of Y withP <P,

Q=Ry(P) <Qy =Ry(Py) and L < Ly, a Levi factor of P4. Moreover, since
Ta<Ty,wemaytake Ty <Ly Thus, there is a subsystem 2, € Z(Y)
withLg = Ty{Usg 1 7 €551 ). Write Ly = LgqX + - XLgg, @ product of
simple algebraic groups, with Loqv*™ = vF and Lggvt = vt for 2=1. (This
is possible since VIA is basic.) Then V|A basic and Theorem (7.1) of [12]
imply that Lgq has type Ay for some k and that if k>1, V1(Qy) is
isomorphic to W, the natural module for Lgq (or to Wqaq™). Note that if
k>1, there does not exist Ko < Qg such that Qy/Ky = Wgq or W™, and
Qa § Ko For otherwise, Qy/Ky is an irreducible L' module on which
Z(L")° induces scalars. So QaKn /Ky is an L’ submodule of Qu/K,.. But
dim(QaK /Ky ) < dim(Qy/K4 ). Hence, Lo has type Aq. So there exists
TEZ,Y withLgq = (Ugg), (X, 1) = ¢ and (X, m) = 0 for a1l MEZ, with

M = 7. But, by the earlier work in this configuration, x_ﬁ7(atq) occurs in
the factorization of x_az(t), and (X,B7) # 0. SincelL <Ly, B7 =T and
%= (X\,p7) = {\,7T) = ¢, as claimed. But as in the preceeding paragraph,
dim VIA < dim VY. Thus, in fact, x=0. Moreover, the preceding argument
with Dy implies that (X\,ap) = O.

Suppose qq = q, where (\,ap) = ¢qq. Let X < Y be the subgroup of
type Dy defined by X = (Uyt,Ug | 3sk<8, t = B1+2Bp+2B3+3P4+2R5+BRg).
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Then X has a natural subgroup, G < X, of type G,. Moreover, the
G-composition factor of VIY afforded by v* has the same dimension, as G,
module, as does V{q(cpq+clip)). However, X is contained in a proper
parabolic of Y and so the X~composition factor of V afforded by v is not
all of V. Thus, dim V(q(clq+clp)) < dim V]Y.

Thus, we have ATy =chg, ¢ > 1 and AT 5 = cqu,+cqyll,, with
go # Q. Note that 3¢ = dimVg (Qy) < dimv2(QA)>\_qa2 < 3c. Hence,
BalZp = 0; inparticular, -B 4 is not involved in L' Previous remarks
imply that <Utﬁ2,uiﬁ3> N Ly = {1} If TI(Ly) = {B,,B3.B5,Be.Bgr O
{B,B3,Bs.Be.Bgt, (1.15) implies Qp < Kg, and (2.11) implies B4lZp = 0. If
TT(Ly) = {B1,B5,B3,B5.Be.Bgt, (2.11) and (1.15) imply Qp ¢ KM. Examining
the Lo’ composition factors and T(LA") weight vectors in Qy/KB4, we see
that the field twist on the embedding of Lo" in (U, ) and in (Usg Usp )
is also gand B4IT Ao = qlap - aq). But then (VTY(x—ﬁ4—ﬁS~ﬁ6—,B7—}38) >
VT (A -287-2Bg) + [V,Qa3D/IV,Qp31 is a 2-dimensional subspace of
(V7 (O=q2ag+2a)) + [V,0p31/IV,Qa3) However, using (1.28) and the
description of commutator subspaces given in (1.21), we see that the
latter weight space has dimension 1. Hence, Ly’ > (Uspg ) but (Usg ) 4 Ly",
or Ly =L; X1L;X <Utﬁ3>- In either case, (2.11) implies Qp ¢ Kg, and
arguing as usual, we find that 41T A = qao. Say <Uij?>2> <ily'and
(Uiﬁ3) $ Ly'. (The other case is handled similarly.) Using (1.21) and
(1.29), we have dim(V 1 (A=q(4a;+2a)) + [V,Qa5D/1V,045 < 5.
However, (V1 (A-2B7-48g) ® V1, (M-pg-2B7-3pg) ®
Vi (n-B5-Bg-2B7-2Bg) B V1 (A-2Bg-287-28g) ®
VT, (A-Bg-Bs—Pe-B7-2Bg) B VT, (A-Br-B4-Bs5-Be-B7-Bg) +
[v,Q231)/1v,Q25]1 is a 6-dimensional subspace 1ying in
V1 (A=qldayg+2ap)) + [V,QaSD/IV,Qa5], unless ¢ = 2 or 3. But if ¢ = 2
or 3,(1.38) and (1.27) imply dimV|A < dimV|Y. Contradiction. This

completes the consideration of Case II and the proof of (8.8).00
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(8.9). (\,aq) = 0.
Proof: Suppose false; i.e., suppose {X,aq) = 0. Then (X,ap) = 0.

Let P > BA™ be the parabolic subgroup of A with Levi factor L = (Ui%)TA.
Let P, be a parabolic subgroup of Y with P <P, Q =R,(P) < R, (Py) = Qg
and such that P, is minimal with these properties. Let L, be the Levi
factor of P,. Let T4 be a maximal torus of Ly with To < T4, Fix abase
TTo(Y) of the root system Z4(Y), such that UpxNL <Qq(UgNLy), where Uy is
the product of the T, root subgroups corresponding to roots in Z4*(Y) and
Qg 1s the product of the T, root subgroups corresponding to the roots in
o (V) = Zallg). Let TTo(Y) ={71...,7y}. Let vy be the fundamental
dominant weight corresponding to 74 and (w*) be the unique 1-space of V
invariant under By = (Up [T €S,7(Y) ). Let Ly =Dy X -+ XDg, with D &
simple algebraic group. Note that each Dj is of classical type by (7.1) of
[12] and Remark (6.2), so (1.5) implies Z = Z(L)° < Z5 = Z(Ly)°.

Now, referring to (6.9) and using (1.27), (8.1), (1.38), (1.32), [8] and
p>3, we see that dim VIA = dim VIY unless one of the following holds:

(1) Y =Eg, MTy = xvy + cvg, for p>x20, p>c>0 and (X ,a,) = ¢-q,
for some p-power q.

(i1) The hypotheses of (6.7) hold.

The configurations of (i) and (i1) may be described as follows:
(h,ap) =c, for O<c<p (by (1.10)), D4 has type Aq, dim My = c+1 and M; is
trivial for i=1. Now, one checks that dimv2(Q) = ¢ and dimv3(Q) < 2c.
Thus, D4 must be separated by more than one node of the Dynkin diagram
from all other components of L', else dim V2(Q,) > c. However, there do
not exist §4, 5o € TT(Y)=TT(Ly) with (§4,ZD1) = 0, (§4,65) < 0 and
(65,2L4) = 0. For otherwise (2.14) implies (X,aq) # 0. Thus, there exists
1<i<s with Dy separated from D4 by exactly 2 nodes of the Dynkin diagram.
Let 7,6 € TTo(Y)=T(Ly) with (7,5D41) = 0 = (§,2Dy) and (7,8) < 0. If -6 is
involved in Ly,81Z = 0. Otherwise, if Qa < Kg, (2.11) applies to give
(7Y+8)IZ = aq, so again §|Z = 0. Using the parabolic Py" of (2.11), we see

Licensed to Ecole Polytech Fed de Lausanne. Prepared on Tue Apr 19 01:56:51 EDT 2016for download from IP 128.178.14.170.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



158 DONNA M. TESTERMAN

that the bound on dim V2(Q) is exceeded. Thus, Qa ¢ Kg and —§ is not
involved inLgy'. Now (X,7) =0, else dim V2(QO) >¢; but if (D) = {74},
f,(1+,},w+ affords an L, composition factor in V2(Q,) of dimension c.
Hence, [V,Q42] = [V,@2]. Now, fr+ »2w* and fe+ y+sw* afford distinct
L' composition factors in V3(QO) of dimensions ¢-1 and nc, where
n=dimvy «(-8) 2 2. But dim v3(Q) < 2¢c implies c=1 and dimVIA = 14 <
dimV|Y. Contradiction.O

The results (8.2) - (8.9) form a complete proof of Theorem (8.0)(b)

incase p > 3.0
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CHAPTER 9: SPECIAL CASES

In this chapter, we consider the remaining special cases which will
complete the proof that the only possible triples (A,Y,V) are those
described in the Main Theorem. In particular, we consider the cases
where Y has type Ej and rankA = 2 with p=2, or (A,p) has type (G,,3) or
where Y is exceptional and A is a non-simple, semisimple algebraic group.

We find that the only possible configuration is that of (8.0)(a).

Section I; Rank(A) =2 andp = 2.

Before establishing the notation to be used throughout this section

of Chapter 9, we prove a preliminary lemma.

(9.1). Let p=2, X =SL,p, Y =S0g. If X <Y, acting irreducibly on a
rational kY -module,V, then X acts irreducibly on two of the three
fundamental, restricted 8-dimensional irreducible kY -modules.

Proof: If X<Y is as in Theorem (7.1) (d) of [12], then it is clear that

% acts irreducibly on the two fundamental spin modules for Y, since
X < 807 < Y and each of these representations restrict to the same
irreducible representation of S0+.

