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ABSTRACT 

Let Y be a simply connected, simple algebraic group of exceptional 

type, defined over an algebraically closed f ie ld k of characterist ic p > 0. 

The main result describes all semisimple, closed connected subgroups of Y 

which act irreducibly on some rational kY module V, This extends work of 

Dynkin who obtained a simi lar c lassi f icat ion for algebraically closed 

f ields of characterist ic 0. The main result has been combined w i th work 

of G. Seitz to obtain a c lassi f icat ion of the maximal closed connected 

subgroups of the classical algebraic groups defined over k. 

AMS subject c lassi f icat ion (1980). 

20E28, 20G05, 20G15. 
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INTRODUCTION 

Our purpose here Is to study t r ip les (A,Y,V), where Y Is a simply 

connected, simple algebraic group of exceptional type, defined ower an 

algebraically closed f ie ld k of character ist ic p > 0, V Is an Irreducible 

rational kY module, and A Is a semlslmple, closed connected subgroup of Y 

such that VIA Is Irreducible. (We refer to the above set of hypotheses as 

the "main problem.") In our main result , we obtain a precise description 

of the t r ip les (A,Y,V). 

Before stat ing our result , we Introduce the fo l lowing notation. Let 

T^ be a maximal torus of A, Ty a maximal torus of Y, w i th T ^ < Ty. Let 

TT(A) = {aj_,a2,. • .} and TT(Y) = {J3±>$2>' • •* ^e bases of the root systems 

2(A) and 2(Y), respectively, w i th JJL-J the fundamental dominant weight 

corresponding to a^ and X^ the fundamental dominant weight 

corresponding to J3-j. Let X be the high weight of V. (Our labell ing of 

Dynkln diagrams Is described on page 8.) Finally, we w r i t e A = G2; for 

example, to mean that 2(A) has type 62-

Main Theorem. I f V|Y Is tensor Indecomposable, one of the 

fo l lowing holds: 

(I) A = Aj_, Y = G2, ^ I T ^ = 6 ^ 1 , X|Ty = X± and p>7. 

(II) Y = G2, p=3, 2(A) Is a subsystem of 2(Y) containing all long 

(respectively, short) roots of 2(Y), and \ | T y has long (short) support. 

Received by the editors February 8, 1987 and, In revised form September 

4, 1987. 
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2 DONNA M. TESTERMAN 

( i l l ) A = G2, Y = F4, p=7, and X |T A = 2jij_ and XlTy = X4. 

(1v) Y = F4, p=2, S(A) Is a subsystem of 2(Y) containing all long 

(respectively, short) roots, and XlTy has long (short) support. 

(v) A = A 2 , Y = E5, X |T A = 2 M I + 2 M 2 * ^ ' T Y = ^ 1 o r ^ 6 > a n d P^2,5. 

(vl) A = G2, Y = Eg, X |T A = 2Uj_, XlTy = Xj_ or \ g , and p^2,7. 

(vl l ) A = C4, Y = Eg, X |T A = M2> ^ l T Y = ^ 1 o r ^ 6 > a n c l P^2-

(v l l l ) Y = Eg, A = F4 Is the fixed point subgroup of the graph 

automorphism of Y and 

(a) XlTy = X 1 + ( p -2 ) ^3 or ( p ~ 2 ) \ 5 + \ g , for p>2, or 

(b) XlTy = (p-3)X>L o r ( p - 3 ) \ g , for p>3. 

Moreover, I f the pair (A,Y) Is as In (11), (1v) or (v l l l ) VIA Is Irreducible. As 

we l l , If p>7 (respectively, p = 7, p ^ 2,5, p ^ 2,7, p ^ 2) and Y has type G2 

(respectively, F4, E5, Eg, Eg), there exists a subgroup B < Y, of type A^ 

(respectively, G2, A 2 , G2, C4) such that B acts Irreduclbly on V(\j_) 

(respectively, V (X 4 ) , VCX^), V(\±), V(X 1 ) ) w i th the high weight 

described In (1) (respectively, (111), (v), (vl), (v11)).n 

The results of (1), (11) and (1v) are proven In [12] , where G. Seitz 

considered the main problem in case Y Is a classical group. We establish 

(111); (v), (vi) (v l l ) and (v i i i ) and the existence of an irreducible Aj_ in G2 in 

this paper. The proof of the existence of an irreducible C4 in Eg was 

communicated to the author by Seitz and is also included here. The 

remaining existence proofs (A2 < Eg, G2 < Eg and G2 < F4) are given in 

[16] , where the conjugacy classes of the irreducible subgroups are also 

determined. 

For an arb i t ra ry irreducible rational kY module V, Steinberg's 

tensor product theorem ([15]) implies VIY = V ^ i ® •••® V ^ k , where each 

V̂  is a nontr iv ia l i rreducible kY module w i th res t r ic ted high weight and 

{qj_,. . .,q|<} are dist inct p-powers. (We refer to V ^ i as a conjugate of V^.) 

If VIA is i r reducib le, for some subgroup A, then V-jlA is i r reducible for 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 3 

each i and the t r ip le (A;Y,V^) is described in the above theorem. Hence; 

there is no loss of generality in assuming throughout that VlY is tensor 

indecomposable. 

The consideration of t r ip les (A,Y,V) in the case where char(k) = 0 

was undertaken by E.B. Dynkin in [7]. Given A, a semisimple algebraic 

group and 4>:A—>SL(V) an irreducible rational representation, Dynkin 

determined all overgroups of A in SL(V), Sp(V) or SO(V). In a 

s t ra igh t fo rward way, this information yielded a classi f icat ion of all 

maximal, proper, closed connected subgroups of the classical algebraic 

groups. In our s i tuat ion, where char(k) = p, the Main Theorem has been 

combined w i th the results obtained by Seitz in [12] to obtain a s imi lar 

c lassi f icat ion of the maximal proper closed connected subgroups of the 

classical algebraic groups over k. (This is perhaps the most s t r ik ing 

application of the results to date.) 

Theorem (A). Let A be a simple algebraic group and ^:A-^SL(V) an 

i r reducible, rational representaion which is tensor indecomposable. Then 

w i th specified exceptions, the image of A is maximal among proper, 

closed connected subgroups in one of SL(V), Sp(V) or SO(V). Moreover, any 

other maximal, proper closed connected subgroup of the isometry group of 

V arises natural ly as the stabi l izer of a subspace of V or the stabi l izer of 

a tensor product decomposition of V.D 

For a more precise statement and the proof, see Theorem (3) in 

[12]. By far , the major portion of the proof of Theorem (A) l ies in 

describing the "specified exceptions." These fa l l into two categories, as 

fol lows: 

Theorem (B). Let Y be a simple algebraic group and 4>:Y -> SL(V) an 

i rreducible rational representation which is tensor indecomposable. I f A 
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4 DONNA M. TESTERMAN 

is a proper, closed connected subgroup of Y w i th V|4>(A) i r reducible, then 

one of the fo l lowing holds: 

(i) M>(Y) = SUV), Sp(V) or SO(V). 

( i i ) (VP(A),4)(Y),V) appears in Table l.D 

Table 1 contains the combined results of this paper and [12] , and 

l is ts all embeddings A < Y < SUV) where A and Y are i r reducible, V|Y is 

tensor indecomposable and Y ^ Sp(V) or SO(V). For a complete explanation 

of the notation in Table 1 , see the end of the introduct ion; we make a few 

remarks here. To describe the modules VIA and VlY, we give the high 

weights. To describe the embedding of A in Y, we indicate the action of a 

covering group of A on the irreducible kY module W, where W is the 

natural , classical module for Y, i f Y is classical, and W is an i r reducible, 

res t r ic ted kY module of minimal dimension, i f Y is exceptional. Finally, 

we note that there are examples for a rb i t ra r i l y large primes for which 

there are no counterparts in the character ist ic zero result ; e.g. Ij_' and T^ 

in Table 3. Hence, interest ingly enough, the philosophy that the answer to 

the sort of question studied here should be the same for large primes p as 

the answer to the analogous zero character ist ic question fa i ls to be 

just i f ied. 

The methods in [12] and this paper d i f fer greatly f rom those of 

Dynkin, by necessity. Since in character ist ic p, rational modules for 

simple groups need not be completely reducible nor tensor 

indecomposable, as in zero character is t ic , some of Dynkin's key 

reductions do not carry over. Though we may assume that in the t r ip le 

(A,Y,V), VlY is tensor indecomposable, i t happens that VIA can be tensor 

decomposable. One may notice that throughout the paper, case-by-case 

analysis is required whenever this possibi l i ty persists. I f we desired 

only to prove Theorem (A) or to give a new proof of Dynkin's result , we 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 5 

could assume VIA to be tensor Indecomposable and shorten much of our 

work. As we l l , for a new proof of the zero character ist ic result the 

small prime analysis of Chapter 9 and the d i f f i cu l ty created by the 

absence of formulae for the dimensions of and mul t ip l ic i t ies of weights in 

Irreducible modules could be avoided. 

We now give a survey of the methods used In this paper. Let (A,Y,V) 

s tat ls fy the hypotheses of the main problem. We obtain prel iminary 

information about the t r ip le (A,Y,V) via induction. Choose a maximal 

parabolic P^ of A, w i th unipotent radical Q^ and Levi factor L^. By the 

Bore l -T i ts theorem [2 ] , there exists a parabolic subgroup Py of Y w i th 

PA < Py and QA < Qy = Ru(Py)- I f Ly is a Levi factor of Py, a result of 

Smith ([13]) implies that LA ' and Ly' act i rreducibly on the fixed point 

space VQ . Hence, considering the projection of LA ' into the quasisimple 

components of Ly* which act nontr iv ia l ly on VQ , we obtain a smaller rank 

version of the original problem. Theorem (7.1) of [12] is a complete 

solution of the main problem in the case where rankA = 1. Working 

inductively, we may describe VQ (so part ia l ly describe V) and par t ia l ly 

describe the embedding of LA ' in Ly'. Though we are inducting on the rank 

of A, we handle the case where rank(A) = 2 and Y = En in Chapters 6 - 9 . 

Hence, in Chapters 4 and 5, we assume the results of the later chapters. 

In Chapter 2, we establish machinery for studying general parabolic 

embeddings. As we l l , we prove results applicable only in the context of 

i r reduc ib i l i t y on some module. (Several of the results are proven in [12].) 

Through this work, we can see the influence of the inductive information 

on (1) the projections of L^' in the components of Ly' which act t r i v i a l l y 

on VQ and (2) the embedding of QA in Qy. Our considerations are as 

fo l lows. With Ly acting on Qy via conjugation, certain quotients of Qy 

may be regarded as modules for Ly", and hence as modules for L^'. We 

consider the image of the LA" module Q^/CQ^^^] in these quotients. Of 

course, in an arb i t ra ry parabolic embedding, QA may appear in few Ly" 
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6 DONNA M. TESTERMAN 

composition factors of QY. But another consequence of Smith's result Is 

the equality of the commutator subspaces [V,QA] and [V,QY]. The 

existence of part icular weight spaces in [V,QY] often forces QA / [QA ,QA ] 

to appear in part icular quotients of Qy. Moreover, in most cases 

Q A / [ Q A > Q A ^ must appear as an LA" submodule. This w i l l place rest r ic t ions 

on the projection of LA ' In the quasisimple components of LY ' which act 

nontr iv ia l ly on part icular composition factors of Qy. We compare this 

w i th the inductively given information and perhaps produce a 

contradict ion, or at least broaden our knowledge of the embedding 

P A < P Y -

Throughout the paper, various numerical methods are employed as 

wel l . Since [[V,QA ] ,QA ] < [V,QY],QY] and [V,QA] = [V,QY ] , 

dim([V,Qy]/[[V,QY ] ,Qy]) < dim([V,QA ] / [ [V,QA ] ,QA ]) . Moreover, i f 

Z(LA )° < Z(Ly)° (which is usually implied by a suitable choice of Py), then 

the dimension of a Z(Ly)° weight space of [V,Qy]/[[V,QY],Qy] is bounded 

by the dimensions of Z(LA ) ° weight spaces of [V,QA ] / [ [V,QA ] ,QA ] . Seitz 

gives an expl ic i t upper bound on the dimensions of the lat ter . This yields 

fur ther res t r ic t ions on the high weight of VIY. When the high weights of 

VIA and V|Y are almost expl ic i t ly determined, we attempt to show that 

dimVlY exceeds the upper bound on dimVlA given by the Weyl degree 

formula. For this purpose, various methods for obtaining lower bounds on 

dimensions of kY modules are discussed in Chapter 1. 

The absence of a "natural" module for the exceptional group Y gives 

rise to (expected) differences between Seitz's work in [12] and our work 

here. I f Y is a classical group w i th natural (classical) module W, Seitz 

proves that most cases, W|A is i rreducible and tensor indecomposable. 

This provides information about the res t r i c t ion of elements of S(Y) to a 

maximal torus of A and, coupled w i th an inductive hypothesis, usually 

implies that VIA is a conjugate of a rest r ic ted module. As mentioned 

before, the tensor indecomposable situation is much easier to handle. 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 7 

In our s i tuat ion, where Y is an exceptional group, we may think of 

the "natural" module W as a rest r ic ted rational kY module of minimal 

dimension. However, there is no complete theory relat ing the subgroup 

st ructure of Y to i ts action on W. We do however use the module W 

whenever possible. We consider the action of L^' on W, in part icular the 

LA ' composition series of W. (This can be determined only when we have a 

fa i r l y complete knowledge about the image of LA* in Ly') I f dim(W) is 

relat ively small (e.g., 26, 27 or 56) we can l i s t all rational kA modules of 

this dimension, determine their LA ' composition series and compare w i th 

the given LA ' composition series of W|LA\ Though f r u i t f u l in specif ic 

si tuat ions, this analysis does not serve the purpose that the natural 

module does for the classical groups. Rather, the bounded rank of the 

exceptional groups and our extensions of Seitz's results on parabolic 

embeddings enable us to res t r i c t to the few possibi l i t ies of the Main 

Theorem. 

For the convenience of the reader, many of the prel iminary results 

f rom [12] are l is ted in this paper. I t is useful to see that some of the 

results in Chapter 2 are natural extensions of the results on parabolic 

embeddings in [12]. A few essential theorems from [12] , which we do not 

state, are often referenced. Theorem (7.1), mentioned already, is the 

solution of the main problem in case rank(A) = 1. Theorem (4.1) is a 

solution for the case where rank A = rank Y. (See Chapter 3 for a part ia l 

statement.) Theorem (8.1) gives the solution of the main problem for 

certain natural embeddings of classical groups. And f inal ly , we refer to 

the l i s t of all t r ip les (A,Y,V), where Y has classical type, as the Main 

Theorem of [12]. 
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8 DONNA M. TESTERMAN 

Throughout the paper, we use the fol lowing labell ing of Dynkin 

diagrams. 

B 

C 

D 

xl ^2 S-l % En -
a3 1 «5 S-l °n 

n • — • • • • • — • = * = • 

xl a 2 
F4 

— < T ^ 1 
°tv-2 «n 

a l a 2 a 3 a 4 

xl a 2 

Let us make a few remarks about the notation in Table 1. The 

second column indicates the types of the groups A and Y, respectively 

When the symbol " —»' " occurs, A < B < Y, for a closed, connected 

subgroup B, which is a commuting product of quasisimple groups as 

indicated. The notation means that either A projects surject ively to each 

of the simple factors of Y or some factor is of type B2 and the projection 

is an Aj_ acting i r reducibly on the spin module for B2. Moreover, in order 

to make sure VIA is i r reducible, i t may be necessary for the projections 

to involve dist inct f ie ld tw is ts . 

The th i rd column describes the action of a covering group of A on a 

part icular i r reducible kY module, W. If Y is classical, W is the natural 

module for Y; i f Y has type G2, F4, or E5 (E7 and E8 do not arise), W is a 

res t r ic ted module of dimension 7 (6 i f p=2), 26 (25 i f p=3) or 27, 

respectively. 

In the fourth and f i f t h columns the actions of A and Y on the module 

V are described, and in the last column any prime rest r ic t ions are 

indicated. Column 1 associates w i th each example a number. In the cases 

where there is an analogous zero character ist ic example, Dynkin's 

numbering has been used. So l±-I±2> H^ - I Ig , IIIj_, I V ^ - I V ^ Q , V J_ and 

V I ^ - V I J appear in [7]. Notation such as VIj_' refers to a variant of 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 9 

Dynkin's VIj_. Examples MR̂  are those where rankA = rankY and examples 

labelled S^-Sg are special examples occuring only when p = 2 or 3; these 

were found by Seltz in [12]. Examples Tj_ and T 2 are found In this paper. 

In conclusion, the author would l ike to express thanks to Gary Seitz, 

who suggested the problem, read an ear l ier version of this paper and 

offered useful advice throughout. As we l l , special thanks are given to 

Mark Reeder for numerous mathematical Insights. 
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CHAPTER 1: PRELIMINARY LEMMAS 

Let V be a f in i te dimensional vector space o\>er an algebraically 

closed f ie ld k of character ist ic p > 0, and let X be a semlsimple, closed, 

connected subgroup of SL(V) w i th fixed maximal torus T. Let {<XJ_, . . .,ocn} 

be a base for the root system Z(X) and let ea . and fa . denote the 

corresponding elements of the Lie algebra L(X). Labelling Dynkln diagrams 

as in Table 1, let X] be the fundamental dominant weight corresponding to 

oĉ j. Assume VIX Is Irreducible and let X be the high weight of V. Then 

{X}CL]) > 0, for each 1 and V Is said to be restricted I f (X,a^) < p, for 

l<1<n. For a subgroup N < X, let V|s| denote the space of f ixed points of N 

on V and [V,N] the commutator subspace (v-nv I v£ V, n€N). 

(1.1). (1) V = V ^ i ®*-«® V ^ k , where each V̂  Is an Irreducible 

res t r ic ted module for X and q ^ , . . . ^ are dist inct powers of p. 

(11) I f V Is res t r ic ted, then V Is also Irreducible when 

viewed as a module for L(X). 

Proof: (1) Is Steinberg's tensor product theorem (see [15]). For (11) 

see Section A of [ l ] . n 

(1.2). ([13]) Let P be a proper parabolic subgroup of X w i th 

unlpotent radical Q and Levi factor L. Then L = P/Q acts Irreduclbly on 

(1.3). ((1.7) of [12]) Let P be a proper parabolic subgroup of X w i th 

unlpotent radical Q and Levi factor L. Then V/[V,Q] Is i rreducible for L. 

In fact, this quotient Is L-lsomorphic to ( ( V * ) Q ) * . D 

(1.4). ([2]) Let X < Y, where Y Is a closed, connected subgroup of 

SL(V) and let P be a parabolic subgroup of X w i th unlpotent radical Q. 

There Is a parabolic subgroup Py of Y w i th unlpotent radical Qy such that 

10 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 1 1 

P < PY and Q < Qy.n 

(1.5). Let X, Y, and P be as in (1.4), and choose Py as in (1.4) 

minimal such that P < Py and Q < Qy = Ru(Py). Suppose Ly" = Lj_*--L r, 

where Lj is a simple normal subgroup of Ly, w i th root system of classical 

type for l < i < r . Then, Z(L)° < Z(L Y ) ° . 

Proof: This fo l lows from the proof of (2.8) in [ 12 ] . • 

(1.6). ((1.4) in [12]) Let X < Y, P < PY , Q < QY be as in (1.4). Then, 

VQ = VQ . So L and Ly are reductive groups both acting i rreducibly on 

M = VQ and the image of L in SL(M) is contained in the image of Ly.D 

(1.7). ((1.6) of [12]) Suppose X is simple. Then V can be expressed 

as the tensor product, V = V j_ ® V2 , of two nontr iv ial res t r ic ted 

kX-modules i f and only i f V is res t r ic ted and the fol lowing conditions 

hold: 

(i) X has type Bn, Cn, F4, or G2, w i th p = 2,2,2,3, respectively. 

( i i ) Vj_, V2 may be arranged such that each V̂  has high weight X-j, 

X - X± + \ 2 , anc l ^ l (respectively, X 2 ) has support on those fundamental 

dominant weights corresponding to short (long) fundamental roots.D 

(1.8) Definit ion: Suppose X is simple. 

(A) We say V is basic (respectively, p-basic ) i f the fo l lowing 

conditions hold. 

(i) V is rest r ic ted. 

( i i ) I f X has type Bn, Cn, F4, or G2 w i th p = 2,2,2,3, respectively, 

then X has short (respectively, long) support. 

(B) I f X and p are as in ( i i ) , we say the pair (X,p) is special 

(1.9). Let X, P, Y, and V be as in (1.4) and suppose V|X is basic. 

Also, i f (X,p) is special (respectively, (G2,2)), assume TT(X) - TT(L) is {a } 

(respectively, long).Then there exists a parabolic subgroup Py, of Y, such 

that the fo l lowing hold: 

(i) P < Py and Q < QY = Ru(Py). 

( i i ) L < CY(Z(L)°) < Ly, a Levi complement to Qy in Py. 
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12 DONNA M. TESTERMAN 

( i i i ) I f TY is any maximal torus of Y containing T, then Ty < Ly. 

Proof: This fo l lows from the f i r s t two paragraphs of the proof of 

(2.8) in [12].D 

(1.10). ((2.16) of [12]) Let Y be a simple algebraic group and 

9: Y —» SL(M) a basic representation. Suppose X is a simple, closed 

subgroup of Y and v|X is an algebraic conjugate of a rest r ic ted 

representation of X. Then 4>|X is restricted.D 

(1.11). (i) V* is i rreducible w i th high weight - w 0 X , where w 0 is the 

long word in the fundamental ref lect ions generating the Weyl group of X. 

( i i ) X leaves invariant a nondegenerate bil inear f rom on V i f 

and only i f X = - w 0 \ . 

( i i i ) I f X has type Bn, Cn; Dn for n even, E7, Eg, F4, or G2, then 

X necessarily stabi l izes a nondegenerate bil inear f rom on V. 

(iv) I f X has type An , Dn for n odd, or E^, then X stabi l izes a 

nondegenerate bil inear form on V i f and only i f X = TX, where T is the 

graph automorphism of the Dynkin diagram of S(X). 

Proof: See Section 31 of [ 10 ] . • 

(1.12). ((1.14) of [12]) Let X = SL n + 1 . For any integer p>c>0, the 

irreducible module V having high weight cXj_ or cX n is isomorphic to the 

space of homogeneous poylnomials of degree c in a basis of the usual 

module for X, or i ts dual. Thus, dimV = ( l /n ! ) (c+ l ) (c+2) - i - (c+n) .n 

(1.13). ((1.13) of [12]) Suppose X = SL2. Then the weight spaces of 

T on V are of dimension l .n 

(1.14). Suppose X = SL2. Let TT(X) = {a} and let \ a be the 

fundamental dominant weight corresponding to a. Then X fixes a 

symplectic (respectively, orthogonal) form on the res t r ic ted , i rreducible 

kX-module w i th high weight n X a , where n is odd (even). 

Proof: This fo l lows immediately from Lemma 79 of [14].D 

(1.15). Suppose X = SL2. Let TT(X) = {a } and Xa the fundamental 

dominant weight corresponding to a. Let W be the rational kX-module 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 1 3 

V(a1Xcc) ® ••• ® V ( a m X a ) where V(a iXcc) is an i r reducible, rational 

kX-module w i th high weight a^Xa , for â  = Sc^pJ, 0< j<m^ c ^ € Z + and 

0<c^<p. I f p>2 and SHc^j is even (respectively, odd), then there is no 

submodule of W isomorphic to a conjugate of V (X a ) or V(3X a ) 

(respectively, V(2X a ) ) . 

Proof: Suppose SSc^ is even. Then W = 2W2|<\ , - r <k< r , a sum of 

T weight spaces. Hence, since p is odd there is no weight vector w i th 

weight qXa or 3 q \ a , for any p-power q. S imi lar ly , i f EZc^ is odd, 

W = 2W(2[<+ i )x , - r < k < r - l , and there is no weight vector w i th weight 

2 q X a , for any p-power q.D 

(1.16). Let X be simple and X = c\^_r^_ + ••• + q ^ r ^ , where r^, . . . , 

7'% are res t r ic ted dominant weights and q^, . . ,q# are dist inct powers of 

p. Then X leaves invariant a nondegenerate bil inear form on V = V ( \ ) i f 

and only i f X leaves such a form invariant on each of V ( r ^ ) , . . . ,V( rg) . 

Proof: This is immediate from ( l . l l ) . D 

(1.17). ((1.12) of [12]) Let X be simple and X = r± + ••• + r f i > 

where r j_ , . . , r # are arb i t rary dominant weights. Suppose that X leaves 

invariant a nondegenerate symplectic form on V ( r ^ ) , . . .,V(r|<) and a 

nondegenerate orthogonal form on V t r ^ + i ) , . . . ,V( r£) . Then 

(i) X leaves invariant a nondegenerate bil inear form on 

V(r±) ® . . . ® V ( r £ ) = D. 

( i i ) There is a singular subspace S of D such that V is 

X-isomorphic to a nondegenerate subspace of S x /S . 

( i i i ) X leaves invariant a symplectic form on V i f k is odd and an 

orthogonal form i f k is even.a 

(1.18). ((1.9) of [12]) Let X be simple and L = L(X) and suppose that 

0 < I < L is an ideal of L not containing each e a , f a for a£2]+ (X) . Then one 

of the fo l lowing holds: 

(i) I < Z(L) < LCD, the Lie algebra of T. 

( i i ) L has Dynkin diagram of type Bn, Cn, F4, or G 2 J p = 2,2,2,3 
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14 DONNA M. TESTERMAN 

respectively, and I contains all ea for J3 a short root in E(X).D 

Fix a parabolic subgroup P = QL of X, where Q =RU(P) and L i s a Levi 

complement containing T. Choose P such that Q is the product of those T 

root subgroups corresponding to the roots 2~"(X) - S(L). Let U be the 

product of all T - roo t subgroups for roots in 2 + (X) . Let TT(L) = Tr(X)niXL) 

and Z = Z(L)°. We now establish notation and l i s t certain useful results 

regarding the series V >[V,Q] > [[V,Q],Q] >••• > 0, where [V,Q°] = V and 

[V.Q1] = [ [V,Q1 - 1 ] ,Q]. Mote that [V,QJ] is T invariant for all j and hence has 

a decomposition into a sum of T weight spaces. For d > 1, set Vd(Q) = 

[ V ^ d - ^ / C V ^ ] . 

(1.19). ((2.1) of [12]) V/[V,Q] is i rreducible as a module for L' of 

high weight XITnL'.D 

Definit ion: Let M be a weight of V, say ±i = X - Ec^a^ , w i th each 

C£>0. Then, the Q-level of j i is SCJ, where the sum ranges over those j 

for which aj€TT(X) - TT(L). Let Vy( j i ) denote the subspace of V consisting 

of T-weight vectors of weight JI. 

(1.20). Suppose X is simple and V is basic, and let d>0. I f (X,p) is 

special, assume TT(X) - TT(L) = {a } for some a£TT(X). 

(i) I f when (X,p) = (62 ,2) , TT(L) is short, [V,Qd] = ® V T ( M ) , the sum 

ranging over those weights ] i having Q-level at least d. Consequently, 

V ^ + I C Q ) is isomorphic to the direct sum of those weights having 

Q-level d. 

( i i ) I f when (X,p) = (G2,2), TT(L) is short, d im([V,Qd ] / [V,Qd + 1 ] ) < 

s-dim([V,Qd~1 ] / [V,Qd ] ) , where s is the number of positive roots J3 such 

that U_Q < Q and J3 = aj+J3', for some a j€ TT(X) - TT(L) and J3' is 0 or a sum 

of roots in TT(L). 

( i i i ) I f when (X,p) - (62 ,2) , H(L) - {a2> is long, V2(Q) = V 2 ( Q ) x _ a ffi 

V 2 ( Q ) ^ _ 2 a , a direct sum of Z weight spaces. Moreover, dimV2(Q)^_c c < 

2-dimV1(Q) and d imV 2 (Q) x _ 2 c c <dimV1(Q). 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 1 5 

Proof: Statements (1) and (11) fo l low f rom (2.3) of [12]. So consider 

the case where (X ;p) = (G2,2) and TT(L) = {a2>. Since V Is res t r i c ted , V Is 

Irreducible as a module for L(X) and so Is spanned by the weight vectors 

fr --fry v + , for r ^ S ^ C X ) . Order 2 + (X ) = { r 1 , . . . ,rN} so that the roots 

£ €2 + (X ) - TT+(L) occur f i r s t . Then, we may wr i t e fry —-fry v + a s 

fr • • • f r w, where w£ [V,Q] and r 1 <E2+(X) - E+(L) for l<1<j. Say 

WGVT( | I ) . 

Claim: With f r ---fry v + , w and 1 as above, fry - - fV w£ [V,QJ]. 
' I ' m 1 j 

Reason: We use Induction on j . I f j = 0, there Is nothing to show. So 

suppose j > 0 and 0 ^ f ry --fryVJ. By Induction, fry • • • f ^ w 6 [ V , Q i ' 1 ] . But 

X _ r (±)(f ry '"fryW) = f ry " ' f ry VJ + f ry -'fry W + S W £ , W h e r e t h e S U m 

ranges over £ > 2 and w# £ V- ] - ( j i - r 2 ^ i - f t r ^ ) . In part icular , 

{ f ^ • • • f ^ . w , w^ I £ > 2} Is a set of weight vectors for dist inct T weights 
and so Is a set of l inear ly Independent vectors. Since 

[x-ry ( l ) , f ^ • • • f ^ . w ] £ [V,Qi] and [V,Qi] Is a sum of T weight spaces, we 

have fry --fry w £ [V ,Q-i]. Thus the claim holds. 
/ 1 f j 

In the si tuat ion where (X,p) = (G2,2) and TT(L) is long, the above 

claim implies that V2(Q) is spanned by the images of f r w , for w£[V,Q] 

and r £ 2 + ( Y ) - 2+ (L) . But in fact , since f3oc + 2cc = 

±( l /3 )Cf2a 1+a 2 ' fa 1+a 2 ] a n d f 3 a 1 + a 2 = ^ ^ [ ^ a ^ a / c c ^ we obtain a 

spanning set for V2(Q) from the images of f r w for 

r € { a 1 , a 1 + a 2 , 2 a 1 + a 2 > and w£[V,Q]. Hence, V2(Q) is spanned by weight 

vectors of Q-levels 1 and 2. So we may decompose V2(Q) as described in 

( i i i ) . Moreover, the above remarks imply that the Z weight space 

V 2 ( Q ) ^ _ a (respectively, V 2 (Q)^_ 2 c c ) is spanned by vectors of the form 

f ryVJ where w^ [V ,Q] and r £ {a^ ,a j_+a 2 } (respectively, r = 2a^ + a 2 ) . 

Thus, we have the given bounds on the dimensions of the Z weight spaces 

of V2(Q).n 

(1.21). Suppose X is simple and V = (V1)c l i ® . . - ® (Vk)
clk, where 

each V̂ j is res t r ic ted and q^,. . . ,qk are dist inct powers of p. Then for each 
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16 DONNA M. TESTERMAN 

d > 0, [V,Qd] = E[V1;Q
d i ]c l i ® . . . ® [Vk;Q

dk]cli<J the sum ranging over sets of 

nonnegatlve Integers dj_,. . .,d^ w i th Sd^ = d. 

Proof: This fol lows from (2.5) of [12]. 

(1.22). Let V and X be as In (1.21), w i th TT(X) - TT(L) = {a} . Set W1 = 

V ^ i , for i = 1,. . .,k. 

(i) As modules for L, V2(Q) - ffi(W1
1(Q) ®.--<S W1_1

1(Q) ® 

W1
2(Q)®W1 + 1

1 (Q) ® - - - ® Wk
1(Q)), the sum over i = 1,. . .,k. 

(II) Assume V̂  Is basic for each 1 and that a Is long when (X,p) = 

(62,2). The above summands of V2(Q) are the Z weight spaces for the 

respective weights (X-q^oOlZ,. . . /X-q^cOlZ. Each such weight space has 

dimension at most s-d1mV1(Q), where s Is as In (1.20). 

(III) Any Z weight space of V2(Q) has dimension at most d-d1mV1(Q); 

where 

d = s as In (1.20), I f one of the fol lowing holds: V̂  Is basic 

for all 1; or (X,p) Is special and TT(X) - TT(L) Is long; or (X,p) = 

(62 ,2) and TT(X) - TT(L) Is long. 

d = i n ( n + l ) , 2 n - l , 14 or 4, I f (X,p) = (Bn,2), (Cn,2), (F4,2) or 

(G2,3), respectively, w i th TT(X) - TT(L) short. 

d - 3, I f (X,p) = (62 ,2) w i th TUX) - TT(L) short. 

Proof: The proof of this result Is found In the proofs of (2.12), 

(2.13) and (15.3) of [12], except for statement (111) when (X,p) = (G2,2) and 

TT(X) - TT(L) = {aj_} Is short. So we will consider this case. Let N| be the 

jth summand of the decomposition of V2(Q) given In (1). Then (1.20)011) 

Implies that IN] = N^ffiN]2, where N ^ lies in the Z weight space 

V2(Q)^_£q.a , for £ = 1,2. Hence, the Z weights in V2(Q) have the form 

(X-q^aj_)lZ or (\-2q̂ aj_)|Z, for l<i<k. Suppose a Z weight space of V2(Q) 

intersects M m and N^ for some m ^ fi. Then q̂  = 2q^ for some 1 < i^j < k. 

Then q̂  ̂  2qa for a^j and q̂  ̂  q^ for b ̂  1. Thus, the Z weight space 

V 2(Q) x_ q. a = M^ffiNj2, and by (1.20)011), dim(N11) < 2-dimV1(Q) and 

dim(Mj2) < dimV1(Q). So the result of (iii) follows.D 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 1 7 

Let X < Y, for Y a closed subgroup of SL(V) and let Py = QyLy be a 

parabolic subgroup of Y such that P < Py, Q < Qy - Ru(Py), and T < Ty , for 

Ty a maximal torus of Ly. Set Zy - Z(Ly)° . Let 2XY) be the root system 

of Y and TT(Y) a fundamental system of £(Y). We choose TT(Y) of S(Y) such 

that UHL < QyCUynLy), where Uy is the product of all Ty root subgroups 

for roots in S+(Y) and Qy is the product of Ty root subgroups for roots in 

S~(Y) - S(Ly). Set TT(Ly) = TKY)nS(Ly). 

(1.25). (i) [V,Q] = [V,QY]. 

( i i ) V1(Q) = V i ( Q Y ) i s an irreducible module for L and Ly. 

( i i i ) V2(Qy) is an L-invariant quotient of V2(Q). 

(iv) I f w 0 (respectively, s0) is the long word in the Weyl 

group of Y (respectively, X), then -w 0 (X ) |TnL ' = - s 0 ( \ ) | T n L \ 

Proof: (i) - ( i i i ) fo l low from (2.10) in [12]. 

Let W = V*. Then, by (1.11), W has high weight - w 0 ( X ) 

(respectively, - s 0 (X ) ) as a Y (respectively, X) module. By ( i i ) and (1.19), 

W1(Q) = W1(Qy) is an irreducible L' (respectively, Ly') module w i th high 

weight - s 0 (X ) |TnL i ( -w 0 (X) |T Y nLY ' ) . Since, UHL < Uyf lLy , i f 

<w+ + [W,Qy]) is the unique 1-space of W1(Qy) invariant under Uyf lLy , 

then <w+ + [W,Qy]) is also the unique 1-space of W^(Q) invariant under 

UHL. Recalling that T < Ty, the result follows.D 

Definit ion: For r£TT(Y) - TT(LY), set V r ( T Y ) = 2V T ( j i ) , the sum 

ranging over those M for which X-ji-r is a sum of roots in TT(LY). Since 

the TY weights in V1(QY) all d i f fer f rom X by a sum of roots in TT(LY), i t 

fo l lows that V r ( T Y ) < [V,QY] and we let 

V r ( Q y ) = ( V ^ ( T Y ) + [V ,Q Y
2 ] ) / [V ,Q Y

2 ] . 

(1.24). ((2.15) in [12]) Assume V|Y is basic and r<E TT(Y) - TT(LY). 

(i) I f (X,r) ?f 0, then some Ly' composition factor of V r ( Q Y ) has 

high weight X-7. 

( i i ) Suppose < \ , r ) = 0, but (SL 0 , r ) ^ 0 for some simple factor L0 

of LY ' sat isfying <X,SL0) ^ 0. Then there exist d is t inct roots 
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18 DONNA M. TESTERMAN 

Pj_,. . .,££ € TT(LY)nZL0 such that some LY composition factor of V r ( Q Y ) 

has high weight X- j3± J3 k - r .D 

(1.25). Assume V|Y is basic, X is simple, and that VIX = V ^ i ® - - * ® 

V ^ k w i th each V̂  res t r ic ted and q^,. . . ,qk d ist inct powers of p. Then 

(i) V2(QY) = fflVr(QY), the sum ranging over r e n ( Y ) - TT(LY). 

( i i ) For each r e n(Y)-TT(LY) , V r ( Q Y ) = V r ( T Y ) (as vector 

spaces). 

( i l l ) For each r£TT(Y) - TT(Ly), V r ( Q Y ) is a weight space for ZY of 

weight ( X - r ) I Z y . The decomposition in (i) is the decomposition of V2(QY) 

into dist inct weight spaces for Z Y . 

(iv) I f , in addition, TT(X) - TT(L) = {a } and Z < Z Y , then for each 

r€7T(Y) - 7T(Ly), d imV r (Q Y ) < dimV1 (QA ) -d, where d is as in (1.22)(i i i ) . 

Proof: This fo l lows from (2.11) and (2.14) in [12] and (1.22) ( i i i ) 

above. • 

In the remainder of this section, we l i s t and establish certain 

results which w i l l be used in obtaining upper and lower bounds on the 

dimensions of modules. Beyond the notation established in the next 

paragraph, this material w i l l be expl ic i t ly referenced when necessary and 

is not required for the reading of the next chapter. 

Assume, for the remainder of this chapter, that X is simple. Let 

W(X) be the Weyl module corresponding to the dominant weight X. Let S 

be the half sum of the positive roots in Z(X). Wri te ZZ(X) for the Z-span 

of Z(X) and normalize the inner product on ZZ(X) so that long roots have 

length 1. Wri te ±i<X i f j i = X - Z c ^ , for q £ Z + . Let P(X-JJL) denote the 

number of d ist inct ways of w r i t i ng X - J I as an integral l inear combination 

of elements of S+(X) w i th nonnegative coeff icients. Also, let m(j i) denote 

the m u l t i p l i c i t y of the weight JI in W(X). Finally, let W(X) denote the 

Weyl group of X. 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 1 9 

(1.26). (Weyl degree formula): dlmW(X) = (TT(^+S,a))/(TT(S,cc)), 

where each product is taken over a £ £ + ( X ) . 

Proof: See Section 24 of [9].D 

(1.27). Suppose rank X = 2 and X = m^X^ + r r ^ ^ -

(a) I f X has type A 2 , dimW(X) = ( l / 2 ) ( m 1 + l ) ( m 2 + l ) ( m 1 + m2+2). 

(b) I f X has type B2 , dimW(X) = 

( l / 6 ) (m 1 + l ) (m2+ l ) (m 1 +m2+2) (2m 1 +m2+3) . 

(c) I f X has type G2, dimWCX.) = 

( l / 5 ! ) ( m 1 + l ) ( m 2 + l ) ( m 1 + m 2 + 2 ) ( m 1 + 2m2+3)(m 1+3m 2+4)(2m 1+3m2+5). 

Proof: This fo l lows di rect ly f rom (1.26).D 

(1.28). (Freudenthal): m(j i) = (22m( j i+ ia ) ( | i + i c r ,a ) ) / ( ( \ + S , \+8) -

( M + S , M + S ) ) , where the sum is taken over aGE + (X) and i > l . 

Proof: See Section 22 of [ 9 ] . • 

(1.29). Let <v+) be the unique 1-space of V invariant under U = <Ur| 

r<E2+(X)). Assume X is res t r ic ted and \i<X. Let N = |£+(X)| and let 

{s1;S2;- • .,S|s|} denote any sequence of nonnegative integers. Given a fixed 

ordering in 2 + (X ) = { J 3 1 , ^ 2 , . .,£N>> V T ^ ) = <(fjj s i ••• f p SN)V+ | X-\± = 

Proof: By (1.1), V is i rreducible as a module for L(X). As L(U) 

leaves <v+) invariant, VT ( ) i ) = < f r • • • f r v + | \ - j i = S r ^ ) . The result 

then fo l lows from the Poincare-Bi rkhof f -Wi t t Theorem. (See Section 17 

of [9].)D 

(1.30). Suppose V is a rest r ic ted kX-module, aGE + (X) and JJL^X, 

such that Vy( j i ) ^ 0. Assume 0 < (ji,a) < p. 

( i) V j ( | i - d a ) j± 0, for each 0 < d < <ji,cx). 

( i i ) I f a€TT(X), d imV T (X -da ) = 1 for 0<d<(X,a). 

Proof: View V as an irreducible module for L(X). (See (1.1).) Let K 

be a Cartan subalgebra of L(X) and let K = (e a j f a ,J€) . Then <R = ft0 © K0 

(direct sum of Lie subalgebras), where ? l 0 = ( e a , f a ) and K0 = Cj^Ol0). 

Also, ft0 oz s l 2 . 
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20 DONNA M. TESTERMAN 

Now, let 0 ^ vG V j ( j i ) and take a composition series of V under the 

action of 31, such that vGV^ + 1 - V^. Then, JC0 Induces scalars on V1 + 1 /V - j ; 

so %l0 acts Irreduclbly on V1 + 1 /V- j . The Irreducible modules for J i 0 are 

all res t r ic ted (see Section A of [1]); In part icular , the weights form a 

chain. Since <u,a) < p, (1) holds. 

The result of (11) fo l lows from (1) and (1.29).D 

(1.31). For cc£TT(X), dimVT(X-kcc) < 1, for any k(EZ+ . 

Proof: Write V = V ^ i ® - - - ® V ^ k , where V̂  Is a rest r ic ted 

Irreducible kX-module w i th high weight V], and q^,. . .,qk are dist inct 

powers of p. Suppose X - k a = 2(q^v^ - n ^ a ) = Ziq^v^ - m ^ a ) , for some 

Integers 0<m^n^<p. Then k = S n ^ = S m ^ Is the p-adlc expansion of the 

Integer k. So m^ = n̂  for all 1 and V T ( X - k a ) = (V1
cii)-|-(q1(vj_ - rij_a)) ® 

•••® (Vk
c lk)T(qk(vk - nka)). So d1mVT (X-ka) = TTd1m((V1

cli)T(i71-n1a)) < 1 

by (1.29) and (1.30).D 

(1.32). ((1.10) in [12]) Let M be a dominant weight of T and 

W0 < W(X) be generated by those fundamental ref lect ions corresponding to 

simple roots aGTT(X) w i th (M,CC) = 0. Then W0 is the stabi l izer of j i in 

W(X); so there are |W(X):W0I d ist inct conjugates of V-J-(JJL) in V.n 

(1.33). (i) (Linkage principle) Assume X is simply connected and 

let X(T) be the group of rational characters of T. I f j i and v are high 

weights of composition factors of an indecomposable kX module, then 

(a) w (u + S) - (v+8) GpX(T), for some wGW(X), and 

(b) ]i and v l ie in the same coset of X(T) /X r (T) , where X r (T) is the 

sublatt ice generated by 2(X). 

( i i ) Suppose that j i is a dominant weight and that W(X) contains an 

X-composit ion factor of high weight JJL Assume that p > 2, and that p > 3 

when A has type 62- Wri te j i = \ - Sc^a^, where each ĉ  > 0. Then 

(i) 2(X+8,Zc1cc1) - ( S c ^ ^ S c ^ i ) 6 (p/2)Z, i f X ^ G2-

( i i ) 2(X + 8,Sc1a1) - ( S c ^ a ^ E c ^ ) 6 (p/6)Z i f X = G2-

Proof: The statement of (i)(a) is Theorem 3 of [11]. Statement ( i i ) 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 21 

is (6.2) of [12]. Part (b) of (i) fo l lows from the fact that U r(VTCh)) c 

2Vj(>i + i r ) , for i > 0, >i a weight in a rational kX module V, and r€S(X) . 

See Lemma 72 of [14].D 

(1.34). ((8.6) of [12]) Let X = S L n + 1 and let V be a res t r ic ted 

i rreducible kX-module w i th high weight X. Suppose l < r < i < j < s < n 

and X = aXi + bXi for a^O^b. Then Vy(X - ( a r + - - - + a s ) ) is spanned by 

vectors v t = f^ + . . . + a f „ + . . . + rr v+> f ° r 1<t<j. Moreover, v i ; . . .,Vi are 

l inearly independent unless a+b+ j - i = 0 (mod p), in which case they span a 

j - i space and bv^ + V] + ± + ••• + v-j = O.n 

(1.35). Let V be a rest r ic ted kX-module. Let oc,J3 e TT(X), w i th 

(a,J3) < 0, such that <X,a) = c, <X,J5> = d, for 0 < c,d. Then 2 > 

d imV T (X -a - j 3 ) > 0 and 

(i) i f (a,oc) = (J3J3), d i m V T ( X - a - j i ) = 1 i f and only i f c+d = p - 1 ; 

( i i ) i f (cc;oc) = 2(J3,£), d imVT (X-oc-£) = 1 i f and only i f 2c+d+2=0 

(mod p); and 

( i i i ) i f (a,a) = 3(j3,j5), dimVT(X-cc-J3) = 1 i f and only i f 3c+d+3 = 0 

(mod p). 

Proof: This fo l lows f rom (1.28) and the f inal proposit ion of [4].D 

(1.36). Let Y be a simple closed subgroup of SL(V). Let Py = QyLy, 

T Y ; UY be as in results (1.23) - (1.25). Let r<ETT(Y) - TT(LY) and J3 (ETT(Ly) 

be such that (r,r) = (J3,£), (7,$) < 0, ( U + Q ) is a simple normal subgroup 

of Ly', ( X , r ) ^ 0 and <X,J3) = p - 1 . Then, there exists 0 ^ 

wGV T ( X - r - J 3 ) such that f r v + and w afford d ist inct Ly' composition 

factors of V r (Qy ) . 

Proof: Mote f i r s t that for 0 ^ v£ V-p ( X - r - J 3 ) , either v is a 

maximal vector for Ly'DUy or v l ies in an Ly composition factor of 

V^(Qy) w i th high weight X - r . Clearly, f ^ v + is a maximal vector for 

LyTiUy, and so affords an Ly" composition factor of V^(Qy). Moreover, by 

(1.31), there exists a unique Ly composition factor of V^(Qy) w i th high 

weight X - r . But <X,J3> = p-1 and (1.35) imply that dimVT ( X - r - j 3 ) = 2. 
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22 DONNA M. TESTERMAN 

Hence; there exists 0 ^ w£ VT ( \ - r - J 3 ) as claimed.D 

(1.37). Let rank X = 2, w i th TT(X) = {a ,£ } . Let P, Q, and L be as in 

(1.19) w i th L' = <U+B>. Suppose V = V ^ i ® - - - ® V ^ k , for each V1 is a 

basic module for X and q^,. . .tq^ are dist inct powers of p. Then dim((V j(X 

- q ^ - q ^ ) + [V,Q2 ] ) / [V,Q2 ] ) < 2, for each i. 

Proof: By (1.22), 0 ^ w£ V T (X - q ĵ3 - q^a) corresponds to a 

nonzero vector in W 1
1 (Q) '®-* -® W1

2(Q) ® — ® Wk
1(Q), where W1 = V^ i . 

Let j i £ be the high weight of W#, for !<£<k. Suppose w ^ ( W 1 ) j ( ] i 1 ) ® 

•••® (W-j)-p(iii - c\]P> ~ q-joc) ®--«® (Wk)T( j i |<). Then w projects 

nontr iv ia l ly into some weight space of the form ( W 1 ) J ( J I 1 - n^q-^) ® 

•••® (Wj)y(Mi ~ qioc) ® - - - ® (W (<)j( j i |< - nkqkJ3), for 0<n£<p. Hence, 

X - (2n£q£J3) - q^a = X - q̂ JJ - q^a. So 2n#q£ = q^. Dividing this equation 

by the highest power of p which occurs, and taking congruences modulo p, 

we obtain n = 0 (mod p) for some 0<n<p. Contradiction. Thus, 

w G ( W 1 ) j ( j i 1 ) ®--«® (WpyCjii ~ qi J3 - q^a) ® •••® (W|<)y(j!|<)> which has 

dimension equal to dim((WpT ( j i^ - q̂ J3 - q^a)). But this is at most 2, by 

(1.29). Thus, the result holds.D 

Using the methods of (1.26), (1.30), (1.32), (1.34) and re fer r ing to 

[8 ] , we obtain the fol lowing lower bounds on dimensions of i rreducible kX 

modules. 

(1.38). For V a rest r ic ted kX-module w i th high weight X, let 

d(X,p) = dimV, where p is the character ist ic of k. Then 

(i) X = F4, d(2\2>P) £ 2 6 -3 -5 

( i i ) X = E6, 1. d ( X 1 + \ 3 + X 5 + \ 6 , 2 ) > 2 6 - 3 3 - 5 

2. d (X 1 +X 3 + X6 ,2) > 2 4 -3 3 -19 3. d(X±+X2+X6>2) > 2 4 -3 3 -13 

4. d ( \ 3 + \ 4 + X 5 , 3 ) > 2 4 -3 3 -5 -13 5. d(2X1 + 2X6,p) > 2 - 3 3 - 5 - l l 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 23 

( i i i ) X = E7, 1. p ^ 3 , d ( X 6 + X 7 , p ) > 2 3 - 3 2 . 7 - 1 9 

2. d(2X1 ,p) > 2 -3 2 .7 -17 3. x * 0, d (X 4 +xX 7 , 3 ) > 2 6 - 3 2 . 7 - 1 9 

4. d(3X7 ,p) > 2 5 - 5 2 - 7 5. d(2X2 ,p) > 2 5 - 3 2 - 37 

6. d(X±+X5,2) > 2 6 - 3 2 . 7 - 1 7 7. d(X2+X5 ,2) > 2 8 -3 2 -5 -7 

8. d(X2+X7 ,2) > 2 4 -3-7-37 9. d(X1+X2 ,2) > 2 6 - 3 2 . 7 - l l 

10. d(2X 2+X 7 ,3) > 2 6 -3 2 -7 -13 11. d(X4,3) > 2 5 - 3 2 . 5 - 7 

12. d(2X7,p) > 2 2 -7-29 13. d(X1 + 2X7 ,3) > 2 4 - 3 4 - 7 

(1v) X = E8, 1. {a,b} = {1,2}, d( aX±+hXQ,3) > 2 5 - 3 3 . 5 - 2 4 1 

2. d (X 2 +X 3 + X8 ,2) > 2 l ° - 3 3 . 5 - 7 - 1 3 

3. d(2X8,p) > 2 4 -3-5-37 4. d (X 1 +X 2 +X 7 ,2 ) > 2 l ° - 3 5 - 5 - 7 

5. d(4X8,p) > 2 7 - 3 2 - 5 - 7 - l l 6. d (X 1 +X 2 +X 8 ,2 ) > 2 l ° - 3 3 . 5 2 - 7 

7. p>2, d(X2,p) > 2 6 - 3 - 5 3 8. d(2X1,p) > 2 4 - 3 4 - 5 - l l 

9. d (X 2 +X 6 +X 8 ,2 ) > 2 9 - 3 3 . 5 . 7 - l l 

10. d(3X8,p) > 2 5 -3 3 -5 -17 11. d(X5 + X8 ,2) > 2 l ° - 3 3 . 5 - 7 

12. d(X2,2) > 2 8 - 3 2 . 5 2 13. d(X2+X8 ,2) > 2 8 - 3 2 . 5 2 . l l 

14. d(X2+X8 ,3) > 212.33.5 15. d(X±+X8,3) > 2 5 - 3 3 - 5 2 . 7 

16. d( 2X 2 +X 8 , 3 ) > 2 9 -5-37 17. diX^XQ+XQ.2) > 2 7 - 3 3 . 5 2 . 7 2 
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CHAPTER 2: PARABOLIC EMBEDDINGS 

In this chapter, we establish certain results concerning the 

embeddlngs of parabolic subgroups, and In part icular , embeddlngs of 

unlpotent radicals. We w i l l adopt the fol lowing notation for this ent ire 

chapter. 

Notation and Hypothesis (2.0). Let Y be a simply connected, simple 

algebraic group over an algebraically closed f ie ld k of character is t ic 

p > 0. Let 6: Y —* SL(V) be a nontr lv la l , f in i te dimensional, Irreducible 

rational representation. Suppose A = A° Is a simple closed subgroup of Y 

such that VIA Is Irreducible. 

Let 2(A), 2(Y) denote the root systems of A, Y respectively, and 

take TT(A) = {ccj_,a2,. . •> to be a fundamental system of 2(A), w i th JJ^ the 

fundamental dominant weight corresponding to o^. Let BA = U A T A be a 

Bore! subgroup of A w i th maximal torus T A and unlpotent radical UA , 

chosen so that UA Is the product of T A - r o o t subgroups corresponding to 

roots In 2 + (A) . Wri te BA~ for (UA~)TA , where UA~ Is the opposite 

unlpotent radical. I f 2(A) or 2(Y) has only one root length, we w i l l refer 

to all roots as being "long." Assume 2(Y) has type G2, F4 or En. 

Fix a maximal parabolic subgroup PA = QALA of A, where QA = 

RU(PA) and LA is a Levi factor containing TA . Set TT(LA) = TT(A)fi2(LA) 

and TT(A) - TT(LA) = {a}. We w i l l choose PA such that a corresponds to an 

end node of the Dynkin diagram and QA is the product of T A - r o o t 

subgroups corresponding to the roots in 2~(A) - 2(LA) . Let T(LA ' ) = 

T A f i L A ' and set Z A = Z(L A ) ° . We w i l l abuse notation and w r i t e JJ^ for 

MilT(LA '). 

Let PY = QyLy be a parabolic subgroup of Y such that PA < Py, 

24 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 25 

Q A < Qy = Ru(Py). (The existence of such a parabolic Py Is given by the 

Bore l -T l t s theorem.) Choose Py minimal w i th these propert ies. Let 

T A < Ty for Ty a maximal torus of Ly. We choose an ordering of S(Y) and 

a corresponding base TT(Y) = { j31 ; . . .J3n}, such that U A f i L A < Qy tUy fUy) , 

where Uy Is the product of those Ty root subgroups corresponding to the 

roots In S+ (Y) and Qy Is the product of Ty - roo t subgroups for roots In 

2"(Y) - S(LY). Wri te TT(LY) for TT(Y)nS(LY) and set ZY = Z (L Y ) ° . 

We w i l l w r i t e U r for the T A (respectively, Ty) root subgroup 

corresponding to the root r€S(A) (respectively, S(Y)). Also, let x r ( t ) 

denote elements of U r , for t € k and h^(c) denote the element of T A , or Ty, 

corresponding to the root r€TT(A), or TT(Y), for c£k* . As we l l , let e r and 

f r denote the corresponding elements of the Lie algebra L(Y) or L(A). For 

Y of type En, we w i l l sometimes abbreviate the above notation In the 

fol lowing manner: For r £ 2 + ( Y ) such that r = J31 + . - - + j3 i , { £ i ,. . . , j ^ } c 

TT(Y) w i th 1j_< I2 < ••• < I t . w e w ^ w r i t e U+i ^ ...^ for U+ r , e ^ ...^ for 

e r and s imi la r ly for f r , x ± r ( t ) and h r(c). For rG24 ' (Y) , r = S a ^ , â  G Z + 

wi th some â  > 1, we w i l l w r i t e U+(a a a ) for U ± r , etc. 

Wri te LY ' = L ^ X - - - X L r , a direct product of simple algebraic groups. 

We w i l l refer to L̂  as a component of Ly'. By (1.23), LA* and LY ' are 

i rreducible on V1(QY). Then V1(QY) = Mj_®•••®M r , where each M̂  Is an 

irreducible L̂  module. The embedding p: LA—>Py/Qy s Ly gives an 

embedding of LA ' in L ^ X - ' - X L r and we let p^: LA ' —> L̂  be the 

corresponding projection. Then any module for L^, in part icular M-j, can be 

regarded as a module for LA \ 

Remark: I f L̂  is of classical type, w i th natural module W ,̂ the 

proper parabolic subgroups of L̂  correspond to stabi l izers of flags of 

to ta l ly singular subspaces of W .̂ Thus, Py minimal implies W- j|p1(LA') is 

either i rreducible or P](LA ' ) stabi l izes a nonsingular subspace of W .̂ 

Hereafter, we w i l l use this fact without reference to this remark. 

Wri te V = V(X), where X is a dominant weight of Ty. Let X^ denote 
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26 DONNA M. TESTERMAN 

the fundamental dominant weight corresponding to the root J^. Let ( v + ) 

be the unique 1-space of VIY invariant under UyTy = By. We may assume, 

as discussed in the introduct ion, 

(i) V|Y is a res t r ic ted module, and 

( i i ) VIA = V ^ i ® . . . ® Vj^k, where Vj_,. . .y^ are nontr iv ia l 

res t r ic ted kA-modules and q^,. . .,q^ are dist inct powers of p. 

As we l l , note that 

( i i i ) VIY £ L(Y), the Lie algebra of Y, as L(X), the Lie algebra of X, 

is always a proper invariant kX-submodule of L(Y). We w i l l use this fact 

frequently without reference. 

For each r 6 TT(Y) - TT(Ly), we define a certain normal subgroup K r 

of Py, which in most cases is just the largest normal subgroup of Py that 

is contained in Qy and does not contain the Ty root subgroup 

corresponding to - r . Let 2 r ( Y ) denote the set of roots in S(Y) having 

coeff ic ient of r equal to - 1 and zero coeff ic ient for other roots in TT(Y) -

TT(Ly). Then let K r be the product of those Ty root subgroups UQ for 

which p GX~(Y) - S~(Ly) - S r ( Y ) . From the commutator relat ions i t 

fo l lows that K r < Py. 

(2.1). ((3.1) of [12]) 

(i) Qy /K^ is isomorphic to the direct product of those Ty root 

subgroups for roots J3 G2 r (Y ) . 

( i i ) There is an Ly-module st ructure on Gy/K/^ such that Zy acts 

by scalars and such that there is a maximal vector of weight - r . 

( i i i ) Q y / K r is an irreducible Ly-module, unless r is a long root 

w i th ( r , S L y ) ^ 0 and 2(Y) = G2 or F4, w i th p = 3 or 2, respect ively.• 

The above considerations apply to the parabolic subgroup PA. Here 

we have only a€TT(A) - TT(LA) and we w r i t e Q/\/Ka = Q A
a . I f (A,p) is not 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 27 

special and I f a Is long when (A,p) has type (62,2), then Q A
a = Q A / [ Q A ' Q A ^ -

(2.2). ((3.2) of [12]) 

( i) Q A
a has an LA-module st ructure and - a is the high weight of a 

composition factor. 

( i i ) I f (A,p) is not special, Q^a is an irreducible LA module. 

( i i i ) Q/\a has a unique maximal L A - invar ian t subgroup, M a , which is 

a submodule having quotient module w i th high weight -a.D 

Notation: We w i l l w r i t e Ia for the irreducible quotient, (Q^)/^^, 

described in ( i i i ) of the above result. 

(2.3). ((3.3) of [12]) Assume Z A < Z Y and let r GTT(Y) - TT(LY). 

(i) Q^Ky/Kry is an LA invariant submodule of Q Y / K r . 

( i i ) I f V r ( Q Y ) * 0, then QA i K r . 

( i i i ) Suppose rank(S(A)) >1 and ( X , r > & 0. Then ( r ,Z (L Y ) ) * O.n 

(2.4). Assume Z A < ZY and let r£TT(Y) - TT(LY). Suppose that 

8 € 2(A), S has oc-coefficient equal to -e and Ug i K r . Then 

(i) ^ I Z A = ralZA, where r is a positive integral power of p. 

Moreover, r = q-j, for some i , in case each V* is basic and V^(QY ) ^ 0. 

( i i ) There exist unique roots J3^,. . .,J3S in S^(Y) and c 1 , - - - ,c s in k* 

such that for t e k , x g ( t ) K r = x^ ( c 1 t r / e ) - - - x ^ ( c s t r / e ) K r . 

( i i i ) J3ilTA = ( r /e)S, for j = 1,. . .,s as in ( i i ) . 

(iv) I f D = Q A H K r , then U_a £ D, so Q A K r / K r has an LA 

composition factor isomorphic to ( I a ) r . 

(v) I f (A,p) is not special, Q A K r < <U_S | U_s £ K r , s|T(LA") = r^i, 

for some ^ € E + ( A ) w i th U . ^ i Q A ' )K r . I f (A,p) is special and ^ e Z + ( A ) 

w i th U . ^ i M a (see 2.2(i i i )) , then 

U_^K r < <U_S I U_s i K r , S IT (LA ' ) - n i > K r . 

Proof: Statements (i) - ( i i i ) are contained in (3.4) of [12]. As we l l , 
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28 DONNA M. TESTERMAN 

i f when (A,p) = (G2,2) we take a to be long, (iv) fo l lows f rom the proof of 

(3.4). Suppose (A,p) = (62 ,2) and a is short. Let TT(LA) = {£ } . Then, 

QA' = (U_3 a _p ,U_ 3 a _2^ ) < D. I f U_a < D, then (U_a)se - U_ a _^ < D, 

where SQ is the ref lect ion corresponding to the root J3. But as we l l , 

( U . ^ ) * - ^ 1 ) < D; and a nonidentity element f rom U_2a-R occurs in the 

factor izat ion of this last expression. Hence, i f U_a < D, then QA < D. 

Contradiction. Thus, (iv) holds. Finally, since QAK r /KrK is an LA 

invariant submodule of Q y / K r , i t is a sum of T(LA ' ) weight spaces. The 

result of (v) then fol lows f rom (iv).D 

For the fol lowing resul t , we w i l l need additional notation. Recall 

that VIA = V1
cli<g) — ®\/|<

cli<, where V̂  is a rest r ic ted irreducible kA 

module and qj_,. . .,qk are dist inct p-powers. Write V-j = V j S ® V ^ , where 

V-j = V-jS unless (X,p) is special. I f (X,p) is special, V^s and V ^ are the 

short and long parts of V^, as in (1.7). We w i l l w r i t e t/7-~ to indicate one 

of V1; V i s , V ^ . 

(2.5). ((3.5) of [12]) 

(i) For i = 1,. . .,r, M̂  is rest r ic ted. 

( i i ) For 1 = 1 , . . .,r, M̂  is irreducible under the action of LA" and 

there is a uniquely determined subset {q^ ,. . .,q^ } of {q^,. . .,q r} such that 

M ^ L A = ( v 1 i ^
1 ( Q A ) ) ^ ® - - - ® ( v 1 d ~ % i A ) ) \ D 

Definit ion: Suppose one of the fol lowing holds: 

(i) Lj is a classical group w i th natural module Ŵ  and W^|LA" is an 

algebraic conjugate, by a p-power q, of a nontr iv ial rest r ic ted module. 

( i i ) Pi(LA
#) < l_i is the natural embedding of a group of type B m in-a 

group of type D m + 1 and taking TT(LA) = { r ^ , . . • ,9 /
m} , TTdp -

{ t 1 , . . . , t m + 1 } , we have p^ ( x ± r (t)) = x ± t ( t^) for !<£<m and p^ ( x ± r (t)) 

= X + Y ( t° l)x+Y ( t^) , for all c<Ek*. 

( i i i ) LA = L i and i f TT(LA) = { r 1 ; . . . , r m } and n ( L ^ = {T 1 ; . . . , t m } , 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 29 

P i ( x ± r . ( 0 ) = x+^.Ct0!), for l < j < m , for all t €k . 

Then we call q the field twist on the embedding of LA' in /./. 

(2.6). Suppose L̂  is a classical group and M^lL^' is the q* tw i s t of a 

nontr iv ia l basic or p-basic module. Then, q< is the f ie ld t w i s t on the 

embedding of LA* in L .̂ 

Proof: I f p-j(LA') < L̂  is not the usual embedding of a group of type 

Bm in a group of type Dm+j_, this fo l lows from (9.1) of [12]. Suppose 

Pi(LA ' ) < L̂  is of type B m < D m + 1 . Let TT(LA) and TT(Lj) be as in ( i i ) above. 

Then i f <\,T^> = ĉ  for l<1<m, then < \ , r - j ) = q q , where q is the f ie ld 

tw i s t on the embedding of LA ' in L .̂ And by (8.1) of [12] , <X, t m > = 0 or 

< X , T m + 1 ) = 0. So < X , r m ) = dq, where d = < X t m > + <X ,T m + 1 > . By (2.5), 

M ÎL̂  is res t r ic ted so c-j,d < p and q* = q.D 

Definit ion: For r € TT(Y) - TT(LY) w i th ( r , E L Y ) ^ 0, suppose Q Y / K r 

is an i rreducible Ly' module. Then, for l < i < r w i th ( r , 2 L p ^ 0, let V^C-r) 

denote the i rreducible L̂  module w i th high weight - r . Suppose 

V L . ( - r ) l L A ' s Dj_ri ® •••® D ^ , for Dj_,. . .,0^ nont r iv ia l , res t r ic ted 

i rreducible LA ' modules and r^,. . . , 1 ^ . d ist inct p-powers. Let S^(r ,LA ) = 

ir±,. . . , rd>. 

(2.7). Assume Z A < Zy. Let r<ETT(Y) - TT(LY) such that QA $ K r . 

Suppose one of the fo l lowing holds: 

(i) There exists a unique pair l<1, j<r such that ( S L ^ r ) ^ 0 ^ 

( 2 L j , r ) and VL ( - r ) l L A ' is i rreducible for m = i, j . 

( i i ) There exist d ist inct l< i , j , f t<r such that ( S L m , r ) j± 0 for m = 

1,1,£ and Vi ( - r ) lLA* is irreducible for m = 1,1,ft. 

I f ( i) holds, either (A,p) = (62,2) w i th a long and rank(Lp = 1 = 

rank(Lj), or S 1 ( r , L A ) n S j ( r , L A ) * 0 . I f ( i i ) holds, S i ( r , L A ) n 

(Sj ( r ,LA )us £ ( r ,LA ) )^ 0. 

Proof: Since QA i Ky, (2.4) implies that there exists an LA ' 

composition factor of Qy /K^ isomorphic to a t w i s t of I a . Mow, as LA ' 
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30 DONNA M. TESTERMAN 

modules Q Y / K r ss V L . ( - r ) l L A ' ® V L . ( - r ) | L A \ i f (i) holds, and 

V L . ( - r ) l L A ' ® V L . ( - r ) l L A ' ® VL ( - r ) | L A ' , i f (ID holds. I f A has type G2, 

p=2, and a Is long, I a = W ® W2, where W is the rest r ic ted 

2-dimensional LA ' i rreducible. In every other case, I a is a tensor 

indecomposable LA ' module. The result then fo l lows f rom the Steinberg 

tensor product theorem. (See [15].) D 

Hypothesis. For the remainder of Chapter 2, assume Z A < Zy. 

(2.8). Assume (Y,p) is not special and let r,8€TT(Y) - TT(LY). 

(i) Suppose there exist r , s6Z + (Y) - 2 + ( L Y ) such that r + s € Z + ( Y ) , 

U_ r £ Kry, U_s £ Kg and x_ a ( t ) = x_ r(c1 tc l )x_s(c2tc lo)w, for Cj6k*, q and q0 

positive integral powers of p and wG <U_o| £ e i ; + (Y) - Z + (L Y ) - {r,s}>. If 

q ?* q 0 , there exists a pair of roots { r 0 , s 0 } c Z+ (Y) - Z + (Ly ) - { r ,s} such 

that r 0 + s 0 = r+s and a nonidentity element f rom each of U_ r and U_s 

occurs in the factor izat ion of x_ a ( t ) . 

( i i ) Let l < i , j < r such that ( Z L ^ r ) * 0 ^ (ZLj,8) and ( r , 5 ) < 0. I f 

QA £ K r and QA £ Kg, there exists a p-power q such that r l Z A = qa = 

sizA. 
Proof: Let r, s, q and q0 be as in (i). I f there does not exist a pair 

{ r 0 , s 0 } as described, then in the expression for 1 = [ x_ a ( t ) , x_ a (u) ] , the 

contr ibution to the root group L L r _ s is Cj_C2(at^u% - bu^t%), for some 

a,b£k*. (Here we have used the fact that (Y,p) is not a special pair.) 

Since c ^ 0, a = -b and q = q0. Thus (i) holds. 

For ( i i ) , let r ,sGZ+ (Y) - Z + (L Y ) such that U_ r £ K r and U_s £ Kg, 

and x_ a ( t ) = x_ r(c1 tc l i )x_s(c2tc i2)w, for ĉ  €k* , w£Qy, q1 a positive 

integral power of p. Also, we may choose w so that no nonidentity 

element f rom the set U_ rLLs occurs in i ts factor izat ion. Note that { r ,s} 

is the unique pair of roots in Z+ (Y) - Z + (Ly) whose sum is r+s. Thus, by 

part ( i ) , q 1 = q 2 and ( i i ) then fol lows f rom (2.4).• 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 31 

(2.9). Assume (Y,p) Is not special, and let r,S GTT(Y) - TT(Ly), as In 

(2.8)(i1). Suppose QA' = {1}. Then, QA < K r or QA < Kg. 

Proof: Suppose false; i.e., suppose QA £ K r and QA £ Kg. Then, by 

(2.8), S|ZA = qcc = r l Z A , for some p-power q. Let rGS + (Y) - 2 + ( L Y ) and 

c r £ k * be such that U_ r £ K r and x_ r (c r t
c l ) occurs In the factor izat ion of 

x_ a ( t ) . Let J3Gi:+(LA) such that U_a_£ £ Ma. (See 2.2(111).) Let 

s e £ + ( Y ) - 2 + ( L Y ) and c s € k * be such that U_s £ Kg and x_ s(c s t c l ) occurs 

in the factor izat ion of x o_ a ( t ) . (We have used (2.4) here.) 

Consider the commutator [ x_ a ( t ) , x _ o _ a ( t ) ] . There is a nontr iv ia l 

contr ibut ion to the root group U_ r_ s f rom [x_ r (c r t
c l ) ,x_ s (c s t c l ) ] . Thus, as 

the commutator is 1, there must be another contr ibut ion to this root 

group, how, { r ,s} is the unique pair of roots in E+(Y) - S + (L Y ) whose sum 

is r+s. Thus, a nonidentity element f rom the root group U_r must occur in 

the factor izat ion of x_o a ( t ) , and a nonidentity element f rom the root 

group U_s must occur in the factor izat ion of x_ a ( t ) . But this contradicts 

(2.4). Thus, the result holds.• 

For the fo l lowing general lemmas we w i l l need additional notation. 

Let rGTT(Y) - TT(Ly) and suppose that one of the fo l lowing holds: 

(a) There exists 8<ETT(Y) - TT(LY) w i th (S , r ) < 0. 

(b) There exist l < j < r and 8 £ TT(Y) - TT(LY) w i th r ^ S and 

( S L j , r ) ^ 0 * (SLj,5). 

Let K < Kg be defined as fol lows: K = (U_ r | r = 2 n o £ ; £ e TT(Y), 

v\ry > 1 or ng > 1 or n t > 0 for some T£TT(Y) - TT(Ly) w i th t ^ r ,S) . 

Then, K < Py and Kg/K is an abelian group w i th an Ly module s t ruc ture , 

where Ly acts by conjugation and the scalar action is defined as fo l lows: 

for c,d<Ek and s ^ S + a y ) such that U_s £ K, cx_s(d)K = x_s(cd)K. Then TY 

preserves this scalar action and the image of U_s in Kg/K is a Ty weight 

space of weight - s . As Ly modules, Kg/K = K j /K X K^/K, where Kj_/K is 
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32 DONNA M. TESTERMAN 

the Irreducible Ly module w i th high weight - r . I f (a) holds, K2 /K is the 

irreducible Ly module w i th high weight - r - S . I f (b) holds, let r £ 2 + ( L p 

such that S + r + r £2 + (Y ) and i f sGS+(Lj) w i th 8 + s + r <EI]+(Y), then ht(r) < 

ht(s). Then K2 /K is the irreducible Ly module w i th high weight - r - r - S . 

Let Qy(r,S) denote the Ly composition factor, K2 /K, of Qy. 

We wish to study the action of LA on Kg/K. We note that the 

commutator relat ions imply that K2 /K is an LA invariant subspace of 

Kg/K. However, Kj_/K is not necessarily LA invariant; in part icular , under 

the conditions of the fol lowing 

Definit ion: Let S € TT(Y) - TT(Ly). We say -S is involved in LA' i f 

there exists r £ £ ( L A ) and sG2+ (Y) - I ( L Y ) such that LLS i Kg and a 

nonidentity element f rom the root group U_s occurs in the factor izat ion 

of x r ( t ) . 

Consider the fol lowing example to see how we may insure, in a 

part icular case, that - 8 is not involved in LA ' , when QA < Kg. Suppose 

(8,SLp ^ 0 for a unique component Ln and L* has type Ak for some k. 

Suppose, in addition, that V|_.(-8) = Wj, the natural module for L i , and 

hence is an irreducible Pi(LA") module. Say, Wppi(L^) has high weight Vy 

Let Py" > By " be the parabolic subgroup w i th Levi factor Ly" = (Ly,U±g); 

so PA < Py" and QA < QY" = RyCPy") = Kg. Let p": LA -> Ly" be the natural 

homomorphism and p i " be p" lLA ' fol lowed by the projection of Ly" onto 

the component L i " = <Li,U+g). Then p j " is a rational morphism of LA ' into 

a group of type A k + 1 . Moreover, Wj", the natural module for L i " , has two 

Pi(LA ' ) composition factors - a factor isomorphic to Wi (or W p and a 

one-dimensional factor. Hence, i f Vi is not linked to the 0 weight, in the 

sense of (1.33), then Pi(LA ' ) acts completely reducibly on W|A and we may 

assume, up to conjugacy by L A that -8 is not involved in LA \ 

We give one additional c r i te r ion for -8 to be involved in LA \ 

(2.10). I f -8 is involved in LA ' , then 8|ZA = 0. Moreover, i f r and s 

are as in the above def in i t ion, -s(h r (c) ) = ck for some k € 2 Z + - {0}. 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 33 

Proof: Let r and s be as given. Then there exists 0 ^ f ( t ) € k [ t ] such 

that x r ( t ) = £x_ s ( f ( t ) )u , for some ££Ly ' and some uGQy such that u has no 

nonidentity element f rom U_s in i ts factor izat ion. Conjugating by z £ Z A 

and using uniqueness of factor izat ion in Uy, we have -s(z) = 0. But, i f 

J3 € TT(Ly), J3(z) = 0, so the f i r s t statement holds. Also, conjugating by 

h r(c) , we have f ( c 2 t ) = -s (h r (c ) ) f ( t ) . Let t = 1 and the result f o l l ows . • 

(2.11). Let r e i T ( Y ) - TT(Ly) w i th V r ( Q Y ) * 0. Suppose one of the 

fo l lowing holds: 

(a) There exists 8<ETT(Y) - TT(LY) w i th ( r ,S ) < 0 and QA < Kg. If 

p=2, assume (r ,r) - (8,8) or 8 is long. 

(b) There exist l < j < r and 8 €TT(Y) - TT(Ly) w i th r ^ S , 

(SL j , r ) ^ 0 ? f (8,SLj) and QA < Kg. I f p=2, assume 8 is long. 

Then, 

(i) i f - 8 is not involved in LA ' , Qy( r ,8 ) has an LA ' composition 

factor isomorphic to ( I a ) r , for some p-power r, and ( r + 8 ) | Z A = ra . 

Moreover, i f VIA = Vj^i®•••V|<
c lk, where each V-i is basic, then r = q1f for 

some l< i<k . 

( i i ) Suppose in addition that i f (b) holds w i th Y of type En and 

8=^4 , then { ^ 2 , ^ 3 , ^ 5 } ^ TT(Ly). Then there exists a parabolic subgroup 

Py" > By " , the opposite Borel subgroup of Y, w i th Levi factor Ly" = 

(LY ,U±g) and such that PA < Py^, QA < Ru(Py/N) = Qy". 

( i i i ) Let Py" be as in ( i i ) . I f - 8 is involved in LA" or i f r | Z A = r a , 

where r is as in ( i ) , then Z A < Z(Ly" ) ° . 

Proof: Let K < Kg, Kj_ and K2 be as defined pr ior to (2.10). Mote that 

i f - 8 is not involved in L A \ the commutator relat ions imply that K^/K is 

an LA invariant subgroup of Kg/K. Moreover, since Z A < Zy , LA preserves 

the given scalar action on Kg/K. So K^/K has an LA module st ructure for 

each i. Consider the image of QA in Kg/K. Mow, QAK/K i K j /K , else 

[V,K±] = [V,QY ] . But there exists be 2+(LY )U{0>, w i th VT ( X - b - r - 8 ) * 0. 
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34 DONNA M. TESTERMAN 

And VT ( X - b - r - 8 ) < [V,QY] - [V,K1 ] . Thus, QAK/K projects nontr lv la l ly 

Into the LA submodule K2 /K - Qy(r,8). Moreover, Z A either acts t r i v ia l l y 

on Q Y ( r ,8 ) or Induces a fu l l set of scalars on Q Y ( r , 8 ) ; so In fact , QAK/K 

Is an LA submodule of QY ( r ,S) . One may now argue as In our proof of (2.4) 

and the proof of (3.4) of [12] that U_aK/K $ K j /K. So the Image of 

x_ a ( l )K /K In QY ( r ,S) affords the high weight space of an LA ' composition 

factor. 

Let s € 2 + ( L Y ) U { 0 } and 0 ^ f (x )€k [x ] such that x _ s _ r _ g ( f ( t ) ) 

occurs In the factor izat ion of x_ a ( t ) and such that s Is of minimal height 

w i th this property. (Say ht(O) = 0.) Conjugating x_ a ( t ) by an element of 

T A which does not central ize x_ a ( t ) , we obtain f ( c k t ) = c^ f ( t ) , for some 

integers k and £, and for all c£k* , t €k . Letting t = l , we have f(x) = 

a ^ x 5 - ^ for some aj_6k. Moreover, having chosen s of minimal height, 

x_ a ( t )x_ a (u ) = x_ a ( t+u) implies that £/k is a posit ive integral power of 

p. Let £/k = r. Then, by (2.4), ( s + r + 8 ) | T A = ra . Thus, ( r + 8 ) I Z A = ra and 

the LA ' composition factor of Q Y ( r ,8 ) afforded by the image of U_aK/K is 

isomorphic to ( I a ) r . 

We must now show that i f VIA is a tensor product of basic modules, 

then r = qj , for some 1. Let b € 2 + ( L Y ) U { 0 } be as in the f i r s t paragraph. 

So V0 = VT ( \ - b - r - 8 ) j± 0. Moreover, V0 $ [V ,Q A
2 ] , since QA < Kg 

implies that [V,QA
2 ] < [V,Kg2 ] . Since V0 £ [V ,Q A

2 ] , 

(V0 + [V ,Q A
2 ] ) / [V ,Q A

2 ] < V 2 (Q A ) X _ q . a , a Z A weight space, for some 

l< i<k. See (1.22) for the description of Z A weight spaces of V2(QA). 

Thus, ( r + 8 ) | Z A = q^a and r = q1 as desired. The statement of ( i i ) is clear 

and ( i i i ) fo l lows from (2.10).D 

(2.12). Suppose there exist dist inct T0,. . .,TmGTT(Y) - TT(LY), w i th 

( t £ , t £ + 1 ) < 0 for 0<£<m, (T£ ,ELY ) = 0 for 0<£<m, (T0 ,SLY ) ^ 0, and 

V-r (Qy) ^ 0- I f m = 1 and p = 2, assume ( t 0 , T 0 ) = (Tj_,tj_); i f m > 1 and Y 

has type F4, assume p > 2. Suppose there exists a unique p-power q such 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 35 

that (Icc)
cl is an LA" composition factor of Q y / K t . 

Then t - j lZ^ = 0 for i > 0. Also, i f Py" > By" is the parabolic 

subgroup of Y w i th Levi factor Ly" = <Ly, U ± t ,. . . , U ± t ), then PA < PY " , 

QA < Ru(Py") = Qy^ a n d Z A ^ Z(Ly^)° . 

I f , in addition, there exists a unique LA" composition factor of 

QY /KT isomorphic to ( I ^ ) ^ , then T^|TA = 0 for i > 0. 

Proof: We use induction on m. Let m = 1 and note that since 

( t 1 , S L y ) = 0, t 1 | T (L A ' ) = 0 and (2.10) implies that - t ^ is not involved in 

LA'. By (2.4), T 0 |Z A = qa and since QA < K t , (2.11) implies that there is a 

nontr iv ial image of I a in Qy(T0,Tj_). But Qy(T0 ,T1 ) = Q y / K t , as Ly' 

modules, so all LA* composition factors of Q y ( t 0 , T 1 ) isomorphic to a 

tw i s t of I a are isomorphic to (IQ.)12!. Thus, ( t 0+Tj_) |ZA = qa. Hence, 

T 1 | Z A = 0. The statements about the parabolic Py" are clear. 

Mow, suppose there exists a unique LA ' composition factor of 

Q y / K t isomorphic to (la)^. Let r1;. . . , r j £2 + (Y ) be such that 

x_ r (Cj_)--x_ r . (Cj)K t spans the high weight space of this composition 

factor. So r^ |TA = qa, for l <£< j . Then, there exists an LA ' composition 

series of Qy(T0 ,T1 ) such that x_ r _g(Cj_) ••• x_ r ._g(cj) affords the high 

weight space of the unique composition factor of Q y ( t 0 , T 1 ) isomorphic 

to (IQ.)0!. Thus, (r£ + T 1 ) |T A = qa, for 1 < £ < J . Hence, t 1 l T A = 0. 

Now suppose m> l . By induction, t ^ l T ^ = 0 = ••• = 0 = T m _ 1 l T A . 

Also, the parabolic subgroup Dy > By " w i th Levi factor 

My = (Ly, U ± t ,. . . , U ± t _) has the properties: PA < Dy ,Q A < Ru(Dy), and 

Z A < Z(My)°. Let K t < Ru(Dy) be as usual. Then QA < K t , as all LA ' 

composition factors of R u (Dy) /K t are t r i v i a l . Also, since (-rm ,ZLy) = 0, 

Tm |T(LA ' ) = 0 and (2.10) implies that - t m is not involved in LA \ Mote that 

the given hypotheses on Q y / K t carry over to R u (Dy) /K t ; i.e., i f Q y / K t 

has a unique LA ' composition factor isomorphic to a t w i s t of I a , then so 

does Ru(Dy)/KT . So we may argue as in the case m = 1 to obtain the 
m 

result. D 
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36 DONNA M. TESTERMAN 

In (2.11) and (2.12), the purpose of constructing the parabolic Py" 

is to point out that since QA < Qy", [V,QA
2 ] < [V, (Qy") 2 ] , and so there are 

many Ty weight vectors of Qy level greater than 1, which are not 

contained in [V,QA
2 ] . Often, this construction w i l l produce a V r (Qy~) 

which exceeds the bound in (1.25). 

Hypothesis (6): (i) There exists re*!T(Y) - TT(LY) w i th Q A K r / K r = 

Q y / K r and d i m ( Q A K r / K r ) = d im(Ia ) . 

( i i ) There exists 8<ETT(Y) - TT(LY) w i th ( r ,S ) < 0, (S,SLY) = 0, and 

( r , r ) = (S,8) when p=2. 

( i i i ) V r ( Q Y ) ^ 0. 

(iv) There exists a unique l < j < r w i th ( r ,SL j ) ^ 0. 

(v) LA ' = Lj , and q is the f ie ld tw i s t on the embedding of LA* in U. 

(vl) VIA = V ^ i ® . . . ^ y ^ k , where each V m is basic. 

(2.13). (a) I f Hypothesis (G) (i) holds, there exists a p-power r 

w i th r l T A = ra . I f ( i ) , ( i i i ) and (vi) hold, r = q1 for some l< i<k. I f ( i ) , ( iv), 

and (v) hold, q = r. 

(b) I f Hypothesis (G) (i) - ( i i i ) hold, S|TA = 0 and <X,r> - 0. 

Proof: Condition ( i ) , togethe r w i th (2.4), implies Qy /K^ = ( Ia)^as 

LA ' modules, for some p-power r. Comparing high weight vectors in the 

two modules, we have ^ | T A = ra . I f ( i i i ) and (vi) hold as we l l , then (2.4) 

implies that r = q̂  for some i. I f LA ' = Lj , let q be as in Hypothesis (G) (v). 

So i f TT(LA) = {>ij_,. . .>im} we may take TT(Lj) = ix±). . . T m } , such that 

Pj (h^ (c)) = h t (c^), for l<£<m and for all c£k* . Moreover, (a,>ig) = 

( r , t £ ) for all £, else Q^Kry/Kcy and Q y / K r are non-isomorphic p(LA ' ) 

modules. Thus, the high weight space, U _ r K r / K r , of Qy /K^ affords 

T(LA") weight - q a , and Q y / K r = ^cc^ ' a s L A " modules. Thus, q = r. Hence, 

(a) holds. 

Let S be as in Hypothesis (G) ( i i ) and r as in (a). Then (2.12) implies 
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8|TA = 0. Thus < X , r ) = 0, else f ^ v * and f r + g v + are two l inearly 

Independent vectors in Vy (X - rot), contradict ing (1.31). Thus, (b) 

holds. • 

(2.14). Assume Hypothesis (G). In the p-adic expansion of ( \ , a ) , 

q = q̂  has nonzero coeff icient. Moreover, i f p>2 when Y has type F4, Ly" is 

not a simple algebraic group. 

Proof: Note that Mj is nontr iv ial since V r ( Q y ) ^ 0, ( r ,SLg) = 0, for 

all £ ^ j , and (X,r) = 0, by (2.13). Choose £ 0 £ TTLn of minimal distance 

from r (on the Dynkin diagram) such that (X,J30) ^ 0. Then there exist 

d ist inct j31 ; . . . ,£ t£7TLj w i th (PaJSj + i ) * 0 for 0<£<t and (J3 t , r ) ^ 0. 

Also, there exist d is t inct a 1 ; . . . ,a t€ TT(LA) w i th J3 £ IT A = q^a^, for 0<£<t ; 

(a£ ,a £ + 1 ) ?f 0 for 0<£<t, (a t , a ) * 0, <X,a0) ^ 0, and <X,a f t> = 0 for 

0<£<t. Let s = J30+*** + Pt anc ' r ~ a o + ' " + cxt- T ^ e n f s + r v + anc ' 

f s + ^ + g v + are two l inearly independent vectors in (Vy (X - q^r - q^a) + 

[V ,Q A
2 ] ) / [V ,Q A

2 ] . But i f q̂  has zero coeff icient in the p-adic expansion of 

(X ,a ) , the indicated T A weight space in V2(QA) has dimension at most 1. 

(Here we use (1.22) and (1.29).) Thus, the f i r s t statement of the result 

holds. 

Mow, suppose Ly' is a simple algebraic group; then Ly' = Li. Also, 

assume p > 2 when Y has type F4. I f t G TT(Y) - TT(Ly) w i th ( t ,SLy) ^ 0, 

then Vy(Qy) ^ 0 and QA i K t . Also, Q y / K t is an irreducible Ly" module 

and so an i rreducible LA 'module. Thus, Q y / K t = Q A K t / K y . Comparing 

high weights, we have (T ,£ t ) ^ 0 and T lT A = q^a. Mow, i f T€ TT(Y) - TT(Ly) 

w i th ( t ,ZLy ) = 0, (2.12) implies T | T A = 0. Thus, we have completely 

determined the action of TT(Y) on TA . 

The work of the f i r s t paragraph implies Vy (X - q^a) ^ 0. Thus, 

there exists T0<E TT(Y) - TT(LY) w i th ( T 0 , S L Y ) * ° a n d ^ A 0 ) * °-

Moreover, there exists a unique T0 w i th these propert ies, else 

dimVy (X - q^a) > 1 , contradict ing (1.31). Mote that there does not exist 
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a nonzero vector w i th T A weight X - q0a for q0 & q^. Thus, VIA is a 

conjugate of a basic module, and so by (1.10), q^ = 1. Also, note that i f Y 

has type F4, the above work implies LY* = (U+Q ). 

We now claim that (X,a) = <X , t 0 ) . Certainly, x = <X,T0) < 

<X,a) = y, as 0 ^ ( ( f t ) x )v + € V7 (X - xa). But, in fact , x > y, else there 
U r\ 

does not exist a vector in V|Y w i th T^ weight X - yoc. By (1.29), 

dimVT ( X - r - a ) < t + 2 . By (1.34), dimVT ( X - s - T 0 ) > t + 1 . So 

dim(VT ( X - s - f 0 ) ffi VT ( X - s - r ) ffi VT ( X - s - r - S ) ) > t+3. But each of 

these TY weight spaces l ies in V j ( X - r - a ) , contradict ing the given 

bound. 

This completes the proof of (2.14).D 

(2.15). Assume Hypothesis (6) and let rank A = 2, w i th LA" = ( U + Q ) . 

Assume also that (A,p) is not special and not of type (62,2). 

(i) There does not exist t€TT(Y) - TT(LY), w i th T ^ r , such that 

( t ,2L j ) * 0, (T,SL£) = 0 for fi^j. 

( i i ) I f Y has type F4, assume p>2. Then, there does not exist 

t€TT(Y) - TT(LY)such that ( t ,8 ) < 0, (T,ZLY ' ) = 0. 

Proof: Let Lj = (U+JJ.) , for some J3j<ETT(LY). Then <X,J3j> * 0, as 

V r ( Q Y ) * 0, < X , r ) = 0 and ( 2 L £ , r ) = 0 for all ft^j. Suppose there exists 

T as in (i). Then, Hypothesis (G) implies that V t (Q Y ) ^ 0. So by (2.13), 

-T|TA = q^a, for some i. However, fQ. + 9 /V+ , fa .+ r + g v + and fQ. + q r v
+ are 

three l inearly independent vectors in (VT (X - q̂ J3 - q^a) + 

[V ,Q A
2 ] ) / [V ,Q A

2 ] , contradict ing (1.37). Thus, (i) holds. I f there exists t 

as in ( i i ) , (2.12) implies T|TA = 0. But then fp .+ r v + , fg .+ r + g v + and 

f 3.+ ^ + g + YV"*" are again three l inearly independent vectors in 

(VT (X - q ^ - q^a) + [V ,Q A
2 ] ) / [V ,Q A

2 ] . Again, this produces a 

contradict ion. Thus, ( i i ) holds.• 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 39 

We close this chapter w i th three technical results which apply only 

when rank A = 2. Hypothesis (G) Is no longer necessary. 

For (2.16) - (2.18), our only assumptions are that TT(A) = {a,J3}, so 

LA ' = ( U ± Q ) and JJLQ IS the fundamental dominant weight corresponding 

to J3. 

(2.16). Suppose dim(QA / [QA ,QA ]) = 2. Let r£TT(Y) - TT(LY) such 

that QA i Kry and L̂  has type A^., for some k^>l , for all 1 such that 

(EL^,r) ?f 0. Let Ŵ  denote the natural module for L ,̂ and suppose W^|LA' is 

tensor Indecomposable, for all such 1. If d im(Qy /K r ) > 2 and - r affords 

T(LA*) weight q0Ji£, then r l Z A ^ q0a. 

Proof: Suppose false. Let r-j be the f ie ld t w i s t on the embedding of 

LA" In L-j. Since, for each 1 w i th ( S L ^ r ) ^ 0, W1|LA* Is tensor 

Indecomposable, (1.10) Implies W^lp^L^) Is rest r ic ted. Then one checks, 

using (1.12) for SL2 , that for each SG1T(L 1 ) , a nonldentlty element f rom 

the group Us occurs In the factor izat ion of Pi(xg(t ) ) . So, s|TA = r ^ , for 

each such s. (We use (2.5) to see that the p-power is r^.) Thus U _ r 

affords the unique 1-space of Q y / K r w i th T(LA ' ) weight q0 j iR; anc l a ^ 

other T(LA ' ) weights in Q y / K r are s t r i c t l y less than q0 j iR. Also, let 

â  GS+ (Lp w i th - S a ^ - r €2~(Y), and such that Za^ + r has maximum height 

w i th these propert ies. Set r0 = Sa^ + r. Then, U_ r affords the unique 

1-space of Qy /K^ w i th T(LA ' ) weight -q 0 j iQ . Thus, x_ a ( t ) = 

x _ r ( c 1 t c l o ) u 1 and x _ a _ g ( t ) = x_ r ^ t ^ c O i ^ , for q 6k* and û  GK r . Mow 

since Qy/Ky Is an Irreducible Ly' module w i th high weight space 

U _ r K r / K r , there exists 8<ETT(LY) w i th [Ug,U_ r ] ^ 1. Clearly, Sen(L 1 ) 

for some 1 w i th ( S L ^ r ) ^ 0. The remarks about the factor izat ion of xo( t ) 

Imply that a nonldentlty element f rom the group U_ r + g occurs In the 

expression for [ xg ( t ) , x_ a _g( t ) ] . Since QA' < K r and d1m(QA/QA") = 2, a 

nonldentlty element f rom the group U_ r + g occurs In the factor izat ion of 

x_ a ( t ) . Thus, - r 0 + g = - r and 2r 1 = S. But then, Q y / K r = U _ r X U_ r _g , 
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contradict ing d im(Qy /K r ) > 2.D 

(2.17) Assume (A,p) is not special and (A,p) ^ (62,2). Suppose there 

exists r£TT(Y) - TT(Ly) such that the fol lowing hold: 

(i) There exists a unique pair l < i , j < r , w i th ( S L ^ r ) ^ 0 ^ ( 2L j , r ) . 

( i i ) L̂  is of type A 1 ; Lj is of type A k , for some k. 

( i i i ) VL ( - r ) = Wm or W m * , for m = i J , where Wm is the natural 

module for Lm. 

(iv) WilLA ' is tensor indecomposable. 

(v) Q A ^ K r . 

Then there exists q, a power of p, such that q is the f ie ld tw i s t on the 

embedding of LA ' in L-j and in Ln and 7\L^ = qa. 

Proof: Note that p > k. By (2.7), the f ie ld tw is t s on the embeddings 

of LA ' in L̂  and in Lj are equal. Let q be the associated power of p. Let \ia 

be the fundamental dominant weight corresponding to the root J3. Then 

the LA" composition factors of Q y / K r have high weights {q (k+ l ) j iQ , 

q ( k - l ) j i g } . I f k+1 < p, there exists a unique LA* composition factor 

isomorphic to a tw i s t of Q A
a ; moreover, this tw i s t is q and the result 

fo l lows from (2.4). I f k+1 = p, the LA" composition factors of Qy /K^ have 

high weights { p q u ^ , qCk-Dj ip} . I f A has type B2 or G2 and J3 is short the 

prime res t r ic t ions and the above argument imply the result. I f J3 is long, 

the result holds unless ^ I Z A = pqa. But since - r affords T(LA ' ) weight 

pqiiR; (2.16) implies that this cannot occur. Again the result holds.• 

(2.18). Assume (A,p) is not special and (A,p) ^ (G2,2). Let 

r,S € TT(Y) - TT(Ly) be such that S is long when p = 2 and the fo l lowing 

hold: 

(i) ( r ,S ) < 0, V r ( Q Y ) * 0 and QA < Kg. 

( i i ) There exists a unique i (respectively, j) such that ( S L ^ r ) ^ 0 

( (SU8) * 0). 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 41 

( i l l ) L ,̂ Lj and Wm are as in (2.17) ( i i ) and ( i i i ) . 

(iv) V L . ( - r ) = W-j or W-j* and VL.(-S) = Wj or Wj*. 

(v) Wj|LA ' is tensor indecomposable. 

Then, there exists q, a power of p, such that q is the f ie ld t w i s t on the 

embedding of LA ' in L̂  and in Lj and ( r + 8)|ZA = qa. 

Proof: Note that Qy /K^ is a 2-dimensional i r reducible LA ' module 

containing a nontr iv ia l image of Q A
a , so the prime rest r ic t ions imply that 

J3> is long. I f -S is involved in LA ' , then (2.10) implies k is even and 

8|ZA = 0. Let Py" > B y " be the parabolic of Y w i th Levi factor L Y " = 

<LY,U±g). Then PA < PY " , QA < Ru(Py") = Qy^ a n d Z A - Z(LY " ) . The bound 

on d i m V r ( Q Y " ) implies that p > k = 2. But since p > 2, 2 M R I T ( L A ' ) is not 

linked to the zero weight in the sense of (1.33); so we may assume -S is 

not involved in LA". Then (2.11) implies that there is a nontr iv ial image of 

Q A
a in Q Y ( r ,8 ) . The f ie ld tw is t s on the embeddings of LA ' in L̂  and in Lj 

are equal, else Q Y ( r ,8 ) is a tensor decomposable i rreducible LA" module 

of dimension greater than 2. Call this tw i s t q. Then, r l T A = qa. As in the 

previous resul t , we are done unless k+1 = p and ( r + 8)|ZA = pqa. 

So suppose k+1 = p and ( r + 8 ) | Z A = pqa. Let L̂  = ( U + R ) and 

rG2 + (L j ) the root of maximal height. Examining the T(LA ' ) weight vectors 

in Qy( r ,8 ) , we have x__a(t) = x_ r (c 1 t c l ) x_ r _g(c2 tP c 1)w 1 and x _ a _ o ( t ) = 

x _ r o . ( c3 t c l ) x_o r _g_ r ( c4 tP c l )w2 , where q £k* and w^ €K = < U_ t | 

t = S n t T , t€TT(Y), n r > l or ng> l or n£>0 for some e<ETT(Y) - n ( L Y ) , 

e?fr ,8). We have used here the fact that there is a unique LA ' composition 

factor of Q Y ( r , 8 ) isomorphic to (QA
a)Pc l. 

Now XpXt^) occurs in the factor izat ion of xg( t ) . This observation, 

together w i th the ear l ier assumption about the factor izat ion of xo( t ) , 

implies that there is a nontr iv ial contr ibut ion to the root group U _ r _ g _ r 

in the expression for [ x_ a _p ( t ) , xg ( t ) ] , which must occur in the 

factor izat ion of x_ a ( t ) due to the rest r ic t ions on the character ist ic . But 

this contradicts the given factor izat ion of x_a( t) .D 
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CHAPTER 3: Y = F4 or G2 

In this chapter, we consider the main problem where A < Y are 

simple algebraic groups, w i th Y simply connected, having root system of 

type G2 or F4. Let V = V(X) be an irreducible kY module and let T^ , Ty , 

X], Ui be as in (2.0). We f i r s t note that the fol lowing results were 

obtained in [12]: 

Theorem (7.1) (in [12]): I f rankA < rankY in Y of type G2 and VIA is 

i rreducible then A = PSL2, XITy = Xj_, X |T A = 6jij_ and p ^ 2,3,5. 

Theorem (4.1) (in [12]): If rankA = rankY, then VIA is i rreducible i f 

and only i f the fol lowing conditions hold: 

(i) p=2 when Y = F4 or p = 3 when Y = G2, and 

( i i ) S(A) is a subsystem of S(Y) containing all long roots 

(respectively, all short roots) of S(Y), and <X,oc) = 0 for all aGTT(Y) w i th 

a short (respectively, long). 

The remaining cases are handled in the fol lowing 

Theorem (3.0). (a) I f Y has type G2 and p ^ 2,3,5, there exists a 

subgroup A < Y, A = PSL2, such that V(Xj_)|A is a res t r ic ted 

7-dimensional i rreducible. 

(b) I f Y has type F4, rankA < rankY, and VIA is i r reducible, then A 

has type G2, p=7 and XIT^ = 2 j i i , XlTy = X4. 

(c) Let Y have type F4 w i th p = 7. Then there exists a closed, 

connected subgroup B < Y, B of type G2, w i th V O ^ I B irreducible. 

Proof of (3.0)(a) and (c): The proof of (c) is contained in [16]. For 

42 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 43 

(a), let Y be a simple algebraic group of type G2 w i th TT(Y) = { a 1 ) a 2 } ) 

labelled as throughout, w i th irreducible module V = V(X1 ) . Assume 

p ^ 2,3,5 and consider the subgroup A = <xa ( t ) , x_ a ( t ) I t £ k ) , where 

x a ( t ) = x a i ( 6 t ) x a 2 ( 1 0 t ) x a i + a 2 ( 3 0 t 2 ) x 2 a i + a 2 ( 1 2 0 t 3 ) x 3 a i + O C 2 ( - 5 4 0 t 4 ) -

X 3 a 1 + 2 a 2 ( " 2 1 6 0 t 5 ) a n d X-a<t> = X - a ^ X - a ^ X - ^ . ^ - ^ ) . 

x - 2 a r a 2 « 1 / 3 ) t 3 ) x - 3 a r a 2 « 1 / 4 ) t 4 ) x - 3 a r 2 a 2 « - 1 / 1 0 ) t 5 ) - Considering 

f i r s t the action of L(Y) on V, we obtain the fo l lowing description of the 

root groups of G2 (in SL7), where we use E^ to mean the matr ix whose k£ 

entry is S^S™ and w r i t e I for the identi ty matr ix: 

x t t i ( t ) = I + t ( E 1 2 + 2 E 3 4 - E 4 5 + E67) - t 2 E 3 5 ; 

x _ a a ) = I + t ( E 2 i + E 4 3 - 2 E 5 4 + E76) - t 2 E 5 3 ; 

xa2(t) = I - t(E23 + E56); x_a2(t) = (xa2(t))t); 

Xcn+a^ ) = I + t ( E 1 3 - 2 E 2 4 - E 4 6 - E57) + ^E26; 

x - a r a 2 ( t ) = I + « E 3 1 - E 4 2 - 2 E 6 4 - E75) + t ^ ; 

X2a 1 + a 2 ^) = I + « 2 E 1 4 + E 2 5 + E 3 6 - E47) - t 2 E 1 7 ; 

x - 2 a r a 2 ( t ) = I + t ( E 4 1 + E 5 2 + E 6 3 - 2E7 4 ) - ^E7±] 

X3a1 +a2^) = 1 + « E 1 5 " E 37^ X-^ara2^ = <x3ai+CC2(t))T; 

X3a1 +2a2^) = l + t (E 1 6 + E2 7) ; x_3cCi_2oC2(t) = (x 3 a f f 2 c C 2 ( t ) ) T . 

Let P be the diagonal matr ix d iag(360,60, -12, -3 ,2 , -12, - l ) . Then 

one checks that P _ 1 x a ( t )P (respectively, P _ 1 x_ a ( t )P) is the 7 X 7 matr ix 

obtained by considering the action of r1 ^ (respectively, r1 °]) on the 

irreducible 7-dimensional module w i th ordered basis { x 6 , x 5 y ,x 4 y 2 , x^y^ , 

x2y4,xy5 ,y6 } and action [a b](x1yj) = (ax+cy)i(bx+dy)J. Hence, A = PSL2, 

VIA is i rreducible w i th the correct high weight and (3.0)(a) holds.• 

For the remainder of this chapter, let Y = F4. The proof of (3.0)(b) 

involves a s t ra igh t fo rward reduction to the case where rankA = 2 and 

then a detailed study of the possible embeddings of a maximal parabolic 

subgroup of A. We adopt Notation and Hypothesis (2.0), and note that since 

all components of Ly" are necessarily of classical type, (1.5) implies 
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44 DONNA M. TESTERMAN 

Z A < Z y . 

Suppose p=2. Then there Is a surjectlon (Isomorphism of abstract 

groups) P̂: Y —> Y. (See Section 10 of [14].) We may consider V as a 

module for ^ _ 1 ( Y ) . 

(3.1). Assume V Is p-baslc. Then V |^ - 1 (Y ) Is an algebraic conjugate 

of a basic module. (See (1.8) for the def ini t ion of basic and p-baslc.) 

Proof: This fol lows from (2.2) of [12].D 

Hypothesis: I f p=2, we w i l l assume X|Ty has short support; i.e., VIY 

is basic. For i f X has both long and short support, V|Y is tensor 

decomposable, by (1.7). I f X has long support, the above remarks and (3.1) 

give rise to a configuration (v~~HA),w~Hv)y), where V i s a conjugate of a 

basic module. But then, we reduce to ( lf~1(A),4 )~1(Y),W), where W is basic. 

(3.2). I f rank A = 3 and LA ' is of type B2 ( = C2), then dimV1(QA) = 1. 

Proof: Since Py Is minimal, Ly' = (U+Q ,U+Q ). Also, i f p > 2, 

Qy/Kg and Qy/Kp are nonisomorphic irreducible LA 'modules. Thus, 

QA < K£ or QA < Kj3 and (2.3) implies dimV1(QY) = dimV1(QA) = 1. Thus, 

i f dimV1(QA) > 1 , p = 2 and XlTy = ^ 3 or X3+X4. Using induction to 

determine the possible labellings of VIA, we see that either X\Jy = X 4 , 

w i th X |T A = qji2> ^ 3 o r Q±tt± + 9^3, or \ | T y = X3 + X4, w i th 

X |T A = qja 1 + qM2 o r qM3- (Here q and qj_ are dist inct p-powers.) But 

Table 1 of [5] implies that dimVlA < dimVlY in each case. Hence, 

dimV1(QA) = l.D 

(3.3). I f rank A = 3 and LA" is of type A 2 , then dimV1(QA) = 1. 

Proof: Suppose false; i.e. suppose dimV1(QA) > 1. We f i r s t note 

that size rest r ic t ions imply that Ly* is a simple algebraic group. I f p >2, 

(2.14) implies Ly' is not of type A2 . Thus, the Main Theorem of [12] and 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 45 

the above remarks Imply p = 3 and Ly' Is of type B3. However, the LA ' 

composition factors of Qy/Kg have dimensions 1 and 7, while d im(QA
a ) = 

3 or 6. Thus, QA < Kg . But V g (Qy) ^ 0, contradict ing (2.3). Mow i f p = 2, 

induction and the labell ing of V|Y imply Ly' = (U+g ,U+g ). Using (3.2), 

(1.23) and Table 1 of [5 ] , we find that dimVlA < dimVlY in every case. 

Hence, dimV1(QA) = l.D 

The above results imply rank A = 2. For the remainder of this 

chapter we use the fo l lowing 

notation: Let TT(A) = {oc,J3} and TT(LA) = {£ } . Let j i a (respectively, 

j i g ) denote the fundamental dominant weight corresponding to a 

(respectively, J3). We w i l l also use j i g to mean j ig|T(LA"). 

(3.4). There are no examples (A,Y,V) in the main theorem w i th 

p = 2, A simple, Y of type F4 and rank A < rank Y. 

Proof: Suppose false. Then (3.2) and (3.3) imply rank A = 2. By [8 ] , 

dimVlY = 26, 246 or 4096 and dimVlA = 8 k - 3 £ , 4 m , 6 r - 1 4 s - 6 4 t , where A 

has type A 2 , B 2 , G2 respectively and k ,£ ,m, r ,s , t€Z + . So XlTy = X^+\4. 

I f A has type A 2 , ^ I T A = (q^ + q 2 + q j + q4)( j i i+M2) f o r d ist inct 

p-powers qj_, q 2 , q 3 and q ^ Thus, for a fixed maximal parabolic PA , 

dimV1(QA) = 16. But there is no parabolic Py of Y w i th dimV1(Qy) = 16, 

contradict ing [13]. Thus, A must have type B2 or G2. 

Suppose A has type B2. Let PA be a maximal parabolic of A w i th 

dimV1(QA) > 1. By the main theorem of [12] , dimV1(QA) = 2, 4 or 8. In 

fact since dimVlA = 4096, we must have dimV1(QA) = 8, else dimVtA < 

dimVlY. So Py (as in Hypothesis and Motation (2.0)) has type B3. However, 

Qy/Kg is then an 8-dimensional i rreducible LA ' module and hence cannot 

contain a nontr iv ia l image of Q A
a , contradict ing (2.3). 

Finally, we must consider the case where A has type G2. The above 

remarks imply X IT A = ( q 1 + q 2 ) ( j i i + j i 2 ) f o r Ql a n c ' cl2 d ist inct p-powers. 
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Mow let PA be the maximal parabolic of A w i th Levi factor LA = ( U + R ) T A 

where J3 is long. By induction, Py has Levi factor of type B2. However, 

Qy/Ko is then a 4-dimensional i rreducible LA ' module which cannot 

contain a nontr iv ia l image of Q A
a . But this contradicts (2.3).D 

(3.5). (i) I f <X,J3) ^ 0 and Ly' is quasisimple, then (A,p) = (G2>3), Ly' 

has type Aj_ and TT(Ly) ?f {£3 } or A has type B2, Ly' = <U+Q ,U+Q ) and £ is 

short. 

( i i ) Assume J3 is long, unless (A,p) = (62,3), in which case £ is 

arb i t rary . I f Ly' = L^ X L2 , for L̂  a simple algebraic group w i th V1(Qy) = 

M1®M2 where Mj is an irreducible kL^ module, then at most one of M^ and 

M2 is nontr iv ia l . 

Proof: Suppose (\,J3) ^ 0 and Ly' is a simple algebraic group. 

Since p > 2, i f rank Ly' = 1 , there exists r € TT(Y) - TT(Ly) such that 

V r ( Q Y ) j± 0 and d i m ( Q Y / K r ) = 2. So i f (A,p) j± (62 ,3) , ]3 must be long. 

Also, (3.4) and (2.14) imply that either (A,p) = (G2,3) or Ly* = <U±£ >. I f 

LY ' = (U±j3 ), then V^ (QY) * 0 so QA $ KJJ . But Qy/K^ is a 

3-dimensional i rreducible LA ' module, while dim(QAf<Q /Kg ) = 2. Thus, 

i f rank(Ly') = 1, (A,p) = (G2,3) and Ly' & <U±g ). I f rank(Ly') = 2, we use 

the condition that each Q y / K r have an LA ' composition factor of 

dimension d im(QA
a ) , for r€TT(Y) - TT(LY) w i th V r ( Q Y ) * 0. This results 

in the second configuration of (i). 