Consider now the possibility that VIY is the "natural” module for Y.
Let D be a group of type D4 and et X < D be as in (7.1)(d) of [12]. In
particular, if TI(D) = {7 1,72,73,7 4} is 1abelled as throughout and if u; is
the fundamental dominant weight corresponding to 74, X acts irreducibly
on the kD—-module, W, with high weight 3. Also, if TTI(X) = {a}, hg(c) =

h f)/3(Cq1>h r)/4(qu)h 1}/2_*_ ?/B(Cq2) h (}/2+ 1}/4(Cq2)h r}/l+ /)/2+ 1}/3(Cq3)h r}/1+ r}/2+ ()/4(Cq3),
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160 DONNA M. TESTERMAN

for c€ k*, 41, 4o, and qz distinct p-powers and Uy < (Uf)/il 1<i<4). Now, by
(1.11), D fixes a form on W. Since p=2, we may take the form on W to be
symplectic. So if ¥: D—SL(W) is the kD-representation corresponding to
W, w(D) < Sp(W). Then ¥(D) < Sp(W) is a maximal rank configuration, so by
Theorem 4.1 and Table 4.1 of [12], ¥(D) = (U | r € (Sp(W)), r short). Now,
choose a base TT(#(D)) = {n1,Mp,"3,M4} such that the Dynkin diagram is
labelled as throughout and such that W|¥(D) has high weight v4 (where v;
is the fundamental dominant weight corresponding to Mm;). Since p=2,
X = @(X) and D = w(D) as abstract groups, and ¥(X) < w(D) < SL(W) is the
desired embedding; i.e. WIv(D) is the "natural” module for ¥(D).
Moreover,we may take $(hg (¢)) = hy (CWhn (cIhn 4 v (cHDhy 1 m () -
hh1+h2+h4(°q3)hh2+h3+h4(cq3)- Als0 $(Ug) < <Uha[ 1<i<4). Hence, w(X)
acts irreducibly on the w(D) modules with high weights v4 and vs.

By Theorem (7.1) of [12] the above considerations are sufficient and

the proof of (9.1) is complete.O

For the remainder of this section, we suppose (A,Y,V) is an example
in the Main Theorem, with A a rank two simple algebraic group, Y of type
En and p = 2. Adopt Notation and Hypothesis (2.0); in addition, choose
Pa = Qala With La =(Usp)T 5 such that {X,8) = 0. (Then
TT(A) = TI(L A) = {a} as usual) Note that (7.1) of [12], the minimality of Py
and induction imply that if Lj, a component of Ly', has type Akj for some kj,
then k=1, 3 or 7. Finally, one checks, using [8] and (1.35) that dimVIA =
4k, 3kg2 or 6K14%64M for k2, mez™.

€9.2). Suppose dim(M;) > 1 for some 1.

(i) If Lj has type Az and dim(M;) > 1 for some j = 1, then
rank(Lp = 1.

(i1) Ly has type Aq or Az,

Broof: By induction and (7.1) of [12], L has type Dy for
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 161

k =4,56o0r 7orLjhas type Aq, Az, or A. Consider first the case where
L has type Az and suppose there exists j=i with Mj nontrivial and

rank(Lj) > 1. Rank restrictions implyL; has type Az and by (1.5), Zp < Zy.
Also, (2.5) and (2.7) imply that TI(Ly) = {B,,B3.B4,Be,B5.Bgt. The bound on
dimVﬁS(Qy) implies (X,Bj) =0 for j=5,6,7. However,

0= wy€ Vr (A-Bs-Pg-B7-Pg)and 0= wp€Vy (A-Br-f4-B5) &
VTY(x—ﬁ3—ﬁ4—ﬁ5) afford Ly’ composition factors of VﬁS(Qy) of
dimensions 20 and 56, respectively. Hence, the bound is still exceeded and
the first statement of the result holds.

Suppose (9.2)(i1) is false. Previous remarks and (1.5) imply that
Zp < Zy. If L has type A5, the bound on dimvﬁz(Qy) implies that ATy =
\g; thus, Lj has type Dy for some k. If k > 4, M; is one of the two
irreducible, restricted spin modules for L. Thus, <U’—'131> <Lljand Ly has
type Ds; else Qy/Kg is a 2K~1 - dimensional irreducible L 4" module
containing a nontrivial image of Qp%. Now, the same argument forces Y to
be of type E7 or Eg with {Ug_) a component of Ly". By (2.5), (2.6) and
(2.7), {X,B7) = 0. However, the bound on dimvﬁe(Oy) is exceeded in every
possible configuration. So we have reduced to L; having type Dg.

By (9.1), LA acts irreducibly on 2 of the three fundamental
restricted 8-dimensional irreducible Ly modules. But Qp $ Kg,» S0 C)Y/Kﬁ1
is a reducible L' module. Using (7.1) of [12] to obtain a precise
description of the embedding of L' in Lj, we see that L' acts on QY/Kﬁ1
with composition factors of dimensions 2 and 1. Thus, if A = Gy, then B
must be long. Also, since VLi(“56) is anirreducible LA' module, Y = E5 or
Eg and <Utﬁ7> is @ component of Ly'. Moreover, by (2.5), (2.6) and (2.7),
(X,B7) = 0. The above remarks about Qy/Kg imply that (X\,B3) = 0; and
by (7.1) of [12], {X,B4) = 0. Moreover, the bound on dTmVﬁj(Qy), forj=1
or 6, implies that {(\,By) = O for k = 1,5,6. (We have used Table 1 of [S]
and (1.35).) Then, [8] implies that Y = Eg, else dimV|A = dimV|Y. Suppose
ATy = Xp. The remarks of the previous paragraph imply
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162 DONNA M. TESTERMAN

(h,a) =0, q, g+qy OF q+qg+qy for g, dy and qq distinct p-powers, unless
A = Gy, in which case (X ,a) # q+qg+q4. Hence, dimVIA < 143.62 < dimV|Y.
A variation of the method described in [8] was run on the VAX at the
University of Oregon to determine the multiplicity of the subdominant
weight A~B1-3B,-3B3-5p4-4B85-3Bg—2PB7-Bg. This computation,
together with [8], implies dimV|Y > 143.62. If ATy = Xy + Ag, previous
remarks and part (i) imply {\,a) = 0, q, q+qq Or q+qy+q4, for q,qq and qq
distinct p-powers. Then dimVIA < 143.65 < dimVly, by (1.38).
Contradiction.

This completes the proof of (9.2).0

(9.3), Assume B islong if A = Go. If dim(M;) > 1 then rank(L;) = 1.

Proof: Suppose false. Then by (9.2), L; has type Az, so by (1.5),
Za < Zy. Since Lp" acts irreducibly on W, the natural module for L, (2.3)
implies that there does not exist € TI(Y) - TI(Ly) with (77,ZL}) = 0 and
Qy/Ky = Wor W¥*. Consider the case where (L) = {B,,B4Bst, s0Y =E5
or Eg and (U,_LB7) is a component of Ly'. Now, {\,B7) = 0, by (2.5), (2.6) and
(2.7), and {X,Bg) = 0, else the bound on dimV g (Qy) is exceeded. Also, the
bound on dimv g _(Qy) implies (X,B3) = 0. If (U+g ) Is @ component of Ly,
(A,By)=0,else 0= wy€Vy (A-B4-B3)and 0 = wreV (A-Br-B3-B4)
D VTY(X—;&3—B4—}35) afford distinct Ly’ composition factors of V53(QY)’
exceeding the given bound. Now, [8] implies that ATy = X5 or Ag if
Y = E5. Hence, Y = Eg. If ATy = Ay or Xg, (9.2) implies (A\,a) = 0, g or
q+ G, for gand q, distinct p-powers. So dimVIA < 142.62 < dimV|A by
(1.38). Thus, ATy = Ao + Agor Ag + Ag. Then (9.2) implies (\,a) = 0,
q1, q1+do, Or q1+qo+q3, for qq, qo ,q3 distinct p-powers. Hence,
dimv]a < 142.63 < dimVIY, by (1.38). Thus, TI(L}) # {B,B4,Bs}.

Consider the case where TT(L;) = {Bg.B,Bg}. Then <Uiﬁ4) <Ly If
Ly" has a second component of type Az, (9.2) implies V1(Qy) = M;. But in
this case the bound on dimV o.(Qy), for ¥ € TI(Y) - TT(Ly), implies
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 163

ATy = Ag. Thus, (Uiﬁ4) is a component of Ly". By (2.5), (2.6) and (2.7),
{\,B4) = 0 and the bound on dimVﬁS(Qy) implies (\,Bg) = 0. Suppose L’
acts on the natural module for L with high weight (q1+q2)uﬁ. Then, by
(2.6) and (2.7) we may assume that the field twist on the embedding of LA’
in(Usg,) is q1. If {Usg ) is a component of Ly" with (X,B4) = 0, then
Qp ¢ Kﬁa implies that the field twist on the embedding of LA" in <Utj31> is
also gq. But this contradicts (2.5). If <U‘—“131> $ Ly, then (X,B4) = 0 by
(2.3). So ATy =xXo +yhz+hg or xho+tyhz+Ag, where x, ye{0,1}. By
(9.2), dimVIA < 142-62 if x=0=y and dimV|A < 142.64 if x+y=0. Then
(1.38) and (1.32) imply dimVIA < dimVIY. Hence, TT(L}) = {Bg,£,Bsh