I f LY ' has type B3, the LA ' composition factors of Q Y / K Q are of 

dimensions 1 and 7. Hence, Ly' is not of type B3. Thus, Ly' has type C3. 

Since QA % Kg , Qy/Kg must be a reducible LA ' module. Hence, by (7.1) of 

[12] , V1(Qy) is isomorphic to the natural module for Ly'. Moreover, 

( \ ,J3J_) = 0 else the bound on dimVg (Qy) is exceeded. Thus, \ | T y = X4 

and dimVlY < 26. However, <X,J3> = 5-q^ or qj_ + 2q2,for q^ and q2 

dist inct p-powers. Applying (1.23) when A has type A 2 , we see that 

dimVlA > dimVlY. Contradiction. This completes the proof of (i). 
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Let Li and M̂  be as In (11), and suppose M<j_ and M2 are both nontr lv la l . 

Let q^ be the f ie ld t w i s t on the embedding of LA ' In L̂  for 1 = 1,2. (This is 

wel l -def ined as L̂  has type A^ or A2.) Then q^ ^ q 2 by (2.5) and (2.6). 

Suppose there exists r € TT(Y) - TT(LY) such that ( r , ^ ) ^ 0 for i = 1, 2. 

Examining the L^' composition factors of Q y / K r and recal l ing that p > 2, 

we reduce to TKLy) = { j^ i^3^4>. Temporari ly assume (A,p) ^ (G2,3). The 

LA ' composition factors of Qy/Ka have high weights (q^_ + 4q 2 ) j i g and 

q^MR' i f P = 3 and qj_ = 3q 2 , the composition factors have high weights 

(2q 1 + q 2 )M£, q2^J3 a n d QlMp- T h u s > i f P^3, £ 2 I Z A = q ^ . I f p = 3 and 

q^ = 3 q 2 ; £ 2 I Z A = q^a or q 2a. We notice that a nonidentity element f rom 

the set U_Q # U_R -a must occur in the factor izat ion of some element in 

QA ~ QA"> s i n c e (^>$±) * 0- Since - £ 2 (respectively, - £ j _ - £ 2 ) affords 

T(LA ' ) weight (q^_ + 4q2 ) j iR (respectively, (-qj_ + 4q 2 ) j iQ) , (2.4) implies 

p = 3, qj_ = 3q 2 and J32IZA = q2oi. We also note that a nonidentity element 

f rom the set U_g • U . Q _g -U o _O O must occur in the factor izat ion 

of some element in QA - Q/\, since M2 is nontr iv ia l . However, - £ 2 - £ 3 

(respectively, -$2~?>'3~P>4^ affords T(LA ' ) weight ( q 1 + 2q 2 ) us = 5 c l 2^B 

(q1 | iR - 3^2^(5^ contradict ing j ^ l ^ A - c l2a-

Mow suppose (A,p) = (G2,3) w i th TT(Ly) = {J31,^3,j34> and q 1 ; q 2 as 

above. Consider the action of LA ' on the 25-dimensional res t r ic ted 

i rreducible kY module, ViX^). There is a 6-dimensional LA ' composition 

factor w i th high weight (\-$2~$3~P>4^T(L£). However, there is no LA" 

module of dimension 25 affording such an L^' composition factor. 

Now suppose TT(Ly) = {J31;^4} and assume (A,p) ?f (G2,3). Then QA i 

Kg , for k = 1,4, and we find that £ 2 I Z A = qj_a and J3^|ZA = q 2 a (or vice 

versa). But this contradicts (2.8). I f (A,p) = (G2,3), again consider the 

action of LA ' on V O ^ ) . There is a 4-dimensional LA ' composition factor 

w i th high weight (X- j32 -2 j33- j34) lT(LA ' ) . Mow argue as before to produce 

a contradict ion. 
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48 DONNA M. TESTERMAN 

(3.6). Assume J3 Is long unless (A,p) = (62,3), in which case J5 is 

arb i t rary . I f (\,J3) ^ 0, one of the fol lowing holds: 

(a) (A,p) * (62 ,3) , H(LY ) - {Pi,P3>, <X,Pi> < 2, <X,p2+J33> = 0. 

(b) (A,p) * (62 ,3) , TT(LY) = -CPi,P3>, <X,Pi> = 0 = <X,p2>. 

(c) TT(LY) = <Pi,P4>, <X,£i>-<X,p4> = 0 and QA ^ Kp and QA ^ Kp 

(d) (A,p) - (G2>3), TT(LY) - <Pi,P3> and <X,p1>.<X,p3> = 0. 

(e) TT(LY) = {£1;£3,J34}, X|TY = X 4 , (A,p) * (62>3). 

(f) H(LY ) = {£i,P2 '£4>' ^ | T Y = c X 4> c ^ 2> <A>P) * (G2,3). 

(g) H(LY ) = {J31,J32,J34}, X|TY - X 2 , (A,p) * (62 ,3). 

(h) (A,p) = (G2,3), LY ' has type Â _ and TT(LY) ^ {J33K 

Proof: By (3.5), either (h) holds or LY" has type Aj_XAj_ or A ^ X A 2 

wi th only one component acting nontr iv ia l ly on V1(QY). 

Case 1: Suppose LY ' is of type Aj_ X Aj_. 

Applying (1.15), we see that TT(LY) & {£2,J34}. Consider the case 

TT(LY) = {Pi,P3} and (A,p) ^ (G2,3). We claim that <X,£2> = 0. Otherwise, 

a nonidentity element f rom the root group I L Q occurs in the 

factor izat ion of some element of QA - QA \ But then £2 ' Z A " c l a ^ where 

-p>2 affords T(LA ' ) weight qj iR, for some p-power q. This contradicts 

(2.16). Finally, the condition <\,J3 j_) < 2 in (a) fo l lows by considering the 

bound on dimVp (QY) given in (1.25) and the LY ' composition factor in 

Vj32(QY) afforded by f ^ + ^ v * . Now, If TT(LY) = {^1,j34>, p > 2, (2.10) and 

(2.11) imply that QA i Kg for k = 2,3. This completes the consideration 

of Case 1. 

Case 2: Suppose LY ' is of type A^ X A2 . 

Assume for now that i f A = 6 2 , then p ^ 3. I f TT(LY) = {J31,p3>J34}J 

(1.35), (1.36) and the bound on dimV o ( Q Y ) given in (1.25) imply that 

\ | T Y = \A. I f TT(LY) = { ^ j ^ J ^ } , (1.36) and the bound on dimV^ (QY) 

imply that \ | T Y = X 1 ; X 2
 o r c^4> f ° r c < 2. Recall that X|TY & Xj_. 

It remains to consider the case where A = 6 2 , p = 3 and LY ' has type 

A 1 XA 2 . Note that when p = 3, G2 i rreducibles have dimensions 7 k -27^ for 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 49 

k, £ G Z + . Suppose TT(LY) = {J5i,P3,j54}. I f Ck,$±) * 0, (1.36) and the bound 

on dimVo (QY) of (1.25) imply < \ , £ 2 ) = °- S i n c e X\T y ^ X 1 , we have 

X | T Y = 2 X 1 . However, by [8 ] , dimVlA ?f dimVlY. Hence, (\}p>±) = 0. Again 

the bound on dimV o ( Q Y ) and (1.35) imply <X,J32) = 0. So X|TY = X3 or 

X 4 and by [8] dimVlA * dimVlY. So TT(LY) ^ {J31,J33,^4}. 

Finally, we note that i f (A,p) = (62 ,3) , w i th TT(LY) = {J3L]32,j34}, then 

in the action of LA ' on the 25-dimensional i rreducible kY module, V(X 4 ) , 

there are no 1-dimensional LA ' composition factors. But every 

25-dimensional kA module has 1-dimensional LA ' composition factors. 

This completes the proof of (3.6). 

(3.7). A is not of type A2 . 

Proof: Suppose false; choose J3 such that <X,J3> ?f 0. Then (2.9) 

rules out the configuration described in (c) of (3.6). Apply (1.23) in the 

remaining cases to obtain a precise description of X|TA . Then (1.26) and 

the methods of (1.30) and (1.32) imply dim VIA < dim V|Y in the 

configurations of (a), (f) and (g). I f X|TY = \ 4 and X|T A = q(2jjL0C + 2 j i g ) 

as in (e), we must use (1.33) and Table 1 of [5] to see that the dimVlA ^ 

dimVlY. Thus, we have reduced to X|TY = c\^ + x \ 4 , for 0<c<p, 0 < x < p 

and X |T A = q ( c j i a + c j i o ) , the configuration implied by (b) of (3.6). 

However, dimV2(QY) > dimV2(QA). Contradict ion.• 

(3.8). I f A is of type B2 and £ is short, then (X,p>) = 0. 

Proof: Suppose false; i.e., suppose (X,J3) ?f 0. Then (3.4), (3.5) and 

(7.1) of [12] imply that each component, L^, of LY ' has type Ak. for some kj 

and i f k-j > 1, Mj is isomorphic to the natural module (or dual) for L .̂ 

However, we also have h g ( - l ) € Z ( A ) < Z(Y) = 1; so in fact , LY ' is 

quasisimple and by (3.5), LY ' = (U+Q ,U+R ). In this case, 
Q A K £ / K £ = Q Y / K £ and (2.3) and (2.13) imply < \ , j3 3 +£ 4 > = 0. Thus, 

X|TY = X 2 . Also, (3.6) implies X |T A = 2qjiQ + c q 0 j i a , for some p-powers 
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50 DONNA M. TESTERMAN 

q and q0 and c = 0 or 2. By (1.26) and [8 ] , dlmVlA < 140 < dimVlY. 

Contradiction.D 

(3.9). A is not of type &2-

Proof: Suppose false. Then (3.8) implies that i f <X,J3) ^ 0, then j j 

is long. So (3.6) gives the possible Levi factors, Ly, of Py. Using (1.26) to 

obtain an upper bound for dimVlA, we see that (3.6)(b) or (c) holds. I f 

(3.6)(b) holds, so XITy = CX3 + x X 4 , for p>c>0, p>x>0 and X |T A = cqjiR 

for q a p-power, then dimV2(Qy) > dimV2(QA). Thus, (3.6)(c) holds. 

Suppose X|Ty = c\±+ xX 2 +yX 3 , for c > 0, x,y > 0 and X |T A = cq i i g , 

for q a p-power. We f i r s t claim that x = 0 = y. For otherwise, applying 

(2.3) and (2.13), we f ind that #2 lT A = q0a or ]33ITA = q 0a, for q0 some 

p-power. Thus, fo V + or f o v + is a nonzero vector in V j (X - q0a). But 

<X,a) = 0. So we now have X|Ty = cXj_. I t requires an easy check to see 

that dimV2(QY) = dimV2(QA) in this case. Thus [V,QA
2 ] = [V,QY

2 ] . Also, 

dimV3(QA) < 2c. But i f c > 1, f2 j j +2B v + a n c ' f B + B + B v + a f f ° r d Ly' 

composition factors in V^(Qy) of dimensions c - 1 and 2c, respectively. 

Thus, c = 1. But then dimVlA < dimVlY. 

Thus, i t remains to consider Ly' = <U+R ) X (U+Q ), X|Ty = x X 2 + 

y X j + CX4, X |T A as above. But the same argument as above implies 

x = 0 = y and c = 1. So dimVlA < dimVlY. Contradiction. 

(3.10). Let A be of type G2. Then p ^ 3. 

Proof: Suppose false; choose J3 € TT(A) such that <X,£) ^ 0. Then 

(3.6) implies Ly' = (U+JJ ) for k = 1 , 2 or 4 or Ly' = (U+JJ.) X <U+^.> for 

{i,j> = {1,3} or {1,4}. In the la t ter case, ( X , ^ ) = 0 or <X,j3j> = 0. In 

part icular , i f <X,££> < 1 for all ft, then dimVlA = 7 or 49 and dimVlA < 

2 7 2 in any case. Now [8] implies X|Ty ^ X k for any k. Also, X|Ty ^ 2X|< 

for any k. For otherwise, [8] and (3.5) imply X|TY = 2X 2 . But then (1.38) 

implies dimVlA < dimVlY. Using (1.32) we see that dimVlY > 49. So there 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 5 1 

exists 1 < j < 4 w i th <\,J3j> = 2. Let W0 be the stabi l izer In W of X. I f 

rank W0 = 1, counting only the conjugates of VT (X) and VT (X-J3 0 (where 

<X,J3i) = 2) we see that dimVlY > 27 2 . Thus, rank(W0) = 2. It Is now a 

check to see that dimVlY > 2 7 2 In every case, completing the proof of 

(3.10).D 

(3.11). Let A be of type G2 w i th short roc j3. If <\,£> ^ 0, then 

Ly' = (U±j3 ) X <U±£ ,U±p ), p = 7 and X|TY = \ or X|TY = 2\±. 

Proof: By (3.5) and (3.10), Ly* Is not a sir )le algebraic group. 

Consider f i r s t the case where Ly' has type Aj_ : A2 . I f r£TT(Y) - TKLy), 

Qy/KrK contains an LA" composition factor iso orphic to a tw i s t of Q A
a 

only i f the f ie ld tw i s t s on the embeddings of LA" in the two components 

are equal. Also p > 2 implies V r ( Q Y ) ^ 0 for r£TT(Y) - TT(Ly). Thus, 

(2.3), (2.5) and (2.6) imply that only one component acts nontr iv ia l ly on 

V1(QY). 

Suppose TT(Ly) = {^1,J33,p4}. In the action of LA* on the 

26-dimensional kY-module w i th high weight X^} there w i l l be a 

5-dimensional composition factor. The only 26-dimensional kA module 

affording this is a conjugate of the i rreducible kA module w i th high 

weight 2j_ig when p = 7; hence, the prime res t r i c t ion of the result. 

Continuing w i th Ly" as above, using (1.36) and the bound on dimVo (Qy) 

given in (1.25), we reduce to the configurations of the result. 

Consider now the case where TT(Ly) = { j ^ J ^ m h Since QA i KQ , 

the f ie ld tw is t s on the embeddings of LA ' in (U+Q ) and in (U+Q ,U+Q ) are 

equal. Consider the action of LA ' on the 2 6 - dimensional i rreducible kY 

module, V O ^ ) . One checks that there are two 4-dimensional, three 

3-dimensional, four 2-dimensional and one 1 - dimensional LA ' 

composition factors. But there is no 26-dimensional kA module affording 

such an LA" composition series. Hence TT(Ly) ^ {^1,j32;^4>. 

It remains to show that Ly' does not have type A^XA^. Since 
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52 DONNA M. TESTERMAN 

dim(QA
a ) = 4, TT(LY) * Oi,P4>- If TT(LY) = {J32,£4} (respectively, 

{£<]_,J33}), QA < Kjj (respectively, K^ ). But then p > 2, (2.10) and (2.11) 

produce a contradict ion. This completes the proof of (3.11). 

(3.12). Let A be of type 62 w i th j3 long and a short. Then <X,a> ^ 0. 

Proof: Suppose ( \ ,a> = 0. Then (X,J3) ^ 0 for J3 the long root. 

Recall, by (3.4) and (3.10), p > 3. Thus, (3.6) and (1.10) imply that VIA is 

basic. Consider the configuration of (3.6)(c); the above remarks imply 

that J32ITA = a = P3lTA> w h i l e P l | T A = J3 = -MTA- S o ^ . ^ 2 + ^ 3 ^ = ° 

since <X,a> = 0. Now, VT ( \ - 2 ^ 1 - 2 J 3 2 ) f f l V T <X-J3 ±-J3 2 -^ 3 -J3 4 ) ffi 

V T A ( ^ - ^ 2 - ^ 3 - 2 ^ 4 ) © V T A ( ^ - 2 J 5 3 - 2 ^ 4 ) ® V T A ( ^ - 2 ^ 1 - ^ 2 - ^ 3 ) * 

VT (X-2a-2J3). I f <X,f3> > 1 (so (\,p>±) > 1 or <X,j34) > 1), the last 

weight space has dimension 2 while the sum of weight spaces in VIY has 

dimension 3. So (\,$) - 1 and dimViA < dimVlY. Thus, (3.6)(c) does not 

hold. 

Using (1.30), (1.26) and [8] , we may argue that dimViA ^ dimVlY in 

ther configurations of (3.6) (a), (e), (f) and (g). Thus, the only possible 

configuration is as described in (3.6) (b); Ly' = (U+g ) X (U+R >, X|TY = 

c X j + x \ 4 , c > 0, x > 0 and X|T A = CJIR. However, dimVn (Qy) + 

dimVp (Qy) exceeds the bound on dimV2(QA). Contradiction. 

Proof of (3.0)(b): Under the hypotheses of (3.0)(b), results (3.2) -

(3.12) imply that A = G2 and p > 3. Let j3 6 TT(A) be short, so by (3.12), 

(\,$) y£ 0. As we l l , by (3.11), TT(LY) = {^1^3 ,J34} , p = 7 and X|TY = ^ 4 or 

XlTy = 2X 1 . In each case, <X,J3> = 2q, for q a p-power. I f X|TY = X4, 

dimVlY = 26, so C\.,a> = 0, else the methods of (1.30), (1.32) and (1.35) 

imply dimViA > dimVlY. Then (1.10) implies the result of (3.0)(b). I f X|TY 

= 2\±, then <\,oc> * 0, else by (1.26) and [8] dimViA < dimVlY. Thus (3.6) 

implies that < \ ,a ) = 2q 0 , for a p-power q0 . But then dimViA ?± dimVlY, by 

[8]. This completes the proof of (3.0)(b).D 
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CHAPTER 4: THE ONE COMPONENT THEOREM 

Let A < Y be simple algebraic groups, w i th Y simply connected, 

having root system of type En and w i th rank Y > rank A > 2. In this 

chapter, we prove a result which is a useful tool in finding the 

configurations of the Main Theorem when rank A > 2. Throughout this 

chapter, we adopt Hypothesis and Notation (2.0), w i th the fol lowing 

additional rest r ic t ions: If A has type B m , Cm or F4, then p>2. The result 

we prove is the fol lowing: 

Theorem 4.0. I f , in addition to the above hypotheses, Ly" is a simple 

algebraic group of type Ak or Dk, for some k, and i f dim V1(Qy) > 1, then 

the pair (A,LA*), (Y,Ly*) is one of the fol lowing: 

(i) (C4 ,C3), (En ,A5); 

( i i ) (C4 ,A3 ) , (E6 ,A5 ) ; 

( i i i ) (F4 ,C3) , (E6 ,A5 ) ; 

(iv) (F4 ,B3 ) , (E6 ,D4); 

(v) (C5 ,C4), (E 8 ,A 7 ) ;o r 

(vi) (C3 ,C2), (E8 ,D5), p=5, L y = <U+p |1<1<5>, and X|TY = X i -

Moreover, in each case, i f p: L^—>Ly is the natural homomorphism, the 

pairs p ( t y ) < Ly' occur as natural embeddings of classical groups. 

Remarks. 1. Under the hypotheses of Theorem (4.0), we see that 

V r ( Q Y ) * 0 for all r6TT(Y)~TT(LY) such that ( r .SLy ) * 0. (See (1.24).) 

2. The hypotheses of Theorem (4.0) and (1.5) imply that Z A < Zy. 

53 
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(4.1). Under the hypotheses of Theorem (4.0), LA ' ¥ Ly' 

Proof: Suppose false. Let q be the f ie ld tw i s t on the embedding of 

LA ' In Ly'. Then, since dist inct Ly ' - l r reduclb les res t r i c t to d ist inct LA" 

Irreduclbles, Q Y / K r = (Q^)^ as LA ' -modules, for all r e TT(Y)-TT(LY) 

such that ( r , 2 L y ) ^ 0. In part icular , If r j _ , ^2 are two such roots, 

- ^ K T y n L y ' ) = - ^ K T y n L y ' ) . Also, (2.14) Implies that there does not 

exist S £ TT(Y)-TT(Ly) w i th (S^Ly ) ^ 0. Thus, Ly' must be a maximal 

parabolic of Y. So rank A = rank Y. Contradict ion.• 

(4.2). Assume Ly" has type Ak for some k, W Is the natural module 

for Ly', and W|LA' = (Q^a)^ or W*|LA ' = ( Q ^ ) ^ for some p-power q. I f 

d1mV1(QY) > 1, then (4.0) (1) or (v) holds. 

Proof: By (4.1), A does not have type A m , for any m and I f A Is of 

type Bm , LA ' does not have type A m _ 1 . 

(4.2.1) (A,LA ') Is not of type (B3 ,B2). 

Proof: Suppose false. By assumption, p>2 and Ly' = A4. Theorem 

(8.1) of [12] Implies that there does not exist r £ TT(Y)-TT(LY) w i th 

( r , S L Y ) j± 0 such that Q Y / K r s WAW or W*AW*. Hence Y = E7 or E8 and 

Q Y / K r = W or W* for all r e TT(Y)-TT(LY) w i th ( r , I L Y ) * 0. So In 

par t icu lar , Q A K r / K 9 / = Q Y / K r for such r. Thus, I f q Is the f ie ld tw i s t on 

the embedding of LA ' In Ly", (2.13) Implies r l T A = qa for all 

reTKY)-TT(Ly) such that ( r , 2 L Y ) * 0. In addition, (2.12) Implies 

T|TA = 0 for all f £TT(Y)-TT(LY) such that (T,2LY) = 0. Finally, note that 

for all J3£TT(LY), £ |T A = q^i for some >iG TT(LA). 

By Theorem (8.1) of [12] , V1(QY) ^ W (or W*) or V1(QY) s WAW (or 

W*AW*). Thus, <X,a> * 0, else by (1.26) and (1.32), dim VIA < dim V|Y. So 

there exists r G TT(Y)-TT(LY) such that ( r , 2 L Y ) * 0 and ( X , r ) ^ 0, else 

there Is no vector in V|Y w i th T A weight X - q0a. (See the preceeding 

work describing the res t r ic t ion of JĴ  to T A for l<1<n.) These remarks, 

together w i th (2.13), imply that TT(Ly) = {J34,£5,J36,j37} w i th <X,P2> ^ 0 i f 
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Y = E7 or < \ 3 p 2 + £8^ *• 0 I f Y = E8. We now argue that V1(QY) = W or W* 

For I f V 1 ( Q Y ) = WAW or W*AW^ we f i r s t pass to the parabolic Py" of 

(2.12), where PY " has Levi factor LY~ = <LY,U±£ ). I f (X,J32) * 0, then 

<X,J35> = 1, else fo v + and f 3 4 5 6 v + af ford (L Y " ) ' composition factors of 

V 2 ( Q A ) x - q a , exceeding the bound of (1.22). With <X,j35> = 1, f^ v + 

affords an ( L y T composition factor of V 2 ( Q A ) } ~ a of dimension 40 

unless p=3, in which case the composition factor has dimension 30. (See 

(1.34).) As we l l , f345V+ affords an ( L y T composition factor of dimension 

20. Hence, p=3. But then (1.34) implies that dimVT CX.-J32-£4-J35) = 3, 

whi le the mul t ip l i c i ty of this weight in the f i r s t composition factor 

mentioned is only 1. So the bound on d imV 2 (Q A ) ^_q a is exceeded. We may 

argue s imi la r ly i f Y = E8 w i th (\,$Q) ^ 0. Hence, V1(QY) = W or W*. 

Using (1.34) careful ly, as above, we find that the bound on 

d i m V 2 ( Q A ) ^ _ q a is again exceeded unless Y = EQ w i th XITy = X7 + y \ g ; for 

some y>0. Now there does not exist a vector in V|Y w i th weight X - q 0 a , 

for q 0 ^ q , so VIA is a conjugate of a res t r ic ted module and hence by (1.10), 

\ | T A = aji1+M2 f ° r s o m e 0<a<p. Since ((fo )y)v+G V-j- ( \ - y a 1 ) , y < a. 

But i f y<a, there is no vector in V|Y w i th T A weight X-aaj_. So y = a. 

Now, let L0 = <U±Q I 3<k<8), a group of type A5 w i th natural subgroup, B, 

of type B3. We note that v + affords an L0 composition factor of V which 

res t r i c t s to B to produce a composition factor w i th the same high weight 

as B3 module as VIA. But L0 l ies in a proper parabolic of Y and hence acts 

reducibly on V. Thus, dimVlA < dimVlY. Contradiction. 

(4.2.2). (A,LA ') is not of type (D4 ,A3) . 

Proof: Suppose false; then LY" = A5. Let TT(LA) = {0:^,0:2,0:3}, so 

TT(A) - TT(LA) = ia4}. Then there does not exist r 6 TT(Y)-n(LY) w i th 

( r , Z L y ) ?f 0, Q y / K r = WAW (or W*AW*). This fo l lows from Theorem 

(8.1) of [12] i f p > 2. I f p=2, though (WAW)|LA* is reducible, one checks 

that there is no LA* composition factor of WAW isomorphic to a t w i s t of 

QA
a . Let q be the f ie ld tw i s t on the embedding of LA" in LY '. Consider 
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f i r s t the case where TT(LY) = {^1,j33,]34, £5,J36}. Then, Qy/Kjj ^ WAWAW 

as Ly'-modules. One checks that the LA ' composition factors of WAWAW 

have high weights 2 q j i i and 2qj!3- Thus, p=2, as QA i KQ . So by the Main 

Theorem of [12] , V1(QY) = Wor W* By (1.25), dim Vp (QY) < 36, so 

<X,j32> = 0. Moreover, (2.13) implies that <X,£7> = 0 = <Xj38> i f Y = E8; 

and recall that XlTy ^ X± i f Y = E7. Thus, one of the fol lowing holds: 

(a) Y - E6, X|TY = Xj_ (or X 6 ) . 

(b) Y = E7, XlTy = X± + X 7 or XlTy = X6 + xX 7 . (c) Y = E8 and 

XlTy = X^ or Xg. 

Referring to Table 1 of [5 ] , we see that dimVlA = 8 k - 2 6 ^ - 1 6 0 m , for 

k ,£ ,m£Z + . So [8] implies that (a) does not hold, i f (b) holds 

XlTy = X 6 +X 7 , and i f (c) holds XlTy = X5. By induction and Theorem 

(7.1) of [12] , <X,a4) = 0, q 1 ; or q^+q2> for q± and q 2 d ist inct p-powers. 

But then dimVlA < dimVlY, by (1.32) and (1.38). Thus, Ly* * ( l l+p. | i = 

1,3,4,5,6). 

I t remains to consider the case where Ly' = (U+Q. I 4<i<8). Let q be 

as above. Then (2.12) and (2.4) imply £ j_|TA = 0 and £ 3 l T A = q a 4 = J3^'TA-

One checks that J34ITA = q a 2 = £slTA> ^ 5 ' T A = cl01i = ^ 7 ' T A ' f o r 1 = 1 o r 3> 

respectively, and ^e>'TA = ^ ^ 3 ~ a l ) o r ^ l " a 3 ^ respectively. Also, 

by (2.13), <X,J33) = 0. 

Mow, Theorem (8.1) of [12] implies V1(QY) s W, W*, WAW, or 

W*AW* (the la t ter two only i f p^2). Thus, <X,ct4> *> 0, else (1.26) and 

(1.32) imply that dim VIA < dim V|Y. So, in part icular , X - q 0 a 4 is a T A 

weight in VIA, for some p-power q0 . The above remarks imply that 

( X , ^ ) ^ 0, else there is no vector in V|Y w i th T A weight X - q0oc4. 

We now argue careful ly, using (1.34) and the parabolic PY~ of (2.12) 

(as in the proof of (4.3)), to see that the bound on d i m V 2 ( Q A ) ^ _ q a is 

exceeded in every configuration. This completes the proof of (4.2.2). 

(4.2.3). (A, LA ') is not of type (C3,C2). 

Proof: Suppose false; then LY ' = A3. Examining Ly' composition 

Licensed to Ecole Polytech Fed de Lausanne.  Prepared on Tue Apr 19 01:56:51 EDT 2016for download from IP 128.178.14.170.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 57 

factors of WAW, we see that there does not exist r € TT (Y ) -TT (LY ) such 

that ( r , 2 L Y ) * 0 and Q Y / K r = WAW. Thus, Q Y / K r = W or W* for all 

r£TT(Y)-TT(LY) w i th ( r , I L Y ) * 0. So Q Y / K r = Q A K r / K r for all such r. 

Let TT(A) = {a^,0:2,0:3}. Thus, i f q is the f ie ld t w i s t on the embedding of 

LA ' in LY ' , (2.13) implies r l T A = q a 1 for all r G TT(Y)-TT(LY) such that 

( r , 2 L Y ) * 0. In addit ion, (2.12) implies t | T A = 0 for all t € TT(Y)-TT(LY) 

such that (T,£LY ) = 0. I f TT(LY) = {rvr2>
rJ w 1 t h ( r i > r i + l ) < °> f o r 1 = 1>2> 

then r^ |TA = qa2 = ^3lTA and r 2 l T A = q a j . Mow, there exists at most one 

reTT(Y)-TT(LY) w i th ( r , S L Y ) * 0 and <X,r> * 0, else dimVT (X-qo^) >1 , 

contradict ing (1.31). So, in fact , <X,aj_)= cq for some 0<c<p, as there 

does not exist a TY weight res t r i c t ing to X - q 0 a^ for q 0 ^ q. So by 

(1.10), q= l . 

The res t r i c t ion Q Y / K r £ WAW implies TT(LY) is (a) {j31,J33,]34}, 

(b) {£4,£5,J36}, (c) {p5 ,p6 ,p7>, or (d) {£ 5 ,£ 7 ,£ 8 } . In (a), (b), (c), (d), 

respectively, <X,J34> = 0, <X,J34> = 0, <X,£ 5 ) = 0, <X,£6> = 0, 

respectively. Otherwise, dimVy ( X - a ^ - a ^ ) > 2, contradict ing (1.29). 

I f <X,a1> = 0, then Theorem (8.1) of [12] implies X |T A =kji2> f o r 

0<k<p or X |T A = a j i 2 + b|i3, where a^O^b and a+b = p - l . In the f i r s t 

case,dimVy (X-a j_-2a2-c i3) < 3, and in the second case, dimVy ( X - a ^ -
a 2 ~ a 3 ^ - 2- ^ S e e (1-29).) Thus, the information in the above 2 paragraphs 

implies that Y = E5, LY ' is as in (a) or (b) and X|TY = kXj_ or k X 6 , 

respectively. However, this configuration is ruled out by a di rect 

application of (1.23). Thus, <X,CXJ_) ^ 0. 

Mow, VT (X-aj_) ^ 0 implies there exists r € TT(Y)-TT(LY), w i th 

( r , S L Y ) ^ 0, and ( X , r ) ^ 0. Recall that there exists only one such r. 

Applying these remarks, (2.13) and symmetry, we res t r i c t s t i l l fur ther 

to: 

(A) TT(LY) = {J31,j33,^4}, <X,J32> * 0, { X , ^ ) = 0, i>4. 

(B) TT(LY) = {J34,j35,J36}, Y = E7, <X,J32+j37> * 0, ( X J ^ + ^ + j ^ ) - 0. 

(C) H(LY ) = {J35,J36,J37>, Y = E8, <X,J38) * 0, ( X , ^ ) = 0, 1<1<4. 
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(D) TT(LY) = {£ 4 ,£ 5 ,£ 6 } , Y = E8, U ,£ 2 > * 0, 

<X,J51+p3+p4+p7+P8> = 0. 

Mote, (1.23) rules out Y of type E6, ent irely. 

By Theorem (8.1) of [12] , and the above work, X |T A = y ^ i + k } i 2 , 

for 0<y,k<p, or X |T A = y ^ i + a u 2
 + bM3> for 0<y,a,b<p, a+b = p - l . We 

use (1.29) to check that dimVT ( X - a 1 - a 2 ) < 2, dimVT ( X - 2 a 1 - a 2 ) < 2, 

anddirnVj ( \ -a j_-a2-0c3) < 4. Also, d imV j ( X - a 1 - 2 a 2 ~ 0:3) < 5, i f 

\ | T A = yjJLj_ + k | i 2 . 

Consider the configuration of (B) when X|Ty = h\$ + aXg + XX7, 

0<a,b,x<p, a+b = p - 1 . Then f 2 4 5 v + , f 3 4 5 v+ , f 1 3 4 5 v + , f p 7 f 4 5 v + and f 5 6 7v+ 

are f ive l inearly independent vectors in V j Ov-cx^ -o^ -c^ ) , contradict ing 

the given bound. Using (1.34) to argue in this manner for each case, we 

reduce to Y of type E7, XITy = kX.5 + x\j, X IT A = y ^ i + k u 2 , for 

0<k,y,x<p. 

We now argue that x=y. Since 0 ^ (f o ) x v + € VT ( X - xa^) , x<y. 

Moreover, there does not exist a vector in V|Y w i th T A weight X - zaj_ 

where z>x. For i f 0?fw is a Ty weight vector w i th weight X - S c ^ and 

C7 > x, then C5 > 0. So y<x. 

Let X = <U+a ,U±Q ,11+Q ,U+Q ,U+o ). Then X contains a natural 

subgroup, C < X, of type C3. The X composition factor of V afforded by v + 

has dimension s t r i c t l y less than dimVlY, since X is contained in the Levi 

factor of a proper parabolic of Y. But the C composition factor of V 

afforded by v + has the same high weight as VIA, as C3 module. Thus, 

dimVlA < dimVlY. Contradiction. This completes the proof of (4.2.3). 

(4.2.4). (A, LA ') is not of type (C3 ,A2) . 

Proof: Suppose false. By assumption, p>2 and Ly' = A5 . By the Main 

Theorem of [12] , LA" acts i rreducibly on WAW and on W*AW*. One checks 

that WAWAW has no 6-dimensional LA" composition factor. Thus, Y = Eg 

and Ly' = <U+Q I 4<i<8). Let q be the f ie ld tw i s t on the embedding of LA* 

in Ly'. 
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Mow, one checks that Q A KQ /Kg = Q Y / K Q forces an embedding of 

LA ' In Ly' which gives the fol lowing: j ^ ^ iT A = q a 2 = £ s l T A = j37ITA, 

j36 |TA = qCâ L - a 2 ) and J38ITA = qaj_. Also, by (2.13), £ 2 I T A = c la3 = 

J33|TA and £j_ITA = 0. Moreover, (2.13) also Implies that <X ,p 1 +p 3 > = 0. 

Thus, either ( X , a 3 ) = 0 or <X,J32> ^ 0. I f <X,£2> * °> w e argue careful ly 

using (1.34) (as In the proof of (4.2.1)) that the bound on d1mV 2 (Q A ) ^_ q a 

Is exceeded In every configuration. Thus, (X,a.-$) - 0. But I t Is a 

s t ra igh t fo rward check, using Induction, (1.26) and (1.32), to see that 

<X,a3> = 0 Implies dimVlA < dimV|Y. This completes the proof of (4.2.4). 

I t remains to consider the case where Ly' = A7 and (A,LA ') has type 

(05,04) or ^4 ,63 ) . In the f i r s t case, consideration of the quotient 

Qy/Kp , In view of Theorem (8.1) of [12] , implies that p = 2 and 

V1(Qy) = W or W*. But now in each case, the bound on dimVo (Qy) implies 

X|TY = XQ, a contradict ion.• 

(4.7). Suppose Ly' is of type A k , w i th natural module W, and 

(Q^*)0! & W or W*, as LA ' modules, for any p-power q. I f dimV1(Qy) > 1, 

then Theorem (4.0) ( i i ) or ( i i i ) holds. 

Proof: Since LA ' acts i rreducibly on W $* (Q/^01)^, (2.3) implies that 

there does not exist r£TT(Y) - TT(Ly), w i th ( r , 2 L Y ) * 0, such that 

Q Y / K r ^ W or W*. In part icular , we have k>4. In fact , k>4. For 

otherwise, since rankA > 2, LA" must be of type B2 (= C2) in order to have 

a 5-dimensional i rreducible representation. Moreover, since W ^ (QA
a ) c l ; 

A = C3. However, there exists r € TT(Y)-TT(LY), w i th ( r , Z L Y ) ^ 0, such 

that Q Y / K r = WAW or W*AW*, a 10-dimensional i rreducible LA ' module. 

(Recall p ^ 2 when A = C3.) Thus QA < K r , contradict ing (2.3). 

Consider the case where LY ' = A5. The existence of a 

6-dimensional i rreducible LA ' -module not isomorphic to a tw i s t of Q A
a 

implies (A,LA") is of type (A 3 ,A 2 ) , (B 3 ,A 2 ) , (A 4 ,A 3 ) , (B 4 ,A 3 ) , (C4,A3), or 

(F4,C3). I f LA ' = A 2 , then p>2. For the pairs (A3,A2) , (A4 ,A3), and (B3,A2), 
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d imQ A
a < dimW. But the Main Theorem of [12] implies that LA" acts 

i r reducibly on WAW and on W*AW*, unless p=2 and LA ' = A3. Even in the 

la t ter case, the LA ' composition factors of WAW have dimensions 14 and 

1. Hence, there does not exist r 6 TT(Y) - TT(LY) w i th ( r , Z L Y ) ^ 0 and 

Q Y / K r = WAW or W*AW*. Also, by the Main Theorem of [12] , 

V1(QY) = W, W*, WAW or W^AW* But now a direct application of (1.23) 

rules out all possible configurations. 

For (A,LA ') of type (B4,A3), the preceeding remarks imply Ly' = 

<U±R I i = 1,3,4,5,6). Then,QY /K£ = WAWAW, as Ly'-modules. The LA" 

composition factors of WAWAW have high weights 2 j i i and 2113. But 

since p>2, this implies QA < Kg , contradicting (2.3). In the ( F ^ C j ) and 

(C4,A3) cases, there does not exist an LA ' composition factor of WAW 

isomorphic to a tw i s t of Q A
a . Thus, there does not exist r € TT(Y)-TT(LY) 

w i th ( r , S L Y ) * 0 and Q Y / K r = WAW or W*AW*. So Y = E6 and we have 

the result. 

Consider now the case where LY ' = A5. Since W is a 7-dimensional 

i rreducible LA ' -module ( ^ (Q A
a ) c l ), either LA ' = A 2 and p=3, or (A,LA") is 

of type (F4,B3). In the la t ter case, Theorem (8.1) of [12] produces a 

contradict ion to (2.3). So we consider the case where LA ' = A 2 and p=3. 

Let TT(LA) = {a 1 , a 2 > . By (1.25), for r<ETT(Y) - H(L Y ) , d imV r (Q Y ) < 2 1 , i f 

A = A3 or B3, and d imV r (Q Y ) < 42, i f A = C3. This res t r i c t ion implies 

that either (a) Y = E7 w i th X|TY = X 7 or (b) Y = E8 w i th X|TY = X2
 a n d A 

= C3. (Mote that we used the methods of (1.30), (1.32), and (1.35) to f ind a 

lower bound for dimV^COy).) In each case, X |T A = qCjji^ + j i 2 ) + XM3, for 

some x>0 and some p-power q. I f A = A3, (1.23) implies that x = q -1 . In 

the configuration of (a), dimVlY = 56. However, re fer r ing to Table 1 of 

[5 ] , and using the methods of (1.32) and (1.30), we see that dimVlA ^ 56. 

In the configuration of (b), Q Y / K Q ^ WAW. But WAW has LA" composition 

factors w i th high weights 3 q j i 1 , 3 q j i 2 , q(| i j_+]i2) and 0. (We have used 

(2.6) to identi fy q w i th the f ie ld tw i s t on the embedding of LA ' in LY \ ) 
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Thus, there Is no L^' composition factor of Q Y / K Q Isomorphic to a tw i s t 

of QA013- B u t t h 1 s contradicts (2.3) and (2.4). Thus, Ly' does not have type 

A6 . 

I t remains to consider the case where Ly' = A7. Since W Is an 

8-dlmenslonal Irreducible LA ' -module ( ^ (Q^01)^ ), L^' = A2 or D4, or 

(A,LA) has type (B4 ,B3) . Mote that V1(QY) £ W or W*. For otherwise the 

bound on dlmV o (Qy) of (1.25) Implies that XITy = \ 8 . Thus, the Main 

Theorem of [12] Implies that A = D5, L^' = D4, and p>2. However, then LA ' 

acts Irreduclbly on the 56-dlmenslonal Ly' module Qy/Kg . But this 

Implies QA < KQ , contradict ing (2.3). Thus, Ly' does not have type A7. 

This completes the proof of (4.7).D 

(4.8). I f Ly' Is of type Dk, for some k>4 and dim V^(Qy) > 1 , then 

Theorem (4.0) (1v) or (vl) holds. 

Proof: Let Uj_, . . . , % be the fundamental dominant weights for Dk. 

Then we w i l l call W = V(jij_) the natural module for Ly". 

Suppose LA ' acts i rreduclbly on some Ly' module other than W. Then 

the Main Theorem of [12] Implies that LA ' acts Irreduclbly on the 

Ly'-modules w i th high weights j i |< - i a n d M|<- I n every case, there exists 

r €TT(Y)-TT(Ly) w i th ( r , 2 L Y ) ^ 0 such that the Irreducible Ly'-module 

Qy/Ky has high weight U|<-l o r M|<- Thus, Q A
a is isomorphic to the LA ' 

i r reducible afforded by M|<-1 or jif<- The Main Theorem of [12] then 

implies that A = F4, L^' = B3, and Ly* = D4. 

With (A,LA ' ,Ly') of type (F4,63,04), suppose Y = E7 or Eg. Let q be 

the f ie ld t w i s t on the embedding of L^' in Ly'. Then, by (2.13) and (2.6), 

£ l ' T A ~ c l a4 ~ $6^ A> ^ k l T A - ° ' a n c ' ^ ^ k ^ ~ ° f o r k > 6 - A l s o > since the 

embedding of L^' in Ly' is the natural embedding of classical groups, 

£ 2 I T A = q*xi, P>4^A = c la2 a n d ^ 3 l T A = c la3 = ^5 'TA- W e c l a i m t h a t 

<X,a4 ) = (%,${). Certainly, x = <X,J31> < <X,a4>, as 

0 & (fo ) x v + GVj (X - xqa4). Also, <X,£i> > ( X , a 4 ) = y. For otherwise, 
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there is no vector in V|Y w i th T^ weight \ - yqo^. Mow, let X = < U+Q. | 

1<1<6). Then, X contains a natural subgroup of type F4, say A0 < X. 

Moreover, the X composition factor of V afforded by v + is not all of V. 

But the A0 composition factor of V afforded by v + has the same dimension 

as VIA. Thus, dimVlA < dimVlY. Hence, i f (A,LA ' ,LY ' ) has type (F4 ,B3 ,D4) , 

Y = E5 and the result holds. 

Mow consider the case where V^(Qy) = W and LA ' acts reducibly on 

every nont r iv ia l , res t r ic ted Ly' module other than W. The Main Theorem 

of [12] then implies that the t r ip le (LA ' ,Ly',p) is one of (A2,D4,p), 

(B2 ,D5 ,5), (B2 ,D7 ,3), (C3,D7,3) or (C3,D7,7). We f i r s t note that Ly' does 

not have type D7. For otherwise, the bound on dimVo (Qy) implies 

XlTy = \Q. AS we l l , (LA ',Ly*) does not have type (A2,D^)\ for one checks 

that LA ' acts i r reducibly on each of the 8-dimensional i rreducible 

Ly'-modules. So QA < KQ , contradict ing (2.3). Thus, L^' = B2 and Ly" = D5, 

w i th p=5. For rGTT(Y) - TT(Ly) such that Qy /K^ is one of the rest r ic ted 

irreducible spin modules for Ly', Q y / K r has LA ' composition factors of 

dimensions 12 and 4. Hence, (2.3) implies that A = C3 . Also, by (1.25), 

d imV r (Qy) < 40, so <X,r> = 0. An application of (1.23) then rules out Y 

of type E5. Moreover, Ly' = <U±Q. I l< i<5) , else Qy/Kp is a 

10-dimensional i rreducible L^' module containing a nontr iv ial image of 

QA
a . The above remarks and (2.3) imply XlTy = ^ i - Thus, Y = E8 and the 

result holds. 

This completes the proof of (4.8).D 

The proof of Theorem (4.0) is now complete. 
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CHAPTER 5: RANK(A) > 3 

In this chapter we establish the Main Theorem under the fo l lowing 

conditions: Y has type En and rank A > 2. We adopt Notation and 

Hypothesis (2.0) throughout the chapter. Note that Theorem (4.1) of [12] 

implies rank A < rank Y. Our result is the fol lowing. 

Theorem (5.0). I f VIA is i r reducible, then Y = E6 and one of the 

fo l lowing holds: 

(i) A is the fixed point subgroup of the graph automorphism of Y, so 

A has type F4, and \ | T y = ( p - 3 ) } ^ o r (p-3)X.5, for p>3, or 

\ | T Y = X± + ( p - 2 ) \ 3 or X 6 + ( p -2 )X 5 , for p>2. Moreover, w i th A and V 

as described, VIA is irreducible. 

( i i ) p>2, A has type C4, X1TA - JJL2 and X|Ty = \± or \ 6 . 

Moreover, i f p>2, Y = E5 and B is the f ixed point subgroup of the 

automorphism T i x , where i x is the inner automorphism associated w i th 

x = hJ31+2j32+2^3+3J34+2j35+J36(-1^ t h e n B h a s ^Pe c4> a n d VCX^IB and 

V(Xg)IB are i rreducible w i th high weight | i 2 -

Proof of existence statement in ( i i ) : (due to G. Seitz) I t is a check 

to see that the fixed point subgroup of the automorphism T i x is 

B = <x±j31(t)x+^6(t), x+j33(t)x±j35(t), x±$4(V> 
x±(i32+j33+^4 )^)x±(]32+^4+i35 ) ( - t ) I t € k >> t h a t t h 1 s 9 r o uP h a s l yP e c 4 a n d 

that V(X^) and VO.5) have a B composition factor w i th high weight ^2-

But then, p>2 and Table 1 of [5] imply that this composition factor has 

dimension 27 and so V(X^)|B and V(X5)|B are i r reduc ib le . • 

63 
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(5.1) Assume there are no examples (B,Y,W) sat isfying the 

hypotheses of the Main Theorem wi th Rank(B) = 3. Also, assume (A,p) is 

not special. I f LA ' is of type A3 and dimV :L(QA) > 1, then Ly" is a simple 

algebraic group. 

Proof. Suppose false; i.e., suppose Ly* has more than one component. 

Let TT(LA) = {0:^,0:2,0:3}, so a = 014. Then by rank rest r ic t ions Ly' has 2 

components. In fact Ly' has type A3 X A3, since Py is minimal and A3 has 

no 5-dimensional i rreducible representation. Thus, (1.5) implies Z A < Zy. 

By (2.7), we may assume the f ie ld tw i s t on the embedding of LA" in each 

component of Ly' is q, for some p-power q. 

Consider the case where TT(Ly) = {J^ f^J^ jJ^JJ- jJ ig } . The LA" 

composition factors of Qy/Kn have high weights among 

{q(^i1+>i3),0,2q>i1, 2 q ^ 3 , q ^ h where >i1 , ^2> ^3 represent the 

fundamental dominant weights of A3, labelled as throughout. Since there 

is a nontr iv ia l image of Q A
a in Qy/Ka , A = D4 or C4, or p=2 and A = A4 . 

Then (1.23) forces dimVlA < dimVlY i f p=2 and A has type A4. Thus, 

A = D4 or C4. Now, dim(QY/Kj3 ) < dim Q A
a , so QA < K^ . But (1.33) 

implies that q ^ and 0 cannot be high weights of an indecomposable LA ' 

module, for 1 = 1 or 3. Hence, we may assume that —J32
 1s n o t involved in 

LA \ So (2.11) implies that there is a nontr iv ial image of Q A
a in 

Qy(j35,^2)- However, the LA ' composition factors of this Ly" i rreducible 

have high weights among {q(^ij_+^2^ c l ^ 2 + > 1 3 ^ ^ l * clr>3^ Thus, TT(LY) ^ 

{j31;J33,j34,J36,J37,^8}. 

We now have TT(Ly) = {£2,J33,£4,£6,£7,J38}. The LA ' composition 

factors of Qy/Kg have high weights among { q ^ + ^ X ^1> c l ( r i 2 + r | 3 ^ 

q^3>. Since (2.3) implies that there is a nontr iv ial image of QA in 

Qy/Ko , A = A4 or B4. As above, i f QA < KQ then -]3 j_ is not involved in 

LA \ But there is no 4-dimensional LA ' composition factor of Qy( j3 5 ,^ 1 ) . 

Hence (2.11) implies QA i KQ . Since each of the irreducible Ly' modules 

Qy/Kp and Qy/Kg must have an LA" composition factor isomorphic to a 
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tw i s t of QA
a4, the embedding of T(LA ' ) in T(Ly') is as fo l lows: h a (c) = 

h j32(cq)-hJ36(cq), ha2(c) = hp4(cq)-hp7(cq) and h t t3(c) = h ^ c ^ - h p ^ ) . 

Considering the T(LA ' ) weight vectors in Qy/Ko , we see that 

x_ a (t) = x_245(c1 tc !)x_567(C2tc l )x_456(c3tc l )wJ where c^€k, some c1 

nonzero, and wGKg . So J35|TA = q ( a 4 - a 1 - a 2 ) . This implies (X,J3k> = 0 

for 3<k<6, else (Vy (X -qa^+qa^+qa^ ) © V j (X -qa^+qa^ ) ffi 

Vy ( \ - q a 4 + q a 1 ) ffi Vy ( X - q a ^ - q a j + q a i ) ) ?* 0. Also, (2.13) implies 

£ l | T A = qa4-
Suppose A is of type B4, so p>2. Then (X,a^> = 0 for 1=2,3,4, else 

rank res t r ic t ions imply there is a parabolic subgroup of Y, P0, containing 

the B3 parabolic of A w i th containment of unipotent radicals and such that 

the Levi factor of P0 is a simple algebraic group. However, Theorem (4.0) 

and the induction hypothesis imply that no such configuration occurs. 

Thus X |T A = q(a] i1) for some 0<a<p. Comparing this w i th the informat ion 

in the preceeding paragraph, we have X|TY = x X 1 + a \ 2 , for some x>0. 

However, 0 ^ fo + Q +Q v + £ V y (\-q0c4). Contradiction. 

So we have reduced to the case where A = A4. Applying (1.23) and 

(1.10) and the above remarks we find that either X |T A = a | i i+aU4 and 

XlTy = x X 1 + a \ 2 ^ f ° r some a>0, x>0 or X |T A = bU2+b] i3 and 

XITy = y \ i + b \ 7 + b X 3 , for some b>0, y>0. In the f i r s t case, a > 1 , else 

dimVlA < dimVlY. But then f 2 4 5 f 2 v + and f 2 4 5 6 v + are l inearly independent 

vectors in Vy ( \ - a j _ - a 4 ) , which is a 1-dimensional weight space. In the 

second case, 0 ^ f 5 6 7 v + £ V y ( \ -cx4), contradict ing <X,a4> = 0. 

This completes the proof of (5.1).a 

(5.2). Let (A,Y,V) be as in the Main Theorem w i th Y of type En and 

rankA > 3. Assume there are no examples (B,Y,W) sat isfying the 

hypotheses of the Main Theorem w i th rank(B) = 3. Also assume (A,p) is 

not special. Then Y has type Eg and one of the fo l lowing holds: 
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66 DONNA M. TESTERMAN 

(i) A is of type C4, so p>2, XIT A = |i2> a n d ^ l T Y = ^ 1 ( ° r ^ 6 ^ 

( i i ) A is of type F4. 

Proof: Choose PA such that dimV1(QA) > 1. Consider f i r s t the case 

where rankA = 4. By (5.1) and size res t r ic t ions , Ly' has one component. 

Then, the induction hypothesis implies that Theorem (4.0) applies. In 

part icular , (1.5) implies Z A < Zy. 

Consider the case where A = C4 and L^' = A3, as in (4.0) ( i i ) . Then 

Y = Eg and Ly' = A5. The embedding of LA* in Ly' is the natural embedding 

of A3 in A5. The Main Theorem of [12] implies that one of the fol lowing 

holds: 

(a) XITy = \ ^ + x \ 2 o r ^ 6 + x ^ 2 ' f o r 0<x<p and X |T A = qu2 + yM4, 

where q is some p-power and y>0. 

(b) X|Ty = x \ 2 + ^ - 3 o r x ^ 2 + ^ 5 a n c ' ^ ' T A = c l i i l " f ' c l i J L3+yi i4, where 

x, q and y are as in (a). 

In either case, the C3 parabolic of A acts nontr iv ia l ly on <v+). Thus, 

Theorem (4.0) and the induction hypothesis imply that the C3 parabolic of 

A is contained in a conjugate of Py, w i th containment of unipotent 

radicals. Theorem (8.1) in [12] rules out the configuration of (b) and 

forces y = 0 in the configuration of (a). Thus VIA is a conjugate of a basic 

module (recal l that p>2 when A = C4), and so by (1.10), VIA has high 

weight j i2- Moreover x=0, else (1.26) and (1.32) imply that 

dimVlA < dimVIY. Thus XITy = \± and we have the configuration of (i) in 

the statement of the result. 

Consider now the case where A = C4, LA ' = C3, Y = En and Ly' = A 5 , 

as in (4.0) (i). The embedding of LA ' in Ly' is the natural embedding of C3 

in A5. Theorem (8.1) of [12] implies that the A3 parabolic of A acts 

nontr iv ia l ly on <v+ ) , so we may reduce to the f i r s t case. Thus, i f 

rankA=4, (i) or ( i i ) holds. 

Suppose rankA = 5 and consider the case where Ly' is a simple 

algebraic group of classical type; so by (4.0), A = C5, LA ' = C4, and 
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Ly' = A7, as In (4.0) (v). The embedding of LA ' In Ly' Is the natural 

embedding of classical groups. By (8.1) of [12] , the A4 parabolic of A acts 

nontr lv la l ly on ( v + ) . Thus, size rest r ic t ions and the preceedlng two 

paragraphs Imply that Theorem (4.0) applies. But there are no examples 

( 0 4 ^ 4 ) , (Y,Ly') in Theorem (4.0). Thus, I f rankA = 5, Ly' = E5 or E7. The 

only possible configuration, given Inductively by the preceedlng two 

paragraphs would be: A = C5, LA ' = C4, and Ly" = E5. However, Q Y / K Q is a 

27-dlmenslonal Irreducible L^' module on which Z A Induces scalars. But 

then, Q^Kg /Kg Is an 8-dlmenslonal LA* submodule of Qy/Kn , by (2.4). 

Thus rankA j± 5. Also, by Induction and Theorem (4.0), rank A ^ 6,7. 

This completes the proof of (5.2).D 

(5.5). Suppose (A,Y,V) are as In the Main Theorem and the pair (A,Y) 

has type ^ 4 ^ 5 ) , w i th p>2. Then V i s a basic module for A. Moreover, A Is 

the fixed point subgroup under the graph automorphism of Y. 

Proof: Let Pj_ (respectively, P2) be the maximal parabolic of A, 

containing B^~, corresponding to the simple root a 4 (respectively, a^). If 

Pi = LiQj Is the Levi decomposition for P ,̂ then Lj_' = B3 and L2 ' = C3. Rank 

res t r ic t ions Imply that Theorem (4.0) applies whenever d1mV1(Q^) > 1. In 

par t icu lar , Theorem (8.1) In [12] Implies that V 1 ^ ) Is a tensor 

Indecomposable L '̂ module. Thus, i f VIA is tensor decomposable, the above 

remarks and (1.7) imply that X|TA= q ^ a j i ^ + ^ b ^ , where p>a,b>0 and q± 

and q 2 are dist inct p-powers. However, Theorem (8.1) of [12] implies 

that V1(Q1) cannot have high weight (qj_aui)lT(L1 ' ) . Thus, VIA is a tensor 

indecomposable module. Then p>2 and (1.10) imply that VIA is basic. 

Hence Proposition (2.8) of [12] holds. 

Let P y 1 and Py 2 be as in Proposition (2.8) of [12]. That is, i f Py1 = 

Ly^Qy1 is the Levi decomposition of Py1, then P̂  < Py1, Q̂  < Qy1, L̂  < Ly1 

and Z^ = Z(Lp° < Zy^ = Z (Lyb° for 1 = 1,2. Moreover, the fixed maximal 

torus Ty is contained in L y \ Mow V|Y nontr iv ial implies that 
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dimV^CQp > 1 for U l o r 2. Induction and the Main Theorem of [12] imply 

dimV1(Q2) > 1 in every possible configuration, and that (Ly 2 ) ' has type A5. 

Choose a base TT(Y) = i$1,$2>P>3>P>4>P>5>F>6} o f Z(Y), labelled as 

throughout, such that TT((LY
2)) = iP±,P3,$4,&5,Pe>} and Q Y

2 = < U r | 

rG2T(Y) - S( (L y
2 ) ' ) ) . Then, x a 2 ( t ) = xp4 ( t ) , x a 3 ( t ) = xp ( t)xp (t) and 

x a (t) = XQ (Uxp (t). Also, examining the T(L2 ' ) weights in Q Y
2 / K Q , we 

see that x_ a (t) = x_£ (at)u, where a£k* , UGKJJ . 

We claim that (Ly 1 ) ' has type D4. This fo l lows f rom the Main 

Theorem and induction, i f dlmV^CQ^) > 1. So suppose dimV^CQ^) = 1. 

Then, \ | T y = aX j_+x \ 2
 a nd ^ l T A = a ^ 4 - I n f a c t > x ~ ° a s there is no 

nontr iv ial embedding of B3 in A4. I f (Ly 1 ) ' is not of type D4, (Ly 1 ) ' is a 

conjugate of (U+p , U+p^, U±$4, U±£5, U±J36^ a n d d imV 2 (QY
1 ) > 16. 

However, (1.25) implies dimV2(Q1) < 8. Thus, (Ly 1 ) ' has type D4, as 

claimed. Also, L^' < (Ly 1 ) ' must be the natural embedding of classical 

groups. 

So there exists { r 1 , r 2 , r 3 , r 4 } Q S(Y) such that 

(Ly 1 ) ' = < U ± r , U ± r , U ± r , U ± r > is of type D4 and such that 

x_ a (t) = x _ r (bj_t), x a (b 2 t ) = x r (t) and x a ( t) = x r ( b 4 t ) x r (b 5 t ) , for 

some b̂  €k*. Comparing this w i th the known information about the 

factor izat ion of these elements, we see that r j_ = J32, r 2 = £ 4 , { ^ 3 ^ 4 } 

= {£3,135} and b 4 = b$. Then, A is in fact the fixed point subgroup under 

the graph automorphism of Y.D 

In the fol lowing few results, we w i l l determine on which modules 

V, the fixed point subgroup of the graph automorphism of Y = E5 acts 

irreducibly. We are forced to do tedious calculations wi th in the universal 

enveloping algebra of L(Y). Thus, i t is necessary to know the st ructure 

constants of L(Y); i.e., we need a set of consistent signs for the 

commutator relat ions among elements of a Chevalley basis of L(Y). (Since 

all root str ings in S(Y) have length 1, the constants involved are either 1 
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or - l . ) In Section 4.2 of [6 ] , a method for constructing a set of s t ructure 

constants is described. I t involves choosing a set of "extraspecial" pairs 

(r,s) of roots. The st ructure constants, Mr s , where [e r ,e s ] = Mr s e r + g , 

may be chosen a rb i t ra r l y for these pairs. Then, using Theorem 4.1.2 of 

[6 ] , one generates the remaining st ructure constants. 

The set of extraspecial pairs is chosen by f i r s t f ix ing a total 

ordering on the space V containing the roots. We do this as fo l lows. Let 

V l = P i , v 2 = 03* v3 = £4> v 4 = $2> v 5 = $5> v 6 = 06- T h e n > w e s a y 

0 •< Sc^v-j i f and only i f the f i r s t nonzero coeff ic ient c-j is posit ive. An 

ordered pair (r,s) is said to be special i f r+s €S(Y) and O^r-^s. An 

ordered pair (r,s) is said to be extraspecial i f (r,s) is special and i f for 

all special pairs (r^,Sj_) w i th r+s = r^+s^ , we have r<r±. Then, every 

root in E+(Y) which is the sum of two roots in S+ (Y) can be uniquely 

expressed as a sum of an extraspecial pair. We choose Mr s = 1 for all 

extraspecial pairs. 

(5.4). Let (A,Y,V) be as in (5.3), so p>2. Then one of the fo l lowing 

holds: (i) X|Ty = (p-3)Xj [ or ( p -3 )X 6 , for p>3. 

( i i ) X|TY = \± + ( p -2 )X 3 or X 6 + ( p -2 )X 5 , for p>2. 

Proof: In view of (5.3) and (1.1), i t w i l l suff ice to work w i th the 

Lie algebras L(A) < L(Y). Actually, we do all computations inside of the 

universal enveloping algebra of L(Y), where we view L(Y) as a subalgebra 

of i ts universal enveloping algebra. (See Section 17 of [9].) Let TT(A) = 

{0^,0:2,0:3,0:4} and TT(Y) = { J 3 1 , J 3 2 ^ 3 ^ 4 ^ 5 ^ 6 ^ ^ labelled as 

throughout. Let {eg.,fQ.|l<i<6> be the corresponding elements of L(Y). 

Let ( v + ) be the unique 1-space of V such that eg.v+ = 0 for l < i<6 . Then 

we have the elements e f f. of L(A) as fo l lows: 
i 

(5.4.1). e a i = ej52, e a 2 = eJ34. 

e a 3 = e p 3 + e ^ 5 , e a 4 = e ^ + ep 6 

In the fo l lowing, we w i l l consider the possible modules V|Y given 
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inductively by repeated applications of Theorem (8.1) of [12]. In all cases 

except the two in the statement of the result, we will produce a vector 

w€V - <v+), which is a maximal vector for L+(A), the Lie subalgebra of 

L(A) generated by e a, for l<i<4. Thus, L(A) acts reducibly on V|Y except 

in these two configurations. (Mote that (1.34) is frequently used in the 

check that w is a maximal vector.) 

By Theorem (8.1) of [12], the C3 parabolic of A will act nontrivially 

on (v+) in every possible configuration. (For convenience, we will refer 

to (8.1) of [12] simply as (8.1) for the next few results.) Suppose 

(X,^) = 0 for k=3,4,5,6, as in the first configuration of (8.1) (c). Then, 

(8.1)(d) implies that XlTy = aX^, for some a>0. Consider the vector 

W ~ '"^(1,1,2,2,1,0)^1" ^12345' , :134+ ^(1,1,1,2,1,0)^ 1 3 + ^1234^1345 

" (a + 3) f ( 1 1 2 ,2 " , i f i )
+ ^ a + ^^ ( i f i , i , 2 ,2 , iP v + " ~ ^ e n w 1s a maximal vector 

for L+(A). Moreover, i f a ^ p-3, then w?fO, a s e ( 1 1 1 2 2 1 }w = 

(a+3)h ( 1 i i 2 ,2, i ) v + = a ^ a + 3 ) v + - Thus, i f X|TY = a X 1 ; (i) holds. 

In the configuration where X|Ty = b X j + xX2> f ° r 1 ^ b = p-1 and 

p>x>0, (8.1)(d) implies that x=0 or x^O and x + b + 2 = 0 (mod p). Suppose 

x = 0. Consider the vector w = (f(i,i>2,2,i,o)+ f (1,1,1,2 1 o) f3+ 

f 12345"f34"f f 1345^234" 2 f 2 3 4 5 f 134 + Uo, 1,1,2,1,1)^3" ^23456^34 + 

f3456f234 + f(o, 1,1,2,2,iPv+- (Recall, p>2.) Using the fact that b = p - l , we 

can show that f 1 3 f 3 4 v + = f i 3 4 f 3 v + . Then, applying other elements of L(Y) 

to this equation and using commutator relat ions, we obtain other such 

dependence relations. These are necessary to show that, in fact , 

L+ (A)w = 0. Moreover, w?£0 since e(0,i f i,2,2,i)w = ^(0,1,1,2,2,i)v+ = 'DV+-

Thus, L(A) does not act i rreducibly on V. Suppose now that X|TY = b X j + 

x ^ 2 a n d x ^ ° - Then, since x + b + 2 = 0 (mod p), and b = p - 1 , we have 

X = b = p - 1 . L e t W = ( f 1 2 3 4 * 3 ~ "^234^13" ^ 1 2 3 4 5 + *1345*2 " * 2 3 4 5 6 + 

f3 4 5 6 f2 )v" f . Then L+ (A)w = 0 and w ^ 0 as e12345w = -bv + . Thus, L(A) 

does not act i r reducibly on V. 

Consider next the configuration where X|TY = c\± + bX3 + XX2, 
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for c^O^b, c+b = p-1 and p>x>0. I f x=0, let w = ((b+2)f ( 0 > ±A 2 21) + 

^(0,1,1,2,1,D^3+ ^3456^234 ~ ^23456^34 + ^ (0,1,1,2,1,0)^ 1 3 + 

(b + 2 ) f ( l j l f 2 f 2 f l f 0 ) + f 1 2 34 f345 " f2345 f134>V+- T h e n L + ( A ) w = 0 and 

e<o,i , i ,2,2, i )w = ( b + 2 ) h ( o , i , i , 2 , 2 , i ) v + = ( b + 2 ) b v + ; so i f b ^ p - 2 , then w ^ O 

and ( i i ) holds. Suppose X is as above w i th x>0. Then (8.1)(d) implies that 

b+X + 2 = 0 (mod p). Let W = ( f 2 3 4 f l " h ^ " f " 1 ) f 1 2 3 4 + f 2 4 5 f l + C f2456^V + -

Then L+ (A)w = 0 and w ^ 0, as e34w = f 2 f i V + ^ 0. 

Finally, we must consider the case where XlTy = b^3 + aIX.4 + X \ 2 J 

for a?f0^b, a+b = p-1 and p>x>0. Theorem (8.1) implies that x = O. Let 

W " ^2456*45 "~ ^456^245+ a ^ ( l , l , 1,2,1,0) ~ ^ 3 + 1 ^ 1 2 3 4 f 4 5 + a^1345 f24+ 

f 134^245 +(a + 1^23456" | :4~" f3456f24~a f2456f34+ *" 1234^34 ~ f 134^234^ • 

Then L+ (A)w = 0 and w ^ 0, as ^(o,1,1,2,1,i)w = a (a+ l )v + . 

This completes the proof of (5.4).D 

Definit ion: I f ] i = X - S c ^ is a TY weight in V, then the level of j i 

is YCy We define the level of a T A weight v - X - E d ^ s imi lar ly . For 

each l < i < 6 , $}\T& = otj for some l < j < 4 , so level is preserved under 

res t r i c t ion . 

(5.5). Let Y have type E5 and let A<Y be the fixed point subgroup of 

the graph automorphism of Y and assume p>2. Suppose V i s a res t r ic ted 

i r reducible, rat ional kY-module w i th high weight X. Let ( v + ) be the 

unique 1-space of VlY invariant under By. I f VIA is reducible, there exists 

a maximal vector for B^, w€ V - <v+ ) , such that one of the fo l lowing 

holds: 

(i) X|TY = (p -3 )X 1 ? for p>3, and e ( 1 ) U 2 j U ) w e ( v + > . 

( i i ) XITy = X± + ( p - 2 ) ^ 3 , for p>2, and e(11,2,2,1,0)w^ ^ v + ) o r 

e ( i , i , 2 , 2 , i , i ) w 6 < v + > -

Proof: We f i r s t prove the fo l lowing 

Claim: There exists a maximal vector for B^, w€ V - <v+). 
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Note that the long word for the Weyl group of E6, w 0 , l ies in A. 

That is , there exists a coset representative, n0 , such that w 0 = n0Ny(Ty) 

and n0 6 A. Indeed, one checks that w 0 = (s^ i +2J32+2J33+3^4+2J35+^6 * 
si34-sJ33+J34+J35-s^1+j33+J34+^5+J36)MY(TY^ w h e r e s r 1s t h e ref lect ion 

corresponding to the root r. Mow, since VIA is reducible, there exists 

0<W<V, an irreducible A-submodule of V. I f v + ^ W , the result fo l lows. 

So suppose v + €W. Since n0€ A, n 0 v + € W. Also, n 0 v + i s a maximal vector 

for B Y " - <U_ r | r€2T(Y)>TY . 

Consider now the kY-module V*, w i th high weight - w 0 X , by (1.11). 

Wri te V = (n 0 v + ) ffi V0 and define a vector f + € V* as fo l lows: 

f + ( n 0 v + ) = 1 and f + ( v 0 ) = 0 for v0GV0 . One checks that f + is a maximal 

vector for By4" and has weight - w 0 X . Thus, <f+ ) is the unique 1-space of 

V* w i th these properties. Moreover, f + £Ann(W) as n0v+ ew. Hence, in 

V*|A, Ann(W) is an invariant submodule, not containing the maximal vector 

f+ . So there exists a vector g + € V* - < f + ) , such that g + is a maximal 

vector for BA. So the claim holds for V*. But V*|A sV|A, and so the claim 

holds in general. 

We now pass to the level of Lie algebras. Thus, there exists a 

vector we V - <v+) such that L+(A)w = 0, where L+(A) is the Lie algebra 

span of the elements e~ , for l< i<4 . And we may assume, w€ VT (v), for 
i A 

some dominant weight v. However, w ^ V j ( J I ) , for any weight j i = X -

S d ^ . For otherwise, (5.4.1) and the linear independence of weight 

vectors w i th dist inct weights would imply w€ (v+>. Choose w to have 

minimal level. Since w ^ ( v + ) , w is not a maximal vector for L+(Y), the 

Lie algebra span of the elements eg., for 1<1<6. Thus, (5.4.1) implies that 

eg w?f O o r e g w? fO. 

Case I: e o W ? f 0. 

Note that e^ w £ < v + ) , else w 6 V T (X-c t 4 ) = VT ( X - J ^ ) , 

contradict ing the opening remarks of the proof. Thus, by minimal i ty , 

eg w is not a maximal vector for L+(A). Since ecce1w = 0 for 1 = 1, 2 and 4, 
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e a e ^ = (e3+e5)e1w = e13w j± 0. Here also e 1 3 w£<v + ) , else 

we V j (X-J31-^3) . So by minimal i ty , e13w Is not a maximal vector for 

L+(A). Mow, ea.e13w = 0 for i = l , 3 and 4, so e a e13w = e134w ^ 0. As 

above, e 1 3 4 w ^ ( v + ) , and so is not a maximal vector for L+(A). But, 

ea .e134w = 0 for i = 2 and 4. Thus, e a e134w j± 0 or e a e134w ^ 0. 

Suppose e a e134w = e1234w ^ 0. Since the only Ty weight 

res t r i c t ing to \ - a j _ - a 2 - a 3 - a 4 1S ^ ~ £ l ~ £ 2 ~ £ 3 ~ £ 4 > e i 2 3 4 w ^ ^v+^ anc ' 

so is not a maximal vector for L+(A). Since ea .e1234w = 0 for 1 = 1, 2 and 

4, e a e1234w = e1 2 3 4 5w ^ 0. Suppose now that e a e134w = e1345w ^ 0. 

Mote that e 1 3 4 5 w^<v + ) , else the opening remarks of the proof imply that 

X|TY = X 1 + ( p - 2 ) \ 3 and w 6 V T ( X - p 1 - j 3 3 - p 4 - J 3 5 ) © 

V T Y ( X - J 5 3 - J 5 4 - P 5 - J 3 6 ) ® V T Y ( \ - ^ 1 - 2 i 3 3 - ^ 4 ) . S O W , a f 1 3 4 5 v + + 

^^3456v+ + c f i34 i r3v +> f ° r s o m e a,b,c€k. But e a w = 0 implies that b = 0, 

e a w = 0 implies that c = 0 and e a w = 0 implies that a = 0, contradict ing 

the original choice of w. So by minimal i ty e1345w is not a maximal 

vector for L+(A). Mow ea .e1345w = 0 for 1=2, 3. In fact e a e1345w = 

e13456w = 0 , as e13456€ L+(A). (We use here the fact that p>2.) Thus, 

e a e i345W - ei2345W ^ ° ' 1 n t h i S C 3 S e a l S 0 -

Mow, i f e 1 2 3 4 5 wG(v + ) , wG VT ( X - a ^ - a ^ - ^ c ^ - a ^ ) . But, 

\ - a j _ - a 2 -20:3-0.4 is not a dominant weight, w i th X as given. Thus, 

e 1 2 3 4 5 w^<v + ) , and so is not a maximal vector for L+(A). Mow, 
e

a i
e i 2345 w = 0 for 1 = 1 and 3. In fact , ea 4e1 2 3 4 5w = e1 2 3 4 5 6w = 0, as 

e i23456GL + ( A ) " H e n C e ea2
e i2345W = e<l,lf1.2.1,0)W * °- N ° t e t h a t 

e ( 1 1 1 2 1 0 ) w ^ < v ' f ) , else w€ VT ( X - a 1 - 2 a 2 - 2 a 3 - a 4 ) . But 

X -a j_ -2a2~2a3 -a4 is not a dominant weight. Thus, by minimal i ty , 
e ( i 11 2 1 o)w 1s n o t a maximal vector for L+(A). Mow, 

e a e ( 1 1 1 2 1 0 ) w = 0 for 1 = 1 and 2. In fact e a e ( 1 1 1 2 1 0 ) w = 0, as 

e ( i , i , i , 2 , i ,D 6 L (A)- Hence ea 3
e( i , i , i ,2, i ,o)w = e(i,i,2,2,i,o)w ^ °-

Suppose e ( 1 1 2 2 1 0 ) w € <v+). Thenw€Vy ( \ -cx j_ -2a2-3a3-a4) . Since 

X - a 1 - 2 a 2 ~ 3 a 3 - a 4 is dominant only i f XITy = \ j _ + ( p - 2 ) \ 3 , we have 
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74 DONNA M. TESTERMAN 

one of the configurations of the result. 

Suppose now that e ( 1 1 2 2 1 > 0 ) w ^ ^ v + ) a n d s o is n°t a maximal 

vector for L+(A). Since e a e ( 1 1 2 2 ^ 0 ) w = 0 for 1=1, 2 and 3, we have 
eoc4

e(i,i,2,2,i,o)w = e( i , i ,2,2,i,Dw * 0. Mote that e a . e ( 1 1 2 2 X 1 ) w = 0 

for l < i < 4 , as e ( 1 ̂  2 > 2 J 2 J 1 ) 6 L + ( A ) . So by minimal i ty , 

e ( l , l , 2 . 2 f l , l ) W e < V + > -

This completes the consideration of Case I. 

Case II: eg w & 0. 
Note that ejj w £ <v+ >, else we VT ( X - a 3 ) = VT ( X - p 3 ) , 

contradict ing the opening remarks of the proof. Thus, by minimal i ty , 

e« w is not a maximal vector for L+(A). Since, e a e g w = 0 for i = 1,3, 

we have e a eg w = e34w ?f 0 or e a eg w = -e 1 3 w ^ 0. I f e13w jt 0, we 

may refer t.o Case I. So suppose e34w ^ 0. Note that e 3 4 w^ <v+) , else 

we Vy ( \- j33-_P4), contradict ing the opening remarks of the proof. 

Hence, by minimal i ty , e34w is not a maximal vector for L+(A). 

Now e a e34w = 0, and in fact , e a e34w = 0, as e 3 4 5€L + (A) . Thus, 

e a eZ4W = e234W ^ ° 0 r e a e 3 4 W - " e i 3 4 W ^ °- ^ e i 3 4 W ** ° W e m a y 

refer to Case I. So suppose e234w ^ 0. Then e2 3 4w£ <v+ ) , as above, and 

so is not a maximal vector for L+(A). But e a e 2 3 4 w = 0 for i = 1,2. In 

fact , e a e234w = 0, as e 2 3 4 5 €L + (A) . Hence, e a e234w = -e 1 2 3 4 w ^ 0. But 

now we may refer to Case I. 

This completes the proof of (5.5).• 

(5.6). Let (A,Y) be as in (5.5), so p>2. I f X|TY = ( p - 3 ) ) ^ , for p>3, 

VIA is i rreducible. 

Proof: Suppose false; i.e., suppose VIA is reducible. Then (5.5) 

implies that there exists w€ V - <v+) , a maximal vector for BA , such that 

e ( 1 1 2 2 1 1 } w € <v+). Hence, e a w = 0 for 1<1<4, where we now view V as 

a module for L(A). Now, w € V j ( \ -0c1-2a2-30c3-2a4) . The nontr iv ia l Ty 

weights res t r i c t ing to X - a 1 - 2 a 2 - 3 a 3 - 2 a 4 are 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 75 

\ - 2 p i - ^ 2 - 2 ^ 3 - 2 ^ 4 - j 3 5 , X - p 1 - J 3 2 - 2 j 3 3 - 2 j 3 4 - j 3 5 - p 6 , and 

\ -J31 -P2~P3~2J34"2J^5~J36- T ^ e 1 a s t t w o weights are conjugate to 

\-J3j_ and so have mul t ip l i c i ty 1. A spanning set for the weight space 

V T Y ( X - 2 P 1 - J 3 2 - 2 ^ 3 - 2 J 3 4 - ^ 5 ) 1S W 1 = f(i,i,2,2,i,o) fJ31
v+ > w 2 = 

f i2345 f i34v +^ w 3 = fa, i , i ,2 , i ,o ) f i3 v + and w 4 = f 1 2 3 4 f 1 3 4 5 v + . Hence 

w = Sc^w-j, l < i < 6 , for some c j€k and w 5 = f( i , i> 2 ,2, i , i )v + a n c ' w 6 ~ 

f v+ 
'(1,1,1,2,2,1) " 

Applying e a , l < i < 4 , and e2 3 4 5 (an element of L+(A)) to w, we find 

that L+ (A)w = 0 only i f c5 = 0 = c6. So w € V T (\-2$1-$2-2$z-2$A -J35). 

But, the linear independence of weight vectors w i th dist inct weights and 

(5.4.1) imply that eg.w = 0, for l< i<6 . Since w ^ <v+ ) , this is a 

contradict ion. 

This completes the proof of (5.6).• 

(5.7). Let (A,Y) be as in (5.5), so p>2. I f X|TY = X± + (p -2 )X 3 > for 

p>2, then VIA is irreducible. 

Proof: Suppose false. Then (5.5) implies that there exists 

w€ V - ( v + ) a maximal vector for B^ such that e ( 1 ± 2 2 1 0 ) w 6 <v+>or 

e d, i ,2 ,2 , i , i ) w e ^ V + ^ I n par t icu lar , L+ (A)w = 0. 

Case I: e ( 1 >± 2 2 10)w e <v+). 

Then w G V j (X -a jL -2a2-3a : 3 -a4 ) . The nontr iv ia l Ty weights 

res t r i c t ing to \ - a j _ - 2 a 2 - 3 a 3 - a 4 are Uj_ = \~p>2~?>^~^^4~^?>5~?>6' 

\±2 = X - £ 2 - 2 J 3 3 - 2 J 3 4 - £ 5 - J 5 6 , u 3 = X- ]3 ±- j3 2 -3J3 3 -2J3 4 , and 

M4 = X-^1-j32 -2£3-2£4-p5. L e t w i = ^ 0 , 1 , 1 , 2 , 2 , 1 ) ^ 

W 2 = Uo, 1,1,2,1, l ) f3V ' W 3 = f 3 4 5 6 f 2 3 4 V > W 4 = f 2 3 4 5 6 f 3 4 V > 

W 5 = f 1 2 3 4 f 3 4 f 3 V ' W 6 = f ( l , l , l , 2 , l , 0 ) f 3 V > W 7 = f ( l , 1,2,2,1,0)V ' 

W 8 = f 1 2 3 4 f 3 4 5 V + > a n d W 9 = f 2 3 4 5 f 1 3 4 V + ' T h e n VTY^1> = ( w ^ , 

VT y (M 2 ) = (w2,W3,W4>, V j (113) = <w5) and VT (JI4) = <w^ 6 < i < 9). 

Thus, w = Sc^w-j, for some q 6 k, 1<1<9. 

Applying e2 3 4 5 , e345 , e ^ , e 3 4 - e45 and e134+ e4 5 6 (all elements of 
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76 DONNA M. TESTERMAN 

L+(A)) to w, we find that L+ (A)w = 0 only i f c6 = -C7 = eg = -eg , 

Cj_ = 0 = C5 and C2 = C3 = -C4. 

We now claim that w€ ( v + ) , which w i l l contradict the choice of w. 

I t suff ices to show that eg.w = 0 for l< i<6 . By hypothesis, 

e ^ w = 0 = e ^ w . Consider now e ^ w = c6 ( f ( 0 1 A 2 ^ f ^ * f 2 3 4 f 3 4 5 -

f 2 3 4 5 f 3 4 ) v + . I t is a s t ra ight forward check that eg.(eg w) = 0 for l < i<6 . 

Thus eg w = 0; so eg w = 0. 

Mow e a w = eg w + eg w = 0 and since eg w £ V T (\-p>2~?>3~2P>4 

- £ 5 - J 3 6 ) © V T Y ( \ - ^ 1 - ^ 2 - J 3 3 - 2 ^ 4 - ^ 5 ) and e ^ w e V T y ( X - ^ 1-J32-2J33 

- 2 ^ 4 ) , we must have eg w = 0 = eg w. Hence, eg.w = 0 for 1<1<6, and 

w € ( v + ) as claimed. This completes the consideration of Case I. 

Case II: e (1 x 2 2 1 1 } w 6 <v+). 

Then,wGVj ( X - a 1 - 2 a 2 ~ 3 a 3 - 2 a 4 ) . The nontrivial Ty weights 

restr ict ing to \-aj_-2cx2-3ci3-2a4 are ji^ - \ -2J3 j_-J32-3J33-2£4, 

M2 = X - i 3 1 - J 3 2 - ^ 3 - 2 j 3 4 - 2 ^ 5 - J 3 6 , j i 3 = X - J ^ - J ^ J ^ ^ j ^ - j ^ - j ^ and 

M4 - \ -2J3 1 - J32-2 j3 3 -2^4-J3 5 . Also, VT y( | i i ) = ( w ^ , VTy(M2) = <w2>, 

VT (JI3) = <Wi|3 < i < 7) and VT ( J I 4 ) = <wk|8 < k < 10), where 

Wl ~ f1234f13f34V ' W 2 ~ "^ l , ! , ! ^ , ! ) 7 > W 3 = f(l,l,2,2,l,l)V ' 

W 4 = ̂ i3456f234V ' W 5 = f23456f 134V ' W6 = f123456f34V > 

W 7 ~ f(0,l,l,2,l,l)f 13V > W 8 ~ ̂ (1,1,2,2,l,0)flV ' W 9 ~ ̂ 12345f 134V ' 

W 1 0 ~ (̂1,1,1,2,1,0)̂  13V ' 

Applying e a 4 , e24, e2 3 4 5 , e1234+ e2 4 5 6 and e134+ e 4 5 6 (a l l elements 

of L+(A)), we see that L+(A)w = 0 only i f c i = 0 for i = 1,2,8,9,10. So 

w.eV j ( M 3 ) . But (5.4.1) and the linear independence of weight vectors 

w i th d ist inct weights implies eg.w = 0 for l< i<6 . But this implies 

w£<v + ) . Contradiction. 

This completes the proof of (5.7).D 

The remainder of this chapter is devoted to proving that there are 

no examples (A,Y,V) in the main theorem w i th A simple, of rank 3 and Y of 

Licensed to Ecole Polytech Fed de Lausanne.  Prepared on Tue Apr 19 01:56:51 EDT 2016for download from IP 128.178.14.170.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 77 

type En, nor w i t h (A,p) special and rankA > 2. This w i l l complete the 

proof of Theorem (5.0). 

(5.8). Suppose rank A = 3 w i th (A,p) not special, L^' is of type A2 

w i th dimV1(QA) > 1. Then Ly' = L^XL 2 , w i th L̂  of type A 2 or D4. 

Moreover, i f L̂  has type D4, then <X,J3 j) = 0 for l< j<5 . 

Proof: I f Ly' is quasisimple, Theorem (4.0) implies that Ly' is of 

exceptional type. Then (6.0) implies that Ly' = E5 and Qy/Kjj is a 

27-dimensional i r reducible L^' module. Thus, Z ^ induces scalars on 

Qy/Kp , forcing Q^KQ / K Q to be an L^' submodule of Qy/Kn . Since 

dimQ^ < 27, QA < KQ , contradict ing (2.3). Thus, Ly' is not a quasisimple. 

By size re t r i c t ions , Ly' = Lj_XL2, where L̂  is a simple algebraic 

group of classical type. Hence, (1.5) implies Z ^ < Zy. Notice, i f A 2 is 

embedded in D5, acting reducibly on the natural module for D5, A 2 l ies in a 

proper parabolic of D5. Thus, the minimal i ty of Py and the Main Theorem 

of [12] imply that L̂  has type A 2 or D4. Suppose L̂  = D4. Since Py is 

minimal, P](L^') is either i rreducible on Qy/Ka , or p=3 and L^' acts on 

Qy/Ko w i th composition factors of dimensions 1 and 7. Thus, Q^ < Kg 

and by (2.3), (X,J3j) = 0 for l< j<5.D 

(5.9). I f (A,LA ') is of type (B3 ,B2) and p>2, then dimV1(QA) = 1. 

Proof: Suppose d imV 1 (Q A )> l . Then L y ' i s not a simple algebraic 

group. For otherwise, Theorem (4.0) implies Ly' is of exceptional type. 

But the result of Chapter 7 indicates that there is no such embedding. 

Thus Y = Eg and Ly" is of type A3XA3 or A3XA4. Also, the project ion of 

LA ' into each component of Ly' must act i r reducibly on the natural module 

for that component, as Py is minimal. Note that h~ ( - I K Z ( A ) < 

Z(Y) = {1}. Since Y is simply connected, h~ (-1) must be in the kernel of 
3 

the 4-dimensional representation of LA '. But i t is easy to check that this 

is not the case. Contradict ions 
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78 DONNA M. TESTERMAN 

(5.10). I f A Is of type A3 or B3, w i th (A,p) not special, and L^' is of 

type A 2 , then d1mV1(QA) = 1. 

Proof: Suppose false. Let TT(LA) = {aj_,a2>, so TT(A) - TT(L^) = {0:3}. 

By (5.8), Ly" = Lj_XL2, w i th L] of type A 2 or D4. Let q^ be the f ie ld t w i s t 

on the embedding of LA ' In L̂  for i = 1,2. Thus, (1.5) Implies Z A < Zy. 

Suppose L± = D4. Then Y = E8, U(L±) = {J32,J33,^4,j35}, TT(L2) = <JH£8>> a n d 

<X,J3j> = 0 for l< j<5 . By (1.23) and (5.9), \ | T A = q ( c j i i +d j i 2 + c M3) i f 

A = A3 or X IT A = q c ^ i i f A = B3, w i th XITy = x ^ + c X j + d X ^ where 

{ j ,k} = 7,8 and q is some p-power. I f p=3, 0<c,d<2 and (1.26) and (1.32) 

imply dimVlA < dlmVlY. Hence, p^3. 

Since p ^ 3, P i (L A ' ) acts Irreduclbly on V|_ ( -£5) and (2.7) Implies 

that q±=c\2- 0 n e checks that I f p2 (h a (c)) = hg (c°l2) and p2 (h a (c)) = 

hg (ccl2), the LA ' composition factors of Qy/Kg have high weights 

q 2 ( j i i +2M2) ; q2^2Mi) and q2^2- By symmetry, I f p 2 ( h a (c)) = h^ (ccl2) 

and P2(h a (c)) = hg (ccl2), there Is no LA ' composition factor of Qy/Kg 

Isomorphic to a t w i s t of Q/^z. Thus, LA ' must project into L2 in the f i r s t 

way described. 

We claim (\,p>£+$7) = 0. For otherwise, since VT ( X - £ s ) ffi 

V j (X -P5-J37) ?f 0, some nonidentity element f rom the set 

I L g - I L g _g must occur in the factor izat ion of an element In QA - QA \ 

However, - £ 5 (respectively, - ^ 5 - ^ 7 ) affords T(LA ' ) weight q2(Mi+2 j i2 ) 

(respectively, 2q2Mj.)- But no such weight vectors occur In Q/̂ Ko /Kg . 

Thus, I f Ly* has type D4XA2, XlTy = C\Q, for some l<c<p. Then (1.23) 

implies X IT A = q 2 (cMi+c j i3 ) I f A = A3, and (5.9) implies X |T A = q2Cjij_, i f 

A = B3. In any case, dimVjs (QY) < 3 /2 (c+ l ) (c+2) , by (1.25) and (1.12). 

However, f g + g + g v+ affords an Ly' composition factor In Vg (Qy) of 

dimension 4c(c+ l ) . Contradiction. 

Mow consider the case where Lj has type A2 for i = 1,2, and L^ and 

L2 are separated by exactly two nodes of the Dynkln diagram. For 

convenience, temporar i ly label as fo l lows: 

Licensed to Ecole Polytech Fed de Lausanne.  Prepared on Tue Apr 19 01:56:51 EDT 2016for download from IP 128.178.14.170.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 79 

LY ' = < U ± r i , U ± r 2 ) X < U ± r s , U ± r s ) = L±X L2 , YZ^A e T T ( Y ) " TT(LY), w 1 t h 

(r^,ri + j_) < O for l < i<5 . Then (2.8), (2.5) and (2.6) imply that only one of 

Lj_ and L2 act nontr iv ia l ly on V1(QY). Say L^v+ ^ v + , L 2 v + = v + . Since 

QA i Kry , we compare high weights of the LA* modules Q A K r /Kr and 

Q Y / K r to see that P i ( h a (c)) = h r (c^i) and Pj_(ha (c)) = h r (c^i). I t is a 

check to see that the Ly' composition factor of Qy afforded by U _ r _ r 

has no 3-dimensional LA ' submodule isomorphic to a t w i s t of QA
a3. But by 

(1.33), we may assume that i f QA < K^ , -7^ is not involved in L A \ Hence, 

(2.11) implies that QA £ K r . 

Mow, QA i K r and QA i K r and (2.9) imply that A = B3. Moreover, 

(2.13) and (2.8) imply r 3 l T A = q±az = r 4 l T A . By (5.9), ( X , ^ ) = 0 for 

2<i<6. Also, by (1.10), q-j_=l and so, i f < X , r ^ ) = c, for 0<c<p, then 

( \ ,a j_) = c. Mow, the subgroup X = < U ± r , U ± r , U ± r , U ± r , U ± r , U ± r ) 

of type Ag has a natural subgroup, B, of type B3. Moreover, the X 

composition factor of V|Y afforded by ( v + ) is not all of V|Y as X is 

contained in the Levi factor of a proper parabolic of Y. But the B 

composition factor of V|Y afforded by <v+) has the same high weight, as 

B3 module, as does VIA. Thus, dimVIA < dimVlY. Hence, this configuration 

does not occur. 

Consider now the case where Lj_ and L2 are separated by more than 

two nodes of the Dynkin diagram. Thus Y = Eg, TTCL )̂ = <J31,J33> and 

TT(L2) = {JH£8>. T h e n (2.13) and (2.3) imply that <X,£k> = 0 for k = 

2,4,5,6. We f i r s t note that only one of L^ and L2 acts nontr iv ia l ly on 

V1(QY). For otherwise (2.13) implies £ 4 l T A = q^o^, J3Q|T A = q 2 a3 , and 

J32ITA = 0 = P5lTA . As we l l , we have J3j_|TA = q^a^, ^ 3 | T A = q1a2, 

J3g|TA = q ^ ^ , ^ 7 l T A ~ c l2a2- Thus, there is no vector in V|Y w i th T A 

weight X - qa3, for any p-power q, contradict ing (2.14). 

Mote that A does not have type B3. For o the rw i se , \ |T A = c q ^ i , for 

i = 1 or 2, and \ | T y = cX^ or 0X3. And as above, considering the usual 

embedding of B3 in A 6 we have dimVIA < dimVlY. Also, (1.23) and (1.10) 
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imply VIA is res t r i c ted ; say X |T A = cUj_+dM2+cu3 Let PY " > B y " be the 

parabolic subgroup of Y w i th Levi factor Ly" = <Ly,U+Q ). Then QA < Qy" 

- Ru(Py/s) and Z A < Z(Ly / s)° by (2.12). For the argument which fo l lows, 

we may assume <X,^ 1 + j3 3 ) = 0 and <X,J37+£8) & 0. So X|TY = d X 7 + c X 8 , 

£ 5 I T A = °> ^6>TA = *3> J M T A = a 2 a n d Ps ' T A = * 1 - I f QA * KJ34> by (1.33) 

we may assume that - £ 4 is not involved in L A \ Hence, by (2.11), there is 

a nontr iv ial image of QA
a3 in ( ^ ( £ 5 , £ 4 ) . But Q y ^ g , ] ^ ) has no LA* 

composition factor isomorphic to a tw i s t of QA
a3. Thus, QA i Ko and 

i M T A = q i o i j . Now, i f V j (X -a 2 - xcx 3 ) j± 0, then conjugating by s a , we 

see that V j ( X - a 2 - ( c + l - x ) c t 3 ) ^ 0. So x < c+1. In par t icu lar , q^ = 1, 

else 0 ?f f 4 5 6 7v ' f € V y A ( X - a 2 - ( q + l ) a 3 ) . So J3^ITA = OL±) J 3 3 I T A = a 2 , and 

J34ITA = a 3 . Now, i f <X,J37> > 2, ( f 6 7 ) 2 v + , ( f 5 6 7 ) 2 v+, f 4 5 6 7 f 7 v + and 

f 3 4 5 6 7 v + a r e 4 l inear ly independent vectors in V j ( X - 2 a 2 - 2 a 3 ) . B u t 

(1.28) implies dimVT (X -2a 2 -2cc 3 ) < 3. Thus, <X,£7> = 1. Also, 

<X,£8> > 1, else (1.23) implies dimVlA < dimVlY. I f <X,£8> = c = <X,ai> = 

( X , a 3 ) , we may assume c & p-2, else by (1.35), d imV j ( X - a 2 - a 3 ) = 1, 

but f 6 7 v + and f 5 6 7 v + are 2 l inearly independent vectors in this weight 

space. Now by Theorem 3 of [3] and (1.28), i f c+1 < p - 1 , 

d imV T y (X - J3 7 - £ 8 ) = d imVT y (X-2J3 7 -2 j3 8 ) = d imV T y (X -J3 7 - 2£ 8 ) = 2. 

Thus, d im(VT y (X-2J36 -2J37 -2 j38 ) + V T y (X -2J3 5 - 2 £ 6 - 2 £ 7 - 2 J 3 8 ) + 

V T Y ( X - J 3 5 - 2 J 3 6 - 2 J 3 7 - 2 J 3 8 ) + V T y ( X - £ 4 - £ 5 - £ 6 - 2 £ 7 -2J58) + 

V T y ( X - j 3 3 - ^ 4 - J 3 5 - ^ 6 - J 3 7 - 2 p 8 ) + V T y ( X - p i - j 3 3 - i 3 4 - i 3 5 - ^ 6 - J 3 7 - ^ 8 ) ] > 9. 

But each of these weight spaces l ies in V7 ( X - 2 a 1 - 2 a 2 ~ 2 a 3 ) , which has 

dimension at most 9, by (1.28). Hence, we may assume c+1 > p - 1 , so 

c = p - 1 . Now, (1.33) implies dimVy ( X - J 3 7 - 2 £ 8 ) = 2 and since 

X - 2 £ 7 - 2 £ 8 is conjugate to X- j3 7 -2J3 8 , dimVT (X-2J37-2J38) = 2. And 

again the dimension of the given sum of Ty weight spaces exceeds 9. 

Thus, n ( L Y ) * {^1^3,J37,J38}. 

I t remains to consider the case where L-j is of type A 2 for 1 = 1,2 and 

Lj_ and L2 are separated by exactly one node of the Dynkin diagram. For 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 81 

convenience, temporar i ly label as fo l lows: TT(Lj_) = { r ^ ^ L TT(L2) = 

{ r 4 , r 5 > , r 3 € TT(Y) - TT(LY) and ( r ^ r ^ i ) < O for 1<1<4. Then (2.7) 

Implies that the f ie ld tw i s t s on the embeddlngs of L^' In L^ and In L2 are 

equal. Call this t w i s t q. Thus, by (2.5) and (2.6), only one of L± and L2 

acts nontr lv la l ly on V1(Qy). Say, Lj_v+ 7* v + and LQV* = v + . 

Now we may assume p>2. For otherwise, A = A3 and (1.23), (1.26) 

and (1.32) Imply dimVlA < dimVlY. Then, we find that Qy /K^ has an L^' 

composition Isomorphic to a tw i s t of QAa3 I f and only If h a (c) = h r (c^l)-

hry (cQ) and h a (c) = h r ( c ^ h ^ (c0!). Then, considering the T(L^') weight 

vectors In the module Q y / K r , we see that x_ a ( t) = x _ r _cy (c^t^)* 

x _ r _ ^ (C2tcl)w, where ĉ  6 k, w i th c^ and C2 not both zero, and w€ K r . 

Thus, r 3 l T A = q (a 3 - aj,). In par t icu lar , <X , r 3 > = 0. So i f <X,rj_> = d, 

<X , r2 ) = c, for some 0<c,d<p, then (\,a±) = cq and ( X , a 2 ) = dq. I f 

A = B3, d=0 by (5.9). In fact , c=0 also, else f ^ + ^ v + is a nonzero vector 

in V j (X - qo^). Thus, A = A3 and (1.23) implies that <X,oc3> = cq. Let 

P > B y " be the proper parabolic subgroup of Y w i th Levi factor <U ± rJ 

l < i<5 )Ty . Then, considering the usual embedding of A3 in A5, we see that 

dimVlA < dimV :L(Ru(P)) < dimVlY. This completes the proof of (5.10).D 

(5.11). I f A has type C3, w i th p>2, and LA ' has type A 2 w i t h 

dimV1(QA) > 1, then Y has type Eg, Ly' has type A 2 X D4 and 

X|Ty = c X 7 + dXg, d y£ 0, <X,aj_) = cq, (X,^) = dq, for some p-power q. 

Proof: By (5.8), Ly' = L^ X L2, where L̂  has type A 2 or D4. Thus, 

(1.5) implies Z A < Zy. Consider f i r s t the case where Lj_ = D4. Then 

Y = Eg, Ly' has type D4 X A 2 and (X,J3^) = 0 for 1 < i < 5. 

Let q̂  be the f ie ld t w i s t on the embedding of L^' in L^, for 1 = 1,2. I f 

q±7*c\2> LA* a c t s i r reducibly on Qy/Kg or p=3 and Qy/Ka has L^' 

composition factors of dimensions 21 and 3. Thus, since QA^ Kg , q^=q2-

I f P2^OL (c)) = hg (c^i) and P2(h a (c)) = hg (c^i), the LA* composition 

factors of Q Y /K p have high weights < q 1 ( 2 u 1 ^ 2 ) , q ^ i , qi2M2>- By 
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symmetry, i f P2^ha ^ c ^ = h £ (°^ a n d P2^ha ^ c ^ = h £ (c^> there is no 

L^' composition factor of QY /Kg isomorphic to a t w i s t of 0^3. Thus, 

we see that L^' must project onto l_2 in the f i r s t way described and 

J ^ I Z ^ = q ^ a j . Mote that (\,$Q) = 0 else a nonidentity element f rom U_g 

must occur in the factor izat ion of some element of Q&a3; but - £ 5 does 

not af ford a T(LA ' ) weight in ( Q ^ ^ i . (See (2.4).) Also, i f X|TY = 

c\-y+d\Q, then <\,cij_) = cq^ and (\,OL2> = dq^. Suppose d = 0 ?f c. Then 

(1.26) and (1.25) imply dimV^ (QY) < 3(c+l ) (c+2) . Now, f^ +£ v+ affords 

an Ly' composition factor of V a (Qy) of dimension 8-dimV0 , where V0 is 

the A 2 module w i th high weight ( c - D ^ + ^ 2 a n d ^ l * ^2 a r e t ' i e 

fundamental dominant weights for A2. The corol lary to Theorems 3 and 4 

in [3] implies dimV0 = c(c+2) i f c < p-1 or | ( c + l ) ( c + 2 ) + (c-1) i f c= p - 1 . 

But 8-dimV0 > 3(c+ l ) (c+2) in each case, contradict ing the bound on 

dimVQ (Qy). Thus d?fO. 

Now consider the case where L̂  is of type A2 for 1 = 1,2. Say 

L^v4" p£ v + . Since p>2, QA
a3 is a 6-dimensional i rreducible LA" module. So 

there does not exist r € TT(Y) - TT(LY) w i th ( r , 2 L 1 ) * 0 and such that 

Qy/Kry is isomorphic to a 3-dimensional i r reducible Lj_ module. Thus, 

there exists r 0 € TT(Y) - TT(LY) w i th (rQ)I,L]) * 0 for 1 = 1,2. For 

convenience, temporar i ly label as fo l lows: TT(Lj_) = {r1}r2}} ( ^2> r o) ^ °> 

Tr(L2) = { r 3 , r 4 } , (r^,r0) * 0. Then (2.7) implies that the f ie ld tw i s t s on 

the embeddings of LA ' in Lj_ and in L_2 are equal. Call this t w i s t q. 

Considering the LA ' composition factors of Q Y / K r , we have h a (c) = 

h r ( c 3 ) h r (c3) and h a (c)= h r (c<l) h r (c3). 

We f i r s t claim that there does not exist T€TT(Y) - TT(LY) w i th 

( t , r 4 ) ^ 0. For i f there exists such a t , Q Y / K t is a 3-dimensional 

i rreducible LA ' module and so Q^ < K t . By (2.10), -x is not involved in L A \ 

so (2.11) implies that there is a nontr iv ial image of QAa3 in Q y ( r 0 , T ) , 

which is also a 3-dimensional i rreducible L^' module. Contradiction. As 

we l l , there does not exist T€TT(Y) - TT(LY) w i th ( t , r 3 ) 76 0. For i f there 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 83 

exists such a t , as above, QA < K t , - t is not involved in LA ' and (2.11) 

applies. But Qy ( r 0 , T ) has LA* composition factors of dimensions 8 and 1 

(7 and 1, i f p=3). 

The above work implies Y = Eg and TT(Ly) = {^1,j33,J35,J36}. We may 

assume, by symmetry, that ( X ^ + j J g ) = 0, and by (2.3), <X,J32> = 0. Also, 

one checks that x_ a (t) = x o (c 1 tn )w, where c^Gk and W € K Q . Thus, by 

(2.4), £ 4 I T A = q a 3 ; and (2.12) implies £ 2 I T A = 0. Thus, <X,J34> = 0, else 

f 4 v + and f 2 4 v + are two l inearly independent vectors in VT ( \ - q a 3 ) . 

We claim that <\,ct3) = 0. For since £ j j T A = qa^ = j ^ ^ lT A , 

£ 3 | T A = q a 2 = £ s l T A , £ 4 I T A = q a 3 , and <X,J34) = 0, there does not exist a 

vector in V|Y w i th T A weight X - %OL^ for any p-power q0 . So we have 

X |T A = q ( c ] i 1 + d j i 2 ) a nd ^ l T Y = c ^ - l + C 'X3 for some 0<c,d<p. 

Now let X = <U+B ,U+B ,U+Q ,U+g ,U±Q ). Then X has a natural 

subgroup, C, of type C3. Moreover, v + affords an X composition factor of 

V|Y w i th dimension s t r i c t l y less than dimVlY, as X is contained in the Levi 

factor of a proper parabolic of Y. But v + affords a C composition factor 

of VlY w i th the same high weight as VIA, as C3 module. Thus, dimVlA < 

dimVlY. Contradict ion.• 

(5.12). I f (A.L A') is of type (C3,C2) w i th p>2, then dimV1(QA) = 1. 

Proof: Suppose false; i.e., suppose dimV1(QA) > 1. We f i r s t claim 

that Ly" is not simple. The work of Chapter 7 indicates that Ly' is not a 

simple algebraic group of exceptional type. Hence, i f Ly' is simple, 

Theorem (4.0) implies Y = E8, XlTy = \± and <X,a2 ) = 2q, for some 

p-power q. However, this contradicts (5.11). Thus, Y = Eg and Ly' is of 

type A 3 X A 3 or A 3 X A4 . 

We f i r s t claim that <\,oc2) ?£ 0. For otherwise, (5.11) and the Main 

Theorem of [12] imply X |T A = q j i 3 and dimVlA < dimVlY. Hence, (5.11) 

implies X\Jy = c X 7 + d \ g w i t h d^O. N ° w (U+g.l j = 6, 7, 8) is a 

component of Ly' w i th the embedding of LA ' in Ly" the natural embedding 

of classical groups, up to some tw is t . Thus, < \ , a 2 ) = dq0 and 
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(X,OL^) - cq0 for some p-power q0 . In fact , since d ^ 0, (5.11) implies 

<X,aj_> = cq0 , so by (1.10), q0 = 1. Now, let X = <U+p. I 2 < j < 8). Then X 

has a natural subgroup of type C3, call i t C. (See IVg on Table 1 of [12].) 

Moreover, v + affords an X composition factor of V|Y of dimension s t r i c t l y 

less than dimVlY. But v + affords a C composition factor of V|Y w i th the 

same high weight as VIA, as C3 modules. Thus, dimVlA < dimVlY. 

Contradiction.D 

(5.13). I f (A,Y,V) is an example in the main theorem, w i th Y of type 

En and rankA > 2, then (A,p) is not special. 

Proof: Suppose false 

Case I: Suppose p = 2 and A has type B^ or C^. 

We f i r s t claim that <X,aj) > 0 for some j > 1. For otherwise, 

applying induction to a maximal parabolic of A corresponding to cc^, rank 

res t r ic t ions, (5.1) - (5.11), (9.4) and the Main Theorem of [12] imply that 

X |T A = qjjijL or (q+q0)u<L and dimVlA = 2k or (2k) 2 , respectively. Also, 

k < rankY, by Theorem (4.1) of [12]. But then (1.32) and [8] imply dimVlY 

?f dimVlA. So <\,ci j) > 0 for some j > 1, as claimed. 

For the remainder of Case I considerations, let a = aj_; so LA ' has 

type Bk_j_ or Ck_j_, and dimV1(QA) > 1. Suppose Ly' has type Dg, for some 

£ > 4. Then by (1.5), Z A < ZY and by (4.1) of [12] , rank LA = k -1 < 

rankLy'. I f LA ' acts i rreducibly on some module other than W, the natural 

module for Ly", the Main Theorem of [12] implies that either LA" acts 

i r reducibly on the 2 fundamental spin modules for Ly', or LA ' = B3, 

Ly' = D4 and LA ' acts i r reducibly on 2 of the 3 rest r ic ted 8-dimensional 

i rreducible Ly" modules. But there exists r GTT(Y) - TT(Ly) w i th 

V r (Qy ) ^ 0 and Q y / K r isomorphic to one of these two spin modules; 

while I a is never isomorphic to one of these modules. Thus, W is the only 

Ly" module on which LA" acts irreducibly. So V1(Qy) = W. I f Ly' = D7, 

then dimV1(Qy) = 14, so k = 4. However, the bound on dimVg (Qy) implies 

X|Ty = X Q . By (4.1) of [12] , the only remaining possibi l i ty is that 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 85 

Ly' = D4, k = 4 and X |T^ = x j i i +qJM, ^ o r s o m e p-power q. Induction, 

applied to the maximal parabolic of A corresponding to a k , implies that x 

= 0, qj_ or qj_+q2; f o r q± and q2 dist inct p-powers. So dimVlA = 16, 128, 

or 1024. As we l l , <X,J32-h i33+^5> = 1 a n d <X£4> = °- Finally, using (2.3) 

to obtain more information about X lTy, and (1.32) and [8 ] , we see that 

dimVlA ?f dimVlY. Thus, no component of Ly' has type D#. 

Suppose A = B3 or C3. The above work and (9.4) imply that Lj has 

type A3 for all i. Mote that XlTy ^ X# for any £. For otherwise, 

\ | T A = q2XUi+q2M2 o r c l l > < ^ l + c l 2^ i 3 f ° r x = 0 or 1 and for some 

p-powers qj_ and q 2 . Then Table 1 of [5] implies dimVlA = 8, 14, 48 or 64; 

so dimVlA ?f dimVlY by [8]. Mow, in general, induction and rank 

res t r ic t ions imply dimVlA < 6 2 -8 i f Y = E5 or E7 and dimVlA < 6 -8 3 i f 

Y = E3. But then the above remarks, (1.32) and [8] imply dimVlA < dimVlY. 

Hence, A ^ B3 or C3. 

Mow, suppose A = C4 or B4. A s t ra ight forward argument shows that 

Ly' = A5 and X |T A = x j i1+qM2 ^ o r s o m e p-power q. If Y = Eg or E7, 

induction (applied to the A3 maximal parabolic of A) implies that x = 0 or 

q. So dimVlA = 26 or 112. But then (1.32) and [8] imply dimVlA * dimVlY. 

So Y = Eg. By induction, x = 0, q^, q, or q^+q, for some p-power q̂ _ & q. 

Then, dimVlA = 26, 112, 208, or 896. But [8] and (1.32) imply dimVlA < 

dimVlY. So Y ^ B 4 or C4. 

Suppose A = B5 or C5. The previous work of this result and the 

Main Theorem of [12] imply that Ly" = A7. The bound on dimV o (Qy) 

implies that XlTy = Xj_. Also, X |T^ = xjij_+qM2- However, induction 

(applied to the A4 maximal parabolic of A) provides a contradict ion. 

Thus, A does not have type B5 or C5. But this fact , together w i th rank 

res t r ic t ions implies that A does not have type B5 or C6 , and consequently 

neither can A have type B7 or C7. 

Case I I : A has type F4 and p = 2. 