We have reduced to the configuration where Y = E5 and TT(L;) =
{Bs,Be.Bot If TT(Ly) = {B,,B3,85,B6,85}, (2.5), (2.7) and the bound on
dimVg (Qy) imply that (X,B5) = 0 for 2 j<6. So ATy = A7 0r hg + Xy
But then [8] implies that dimV|A = dimVIY. The above remarks imply that
T(Ly) = TT(Ly) U{B,}, TT(Ly) U{Bs}, or TT(Ly) U{B,BoF, V1(Qy) = My in the
first two cases, and in each case, (X,B2+ﬁ4) = 0. Now, ATy = Agor Xy,
by (8], s0 {X,B1+B3) > 0; inparticular, TI(Ly) = {B,,B5,Be.Bk If A=A,
or By, dimViA < 212 < dimvlyY, by (1.32) and [8]. So A =Gy, IfLy'=L; X
<Uiﬁ3>: then previous remarks imply that ATy = Aq+X\g and
dimVIA < 65-142 < dimVIY, by (1.38). In the remaining case, we consider
the action of L’ on the 56-dimensional irreducible kY-module V(X ). One
checks that there are at least five 4-dimensional LA’ composition factors
of V(7). However, there is no 56-dimensional kA-module affording such

an L' composition series. This completes the proof of (9.3).0

{9.4). A does not have type A, or By,

Proof: Suppose false. If (X,a) =0or gand (X,B)=0or q, for
some p~powers g and qq, dimVIA = 3,8,9,4 or 16 < dimV|Y. So we may
choose a parabolic P with Levi factor La = (Usg)Ta such that (X,8) has

more than one p~power in its p—adic expansion. Moreover, choose 8 such
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164 DONNAM™M TESTERMAN

that the number of distinct p~powers in the p-adic expansion of {(X,B) is
greater than or equal to the number of p-powers in the p-adic expansion
of (\,a). Let Py be as before. Then (9.3) implies that Ly’ has at Jeast two
components of type Aq, so (1.5) implies Za < Zy. Also, {(\,Bj) =1 =
(%8 ) for some 1 < 1,] < rank(Y), with (B4, ) = 0. Recall, dimVIA = 4K or
3kg?. suppose (\,B) = q1+qy, for qq and q, distinct p-powers. Then,
dimV]A < 28. But counting only the conjugates of VTY(X) in VIY, we have
dimVly > dimVIA. Hence, (X,B) = qq+q)p. Suppose (X,B) = q1+qp+qsx, for
44, 42, and g3 distinct p-powers. Then (X,By) =1 = (x,ﬁj) = (X,By) for
some 1J=k with (B1,87) = 0= (Bj,B) = 0 = (By,By). Also, dimV]A < 212,
Once again, counting only the conjugates of VTYO\) in VIY, we have

dimVly > dimV|A, unless Y = Eg and ATy = A1+ o+Ng. However, by
(1.38), dimVIA < dimV]Y here also. By rank restrictions, it remains to
consider the case where (\,B) = qq+qo+q3+Q0y. Arguing exactly as above,

we find that dimV]A < dimVIY. This completes the proof of (9.4).0

(9.5). Let A have type Gy, with 8 Tong. Suppose M; and Mjare
nontrivial for some i # |.

(1) If (ZL3,7) = 0 (’}’,ZLJ-) for some ¥ € TT(Y) - TI(Ly), then
TLiXLy) © {B2,B3.85F © TlLy). Moreover, (X ,Bo+B3+B5) = 2.

(2) If (ML, 73) = 0 = (74,7§) = 0 = (74,T1(Ly) for some
7i=7 1 €T(Y) - T(Ly), then B4€{7y,7 i} and [{B,B3.85} N TLy)| = 2.

(3) (X,B) =0,q,q+qy 0r g+qy+q~, for q, g, and q” distinct
p-powers. If Y = Eg, (X,B) = q+qa+q”.

Proof: (1) follows from (2.5) and (2.7). For (2), let TT(L;) = {B;} and
TT(LJ-) = {Bj} and take 2 €{1,j}. Note that if ¥ € TT(Y) - TT(Ly) with
(7,89) # 0 and (7,3Ly) = O for all k=g, then Qy /Ky = (Qp*)9, where q is
the field twist on the embedding of Lo' in Ly. Hence, x_q (1) = x_, (atDu,
for some a€k™, u€Ky and 7T o = qa. The result of (2) then follows from
(2.5), (2.6) and (2.8). Then (9.3), (9.5)(1) and (9.5)(2) imply (3).0
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(9.6). There are no examples in the Main Theorem with A a rank two
simple algebraic group, Y of type Ep and p=2.

Proof: Suppose false. Then (9.4) implies that A = G,. Let
TI(A) = {aq,ap}, with aq short. If Py is as before with dimvi(a,) > 1,
then all components of Ly' have classical type. For otherwise, Y = kg,
T(Ly) = {B;1 ] # 7} and by induction, ATy = Ay+Xg. But (9.2), (9.3) and
(1.32) imply dimVIA < 62.14 < dimVIY. So all components of Ly' have
classical type and by (1.5), Zp < Zy.

We first make a few notes about the case where L' = <Uia1> and
dim(My) > 1 with Lj of type Az. (1) If dim(My) > 1 for some j=1, (9.2)
implies L has type A4. (2) There does not exist 7 € TT(Y) - TI{Ly) with
(7,2Ly) = 0, (7,ZLy) = O for all m=i and dim(Qy /K, ) = 6. For otherwise,
the L' composition factors of Qy/K, would have dimensions 1 and 2,
contradicting (2.3). (3) By (9.2), (2.5) and (2.7), there does not exist
Y €TT(Ly) = Ty, SETICY) = TT(Ly) with {X,7) = 0, (¥,8) = 0 = (§,3Ly)
and dim(Qy /Ky ) = 8. (4) If ¥ € TI(Y) - TT(Ly) such that V(Qy) = 0, then
(2.3) implies dim(Qy /Ky ) > 4.

Note that (X\,aq) # qq+qp+q3+qy, for qq, dp, gz, and g4 distinct
p-powers. For otherwise, previous remarks imply Y = Egand {X\,Bg) =1 =
(N,Bg) =1 =(\,Bo+B3). But then (9.5) implies dimVIA < 64.145 <
dimVly, by (1.32). Now, (9.2) implies that if there are r distinct p-powers
in the p-adic expansion of (X\,aq), there exist {le,‘..,ﬁsjﬂ} C TI(Y) with
(X,ﬁjk) =1and (;,,8j) = O for k=f. Previous work implies that
(N,aq) = 0,01, 91%qp, Or q1+qo+qz3, for distinct p-powers qq, qp, and g3.
We next claim that if (X,a4) = qq+qo+qz, Y = Ey or Eg. For otherwise,
taking P as before, with Lo" = (Uyy ), we may assume TT(Ly) =
{B2,B3.B4.Bet AlSo, Lp" acts on the natural module for <Uiﬁ2’Utﬁ3’Uiﬁ4>
with high weight (q1+q2)u5 and the field twist on the embedding of L' in
(Urg) is q3 = qj for 1= 1,2. Consider the action of Lo’ on the

27~-dimensional irreducible L o' module V(X g). There is an LA’ composition
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factor with high weight (A-B1-Bo-B3-2B4-2B5-BITLpAD =
(g4 +gp+q3)i1. But there is no 27-dimensional kA-module affording such
an Lp' composition factor.

Previous remarks, [8] and (1.32) imply that ATy = Xy for any 2,
else dimVIA = dimV|Y. Note that (9.3) and (9.5) imply that for each
distinct p-power gj in the p-adic expansion of (X,as), there exists
BETT(Y) with (X,B ) =1and (By,By) = O for any By corresponding to a
different p-power qx. As well, previous remarks, [8], (1.26), (1.32) and
(9.5) imply that (X,aq? # 0 # (X\,an), else dimVIA < dimVIY.

Using the above remarks and the usual dimension arguments, it is
straightforward to show that (X\,a2) = qand if {X\,axp) = q+qq, then
Y # Eg. (Here g and q, are distinct p-powers.)

Suppose {X\,ap) = q+qg and Y = Eg. Then dimViA < 62.142, Also
there exist B, METI(Y) with (B,m) =0 and (X\,B) =1 = (X, n). Then[8]and
(1.32) imply {X,aq? = g1 +qo, else dimV|A < dimVIY. Let P, be as before,
with L' = (Usq,). BY previous remarks, symmetry and (1.23), we may
assume that either TT(Ly) = {B,,B3,B4.B¢t With ATy = Az+Xgor T(Ly) =
{B.BaBet with (X, B1) =1 =(X,Bg) and {X,B4+B ) = 0. In the first
case, the bound on dimvﬁS(Qy) is exceeded. In the second case, [8] implies
that XITy = Aq+Xg, and (1.38) implies that dimVIA < dimVI]Y in the
remaining cases.

So if (X,ap) = q+qg, Y = E7. Also, {\,aq) = qy+qp+qz, else
dimVIA < 62.142 and using (1.32), [81 and (1.38), we see that
dimVIA < dimVIY. Let Py be as before withLp'= <Um1>' Then either
(@) T(Ly) = {B,,B3.Bs.Be B}, With (X, Bq+Bz+Bg) =0and(X,Bp) =1=
(X,Bs+B ) or (b) Ly has components (Ugg ) and {Usg , Usg,, Uzg ), With
(NB1)=1=(N,Bo+Bg)and (X, 4+R7) = 0 or (¢) Ly has components
<UJ_,52), (Ui%), and <Ui}37>, with (x,B) = 1, for j = 2,5,7 and
(X,B1+PB3) = 0. Inthe last case, we need only count the conjugates in ViY
of V1 (X) to see that dimVIA < dimVIY. In case (a), the bound on
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dimVg (Qy) implies that (N,B4+B7)=0. SOXTy = Ao+Ag and (1.38)
implies that dimVIA < dimVIY. Finally, to see that the configurations
described in (b) do not occur, we consider the action of L' on the
S56-dimensional irreducible kY module, V(X 7). There isan Ly’
composition factor with high weight A-Bz-B4-B5-Bg-B7IT(LAD =
(q1+q2+q3)uﬁ. But there is no 56-dimensional kA module which affords
such an Lo’ composition factor. Thus, in fact, {(X,as) = g+q,.