F i rs t note that ( X , a p > 0 far some 1 < j < 3, else by induction, the 
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Main Theorem of [12] and the previous work of this resul t , X IT A = q j i 4 , 

for some p-power q, and dimViA = 26 < dimVlY. Let a = 0C4, so LA ' = B3 

and dimV1(QA) > 1. I f LY ' = D7, V1(QY) = W, the natural module for LY \ 

For otherwise, by the Main Theorem of [12] , Qy/Kg is a tensor 

decomposable, i rreducible LA ' module containing a nontr iv ial image of 

Q A
a . But now, the bound on dimV o (Qy) implies XlTy = XQ. I f Ly' = A7, 

the bound on dimV a (Qy) implies XlTy = \±, whi le X IT A = qji^+x^i^. 

Hence, dimViA = 246-26 k or 4096-26 k for some k>0. (See [8].) But then 

dimVlA^f dimVlY by [8]. 

Suppose Ly' = A5. Since LA* acts i r reducibly on W, the natural 

module for Ly*, (2.3) implies that there does not exist rGTT(Y) - TT(Ly) 

w i th Q y / K r ^ W or W*. Also, by induction V1(Qy) = W or W*. Hence, i f 

Y = E5, the bound on dimV a (Qy) implies XlTy = \± or XQ. But then [8] 

implies dimViA * dimVlY. So Y = E7, n ( L Y ) = {J331 j = 2,4,5,6,7}, and 

XITy = xX^+X^ where £ = 2 or 7. Also, \ | T A = q | i i +yU4 and by [8 ] , 

dimViA = 26 k ; s o x ^ O . By induction, <X,a4> = 0 or q^; so dimViA < 2 6 2 < 

dimVlY, by (1.32). So Ly* * A5 . 

I t remains to consider the case where Ly" has type D4 and by 

induction X |T A = xqu i+qU3+yU4 for some p-power q and x = 0 or 1. 

Also, since Qy/Ka must contain a nontr iv ial image of Q A
a , for 1 = 1 and 5, 

< \ ,£ 3 +J3 5 ) = 1, <X,£4> = 0 and <X,J32> = x. As we l l , (2.3) implies 

<X,J3£> = 0 for £ > 7. Applying induction to the C3 maximal parabolic of 

A, we f ind that Y = Eg, XlTy = 8 X ^ X 3 , and X |T A = q|i3+qU4. However, 

[8] and (1.32) imply dimViA < dimVlY. This completes the proof of (5.13).D 
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CHAPTER 6: INITIAL RANK TWO RESULTS 

In this chapter, we w i l l prove the Main Theorem In case A = A 2 , p>2 

and Y = En. The method of proof depends almost ent i re ly on res t r i c t ing 

our attent ion to the embedding of one of the two maximal parabollcs of A. 

In fact , we w i l l actually be studying the embedding of the maximal 

parabolic of any rank 2 group whose Levi factor is <U+Q ), for j3 long. 

(Though we must assume p > 3, i f A = G2.) We establish a reasonably 

short l i s t of possible such embeddings. (See (6.9).) For A = A 2 , repeated 

applications of (1.23) usually enable us to determine the s t ructure of VIA, 

by knowing this one embedding. The A 2 result is the fol lowing. 

Theorem 6.0. (a) Let A be a simple algebraic group of type A 2 , Y a 

simply connected, simple algebraic group of type En. Suppose p>2, A < Y 

and VIA is i r reducible, for V = V(X) a nontr iv ia l , res t r ic ted i rreducible 

kY-module. Then, p = 5, Y = Eg and X|TY = \± (or X 6 ) . Moreover, 

X |T A = 2 M I + 2 j i 2 , where j i ^ and u 2
 a r e the fundamental dominant 

weights corresponding to a fixed set of simple roots for 2(A). 

(b) I f p pf 2,5 and Y = E5, there exists a closed subgroup B < Y, 

B = PSL3(k) such that V(X1)|B is i rreducible. 

Remark: The proof of (6.0)(b) is given in [16]. 

Hypothesis: For the remainder of this chapter we adopt Notation 

and Hypothesis (2.0) w i th rank A = 2, S(Y) of type En, p > 2 and p ^ 3 when 

A = G2. So (A,p) is not special. However, we w i l l w r i t e TT(A) = { a , £ } ; so 
LA = ( U + R ) T A a n c ' w r ^ t e j i a and j i g for the corresponding fundamental 

87 
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dominant weights. We take J3 to be the long root. Finally, assume VIA is 

i rreducible and <X,J5) ^ 0. 

(6.1). Ly' is not a simple algebraic group. 

Proof: Suppose false. Fi rst note that Theorem (7.1) of [12] implies 

Ly" is not of type E^. Thus, by (1.5), Z A < Zy. Consider f i r s t the case 

Ly' = Ak for some k. By (2.14), k > l . Let W be the natural module for Ly'. 

Then by (7.1) of [12] , V1(QY) = W or W*. Thus, there does not exist 

r€TT(Y)-TT(LY) such that ( r , £ L Y ) * 0 and Q y / K r ^ W or W*. Moreover, 

since WAW (or W*AW*) has all even weights as an LA ' module and p > 2, 

there does not exist r € TT(Y)-TT(LY) such that ( r , S L Y ) * 0 and Q Y / K r = 

WAW or W*AW*. These remarks imply that Ly' = An_j_, where Y = En, 

n = 6, 7, 8. Moreover, by (1.25), d imV r (Q Y ) < 2n in each case. However, i t 

is an easy check to see that dimV a (QY) > ^ n ( n - l ) in each case. 

Contradiction. 

Suppose Ly" = D5 and V1(QA) has high weight (3q^ + 3q2)MR, a s 

described in Theorem (7.1)(c) of [12]. Then there exists r € TT(Y)-TT(LY) 

such that ( r , S L Y ) ?f 0 and Qy /K^ is a 16-dimensional i rreducible 

LA ' -module. Thus QA < K r , contradicting (X,J3) ^ 0. 

Since p>2, i t remains to consider the case where Ly' = D^ for some 

k and V1(QY) = W, the natural module for LY*. Mote that by (1.14), W is a 

tensor decomposable LA ' module and LY ' = D4 or D5. I f Ly" = D5, f 1 3 4 5 6 7 v + 

affords an LY ' composition factor of VQ ( Q Y ) of dimension 32. However 

this exceeds the bound of (1.25). Hence, Ly' = D4 and V1(QA) has high 

weight (q1+3q2) j iR, f o r 91 a n d cl2 dist inct p-powers. One checks that LA ' 

acts i r reducibly on two of the three fundamental 8-dimensional 

i rreducible Ly'-modules. Hence, L A ' ac ts i rreducibly on Q Y / K Q or on 

Qy/Kg , forcing QA < KQ or Kg . But this contradicts (2.3). 

This completes the proof of (6.D.D 
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Remark (6.2). (1) I f there exists l < i < r w i th L̂  of exceptional type, 

then dimV1(QY) > 1 , induction and Theorem (7.1) of [12] imply that Y = Eg, 

Ly' = Lj_XL2, where L^ = E§ and L2 = (U+g ) and XITy = xXj + cXg, for 

some p>x>0 and p>c>0. Now, dimV2(Qy) > 27c. Thus, the bound on 

d imV 2 (Q A ) ^ _ q a and the description of V2(QA) in (1.22) imply that k>7, 

where VIA = V j^ i ® • • ® V^^k, as in (2.0). In part icular , i f VIA is tensor 

indecomposable and V1(QA) is nont r iv ia l , al l components of Ly" have 

classical type. 

(2) We w i l l often use without reference the fact that 

U_2 a -B 'U_3 a_Q # u - 3 a - 2 B - QA*- T ^ i s f o ^ o w s f r o m the stated prime 

rest r ic t ions. 

(6.3). I f Lj has type D .̂ for some i and k ,̂ then Y has type Eg, 

XlTy = x X 7 + c \ g , for c>0 and TT(Ly) = -Cj^2^3^4'^5^8^ o r 

{p1^2 , j33 , ]34 ,J35^8}. 

Proof: Since all components of Ly" are necessarily of classical 

type, (1.5) implies Z ^ < Zy. Moreover, by (6.1), Ly* is not simple, so size 

res t r ic t ions imply L̂  = D4 or D5 and Y has type E7 or Eg. 

Case I: Suppose Mj is nontr iv ia l . 

Consider f i r s t the case where L̂  = D5. Then, (7.1) of [12] and (1.14) 

imply P](L/\) acts i r reducibly on the two fundamental spin 

representations of L-j. Hence, <U+g >< Lj , else Qy/Kg is a 16-dimensional 

i r reducible L^' module containing a nontr iv ial image of Q^. The same 

argument applied to Qy/Ko implies (U+g ) < Ly*. Thus, Ly' = L^XLj where 
L i ~ ^u±6 ^ o r ^U±B > u ±6 )• A 1 s o> (2-7) implies Mj is t r i v i a l . Now, using 

(1.30) and (1.32), and recall ing that p>3 in this configurat ion, we see that 

the bound on dimV a (Qy) of (1.25) is exceeded. Thus, L̂  = D4. 

Since p?f2, (7.1) of [12] and (1.14) imply MJILA* has high weight 

(qj_+3q2)j ig, for qj_ and q2 dist inct p-powers. By considering p^(hg(c)), 

one checks that p^L^ ' ) acts i rreducibly on two of the three res t r ic ted 
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8-dimensional i rreducible L̂  modules. On the th i rd P](L^') acts w i th 

composition factors of dimensions 3 and 5. Thus, QA < Kg , contradict ing 

(2.3). This completes the consideration of Case I. 

Case I I : Suppose M̂  is t r i v i a l . 

Note that there does not exist r € TT (Y ) -TT (LY) and l < j < r , j ^ i such 

that (ZLi,90 &0 j* (SL j , r ) . For otherwise, by size res t r ic t ions , Mj is 

nontr iv ia l and (1.32) and (1.36) imply that the bound on d imV r (Qy) of 

(1.25) is exceeded in every possible such configuration. Thus, Y = E3 and 

LY* = I] X <U±£ ), where 1^ = (U+p.l 2<j<5 ) or <U±£. I l < j <5 >. Also, 

<X,r> = 0 for al l r e T T ( Y ) - T T ( L Y ) such that ( r ^ L j ) f̂ 0, else the bound 

on d imV r (Qy ) is exceeded. Thus, (6.3) holds.• 

(6.4). Let r e TT(Y)-TT(LY) and l<1?f j<r such that 

( Z L j , r ) ^ 0 ^ (SL j , r ) . Then M1 or Mj is t r i v i a l . 

Proof: Suppose false; i.e., suppose M̂  and Mj are both nontr iv ia l . By 

Theorem (7.1) of [12] and (6.3), Lj and U have type Ak., Ak., respectively, 

for some k^, kj > 1. Thus, by (1.5), Z A < Zy. Let Wk denote the natural 

module for Lk, k = i , j . By (7.1) of [12] , i f rank Lk > 1 , Mk ^ Wk or W k* for 

k = i , j . 

Cage I: V L ^ ( - r ) = W£ or W f t* for a = i and j . 

By (2.5) and (2.7) and the preceeding remarks, r = £ 4 and there 

exists k ?f 1, J, such that Mk is t r i v i a l and (2Lk,J34) ^ 0. Then, (1.15) 

implies that L^XLjXLk has type A^XA^XA,^ , m = 1 or 3, or A^XA2X A m , 

m = 2, 3 or 4 (w i th a possible reordering of the t r ip les) . Then (1.36) 

implies that the bound on dimVg (Qy) of (1.25) is exceeded unless the 

t r ip les are {Aj_,Aj_,Am}, m = 1 or 3, or {A 1 ,A 2 ,A 2 } w i th the Aj_ component 

acting t r i v i a l l y on V1(Qy). 

Suppose rank L m = 1 for m = i , j , k. Let r m € TT(Y) such that 

L m = (U+y > for m = i , j , k. Let q̂  (respectively, qp be the f ie ld t w i s t on 

the embedding of LA ' in <U± r. ) (respectively, ( U ± r . ) ) , where qj ^ q*. 
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Then, by (2.7), we may assume that the f ie ld t w i s t on the embedding of L^' 

in (U±/y ) is also q*. Then the L^' composition factors of Q Y / K Q have high 

weights (2qj + qpMjj a n d ^ i ^ B - S i n c e VT ( ^ - r ^ - j ^ ) * 0, some element 

f rom the group U_Q -U_ r._j3 must appear in the factor izat ion of an 

element in Q A -Q^ \ But -J34 (respectively, -¥—$4) affords T(LA") weight 

(2qj + qpjJLR (respectively, (2qj - qpUfj). Neither of these weights 

occurs in (O^01)^- Thus, rank L m > 1 for m = i , j , or k. 

We consider now the case where L^XLjXL^, in some reordering, has 

type A i X A i X A j , so TT(LY) = {£2,J33,J35,£6,J37>. Let ^ t ^ t ^ ^ t ^ ) = L0. 

Let q^ (respectively, q2) be the f ie ld tw i s t on the embedding of LA ' in 

(U+Q ) (respectively, <U+g >). Since p>2, (1.15) implies VL C-p4) |L^' is 

tensor indecomposable; in par t icu lar , p>3. Let the f ie ld t w i s t on the 

embedding of LA" in L0 be (\$. By (2.5), (2.6) and (2.7), {qj_,q2,q3} consists 

of two d is t inct powers of p. I t is then an easy check to see that there is 

no 2-dimensional LA* composition factor of QY /Kg . Thus QA < Kg , 

contradict ing (2.3). 

We have, therefore, TKLjXLjXLfc) = { J ^ j ^ , ^ , ^ , ^ } w 1 t h 

<X,J32> = 0. The bound on dimVp (QY) of (1.25) implies that (X^^) = 1 = 

<X,Ps) and <X,£m> = 0 for 2<m<5. Mow, f 1 3 4 v + affords an LY ' 

composition factor in V a (QY) of dimension 14, i f p=3, or 16 otherwise. 

Also, dimV j ( X - p ^ - J ^ - ^ 4 - ^ 5 - ^ 5 ) > 4, by (1.34) and i f p=3, a 1-space 

f rom this weight space occurs in the above mentioned composition factor , 

and otherwise, a 2-space from this weight space occurs. Hence, 3 

(respectively, 2) d ist inct composition factors of VQ ( Q Y ) of dimension 2 

are afforded by vectors in VT ( X - J ^ - J ^ - ^ - J ^ - J J g ) , i f p?f3 

(respectively, p=3). In either case, the bound on dimVg (QY) is exceeded. 

Thus, L jXL iXL^ does not have type A 2 X A 2 X A J L and this completes the 

consideration of Case I. 

Case I I : For £ = i or j , VL ( - r ) £ Wfi or W f i*. 

Since W# is an i rreducible LA ' module for £ = i , j , i f rank L# > 1, 

Licensed to Ecole Polytech Fed de Lausanne.  Prepared on Tue Apr 19 01:56:51 EDT 2016for download from IP 128.178.14.170.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



92 DONNA M. TESTERMAN 

there does not exist S€ TT(Y ) -TT (LY) such that Qy/Kg = W# or W#*, else 

QA < Kg. Applying (1.36) and the various techniques for obtaining lower 

bounds on dimensions of modules (e.g., (1.30), (1.32) and (1.35)), the bound 

on d imV r (Qy) of (1.25) res t r i c t s the situat ion s t i l l fur ther. We find that 

TT(LiXLj) = { j ^ j ^ j ^ j ^ } and p=3. In part icular , Wj|LA ' is tensor 

decomposable. Let q^ be the f ie ld tw i s t on the embedding of LA ' in (U+Q ). 

Suppose Wn|LA' has high weight (q2+q3)MR, f o r ^2 anc^ ^3 d ist inct 

p-powers, w i th q 2 ^ qj_ ^ q^. Then, Qy/Ka has LA ' composition factors 

w i th high weights (q1+2q2)UR a nd (ct l+2c l3)iJLB- I n par t icu lar , there is no 

2-dimensional LA ' composition factor of Qy/Kg , contradict ing (2.3). 

This completes the consideration of Case I I and the proof of (6.4).• 

(6.5). Suppose there exist dist inct l< i , j , k< r such that 

(2Lm,J34) ^ 0 for m = i , j , k and suppose Mm is nontr iv ial for m = i , j or k. 

Then one of the fol lowing holds: 

(i) A * G2, Y = E6, XlTy = \ ± or X 6 and n ( L Y ) = { £ i I 1 * 4}. 

( i i ) A * A 2 , Y = E8, XlTy = \ ± and H (L i XL j XL k ) = { J ^ J ^ J ^ J ^ J V -

( i i i ) Y = E7, p^3, L^XLjXL^ has type A 1 X A 1 X A 3 and 

XlTy = xXj_ + Xy^ p>x>0. 

(iv) A p£ A 2* rank L m = 1 for m = i , j , k, and 

dim(M1 ® Mj ® Mk) = 2 = dimV1(QY) and <X,£4> = 0. 

Proof: Since all components of Ly" are necessarily of classical 

type, (1.5) implies Z A < Zy. Let Wm denote the natural module for Lm , 

m = i , j , k. Then Theorem (7.1) of [12] implies that i f rankLm > 1 and M m 

is nontr iv ia l , M m = Wm or W m * , and (6.4) implies that only one of M ,̂ M, 

and N^ is nontr iv ia l . As we l l , (1.15) res t r i c t s the situat ion somewhat. 

We then use the bound on dimV o (Qy) of (1.25) in conjunction w i th (1.36) 

to see that (XJJ4) = 0 and one of the fol lowing holds: 

(a) rank Lm = 1 for m = i , j , k and dim(M^ ® Mi ® M^) = 2. 
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(b) TT(LY) = -Cj52,J33,J35,J36,J37>, U,J3m> = 0 for 2<m<6 and 

U , £ 7 > = 1. 

(c) L^XLjXL^ has type A 2 X A ^ X A 2 , the Aj_ component acts t r i v i a l l y 

on V1(QY) and i f M2 is nontr iv ial for ££ { i , j , k } , M£ = (VL ( - r ) ) * . 

(d) L1XLjXL k has type A 2 X A 1 X A 3 , <X,£m> = 0 for l<m<6, 

<\,J37) = 1 and V i (Q A ) is a tensor decomposable LA ' module. 

(Recall, XITy ^ X3 i f Y = E3.) In the configuration of (d), Y = E7, 

else Qy/Kp is a 4-dimensional i rreducible LA ' -module containing a 

nontr iv ia l image of Q A
a . But now, using (1.23), (1.32) and (1.35), we find 

that dimVlA ^ dlmVlY. Thus the configuration of (d) does not occur. 

Consider now the configuration of (c). I f Y = E5, dimVlY = 27. Using 

the methods of (1.30), (1.32), (1.33) and (1.35) we see that i f A has type 

G2, dimVlA > 27. Thus, (i) holds. I f Y = E7, QA < KJJ since Q Y / K Q is a 

3-dimensional Irreducible LA ' -module. But then, X|Ty = \±. Consider the 

case where Y = £3. We must study the image of QA in Qy/Kg . For the 

purposes of this argument we may assume <X,Pi> = 1, <X,J3m) = 0 for 

2<m<6. Let qj_, q 2 and q 3 be the f ie ld tw i s t s on the embeddings of LA ' in 

^ ± £ ^ ± £ 3 ^ ^U±J32^
 a n d ^U±P5 'U±J36)' respectively. By (2.7), q 1 ? q 2 and q 3 

are not all d ist inct . We w i l l show that, in fact , q^ = q 3 . 

Suppose qjL = q 2 ^ q 3 . Then the LA* composition factors of Qy/Kg 

have high weights (3q2+2q3) j ip and (q1+2q3)Mft- ( I f p=3 and 3q^ = q 3 , the 

weights are 3 q 3 u g , 93^6 a n d (%+2q3) j iR.) Thus, (2.4) implies that p=3, 

3q 1 = q3 and J34IZA = 9q1a or 3q1a. Since V T Y ( X - J 3 1 - J 3 2 - J 3 3 - ^ 4 ) ^ 0 , a 

nonidentity element f rom the set U_24«U_234-U_1234 must appear in the 

factor izat ion of some element in QA - QA'. Also, -J32-J34 (respectively, 

- £ 2 - £ 3 - £ 4 , - J 3 i - p 2 - p 3 - j 3 4 ) affords T(LA ' ) weight 7q1M£ 

(respectively, 5q^, 3q^). So (2.4) implies # 4 l Z A = 3qj_cc = q 3 a. Then, 

examining the T(LA*) weights of root group elements in Qy/Kg , we see 

that x_ a ( t ) = x_1 2 3 4 (c1 t c !3)u1 and x _ a _ ^ ( t ) = X-12345(c2tcl:3)u2, where 

cj € k*, û j € KQ . However, there is then a nontr iv ia l contr ibut ion to the 
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root group U_1345 in the expression for [ X Q ( 0 , x_ a o ( t ) ] , contradict ing 

(6.2)(2) and the given factor izat ion of x a ( t ) . Thus, we do not have 

q>j_ = q 2 ^ q 3 . A s imi lar argument shows that the configuration q± ^ q 2 = 

q 3 cannot occur. In fact , qj_ = q 3 , regardless of the labell ing of \ | T y . 

I f QA ̂  KB > ^ ' T Y = ^ - 1 - Suppose QA £ Kg . Then (U+o ) < Ly', else 

Qy/Kg is a 3-dimensional irreducible LA ' module containing a nontr iv ial 

image of Q A
a . Then (2.7) implies that the f ie ld t w i s t on the embedding of 

L A ' 1n ^u±8 ) is qj_ = q 3 . Thus, (2.5) implies (\,$Q) = °- Moreover, 

<X,P7> = 0 else the bound on dimV a (Qy) of (1.25) is exceeded. Thus, 

X|Ty = \± or X 6 . In either case, A ?* A 2 , as (1.23) implies dimVlA < 

dimVlY. I f XITy = \ 6 , (7.1) of [12] implies <X,a> = 0, q, 2q, 3q, 4q, 5q, 

q+q0 or q+2q0 , for q and q 0 d ist inct p-powers. Then (1.27) implies 

dimVlA < 2 - 3 3 - 7 2 - l l . But by (1.38) dimVlY > dimVlA. Hence, \ | T Y * ^ 6 

and ( i i ) holds. 

For Ly as in (b), p?f3, else V1(Qy) is tensor decomposable and (1.15) 

is contradicted. Also Y = E7, else Q&/Ka is a 4-dimensional i rreducible 

LA ' -module containing a nontr iv ial image of QA. Thus, ( i i i ) holds. 

Finally, we must consider the case where rank(Lm) = 1 for 

m = i , j , k. Suppose q 0 is the f ie ld tw i s t on the embedding of LA* in two of 

the components L ,̂ L*, L^ and q^ is the t w i s t on the embedding in the th i rd . 

I f q 0 ?f q^, the LA ' composition factors of QA /Kg have high weights 

(2q0 + q ^ j i j j and q^M^. Since p>2, (2.4) implies ^ 4 l Z A = q^a. 

Temporari ly label as fo l lows: TT(Lm) = {9^m} for m = 1, j , k, and let 

< X , r p * 0. So < X , r j + r k ) = 0. Let q m be the f ie ld t w i s t on the 

embedding of LA ' in L m for m = i , j , k. Suppose q* = q k ^ qj. From above, 

£ 4 l Z A = q^a. However, VT ( X - r j - J ^ ) & 0 implies that a nonidentity 

element f rom the set I L Q - I L ^ . - Q must appear in the factor izat ion of 

some element in Q A -Q A \ But - p 4 (respectively, - r ^ - J ^ ) affords T(LA ' ) 

weight (2qj + qp j i a (respectively, (2qj - qpMfj) which is not a weight in 

( Q A 0 1 ) ^ i f q] j± qj. Thus, q1 = qj or q, = q k . 
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We are now able to show that there does not exist l< f t<r , ft^{i,j,k} 

such that M^ is nontr iv ia l . For, suppose there exists such an ft. Then, 

Lft = <u±j37>> < u ± p 8 > o r <u±£7 ' u ± p 8 > - I f L * = < U ±J^7 ) J ( Z 1 7 ) a n d ( Z 4 ) i m p ] y 

QA ~ K B > contradict ing (2.3). I f L# = <U+o ,U+Q ), (2.17) implies that the 

f ie ld tw i s t s on the embeddings of LA ' in <U+Q ) and in L# are equal. Also, 

i f this t w i s t is q, fi^U^ = qa. The above work on f ie ld tw i s t s and (2.5) 

imply £ 4 l Z A = qa. However, dimVp (QY) = 4dimM£ = d imV 2 (Q A ) ^ _ q c i , by 

(1.22). But there is a nontr iv ial contr ibution to V 2 ( Q A ) ^ __ g a f rom 

Vj3 (Qy). Contradiction. Thus, L# = <U+£ ). I f QA i KJJ , (2.8) implies that 

the f ie ld tw i s t s on the embedding of LA" in <U+Q ) and in L# are equal. I f 

QA < KD , we consider the LA ' composition factors of Q y ( ^ 7 , ^ 6 ) . Since 

p>2, (2.10) and (2.11) give the same result Mow proceed as before to 

produce a contradict ion. We have, therefore, dimV1(Qy) = 2. Moreover, 

(1.23) implies dimViA < dimVlY i f A = A2 . Thus, (iv) holds and the proof of 

(6.5) is complete.• 

(6.6). Let r 6 TT(Y)-TT(Ly). Suppose there exists a unique pair 

l<1J<r such that ( S L ^ r ) * 0 ^ ( Z L ^ r ) , Ln, Li are of type Ak., Ak . for some 

k ,̂ kj > 1 and d1m(M^ ® Mj) > 1. Then, one of the fo l lowing holds: 

(i) A = G2 (so p>3), Y = E8, H(L i XLj ) = {J31^2,j33,P4,i36}, \ | T Y = X±, 

(XJ5) = 4qj_ and <\,cx) = q+q^, 2q^+q or 3q 1+q, for q and q^ dist inct 

p-powers 

(11) A ?< A 2 , Y = E7 or E8, <U±pj> and <U±£2, U ±^ 4 , U±£5> are 

components of Ly', and <U+Q ) < Ly*. Also, <X,j32) ~ 1> (^> Pft) = ° f o r ft 

= 1, 3, 4, 5, 6, 7 and dimV1(QY) = 4. 

( i i i ) L iXL j has type A 1 X A 2 and <X,r> = 0. 

(iv) A = A 2 or B2 , p>3, Y = E7, X|TY = X7, TT(Ly) = {j31,J33,J35,^6^7} 

and V^(QA) is a tensor indecomposable LA" module. 

(v) A = B2 or G2 , Y = E8, X|TY = X2 and TT(Ly) = • 

^ i ^ 2 ^ 4 ^ 6 ' ^ 7 ^ 8 ^ - Moreover, ^ 3 l Z A = qa = J^5lZA, where q is the f ie ld 
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t w i s t on the embedding of L^' in each component of LY '. 

(vi) A = B2 o r G2> Y " E 7 o r E8> L i (respectively, Lj) has type A± 

(respectively, A3), and <X,r> = 0. VL ( - r ) = Wm or W m * , where Wm is 

the natural module for Lm , for m = i, j. I f L^v4" ?£ v + , then LjV+ = v + and 

M1 = W .̂ I f L jv + ?£ v + , then LjV+ = v + and Mj s ( V L . ( - r ) ) * . Moreover, in 

each case, Vj_.(-^)|L^' is tensor decomposable and dimV1(Qy) = 

dim(M1®Mj). 

In addition, i f there exists 8<ETT(Y) - TT(LY) w i th ( S ^ L p ^ 0, 

(8,2Lk) = 0 for k j± i and Qy/Kg ss M1 or M^*, then either k1 = 1 or 

Vg(QY) = 0. 

Proof: Since all components of Ly' are necessarily of classical 

type, (1.5) implies Z^ < Zy. Let Wk denote the natural module for Lk, 

k = i , j . Theorem (7.1) of [12] implies that i f rank Lk > 1 and Mk is 

nontr iv ia l , then Mk = Wk or Wk* for k = i , j . Also (6.4) implies that only 

one of M-j and Mj is nontr iv ia l . 

Case I: VL ( - r ) = Wk A Wk (or W k* A Wk*) for k = i or j . 

The bound on d imV r (Qy) of (1.25) and (1.15) res t r i c t the situat ion 

considerably. We are le f t w i th the fol lowing possibi l i t ies for the type of 

L^XLj: A 1 X A k , k = 3, 4, 5 w i th the Aj_ component acting t r i v i a l l y on 

V1(Qy), or A3XA3. The cases L^XLi of type A3XA3 or A^XA 5 are easily 

ruled out by standard arguments. 

Consider now the case L^XLj of type A ^ X A ^ The bound on 

d imV r (Q Y ) of (1.25) implies <X,J32> = 0 = <X,r>. Thus, i f Y = E6, 

X|Ty = %i or X 6 and dim V|Y = 27. However, i f we recall that p>5 and 

apply (1.29), (1.32) and (1.23), i t is not d i f f i cu l t to see that dimVlA > 27 in 

every case. Thus, Y = E7 or E3. Moreover, standard arguments imply 

TKLiXLj) = {^1,i32,J33,^4,p6} and (\,$±) = 1, ( X , ^ ) = 0 for 2<i<6. We 

consider the image of QA in Qy/Kg . Let q± be the f ie ld tw i s t on the 

embedding of LA ' in the A4 component and let q 2 be the f ie ld tw i s t on the 

embedding of LA ' in (U+g ). Examining the L^' composition factors of 
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Qy/Kg we see that i f q̂ _ ^ q2 we must have p = 5 and 5q^_ = q2-

Moreover, the only composition factor isomorphic to a tw i s t of Q A
a has 

t w i s t q 1 ; so £ s l Z A = qj_a. Since VT ( X - J ^ - j ^ - j J ^ - j ^ ) ^ 0, a 

nonidentity element f rom the set U_5-U_45 'U_345«U_1345 must appear in 

the factor izat ion of some element in QA-QA ' . However, —J35 

(respectively, - j 3 4 - j 3 5 , - j3 3 - j3 4 -J35, - ^ 1 - J 3 3 - £ 4 - £ 5 ) affords T(LA ' ) 

weight l l q ^ j i g (respectively, 9qj_jiR, " ^ l M a , S ^ I M R ) , none of which 

occur in (Q^01)^. Thus, (2.4) implies q± = q2-

We now claim that £5 lZ A = q^a. Examining the LA ' composition 

factors of Qy/Kg we see that this is clear i f p>7. I f p=5, possibly 

J35lZA = 5qj_a. But, in this case, examining the T(LA ' ) weight vectors in 

QY/Kj3 , we have x_ a ( t ) = x_ 4 5 (c 1 t 5 c l i )x_ 5 6 (c2t 5 c l i )w 1 and x _ a _ g ( t ) = 

x - d , 1,1,2,1,i/d l t 5c '1^x-( i , i ,2,2,i,o)^c ,2 t 5c '1)w2' w h e r e c v dj 6 k, c1 or c 2 

nonzero, dj_ or d2 nonzero, and w^GKg . However, since a nonidentity 

element f rom the group UQ appears in the factor izat ion of xg ( t ) , there is 

a nontr iv ial contr ibut ion to the root group U_1 2 3 4 5 6 in the expression for 

[ x_ a o( t ) , xg( t ) ] . This contradicts the given factor izat ion of x_ a ( t ) . 

Thus, £ s l Z A ?f 5qj_a. I f p=7, the LA ' composition factors of Qy/Kg have 

high weights 7 q 1 | i j j , 5 q 1 | i ^ , 3q±lL&, and q^jiR a n d ~#5 affords T(LA ' ) 

weight 7q1Mj3- By (2.16) J35|ZA ?* 7 q 1 j i g . So J35IZA = q<j_a, as claimed. 

Suppose Y = E7; so XITy = Xj_ + XX7 where p>x>0. Thus, QA i Kg 

and since Qy/Kg is isomorphic to (0^-)% $-/\T^ = qj_a. However, f g v + 

and f1345V+ af ford 2 dist inct Ly' composition factors in the Z A weight 

space V 2 (Q A ) ^_g a , exceeding the dimension bound of (1.22). So Y ^ E7. 

We now have Y = E3. I f (U+g ) is a component of Ly', (2.17) implies 

QA < Kg , so X|Ty = XJL- I f <U±g ) is not a component of Ly", (\,$Q) = 0 

by (2.3) and <X,£ 7 ) = 0 by (2.13). Again X|TY = \±. Also, f 1 3 4 5v+ affords 

an Ly' composition factor in V 2 (Q A ) ^_q a of dimension 10, which is the 

upper bound on this dimension, by (1.22). So d imV 2 (Q A )^_q a = 10. This 

can occur only i f q^ has nonzero coeff ic ient in the p-adic expansion of 
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98 DONNA M. TESTERMAN 

<X,a>. (See (1.22) for a description of V 2 (Q A ) ^_g a . ) Suppose now that 

VIA is tensor indecomposable. We f i r s t claim that QA i Ka . Otherwise, 

we have PA < Py" > By " , a parabolic subgroup w i th Levi factor Ly" = 

<Ly,U±£ ) and QA < Ru(Py/N) = Qy". But d1mV2(QY") exceeds the bound on 

dimV2(QA). So Q/̂  ^ Ko , as claimed. This implies that Ly' = L^XLj. 

Moreover, fijU^ = q^oc as in E7. Also, QA < Ka , so i f P2 > B y " is the 

parabolic subgroup of Y w i th Levi factor L2 = (Ly, li+a ), then PA < P2 and 

QA < RU(P2) = Q2- M o w CV,QA
2] = [V ,Q 2

2 ] , since Vj35(Q2) = Vp (QY) = 

V 2 ( Q A ) X - q i a = V 2 < Q A ) - By (1.20) dimv3(QA) < 20. But f ( 1 , l f l f 2 f 2 f l f 0 f 0 )V + 

and f134567V+ af ford dist inct L2 composition factors in V3(Q2) of 

dimensions 15 and 10, respectively. Contradiction. Hence, VIA is tensor 

decomposable. 

By induction and the above remarks, <X,a> = qj_+q, q i+2q , 2q^+q, 

q+q^+qQ, q^+3q or 3q^+q, for q and q0 d ist inct p-powers, each dist inct 

f rom q ^ So (1.23) implies that A does not have type A2 . By [8 ] , 

dimVlY = 3875. Now, (1.27) implies dimVlA < dimVlY i f A = B2. I f A = G2, 

[8] and the methods of (1.30) and (1.32) imply dimVlA > 3875 i f 

<X,a> = q+q0+q^, q i+3q or qj_+2q. Thus, (6.6)(i) holds. 

Consider now L^XLj of type A^XA3. Since the A3 component acts 

nontr iv ia l ly on V1(QY) , TKL^XLj) = {J31,J32,^4,J35}. Otherwise, Qy/Ka is a 

4-dimensional i rreducible LA ' -module w i th proper submodule Q A K Q /Kg . 

A s imi lar argument and (6.4) imply Y = E7 or Eg and <U+g ) is contained in 

a component of Ly* which acts t r i v i a l l y on V1(Qy). The bound of (1.25) on 

dimVjj (QY) and dimVjj (Qy) implies < \ ,£ 2 > = 1 and (X,J3k> = 0 for k = 1 , 

3, 4, 5, 6. Moreover, A does not have type A 2 , else (1.23), (1.26) and (1.32) 

imply dimVlA < dim V|Y. Thus, i f L^XLj has type A 1 X A 3 , (6.6)01) holds. 

This completes the consideration of Case I. 

Case I I : VL ( - r ) = Wk or W k* for k = i, j . 

We f i r s t note that since p>2, (1.15) al lows us to reduce to the 

fol lowing pairs L^XLj: A 1XA 1 , i = 2, 3, 4, A 2 X A 3 and A3XA3. Moreover, 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 99 

the bound on d imV r (Qy ) and (1.36) imply ( X , r ) = 0 in every case. Again, 

standard arguments show that L^XLj does not have type A3XA3. 

Consider the configuration where (L^Lj) has type (A2 ,A3). Then p>2 

and (1.15) imply that Wj|LA ' is tensor indecomposable and so p>3. Let q be 

the f ie ld tw i s t on the embedding of LA" in L} and in U. (There is only one 

t w i s t by (2.7).) Temporari ly label as fo l lows: TT(Lp = { r ^ ^ h TT(Lj) = 

{ r 3 , r 4 , r 5 } with ( r 2 , r ) * o * (r^}r) and {rz>rA) * o * (r4,r5). Then 
there does not exist S 6 TT (Y ) -TT (LY) such that ( 8 ^ 5 ) ^ 0. For otherwise, 

(8,ZLk) = 0 for all k?fi so Qy/Kg = Wi or W^*. Thus, QA < Kg and M1 is 

t r i v i a l . But since p>2, (2.10) and (2.11) imply that there is a nontr iv ia l 

image of Q A
a in Qy( r ,8 ) , a 3-dimensional i rreducible LA* module. 

Contradiction. S imi lar ly , there does not exist x € TT(Y)-TT(Ly), T ^ r such 

that ( T , r 3 ) ^ 0. Otherwise, as above, QA < K t and (2.11) applies. 

However, Qy( r , i r ) has all even T(LA ' ) weights and there can be no 

nontr iv ia l image of Q A
a in this module. (See (1.15).) 

The considerations of the preceeding paragraph imply that either 

Y = E7 w i th TTCLJXLJ) = { J ^ , ^ , ^ , ^ , ^ } or Y = E8 w i th TTCLJXLJ) = 

{J32,J34,J36,£7,£8>, {£2,£4,J35,J37,J38} or {£3 ,£4 ,£6 ,p7 , j38} . I f TKL^XLj) = 

{J33,£4,£6,p7,p8>, Qy/Kg is a 3-dimensional i r reducible LA ' module, for 

k = 1 and 2, so QA < KJJ . Hence (\,$n) = 0 for 1<£<4. But then the bound 

on dimVj35(QY) implies X|TY = X 8 . I f H(L1XLj) = {J32,j34,£5,£7,£8}, 

standard arguments al low us to reduce to a special case of (6.6)01). I f 

TKLiXLj) = {^1,j33,J35, J36,J37}, the bound on dimV^ (QY) and (2.3) imply 

X\Ty = X 1 or X-j. Thus, X|Ty = X7 and dim V|Y = 56. Using (1.30) and 

(1.32), i t is not d i f f i cu l t to see that dim VIA > 56 i f A = G2. Thus, (6.6)(iv) 

holds. 

Finally, suppose T K L ^ L j ) = {J32,J34,j36,J37lJ38}. Consider 

Q A KQ / K G < Qy/Kg . I f we examine the LA ' composition factors of 

Qy/Ko and recal l that p>3, we see that ^ s l Z A = qa, i f p>5. I f p=5, - £ 5 

affords T(LA") weight 5qj ip so J3slZA ^ 5qa, by (2.16). So again 
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J35lZA = qa. Note that <U+g ) is a component of Ly'. Otherwise, 

(\,$±) = 0 by (2.3) and ( X , ^ ) = 0 for i = 2, 3, 4 as QA < KJJ ; but then the 

bound on dimV g (Qy) implies XITy = Xg. Notice that i f QA i Kg , (2.17) 

implies that the f ie ld t w i s t on the embedding of LA" in <U+g ) is also q, 

and that J33>ZA = qa. Thus, <X,J3<L> = 0, by (2.5). As we l l , the bound on 

d imV 2 (Q A ) ^ _ q a of (1.22) implies X|TY = X 2 . A 1 s o> i f w e aPP]y (1-23) 

when A = A 2 , we see that dim VIA < dim VlY. Thus (6.6)(v) holds. 

Now, consider L^XLj of type A^XA 4 . Temporari ly label as fo l lows: 

TKi^XLj) = { r 0 , r 1 , r 2 , r 3 , r 4 } with (r0,r) * o * (r,r±) and 

( r i > r i + l ) ^ 0 for i = 1, 2, 3. We have already < X , r ) = 0. Actual ly, the 

bound on d imV r (Q Y ) implies ( X , ^ ) = 0 for k = 0, 1, 2, 3 and < X , r 4 ) = 1. 

Let W be the natural module for the A 4 component. Then LA ' acts 

i r reducibly on W and W*. Moreover, LA* acting on WAW (or W*AW*) has all 

even weights. Thus, since p>2, there does not exist T€ TT(Y)-TT(Ly) SUC^ 

that ( t , r p ?£ 0 for some l < i < 4 and (T,2Lk) = 0 for all k ^ 1, j . These 

considerations imply that Y = Eg and either (a) TT(Ly) = {j3J 1 = 3, 5<i<8}, 

w i th <X,J38> = 1 or (b) TTO^XLj) = <ja111 = 2, 5<i<8}, w i th <X,J3g> = 1 or 

(c) TTO^XLj) - {J32,J34,J35, J36,J38}, w i th <X,J32) = 1. As we l l , (2.17) implies 

that there exists a p-power, q, such that q is the f ie ld tw i s t on the 

embedding of LA ' in L̂  and in Lj and such that r l Z A = qa. 

In the configuration of (a), suppose that QA i Kg . Then Qy/Kg is 

isomorphic to (QA
a)c l as LA '-module,so (2.4) implies £ i l Z A = qa. But 

£ 4 l Z A = qa; so the bound on d imV 2 (Q A ) ^_q a of (1.22) implies (X,$±) = 0. 

Also, i f QA < KQ , <X,J3-L> = 0. But then in either case X|Ty = XQ. 

If L]XLi is as in (b), (U+g ) < Ly', else (2.3) and the preceeding 

remarks imply X|Ty = XQ. I f QA i Kg , (2.8) implies £ 3 l Z A = qa. Since 

Qy/Kg is a 2-dimensional LA ' i r reducible, the f ie ld tw i s t on the 

embedding of LA" in <U+g ) is q and therefore <X,J3 ̂ ) = 0, by (2.5). 

Moreover, (Xfi^) = 0, else the bound on d i m V 2 ( Q A ) ^ _ q a is exceeded. 

Also, i f QA < Kj3 , OL,PJ_ + P 3 > = 0. But in either case X|Ty = XQ. 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 101 

If L^XLH is as in (c), previous remarks imply (U+Q ) < Ly\ However, 

now we have a configuration of Case I which was ruled out. This 

completes the consideration of L^XLi of type A ^ X A ^ 

We now consider (L^Lj) of type ( A ^ ^ ) . We have < \ , r > = 0. 

Moreover, the bound on d imV r (Qy) of (1.25) implies that i f M̂  is 

nont r iv ia l , M̂  = Wj and i f Mi is nontr iv ial Ms = (V|_.(-90)* ( = Wi or W<* by 

the f i r s t paragraph of the proof). As we l l , (1.15) implies WjlL^' is tensor 

decomposable. Temporari ly label as fo l lows: TT(Lp - { r 0 > , TT(Lp -

{ r 1 , r 2 , r 3 > , (r1)
rr) ^ 0, ( r 1 } r i + 1 ) * 0, 1 = 1, 2. Let q be the f ie ld t w i s t 

on the embedding of L^* in L .̂ Say V[_.(-9/)|L^' has high weight (q + q 0 ) j i p . 

(The power q appears by (2.7).) Then the L^' composition factors of 

Q y / K r have high weights (2q + q0)MR a n c ' %^P>- S i n c e P>2, ^ I Z ^ = qo a ; 

by (2.4). 

Claim: I f dimM^ > 1 for some k, then k = i or j . 

Reason: Suppose false; i.e., suppose there exists k ^ i , j such that 

dimMk > 1. I f Lk is separated f rom L̂  or Lj by exactly one node of the 

Dynkin diagram, size res t r ic t ions , (6.4) and the work of this result thus 

far imply Y - E8 and TT(LY) - {J31,J34,J35 ,£6,J38}. Also, (\,p±) = 1 = <X,J38) 

and <\,Pi> = 0, 3<i<7. Let q^, c\2 ̂ e ^ e d ist inct f ie ld tw i s t s on the 

embeddings of L^' in <U+Q >, <U+Q ), respectively. (They must be dist inct 

by (2.5).) Then, by the preceeding paragraph, Qy/Ko is an irreducible 

LA ' -module w i th high weight (q^ + q2)MR a n c l ^ 3 ! ^ ^ = q 2 a a n d 

P>-/\Z^ - qj_a. For the purposes of this argument, we may assume ho(c) = 

hp (c^Oh^ (cqi+cl2)h£ (c2cb)h£ ( c ^ r ^ h ^ ( c ^ ) . Examining the T(LA ' ) 

weight vectors in Qy/Kg and Qy/KQ , we f ind that x_ a ( t ) = x_13(c:|_tcl2)-

x_34(c2tcl2)x_78(d:3_tcli)x_567(d2tcli)w, where c^, d^ € k, Cj_ or C2 nonzero, 

dj_ or d2 nonzero, and W € K Q PI KQ . Suppose C2 = 0. Since 

V - ( X - J 3 1 - ^ 3 - ^ 4 ) & 0, a nonidentity element f rom the group U_134 must 

occur in the factor izat ion of some element f rom QA-QA ' . However, 

"~iH~.P3~.P4 affords T(L^') weight (q2-2qj_)up l which does not occur in 
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(QA
0C)cl2, contradict ing (2.4). Thus, c 2 ^ 0. A s imi lar argument shows 

that d 2 * 0. But c 2 d 2 * 0 contradicts (2.8). 

Thus, Lfc is separated from Lj and Lj by more than one node of the 

Dynkin diagram. Size rest r ic t ions imply Y = E7 or E3 and TT(Ly) = 

{ j 3 1 , p 2 ^ 5 ^ 6 ^ 7 ^ Since Q A ^ Kg and Qy/Kg is a 2-dimensional 

i r reducible LA ' -module, # 3 l T A = q0cx where q 0 is the f ie ld t w i s t on the 

embedding of LA* in (U+Q ). Then (2.8) implies ^ 4 l Z A = q0a. Thus, i f 

L j = ^u±£5 'U±j36>u±J37^ VL ( " i 34 ) l LA> h a s h i 9 h weight (q+q0)uj3 and the 

f ie ld tw i s t on the embedding of LA* in <U±g ) is q. (See the previous 

general work on Q A K ^ / K ^ < Qy /K^ , in this configuration.) Thus, (2.5) 

implies that Mi is t r i v i a l and so <X,J32) = 1 , (X ,£ j ) = 0 for 4<i<7. Mow, 

using (1.36) i f ( X , ^ ) ^ 0, we see that the bound on d i m V 2 ( Q A ) } ~ a of 

(1.22) is exceeded. This completes the proof of the Claim. 

Mow apply (1.23) when A = A 2 to f ind that dim VIA < dim V|Y, unless 

Y = E7 and X|TY = X 7 . But then dim V|Y = 56 and dim VIA = 8 or 64 (7 or 

49 i f p=3). (See (1.36).) Thus, A does not have type A2 . Moreover, (1.23) 

also implies Y does not have type E5. Thus, (6.6)(vi) holds. This 

completes the consideration of Case I I . 

The f inal statement of (6.6) fo l lows f rom (2.3).D 

(6.7). Suppose there exists l < i < r such that Lj is separated f rom all 

other components of Ly' by more than one node of the Dynkin diagram and 

such that Mj is nontr iv ia l . Then rank Lj = 1 and dimV1(Qy) = dim Mj. 

Proof: Since all components of Ly' are necessarily of classical 

type, (1.5) implies Z A < Zy. Moreover, by (6.3), Lj has type Ak for some k. 

Let W denote the natural module for Lj. Theorem (7.1) of [12] implies 

Mj = w or W* i f rankLj > 1. Thus, i f rank Lj > 1, there does not exist 

r£TT(Y)-TT(LY) such that ( r ,SL j ) * 0 and V L . ( - r ) s W or W*, as Q y / K r 

would be a (rank(Lj)+D-dimensional i rreducible LA ' -module containing a 

nontr iv ial image of QA. Thus, i f rank Lj > 1 , TT(Lj) = { J ^ J ^ J ^ J ^ } . 
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However, (1.15) implies that QA < Kg , contradict ing (2.3). So rank L̂  = 1. 

Let q be the f ie ld t w i s t on the embedding of LA ' in L .̂ We w i l l suppose 

dimV1(Qy) > dim l i j . In part icular , there exists l <m<r , m^ i , such that 

Mm is nontr iv ia l . Thus, by (6.3) each component of LY* has type A m , for 

some m^ > 1. 

Now, (6.5), (6.6) and the above remarks imply that either 

(a) there exists k ^ i,m such that Lj^XL^ has type A ^ X A 2 

(orA2XAj_), TTLm and TTL^ are separated by exactly one node of the Dynkin 

diagram, corresponding to a simple root r , and (SL j , r ) = 0 for j ^ k,m, or 

(b) rankLm = 1 and TT(Lm) is separated by more than one node of the 

Dynkin diagram f rom all other components of L Y \ 

Claim. There does not exist S,t € TT(Y) - TT(LY) such that ( 8 , t ) < 0, 

( S ^ L ^ ^ 0 a n d ( t , £ L Y ) = 0. 

Reason: Suppose false. Then by (2.13) and (2.3), <X,8) = 0 = < X , T ) , 

8|TA = qa and T|TA = 0. Also, by (2.15), TTL̂  corresponds to an end node of 

the Dynkin diagram and TTLi ^ i$±}. I f TTL1 = { £ 2 ^ (2.15) implies -r = £ 5 

and TT(LY) = { p 2 , ^ 1 ^ 7 } . I f TIL] = { £ 7 } , we argue s imi la r ly that TT(LY) = 

{p7,P1,P2> o r < P 7 ^ i ^ 3 ^ 2 > - Finally, i f HL^ = { ]38 } , n ( L Y ) = { j3 8^ 1^ 2 ,J3 4 } . 

Consider the case where TT(LY) = {J31,J32,J37>. Then QA $ KQ and 
QA i K B ' otherwise, p > 2, (2.10) and (2.11) imply that there is a 

nontr iv ia l image of Q A
a in Qy(J33,£4), contradict ing (1.15). Now (2.8) 

implies that the f ie ld tw i s t s on the embeddings of LA ' in (U+Q ) and in 

<U±Q ) are equal; call this t w i s t q. (In par t icu lar , only one of (X,J3 j_) and 

(\,$2^ 1 s nonzero.) Let q 0 ?f q be the f ie ld t w i s t on the embedding of LA ' 

in <U±£7>. Then J53|TA = qa = J34|TA , £ 5 I T A = 0 and J36|TA = q0a. 

Moreover, <X,£ 4 + j3 5 +£ 6 > = 0. I f <X,J32> * 0, <X,J33> = 0, else (Vp (QY) 

© VJJ (QY)) < V 2 ( Q A ) ^ _ q a and the bound on d i m V 2 ( Q A ) ^ _ q a is exceeded. 

But now we see that there is no vector in V|Y of weight X - q 0 a , 

contradict ing (2.14). Hence, ( X , ] ^ ) * 0 and <X,j32) = 0. I f <X,£ 3 ) ^ 0, 

f 3 4 v + a n c ' f
3 4 5 v + are 2 l inearly independent vectors in VT (X-2qa), 
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contradict ing (1.31). So <X,^3> = 0 and again (2.14) is contradicted. 

Hence, TT(LY) * {Pi>£2>.M-

If TT(LY) = { P i ^ J ^ J ^ h 1 e t PY~ b e t h e parabolic of (2.12), so PY~ 

has Levi factor LY " = <Ly, U+£ >. Then the bound on dimV^ (RU(PY~)) 

implies that <X,j32+P3+j34) = 0 and (X}p>±) = 1. By (2.17), there is a 

p-power q 0 which is the f ie ld tw i s t on the embedding of LA ' in 

<U±Q ,U±Q ) and <U±a ) and such that ^ 4 l Z A = q0a. Examining the T(LA) 

weight vectors in Q Y / K Q , we have x_ a ( t ) = x o o (c^t^o)-

X_Q _Q (c2tc 'o)u0, for ĉ  €k, ĉ_ or c 2 nonzero and U 0 € K Q . Hence 

(j33+j^4)lTA = q0a and #4 lT A = q0(ct-J3). But now one can check that there 

is no vector in V|Y w i th weight \ - q a , where q is the f ie ld tw i s t on the 

embedding of LA* in L ,̂ contradicting (2.14). 

Finally, consider the case where TF(LY) = { j ^ j ^ j ^ j ^ - Let q0 be 

the f ie ld tw i s t on the embedding of LA ' in (U+a ) and <U+Q ,U+g ). Then 

QA < KQ , so < X J J 2 + £ 4 + P 5 + P 6 + £ 7 ) = °- A l s o > "J^5 1s n o t Involved in 

LA ' , else ^ 5 l Z A = 0 and the bound on d imV 2 (Q A )^_q a is exceeded. Let 

P Y " be the parabolic of (2.12); so PY~ has Levi factor LY " = <LY, U±Q ). 

Then, QA < KJJ < RU(PY") = QY" and (2.11) implies that there is a 

nontr iv ia l image of Q A
a in QY"(J37,^5). But this implies that the f ie ld 

tw i s t on the embedding of LA ' in <U±g ) is also q 0 , contradict ing (2.5). 

This completes the proof of the claim. 

Mow consider the configuration of (a). Note that by size re t r ic t ions 

and the above claim TT(Lp is separated by exactly two nodes of the Dynkin 

diagram f rom TT(LkXLm). In fact , TT(LkXLm) = { ^ 5 , ^ 7 , ^ 8 ^ o r 

{ £5 ,£5 ,£3 } , TT(Lp = {J3^} and in each case <U+a > is a component of LY \ 

For in the other possible configurations (2.8), (2.17), and (2.18) would 

force the f ie ld t w i s t on the embedding of LA ' in L m to be q, contradict ing 

(2.5) and (2.6). In fact , TT(LkXLm) * {£5,J36,J38}. For otherwise, QA £ Kp 

and we argue that L m = (U+a ) and the f ie ld t w i s t on the embedding of LA" 

in L m is q. This again produces a contradiction. 
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Consider now TT(LY) = { j ^ , ] ^ , ^ , ^ , ^ } , w i t h <VPi> * °- S 1 n c e 

p>2, (1.15) implies QA < Kg . However, -J34 is not involved in LA ' ; for 

otherwise, £ 4 I Z A = 0 and using the parabolic Py" of (2.11), we see that 

the bound on dimV o (QY") is exceeded. I f q is the f ie ld t w i s t on the 

embedding of LA" in <U±g ), then q ^ q 0 , where q 0 is the f ie ld t w i s t on the 

embedding of LA" in (U+Q ) and <U+a ,U±o ). By (2.11), there is a 

nontr iv ia l image of Q A
a in Qy(J3g,£4); so the f ie ld tw i s t on the embedding 

of LA" in (U+ft ) is also q0. Now there is a nontr iv ial image of Q A
a in the 

Ly' module Qy(£3 ,£ 4 ) , which has LA ' composition factors of high weights 

(2q0+q) j i£ and q j ip . Hence, (J33+J34)|ZA = qa and J34IZA = 0. But as 

above, the bound on dimVa (Qy") of (1.25) is exceeded. Thus, the 

configuration of (a) cannot occur. 