By (9.5), it remains to consider the case where (X\,ao) = q+qy+q"
and Y = E; or Eg. So there exist B,Mm, e € TT(Y) such that
(ABY=1=( ) ={\,e)and 0 = (B,M) = (B,e) = (M,e). Also,
dimvia < 64.143. If Y = Eg, (1.32) and (1.38) imply dimV|A < dimVI|Y. So
Y = E5. Let Pp be as in the previous notation with Lpo' = <Um2>- Then (9.3)
and (9.5) imply that either TT(Ly) = {B{,B5,B5,85}, with {X\,B4) =1 or
TT(Ly) = {Bp,B3.85.B4}, with {X,By) =1, for k =2,3,7 and (X ,Bs) = 0. But
in the first case (2.7) implies that the field twists on the embeddings of
La'in(Usg ), (Urg ) and (Uyg ) are all equal, contradicting (2.5). In the
second case, the field twists on the embeddings of LA’ in (Uth) and in
<Utﬁ>7> are equal, while the field twists on the embeddings of Lp" in
(Upg ), (Upg ) and (Usg ) are distinct, contradicting (2.7) (with = B ).

This completes the proof of (9.6).0

Section II: A=0G,andp = 3.

Let (A,p) = (G5,3) and TT(A) = {a,B}. Choose Pp such that
La=(Usp)Tpand (X,B) = 0. Note that Iy is a 2-dimensional irreducible
La" module. (See (2.2) for the definition of I,.) Adopt the remaining
notation of (2.0). Note that dimv|a = 7K.272 for k2 €2*.

(9.7). If M; is nontrivial, Ly has type Aq or Ap.

Proof: Suppose false. Then (7.1) of [12] and rank restrictions imply
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168 DONNA M. TESTERMAN

that all components of Ly have classical type. Hence, by (1.5), Zp < Zy.
Wwe first note that L has type Ay, for some ky. For otherwise, (7.1) of [12]
implies that L has type Dg and My is isomorphic to the natural module for
L. As well, the bound on dimV g (Qy) and dimV g (Qy) implies Y = E7 and
ATy = X7. But then dimVIA > dimVIY. Thus, Ly has type Ak1 as claimed.
Also note that Ly does not have type Ay. For otherwise the bound on
dimVg_(Qy) implies ATy = hg.

Suppose Lj has type Ag. If Y = Eg, the bound on dimVﬁQ(Qy) implies
MTy = Xq or Ag and dimVI|Y = 27. But dimVIA > 27. Hence, Y = E or Eg.
Note that Lp' acts irreducibly on W, the natural module for Lj, so there
does not exist ¥ € TI(Y) = TT(Ly) with (7,2L{) = 0 and Qy /Ko = W or WX
Hence, if Y- = E5, TI(Ly) = {8, [ k = 1,3}. The bound on dimvﬁ3(Qy) implies
ATy = Xpor X7, However, then [8] implies dimVIA = dimV|Y. Thus,
Y =Egand T(Ly) = {B, Ik = 2,7} But (1.15) implies Qa <Kg_,
contradicting (2.3).

The above remarks imply L has type Az. If W is the natural module
for Ly, WILA' is a 4-dimensional tensor decomposable irreducible and
M; & Wor WX If MjlLp" has high weight (q1+q2)uﬁ, the L' composition
factors of WAW have high weights 2q1uﬁ and 2q2uﬁ. Hence, there does
not exist § € TTI(Y) — TT(Ly) with (§,ZL4) = 0 and Qy/Kg = W, W, or WAW.
So if T(Ly) = {B,B4.Bs}, then Y = E or Eg and (Uiﬁi,uiﬁ_)) <Lly. The
above remarks about WAW , (2.5) and (2.7) imply (X ,B41+B7) = 0. Also, if
<UJ—'}38> <Ly, {X,Bg) = 0. The bound on dimv g _(Qy) and dimvg (Qy)
implies ATy = Ap+xAhg or Ag+xhg, where x€1{0,1,2}. Now, [8] implies
dimVIA = dimVIY if Y = E5. If x = O, the work of this result and (1.38)
imply dimVIA < 74 < dimVIY. Hence x=0. But then previous work and
(1.32) imply dimViA < 70 < dimVIY. So, TT(L{) = {B,,R4,8<}

Consider now the case where Y = Eg and TT(L{) = {B¢,8+,Bg}. Then
(1.15) and previous remarks imply (Uiﬁ4> is a component of Ly". By (2.5)
and (2.7), {\,B4) = 0. The bound on dimvﬁs(Qy) implies (\,B5) = O.
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 169

If (Urg ) $ Ly, then (X B4 +B3) = 0,by (2.3) and (2.13). If {U.g ) <Ly,
(1.15) implies Qp < Kg, and again (\,B1+B3) = 0. Hence, ATy = XNpt kg,
where x€{0,1,2} and j=60or 8. If ATy = Apo+Ahg, Ao+tAg, 2hp+hgor
20 p+hg, dimVIa <70 < dimVIY, by (1.38). If ATy = Xg,

dimvia < 79 < dimVIY by (1.38). Hence TT(Ly) = {Bg, B, Rg}

Finally, consider the case where Y = E5 and TT(L;) = {B5,B¢,B}.
Applying (1.15), we see that TT(Ly) = TI(L;) U&, where § is (a) {B3}, (b)
{Bo}, () {B,, B}, or (d) {B,,B,B3t. In(d), (2.5), (2.7) and the bound on
dimvﬁ4(Qy) imply ATy = X7 or Aq+X7. But then [8] implies dimV|A =
dimVIY. In each of the remaining cases, we consider the action of Lo" on
the S6-dimensional irreducible kY module, V(X 7). With g4 and gy as
above, we may assume that the field twist on the embedding of LA’ in
<Uij3k> is qq, where k = 3 in (a) and k = 2 in (b) and (c). In case (c), we find
that the field twist on the embedding of LA™ in <Uif31> is either qq or g,
else there is an 8-dimensional L' composition factor of V() with high
weight A-Bor-B3-2B4-B5-Bg-B7IT(LAY. But there is no S6-dimensional
kA module affording such an L' compositon factor. Now, in cases (a) -
(c), there is a 6-dimensional L 5’ composition factor of V(X -). This
implies that there is a 49-dimensional A composition factor of V().
Also, there are less than seven 1-dimensional La" composition factors, so
there must also be a 7-dimensional A composition factor of V(\-). But
this contradicts the following information about V(\-): If (a) holds, there
are four trivial Lo' composition factors of V(\); if (b) holds, there are
eight 4-dimensional L5’ composition factors; if (c) holds, there are either
exactly 2 trivial Lp" composition factors or exactly six 4-dimensional LA’
composition factors.

This completes the proof of (9.7).0

Remarks (9.8). Assume Z < Zy. (1) If iz]j with M; and M;
nontrivial and (ZLy,7) = 0 = (ELJ-,')’) for some ¥ € TI(Y) = TI(Ly), then (9.7)
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170 DONNA M. TESTERMAN

and (2.5) - (2.7) imply ¥ = B4 and {Bo,B3,B5} C T(Ly).

(2) Suppose {Us+g ) and (Usg ) are components of Ly’ and
7,8 €TI(Y) = TI(Ly) with (Bp,7) = 0 = (7,6) = 0 = (6,B) and
dim(Qy/Ky) = 2 = dim(Qy/Kg). If Qa $ Ky and Qp £ Kg, then the field
twists on the embeddings of LA"in {Usg ) and (Usg ) are equal. For one
may check that there is a nontrivial contribution to some root group of
Qy(7,6) in the factorization of nonidentity elements of Q4'. Since
Za < Zy and Qp" < Ky N Kg, the image of Q" in Qy(7,8) is a
1~dimensional L' submodule of Qy(7,6). Such a submodule can exist only
if the twists are equal.

(3) If Ly and Ly, have type Aq with (ZLg,7) = O = (SLy,7) for some
¥ €TT(Y) - T(Ly) and dim(Qy /Ky ) = 4, then (1.15) implies that Qp < K.

{9.9). Suppose M; is nontrivial and L; has type Ao. Then Y has type
Eg, MTy =g 0r Agand AlTp =244,

Broof: Since all components of Ly" are necessarily of classical
type, Zp < Zy. Also, there does not exist ¥ € TT(Y) - TT(Ly) with
(7,ZLy) = 0 and (7,ZL) = O for kzi. For otherwise, Qy/Ky is a
3-dimensional irreducible Lo" module, contradicting (2.4).

Consider first the case where TT(L)j = {B,,B4}. The above remarks
imply w‘—“ﬁl) is a component of Ly and <U1J35> <Lly. In fact, p=3 and (1.15)
imply wiﬁ‘e) is a component of Ly'. By (2.6) and (2.7), the field twists on
the embeddings of L™ in Ly, (Usg ) and (Usg ) are all equal. Hence, (2.5)
implies {X,B1+Bg) = 0. If (Ut%) is @ component of Ly*, (9.8) (3) implies
that {\,B7+Bg) = 0. Otherwise, (2.3) and (2.13) imply the same
conclusion. Note that (X,B3+Bg) = 0. For otherwise, (9.7), the work of
this result so far, [8] and (1.38) imply dimVI|A = dimV]Y. Since
(X,B3) = 0or (\,Bs) = 0, the bound on dimVﬁk(Qy), fork =3 or 5,
implies (\,B4) = 1 and {X,B,) = 0. Moreover, (1.35) implies (\,B) = 1
when (X,B) =2 0, for k=3 or 5. If ATy = Az+hg0r Ag+ s,
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dimVIA < 272, Counting only the conjugates of VTY(X) in VIY, we have
dimVIA < dimVIY. A similar argument rules out ATy = Az+hg+xh-,
AgtAg+xh7 and A3+ A g+ Ag+xhy when x=0 and ATy = Az+X 4+ g
when Y = E5 or Eg. Finally, if Y = Eg and ATy = Az+X 4+, dimVIA <
273 < dimV]Y, by (1.38). Hence, TT(L;) = {B,,B4}. Similar arguments show
that TT(Ly) = {Bg. B9}

Claim: If <Utﬁz)) <Uij31»Ut}33> and <Ut}35:Uiﬁ>6> are components of
Ly', then the statement of (9.9) holds.

Reason: First note that Y = E, else previous remarks and the bound
on dimv}34(Qy) imply ATy = hq. Now TT(Ly) = {B,B3} or {Bs,Bgr. Suppose
Mj is nontrivial for some j=i with (ZLj,B4) = 0. Then (2.5), (2.7) and the
bound on d1mV54(Qy) imply (X ,B¢) =1 =(X,Bg) and (X,By) = O for 2<k<5.
If Y = Eg, dimVIA = dimVI|Y, by [8]. Previous remarks then imply Y = Eg
and (U.g ) s a component of Ly". By (2.7), (X,Bg) = 0. The bound on
dimV g _(Qy) and (1.35) imply that if (X,87) = O, then (X,p7) = 1. In any
case, dimVIA < 274 < dimVIY, by (1.32). Thus, (X\,B1+Bo+B3+Bs+Rg) = 1.
The bound on dimVg (Qy) implies that (X,B4) = 0 and Vi (B g) = My

Suppose Y = Eg. If {\,Bg) =1, <U1’58> is a component of Ly, and by
(2.7), {\,Bg) = 0. Sodim VIA <272 < dimVIY by (1.32). Thus, (\,81) = 1.
If (X,B7+Bg? = O, previous remarks, the bound on dimvg_(Qy)and (1.35)
imply (Usp ) is @ component of Ly"and (X,Bg) ='0. If (X ,Bg) = 2,
dimVIA < 274 < dimV[Y by (1.38). If (\,Bg) = 1, the bound on dimv g_(Qy)
implies (X,B7) = 0, and then dimVIA < 7-273 < dimVIY, by (1.38).

Thus, Y = Eg, dimVIY = 27; s0 {X,a) = 0. Hence by (1.10), AT =
244 or 2qo. If AT A = 2qup, (4.1) of [12] implies that there is a closed
subgroup B < A of type A, such that VIB is irreducible. Moreover, (1.10)
and knowledge of the embedding of B in A implies that g = 1. Thus, V is a
restricted kA module and hence irreducible for L(A), by (1.1) But now, the
proof of (11.1) in [15S] shows that the span of the e, and f, for short roots

r€=(A), is a noncommutative ideal which lies in the kernel of the action of
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172 DONNA M. TESTERMAN

L(A) on V. But the action of L(Y) on V has no such ideal in its kernel.
Hence, XIT A = 214, and the Claim holds.

Consider now the case where TT(L;) = {B;,B3}. By the preceding
Claim, previous remarks and (1.15), we may assume that either Ly" has
component <Utj3j> and (Uxg ) $ Ly" for {j,k} = {2,5} or T(Ly) =
{B1,R3.B2.Bs.Pe. Bt Ineither case, (X,B,) = 0; as well, in the first case
(X,B 1) = 0 and in the second case {X,B5+Bg+B7) = 0. (We have used (9.7)
and the bound on dimV g (Qy).) Now Y = Eg; else (1.23) and previous
remarks imply that ATy = Aq+Xg, A3+Ag, or A3+h 4+ g, But by [8],
dimVIA z dimVIY in the first case and in the latter cases,
dimVIA < 27-72 < dimVIY, by (1.38).

Suppose TT(Lj) = {By,B3t and Y = E5. We first note that
(XN,Bg+Bg+P7) = 0. For otherwise, the previous work of this result
implies ATy =X 4, A3 0or A3+Xy But [8] rules out the first two
possibilities and in the last case, dimVIA < 272 < dimVIY by (1.38). Now
examining all possible configurations, using previous work, (2.3), (9.8) and
(2.13), we see that either (a) TT(Ly) = {B,83,B,,Bg}, or (b) TT(Ly) =
{B1,B3,B2,8 and {X,B7) = 0. Consider the action of L' on the
S6-dimensional irreducible kY module, V(X ). In case (a), if the field
twist on the embedding of LA™ in <Uif36) is not equal to the twist on the
embedding in (Uiﬁ2> (and L), there are exactly two 6-dimensional and two
4-dimensional L' composition factors of V(X\7). In case (b), the L’
composition series of V(\~) has the same properties. But there is no
S6-dimensional kA module affording such an Lo’ composition series.
Hence, (2.5), (2.6), and (2.7) imply that Ly is as in (a) with (X,Bg) = 0. So
(N,Bs+B7) = 0 and dimV|A < 7-272. (We have used (9.8).) But [8], (1.32)
and (1.38) then imply dimV|A = dimVIY.

Now suppose TT(L;j) = {B;,B3} and Y = Eg. Note that if Ly" has
component <U’—“J35’Uil36’uﬂ37) (respectively, (U’—'ﬁe’uiﬁ7’uiﬁs>’

(Ug, Uip ), then (X Bs+Be+B7+Bg) = 0,as Qy/Kg_(respectively,
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 173

Qy/KJsS, Qy/KﬁB) is @ 3- or 4-dimensional irreducible Lo" module. If
(Urg_Uspg ) s @ component of Ly, (N, Bg+Bg+P7+Bg) =0, also. For if
<Uiﬁs> { Ly’, we may argue as above. Otherwise, use (2.5) - (2.7) and the
bound on dimV g (Qy). But if (X, Bs+Bg+B7+Bg) = 0, dimVIA < 272 <
dimVl1y, by [8] and (1.32).

Now, if ATy = Aq+hgor A3z+xhgt+hg, for x€{0,1},
dimVIA < 272.72 < dimVIY, by (1.38) and (1.32). If ATy = Aq+2%g or
Az+xhg4 +2hg, X as above, then dimV|A < 274 < dimVIy, by (1.38). Also, if
ATy = Aq+2hg or Az+xh4+2zhg with 0 < z < 2 and x as above,
dimVIA < 272.7 < dimVIY, by (1.32). Applying the restrictions imposed on
ATy by (2.3), (2.13), (9.8) and the above remarks, we find that one the
following holds:

(@) Ly'=1Li X {Upg ) X (Uyg ) and (X, Be+B7) = O,

() Ly’ =Ly X (Upg ) X (Usg ) and (X,Bg) = 0= (X ,B7+Bg), or

(©) Ly =Ly X {Upg ) X (Usg_dand (X,B7) = 0= (X ,Bs+Bg).

In case (a), (9.8), (2.5) and (2.7) imply that at most one of (\,Bg) and
(X,Bg) is nonzero. If (X,Bg) = 0, (so {X\,B7) = 0) dimVIA < 274 But
counting only the conjugates of VTYO\) and VTY(X—LS7—}38) in VIY, we have
dimvly > 274, S0 (\,8g) = 0 and dimVIA < 273 < dimV|Y by (1.32). In case
(b), dimVIA < 279 < dimVIY by (1.32). In case (c), if (\,B7) = 1,

dimVIA < 273-7; if (X ,B7) = 2, dimVIA < 274 But we need only count the
conjugates of V1 (1) when (\,B7) =1, and in addition, the conjugates of
VTY(}\—ﬁ-;) when (X,ﬁ7) = 2, to see that dimV|Y > dimVI|A. Hence, we have
shown that if Lj = <Ui’51’ Uiﬁa)’ then the result holds.

Consider the case where (L) = {Bs,B¢}. BY symmetry and previous
work of this result, we may assume Y = Eg and <Uiﬁj> is @ component of
Ly’ with (X85> =0, for j=20r 3, and (Usg_Usp ) $Ly" Also, (Usg ) <
Ly and (X,Bg) = 0. If <Ui;53) is a component of Ly', (X\,B) = 0. Moreover,
earlier remarks which apply to the bound on dimVBk(Qy) fork =4 or 7,
imply ATy = yhq+xhg+Ag or yhq+hg+xhy, where x€{0,1} and 0<y<2.
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Ify=0,dimVIA <272 and if y 2 0, dimVIA < 273. But counting only the
conjugates of VTY(X) in VIY, we have dimV|Y > dimV|A. Thus, <Utﬁ$2> is a
component of Ly". Also, ATy = yX +2hz+XA 4+ hg 0r yhq+2h3+hg+xh7,
where x and y are as above and 0 < z < 2. If y = 0 = z, dimVIA < 272, if
y=03xz, dimVIA <273 and otherwise, dimV|A < 274, But in each case
(1.32) implies that dimVIA < dimVIY. Hence, Lj = <U’—'I35’Uiﬁe>‘

Finally, consider the case where TT(L;) = {B,Bg}. Previous remarks,
the bound on dimv%(Qy) and (1.15) imply (Uiﬁs> is a component of Ly’
with (X,Bg) = 0. We first claim that there exists j=i with Mj nontrivial.
For suppose not. Then, (a) if {X\,B) = O for 1<k<4, dimVIA < 272, (b) if
(N,B4+Bs+B,) >0and (X,B,) =0orif (\,B,) = 0and
(N8, +Bs+B4) = 0, dimVIA < 273, and (c) dimV|A < 274 otherwise. (We
have used (9.8) and the previous work of this result.) Recall that
ATy = Xg. In(8) and (b), we need only count the conjugates of VTYO‘) in
VIY to see that dimVIY > dimVI|A. For (c¢), we may assume
(X,B1+B3+B4» > 0and (X,B,) > 0. But again, as in (a) and (b) we show
that dimVIA < dimVIY. Thus, there exists a jzi with Mj nontrivial.