I t remains to consider the case where rank(Lm) = 1 and L m is 

separated f rom all other components of the Dynkin diagram by more than 

one node of the Dynkin diagram. Mote that the above claim implies that i f 

HL i or TTLm = { £ # } , then ££{3 ,4 ,5 } and i f Y = E8, £ ^ 6. Also, (2.8) 

implies that TT(L-j) and TT(Lm) are not separated by exactly two nodes of 

the Dynkin diagram. Finally, there does not exist t€TT(Ly) such that 

Ly' = L j X L m X (U+^> a n c ' T^ L i ) a n d TKLm) are separated f rom t by 

exactly two nodes of the Dynkin diagram. For otherwise, p>2, (2.18) and 

(2.8) imply that the f ie ld tw is ts on the embeddings of LA ' in L ,̂ ( U ± t ) and 

L m are all equal. These remarks and the above claim al low us to reduce to 

TT(Ly) = {J31,^2,^5,p8>. Then since p>2, QA < Kp , so n (L 1 XL m ) = i$v$Q}. 

Let q (respectively, q0) be the f ie ld tw i s t on the embedding of LA ' in 

<U±Q ) (respectively, (U+a )). Then (2.18) and (2.8) imply that q0 is also 

the f ie ld tw i s t on the embedding of LA ' in <U+g ). As in the previous case, 

(2.11) implies that there is a nontr iv ial image of Q A
a in Qy(j33,JJ4). Thus, 

the f ie ld tw i s t on the embedding of LA" in <U+Q ) is either q or q0 . 

Since p>2, examining the LA ' composition factors of Qy(£3,j34) 

gives that (£3+J34) IZA = qa or q0a (depending on the f ie ld tw i s t on the 
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106 DONNA M. TESTERMAN 

embedding of LA ' In < U + ^ » . But I f (J3 3+£ 4 ) |ZA = qa, then £ 4 I Z A = 0, as 

P3 lZ A = qa. Using the parabolic Py" of (2.11), we see that the bound on 

dlmVg (Qy") Is exceeded. Thus, ( ^3+p^ ) |Z A = q0a. However, using (1.36) 

i f <\,J3j_> or <X,Pg> = p - 1 , we see that the contr ibut ion of Vg (Qy) and 

the Ly' composition factor(s) afforded by f« +p v + and/or fQ + 3 + g V + 

exceed the bound on d1mV2(QA)^«q a . 

This completes the proof of (6.7).D 

(6.8). Let r 6 TT(Y)-TT(Ly) such that there exists a unique pair 

l<1J<r w i th (SL^,r) ^ 0 ?f (SL j , r ) and Lj has type A±, Lj has type A2 and 

d1m(M i®Mj) > 1. Then d1mV1(QY) < 3 and I f A = A 2 , then Y = E6. 

Proof: Suppose there exists k & 1, j such that M^ Is nontr lv la l . By 

size res t r ic t ions , L m Is necessarily of classical type for al l l <m<r , so by 

(1.5), Z A < Z y . Also, by size res t r ic t ions, L|< has type An for some n^. So 

(6.5), (6.6) and (6.7) Imply L^ has type Aj_ or A 2 and is separated by 

exactly one node of the Dynkin diagram, corresponding to a root 

S € TT(Y)~TT(Ly), f rom a component of Ly* of type A 2 or A^, respectively. 

Moreover, there are exactly two components of Ly* whose root systems 

are not orthogonal to S. By size res t r ic t ions , (S,£(LiXLj)) ^ 0. However, 

(2.17) implies that the f ie ld tw i s t s on the embeddings of LA* in L j , Lj and 

Lk are equal, contradict ing (2.5) and (2.6). Hence, Mg is t r i v i a l for al l 

£ * 1 , j . 

Now (6.6) implies <X,r> = 0. Moreover, i f Lj = <U± r. ) for 

7\ GTT(Ly), and i f ( X , ^ ) * 0, the bound on d imV r (Q Y ) implies <X,r j> < 2. 

Thus, dimV1(Qy) = max{ dim Mj, dim Mj } < 3. Then, i f Y = E7 or EQ} A does 

not have type A 2 , as (1.23) shows dim VIA < 27 < dim VIY. This completes 

the proof of (6.8).D 

Proof of (6.0): Let a^ , a 2 , Uj_ and M 2 be as in the statement of 

(6.0). Without loss of generali ty, we may assume <X,aj_> ^ 0. Let 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 1 07 

L_A = ( U ± a >TA and f ix notation as before. By (6.1), Ly' is not a simple 

algebraic group. 

Suppose there exists l < i < r such that L̂  has type D^ for some k. 

Then by (6.3), (1.23) and (1.10), Y = Eg, XlTy = x \ 7 + c X 8 , \ | T A = c | i 1 +c | i 2 

and TT(LY) = < P 2 ^ 3 ^ 4 ^ 5 ^ 8 > o r ^ i ^ 2 ^ 3 ^ 4 ^ s ^ 8 > - A 1 s o> (2-9) implies 

that QA < Kg . Then using the parabolic Py" of (2.11) and applying (1.36), 

we see that the bound on dimV2(QA) implied by (1.22) is exceeded. Thus, 

there does not exist i such that L̂  has type D^. 

Suppose there exist d ist inct l< i , j , k< r such that (SLm,J34) ^ ° f o r 

m = i , j , k and such that M m is nontr iv ial for m = i , j or k. Then (6.5)0) or 

( i i i ) holds. I f (6.5)0) holds, i t is established in the proof that the f ie ld 

tw i s t s on the embeddings of LA ' in <U+G ,U+Q ) and in <U+a ,U+Q ) are 

equal. Call this t w i s t q. Then by (1.23) and (1.10), X |T A = 2 u i + 2j i2-

Mow, dim VIY = 27; but (1.36) implies dim VIA < 27 i f p=5. Hence, (6.0)(a) 

holds. 

Mow, consider the configuration described in (6.5)011). Then, by 

(1.23), \ | T A = ( q 1 + q 2 ) 0 i i + ^2) f o r 9 1 a n c l ^2 d ist inct p-powers, or 

X |T A = q ( 3 j i i + 3) i2), f o r s o m e p-power q, p>3. I f x?fO, (1.32) and (1.26) 

imply dim VIA < dim VIY. Thus, x=0 and dim V|Y = 56. I f \ | T A = 

( q 1 + q 2 ) ( | i i + M2>> d 1 m V ' A = 6 4 o r P=3 and dim VIA = 49. (Use (1.35).) 

Hence, X |T A = qOjx^ + 3 j i2) a n d P>3. So, by (1.10), q= l . The Weyl module 

for A w i t h high weight 3 m + 3 j i2 has dimension 64 by (1.27). Using 

(1.33) and the fact that p>3, we see that dim VIA < 64 i f and only i f p=7 

and dimVy (\-acj_-a2) = 1 or p=5 and dimVT ( X - 3 a 1 - 3 a 2 ) < 4. However, 

i f p=7 and dimVy ( \ - a 1 - a 2 ) = 1, (1.33) implies dim VIA < 

64 - d imV(2 | i i + 2^2) < 5 6 - A n d i f P=5, dim VIA > 64 - 4 = 60. Hence dim 

VIA ?£ 56. Thus, the configuration of (6.5)011) does not occur. 

Suppose there exists r € TT (Y ) -TT (LY) such that there exists a 

unique pair l < i , j < r w i t h ( E L ^ r ) ^ 0 j± ( 2 L j , r ) and M̂  or Mj is nontr iv ia l . 

Then L̂  and Li have type A^., respectively Ak . for some k^, k-? > 1 and 
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108 DONNA M. TESTERMAN 

(6.6)(1i1) or (iv) holds. I f (6.6)(1v) holds, p>3, (1.23) and (1.10) Imply 

X |T A = 3 j i i + 3M2- Then the argument of the preceeding paragraph shows 

dim VIA * dim V|Y. 

Suppose (6.6X111) holds. Then by (6.8), Y = E5 and d1mV1(QY) < 3. I f 

TTO^XLj) = {Pi,£4,£5}, (6.6) and (6.8) Imply <X,J3k> = 0 for 2<k<6 and 

<X,J31) = c < 2. By (1.23), X |T A = q(c j i i ) . But then dim VIA < dim V|Y. 

Suppose TKLjXLj) = {j33,£5,J36}. Recall that the f ie ld tw is t s on the 

embeddlngs of L^' in Lj and in Lj are equal. Call this t w i s t q. Then, (2.17) 

implies J3^|ZA = qa. Moreover, QA £ Ko , else p > 2, (2.10) and (2.11) 

imply that there is a nontr iv ial image of Q A
a in Qy(£4,J3 j_), a 

3-dimensional i rreducible LA ' -module. Hence, by (2.4), J3 j j Z A = qa, also. 

This implies <X,J3±) = 0 and ( X , ^ ) < 1 , else the bound on d imV 2 (Q A ) ^_q a 

of (1.22) is exceeded. Hence by (1.23) and (2.3), X|TY = X 3 or X 5 and 

X |T A = q ( 2 | i i + M2^ o r ^ T Y = ^-6 a n c l ^ T A = q(2Uj_). However, in each 

case, dim VIA < dim V|Y. Consider next the configuration TTfl^XLp = 

{^1 ,^2 ,P4 } . I f LY" = L^XLj, QA < Kj j5 , X|TY = c\± and by (1.23) 

X |T A = q(cjij_), for c = 1 or 2. However, dim VIA < dim V|Y. Thus, 

<U+£6> < L Y \ I f <X ,p 2 +£ 4 > *0,QAi Kj35, so (2.17) implies that the f ie ld 

tw i s t on the embedding of L^' in <U+A ) is also q and that ^ 5 | Z A = qa. 

Thus, we see that XlTy = \ 2 > e l s e ^ e bound on d i m V 2 ( Q A ) ^ _ q a , of (1.22), 

is exceeded. But this is a contradiction. Hence, (\,$±) ^ 0. Applying 

(6.8) and (1.23), we see that dim VIA < dim V|Y. 

So i f (6.6)011) holds, we may assume by symmetry that TKLjXLp = 

{J31,J33,^2>. I f LY" = L1XLj, <X ,p 5 +p 6 > = 0. But (1.23) then implies 

dimVlA < dimVlY. Thus, LY" = L jXLjX <U±p ) and by (6.8), <X,J36) = 0. In 

fact , (X,^5> = 0, for otherwise, QA i Kg , and (2.8) implies P5IZA = qa 

which means the bound on d imV 2 (QA) \ - q a , of (1.22), is exceeded. But 

now (1.23) implies dim VIA < dim V|Y. Hence, the hypothesis of (6.6) 

cannot be sat isf ied. 

Consider now the possibi l i ty that there exists l < i < r such that Lj is 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 109 

separated f rom all other components of Ly" by more than one node of the 

Dynkin diagram. Then all components of Ly' are necessarily of classical 

type, so by (1.5), Z A < Zy. By (6.7), rank L̂  = 1 and d1mV1(Qy) = dim M-j = 

c + 1 , for some p>c>0. Let q be the f ie ld t w i s t on the embedding of LA ' in 

L .̂ Consider f i r s t the case where Y = E7 or E3. Then (1.23) and (1.10) 

imply \ | T A = c m + CJ I 2 . Let r , 8 6 7T(Y)-TT(LY) such that (SL 1 f r ) * 0, 

( r ,S ) < 0. Then, by (2.4), r | Z A = a and by (2.3) and (2.9), QA < Kg. I f -S is 

not involved in LA ' , (2.11) implies ( r + 8 ) l Z A = a. Thus, 8|ZA = 0. If -S is 

involved in LA ' , (2.10) implies S|ZA = 0. Hence, we may use the parabolic 

Py" of (2.11) to see that the bound on dimV^(Qy) and (1.36) imply 

<X,r> = 0. Moreover, (2LY ,8) = 0, else c<2 and dimVlA < 27 < dimVlY. 

Mow (2.15) implies L ^ <U+£ ), r = £4 and S = j35 or L1 = (U+JJ ) i f Y = En. 

Now, i f <X,Pj> * 0 for some J3j£TT(Y) - TUL^), then J3jGTT(Y) - TT(LY) and 

the bound on dimV2(QA) is exceeded. So, <X,j3j) = 0 for all j3j £ TUL^. In 

each case, there is a parabolic of Y w i th Levi factor , L, of type A5 such 

that v + affords an L composition factor w i th dimension (c+ l ) (c + 2)(c+3)-

(c+4)(c+5)/5! by (1.12). Since dim VIA < (c+1) 3 , by (1.27), c<3. Using the 

methods of (1.30) and (1.32), i t is easy to check that dim VIA < dim V|Y. 

Hence, Y = E5. 

Since LY ' is not simple, we may take Lj = <U+Q .) for j = 1, 2, 3. In 

fact , by (2.15), we may exclude j=3. I f L̂  = (U+o ), (2.15) implies 

(U+Q ) < LY '. By (2.9), QA < KQ . However, since p > 2, this contradicts 

(2.18). Hence, L1 = <U±£ ). Then (2.15) implies (ZLY,J34) * 0, so by (2.9), 

QA < Kg and VQ ( Q Y ) = 0. The considerations of the case where L̂  = 

<U±Q ) and previous general remarks imply that TT(LY) = { j ^ , ^ , ] ^ } or 

<Pi,P5,P6} or {i31,J32^5,J36}. In the second and th i rd cases, (1.23) and 

Theorem (7.1) of [12] imply \ | T Y = \± and X|T A = qjij_ + 2q 0 j i2 for some 

p-power q0 . However, dim VIA < 18 < dim V|Y. In the f i r s t case, by 

considering the action of A on V*, we see that (\}p>^) - 0. Then (1.23) and 

(1.10) imply X |T A = CJ I ^ + yu2 a n c ' ^ I ^ Y - c ^ l + y^-6- H e n c e > ^ y^°> 
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1 1 0 DONNA M. TESTERMAN 

(2.4) Implies fi^U^ = a anc ' t ' i e bound on d1mV2(Q^) is exceeded. So y=0. 

But then clearly dim VIA < dim V|Y. Therefore, the conditions of (6.7) 

cannot be satisfied. 

It remains to consider the possibility that there exists l< i<r such 

that L1 has exceptional type. Then Y = E3, TKLy) = -fJ31,J32>£3>£4>P5>£6>.M 

and by (7.1) of [12], X|TY = x \ 7 + c \ 8 for p>c>0. Then (1.23) and (1.10) 

imply X|TA = c m + c^- However, this contradicts Remark (6.2). 

This completes the proof of (6.0).D 
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(6.9): Summary of Results in Chapter 6 

Description 
0 0 0 0 0 0 

l 

o o o o o o a 
l 

o o o o o b c 
0 

10 0 0 0 
0 

10 0 0 0 0 0 
0 

a o o o o i 
0 

0 0 0 0 0 1 
0 

0 0 0 0 0 0 0 
1 

Partial desc 

Of VlY 

a>0 

c>0,b>0 

a>0 

r lp t lon Qf VlY 

p o o or l o o or 
1 0 

•••1 0 0 0- •• or •• 

0 0 1 
0 

•0 1 0 0 - * 

3q,q+qi 

3q,q+qi 

cq 

2q 

2q,4q 

3q,q+qi 

3q 

2q 

q 

2q 

Reference 
(6.6X11) 

(6.6X11) 

(6.2) or (6.3) 

(6.5X1) 

(6.5X11) or (6.6X1) 

(6.5X111) 

(6.6)(1v) 

(6.6)(v) 

(6.5X1V) 

(6.8) 

• ••co o o--- c<2 cq (6.8) 

• • -i o o o o-• • q,q+q± (6.6)(vi) 

• ••c«-* c>0 cq (6.7) 
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CHAPTER 7: A = B2 

In this chapter, we w i l l prove that there are no examples in the 

solution of the main problem wi th A of type B2 , Y of type En and p^2. We 

adopt Notation and Hypothesis (2.0), w i th the fol lowing additions and/or 

modifications. With TT(A) = {a>L,a2}, w i th ctj_ long, we w i l l take 
LA ~ ^u±ct ^TA- N o t e ^ a t s 1 n c e P^?> Q A a i 1s a 3-dimensional i rreducible 

Lfr module. 

Remark (7.1). Note that h a (-1) <E Z(A) < Z(Y). Since Z(Y) = Z 3 

(respectively, Z 2 , D If Y = E6 (respectively, E7, Eg), h a (-1) ^ 1 w i l l 

imply Y has type E7. In part icular , i f l_j has type A^ for some l < i < r , then 

Y = E 7 . 

(7.2). Let q be a p-power. 

(1) I f p>3 and ( X , a 2 ) = 3q, then dimViA ^ 56. 

(2) I f p>3 and ( \ ,cx2) = q, then dimViA = 56 i f and only i f 

<X,aj_> = 2q0 for some p-power q0 ^ q. 

(3) I f X|Ty = X* for some j , then (\,oc2) & 2q. 

Proof: Suppose p>3, <\ ,a2> = 3q and dimViA = 56. Then (1.27) 

implies that (X,OL±) J± 0. The methods of (1.30) and (1.32) imply that VIA 

is tensor indecomposable, else dimViA > 56. So X |T A = x q j i i + 3 q j i 2 , for 

some x<p. I f x > l , the methods of (1.30), (1.32) and (1.35) imply that 

dimViA > 56. So we may assume X|T^ = m + 3 j i 2 . Now, p^7, else (1.27) 

and (1.35) imply that dimViA < 64 - dimV(3M2) < 56. Also, p ?£ 5, else the 

last proposit ion of [4] implies dimViA < 64 - d imV( j i i +M 2 ) < 56. But 

now, p > 7 and (1.33) imply dimViA = 64. This completes the proof of (1). 

1 12 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 1 1 3 

Mow suppose p>2, (X,^) = q and dimViA = 56. We f i r s t claim that 

VIA Is tensor decomposable. For I f X |T A = xqji j_+qji2 for some 0<x<p, 

(1.27) Implies x>3. In fact x=3, else the methods of (1.30) and (1.32) 

Imply dlmVlA > 56. By (1.33), d imV(3u1+M2) < 8 0 o n l y 1 f P = i 3 o r P=7- I f 

p=7, dlmVlA > 80 - 4(d1mVT ( X - S a ^ o ^ ) ) > 80 - 16. (Use (1.29) to find 

a spanning set for the Indicated weight space.) I f p=13, dlmVlA < 80 only 

i f d i m V y ( \ - 2 a ^ - a 2 ) < 2. However, dimV-j- ( X - ^ a ^ - a ^ ) > 1, so 

dlmVlA > 80 - dimV(3M2) ^ 6 0 - (X-2a1-2a2 = 3^2-) T h u s > V ' A i s tensor 

decomposable as claimed. I t Is now easy to see that (X,OCJ_) = 2q0 for 

some p-power q 0 ^ q. This completes the proof of (2). 

Suppose (X,a.2) = 2q and XlTy = X] for some 1 < j < rankY. Then 

<\,a.j_> ^ 0 else dlmVlA < dlmVlY. I f <X,aj_) - l - q 0 for some p-power q 0 , 

dlmVlA < 50; so (1.32) Implies that Y = E6 and dlmVlA = 27. So q=q0. But 

now applying the last proposit ion of [4 ] , we see that d imV( j i+2 j i2) ^ 27. 

Consider now the possibi l i ty that (X,OL±) = 2q 0 , for some p-power q0 . I f 

q * q 0 , using (1.27), (1.30) and (1.32), we find that 117 < dlmVlA < 140. 

However, using (1.32) and [8 ] , we see that dimV|Y > 140 or dlmVlA < 117. 

Thus, q=q0 , and by (1.27), (1.30) and (1.32), 36 < dimViA < 81 . Thus, [8] 

Implies that Y = E7, X|Ty = X7 and dim VIA = 56. Mow, dimViA < 81 and 

(1.33) Imply p=5 or p=7 (recal l p * 2). I f p=7, (1.33) and the last 

proposit ion of [4] Imply dimViA = 81 - t , where t Is the dimension of the 

Irreducible kA-module w i th high weight 2j i2- Using (1.33) again for this 

module when p=7, we see that t = 10 and dimViA = 71 ?f 56. So p=5. Then 

(1.33) and [4] Imply that dlmVlA > (81-14) - x, where x Is the mul t ip l i c i ty 

of the weight \ -3a j_ -4a i2 In the Weyl module W ( \ ) . But by (1.29), a 

spanning set for this weight space has size 8. Thus x < 8 and dimViA > 56. 

So, dlmVlA ^ 56, as claimed. Hence, <X,aj_> ^ 2q0 , for q0 a p-power. 

For the remaining possibi l i t ies, we refer to (6.9) and the 

configurations in which XITy is more expl ic i t ly described. In each case, 

the methods of (1.30), (1.32) and (1.35), (1.27), [8] and the work of the 
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preceeding paragraphs show that dimVlA ^ dimVlY. This completes the 

proof of (3) and of (7.2).D 

(7.3). I f dimV1(Qy) > 1, Ly' is not a simple algebraic group. 

Proof: Suppose false. Then Theorem (7.1) of [12] implies L y ' i s of 

classical type, so by (1.5), Z ^ < Zy. Consider f i r s t the case where Ly' has 

type D|< for some k > 4. Arguing as in the proof of (6.1), we reduce to Ly' 

of type D5, w i th V1(Qy) isomorphic to the natural module for Ly. 

Moreover, Y = E7, else Qy/Ka is a 12-dimensional i rreducible LA ' module 

containing a nontr iv ia l image of QA1*1- The bound on dimVg (Qy), (1.32) 

and (1.34) imply <X,J3j_) = 0. Therefore, dimVlY = 56 and ( X , a 2 ) = qi+5q2 

or q1+q2+2q3, for q^ , q 2 and q j d ist inct p-powers. Using the methods of 

(1.30) and (1.32), we see that dimVlA > 56 in either case. Hence, Ly' has 

type \ , for some k. 

Assume for now that rank Ly' > 2. Then (7.1) of [12] implies 

V1(Qy) = W or W*, where W is the natural module for Ly*. Since Ly" acts 

i r reducibly on W (and W*), there does not exist r€TT(Y) - TT(Ly) such that 

VL • ( - r ) = W or W*. I f Ly' has type An_j_ when Y has type En, the bound 

on dimVp (Qy) of (1.25) implies XlTy = Xn . In part icular , Y ^ E8. But 

now induction, (1.30) and (1.32) imply that dimVlA > dimVlY in each case. 

Now, consider Ly' = (U+g. | 1 < j < 4). The bound on dimVg (Qy) and 

(2.3) imply <X,J3 j ) = 0 for j > 5. Also, <X,a2 ) = 4q, for some p-power q. 

I f Y = E5 (respectively, E7), XlTy = Xj_ (respectively, X 2 ) . Thus, Y ?f E6 

as dim VIA > 27 = dim V|Y. So Y = E7 and X|TY = X 2 , or Y = E8 and 

X|Ty = Xj_ or X 2 . The L^' composition factors of Qy/Ka have high 

weights 6 q u 2 and 2 q u 2 ; i f p = 5, the high weights are (q + 5 q ) u 2 and 

2qu 2 . Thus, (2.12) applies to give $]Uj\ = 0 for j > 6. Then, using the 

parabolic Py~ of (2.12), we see that the bound on dirnV^ (Qy"), of (1.25), 

is exceeded. So, Ly' ^ (U±p>. I 1 < j < 4). But i f Ly' = <U+o . | j & 1,3) in Y 

of type E8, the bound on dimV a (Qy), of (1.25), implies XlTy = X 8 . Also, 
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Ly' T± (U+R | j = 2,4,5,6,7) as there is no 3-dimensional composition 

factor of Q Y / K Q , contradict ing (2.3). Thus, we have shown that 

rank(Ly') < 2. 

Note that rank Ly" ^ 1 , else d i m ( Q Y / K r ) < 2 for all 

r £ TT(Y) - TKLy) and QA < K r for all such r , contradict ing (2.3). Hence, 

Ly' has type ^ L e t Q ^°e the f teld tw i s t on the embedding of L^' in Ly'. 

Then J3|TA = q a 2 for J3 € TT(LY). Since Q A K r / K r = Q Y / K r for all 

r€TT(Y) - TT(Ly) such that ( r , 2 L Y ) ?£ 0, r | T A = q a ^ for all such r. By 

(2.12), S|TA = 0 for all S € TT(Y) - TT(LY) such that (8,2LY) = 0. Also, 

<X,aj_) * 0, else dimViA < dimVlY. So there exists r e i T ( Y ) - TT(LY) w i th 

( r ,HL Y ) jd 0 and <X,r> ^ 0, else VT (X-qaj_) = 0. Moreover, there exists 

a unique such r , else dimVy CX-qa^) > 2, contradict ing (1.31). Also, 

(2.13) implies r corresponds to an end node of the Dynkin diagram. 

Finally, we need to note that VIA is a conjugate of a res t r ic ted module as 

there are no nontr iv ia l TY weights in VlY res t r i c t ing to X - q0aj_, for 

q 0 ^ q. So by (1.10), X |T A = x u i + 2 j i 2 for p > x > 0. Then by (1.29), 

dimVy ( X - a 1 - 2 a 2 ) < 3. However, i t is easy to check that i f the above 

conditions are sat is f ied, there exist 4 l inearly independent vectors in VlY 

which l ie in Vy ( X - a ^ - ^ a ^ X This completes the proof of (7.3). 

(7.4). I f dim V1(QY) > 1 , each L̂  has type Ak., for some k̂  > 1. 

Proof: Suppose false. Then L̂  has type D^ for some i and k. 

Otherwise, by (7.1) of [12] , Y = Eg and LY ' has type E6XA1 . But this 

contradicts Remark (7.1). Since p > 2, (7.1) of [12] , (7.3) and size 

res t r ic t ions imply L̂  has type D4 or D5 and Y = E7 or Eg. Since all 

components of LY ' are necessarily of classical type, (1.5) implies 

Z A < Z Y . 

Arguing as in the proof of (6.3) and applying (7.1) and (7.3), we 

reduce to Ly' of type D4. Note that M̂  is nontr iv ia l . For otherwise, (7.1), 

(7.3) and the bound on dirnVn (QY) and on dimVg (Qy) imply Y = Eg and 
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1 16 DONNA M. TESTERMAN 

\ | T Y = \Q. Then, M̂  nontr iv ia l , p>2, (7.1) of [12] , and (1.14) imply LA ' 

acts on M̂  ( = the "natural" module for Lp w i th high weight (q^ + 3q2)ji2> 

for qj_ and q2 dist inct p-powers. Since Qy/Ko and Qy/Ko must each 

have a 3-dimensional LA ' composition factor , the remarks in the proof of 

(6.3) imply that <X,J33) = 0, VL . (- j36) lLA ' s M^L^ and <U±p ) < LY '. 

Moreover, (1.15) implies Y = Es and (U+o ,U+p ) < Ly'. Then by (2.7), 

<X,J37) = 0 = <X,£g) a n d t h e b o u n d o n dimVo (QY) and on dimVo (Qy) 

implies XlTy = X2- By ^ 6 - 9 ^ O^&i) = 0, 3q, q0 + q, 2q, or q, for q and q0 

dist inct p-powers. But (1.27) and (1.38) imply that, in every case, 

dimVlA < dimVlY. Contradiction. 

This completes the proof of (7.4).D 

(7.5). i f TT(Ly) = {J31,p2,^3,j35,^7}, then dimV1(QY) = 1. 

Proof: Suppose false. By (1.5), Z A < Z Y . Let q^_, q 2 , q3 and q 4 be 

the f ie ld tw i s t s on the embeddings of LA ' in (U+g ,U+Q ), (U+Q ), (U+Q ), 

( U ± Q >, respectively. Mote that (7.1) implies that Y = E7. 

Claim 1. I f <X,J31+J32
+^3+ i35) > 0, exactly one of <X,^1+J33 ) , 

<\ , j32 ) a n d ( ^ £ 5 ) 1s nonzero. 

Reason: Suppose false. Then (2.7), (2.5) and (2.6) imply that 

{q1,q2,q3> consists of exactly two dist inct p-powers. I f q 2 = q3, the LA ' 

composition factors of Qy/Kg have high weights (2qj_ + 2q 2 ) j i2 and 

2qj_M2- Hence, £ 4 I Z A = q ^ ^ Since <X,Pi> or <X,p3> 1s nonzero, a 

nonidentity element f rom the set U_4-U_^-U_134 must occur in the 

factor izat ion of some element in QA - QA'. However, -J34 (respectively, 

-P3-J34, - j ^ - J ^ - J ^ ) affords T(LA ' ) weight (2qj_ + 2q2)M2 (respectively, 

2q2M2^ ( " 2 q i + 2q2)M2^- A n c l since p > 2 and q± pt q 2 , none of these 

weights occurs in (QA
a i)c l i . Hence, we may assume qj_ = q 2 . Then, the LA" 

composition factors of Q Y / K Q have high weights (3q1+ q3) j i2 and 

(q±+ q3)M2- I f P = 3 and 3qj_ = q3, the weights are 2q3|i2> ^ i 4 " ^3)^2 

and 0. Thus, p = 3, 3q1=q3 and £ 4 l Z A = q3a 1 . Then, we f ind that 
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x_ a ( t) = x_j34(c1tc l3)u1, x_ a a ( t) = x_1234(c2tc l3)x_45(c3tc l3)u2J and 
x - a - 2 a d) = X-i2345(c4 tC|3) u 3 , where c^, c4 e k*, c 2 , c3 £ k, c 2 or c 3 

nonzero, and Uj 6 Kg . Then, there is a nontr iv ial contr ibut ion to the root 

group U_1345 in the expression for [ x a ( t ) , x_ a _ 2 a ( t ) ] , contradict ing the 

given factor izat ions of x_ a (t) and x_ a _ a (t). This completes the proof 

of Claim 1. 

Claim 2. < X , ^ 1 + ^ 2
+ ^ 3 + i 3 5 ^ = °-

Reason: Suppose false; then Claim 1 implies that exactly one of 

<X,J3 j_+^3>, ( X , £ 2 ) , <X,P5> is nonzero. By (2.7), {qj_,q2,q3} consists of at 

most two d is t inct p-powers. Arguing as in the proof of Claim 1, we find 

that q2=q3 and j ^ l Z ^ = qj_aj_. 

Suppose (\,J31+j33> ^ 0. Then, the proof of Claim 1 shows that 

q 1=q 2 . Also, the bound on dimVo (QY) implies (X^^+fi-j) = 0. Mow, i f 

QA i KQ , (2.17) implies that the f ie ld tw i s t on the embedding of LA* in 

<U±j3 ) is also q±. Thus, by (2.5) and (2.6), < \ ,£ 7 > = 0. Also, <X,j36) = 0, 

else the bound on dimVg (Qy) is exceeded. But now we have XlTy = X±. 

So (X,J31+J33) r O ? f (\,J32+J35). 

Suppose <\,J32> * 0, so <\,J3fi> = 0 for ft = 1, 3, 5. I f QA $ K^ , 

(2.17) implies that the f ie ld t w i s t on the embedding of LA" in <U+Q ) is 

q 3 = q 2 . Then (2.5) and (2.6) imply <\,J37> = 0. Moreover, <X,£ 6 ) = 0, else 

the bound on dimV o (QY) is exceeded. Finally, using (1.36) and the bound 

on dimVg (Qy), we see that XlTy = X 2 , and ( X , a 2 ) = l - q 2 . By (6.9), 

(X,aj_) = 0, q, q + q 0 , 3q or 2q, for q and q 0 d ist inct p-powers. In every 

case, (1.27) and [8] imply dimVlA < dimVlY. Thus, <X,J314-j32+jS3) = 0 and 

<X,£5> * 0 . 

The arguments of the preceeding paragraph imply XlTy = X5 + x X ^ 

for x > 0 and by (2.17), J3glTA = q2aj_. Moreover, qj_ ^ q 2 , else the bound 

on d imV 2 (Q A )^_q a , of (1.22), is exceeded. So V 2 ( Q A ) x - q a ^ 0 ^ 

V 2 (Q A ) ^_g a and VIA is tensor decomposable. In par t icu lar , <X,aj_> ^ 0. 

By (6.9), <X,aj_) = q, 2q or xq, for some p-power q ^ q 2 . Then by (1.27) 
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1 18 DONNA M. TESTERMAN 

and (1.32), dimViA < dlmVlY unless <\,oci) = xq w i th x?fO. However, then 

d imV 2 (Q A )^_q a = 2 whi le fa v + affords an Ly* composition factor in 

V2(QA)x_q a of dimension 6. Contradiction. This completes the proof of 

Claim 2. 

Claim 2 implies that <X,^7> ^ 0; so by (2.7), q 3 = q 4 . 

Claim 3. QA < KG . 

Reason: Suppose QA i KQ . We examine the image of Q A
a i in 

Qy/Ka . Arguing as in the proof of Claim 1, we see that q2 = q 3 and 

P4IZA = q^a^. Suppose q^ ?f q 3 . Examining the T(L^*) weights of Qy/Ka , 

we see that x_ a ( t) = x_45(c1 tc l i )x^24(c2tc l i )x_o (C3tcl3)u0, where q € k, 

c± or c2 nonzero, c 3 ^ 0, and u 0 €Kg n Kg . In fact , Cj_c2 ^ 0, else there 

is a nontr iv ial contr ibution to the root group I L o in the expression for 

[ x a ( t ) ,x_ a ( t ) ] . We also f ind that X - a i - 2 a 2
( t ) = x - i 3 4 5 ( d l t q i ) ' 

x_1234(d2tc l i)x_567(d3tc l3)Uj_, where dj € k, d 3 ^ 0, dj_ or d 2 nonzero and 

uj_ € KQ n KQ . Thus, in the expression for [ x _ a (t),x__a _ 2 a ( t ) ] , there is 

a nontr iv ia l contr ibut ion to the root group U_24567. Contradiction. 

So qj_ = q 3 and again examining the T(LA ' ) weight vectors in Qy/Ka , 

we find that x _ a ( t) = x_34(a1t33)x_24(a2tq3)x_45(a3tcl3)x o ( a ^ ^ W Q and 

where a^, b̂  € k, a^^ ^ 0, w 0 , wj_€ Kg n KQ and a^bj ^ 0 for some 

1 < i , j < 3. In fact , at least two of a^, a 2 , a 3 are nonzero, else there is a 

nontr iv ia l contr ibut ion to the root group U_Q in the expression for 

[ x_ a ( t ) , x a ( t ) ] . So 3j_ or a 2 is nonzero. But then there is a nontr iv ial 

contr ibut ion to the group U_2 4 5 6 7 'U_3 4 5 6 7 in the expression for 

[ x_ a ( t ) , x_ a _ 2 a ( t ) ] . Contradiction. This completes the proof of Claim 3. 

Mow, QA < KQ implies that XITy = x X 6 + CX7, for x > 0, c>0 and 

<X,a2 ) = cq4. Referring to (6.9), we see that i f x ^ 0 or i f o l , 

<X,aj_) = 0, q, 2q, xq or cq. So dimV2(QA) < 5c+3, by (1.22). Let w = 

f4 5 6v+ i f <X,£6> * 0, or w = f4 5 6 7v+ i f (\,£6) = 0. Then w £ [V, Kp 2 ] , 

so w ^ [ V , Q A
2 ] ; hence, w affords an Ly' composition factor in V2(QA). 
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Adding the dimension of the Ly' composition factor afforded by f Q V + (or 

f 6 7 v + ) , we f ind that i f x ^ 0 or o l , dimV2(QA) > 5c+3. (Use (1.36).) 

Hence, XlTy = \ j and (7.2) implies that ( X , ^ ) - 2q, for some p-power 

q ^ q 4 . 

One checks that in the action of LA" on the kA module 

V(2q] i1+q4 | i2 ) , i f q4 ^ 3q, there is an 8 - or 10-dimensional LA ' 

composition factor. However, the given embedding of LA ' in Py affords no 

such LA ' composition factor on M(X-y). So p=3 and q 4 = 3q. Then, there 

are exactly six 6-dimensional LA ' composition factors of V (2q j i 1 + q 4 ^ 2 ^ 

two of which have dist inct high weights. However, one checks that the 

given embedding of LA ' in Py does not afford such an LA ' composition 

series of V(X-j). 

This completes the proof of (7.5).D 

(7.6). Let r€TT(Y)-TKLY ) and 1 < i,j < r such that 

( S L ^ r ) * 0 * ( S L j , r ) . 

(i) Then M̂  or Mj is t r i v i a l . 

( i i ) I f in addition there exists k ^ 1J such that ( E L ^ r ) ^ 0, then 

dim(M f i) = 1 for ft = i,j,k. 

Proof: By (7.4), all components of Ly' have classical type, so by 

(1.5), Z A < Zy. Let Wm denoted the natural module for Lm. By (7.1) of 

[12] , i f d imMm > 1 and rankLm > 1 , M m = Wm or Wm* . Consider f i r s t the 

case where there exists k as in ( i i ) , so r = £4. Then (2.5) and (2.7) imply 

that at most two of M ,̂ M*, and M^ are nontr iv ia l . Since rank(Lm) = 1 for 

m = i , j or k, (7.1) implies that Y = E7 and <U+g ) is not a component of 

Ly*. This observation, together w i th (1.15), implies that L^XL^XL^ has 

type A 1 X A 2 X A 3 or TT(L^XLjXL|<) = {J31,J33,^2^5^ I n the second case, 

Ly* = Li XL iXL^X ( U ± Q ), else h a (-1) does not central ize UQ . But this 

configuration does not occur, by (7.5). I f L^XLjXL^ has type Aj_XA2XA3, 

p>2, the bound on dimV Q (Qy) and (1.36), imply X\Ty = X± or X-j. But 
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120 DONNA M. TESTERMAN 

X|Ty ?£ \±, s o ^ ' T Y = ^-7- A l s ° i considering Qy/Kg in view of (1.15), we 

see that V^CQ^) is tensor indecomposable; so ( X ^ ) = 3q, for some 

p-power, q, and p > 3. But this contradicts (7.2). Hence, ( i i ) holds. 

Mow suppose Mj and Mj are both nontr iv ia l . We may assume 

V L . ( - r ) £ Wj or W-j*. For otherwise, (2.5), (2.6) and (2.7) imply that there 

exists k ;* i,j w i th ( E L ^ r ) & 0. But then ( i i ) implies dim(Mj) = 1 = 

dim(Mj). Hence, rank(Lp > 2 and V L . ( - r ) = WjAWj or W ^ A W j * . Moreover, 

since LA ' acts i r reducibly on Wj, there does not exist S € TT(Y) - TT(Ly) 

such that Qy/Kg s Wj or Wj*, else QA < Kg, contradict ing (2.3). Since 

(WjAWj)|LA ' has all even T(LA ' ) weights, (1.15) implies that Lj has type A 2 

or Lj has type A3 and Mj|LA ' is tensor decomposable. Thus Lj has type A4 

and p > 3. Let q<± be the f ie ld tw i s t on the embedding of LA" in Lj. Then 

(WjAWj)|LA ' has composition factors w i th high weights 6qj_ji2 a n d 2q<j_ji2 

(or (5q 1 +q 1 ) j i 2 a n c ' 2c l iM2> 1 f P^5)- Using (2.5) and (2.6), and the above 

remarks, i t is a check to see that there is no composition factor of Qy /K^ 

isomorphic to a t w i s t of Q A
a i . Thus, QA < K r , contradict ing (2.3). Hence, 

(1) holds. 

This completes the proof of (7.6). 

(7.7). Let r€TT(Y) - TT(LY) and 1 < 1, j < r, such that ( 2 L j , r ) * 0 # 

(SL j , r ) . Then dim(M i®Mj) = 1. 

Proof. Suppose dim(Mj®Mj) > 1. By (7.4), each component of Ly* has 

type Ak. for some kj > 1 ; so (1.5) implies Z A < Zy. Let Wm denote the 

natural module for Lm , m = 1, j . By (7.1) of [12] , i f Mm Is nontr iv ial and 

rank(Lm) > 1, Mm s Wm or Wm*. Also, (7.6) implies that only one of Mj 

and Mj is nontr iv ia l . 

Case I: Suppose V L . ( - r ) & Wj or Wj* 

Then rank(Lj) > 2 and V L . ( - r ) = WjAWj or Wj*AWj*. Since 

(WjAWj)|LA ' has all even weights, p>2 and (1.15) implies Lj has type A2 or 

A3, so Y = E7 or Eg. Note that i f Mm is nontr iv ial and rank(Lm) > 2, there 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 121 

does not exist S e TT(Y) - TT(LY) such that QA £ Kg, (S,SLm) * 0 and 

Qy/Kg = Wm or Wm* . These remarks and the bound on d imV r (Qy ) imply 

that r = £ 5 and either Y = E8, w i th TT(LY) = {J^ I i * 5,8} and 

\ | T y = \±+ x \ 8 , or Y = E7 (respectively, E3), w i th TT(Ly) = 

{£2 ,£3 ,£4 ,J36 ,£7 } and \ | T Y = \ 7 (respectively, X 7 + x \ 8 , for x > 0). 

In the f i r s t case, the argument in the second paragraph of the proof 

of (7.6) implies that the f ie ld tw i s t s on the embeddings of LA* in the two 

components of Ly' are equal. Call this tw i s t q. Then, as p>3, the only L^' 

composition factors of Qy/Kg isomorphic to a t w i s t of Q A
a i have high 

weight 2qji2- Thus, £ 5 ^ = qaj_. I f x ^ 0, QA £ Kg and Qy/Kg is the 

i rreducible L^' module w i th high weight 2qji2> so ^ s ' z A = c l o : l a 1 s o -

However, the bound on d i m V 2 ( Q A ) ^ _ q a , of (1.22), is exceeded. Thus, 

x = 0. By (6.9), <X,a^> = 0, 2q0 or q 0 , for some p-power q0 . But (1.27) and 

[8] imply dimVlA < dimVlY. Thus, the f i r s t configuration does not occur. 

In the second case, (7.2) implies that Y & E7. I f x ?f 0, one checks 

that V j (\-fig) < V j ( X - q a ^ ) , where <X,a2) = 2q, for some p-power q. 

By (6.9), <X,ajL> = 0, q, 2q or xq. But then 9 > dimV2(QA) > V2(QY) > 

dim(Vjj (QY) + V^ (QY)) > 12. Hence x = 0, contradict ing (7.2). 

This completes the consideration of Case I. 

Case I I : Suppose VL ( - r ) = Wm or W m * for m = 1, j . 

By (7.6), we have ( 2 L k , r ) = 0 for k ^ i , j . Also, (1.15) and (7.1) 

imply L^XLj has type A^XA£, £ = 1 or 3 and Y = E7, or L^XLj has type 

A 2 XA£, £ = 2, 3 or 4, or A3XA3. Actual ly, L^XL ĵ cannot have type A j X A 3 , 

else Y = E3 and QA < Kg ; so <X,Pj> = 0 for 1 < £ < 4. But then the bound 

on d imV r (Q Y ) of (1.25) implies XITy = X Q . 

Now consider L^XLi of type A2XA4. Using (2.3) and the bound on 

d imV r (Qy ) of (1.25), we res t r i c t the possibi l i t ies for X. We are le f t 

w i th Y = Eg, XITy = Xj_ and <X,a2> = 2q or 4q, for some p-power q. But 

(7.2) and a dimension argument f rom Case I imply that dimVlA 7* dimVlY. 

Suppose L^XLj has type A 2 X A 3 . Temporari ly label as fo l lows: 
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122 DONNA M. TESTERMAN 

Li = ̂ tr^tr^ Lj = < u ±rk I k = 3>4>5>, ( ^ 2 > r ) * ° * (^1^3)-

( ^ k ' r k + l ^ < 0, k = 3, 4. Mote that (1.15) implies V L . ( - r ) ILA ' is tensor 

decomposable. Let V L . ( - r ) have high weight (q^ + q2)U2 a s L A ' module, 

where q± and q2 are dist inct p-powers. Then, by (2.7) and (2.6) we may 

assume that the f ie ld t w i s t on the embedding of LA ' in L̂  is q^. Then 

Qy /K^ has I_A' composition factors w i th high weights (3q^ + q2)M2 a n c ' 

(q^+ q2)M2- Thus, p = 3 and 3q^ = c\2> e 1 s e there is no 3-dimensional 

composition factor. In this case, r l Z ^ = q2<*i> and we f ind that 

x_ a (t) e U _ r K r , 

> < - a 1 - a 2
( t ) G ( u - r - r 3 # u - r - r 3 - r 4

# u - r r r 2 - r - r 3 • 
u ~ r r r 2 " r " " r 3 ' " r 4 ) K r ' a n d 

x - a r 2 a 2
( t ) = x - r r r 2 - r - r 3 - r 4 - r 5

( c t C | 2 ) u o > 
where c 6 k*, u0€ K r . Then, there is a nontr iv ia l contr ibut ion to the root 

group L L ^ -<y-<y - r - r i n ^ e expression for [ x a ( t ) , x_ a _ 2 a ( t ) ] , 

contradict ing the given information about x_ a ( t) and x _ a _ a (t). Thus, 

L^XLj does not have type A2XA3. 

Consider now the pair A^XA3 in Y of type E7. Temporari ly label as 

follows: L̂  = <u±rQ), Lj = <u± rk 11 < k < 3), (r,r±) * 0 and ( r k , r k + 1 ) < 0 

for k = 1 , 2. By (1.15), Wj |LA ' is tensor indecomposable, so p > 3. Note 

that there does not exist S€TT(Y) - TT(Ly), w i th ( S , r 0 ) ^ 0 and (S,SLk) = 0 

for k -p± i. For otherwise, since Qy/Kg is a 2-dimensional i rreducible L^' 

module and Qy(r ,S) is a 4-dimensional i r reducible L^' module, (2.11) 

implies -S is involved in L^'. But this cannot occur as p?£2. (See (2.10).) 

Arguing s imi la r l y , one shows that there does not exist S6TT(Y) - TT(Ly) 

w i th (8 ,^3) ^ 0 and (S^L^) = 0 for all k ?f j . These remarks, and the 

bound on d imV^(Qy), together w i th (1.36), imply that < X , r ) = 0 and either 

(a) TKLiXLj) = {J32,J35,J36,J37} or (b) T K L J X L J ) = {J32,J34,£5,£7}. By (2.17), 

there exists a p-power q, which is the f ie ld tw i s t on the embeddings of 

LA ' in L̂  and in Lj and such that r l Z A = qaj_. 

In each case, Ly' = L^XLn, else h a ( - l ) ^ Z ( Y ) . In case (a), the bound 
J Z. 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 1 23 

on dimVo (Qy) and (2.3) imply XlTy = c \ 2
 f o r l ^c<3 or XlTy = X 5 or \-j. 

I f \ | T y = c ^ 2 f ° r c = 2 or 3, then (\,OL±) = 0 or cqj_ for some p-power q^. 

But (1.27) and (1.32) imply dimViA < dimVlY. In the remaining cases, (6.9) 

implies (\,OL±) = 0, q 1 ; 2q^, 3q^ or qj_+q2, for qj_ and q 2 d ist inct 

p-powers. Now (1.27) and [8] imply dimViA ^ dimVlY unless XlTy = \ 7 . 

In this case dimVlY ^ dimViA by (7.2). Thus the configuration of (a) does 

not occur. I f Ly* = L^XLj as in (b), QA < KQ as Qy/Kg has LA" 

composition factors of dimensions 5 and 1. Hence XlTy = cXy, for l<c<3. 

I f XlTy ?f \ j , we may argue as above to see that dimViA ^ dimVlY. I f 

X|Ty = X7, (7.2) implies X |T A = 2q0Mi+qU2> f o r Q a nd q 0 d ist inct 

p-powers. However, the Z A weight space V 2 ( Q A ) } ~ a has dimension 2, 

whi le 0 & w G V j (X-J37-P5) affords an Ly* composition factor of 

V 2 ( Q A ) \ - q a of dimension 4. Thus, L jXLi does not have type A^XA3. 

Consider now the case where L^XLj has type Aj_XAj_ in Y of type E7. 

Temporari ly label as fo l lows: let r ^ r j € TT(Ly), w i th Lk = ( U ± r >, k = 1, j 

and let q be the f ie ld t w i s t on the embeddings of LA ' in L̂  and in Ly (See 

(2.17).) Then, i t is easy to check that r | T A = qa^. As in the previous 

case, there does not exist S€TT(Y) - TT(Ly) such that (8,9^) ^ 0, 

(S,SLk) = 0 for all k ? f i . S imi lar ly , there does not exist SGTT(Y) - TT(LY) 

such that ( S , r p ^ 0, (S^L^ ) = 0 for all k ^ j . These remarks imply that 

{ r 1 , r j } = { J 3 2 ^ 5 > o r ^ 5 ^ 7 > -

Consider the case where { r ^ r j } = {£2,£5}- Then ( U ± Q ) is not a 

component of LA ' , else h a (-1) £ Z(Y), contradict ing (7.1). Thus, (2.12) 

implies £ i l T A = 0 = £3 lT A . This forces (X,^^) - 0, else f 3 4 v + and fo v + 

are l inear ly independent vectors in V j ( X - q a ^ ) , contradict ing (1.31). 

Suppose ( X , ^ ) * °- T ' i e n f 2 4 v + ' f234 v + anc ' f i 234 v + a r e 3 l inearly 

independent vectors in V j ( ^ - q a ^ - q a ^ ) , contradict ing (1.37). Thus, 

(X, j32 ) = 0. A s imi lar argument shows that (\,$^) = 0. So {7\,7.} ^ 

< £ 2 ^ 5 > -

Consider now the case where {r\,ri\ - {£5 ,£7} . The previous 
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remarks imply that there exists another component of Ly \ say Lk , w i th 

(2Xk,j34) PL 0. Mote that <U+£ ) is not a component of Ly', else h a (-1) 

does not central ize Ug . So i f U+g < Ly', <U+g > U ± B J 1S a component of 

Ly". In fact , i f <U+g ,U+g ) is a component of Ly' then <U+g ) is also, else 

h a (-1) does not central ize Ug . Thus, (7.5) implies Ly1 = L^X L jX <U+g ). 

By the previous case, < \ , £ 2 + £ 5 ) = 0 and <X,07> ?f 0. We claim 

that QA < Kg . Otherwise, (2.17) implies that the f ie ld t w i s t on the 

embedding of LA ' in <U+g ) is also q and we find that x_ a (t) = x_g (c1 tc l ) -

X-B^c2 tq )u l> x-ai-2ao^t) = x -245 ( c 3 t C , ) x -567 ( c 4 t C | ) u 2> w h e r e c1 £ k*, 
•^6 1 2 

U}€ Kg D Kg . But then there is a nontr iv ial contr ibut ion to the group 
u-2456 #u-4567 1n t h e expression for C x - a 1

( t ^ x - a 1 - 2 a 2
( t ^ - S o QA ^ KJ3 

and (2.3) implies <X,£ k ) = 0 for l<k<5. 

I f -J34 is involved in LA ' , p 4 l Z A = 0 by (2.10). Otherwise, (2.11) 

implies that there is a nontr iv ial image of QA
a i in Qy(^6 ,J34). So the 

f ie ld tw i s t on the embedding of LA ' in (U+g ) is q, (J34+£5)|ZA = qotj_ and 

again JS^IZ^ = 0. Using the parabolic Py~ of (2.11), we see that the bound 

on dimVg (Qy~) is exceeded unless (X,$Q) = 0 and (X,$-?) < 3. (Refer to 

(1.36) in case (\,$-j) = p-1.) So X|TY = cXj, c < 3 and <X,a2 ) = cq. By 

(6.9), <X,aj_> = 0 or cq0 i f c > 1, or ( X , ^ ) = 0, 3q 0 , q± + q 0 , q 0 or 2q 0 , for 

q 0 and q± d ist inct p-powers, i f c = 1. But (1.27) and (1.38) imply 

dimVlA < dimVlY i f o l . Thus, c = 1, dimVlY = 56, and by (7.2), X\TA = 

2q 0 Mi + qj i2 where q 0 ?± q. Mote that the Z A weight space V 2 ( Q A ) ^ _ q a 

has dimension 2. But VT ( X - j 3 7 - £ 6 ) , VT (X-J3 7 - ^5-J3 5 ) and 

VT (X-J37-P5-J35-J34) are 3 nonzero weight spaces lying in 

V 2 ( Q A ) x _ q a . Contradiction. 

I t remains to consider the case where L^XL^ has type A2XA2. We 

f i r s t claim that there does not exist a th i rd component of Ly'. For i f Ly" 

has 3 components, size rest r ic t ions and the fact that ( r ^ L ^ ) = 0 for 

k p£. i , j , imply that the th i rd component has type Aj_. Then by (7.1), Y = E7 

and TT(LY) = {j31;p2,J34,£6,J37}. Mow, (1.15) implies QA < Kp so 
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<X,Pg> = 0 for 1 < 2 < 4 and ( X , £ 6 ) or Ov . , ^ ) is nonzero. Since p>2 and 

all T(LA ' ) weights in Qy/Kg are odd, (2.10) implies that —J33 is not 

involved in L A \ Thus (2.11) implies that there is a nontr iv ial image of 

QA
a i in ( ^ ( £ 5 , ^ 3 ) , an LA ' module w i th no 3-dimensional composition 

factor. Thus, Ly' = L̂  X Lj , as claimed. 

Now, the bound on d imV r (Qy) , of (1.25), implies that ( X , r ) = 0. 

Hence, there exists SGTT(Y) - TT(Ly) w i th (X,8) ^ 0. For otherwise, 

X|Ty = \^ for some £ and ( X ^ ) = 2q, contradict ing (7.2). Then 8 •& r 

and by (2.3), (8,2LY) * 0. Say ( 8 , 5 ^ ) ^ 0. Let q be the f ie ld t w i s t on the 

embedding of LA ' in L̂  and in Lj. (Use (2.7) to get equal twists. ) Then the 

LA ' composition factors of Q y / K r have high weights 4qj!2> 2qj i2 anc* °-

Thus, r | Z A = qa 1 . Moreover, Q A K 8 / K 8 = Q Y / K 8 a n d by (2.13), 8|TA = qa 1 . 

Then, the bound on d i m V 2 ( Q A ) ) ~ a , of (1.22), implies that M̂  is 

nontr iv ia l . Also, by (2.13), there does not exist 8^6 TT(Y) - TT(Ly) w i th 

(8j_,8) < 0. So 8 corresponds to an end node of the Dynkin diagram. We 

now claim that there does not exist r j_€ TT(Y) - TT(Ly) w i th (7yV^) < 0. 

For i f there exists such a r j_ , QA < K r and (2.12) and the above remarks 

imply that ^ i l Z A = 0. Then using the parabolic Py" of (2.11), we find that 

d imV r (Qy " ) + dimVg(Qy") exceeds the bound on d i m V 2 ( Q A ) ) ~ a , of 

(1.22). Finally, we note that there does not exist Sj_€TT(Y) - TT(Ly) w i th 

r ?f 8j_ j± 8 and ( S ^ Z L p j± 0. For, as w i th 8, 8 jJTA = qaj_ and the bound 

on d i m V 2 ( Q A ) ^ _ q a is exceeded. These remarks imply that Y = Eg and 

8 = £3. The bound on d imV 2 (Q A ) ^_q a impl ies, even more expl ic i t ly , that 

X|Ty = \-j + XXQ for p > x > 0. 