The previous work of this result and (9.8) imply that either
(8) TT(Ly)={B,B2.Bs.B+.Bgh, (b) TT(Ly) = {By,Bs5,85,Bgr or (c) TI(Ly) =
{B5,B3,85,85,8gr If (a) or (b) holds, (2.3), (2.13) and (9.8) imply that
(N, Bo+Byg) =0. S0 ATy = chq+xA3+Ag or chq+xh3+yhg+r for
c€{1,2}, 0<x<2 and y€{0,1}. Moreover, dimV|A < 7-273 if c=1 and
dimVIA < 274 if c=2. In each case, (1.38) and (1.32) imply dimVIA <
dimVIY. Suppose Ly' is as in (c). By (2.7), the set of field twists on the
embeddings of Lo in (Uyg 2 for k=2,3,5 consists of at most 2 distinct
primes. Recall that the field twist on the embedding of L' in <Uiﬁs>
equals that on the embedding in Ly. And since (\,Bo+B3) = 0, (2.5)
implies that there are exactly two distinct field twists on the embeddings
of La" in the triple of Ay's, <Ui5k)’k:2’3’5’ and exactly one of (X\,B,) and
(X,B3) is nonzero. Moreover, the bound on dimvm(Qy) implies (X\,B,) = O.
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So in case (€), ATy = XA q+Chy+hgor xAq+chp+yhg+ry for k =2 or 3,
0<x<2, c€{1,2} and y€{0,1}. Referring to cases (a) and (b), (3.8) and the
previous work of this result, we see that dimVIA < 75.272 if c=1 and
dimVIA < 274.7 if c=2. Again (1.32) and (1.38) imply dimVIA < dimV|Y.
Hence, Ly = <Uiﬁ7»Ui}38>-

This completes the proof of (9.9).0

9.10). Let ¥€TI(Y) - T(Ly) and i%] such that (ZL;,7) = 0 =
(7,ZLy). Then Mjor Myis trivial.

Proof: Suppose false; i.e., suppose M; and Mj are both nontrivial.
Then (9.7) - (9.9) imply that L; and Ly each have type A4 and there exists
k= 1,jwith (ZLg,7) = 0. Moreover, (1.15), p=3 and the minimality of Py
imply that Ly has type A4 also. Let B4, By, By be such that Ly = <Utﬁg> for
2 =1,j,k. S0 {N,B3) = 0= <x,Jsj>. Let gg be the field twist on the
embedding of La" inLg for & =1,j,k. Then we may assume qy = qj # Qj- The
La’ composition factors of Qy/Ky have high weights (2q5+qi)ug and gjig.
Hence, dim(QaKq /Ky ) = 2. Now since VTYO\—B]-—’)’) # 0, a nonidentity
element from the set U“?"U"V"ﬁi must occur in the factorization of some
element of QpKy /Ky . However, ¥ (respectively, -¥-8;) affords T(LA")
weight (q1~+2qj)uﬁ (respectively, (2qj—q)uB). While the weights in
QaKy /Ko are qiug and ~Qilig, contradicting (2.4). This completes the
proof of (9.10).0

(9411, If (AY,V) is an example in the Main Theorem, with (Ap) =
(G»,3) and Y of type Ep, then ATy = hq or Agand NTp =244,

Proof: Suppose {\,7) = 0 for some ¥ € TI(A). Then (4.1) of [12]
implies that there exists B < A of type Ao such that VIB is irreducible.
Then (6.0) implies that Y = Eg, ATy = X1 or Agand NiTp = 2qu4 or 2qu,
for some p-power q. Hence, the hypotheses of (9.9) hold (for some choice

of B €TT(A)), and we have the result of (3.11). Thus, we may assume
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(N\,7) # 0 for all ¥ € TT(A) and that the hypotheses of (9.9) do not hold.
Thus, for any choice of B € TTI(A) with P and Py as before, if M; is
nontrivial then L has type Aq. So we will choose B € TT(A) such that the
number of p-powers in the p-adic expansion of (\,B) is as large as
possible. And we note that there must be at least two such p-powers; i.e.,
v1(ay) is tensor decomposable. Otherwise, (\,p) = q and dimVIA = 49 or
189 or (X\,B) =2q, (X,Bg) = 2 for some 1<R<ranky and dimV|A = 189 or
729. But in each case, [8] and (1.32) imply dimVI|A = dimV|Y. Thus, there
exists 1 < k=2 < rankY with (By,Bg) =0 and (X ,By) = 0= (X,By).

Suppose Y = Eg. The opening remarks of the proof, (9.8), (9.10) and
symmetry imply that either TT(Ly) = {B;,B,,8s,B¢ With (X,B5+Bg) = 0
and (X,B4) = 0 = (X,B2), or Ly’ has components (Uyg ) and (Usg ) with
(N,B? = O for k =1 and 6. The first configuration is ruled out by (1.23).
So suppose Ly" has components (Usg > with (X,By) 0 for k = 1 and 6. If
<Uij32> is also a component of Ly’, (9.8) implies that Qp < Kg, else the
field twists on the embeddings of La"in (Usg ), (Usp ) and (Usg ) are all
equal, contradicting (2.5) and (2.6). But -4 is not involved inLA’, by
(2.10). So there is a nontrivial image of Qo% in Qy(B3,B4) and in
Qy(Bg,B4) again implying that the field twists are equal. Hence, (2.7)
implies TM(Ly) = {B,B¢l. Let qi be the field twist on the embedding of LA’
in <U1J3k)' Now, there are two 4-dimensional L' composition factors of
the 27-dimensional kY- module V(X 1). However, there is no
27-dimensional kA module affording such an L' composition series.
Hence Y = Eg.

Suppose Y = Eg. Choose i and j such that M; and Mj are nontrivial. So
Li and L each have type A4 and one of the following holds:

(a) TTL; and TLjare separated by more than 2 nodes of the Dynkin
diagram.

() {TTLy,TTLy = {B41,B ) and (Usp Ui ) < Ly"

(@) ATTLy, TTLy} = {B2,BeY and (Usg Usp ) s Ly”
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This follows from (9.8), (9.10) and (1.15). Rank restrictions, (3.8) and
(9.10) imply that if there exists k # i, j with Mg nontrivial, then (b) holds
and Ly’ =L; X Ly X (UrgUsrg ) X (Upg ), with (X, Bg) = 0. But (2.7)
implies that the field twists on the embeddings of L' in <Ut}32>’
<Uiﬁ5’uiﬁ6> and (U‘—“ﬁa> must all be equal, contradicting (2.5). Hence,
viay) =M ® Mj, and by the choice of B, dimV|A < 274,

Now we may assume AlTy = cXp + dXy for 0 <c,d < 3. For if Wy,
the stabilizer of X in W has rank at most 5, the number of distinct
conjugates of VTYO\) in VIY exceeds 274, unless Wg has type Dg. But if we
count also the conjugates of a8 maximal subdominant weight we find that
dimVvly > 274 So ATy = ¢y + dy and by (9.10), (8 ,81) = 0. Now,
IW:Wol > 274 unless W, has type DsXAq, Dg, AsXA or Ag. If 2€1{c,d}, we
count the conjugates of VTY()\—ﬁr) or VTY(X—JS t), whichever is dominant,
in addition to the conjugates of VTY(X), in order to see that dimV|y >
dimVIA in most cases. For the remaining cases, refer to (1.38) for the
same conclusion.

Finally, consider the case where Y = E5. Applying (9.8), (9.10) and
previous work of this result, we see that Ly’ has exactly 2 nontrivially
acting components, <Ui.Bk>’ <Uij39> where {k,2} = {7,j}, j= 1,2 or 3, {1,2},
{1,6} or {2,6}. If {k,2} ={3,7}, (9.8) implies (i) TT(Ly) = {B3,B-5}. If {k,&} =
{2,7}, (9.8) implies that either (i1) TT(Ly) = {B,,B} or (i1i) T(Ly) =
{B1,B2,89F or (iv) TT(Ly) = {B;,83,85,85+. If {k,2} = {1,2}, (9.8) implies
(V) TT(Ly) = {B,B2.B5,Bgt or (vi) TI(Ly) = {B,82.B5,8¢.B5}. If {k,2} =1{2,6},
(1.15) and (9.8) imply (vi1) TT(Ly) = {B,B3,B,.8¢} If {k,2} = {1,6}, previous
remarks about Y of type Eg imply (viii) TI(Ly) = {B,B¢}. Finally, suppose
{k,2} = {1,7}. Then (1.15) implies <Uif>k> is not a component of Ly*, for
k=4o0rb5. Also, <Ui§4:Ui,BS> is not a component of Ly', else (2.7) implies
that the field twists on the embeddings of LA" in (Utﬁ1>, <Utﬁ4,uif>5) and
(Utﬁ7) are all equal, contradicting (2.5). So (ix) TT(Ly) = {By,82,84,85,85}
or (x) TI(Ly) = {B,B5,B4,B}, or (x1) TT(Ly) = {By,B-}, or Ly is as in (iii).
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178 DONNA M. TESTERMAN

Recall that the field twists on the embedding of LA™ in (Usg ) and in
<U1J3Q> are not equal. In case (iii), (9.8), (2.10) and (2.11) imply that the
field twists on the embeddings of LA in {Uyg ) and in (Uyg ) must be
equal. In cases (iv), (v), (vii) and (x), if Ly, is the component of type Ay,
(2.7) implies that the field twist on the embedding of L' in Ly, 1s equal to
the twist on the embedding of LA’ in <U113k>’ where (B, 7) = 0 2 (7,ZLy),
for some 7 € TI(Y) - TI(Ly). In case (vi) (respectively, case (ix)), if Ly, is
the component of type Az with natural module W, say WIL A" has high
weight (q1+q2)up. By (2.7), we may assume that the field twist on the
embedding of La"in (Uyg ) (respectively, (Usg_)) is q1. Moreover, in case
(ix), the field twist on the embedding of LA" in <Uif>1) 1s qp, else Qy/Kg_
has no 2-dimensional Lo’ composition factor.