By (6.9), <X,ai> = 0, xq0 , q 0 or 2q 0 , for some p-power q0 . Then 

(1.27) and (1.32) imply (\,a±) = xq0 , else dimViA < dimVlY. In fact , since 

J3g|TA = qa^ , f g v + is a nonzero vector in Vy (X-qcij_); so q 0 = q and by 

(1.10), X |T A = x ^ i + 2j i2- Now, l e t p o - BY~ ^e ^ e parabolic subgroup of 

Y w i th Levi factor L0 = (U+o | 5 < £ < 8)Ty. Then, L0 has a natural 

subgroup, B, of type B2. Moreover, V1(RU(P0))|B has a composition factor 
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126 DONNA M. TESTERMAN 

w i th the same high weight, as a B2~module, as that of VIA. Thus, dimVlA < 

dimVlY. Contradiction. 

This completes the proof of (7.7). 

(7.8). Suppose there exists 1 < i < r such that L̂  is separated f rom 

all other components of Ly' by more than one node of the Dynkin diagram. 

Then Mj is t r i v i a l . 

Proof: Suppose false; i.e., suppose Lj is as described and Mj is 

nontr iv ia l . By (7.4), each component of Ly' is of classical type, so (1.5) 

implies Z A < Zy. Let W be the natural module for Lj (of type Ak) . Then by 

(7.1) of [12] , i f r a n k a p > l , M , s W o r W* 

Case I: Suppose rank(Lp>2. 

Arguing as in the proof of (6.7) and applying (7.1) and (7.3), we see 

that Lj = <U+Q J l<j<4> and Ly" = L̂  X <U+a ,U+Q ). Let q^ (respectively, 

q2) be the f ie ld tw i s t on the embedding of LA* in L̂  (respectively, 

(U+3 ,U+p >). Then the LA" composition factors of Qy/Ko have high 

weights 6q^M2 a n d 2 c l lM2- S o £ 5 l z A = c l l o c l - Since Qy/Ko ^ (QA
cxi)cl2 as 

L^' modules, i f QA i KQ , J3glZ^ = q20Ci- Then (2.8) implies that q± = q 2 . 

Thus, either QA < Kg and <X,P|<> = 0 for k = 6, 7, 8, or q^ = q 2 and (2.5) 

and (2.6) imply (X,J37+£8> = 0. In fact , even in the second case, 

(X,p6> = 0, else the bound on d imV 2 (QA )^_q a of (1.22) is exceeded. 

Also, (XJJ5) = 0, else the bound on dimVg (QY) of (1.25) is exceeded. So 

XITy = >^i or X 2
 a n c ' ( ^ a 2 ^ = 4 c l l - Referring to (6.9), we f ind that i f 

X|Ty = ^±> then ( \ ,a j_) = 0, 2q, q, or q+q0 , for q and q 0 d ist inct 

p-powers. However in each case, by (1.27) and [8 ] , dim VIA < dim V|Y. 

Thus, X|Ty = X2- Now, by (6.9), (\,an) = 0, 3q, 2q, q, or q+q0. However, 

(1.27) and (1.38) imply dim VIA < dim VIY. This completes the 

consideration of Case I. 

Case I I : Suppose r a n k d p < 2. 

Then, in fact , rank(L^) = 2, else there exists a 2-dimensional LA" 
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i r reducible, QY /Kg, containing a nontr iv ial image of Q&ai. Suppose there 

exists 1 < k < r, k^ i w i th Mk nontr iv ia l . Then (7.7) implies that Lk is 

separated f rom all other components of LY* by more than one node of the 

Dynkin diagram. Then previous remarks of this result imply that Lk is of 

type A2- Let q̂  (respectively, qk) be the f ie ld t w i s t on the embedding of 

LA ' in Li (Lk). So q] * q k . I f S e TT(Y) - TT(LY) w i th (8,ZLj) * 0, for j = i or 

j = k, then Qy/Kg = ( Q ^ i ) ^ and S|TA = q^ct^ (See (2.4).) By (2.8), ^ and 

Lk are separated by more than two nodes of the Dynkin diagram. So Y = EQ 

and TT(Ly) = {P>I,$3,$1,$Q}- Moreover, by (2.13) and (2.3), <X,£j> = 0 for 

j = 2,4,5,6. I f we take L̂  = <U+^ ,U ±^ > and Lk = <U+£ U+a ), the above 

remarks imply JS^ITA = q^a^ and J^6'TA = % a l . A l s o > (2.13) implies 

^ 2 ' T A = ° = ^5 l T A- W e a l s o h a v e ^ l ' T A = c l i a 2 = i^3lTA a n d i^7lTA = c lka2 

= ^8 'TA- I n par t icu lar , V j (X -qa^ ) = 0 for all p-powers q. Thus, 

(X,*!) = 0 and X |T A = (2q i + 2qk)M2i so dim VIA < 100 < dimVlY by (1.27) 

and (1.32). Hence, there does not exist 1 < k < r, k^ i w i th Mk nontr iv ia l . 

Now (7.2) implies that there exists 8eTT(Y) - TT(LY) w i th <X,8> * 0. 

By (2.3), (8,SLY) * 0. We claim that ( S ^ L p * 0. Otherwise, the bound on 

dimVg(Qy) implies that there exists a unique 1 < k < r, k?fi w i th 

rank(Lk) < 2 and w i th (2Lk,S) ^ 0. Actual ly, Lk has type A 2 , else Qy/Kg is 

a 2-dimensional i rreducible LA* module containing a nontr iv ia l image of 

QAa i. I f L^and Lk are separated by more than two nodes of the Dynkin 

diagram, L̂  X Lk is as in the above paragraph. Then (X,8) & 0 contradicts 

(2.13). Thus, L] and Lk are separated by exactly two nodes of the Dynkin 

diagram. Let r^r^ GTT(Y) - TT(Ly) w i th (r^r^) < 0, ( r j , 2 L j ) * 0 for 

j = i,k. Let q be the f ie ld t w i s t on the embedding of LA ' in L .̂ Note that i f 

r k l Z A = 0, (so r k j± 8) then 0 ^ w € V y (X -8 ) affords an LY " composition 

factor of Vg(Ru(PY")) which exceeds the bound of (1.25), where Py" > By " 

is the parabolic of Y w i th Levi factor LY"= < L Y , U ± r ). Hence, i f QA < K r , 

so 8? f r k , (2.10) implies that - r k is not involved in LA ' and by (2.11), 

there is a nontr iv ia l image of QA
a i in Q Y ( r - j , r k ) . Hence, the f ie ld t w i s t on 
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the embedding of LA ' In Lk Is q. I f QA £ K r , (2.8) Implies that 

r ^ l Z ^ = qa 1 ; which In turn Implies, by (2.6) that the f ie ld t w i s t on the 

embedding of LA* In Lk Is again q. Thus, Qy/Kg = (Q^01!)^ and SITA = qocj_. 

(See (2.4).) But then the bound on d imV 2 (Q A ) ^_q a of (1.22) Is exceeded. 

Thus, I f S€TT(Y) - TT(LY) w i th <X,8> * 0, then (S^ELj) ^ 0 as claimed. 

Now, there exists a unique such 8. For otherwise, 

dimV j (\-qocj_) > 1 , contradict ing (1.31). Hence, X|Ty = X # + x X m for 

some ft,m. Moreover, the nodes of the Dynkin diagram corresponding to J3£ 

and £ m are separated by at most one node. By (6.9), <X,aj_) = 0,q0 , 2q0 , 

3q 0 , q 0 + q i or xq0 for dist inct p-powers q 0 and q^. Using (1.32) and 

(1.27), we see that dimVlA < dimVlY unless <X,cij_) = xq0 . Moreover, since 

f s v + € VT (X-qaj_), q 0 = q and by (1.10), VIA is rest r ic ted. 

Temporari ly label as fol lows: TTL̂  = { r ^ 2 ) and ( 8 , r j_) < 0. We 

claim that 72 must correspond to an end node of the Dynkin diagram. For 

otherwise, i f 80€TT(Y) - TT(I_Y) w i th ( S Q , ^ ) < 0, arguing as above, 

80 |TA = a^. The bound on dimV2(QA) implies <X , r j_) = 1 and ( X , ^ ) = 0. 

Consider the subgroup L0 = (U+g,U± r , U ± r ,U+g ). Then L0 has a natural 

subgroup, B, of type B2. Moreover, v + affords an L0 composition factor of 

V which res t r ic ted to B produces a B composition factor w i th the same 

high weight as VIA, as B2 module. But L0 l ies in a proper parabolic of Y 

and so acts reducibly on V. Hence, dimVlA < dimVlY. Thus, ^2 

corresponds to an end node, as claimed. Also, (2.13) implies that L̂  & 

^u±J3^u±p3^ a n d i f L i = <U±£2 'U±J34^ 8 = £5 and Y = E7 or Eg. In fact , 
L i ^ ^U±B >U±B )• F o r otherwise, (2.12) implies that ^ 1 I T A = 0 and using 

the parabolic Py" of (2.12), we see that the bound on dimV2(QA) is 

exceeded. Hence, either Y = E7 w i th X|TY = x ^ 5 + ^ 6 or x X 5 + X 7 or Y = E8, 

w i th X|TY = XX5+X7 or xX5+Xg. 

In Y of type E7, let L^ = (U+^U+p^U+p^U+p >, a group of type A 4 , 

which has a natural subgroup, B, of type B2. Then ^AS^e^ affords an L± 

composition factor of V which res t r i c t s to B to produce a composition 
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factor having the same high weight, as B2 module, as VIA. S imi lar ly , in Y 

of type E8, let L2 = <U±p3,U±p4,U+£5AJ+j36>. Here, the vector f123456f7v' f 

serves the same purpose as above. In each case, L̂  l ies in a proper 

parabolic of Y, so acts reducibly on V. Hence, dimVlA < dimVlY and the 

result of (7.8) holds.D 

(7.9). There are no examples in the Main Theorem wi th Y of type En 

and A of type B2 , when p>2 

Proof: Suppose false; i.e., suppose V|Y is a nontr ivial kY-moduie. 

Then, (7.3), (7.7), and (7.8) imply <\ ,a2> = 0. So ( X , ^ ) * 0. Let P > BA~ 

be the parabolic subgroup of A w i th Levi factor L = <U±a }T A . Let R be a 

parabolic subgroup of Y w i th P < R and Q = RU(P) < Q0 = RU(R). Let R be 

minimal w i t h these propert ies. Let L0 be a Levi complement of Q0 in R 

such that T 0 < L0, for some maximal torus of R, w i th T A < T0. Fix a base 

TT0(Y) of the root system, S 0
+ (Y) , of Y such that LHUA < Q 0 (L 0nu 0 ) , 

where U0 is the product of T 0 root subgroups corresponding to roots in 

2 0
+ (Y ) and Q0 is the product of T 0 root subgroups corresponding to roots 

in S0~(Y) - S(L0). Let TT0(Y) = ir±). . . , r n } , w i th Dynkin diagrams labelled 

as throughout. Let ( w + ) be the unique 1-space fixed by U0; let X be the 

T0 weight of w + . Then by (6.9), dimVlA < dimVlY unless L0 ' = Lj_ X L2 , 

w i th L^ a simple algebraic group of type A^ and L2 a semisimple algebraic 

group acting t r i v i a l l y on V1(Q0). So i f L^ = (U+Q ) for some p> £ TT0(Y), 

then (\,J3) = c = (X,CXJ_), for some p > o o . (Use (1.10).) I t is easy to check 

that dimV2(Q) = c, in this case. Thus, i f r€TT0 (Y) - TT(LY), < X , r ) = 0. 

(Use (1.36) i f (r,J3) ?f 0.) Also, J3 ^ r^, else f r + r w+, f r + r w + and 

fry +y w + af ford dist inct L0' composition factors of V2(Q0), exceeding 

dimV2(Q). Hence we may choose ^ i , ^ |<^ r £ ^ ^ o ^ ) w 1 t h (fi'^V* < °̂  

( r - j , r k ) < 0 and (rk,r%) < 0. The subgroup N = < U ± r . , U ± r , U ± r ,11+^) < Y 

has type A4, and therefore has a natural subgroup of type B2 , say A0. 

Also, the N-composition factor of V afforded by v + is not all of V|Y, as N 

Licensed to Ecole Polytech Fed de Lausanne.  Prepared on Tue Apr 19 01:56:51 EDT 2016for download from IP 128.178.14.170.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



1 30 DONNA M. TESTERMAN 

is contained in the Levi factor of a proper parabolic of Y. But the A0 

composition factor of V|Y has the same high weight, as B2 module, as does 

VIA. Thus, dimVlA < dimVlY. Contradiction.D 
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CHAPTER 8: A = 6 2 

Let A < Y be simple algebraic groups, w i th Y simply connected, 

having a root system of type En. Let V = V(X) be a res t r ic ted i rreducible 

kY-module. In this chapter, we consider the main problem in case A has 

type G2. Let T A (respectively, T) be a f ixed maximal torus of A 

(respectively, Y) w i th T A < T. Let TT(A) = { a ^ a ^ } be a base of the root 

system 1(A) and 7T(Y) a base of 2(Y). Label the Dynkin diagrams of 2(A) 

and S(Y) as throughout. Let <JJL1,JJL2> (respectively, { X 1 , X 2 ^ • - A n ^ 

denote the fundamental dominant weights corresponding to the given 

ordered bases. The result is the fol lowing: 

Theorem (8.0). (a) I f VIA is i r reducible, then p ^ 2,7, Y = Eg, 

XIT = \ ± (or X 6 ) , X |T A = 2 M I -

(b) I f p ^ 2,7 and Y = Eg, then there exists a closed subgroup B < Y, 

B of type 62, such that V(Xj_)|B is i rreducible. 

Remark: The proof of (8.0)(b) is given in [16]. We prove (8.0)(a) in 

this chapter in case p > 3. The case where p = 2 or 3 is handled in 

Chapter 9. 

We adopt Notation and Hypothesis (2.0) throughout this chapter, 

w i th the additional conditions: Assume p > 3 and LA = (U±cc ) T A , so 

Q A
a = QA

a2 is a 4-dimensional, tensor indecomposable LA ' module. 

The fo l lowing technical lemma which w i l l be used in many of the 

successive results. 

131 
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132 DONNA M. TESTERMAN 

(8.1). (i) For p>5, dimV(4±i2) > 156. 

( i i ) dim V = 27 i f and only i f X |T A = 2qjij_, for some p-power 

q, and p ^ 7. 

( i i i ) There does not exist an irreducible kA-module of 

dimension 56; so i f Y has type E7, XlTy ^ X7. 

Proof: By applying the methods of (1.30) and (1.33), repeatedly, and 

recall ing that the Weyl group of A has order 12, we obtain (i). 

Now, suppose dim V = 27. Then (1.32) implies V is tensor 

indecomposable, so we may assume V is rest r ic ted. Suppose 

<X,aj_) = a •& 0 ?f b = <X,oc2). Then, by [8 ] , a > l or b> l . Breaking the 

argument up into separate cases for a=2 or a>2, and b=2 or b>2, the 

methods of (1.30), (1.32) and (1.35) show that dim V > 27. Thus, a=0 or 

b=0. Moreover, by (1.27), i f a ?* 0, a > l and i f b ?f 0, b> l . Since p>3, [8] 

implies b^2. Then, the methods of (1.30) and (1.32) imply that dim V > 27 

i f b^O. So a?fO and b=0. I f a=2, [8] implies the result. By [8 ] , a?£3. But i f 

a>3, the methods of (1.30) and (1.32) imply dim V > 27. Thus, ( i i ) holds. 

Arguing s imi la r ly , we obtain ( i i i ) .a 

(8.2). I f dim V^Qy ) > 1 , Ly" is not a simple algebraic group. 

Proof: Suppose false. Then Theorem (7.1) of [12] implies that Ly' 

is of classical type, so by (1.5), Z^ < Zy. Consider f i r s t the case where 

Ly' has type Dj< for some k>4. We may argue as in the proof of (6.1), to 

obtain: Ly" = D5, Y = E7 and V1(QY) ss W, the natural module for Ly'. Also, 

<X,J3^> = 0, else the bound on dimV a (Qy), of (1.25), is exceeded. But now 

XITy = X7, contradict ing (8.1). Thus, Ly' does not have type D^ for k>4. 

I f Ly' has type Ak for k>3, we may argue as in the proof of (6.1) to 

reduce to Ly' of type An_j_ in Y of type En, w i th XITy = X n , contradict ing 

(8.1) and previous general remarks. 

We have, therefore, Ly' of type A|< for k<3. Actual ly, k=3, else 

there exists r € TT(Y)-TT(Ly), w i th Q y / K r an irreducible L^'-module of 
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dimension 2 or 3, containing a nontr lv lal Image of QA
a2. Mote also that 

there does not exist S 6 TT(Y)-TT(LY) w i th VL - ( - r ) = WAW. For (WAW)|LA" 

has composition factors of dimensions 5 and 1 or two factors of 

dimension 3. Thus, for each r € TT(Y)-TT(LY) w i th ( r , Z L Y ) ^ 0, 

Q Y / K r = W or W*. Since p > 2, QA
a2 is tensor Indecomposable, so W|LA' 

Is tensor Indecomposable. Suppose W|LA' has high weight 3qj i2 f ° r some 

p-power q. Then comparing high weight vectors In Q Y / K r and QA
a2, we 

see that r l T A = q a 2 for all r € TT(Y)-TT(LY) w i th ( r , I L Y ) * 0. Also, 

(2.12) Implies t | T A = 0 for all T6 TT(Y)-TT(LY) w i th (T,2LY) = 0. As In the 

proof of (2.16), J3|TA = qct^ for each ]3 € TT(LY). 

Mow (\,a2) * 0, else dim VIA ^ dim V|Y. (Use [8 ] , (1.30) and 

(1.32).) Hence, there exists r 6 TT(Y)-TT(LY) w i th ( r , 2 L Y ) * 0 and 

( X , r ) ^ 0. For otherwise, there Is no vector In V|Y w i th T A weight 

\ - q 0a2; for any p-power q0. By (2.13), r must correspond to an end 

node of the Dynkin diagram. Applying this res t r i c t ion and the bound on 

d1m(V 2 (QA )^_q a ), we reduce to the fol lowing: 

(a) Y = E6, LY" = <U±p. | 1 = 1,3,4), -X|TY = \± + x X 2 x>°-

(b) Y = E6, LY ' = <U±j3. | 4<i<6), X|TY = X 6 + x \ 2 > x>°-

(c) Y E7, LY ' = <U±£. | 4<1<6), X|TY = X6 + x \ 7 , x>0. 

(d) Y = E8, LY ' = <U±j3. | 5<1<7), X|TY = X7 + x\Q) x>0. 

Actual ly, the configurations of (a) and (b) can be ruled out by (1.23). 

Mow, VIA Is a conjugate of a basic module since there Is no vector in 

V|Y w i th T A weight \ - q 0 a 2 for q0 ^ q. So by (1.10), q= l and (\,CXJ_) = 3. 

By (1.29), dim V j (\-3tXj_-ci2) < 4. Thus, Y = E7; for otherwise, f 4 5 6 7 v + , 

f34567v+^ fi34567v+> f2456?v+ a n d f5678v+ a r e f i v e l inearly independent 

vectors in V j (X-3a j_-a2) . Mow, one checks that in the action of LA ' on 

the 56-dimensional i rreducible kY-module V(Xy), there are no 2 - or 

3-dimensional composition factors, and all composition factors are 

tensor indecomposable. But there is no 56-dimensional kA-module which 

affords such an LA ' composition series. Hence, LY ' does not have type A3. 
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134 DONNA M. TESTERMAN 

This completes the proof of (8.2).D 

(8.3). I f dim V1(Qy) > 1 , each L̂  has type Ak. for some k̂  > 1. 

Proof: We f i r s t claim that each L̂  has classical type. For 

otherwise, Y = E3 and Ly" has type E5XA1. By Theorem (7.1) of [12] , 

X|Ty = x\j + c \ g and <\,a<L> = c-q, for c>0 and some p-power q. By (6.9) 

and (1.22), dimV2(QA) < l i e + 8. But f p v + and/or f p + £ v + afford(s) Ly' 

composition factors in V2(QA) , forcing dimV2(QA) > 27c. (Use (1.36) i f 

x? fO and c = p-1.) Thus, each component of Ly' has classical type, so 

(1.5) implies Z A < Zy. 

Suppose L_i has type Dk for some k. Arguing as in the proof of (6.3), 

we see that M̂  is t r i v i a l . Now <U+A ,U+g ) is not a component of Ly', else 

the bounds on dimV a (Qy) and dimVg (Qy) imply XlTy = X 8 . Hence, 

Ly* = L^XLn w i th Lj of type Aj_ and Mj nontr iv ia l . Moreover, (TTL^TTLp ^ 0, 

else there exists S e TT(Y)-TT(LY) w i th (8,SLj) * 0 and Qy/Kg a 

2-dimensional i rreducible LA*-module containing a nontr iv ia l image of 

Q A
a z Let r e n ( Y ) - H(L Y ) w i th ( r , ^ ) * 0 * ( r ,2Lj). NOW (1.36) and 

the bound on d i m V r ( Q Y ) of (1.25) imply L̂  = D4. So TT(Ly) = 

{ JS7, J3m I 2<m<5 }, w i th <X,£ m ) = 0 for 2<m<5 and <X,£7> > 0. The 

previous remarks imply that Y = E7. But the bound on dimVp (Qy) and on 

dimVg (Qy) (in conjunction w i th (1.36)) implies that XlTy = X7, 

contradict ing (8.1). This completes the proof of (8.3).D 

(8.4). Suppose there exists r € TT(Y)-TT(LY) and l < i , j < r such that 

( r , ! ^ ) * 0 * ( r ,SL j ) . Then Mi or Mj is t r i v i a l . 

Proof: Suppose false; i.e., suppose M̂  and Mj are both nontr iv ia l . By 

(8.3), each component, Lk, of Ly* has type A m for some m ^ l ; so (1.5) 

implies Z ^ < Zy. Let Wm denote the natural module for Lm , m = 1, j . By 

(7.1) of [12] , i f rank(Lm) > 1 , Mm s Wm or W m * 
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Case I: Suppose V L . ( - r ) ¥ W1 or W^ . 

Then rankd j ) > 3 and V L . ( - r ) = W iAW1 or W ^ A W ^ . Mow (1.15) 

implies that Li cannot have type k^ Also, since LA ' acts i r reducibly on 

Wm , for m = 1, j , i f rankLm ^ 3, there does not exist 8 eTT(Y)-7T(Ly) w i th 

(8,2Lm ) ?* 0 and Qy/Kg = Wm or W m * for m = i or j . Finally, the bound on 

d imV r (Qy ) , r es t r i c t s the si tuat ion s t i l l fur ther. (Use (1.34), (1.36) and 

p>3.) These remarks imply that L^XLj has type A3XA1 , A3XA3 or A 4 X A 1 . 

I f L^XLi has type A4XAj_ w i th qj_ ?f ^ ^ e f ie ld tw i s t s on the 

embeddings of L^' in L̂  and Lj respectively, then one checks that there is 

no 4-dimensional LA ' composition factor of Q y / K r . But this contradicts 

(2.3); so L^XLj does not have type A 4 X A 1 . I f TKLjXLj) = {£ k I k * 1,5} in 

Es, the bound on dimVjj (Qy) implies XlTy = xXj_+\£ + X 8 where £ = 2 or 

3. However, f j ^ + £ 4 + £ 5 v + and f p 5 + p 6 + p 7 + p Q v + a f f o r d d ist inct LY ' 

composition factors of Vg (Qy) of dimensions 60 and 20, respectively, 

exceeding the bound of (1.25). Hence, L^XLj does not have type A3XA3. 

Finally, consider the case where L^XLj has type A3XA1. We f i r s t 

note that W^IL^' is tensor indecomposable. For otherwise, i f W^|LA' has 

high weight (q± + c|2)Mi and i f q3 is the f ie ld t w i s t on the embedding of 

LA ' in L i , for qj_, ^ q3 dist inct powers of p, the L^' composition factors 

of Qy /K^ are 6 dimensional. But this implies QA < K r , contradict ing 

(2.3). So W^ILA' has high weight 3qjij_ for some q ^ o^s- However, now the 

L^' composition factors of Q y / K r have dimensions 10 and 2 so again 

QA ^ K y , contradict ing (2.3). This completes the consideration of Case I. 

Case I I : VL ( - r ) = Wm or W m * for m = i , j . 

Then (2.7) implies that there exists k ^ i , j w i th ( S L ^ r ) ^ 0 and 

dimMk = 1. Thus, r = £4. We f i r s t claim that (U+o ) is not a component 

of Ly\ For otherwise, QA < KQ since Qy/Ko is a 2-dimensional 

i r reducible LA ' -module. Also p > 2 and (2.10) imply that -J3j_ is not 

involved in LA. Hence, by (2.11), there is a nontr iv ia l image of QA 0 1 2 1n 

Qy(^4 , ^ 1 ) . But Qy(j34,J31) is an i r reducible, tensor decomposable 
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136 DONNA M. TESTERMAN 

LA ' -module. Thus, (U+n , U+Q ) and <U+G ) are components of Ly\ Then 

(1.15) and p>3 imply that the th i rd component adjacent to J34, say L0, has 

type Ak for k0 = 2, 3 or 4. I f L0 has type A 3 , again by (1.15), VL ( -£ 4 ) |LA " 

is tensor decomposable. The bound on dimV o (Qy) of (1.25), together w i th 

(1.36), implies <X,J32> = 0 in case L0 has type A3 or A4 . Previous remarks 

then imply that i f L0 has type A 2 or A3, Qy /K^ has no LA ' composition 

factor isomorphic to a t w i s t of QA012- Hence, TT(Ly) = {J3m | m ^ 4} in E3 

and XlTy = Xj_ + X3. (The labelling of X is given by the bound on 

dimVg (Qy).) But now, f ^ v * and f 4 5 6 7 8 v + af ford dist inct Ly' 

composition factors of VQ (Qy) of dimensions at least 46 and 16, 

respectively, exceeding the bound of (1.25). 

This completes the proof of (8.4).• 

(8.5). Suppose there exist dist inct 1 < i, j , k < r such that 

(2L£,J34) * 0 for ft = i , j , k and dim(M i®Mj®M k) > 1. Then Y = E6, 

XlTy = Xj_ (or X§) and X |T A = 2 j i j . . Moreover, p ^ 7. 

Proof: Since each component of Ly* is necessarily of classical type, 

(1.5) implies Z A < Zy. Let Wm denote the natural module for Lm , m = i,j,k. 

By (7.1) of [12] , i f rank(Lm) > 1 and Mm is nontr iv ia l , Mm s Wm or W m * , 

for m = i,j,k. By (8.4), only one of M ,̂ Mj and Mk is nontr iv ia l . 

Since p > 2, (1.15) implies L^XLjXL^ has type A^XA^XA^ , ft = 1 or 

3, or A 2 X A 1 X A £ , ft = 2, 3, or 4. I f LiXLjXLk has type A 1 X A 1 X A £ , 

QA < KQ , as Qy/Ko is a 2-dimensional i rreducible LA ' -module. Moreover, 

(2.10) implies that -£ j_ is not involved in LA'. Hence, by (2.11) and (1.15), 

applied to Qy(J34,J3>L), ft ^ 1. And in the case where L^jXL^XL^ has type 

Aj_XAj_XA3, d - 1 5 ) applied to Qy/Ka implies VL (-J34)|LA* is tensor 

indecomposable. But (2.11) and (1.15) (applied to Qy(£ 4 ,£^ ) ) produce a 

contradict ion. Thus, L iXLjXL^ has type A 2 X A 1 X A £ , ft = 2, 3, 4. 

Consider the case where L^XLiXL^ has type A2XAj_XA4. The bound 

on dimVo (Qy) implies XlTy = Xj_, and <X,aj_> = 2q for some p-power q. 
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By (6.9), <\ ,ct2) = 0, 2q 0 , or q 0 , for some p-power q0 . But then [8] and 

(1.27) imply dimVlA < dimVlY. Thus, Ly' does not have type A2XAj_XA4. 

Consider now the case where L^XLjXL^ has type A 2 XA^XA3 . Then (1.15) 

implies that i f L^ has type A3, V|_ (-J3^)|LA ' is tensor decomposable. So i f 

Y = Eg, Qy/Kg has no LA" composition factor isomorphic to a t w i s t of 

QA
a2; so < X , ^ 5 + ^ 5 + ^ 7 + ^ 3 ) = 0. Moreover, the bound on dimVg (Qy) 

implies that either ( X , ^ ) = 1 and <X,£#) = 0 for 7>£>1 or < \ , £ 7 ) = 1 

and <\,J5£> = 0 for £ < 7. In the f i r s t case, Y = Eg. But we may argue as 

in the previous case to see that dimVlA < dimVlY. In the second case, 

previous remarks imply that Y = E7, contradict ing (8.1). 

Finally, we must consider L-jXLiXL^ of type A2XAj_XA2 . ^he bound 

on dimVo (QY) and (1.36) imply that (\t${) = 1 and <X,J3m> = 0 for 

2<m<6 or <X,j36) = 1 and <X,]3m> = 0 for l<m<5. So i f Y = E6, dimVlY =27 

and the result fo l lows f rom (8.1) and (1.10). I f Y = E7, then QA < KQ , as 

Qy/KQ is a 3-dimensional i rreducible LA ' -module. But then (X,J3k) = 0 

for k = 5, 6, 7 and \\Ty = \±. 

Suppose Y = Eg. Let qj_ (respectively, q 2 , q3) be the f ie ld t w i s t on 

the embedding of LA ' in <U+Q ,U+« ) (respectively, (U+Q ), <U+Q ,U+Q )). 

Then, (2.7) implies that q 1 ; q 2 , q3 are not all d ist inct. I f q± = q 2 ^ q3 or 

i f qj_ ?£ q 2 = CI3, the LA ' composition factors of Qy/Kn have dimensions 12 

and 6. I f q± - q^ ^ q 2 , the LA ' compositions factors of Qy/Kp have 

dimensions 10, 6, and 2. Thus, q̂ _ = q 2 = q 3 . The LA ' composition factors 

o fQy /Kp have high weights Sq^Mi , 3qj_jij_ and q^Mi- Thus, 

J3^|ZA = qj_a2. Examining the T(LA ' ) weights in Qy/Kg we see that 

x_ a 2 ( t ) = x_J32_J34(c1tqi)x_^4_J35(c2tqi)x_J3;3_ j34(c3tqi)u0, for c ^ k , c±} c2 , 

C3 not all zero, and U 0 GKQ . Since £# IT A = q^a^ for ft = 1, 2, 3, 5 ; 6, 

j34lTA = q 1 ( a 2 ~ OCJ_). 

Let L i = <U±pi,U+p3> and Lj = <U±p5,U±£6>. Note that i f QA $ K ^ , 

dim(Qy/Kj3 ) > 4; so <U+g ) < Ly* We f i r s t claim that Mj is t r i v i a l . For 

suppose Mj is nont r iv ia l ; in part icular , QA i Kg . Then (2.17) implies that 

Licensed to Ecole Polytech Fed de Lausanne.  Prepared on Tue Apr 19 01:56:51 EDT 2016for download from IP 128.178.14.170.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



138 DONNA M. TESTERMAN 

the f ie ld tw i s t on the embedding of L^' in (U+o ) is also q^ and that 

J37IZA = qj_a2- Thus, (2.5) and (2.6) imply <X,j38) = 0. Mow, the bound on 

dimV2(QA)x-q lCc2> o f (1-22), implies X|TY = X 6 . By (6.9), <X,a2> = 0,2q, 

q, or q + q 0 , for q and q 0 d ist inct p-powers. However, (1.27) and (1.32) 

imply dimVlA < dimVlY. Thus Mj is t r i v i a l ; so Mj is nontr iv ia l and 

<X,P l ) = 1, <X,J3£> = 0 for 2<£<6. I f XlTy = X^ , we may argue as in the 

A^XA2XA4 case to produce a contradiction. Thus, <X,P7+£g) ^ 0. Argue 

as in the previous paragraph to get (X,£g> = 0. But then the bound on 

dimVg (Qy) is exceeded. 

This completes the proof of (8.5).D 

(8.6). Let r € TT(Y)-TT(Ly). Suppose there exists a unique pair 

l < i , j < r w i th (EL-j,r) * 0 * (SL j , r ) and dlmO^OMj) > 1. Then L^XLj has 

type A^XA2 and only one of M̂  and Mj is nontr iv ia l . Moreover, i f 

TTdp = < r 0 } , TT(Lj) = {r1,r2}, w i th (r±,r) < 0, then there does not exist 

S € TT(Y) - n a y ) w i th ( S , r 0 ) * 0 (respectively, ( S , r 2 ) * 0) and 

(8,£Lm ) = 0 for al l m ^ i (respectively, m^j). 

Proof: By (8.3), each component, L^, of Ly* has type A m for some 

m ^ l , so (1.5) implies Z ^ < Zy. Let Wm denote the natural module for Lm , 

for m = i , J. By (7.1) of [12] , i f Mm is nontr iv ial and rank(Lm) > 1 , 

Mm ^ Wm or W m * , for m = i or j . By (8.4), only one of Mj and Mj is 

nontr iv ia l . 

Case I: Suppose V L . ( - r ) £ W1 or Wj*. 

Then (1.15) and size rest r ic t ions imply that L jXLj has type A^XA^, 

for ft = 1 or 3, A 4 XA£, for £ = 1 or 3, A 5 X A ! or A6XAj_. I f L jXLj has type 

A m X A 1 for m = 4, 5 or 6, the bound on d imV r (Qy) , together w i th (1.36), 

implies that the A± component acts t r i v i a l l y on V1(Qy). But i f L jXLj has 

type A 6 X A J L , the bound implies XlTy = Xg. Also, i f L jXLj has type 

A5XAj_, then Y = E7, else Qy/Kg is a 6-dimensional i rreducible 

LA ' -module containing a nontr iv ial image of QAa2. The bound on 
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dimVo (Qy) implies that XlTy = X7, contradict ing (8.1). Thus, L^XLi does 

not have type AgXA^ or A5XAj_. 

Consider now the case where L jXLj has type A 4 X A ^ (so the A^ 

component acts t r i v i a l l y on V1(Qy)). The bound on d imV r (Qy ) and (1.23) 

imply that i f Y = E6, X|Ty = X 2 ; thus, Y = E7 or E8. I f Y = E7, Qy/K^ is 

an i rreducible L^'-module of dimension 2 or 5; so Q^ < Kg . Thus, 

TT(Ly) = {J31^2^3^4>^6>- By (2.10), -J37 is not involved in LA \ However, 

then (2.11) implies that there is a nontr iv ial image of Q A * 2 in Q Y ^ 5 ^ 7 ^ 

an L^'-module w i th no 4-dimensional, tensor indecomposable compositon 

factor. Hence, Y = Eg. Let qj_ (respectively, q2) be the f ie ld t w i s t on the 

embedding of L^' in L̂  (respectively, Lp. The L^' composition factors of 

Q y / K r have high weights (6q^ + q 2 ^ 1 a n a c ' ^ 2 c l l + ^ 2 ^ 1 ' 1 f P~5 a n c l 

5q^_ = q 2 , ^ e h 1 9 h weights are (2q 2 + q i ) M i , q i M i * and (2q^ + q 2 ) j i i ; 1 f 

qj_ = q 2 the high weights are 7qj_jij_, 5q j_u i , 3 q 1 j i 1 and q^Ui - Thus, 

q± = q 2 and r l Z A = qioc2-

Mow standard arguments (using (2.5), (2.6), (2.17) and (1.22)) imply 

that T K L J X L J ) ^ {J5k | k = 1,2,4,5,6}. We have, therefore, TTO^XLj) = 

{J31,J32, J33,j34,J36>. As we l l , <U±g ) is a component of Ly', else we can 

argue as in E7 to produce a contradict ion. Also, (1.15) implies QA < KQ . 

I f - £ 7 is involved in L^', £ 7 ^ = 0. Otherwise, (2.11) implies ( ^ ( £ 5 , £ 7 ) 

contains a nontr iv ia l image of Q^012- Arguing as w i th Qy/Ka (in the 

previous paragraph), we see that the f ie ld tw i s t on the embedding of L^' 

in (U+Q ) is q̂ _ and (£5 + £ 7 ) ^ = q io:2 . So again i ^ l Z ^ = 0. Using the 

parabolic Py~ of (2.11), we see that XlTy = X 1 ; else the bound on 

dimV Q (Qy") is exceeded. By (6.9), <X,a2 ) = 0, 2q or q, for some p-power 

q. But [8] and (1.27) imply that dim VIA j± dim V|Y. Thus, L^XLj does not 

have type A 4 X A 1 . 

I f TT(LjXLj) = {J3k| k ?f 5} in £3, the bound on dimV o (QY) implies 

that XlTy = XJL a n d <X,oc^> = 4q for some p-power q. Arguing as in the 

previous paragraph, we have dimVlA ^ dimVlY. Thus, L^XLi does not have 

Licensed to Ecole Polytech Fed de Lausanne.  Prepared on Tue Apr 19 01:56:51 EDT 2016for download from IP 128.178.14.170.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



140 DONNA M. TESTERMAN 

type A4XA3. 

Consider the case where 17(1^) = { j ^ J ^ J M a n d Tf l - j ) = { J ^ J H J V 

In E3. Note that Q ^ Kg . For otherwise, <X,J3|<> = 0 for l<k<4 and the 

bound on dimV a (Qy) Implies that \ | T y = X 8 . Since QA £ Kg , W^|LA' Is 

tensor Indecomposable. Then (1.15) (applied to Qy/Ko ) Implies that 

WnlL^' Is also tensor Indecomposable. Let q 1 (respectively, q2) be the 

f ie ld t w i s t on the embedding of LA* in L̂  (respectively, Lj). Then the LA" 

composition factors of Qy/Kp have high weights (4q^ + 3 q 2 ) j i 1 and 

3 q 2 M i , i f q i * q2' 1 f fll = <l2' *-he h 1 9 h weights are 7 q 1 j i i , 5 q 1 j i 1 , 3 q 1 u 1 

and q^Mi- Thus, fi^U^ = q2oc2. Also, since Qy/Ko ^ (QA
a2)c l i, 

£ l l T A = c l l a 2 - I f ° l l " °l2> t h e b o u n d o n d 1 m v 2 ^ Q A ) X - q *2>
 o f (1-22), 

implies that XlTy = \Q. Thus q 1 & q 2 . Examining T(L^') weight vectors 

in Qy/Ko and in Qy/Kg , we have x_ a (t) = X_Q (atc l i)x^245(b1tc l2)-

x_345(b2tc l2)u, where a€k^, b ^ k , uGKj3 f l K o . In fact b2 ^ 0, else there 

is a nontr iv ial contribution to the root group U o _o in the expression 

for [ x a ( t ) , x_ a ( t ) ] . However, b2 ^ 0 and q1 ^ q 2 contradicts (2.8). Thus, 

L^XLn does not have type A3XA3. 

We must now consider L^XLj of type A3XAj_. Suppose TT(L^XLp = 

{j32,J33,£4,£6}. I f QA < Kp , -J3 ̂  is not involved in LA ' ; else p 1 I Z A = 0, and 

using the parabolic Py" of (2.11), we see that the bound on dimVg (Qy") is 

exceeded. Thus, (2,11) implies QA | Kg , as Qy(J35,J31) has no 

4-dimensional LA ' composition factor. So i f TT(L^) = {J32,P3,J34}, V|_.(-J3j_) 

is tensor indecomposable. We also note that the f ie ld tw is t s on the 

embeddings of LA ' in Lj and Lj are equal, else there is no 4-dimensional 

LA ' composition factor of Qy/Ko . Call this tw i s t q. Then the L^' 

composition factors of Qy/Ko have high weights 5q j i ^ , 3qjij_ and qjjL-j_. So 

j3 5 lZ^ = qa. Then, examining the T(LA) weight vectors in Qy/Ko and in 

Qy/Krj , we have 

(1) x_a (t) = x_^i(atq)x_45(a1tq)x^56(a2tq)w, 
(2) x_a a (t) = x_13(btq)x_345(b1tq)x_245(b2tq)x_456(b3tq)v, 
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(3) x - 3 a r a 2 ^ ) = X - i 2 3 4 ( c t q ) X - 2 3 4 5 6 ( c l t q ) X - ^ 2 - ^ 3 - 2 ] 3 4 - ^ ^ c 2 t q ) ^ 

where a, b, c€k * , a^, b], c ^ k , a^ or a 2 , Cj_or c 2 and some b̂  nonzero, u, v, 

w € K P i n K p 5 , 

Mote that a2 ̂  0 else there Is a nontrlvlal contribution to the root 

group U o In the expression for [x.^ (t),xn (u)]. Then, this Implies 
PS 2 1 

b-$ p£ 0, else no nonldentlty element f rom U_g _g occurs In the 

factor izat ion of [ x _ a _ a ( t ) , x a (u)]. But If b3 ^ 0, there Is a nontr lv la l 

contr ibut ion to the root group U_g _Q _g _2g - g - B ^n the 

factor izat ion of [ x _ a _ a ( t ) ; x _ 3 a _ a (u)]. Contradiction. Hence, 

TT(L1XLJ)^{^2,J33,i54,J36}. 

I t remains to consider the case where TT(L^XLj) = { J i ^ J ^ J ^ J V -

The above argument implies that Y = E7 or E3 and <U+g ) < Ly'. Suppose 

(U+g ) is a component of Ly'. Then Qy/Kg has no 4-dimensional LA* 

composition factor , so QA < Kg . Also, i f Y = Eg, dim(Qy/Kg ) = 2 implies 

QA < K^ . So <X,J3j> = 0 for j = 2, j > 4. In fact , the bound on dimV g (QY) 

implies \ | T y = c\±f where c = 1 or 2. I f c = 1, Y = Eg and by [8 ] , 

dimVlY = 3875. However, re fer r ing to (6.9), we have (X,a2> = 0,q0 or 

2q 0 , for some p-power q0. In each case, dimVlA < dimVlY. Hence, c = 2. 

Then by (6.9), (\,CL2) = 0 or 2q0 . But (1.38) and (1.27) imply dimVlA < 

dimVlY. Hence (U+g ) is not a component of Ly*. 

So TT(Ly) = {J31,J32,]34,^5,]37,p8}. I f QA < Kp argue as in the 

preceding paragraph to produce a contradict ion. Hence, QA i Kg . Then 

(1.15) implies that V(_.(—J3^,)|LA' is tensor indecomposable, where TT(Lp = 

• ( ^ 2 ^ 4 ^ 5 ^ T h e n previous remarks and (2.7) imply that the f ie ld tw i s t s 

on the embeddings of LA" in L ,̂ Lj and (U+g ,U+g ) are equal, say q. So, 

( \ ,£7+J3g) = 0. The LA ' composition factors of Qy/Kg have high weights 

5qjijL* 3 q j i i and qjij_. Thus, j3glZA = qa^. The bound on d i m V 2 ( Q A ) ^ _ q a 

implies that \ | T y = X2 or c\±, for c = 1 or 2. I f \ | T y = c\±, argue as 

above to produce a contradict ion. I f XlTy = \2>
 r e ^ e r to (6.9) to see that 

<\ , ( i2) = 0, q̂ _ + q 2 , 3 q 1 ; 2q̂ _ or q 1 ; for qj_ and q2 dist inct p-powers. But 
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by (1.27) and (1.38), dim VIA < dim V|Y. Thus, this configuration cannot 

occur. 

This completes the consideration of Case I. 

Case I I : Suppose VL ( - r ) = Wk or W k* for k = i and j . 

Then Q y / K ^ has a 4-dimensional, tensor indecomposable LA ' 

composition factor only i f L jXLj has type Aj_XAk, for k = 2 or 4 or 

A2XA3. Suppose that L^XLj has type A^XA 2 . Let r 0 , r j _ , and r 2 be as in 

the statement of the result. I f there exists S € TT(Y) - TT(Ly) w i th 

( S , r 0 ) < 0 and (8,SLm) = 0 for all m ^ i , then Qy/Kg i s a 2-dimensional 

i rreducible LA" module, so QA < Kg. By (2.10), -S is not involved in LA ' , so 

(2.11) implies that there is a nontr iv ial image of Q ^ 2 i n Qy(^,S). But 

Qy(r ,S) is a 3-dimensional i rreducible LA ' module. Thus, no such S 

exists. Arguing s imi la r l y , we show that there does not exist 

S € TT(Y) - TT(Ly) w i th ( S , r 2 ) * 0 and (8,ZLm) = 0 for all m * J. In this 

case, we use p > 2 and (1.33) to see that i f such a S exists, we may assume 

-8 is not involved in LA \ Thus, i f L^XLj has type A^XA 2 , the result holds. 

We now consider the case where L̂  (respectively, Lp has type Aj_ 

(respectively, A4). Then (2.17) implies that there exists a p-power, q, 

which is the f ie ld t w i s t on the embeddings of LA ' in both L̂  and Lj and such 

that r l Z A = qa 2 . Temporari ly label as fo l lows: Lj = < U ± r >, Lj = 

< U ± r I l<k<4>, w i th (r,r{) < 0, ( r k , r k + 1 ) < 0 for k = 1, 2, 3. We f i r s t 

note that there does not exist 8 6 TT(Y)-TT(Ly) w i th ( 8 , r 0 ) ^ 0 and 

(8,SLk) = 0 for all k?f1. For i f there exists such a 8, Qy/Kg is a 

2-dimensional i rreducible LA*-module, so QA < Kg. By (2.10), -8 is not 

involved in LA", so (2.10) implies that there is a nontr iv ial image of Q^-2 

in Qy( r ,8 ) , which is a 5-dimensional i rreducible L^'-module. Arguing 

s imi la r ly , we show that there does not exist 8 € TT(Y)-TT(Ly) w i th 

( 8 ^ 4 ) ^ 0 and (8,11^) = 0 for all k ^ i . In this case, we must use p > 3 and 

(1.33) to see that we may assume -8 is not involved in LA". Also, i f there 

exists 8 6 7T(Y)-TT(LY) w i th (8,ZLp * 0 and (8,ZL f t) = 0 for all % * j , then 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 1 AZ 

QA - KS- For neither Wj|LA ' nor (WjAWj)|LA 'has a 4-dimensional tensor 

indecomposable composition factor. In par t icu lar , i f such a S exists, Mi is 

t r i v i a l . 

I f Y = E7, consider the action of LA ' on the 56-dimensional 

i r reducible kY-module, V(\-j). One checks that there is an LA ' 

composition factor w i th high weight 6 q ^ i and one w i th high weight 4q j i 1 . 

But there is no 56-dimensional kA-module which affords such an LA" 

composition series. Hence Y = Eg. Moreover, previous remarks imply that 

either H(L1XLj) = <J32,J3k | 5<k<8} or H(L1XLJ) = { £ k | k = 2,4,5,6,8}. In 

the f i r s t configurat ion, we note that Ly* = L jXLj . For i f <U+g ) is a 

component of Ly', Qy/Kg is a 2-dimensional i rreducible LA ' -module; so 

QA < KQ . By (2.10), - j 3 3 is not involved in LA ' , so (2.11) implies that 

there is a nontr iv ia l image of QA
a2 in Qy tJ^JS j ) , contradict ing (1.15). 

Thus, Ly* = L^XLj and (2.11) implies that # 3 l Z A = 0. Using the parabolic 

P Y " of (2.11), the bound on dimV g (QY") , together w i th (1.36), implies 

that X|TY = Xg. Thus, the f i r s t configuration cannot occur. 

Consider now the second configuration. I f QA i Kg , (U+g ) is a 

component of Ly". The work of Case I then implies that <X,J3 *) = 0 for 

j = 1,2,4,5,6 and the bound on dimVg (Qy) implies that ( ^ , £3 ) = 0. I f 

QA < Kg , (2.3) implies <X,J3j) = 0 for j < 6. As we l l , (1.36) and the bound 

on dimVg (Qy) imply that XlTy = c X 8 , for l<c<4 , and <X,a1 ) = c-q. By 

(6.9), <X,ci2> = 0 or c-q0 , for some p-power q0 . However, (1.38) and (1.27) 

imply dim VIA < dim V|Y in each case. 

We must now consider L^XLj of type A2XA3. Temporari ly label as 

fo l lows: Li = < U ± r , U ± r ), Lj = < U ± r , U ± r , U ± r >, w i t h 

(r2,r) * 0 * (r,rz) and ( r k , r k + 1 ) < o for k = 3, 4. By (1.15), 

VL. ( - r ) l L A ' is tensor indecomposable. Let q be the f ie ld tw i s t on the 

embeddings of LA ' in L̂  and in L*. (The tw i s t s are equal by (2.7).) Then the 

LA ' composition factors of Qy /K^ have high weights 5qj i i> 3 q j i i and q u i -

Thus, r l Z A = qa2- Moreover, examining the T(LA") weight vectors in 

Licensed to Ecole Polytech Fed de Lausanne.  Prepared on Tue Apr 19 01:56:51 EDT 2016for download from IP 128.178.14.170.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



144 DONNA M. TESTERMAN 

Q Y / K r , we see that x_ a ( t ) = x _ r r ( c 1 t c l ) x _ r _ r ( c 2 t c l ) | i i , for c1 ek, c^ 

or c2 nonzero, and Uj_€K r . Since 'X|<|TA = q a 1 ; for l<k<5, r l T A = 

q(a2~ocj_). In par t icu lar , <X,r> = 0. 

We now point out various rest r ic t ions on the possible 

configurations which may arise w i th L^XLj as above. F i rs t , note that i f 

there exists S e TT(Y)-TT(LY) w i th (8,21^) * 0 and (S,ZLk) ^0 for all k ^ i , 

then QA < Kg. For Qy/Kg is a 3-dimensional i rreducible LA*-module. In 

par t icu lar , i f such a S exists, M̂  is t r i v i a l and (X,8) = 0. Also, i f there 

exists SGTT(Y)-TT(LY) w i th ( 8 , r 4 ) * 0 and (8, ZLk) = 0 for all k ^ j , then 

QA < Kg. For Q y / K r has LA ' composition factors of dimensions 5 and 1. In 

part icular , i f such a 8 exists, Mj is t r i v i a l and (X,8) = 0. Mow, the bound 

on d imV r (Qy) implies that <X , r ) = 0 and i f Mj is nontr iv ia l , 

< X , r 3 + r 4 ) = 0 and (\,r$) = 1. Also, note that i f there exists 

8eTT(Y)-TT(LY) w i th ( 8 , r 3 ) ^0 or ( 8 , r 5 ) ?f 0 and (S,SLk) = 0 for all k?fj, 

then QA i Kg. For otherwise, (2.10) implies that - 8 is not involved in LA ' , 

and so by (2.11), there is a nontr iv ial image of QA
a2 in Qy( r ,8 ) , 

contradict ing (1.15). Then since Qy/Kg = (QA
a2)cl as LA ' -modules and 

QA i K8> comparing high weight vectors we have S|TA = qa 2 . Thus, i f 

<X,8) ^ 0, the bound on d i m V 2 ( Q A ) ) ~ a implies Mj is nontr iv ial and 

(8,r5)*o. 

Suppose Y = E7. The above remarks and (8.1) imply XITy = X3 or 

X5 and <X,aj_> = 2q. By (6.9), (X ,a 2 ) = 0, q 0 or 2q0 for some p-power q0 . 

But in each case, [8] implies dimVlA ^ dimVlY. Thus, Y = E3. 

Suppose TTdp = { ^ , £ 3 } and TT(Lj) = {J35,J36,J37>. We have J32IZA = °> 

by (2.11). Using the parabolic Py" of (2.11), we see that i f M̂  is nontr iv ial 

<X,J3 j_) = 1 and (X,^3> = 0, else the bound on dimVg (Qy") is exceeded. 

Previous remarks imply XITy = X^ and by (6.9), ( X , a 2 ) = 0, q0 or 2q0 for 

some p-power q0 . But [8] and (1.27) imply dimVlA < dimVlY in each case. 

Thus, Mj is nontr iv ia l and XITy = X7 + X X Q , for x>0, and (X ,a^ ) = 3q. 

Moreover, i f x^O, 0 ?£ f a v + € V j (X - qa 2 ) , so in the p-adic expansion 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 1 45 

for ( X ^ ) , q has nonzero coeff icient. By (6.9), ( X ^ ) = 0, x-q, q 0 or 

2q 0 , for q 0 some power of p. Then (1.27) and (1.32) imply dimVlA < dimV|Y ; 

unless x^O and ( X ^ ) = x # c l - By the above remarks and (1.10), 

X |T A = 311^ + XU2- Now, consider the subgroup D < Y, D = <U+Q | 2<k<8), 

of type D7. The D composition factor of V afforded by v + has dimension 

s t r i c t l y less than dim V|Y. Also, D has a natural subgroup of type G2, say 

A0 (found by le t t ing G2 act on i ts Lie algebra). Moreover, v + affords an A0 

composition factor of V w i th the same high weight as VIA, as G2~module. 

Thus dim VIA < dim V|Y. Hence, n(L 1XLj) * {J31,^3,^5,j36,]37}. 

Suppose TTCLp = { J 3 7 J £ 8 } , SO TT(LJ) = {J32,£4,J35} or {J33,£4,j35}. The 

work of Case I, the general remarks of the A 2 X A3 work and the bound on 

dimVg(Qy) for S(ETT(Y) - TT(LY) imply X|TY = X 7 . So ( X , ^ ) = 2q and 

(6.9) implies ( X ^ ) = 0, q0 or 2q0 for some p-power q0. But [8] and 

(1.32) imply dimVlA < dimVlY. Simi lar arguments rule out TT(L-jXLj) = 

{J36,J37,j31,j33^4}. 

The general remarks about L^XLi of type A 2 X A j imply that i t 

remains to consider TT(Lp = {£ 2 ,£ 4 } and TT(Lj) = {£ 6 ; £ 7 ,£ 8 } . Now 

Q^ i KQ , else XlTy = X3. Thus, (U+Q ) is a component of Ly' and (2.17) 

implies that the f ie ld tw i s t on the embedding of LA ' in (U+Q ) is also q. 

Thus, by (2.5) and (2.6), ( X , ^ ) = 0. Also, by (2.17), £ 3 I Z A = qa 2 . Thus, 

the bound on d i m V 2 ( Q A ) ^ _ q a implies XlTy = X 2 , and <X,aj_> = 2q. By 

(6.9), ( X , a 2 ) = 0, 3q 0 , q0 + q1 ? 2q0 or q0 , for q0 and q^ dist inct p-powers. 

But in each case, (1.27) and (1.38) imply dim VIA < dim V|Y. Thus, L^XLj 

does not have type A2XA3. 

This completes the proof of (8.6).D 

(8.7). Suppose there exists l < i < r such that L̂  is separated f rom all 

other components of Ly' by more than one node of the Dynkin diagram. 

Then M̂  is t r i v i a l . 

Proof: Suppose false; i.e., w i th i as given, suppose d1m(Mp > 1. By 
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(8.3) and (1.5), Z A < Z Y and Lj has type Ak. for some k .̂ Let W1 denote the 

natural module for Lj. Arguing as in the proof of (6.7), we may reduce to 

L̂  of rank 3. Also, (8.2) and the working hypotheses imply Y = E7 or Eg. 