We now consider the action of Lo’ on the S6-dimensional irreducible
KY module, V(X 7). We note that there is no S6-dimensional kA module
affording an 8-dimensional L' composition factor, nor exactly three
6-dimensional L' composition factors. As well, any 56-dimensional kA
module affording exactly two 4-dimensional L' composition factors must
also afford no 6-dimensional and six 3—dimensional L A" composition
factors. One checks that these restrictions rule out all configurations
except that of case (ii1). In this case, V(X ) has no 6—-dimensional, exactly
four 4-dimensional, and exactly two 3~-dimensional L 5" composition
factors. However again, there is no 56-dimensional kA module affording

such an L' composition series. This completes the proof of (9.11).0

Section ITI: A < Y. A non-simple

In this section, we consider the case where (A,Y,V) is an example in
the main theorem with A a non-simple, semisimpie algebraic group and Y
a simple algebraic group of exceptional type. Theorem 4.1 of [12] implies

that rankA < rankY. Let A = HqoHpo«-oHp, be a commuting product of
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 179

simple algebraic groups Hj, with a fixed maximal torus Ta. Let Po = LAQp
be a parabolic subgroup of A with Levi factor La =Hq-Ta and Ry(Pp) = Qa.

Adopt the remaining notation of (2.0). We first make a few general

Remarks (9.12):. (1) If (A,Y,V) is as above, we may assume, after a
suitable reordering that rank(Hq) > 1. For if rank(H;) = 1 for all i, there
exists B < A, B a simple algebraic group of type A4 such that VIB is
irreducible. But this contradicts (7.1) of [12]. In particular, rank(Y) >
rank(A) > 2. As well, since A is an actual subgroup of Y, dimvl(QA) > 1.

(2) Since Z(LA") < Z(A) < Z(Y), if Z(Y) = 1, then Z(LpA) = 1.

(3) Note that all Lpo' composition factors of V are isomorphic to
Vl(QA)‘ So if W is a weight in VIY which affords the high weight of an Ly’
(and hence of an L A" composition factor, thenulT(LA") = NIT(LpAD. In
particular, for ¥ € TT(Y) = TI(Ly) with (,ZLy) = 0 and 7IT(LpA") = O,
(X,7) = 0. Otherwise, i = A-% fails to satisfy the above condition.

(4) Given a € TT(A) - TI(Lp), Qp/Ky is @ 1-dimensional, irreducible
La" module. Assume Zp < Zy (as will be the case under the hypotheses of
(1.5)). Let ¥ €TI(Y) = T(Ly) with V4 (Qy) = 0. Then the proof of (3.3)(i1)
in [12] implies that there exists o € TI(A) = TT(LA) such that U_q ¢ K.
Hence, Qy /K, has a 1-dimensional L' composition factor. Also, if

U_q, $ Ky, U_q =(U_p<Qy | PIT(LAY = 0)Ky. See (2.4).

(9.13): Y has type Ep, for some n.
Proof: Suppose false. Then (9.12) (1) implies that Y = Fg4,
rank(A) = 3 and rank(Lp") = 2. As well, (1.5) implies Zp < Zy. If La' has

type B, the Main Theorem of [12] implies that Ly' = <Utﬁ2’utﬁ3>- Since
Qy/Kg, 1s an irreducible Lo’ module, (9.12) (4) implies that Vg (Qy) = 0.
Hence, p = 2. By (1.7) we may assume that VIY is either a basic or p-basic
module. So [8] implies that dimVIA = 26, 246 or 4096. As well,
dimv1(Qa)|dimVIA. So dimVIA = 4096, NMTy = Aq+Xp or A3+ 4 and
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180 DONNA M. TESTERMAN

dimv1(Qp) = 4. But A = BpXAy, so by induction, dimVIA < 32 < dimVIy.
Thus, Lpo" # Bo.

Suppose L' has type Ay, The Main Theorem of [12] implies TT(Ly) =
{81, B3t and p =3, or Ly  has type Ap. If Ly" has type Ay, (9.12)(4)
implies that p=2andLy' = <Utj31’UtB2)- As well, we may assume that VI|Y
is a p-basic module, s0 AT = Xq, Ap or Aq+Xp, dimVIY = 26, 246 or
4096, respectively, and dimvl(QA) = 3,3 or 8, respectively. Since
dimvi@pldimVIA, XMTy = Ao or Aq+X,. But by induction, dimVIA < 64 <
dimVIY. So if Lp" has type Ay, TT(Ly) = {B,8,,B3}t and the Main Theorem of
[12] implies ATy = Aq+xhg4 0r 2X1+xX4. By (9.12) (3), x = 0 in either
case. (It is necessary to compute the embedding of T(Lp") in T(Ly") to see
this.) Since NITy = X\, we have ATy = 2X,. However, i =
A-B1-Bo-B3-B4 contradicts (9.12) (3). Thus, L’ does not have type A,.

It remains to consider the case where Lo' = Go. By the Main
Theorem of [12], Ly" has type Bz or p = 2 and Ly has type C3. If p = 2,
dimvia = 6K.14%.64M.2N for k, 2, m,n€z2*. Since we may assume VIY is
tensor indecomposable, VIY is either basic or p-basic. (See (1.7).) Thus,
[8] implies ATy = Aq+Xp or A3+Xy4 and dimVIy = 212, By induction,
MTy = A3+h4 and dimv1(Qp) = 64. 1f Py 2 BA™ is the parabolic of A with
Levi factor Ho-T a, Hp of type Aq, then dimVL1(R (P,) = 64. But this
contradicts (1.19) and (7.1) of [12]. Thus, if Lo" = Gy, Ly" has type Bz and
p # 2. One checks that if TT(La) = {aq,ap}, with aq short, then hal(c) =
hg (cD-hg_(c9) and hy (¢) = hg (¢, where q is the field twist on the
embedding of Lo" inLy". So B4IT(LA") = 0 and by (9.12) (3), {X,R4) = 0.
For MTy = kXq, let 4= A=p1-Bp-2B3-2B4, for ATy = xhp+yXs, let
H=A-Bz-Bgand for XMTy =yhq+xhp, let g = A-Br-B3-B 4. Ineach
case, | contradicts (9.12) (3). But by the Main Theorem of [12], these are
the only possible configurations.

This completes the proof of (9.13).0
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 181

(9.14). If Y has type Ep, then Ly’ is not a quasisimple algebraic
group.

Proof: Suppose false. We first note that Lpo" # Ly’, otherwise there
exists some ¥ € TI(Y) = TI(Ly) which contradicts (9.12) (4). Suppose Ly’
has type Ay for some k. Then by (1.5), Zp < Zy. Since L’ acts irreducibly
on W, the natural module for Ly’ (9.12) (4) implies that there does not
exist ¥ € TT(Y) - T(Ly) with Qy/K, = W or W*. Hence, k > 4. In fact,
k>4,elsep>2,La" =By and there exists ¥ € TT(Y) - TT(Ly) with
V4 (Qy) = 0 and Qy /Ky a nontrivial irreducible Lo’ module (= WAW or
WXAW™), contradicting (9.12) (4).

Consider the case where Ly’ = Ag. By induction, L' has type Ay, Az,
Cz,or p=2andLp"has type Gy or B3. Previous remarks imply that either
Y=EgorY=E7and MLy) =1{B, Ik =13} If Y =Eg, Vg (Qy) = 0 and
QY/Kﬁz = WAWAW. But there is no 1-dimensional L' composition factor
of WAWAW, contradicting (9.12)(4). Hence, the second configuration
holds. Then Vg (Qy) = 0 and Qy/Kg_ = WAW or WX*AWX, which has a
1-dimensional L' composition factor only if L' has type C3 or p = 2 and
La' has type Go, A3 or B3. Also, one checks that B3IT(LpA") = O, so
(9.12) (3) implies (X,B3) = 0. In fact, {X,B4) = 0, as well. (Consider the
La" composition factor afforded by A-B1-B3.) In the cases wherep = 2,
ATy =X, else g = A-Bor-B3-P4 contradicts (9.12) (3). But
6 = dimvl(QA)J( dimV = 56. Contradiction. Hence, LA" has type Cz.
Examining the T(LA") weight vector decomposition of Qy/KﬁB, we find that
for a € TT(A) - TI(L ) such that U_, ¢ K%,

U < (U-34567"U-23456"Uc0,1,1,2,1,000K gy This fact, together with the
equality [V,Qal = [V,Qy], restricts the possible weights in [V,Qy ], and
hence the 1abellings of v1(Qy). In fact, referring to the Main Theorem of
[12], we find that (X,B,) =0 for m=2,4,5,6 and (X\,B7) = ¢. So

ATy =ch7. But then g = A-B1-Bo-283-2R4-B5-Bg-B7 contradicts
(9.12) (3). So Ly’ does not have type As.
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182 DONNA M. TESTERMAN

Consider now the case where Ly’ = Ag; so L' has type G, or B3 or
p=3andLa has type Ay, If TI(Ly) ={B;1]=1,3<j<7} s0Y =E, then
BolT(LA) = 0. So(X,Bp) = 0. Also, Qy/Kg, has a 1-dimensional L p’
composition factor only if Lo" has type Gp or Ap. In each of these cases
v1(Qa) = Wor WX Now, ATy = Xq, 80 XMTy = X7. However, i =
A-Bo-B4-Bg-Bg—B7 contradicts (9.12) (3). Thus, if Ly’ = Ag, then
Y =Egand TT(Ly) = {B;1 j = 1,3}. One checks that WAW has a
1-dimensional La' composition factor only if LA" = A3. So vV1(Qa) = W or
W*. Now, {X,B1+B3) =0as B3IT(LA) # 0. SO ATy = Xp. But u =
A-Bo-B3-B4 contradicts (9.12) (3).

Thus, for Ly’ of type Ay, we have reduced to Ly' of type A7 inEg. So
La"has type Ay, B3, Chqor Dgorp=2andL has type C3 or By. If Lp' has
type C4, B4 or Dy, Qy/KB2 has no 1-dimensional L o' composition factor. In
the remaining cases, V1(Qy) = W or W*. Now, BIT(LA") = 0, s0 by
(9.12) (3), {\,B5) = 0 and ATy = Aq. But 8 = dimv1(Qy) | dimviaA,
contradicting [8]. Hence, Ly’ does not have type Ay.

Suppose Ly" has type Dy, for some k > 4. Again (1.5) implies
ZA < Zy. Now L' must act reducibly on the 2 fundamental spin modules
for Ly', as there exists ¥ € TI(Y) - T(Ly) with V,(Qy) = 0 and Qy /K,
isomorphic to one of these. (See (9.12)(4).) The Main Theorem of [12] then
implies that Lo’ must act irreducibly on W, the natural module for Ly".
Hence, there does not exist ¥ € TI(Y) - TT(Ly) with Qy/Ky = W. Thus, the
triple (Lp"Ly",p) is one of (A5,D4,p), (B,Dg,5), (B5,07,3), (C3,07,3), or
(C3,07,7). In the first case, Lp" acts irreducibly on all three of the
fundamental 8-dimensional irreducible Ly’ modules, so there is no
1-dimensional L’ composition factor of Qy/Kg . If Ly’ = D9, (9.12) (3)
implies (X,B4) = 0, but then A[Ty = Xg. Thus, (Lo"Ly",p) has type
(B»,D5,5). Also, there does not exist ¥ € TT(Y) - TI(Ly) with Qy/Ky = W,
so we may assume TT(Ly) = {B; ] 1<j<5}. However, there is no

1-dimensional composition factor of QY/Kﬁs‘
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 183

Hence, if Ly' is quasisimple, Ly" has type Ey, for some m. By
induction and the previous work of this paper, the pair (Lp',Ly") is one of
the following: (Ay,Eg), (Gp,Eg), (C4,Eg) or (F4,Eg). In the first three cases,
Lp"acts irreducibly on QY/KB—); s0 Zp induces scalars on QY/K%. But this
forces QAKﬁ7/Kp7 to be an L' submodule of Qy /KJ37, contradicting
(9.12) (4). In the 1ast case, (9.12) (3) implies (X,8-) = 0. It is now a
check to see that in every configuration afforded by induction, there

exists a weight p (of Qy level 1) which contradicts (9.12) (3).0

(9.15). There are no examples (A,Y,V) in the main theorem with A
non-simple and Y of type Ep.

Proof: Suppose false. Let Pa, Py be as before. Then (9.14) implies

that Ly" has more than one component. In particular, rank(Lp") < 3. Also
rank Lp"> 1 and (1.5) imply Zp < Zy. If rank(Lp") = 3, rank restrictions
imply Lp" = Az. Since Az has no S-dimensional irreducible representation,
Ly' has type Az X Az in Eg. Now, Q\,/Kﬁ5 has a trivial Lo’ composition
factor only if TI(Ly) = {B;1] = 2,5} Moreover, if Lp" = (UJ_,GLi | 1<i<3),
labelled as throughout, we may assume hal(c) = hﬁl(cq)hﬁe(cq), haz(c) =
hg (cDhp_(ch and hy () = hg (cDhg (cD, for some p-power q. Also,
since QY/Kﬁ2 is @ 4-dimensional irreducible L' module, (9.12) (4) implies
(N,Bj) =0 for1<i<4 TheT(Lp) O-weight space of Qy/Kg_ 1s spanned
by the root groups U_,z4s, U_gg7g, U-4s67 @Nd U_3 5. Hence, if
« €TT(A) = TT(LA) wWith U_g $ Kp,,
U_g < (U_1345-U_5678-U_4567-U_3456)Kﬁ5. This restricts the possible
Ty weights in [V,Qy]=[V,Qal. Inparticular, {X,Bg+Rg+B7) = 0, so
ATy = xX\g, for some x > 1. But this contradicts (9.12) (2). Thus,
rank(La") < 3. Note that rank restrictions imply Lp" = Go.

Suppose Lp" = Bo. Then Ly' has a component of type Az and (9.12) (2)
implies p = 2. Since L' has no S-dimensional irreducible representation,

Ly  has type Az X Az. As in the previous case, we reduce to
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T(Ly) = 4B, 1 3= 2,5}, and (X,B) = 0 for 1 <k < 4. Also, BglIT(LA) = 0, s0
(X,B5) = 0. The Main Theorem of [12] implies ATy = Xg. But then p =
A-Bg-Bg contradicts (9.12) (3). Thus, L’ = Bo.

It remains to consider the case where Lp" = Ap. The minimality of
Py, the Main Theorem of [12] and rank restrictions imply that
Ly  =LqXLy, where Lj has type Aj or Dg. Suppose Ly = Ay fori=1,2. If
there exists ¢ € TI(Y) = TH(Ly) with (7,3Ly) # 0 and (7,ZLyy) = 0 for m = j,
then Qy /K, is a 3-dimensional irreducible L A" module. So (9.12) (4)
implies V4 (Qy) = 0. Thus, one of the following holds:

(@) TT(Ly) = {By,B3,B5,B¢ and (X ,Bg+Bg+B7) = 0 if Y = E5 or Eg.

(b) TT(Ly) = {B5,B4.Be B} in Y of type Ev and (X,By) = O for
k=234

(€) TT(Ly) = {B3,B4Be. Bt In Y of type E and {X,By) = O for
l<kz4

(d) TM(Ly) = {B4,Bs,B5.Bgr and (X, By) =0 for 2 <k < 5.
Now for ¢ € TI(Y) - TT(Ly) such that (#,3L4) = 0 = (7,ZLy), ¥IT(LpA) = O,
50 (9.12) (3) implies {\,7) = 0. In fact, (9.12) (3) implies (X,Bo+Bg) = O,
in case (a) and (X\,B 1) = 0 in cases (b) and (d).

Temporarily label as follows: TI(Ly) = {%1,72,73,7 4},
¥ €TI(Y) = TI(Ly) and TI(L A) = {aq,ap}, where TI(Lq) = {7 1,75}, TT(Ly) =
{73,74 and (72,7) = 0 = (7,73). Since Qy/K, must have a
1-dimensional L' composition factor, the field twists on the embeddings
of Lx"in Ly and L, must be equal, so V1(Qy) is tensor indecomposable. As
well, we may assume that hy, (€) = hy (cDhy (¢ and hy (c) =
hyz(cq)h,},“(cq), for some p-power q. Then, the T(LA") 0 — weight space in
Qy /Ky 1s spanned by U_y — o~ , Uy -4 and U_yggmr, This
restricts the possible Ty weights in[V,Qy]=1[V,Qal. For instance,
suppose (\,73+7%74) = 0. Then, the factorization of elements in Qp
implies that (X,7,) = 0, s0 (X\,71) = 0. Similarly, if (X, 71+7,) =0,
then (X\,7z) = 0. In case (8) (respectively, (b), (¢, (d)),
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B=X-Bq1-Bo-B3-2B4-Ps (respectively, 4 = A-Bz-P4-Bg -Pg=P7, U =
A=Bo-P4a=Bs-Be=P7. U =X-Bo-Bg-P5-Pg-B7-Bg) contradicts
(9.12) (3).

Thus, it remains to consider the case where Lp" = Ay and
Ly '=Lq XLy withLq of type D4 and Lo of type Ap; so Y = Eg. One checks
that L A" acts on each of the three fundamental 8-dimensional
representations of L4 with composition factors of dimensions 1 and 7,
when p = 3, and otherwise L' acts irreducibly. It is then easy to see that
there is no 1-dimensional L' composition factor of QY/Kﬁe’ contradicting

(9.12) (4). This completes the proof of (9.15).0
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no. A<Y

I;" Cy < Agyy, N22
L, B, < Ay, n23
i By < Ay n22
I4 D, < Ajyy, n24
Is D, < Agyy, N24

o Av < ARz, 123 U

Iy Ds <As
o B <Ax
Iy Ee <Ax
Ip Bg <Ay
II4 A5 <Cp
I, Cy <Cy
IIa C3 < C-7
1, Dg <Cg
IIs Dg <Cyg
Iy E, <Chy
I, E, <Chy
Il E5 <Cxg
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