Moreover, there does not exist S € TT(Y ) -TT (LY) w i th Qy/Kg = Ŵ  AW^. For 

(W-jAWi)|LA' has no 4-dimensional composition factor. Finally, note that 

M̂  is tensor indecomposable, as there exists S6TT(Y) - TT(LY) w i th 

Qy/Kg = Mi or Mi* and QA $ Kg. 

Consider now the possibi l i ty that Ly" = L iXL j , where Li has type Aj_ 

and is separated by exactly 2 nodes of the Dynkin diagram from Li. 

Temporari ly label as fol lows: Li = ( U + r ,U+^ , U ± r ), Li = (U±ly ), where 

( r k , r k + 1 ) < O for k = 1, 2. Let S0, S>± € n(Y)-TT(LY) w i th ( S ^ S ^ < 0, 

( 8 0 , r 0 ) * 0 ^ (Sj_,r-i_). Then QA < Kg , as Qy/Kg is a 2-dimensional 

i rreducible LA ' -module. Moreover, by (2.10), - S 0 is not involved in LA '. 

Thus, (2.11) implies that there is a nontr iv ia l image of QA
a2 in QY(81 ,S0). 

However, this contradicts (1.15). Hence, Ly' ?f ^ X L , as described. In 

par t icu lar , Y = Eg. 

Suppose TT(Li) = {J31,^3,J34}. Then (8.50, (8.6) and previous remarks 

imply V1(QY) = Mi_ As we l l , since dim(QY /Kp ) < 4 for k = 6,7,8, 

( X ^ + f i y + f i g ) = 0. So X|TY = X j + x X 2 + y X 5 , where j = 1 or 4. In fact , 

either x = 0 or y = 0, else f 3 v + and f« v + are 2 l inearly independent 

vectors in V j ( X - q a ^ ) , contradict ing (1.31). Let z = ( X . j ^ + J i s ) . I f 

z ^ O , q has a nonzero coeff icient in the p-adic expansion of <X,a.2>. By 

(6.9), <X,a2 ) = 0, zq, q 0 or 2q0 for some p-power q0 . Now (1.32) and [8] 

imply dimVlA ^ dimVlY unless z?f0 and <X,a2> = zq; so by (1.10), 

X |T A = 3 M I + 2 U 2 - I f ^ l T Y = ^ 4 + zX k , k = 2 or 5, then VT (X-J3 4 - j3 2 ) © 

VT (X-r34 -J35 ) < VT ( X - a 1 - a 2 ) . So (1.35) implies z = p-2. But then 

d imVj ( X - a ^ - a ^ ) - 1 , also by (1.35), contradict ing the above 

containment. So X |T A = Xj_ + zX k for k = 2 or 5. In this case, z = 1 else 

VjY (X-2J3 k -J31 ) ffi V T y ( X - ^ 2 - ^ 4 - ^ 5 ) ffi V T y ( X - 2 J 3 k - ^ 4 ) is a 

3-dimensional subspace of V j ( X - a 1 - 2 a 2 ) , contradict ing (1.29). But 
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now dimVlA < dimVlY. 

I t remains to consider the case where TT(L-j) = {f36,J37,j38}. We f i r s t 

claim that \ | T Y = XX5 + X^, where k = 6 or 8. For i f (\ ,J3j) & 0 for some 

1 < j < 4, either J3j€ TT(LY) or Q Y /Kn . has an LA,' composition factor 

isomorphic to a t w i s t of 0 /^2 . Then the work of this proof, (8.7) and 

(1.15) imply TT(LY) = {J3,1 i ^ 4,5} and QA i Kp So (2.17) implies that 

there is a power of p, say q 0 , such that q 0 is the f ie ld t w i s t on the 

embedding of LA in (U+Q ,U+Q ) and in (U+n ), and such that P4IZA, = q 0
a 2-

Then (2.8) implies that q0 = q. Thus, by (2.5) and (2.6), < \ , £ k ) = 0 for 

k = 1, 2, 3, so (X,J34) ?f 0. But then the bound on dimVo (QY) is exceeded. 

So X|TY = XX5 + X^, for k = 6 or 8, as claimed. As we l l , i f x^O, 

f 3 v + e V j ( X - q a 2 ) , so q has a nonzero coeff icient in the p-adic 

expansion of (X.a^) - By (6.9), ( X , a 2 ) = 0, q 0 , 2q 0 , q 0+q^ or xq, for 

d ist inct p-powers q0 and q1. Then by (1.27) and (1.32), dimVlA < dimVlY 

unless x > l and (X .a^ ) = xq; so by (1.10) q = 1. Mow (2.13) implies 

<U+Q ,U+o ) f i L Y 7i {1} and previous work of this proof implies 

dim(QY /K£ ) > 2. I f \ | T Y = xX5 + X6, d im([V,QY ] / [V,QY
3 ] ) > 84 i f 

x * p-2, or > 60 i f x = p-2. I f \ | T Y = xXs+X8, d im([V,QY ] / [V,QY
3 ] ) > 92. 

(See Table 1 of [5].) But (1.20) and (1.35) imply d im([V,QA ] / [V,QA
3 ] ) < 80 

i f x?fp-2, and < 55 i f x = p-2. Contradiction. 

This completes the proof of (8.7).D 

(8.8). Let r £ TT(Y)-TT(LY). Suppose there exists a unique pair 

l < i , j < r w i th (SL-j,r) ^ 0 ^ (2L j , r ) . Assume L̂  is of type A 2 and Li is of 

type Aj_. Then M̂  and M-j are t r i v i a l . 

Proof: Note that (1.5) implies Z A < Z Y . Also, i f QA i K r , (2.17) 

implies that there is a p-power q0 which is the f ie ld t w i s t on the 

embedding of LA," in L̂  and in Lj and ^ | Z A = q0a2-

Claim 1: I f LY ' has components Lk = (U+o ) and L m = (U+p, , U+g ), 

then dimV1(QY) = 1. 
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Proof: Suppose dimV1(QY) > 1. Let q be the f ie ld t w i s t on the 

embedding of LA ' in Lk and Lm. I f <\,J3|<) = 0 for k = 1, 2, 4, then (8.6) and 

(8.7) imply (U+p ) is a component of Ly" and (X,$Q) ^ 0. Then Y = E6, else 

Qy/Ko has no LA 'composi t ion factor isomorphic to a tw i s t QA
a2. Thus, 

by symmetry and (8.6), we may assume ( X , / ^ ) ^ 0 for a unique k€ {1,2,4}. 

Suppose (U+p ) i Ly'. Then Qy/Kg is a 3-dimensional i rreducible 

LA" module, so QA < KJJ and <X/3 k ) = 0 for k = 2,4,5. Hence, (1.23) 

implies Y & Eg. In fact , (X,^^) = 0 for k > 5 also, as (8.6) and (8.7) imply 

V1(Qy) ^ M k ®M m and dim(Qy/Kg.) < 4 for j > 5. I f - f i 5 is involved in LA ' 

then £ 5 l Z A = 0. Otherwise, by (2.11) there is a nontr iv ial image of QA
a2 

in Qy(^3,P5). Since Q Y ^ 3 ^ 5 ^ n a s L A ' composition factors w i th high 

weights 3 q j i 1 and qy.±, (fi3+J35)|ZA = q a 2 and again /35 |ZA = 0. So we 

may use the parabolic Py~ of (2.11). The bound on dimV2(QA)-^_qo . 

implies (X^^) = 0 and ( X , / ^ ) < 2. I f (X,$±) - 1 , (6.9) implies that 

{X ,a 2 ) = 0, q 0 , or 2q 0 for some p-power q0 . In each case, dimVlA * 

dimVlY, by (1.27) and [8]. So (X,^±) = 2. Then <X,a2> = 0 or 2q0 and 

dimVlA < dimVlY. Thus the assumption that (U+p ) i Ly" was incorrect. 

Suppose (U+Q ) is a component of Ly". Then QA i Kp . For 

otherwise, (2.10) implies that -J35 is not involved in LA ' , so by (2.11), 

there is a nontr iv ial image of Q A
a 2 in Q y t j ^ , ^ ) , contradict ing (1.15). 

Now (2.17) implies that the f ie ld tw i s t on the embedding of LA" in (U+p ) 

is also q. Moreover, J33lZA = qa 2 = ^ s l Z A . Examining the T(LA ' ) weight 

vectors in Qy/Kp and in Q Y / K Q , we have x_ a (t) = x_« (atc l)x_p (btc1)u1, 

x _ a r a 2 ( t ) = x_1 3 (a1 tq)x_34 (a2 tq)x_4 5 (b1 tq)x_5 6 (b2 tq)u2 and x _ 3 a r ( r 2 ( t ) 

= x_1234(ctc !)x_2456(dtc l )u3, where a,b,c,d€k*, u ^ K ^ D K j j a ^ b ^ k , a± 

or a 2 nonzero, bj_ or b2 nonzero. In fact , a 2 -^ 0 as a nonidentity element 

f rom the root group U_34 occurs in the factor izat ion of [ x_ a ( t ) ,x_ a (u)] 

and ( - f3 3 - f i4) |T(LA ' ) = q ^ i - By examining [ x _ a ( t ) , x_ 3 a _ a ( t ) ] , we see 

that x _ 3 a 2 a ( t) = x_ 1 2 3 4 5 ( f 1 ( t ) )x_ 2 3 4 5 6 ( f 2 ( t ) )w where 0 ^ f ^ t ) € k [ t ] 

and w€<U_ r | r = S c r r , reTT(Y), c r 6 Z + , c^ +c^ > 2 or CQ +CR > 0). 
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But this gives a nontr iv ia l contr ibut ion to the root group 
u - j 3 r J3 2 - 2£ 3 - 2J3 4 - j 3 5

1 n t h e expression for [ x _ 3 a i _ 2 c t 2 ( t ) , x_ a i _ a 2 (u ) ] . 

Contradiction. Hence (U+R > is not a component of Ly'. (So Y = E7 or E8.) 

I f (U+Q ,U+Q ) is a component of Ly', then (1.15) implies QA < Kg 

and QA < Kg . So (X, j3k) = 0 for k = 2 and k > 4. I f -J35 is involved in LA ' , 

J35lZA = 0- I f —J35 is not involved in LA ' , (2.11) implies that there is a 

nontr iv ia l image of QA
a2 in QY(J33^5), so the f ie ld tw i s t on the 

embedding of LA ' in (U+R ,U + R ) is also q. Moreover, the LA ' composition 

factors of ( ^ ( £ 3 , £ 5 ) have high weights 5qjj.j_, 3qji<L and q u i , so 

(j33 + ̂ 5 ) | Z A = qa 2 . Hence, again j35lZA = 0. But using the parabolic PY~ 

of (2.11), we see that the bound on dimV R (Qy") is exceeded. 

Thus, Y = E8 and TT(LY) = {^1;fi2,J34,f36,fi7,J38}. Now -J35 is not 

involved in LA ' ; else J35!ZA = 0 and we may again produce a contradict ion. 

I f the natural module for (U+R ,U+R , U + B ) is a tensor decomposable LA ' 

module, neither Qy/Ka nor Qy(^3 ,p 5 ) has an LA ' composition factor 

isomorphic to a t w i s t of QA
a2, contradict ing (2.11). So the natural 

module for (U+« ,U+R ,U+R > is a tensor indecomposable LA ' module; so 

(1.15) and (2.11) imply QA i K^ . By (2.17), the f ie ld t w i s t on the 

embedding of LA ' in (U+R ,U+R , U + R ) is also q and one checks that 

J35lZA = qct2. Examining the T(LA ' ) weight vectors in Qy/Kg and Qy/KR , 

we find that x_ a ( t) = x 0 (atcI)x_45(a1tc l)x_56(a2tc :f)u1 and x_ a _ a (t) = 

x_13(b1tc!)x_34(b2tc lx_245(c1tc l)x_456(C2t<: l)x_567(c3tc l)u2 ) where a € k*, 

a^b^Ci €k, u-j €Kn DKQ . Also, a^ or a 2 , b± or b2 and some ĉ  is nonzero. 

In fact , aj_ ?z 0 & a 2 , else there is a nontr iv ial contr ibut ion to the root 

group U_« in the expression for [ x_ a ( t ) , x a (t)3. Also bj_ ^ 0, as a 

nonidentity element f rom the root group U_13 occurs in the factor izat ion 

of [ x _ a ( t ) , x _ a ( t ) ] and ( - J ^ - j ^ M T t L ^ ) = qjij_. However, we now see 

that there is a nontr iv ial contr ibution to the root group U_1345 in the 

expression for [ x_ a ( t ) , x_ a _ a ( t ) ] . Contradiction. This completes the 

proof of Claim 1. 
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Claim 2: I f La = <U±o , U+g ) and Lm = (U+g ) are components of Ly' 

w i th <U+j3 > i LY ' , then dimV1(QY) = 1. 

Proof: Suppose false. Then (8.6) and (8.7) imply ( X , ^ ) ^ 0 for a 

unique k6{1,2,3} and V1(QY) s M f i®Mm . Let q be the f ie ld t w i s t on the 

embedding of LA ' in L# and Lm , so £4 lZ A = qa2- Suppose there exists 

S€TT(Y) - TT(Ly), S^J34, w i th <X,8> * 0. Since QA £ Kg, d im(Qy/Kg)> 4. 

By size res t r ic t ions and (1.15), S - j i 5 and <U+g , U+g , U+g ) is a 

component of Ly' in Y of type E3. But (2.8) implies J ^ I Z ^ = qct2, so the 

bound on d i m V 2 ( Q A ) ^ _ q a is exceeded. Thus, no such S exists and 

<X,j3k> = 0 for k > 5. 

If <U+£ ) i Ly', (2.12) implies £ 5 | Z A = 0. Using the parabolic PY~ 

of (2.11), and the bound on dimVg (QY"), we have X|TY = Xj_, X3 or 0X2 

for c = 1 or 2. Use (1.23), (6.9), (1.27), (1.32) and [8] to see that in every 

possible configuration, dimVlA ^ dimV|Y. Thus <U+g ) < LY '. I f ( U ± s > is 

a component of Ly', then QA < Kg and (2.10) and (2.11) produce a 

contradict ion. So Y = E7 or E3 and (U+g ,U+g ) < Ly'. I f <U+g ,U+g ) is a 

component of LY", QA < Kg and QA < Kg . So ( X , ^ ) = 0 for k > 5. I f - £ 5 

is involved in LA ' , J35lZA = 0. Otherwise, an application of (2.11) implies 

f35 lZA = 0. So in either case we may use the parabolic PY~ of (2.11) to 

see that the bound on dimVg (Qy") implies X|TY = Xj_. Again, use (6.9), 

(1.27) and [8] to see that dimVlA ^ dimVlY. 

Therefore, under the hypotheses of Claim 2, i f dimV 1(Qy) > 1 , 

Y = E8 and Ly' = L# X L m X (U+JJ ,U+JJ ,U+^ >. We claim that QA £ Kg . 

For otherwise, since there is no LA" composition factor of QY(j34,£5) 

isomorphic to a t w i s t of QA
a2, (2.11) would imply that - £ 5 is involved in 

LA. So J35|ZA = 0. But using the parabolic PY " of (2.11) ,the bound on 

dimVg (QY~) implies X|TY = X^. Now we can argue as before to produce a 

contradict ion. Since QA £ Kg , (2.4) and (2.8) imply QY /Kg is a tensor 

indecomposable LA" module isomorphic to (QA
a2)cl. Examining the T(LA ' ) 

weight vectors in QY /Kg and Qy/Kg , we have x_ a ( t) = x_g (at0!)-
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x_^5 (btq)Ui and x_ a i _ a 2 ( t ) = x . ^ ^ a ^ x . ^ p ^ t f ) . 

x_g _g (b1tc l)U2, where a, b, b 1 €k* , u^SKg PlKg and â  Gk w i th some at 

nonzero. However, there is a nontr iv ial contr ibut ion to the root group 

U_R _(3 _n in the expression for [ x_ a ( t ) ,x_ a _a ( t ) ] . Contradiction. 

This completes the proof of Claim 2. 

Now suppose Li has type A2 and Lj has type A± w i th dim(M i®Mp > 1. 

Case I: Suppose M} is nontr iv ia l , so by (8.6) Mi is t r i v i a l . 

Temporari ly label as fo l lows: TTCL^ = {71,7'2}, TT(Lj) - ir0}, (r±,r) < 0. 

We f i r s t note that there does not exist 8 € TT (Y ) -TT (LY) w i th ( 8 , 2 ^ ) ^ 0 

and (S.SL^) = 0 for all k ^ i . For otherwise, Qy/Kg is a 3-dimensional 

i r reducible LA ' -module containing a nontr iv ial image of Q/\a2. These 

remarks, together w i th Claim 1, imply L̂  ?z (U+g ,U+g ). Also, (8.6) 

implies that there does not exist 86 TT(Y)-TT(Ly) w i th (8,SLp ^ 0 and 

(S.ZL^) = 0 for all k?£j. Let q be the f ie ld tw is t on the embeddings of LA ' 

in L̂  and in L i , so 9"1ZA = qct2- Examining the T(LA ' ) weight vectors in 

Q y / K r , we see that x_ a ( t) = x_ r (a t c l )u , where a€k* , u € K r . Thus, 

r | T A = qa 2 . 

Consider the possibi l i ty that L̂  = ( U ± B , U ± B >. Then Claim 2 

implies Li = <U+g > and previous remarks imply Y = E7 or Eg and 

(U+g ) < Ly'. Also, (2.12) implies that P2 'TA = °- Using the parabolic PY " 

of (2.11), we see that ( X . J ^ ) = 0, else the bound on dimV a (Qy~) is 

exceeded. Also, <X,J32) = 0. by (2.3). Suppose Ly' = L̂  X Lj X <U+g ). 

Then (1.15) implies QA < KJJ . Thus, <X,£ k ) = 0 for k = 5, 6, 7. I f Y = E8, 
QA ^ K B > a s d im(QY /K^ ) = 2. So <X,J38) = 0, also. Thus, X|TY = \ ± 

(w i th Y of type Eg) or X3. By (6.9), (X,a.2) = 0, q 0 or 2q 0 , for some 

p-power q0 . However, (1.27), [8] and (1.32) imply dim VIA ^ dim V|Y. 

Thus, i f L4 = (U+p ,U+j3 > and Lj = (U+JJ ), then Y = E8 and LY ' = Ln X 

Li X (U+g ,U+g ). Using standard arguments, we reduce to XITy = X-j_ or 

X3. But then we proceed as before to produce a contradict ion. Thus, 

Li * <U±JVU±j33>. 
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Suppose now L̂  = (U+jj ,U+^ > in Y of type E8. Then, (8.5), (8.6) and 

the general remarks at the beginning of Case I imply that (U+R ) and 

( U ± Q ) are components of Ly; and (U+a ) i Ly*. Also, the f ie ld tw i s t s on 

the embeddings of LA ' in L^, <U±£ ) and <U+£ > are q and # 4 l Z A = q a 2 = 

J37IZA. Thus, the bound on d i m V 2 ( Q A ) ^ _ q a implies < X , p 4 + £ 7 ) = 0. As 

usual, <X,j32+j38) = 0 and <X,J31+J33> = 0. Thus, X|TY = X 5 or X 6 and 

<X,aj_> = 2q. By (6.9), <X,a2 ) = 0, 2q 0 or q 0 , for some p-power q0 . 

However, (1.27) and (1.32) imply dim VIA < dim V|Y. Thus, L̂  * 

<U:tj35,U:±j3e>, in Y of type E8. 

Reviewing the general remarks and the cases considered so far , we 

see that in Case I i t remains to consider L̂  = (U+R ,U+Q ) in Y of type E8; 

so Lj = <U±£ >. Using (8.5), (8.6), (8.7), (2.17), (2.5) and (2.6), i t is easy to 

see that V1(QY) .= 1% Suppose there exists S€ TT(Y)-TT(LY), S * J36, w i th 

(X,8) & 0. Then QA £ Kg implies dim(Qy/Kg) > 4. Thus, 8 = £ 4 and 

(U±j3 ,U+£ ) f i LY ' * 1. The bound on dimV^ (Qy), of (1.25), implies that 

Ly' = l^ X LjX <U±j3 > for k = 2 or 3. But then Qy/K^ has no LA ' 

composition factor isomorphic to a tw i s t of QA
a2, contradict ing (2.3). 

Thus, there exists no such S, and X |T A = xXg + X7 or XX5 + X 8 , for 

p>x>0. In fact , the bound on dimVo (Qy) implies that XlTy = XX5+X7, for 

p>x>0. By (6.9), <X,a2 ) = 0, xq 0 , q 0 or 2q 0 , for q 0 some p-power. Then, 

(1.27) and (1.32) imply dim VIA < dim V|Y unless <X,a2 ) = xq0 and x?fO. 

Since JS^IT^ = q a 2 , 0 ?f f a v + € V j ( X - q a 2 ) , so in fact , q 0 = q. Then by 

(1.10), X |T A = 2 M I + X J I 2 . 

Now, consider the subgroup D < Y of type D4XD4 defined by 

D = < U ± P 2 ' U ± 0 3 ' U ± < P ^^ 

(commuting product), where t^ = 2 ^ 1 + 2 ^ 2 - f 3 ^ 3 + 4 ^ 4 + 3 ^ 5 + 2 ^ 5 + ^ 7 and 

t 2 = £ 2 +£3+2J34+£5. Then VID is not i r reducible by Theorem (4.1) of 

[12] , so ( v + ) affords a D-composition factor of V|Y w i th dimension 

s t r i c t l y less than dimVlY. Restr ict this composition factor to the natural 

subgroup G < D of type S 2 X 6 2 . (The fixed point subgroup of D4, under the 
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graph automorphism of order three has type G2.) Let TT(G) = TT j_ 1 H 2 

with T[1 = {rj_,r2}, n 2 = <r3 , r4 } and (r1)r1) < ( r 2 , r 2 ) , ( r 3 , r 3 ) < 
( ^4 , ^4 ) . Let >i1 be the fundamental dominant weight corresponding to r^. 

Then, there is a G-composition factor of V|Y afforded by <v+) w i th high 

weight (x^ i2 + ^ ) + ( ( x + l ) ^ 4 + (2x4-1)^13). This composition factor has 

dimension at least 12-dimV(x>i2 + ^i^). But since VIA occurs as a 

compostion factor of the tensor product V ( j i i + x ] i 2 ) ® V ( j i 1 ) , 

dimVlA < 7 -d imV( j i 1 + x\i2) < 12-dimV(x>i2 + >i1) < dim V|Y. 

Contradiction. 

This completes the consideration of Case I. 

Case I I : Suppose Mj is nontr iv ia l and M̂  is t r i v i a l . 

By (8.6), there does not exist S€ TT(Y)-TT(LY) w i t h (S,SLj) * 0 and 

( 8 , 1 ^ ) = 0 for all k ^ i . Let q be as in Case I. 

We now claim that TT(L-j) corresponds to an end node of the Dynkin 

diagram. For, i f not, the above remarks imply that there exists k^ l w i th 

TUL^) separated f rom TT(Lp by exactly one node of the Dynkin diagram. By 

(8.5) and (8.6), Lk is unique and has type A2 . Thus, Y = E8 and 7T(Ly) = 

{^1,J33,J35,J37,p8}. Also, by (8.6) and (2.3), <X,j3£) = 0 for 2 = 1, 2, 3, 7, 8. 

As in Case I, £ 4 l T A = q a 2 = J^e>'TA- Moreover, by (2.12), J32IZA = 0. Now, 

using the parabolic Py" of (2.11), we see that the bound on 

d i m V 2 ( Q A ) ^ _ q a is exceeded. Thus, TT(LO must correspond to an end node 

of the Dynkin diagram, as claimed. 

Suppose Li = <U±Q ). Then Claim 1 implies L̂  = (U+Q ,U+Q ) and by 

(8.6), <U+Q ) < Ly'- Now QA < KQ and i f -J32 is involved in LA*, P 2 I Z A = 0. 

Otherwise, (2.11) implies that there is a nontr iv ia l image of QA
a2 in 

Qy(J33,£2). But Qy(£3 ,£ 2 ) has LA ' composition factors w i th high weights 

3 q j i i and qjjL^_, so (£3 + £ 2 ) I Z A = q a 2 and again £ 2 I Z A = 0. Using the 

parabolic Py~ of (2.11), and (1.36), we see that the bound on dimVa (Qy~) 

is exceeded unless (^.,£3) = 0 and <X,J3j_) < 2. 

Suppose QA i KQ . Then (1.15) implies <U+Q ) is a component of Ly', 
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and by (2.17) the f ie ld tw is t on the embedding of L^' in (U+g ) is also q. 

Thus, by (2.5) and (2.6), (X, j37 ) = 0. Also, the bound on dimVg (QY) 

implies (\,$Q) - 0. Finally, i f Y = Eg, QY /Kg a 2-dimensional 

i rreducible LA ' -module implies QA < Kg , so (X,J3g) = 0. Thus, 

X|TY = c\±, for c<2. Now, i f Q A < K ^ , (2.3) implies <X,J36+J37) = 0. I f 

Y = Eg, either (U+g ) or <U+g ,U+g ) is a component and we argue as 

above or apply (2.4) to get <X,J3g) = 0. Thus, i f QA < Kg , XlTy = cXj_ for 

c<2, as above. I f Y = E-j, then c ^ 1. But now we argue as in Claim 1 to 

produce a contradict ion. Thus, Li ^ (U+g ). 

Consider next the configuration where Li = (U+g ). Then by Claim 

2, the previous general remarks and symmetry, we may assume Lj = 

(U+g , U+g ) and Y = Eg. A s t ra ight forward argument, using (2.10) and 

(2.11), implies that (U+g ,U+g ) D LY" = 1, <X,J31+Fi3> = 0 and 

J3±!ZA = 0 = J33IZA, by (2.12). Using the parabolic PY
A of (2.12) and (1.36), 

we see that the bound on dimVg (Qy") is exceeded. Thus, U ^ (U+g ). 

The opening remarks of the proof and the cases considered thus far 

al low us to reduce, f ina l ly , to the case where Y = Eg and L̂  = <U+n ,U+g ), 

Lj = <U±j3 ). We f i r s t claim that V1(QY) & Mj. For otherwise, (8.5), (8.6) 

and (8.7) imply that there exists a unique l<k< r , k ?f i , j , w i th L^ of type 

Aj_, (SLk, £4) 7t 0, and M^ nontr iv ia l . However, (2.17) implies that the 

f ie ld tw i s t on the embedding of LA" in L^ is also q, contradict ing (2.5) and 

(2.6). Thus, V1(Qy) = Mj, as claimed. Suppose there exists 

S€TT(Y)-TT(LY), 8 * J37 w i th <X,8) *. 0. Then QA % Kg implies 

dim(QY/Kg) > 4. Thus 8 = fi4 and (U+g ,U+g ) D LY" ?f 1. However, the 

bound on dimVg (QY), of (1.25), is exceeded. Thus, i f 8 € TT(Y)-TT(Ly) w i th 

(X,8) 7^ 0, 8 = £7. So X|TY = XX7 + cXg, for p>x>0 and p>c>0, and 

(X,aj_) = c-q. Recall X|TY ?£ Xg. By (6.9), (X,ct2> - 0, cq0 or xq0 for some 

p-power q0 . In fact , i f x^O, 0 ?f f a v+GV-|- (X-qa2) implies that in the 

p-adic expansion for (X .a^ ) , q has nonzero coeff ic ient, so by (1.10) 

q = q0 = 1. 
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Let D0 < Y be the subgroup of type D4 defined by 

Do = <U±^2^
U±J33^

U±CJ34+J35+J3&+J3^)J
 U±J38 >• T n e n - i f G < D0 is the fixed 

point subgroup of the graph automorphism of D0 of order 3, G has type G2. 

Now, D0 is the Levi factor of a proper parabolic of Y, so the D0 

composition factor of V|Y afforded by v + is not all of V|Y. Moreover, the 

G-composition factor afforded by v + has high weight c j i ^ + x j i 2 , a s 

G2-module . Thus, i f X |T A = c ^ i + x j i 2 , dim VIA < dim V|Y. Hence, 

< \ , a 2 ) = 0 or cq0. 

We now claim that i f x^O, x=c. Let P > BA~ be the parabolic 

subgroup of A w i th Levi factor L = <U±ct )T A . Since VIA is basic, (1.9) 

implies that there is a parabolic subgroup P0 of Y w i th P < P0, 

Q = RU(P) < Q0 = RU(P0) and L < L0, a Levi factor of P0. Moreover, since 

T A < Ty , we may take TY < L0. Thus, there is a subsystem S0 c s(Y) 

w i th L0 = T Y ( U ± r I r e s 0
+ >. Write L0" = L 0 1 X • • • XL 0 d, a product of 

simple algebraic groups, w i th L 0 i V + •& v + and L 0 gv + = v + for £ ^ 1 . (This 

is possible since VIA is basic.) Then VIA basic and Theorem (7.1) of [12] 

imply that L0j_ has type Ak for some k and that i f k > l , V1(Q0) is 

isomorphic to W0j_, the natural module for L 0 i (or to W 0 i * ) . Note that i f 

k > l , there does not exist K r < Q0 such that Q 0 / K r = W0j_ or W0 j_*, and 

QA i Kry. For otherwise, Q 0 / K r is an irreducible L" module on which 

Z(L")° induces scalars. So QAK r /KrK is an L'submodule of Q 0 / K r . But 

dim(QAK^-/K^) < d im(Q 0 /K r ) . Hence, L Q I has type Aj_. So there exists 

t e S 0
+ w i th L 0 1 = ( U ± t ) , < \ , f> = c and (X.'h) = 0 for all T| € 2 0 w i th 

"h ^ ±T. But, by the ear l ier work in this configurat ion, X_Q (at0!) occurs in 

the factor izat ion of x _ a ( t ) , and (\,$-?) & 0. Since L < L0, £7 = T and 

x = <X,J37) - ( X , t ) = c, as claimed. But as in the preceeding paragraph, 

dim VIA < dim V|Y. Thus, in fact , x=0. Moreover, the preceding argument 

w i th D0 implies that <X,a2) ^ 0. 

Suppose q 0 = q, where ( X , a 2 ) = cq0 . Let X < Y be the subgroup of 

type D7 defined by X = <U±t,U^ I 3<k<8, t = J31+2J52+2^3+3J3.4+2J35+J36>. 
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156 DONNA M. TESTERMAN 

Then X has a natural subgroup, G < X, of type 62- Moreover, the 

G-composition factor of V|Y afforded by v + has the same dimension, as G2 

module, as does V(q(cy. i+c j i2^- However, X is contained in a proper 

parabolic of Y and so the X-composition factor of V afforded by v + is not 

all of V. Thus, dim V(q(cji i+CM2)) < dim V|Y. 

Thus, we have \ | T y = c X 8 , c > 1 and X|T A = cqj i1+cq0 .u2 , w i th 

q0 ?£ q. Note that 3c = dimVg (Qy) < d imV 2 (Q A ) ^_q a < 3c. Hence, 

J34lZA ^ 0; in part icular , - £ 4 is not involved in LA'. Previous remarks 

imply that <U±p2,U±p3> n Ly' * U>. If TT(LY) = {J32,£3,r55,j36,j38} or 

{ri1,J33,j35,J36,^8}, (1.15) implies QA < K|3 and (2.11) implies J34IZA = 0. I f 

TT(Ly) = {J31,r32,J33,^5,j36,J38}, (2.11) and (1.15) imply QA i Kp . Examining 

the LA ' composition factors and T(LA ' ) weight vectors in Qy/KB , we see 

that the f ie ld t w i s t on the embedding of LA ' in <U±B ) and in ( U ± B , U ± B ) 

is also q and £ 4 | T A = q (a 2 - a±). But then (VT ( X - J 3 4 - ^ 5 - f 3 6 - f i 7 - j 3 8 ) © 

VT CV-2J37-2j38) + [V ,Q A
3 ] ) / [V ,Q A

3 ] is a 2-dimensional subspace of 

(VT ( \ - q ( 2 a 1 + 2 a 2 ) ) + [V ,Q A
3 ] / [V ,Q A

3 ] . However, using (1.28) and the 

description of commutator subspaces given in (1.21), we see that the 

la t ter weight space has dimension 1. Hence, Ly' > (U+Q ) but ( U ± B ) i Ly', 

or Ly' = L̂  X Lj X (U+^ ). In either case, (2.11) implies QA i Kg and 

arguing as usual, we find that ^ 4 l T A = qa^. Say (U+a ) < Ly' and 

(U+n ) i Ly'. (The other case is handled simi lar ly.) Using (1.21) and 

(1.29), we have dim(VT ( \ - q ( 4 a 1 + 2 a 2 ) ) + [V ,Q A
3 ] ) / [V ,Q A

3 ] < 5. 

However, (Vy Y (X -2 r5 7 -4 r i 8 ) © V T Y ( X - J 3 6 - 2 ^ 7 - 3 J 3 8 ) © 

V T Y a - j 3 5 - j 3 6 - 2 £ 7 - 2 j 3 8 ) ffl V T y ( X - 2 j 3 6 - 2 ^ 7 - 2 j 3 8 ) © 

V T Y a -J34 -J3 5 - r i 6 - j 3 7 - 2J3 8 ) © V T Y ( X - J 3 2 - P 4 - J 5 5 - J S 6 - J 5 7 - J 3 8 ) + 

CV,QA
3 ] ] / [V,QA

3 ] is a 6-dimensional subspace lying in 

(VT ( \ - q ( 4 a 1 + 2 a 2 ) ) + [V ,Q A
3 ] ) / [V ,Q A

3 ] , unless c = 2 or 3. But i f c = 2 

or 3, (1.38) and (1.27) imply dimVlA < dimVlY. Contradiction. This 

completes the consideration of Case I I and the proof of (8.8).n 
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IRREDUCIBLE SUBGROUPS OF EXCEPTIONAL GROUPS 1 57 

(8.9). ( X , ^ ) * 0. 

Proof: Suppose false; i.e., suppose (X .a^ ) = 0. Then (X .o^ ) •*• 0. 

Let P > BA~ be the parabolic subgroup of A w i th Levi factor L = (U±oc )T A . 

Let P0 be a parabolic subgroup of Y w i th P < P0, Q = RU(P) < RU(P0) = Q0 

and such that P0 is minimal w i th these propert ies. Let L0 be the Levi 

factor of P0. Let T 0 be a maximal torus of L0 w i th T A < T0. Fix a base 

TT0(Y) of the root system 20 (Y) , such that UA f iL <Q0(U0nL0) , where U0 is 

the product of the T 0 root subgroups corresponding to roots in Z 0
+ (Y ) and 

Q0 is the product of the T0 root subgroups corresponding to the roots in 

Z0~(Y) - S0(L0). Let TT0(Y) = {r± . . . , r n > . Let v1 be the fundamental 

dominant weight corresponding to r-j and <w+) be the unique 1-space of V 

invariant under B0 = (U r I r € E 0
+ ( Y ) ). Let L0" = D1X • • • XDS , w i th Di a 

simple algebraic group. Note that each D̂  is of classical type by (7.1) of 

[12] and Remark (6.2), so (1.5) implies Z = Z(L)° < Z 0 = Z(L0 )° . 

Now, re fer r ing to (6.9) and using (1.27), (8.1), (1.38), (1.32), [8] and 

p>3, we see that dim VIA & dim VlY unless one of the fo l lowing holds: 

(i) Y = Eg, X|TV = XV7 + CVQ, for p>x>0, p>c>0 and ( X , a 2 ) = c-q, 

for some p-power q. 

( i i ) The hypotheses of (6.7) hold. 

The configurations of (i) and ( i i ) may be described as fo l lows: 

( X , a 2 ) = c, for 0<c<p (by (1.10)), Dj_ has type Aj_, dim M^ = c + l and Mi is 

t r i v i a l for i? f l . Now, one checks that dimV2(Q) = c and dimV3(Q) < 2c. 

Thus, Dj_ must be separated by more than one node of the Dynkin diagram 

from all other components of L0", else dim V2(Q0) > c. However, there do 

not exist S 1 ; S2 e TT0(Y)-TT(L0) w i th (81 , i :D1) ^ 0, (8 1 ,S 2 ) < 0 and 

(S2,SL0) = 0. For otherwise (2.14) implies (X .a^ ) ^ 0. Thus, there exists 

l < i<s w i th D̂j separated f rom Dj_ by exactly 2 nodes of the Dynkin diagram. 

Let r,S e TT0(Y)-n(L0) w i th (r,ZD±) * 0 jt (S,SDi) and ( r ,S) < 0. I f -S is 

involved in L0',S|Z = 0. Otherwise, i f QA < Kg, (2.11) applies to give 

( r+S) |Z = aj_, so again S|Z = 0. Using the parabolic P0" of (2.11), we see 
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158 DONNA M. TESTERMAN 

that the bound on dim V2(Q) is exceeded. Thus, QA $ Kg and -S is not 

involved in L0". Mow <X,r> = 0, else dim V2(Q0) > c; but i f TT(Dj_) = it^}, 

f t +yW+ affords an L0" composition factor in V2(Q0) of dimension c. 

Hence, [V,Q0
2] = [V,Q2]. Mow, f t + r

2 w + and f t + r + g w + afford distinct 

L" composition factors in V3(Q0) of dimensions c-1 and nc, where 

n = dimVL •(-£) > 2. But dim V3(Q) < 2c implies c= l and dimVlA = 14 < 

dimVlY. Contradiction.n 

The results (8.2) - (8.9) form a complete proof of Theorem (8.0)(b) 

in case p > 3.a 
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CHAPTER 9: SPECIAL CASES 

In this chapter, we consider the remaining special cases which w i l l 

complete the proof that the only possible t r ip les (A,Y,V) are those 

described in the Main Theorem. In par t icu lar , we consider the cases 

where Y has type En and rankA = 2 w i th p=2, or (A,p) has type (G2,3) or 

where Y is exceptional and A is a non-simple, semisimple algebraic group. 

We f ind that the only possible configuration is that of (8.0)(a). 

Section I: Rank(A) = 2 and p = 2. 

Before establishing the notation to be used throughout this section 

of Chapter 9, we prove a prel iminary lemma. 

(9.1). Let p=2, X = SL2, Y = S08 . I f X < Y, acting i rreducibly on a 

rational kY-module,V, then X acts i r reducibly on two of the three 

fundamental, res t r ic ted 8-dimensional i rreducible kY-modules. 

Proof: I f X<Y is as in Theorem (7.1) (d) of [12] , then i t is clear that 

X acts i r reducibly on the two fundamental spin modules for Y, since 

X < SO7 < Y and each of these representations res t r i c t to the same 

irreducible representation of SO7. 

Consider now the possibi l i ty that V|Y is the "natural" module for Y. 

Let D be a group of type D4 and let X < D be as in (7.1)(d) of [12]. In 

part icu lar , i f TT(D) = {7^,72>rr1>!y<$ i s labelled as throughout and i f JJL-̂  is 

the fundamental dominant weight corresponding to r-j, X acts i r reducibly 

on the kD-module, W, w i th high weight 113- Also, i f TT(X) = {a}, ha(c) = 

h r (C^Ohy (CCll)hr + r (C^) h r +ly (CCl2)hr + ry + ry (C^hy + ry + ry (C^) , 
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160 DONNA M. TESTERMAN 

for c6k , q^, q2, and q3 dist inct p-powers and U a < (U^J l< i<4 ) . Now, by 

(1.11), D f ixes a form on W. Since p=2, we may take the form on W to be 

symplectic. So i f 9: D—*SL(W) is the kD-representation corresponding to 

W, 9(D) < Sp(W). Then 9(D) < Sp(W) is a maximal rank configuration, so by 

Theorem 4.1 and Table 4.1 of [12] , 9(D) = <Ur I r(E 2(Sp(W)), r short). Now, 

choose a base TT(9(D)) = {^±,^2^3^4^ s u c n t n a t t h e Dynkin diagram is 

labelled as throughout and such that W|9(D) has high weight VJ_ (where v^ 

is the fundamental dominant weight corresponding to ^). Since p=2, 

X ^ 9(X) and D s 9(D) as abstract groups, and 9(X) < 9(D) < SL(W) is the 

desired embedding; i.e. W|9(D) is the "natural" module for 9(D). 

Moreover,we may take 9(ha(c)) = h-̂  (c^Oh-^ (c^Oh^ + > 1 (c^h-̂  +y) (c°l2) • 

h^+i^+^c^h^ + > 1 + ? 1 (c<b). Also 9(Ua) < (U^J l< i<4 ) . Hence, 9(X) 

acts i r reducibly on the 9(D) modules w i th high weights VJ_ and 173. 

By Theorem (7.1) of [12] the above considerations are suff ic ient and 

the proof of (9.1) is complete.n 

For the remainder of this section, we suppose (A,Y,V) is an example 

in the Main Theorem, w i th A a rank two simple algebraic group, Y of type 

En and p = 2. Adopt Notation and Hypothesis (2.0); in addition, choose 

PA = QALA w i th LA = <U+£>TA such that <Xj3) ^ 0. (Then 

TT(A) - TT(LA) = {a} as usual.) Note that (7.1) of [12] , the minimal i ty of PY 

and induction imply that i f U , a component of Ly', has type A^. for some k j , 

then kj = 1, 3 or 7. Finally, one checks, using [8] and (1.35) that dimVlA = 

4 k , 3 k 8 £ , or 6 k 1 4 £ 6 4 m , for k ,£ ,m€Z + . 

(9.2). Suppose dim(M^) > 1 for some i. 

(i) I f L-j has type A3 and dim(Mp > 1 for some j ^ i , then 

rank(Lj) = 1. 

( i i ) L} has type Aj_ or A3. 

Proof: By induction and (7.1) of [12] , l_i has type Dk for 
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k = 4,5,6 or 7 or L4 has type A 1 ; A3, or A7. Consider f i r s t the case where 

L̂  has type A3 and suppose there exists j ^ i w i th Mj nontr iv ia l and 

rank(Lp > 1. Rank rest r ic t ions imply Lj has type A3 and by (1.5), Z A < Zy. 

Also, (2.5) and (2.7) imply that TT(LY) = {f32J£3,P4,£6>.P7'.M- T h e bound on 

dimVg (QY) implies (X,J3-j) = 0 for j = 5,6,7. However, 

O ^ w ^ V T Y ( X - J 3 5 - f 3 6 - r i 7 - ^ 8 ) a n d 0 ? f w 2 e v T Y ( X - ^ 2 - ^ 4 - J 3 5 ) ffi 

Vy ( \ - j33- r34- j35) af ford Ly' composition factors of VB (QY) of 

dimensions 20 and 56, respectively. Hence, the bound is s t i l l exceeded and 

the f i r s t statement of the result holds. 

Suppose (9.2)(i i) is false. Previous remarks and (1.5) imply that 

Z A < Z Y . I f L̂  has type A7, the bound on dimVo (QY) implies that X\Jy = 

\Q; thus, L̂  has type D^ for some k. I f k > 4, M-j is one of the two 

i r reducible, res t r ic ted spin modules for L .̂ Thus, <U±B ) < L̂  and L̂  has 

type D5 ; else QY /KB is a 2 k ~ 1 - dimensional i rreducible LA ' module 

containing a nontr iv ia l image of Q A
a . Now, the same argument forces Y to 

be of type E7 or Eg w i th <U+o ) a component of LY". By (2.5), (2.6) and 

(2.7), (X,$j) = 0. However, the bound on dimVg (QY) is exceeded in every 

possible configuration. So we have reduced to L̂  having type D4. 

By (9.1), LA" acts i r reducibly on 2 of the three fundamental 

res t r ic ted 8-dimensional i rreducible L-j modules. But QA i KB , so Q Y /K B 

is a reducible LA ' module. Using (7.1) of [12] to obtain a precise 

description of the embedding of LA ' in L^, we see that LA ' acts on Q Y /K B 

wi th composition factors of dimensions 2 and 1. Thus, i f A = G2, then J3 

must be long. Also, since VL.(-J3>5) is an irreducible LA ' module, Y = E7 or 

Eg and <U+Q ) is a component of LY '. Moreover, by (2.5), (2.6) and (2.7), 

(\,$j) - 0. The above remarks about Qy/Kn imply that (X,^-^) - 0; and 

by (7.1) of [12] , (X,J34) = 0. Moreover, the bound on dimV^.(Qy), for j = 1 

or 6, implies that (X,J3(<) = 0 for k = 1,5,6. (We have used Table 1 of [5] 

and (1.35).) Then, [8] implies that Y = Eg, else dimV|A * dimVlY. Suppose 

X|TY = X2- The remarks of the previous paragraph imply 
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<X,a) = 0, q, q+q0 or q+q^q j ^ for q, qc and q^ dist inct p-powers, unless 

A = 62, in which case <X,a) ?± q+q0+qj_. Hence, dimViA < 1 4 3 ' 6 2 < dimVlY. 

A variat ion of the method described in [8] was run on the VAX at the 

University of Oregon to determine the mul t ip l i c i ty of the subdominant 

weight X-p,1-3^>2''^^Z'5?'4~4?'5~^^6~2^7~?>8- This computation, 

together w i th [8 ] , Implies dimVlY > 143«62 . I f XITY = X2 + Xg, previous 

remarks and part (i) imply (X,a) = 0, q, q+q0 or q+q 0 +q 1 ( for q,q0 and q^ 

dist inct p-powers. Then dimViA < 14 3«6 3 < dimVlY, by (1.38). 

Contradiction. 

This completes the proof of (9.2).D 

(9.3). Assume J3 is long i f A = 62- I f dim(Mp > 1 then rank(L-j) = 1. 

Proof: Suppose false. Then by (9.2), L̂  has type A3, so by (1.5), 

Z A < Zy- Since L^" acts i rreducibly on W, the natural module for L^, (2.3) 

implies that there does not exist r e TT(Y) - TT(Ly) w i th ( r . I L , ) ^ 0 and 

Q Y / K r s w or W*. Consider the case where TKLp = {J32,J34,J35}, so Y = E7 

or Eg and <U+^ > is a component of Ly". Now, <X ,^ 7 ) = 0, by (2.5), (2.6) and 

(2.7), and (X,^5> = 0, else the bound on dimVn (Qy) is exceeded. Also, the 

bound on dimVjj (Qy) implies (X,J33) = 0. I f <U+R ) is a component of Ly', 

<X,J51) = 0, else 0 * w - ^ VT ( X - J ^ - j ^ ) and 0 * w 2 e VT (X-JJ2~.P3-.P4) 

ffi V j ( X - J ^ - j ^ - J ^ ) af ford dist inct Ly' composition factors of VQ (Qy), 

exceeding the given bound. Now, [8] implies that XlTy ^ X2 or X5 i f 

Y = E7. Hence, Y = Eg. I f XlTy = X 2 or X 5 , (9.2) implies <X,a) = 0, q or 

q + q 0 , for q and q0 d ist inct p-powers. So dimViA < 1 4 2 - 6 2 < dimViA by 

(1.38). Thus, XlTy = X 2 + Xg or X 5 + X 8 . Then (9.2) implies (X ,a) = 0, 

qj_, q i+q2 , or q 1 +q 2 +q3, for q l f q2 ,q 3 d is t inct p-powers. Hence, 

dimViA < 1 4 2 - 6 3 < dimVlY, by (1.38). Thus, TKLj) * {J32,j34,J35}. 

Consider the case where TT(Lp = {J36,j37,£8}. Then <U+n ) < Ly". I f 

Ly' has a second component of type A3, (9.2) implies V1(QY) s M .̂ But in 

this case the bound on d imV r (Qy) , for reTT(Y) - TT(Ly), implies 
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X|TY = X 8 . Thus, <U±j3 > is a component of LY". By (2.5), (2.6) and (2.7), 

(\, j34> = 0 and the bound on dimVg (QY) implies <X,J35) = 0. Suppose LA ' 

acts on the natural module for L̂  w i th high weight (qj_ + q 2 ) j i g . Then, by 

(2.6) and (2.7) we may assume that the f ie ld tw is t on the embedding of LA ' 

in <U+R ) is q-L. I f (U+g ) is a component of LY ' w i t h (X,J3-j_) & 0, then 

QA i KB implies that the f ie ld t w i s t on the embedding of LA ' in (U + g ) is 

also q±. But this contradicts (2.5). I f (U+p ) % LY", then (X,J3-|_> = 0 by 

(2.3). So X|TY = x X 2 + y ^ 3 + X 6 or x X 2 + y X 3 + X 8 , w n e r e x, y e { 0 , l } . By 

(9.2), dimVlA < 1 4 2 - 6 2 i f x=0=y and dimVlA < 1 4 2 - 6 4 i f x+y^O. Then 

(1.38) and (1.32) imply dimVlA < dimVlY. Hence, n a p * { j36 , f i7 ,£8}. 

We have reduced to the configuration where Y = E7 and n ( L p = 

{j35,J36,J37L If TT(LY) = {f52,fi3,j35,J36,J37}, (2.5), (2.7) and the bound on 

dimVg (QY) imply that (X,J3j) = 0 for 2 < j < 6. So X|TY = X 7 or X± + X 7 . 

But then [8] implies that dimVlA ?z dimVIY. The above remarks imply that 

TT(LY) = n a p U{J32}, T r a p U{f33}, or n a p U-CJ31;J32>, V1(QY) = Mi in the 

f i r s t two cases, and in each case, (X,j32+f34) = °- Mow, X|TY ^ X5 or X 7 , 

by [8 ] , so <X,J31+J33) > 0; in part icular , TT(LY) ^ {j32,J35,ri6,£7}. I f A = A 2 

or B2 , dimVlA < 2 1 2 < dimVIY, by (1.32) and [8]. So A = G2. I f LY" = L̂  X 

(U+g ), then previous remarks imply that X|TY = Xj_+X5 and 

dimVlA < 6 3 - 1 4 2 < dimVIY, by (1.38). In the remaining case, we consider 

the action of LA" on the 56-dimensional i rreducible kY-module V(X 7 ) . One 

checks that there are at least f ive 4-dimensional LA ' composition factors 

of V(X 7 ) . However, there is no 56-dimensional kA-module affording such 

an LA ' composition series. This completes the proof of (9.3).D 

(9.4). A does not have type A 2 or B2. 

Proof: Suppose false. I f <X,tx) = 0 or q and (X,J3) = 0 or q 0 for 

some p-powers q and q 0 , dimVlA = 3,8,9,4 or 16 < dimVIY. So we may 

choose a parabolic PA w i th Levi factor LA = (U+g)TA such that (X,J3) has 

more than one p-power in i ts p-adic expansion. Moreover, choose J3 such 
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that the number of d ist inct p-powers in the p-adic expansion of <X,j3) is 

greater than or equal to the number of p-powers in the p-adic expansion 

of (\,OL). Let Py be as before. Then (9.3) implies that LY ' has at least two 

components of type A 1 ; so (1.5) implies Z A < Z Y . Also, (\,$}) = 1 = 

(\ ,J3i) for some 1 < i,j < rank(Y), w i th (£i,J3j) = 0. Recall, dimViA = 4 k or 

3 k 8 a . Suppose (X,$) = qi+q2> for ^± and q2 dist inct p-powers. Then, 

dimViA < 2 8 . But counting only the conjugates of V j (X) in V|Y, we have 

dimVlY > dimViA. Hence, (X,$) ^ qi+q2- Suppose (X,$) = q<L+q2+qj, for 

c\i, q2, and q3 dist inct p-powers. Then <X,J3-j> = 1 = (X,J3j) = <X,j3k) for 

some M j ^ k w i th ( f i ^ f i j ) = 0 = (J3j,J3k) = 0 = ( J ^ , ^ ) . Also, dimViA < 2 1 2 . 

Once again, counting only the conjugates of Vy (X) in V|Y, we have 

dimVlY > dimViA, unless Y = E5 and X|TY = X^ + X2+XQ. However, by 

(1.38), dimViA < dimVlY here also. By rank res t r ic t ions, i t remains to 

consider the case where (X,$) - q^+q2+q3+q4- Arguing exactly as above, 

we find that dimViA < dimVlY. This completes the proof of (9.4).• 

(9.5). Let A have type G2, w i th j3 long. Suppose M̂  and Mj are 

nontr iv ial for some i * j . 

(1) I f (SL i , r ) * 0 * ( r .XL j ) for some r €TT(Y) - n ( L Y ) , then 

TKLjXLj) c {f32 , j33 , j35} c TT(LY). Moreover, (X,fi2+J33+^5> = 2. 

(2) if end)),?]) *o* ( r^ r j ) * 0 * (rj,n(Lj)) for some 

r ^ r j eTT(Y) - n ( L y ) , then p 4 e { r 1 > r J } and | { p 2 ' P 3 ^ 5 > n n ^ L Y ) l = 2. 

(3) (X,$) - 0, q, q+q0 or q+q0+q", for q, q0 and q" d ist inct 

p-powers. I f Y = E5, (X,J3) *. q+q0+q~. 

Proof: (1) fo l lows from (2.5) and (2.7). For (2), let H(L t) = { £ , } and 

TT(Lj) = {f3j} and take 2€ { i , j } . Mote that i f r<ETT(Y) - TT(LY) w i th 

( r , £ a ) * 0 and ( r , 2 L k ) = 0 for all k *£ , then Q Y / K r s ( Q ^ ) 0 ! , where q is 

the f ie ld t w i s t on the embedding of LA ' in LJJ. Hence, x_ a ( t ) = x_ r (a t c l )u , 

for some a€k* , u € K r and r | T A = qa. The result of (2) then fo l lows from 

(2.5), (2.6) and (2.8). Then (9.3), (9.5X1) and (9.5X2) imply (3).D 
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(9.6). There are no examples in the Main Theorem w i th A a rank two 

simple algebraic group, Y of type En and p=2. 

Proof: Suppose false. Then (9.4) implies that A - 62- Let 

TT(A) = {aj_,a2>, w i th a.j_ short. I f PA is as before w i th dimV1(QA) > 1 , 

then all components of LY ' have classical type. For otherwise, Y = Eg, 

TT(LY) = <Pjl j * 7} and by induction, X|TY = ^ 7 + ^ 8 - B u t (9-2)> ( 9 - 3 ) a n d 

(1.32) imply dimVlA < 6 2 -14 < dimVlY. So all components of LY ' have 

classical type and by (1.5), Z A < Z Y . 

We f i r s t make a few notes about the case where LA ' = <U+a ) and 

dim(M1) > 1 w i th Li of type A3. (1) I f dim(Mj) > 1 for some j ^ i , (9.2) 

implies Li has type Aj_. (2) There does not exist r € TT(Y) - TT(LY) w i th 

{r,TX.\) * 0, ( r , 2 L m ) = 0 for all m^i and d i m ( Q Y / K r ) = 6. For otherwise, 

the LA ' composition factors of Q Y / K r would have dimensions 1 and 2, 

contradict ing (2.3). (3) By (9.2), (2.5) and (2.7), there does not exist 

r€TKLY) - n a p , SeTT(Y) - TT(LY) with (\,r) * o,(r,8)?f o * (S.SL^ 

and d i m ( Q Y / K r ) = 8. (4) I f r€TT(Y) - TT(LY) such that V r ( Q Y ) ^ 0, then 

(2.3) implies d i m ( Q Y / K r ) > 4. 

Note that (\,a^) ?± q1+q2+q3+q4, for q 1 ( q 2 , q3, and q 4 d ist inct 

p-powers. For otherwise, previous remarks imply Y = E8 and ( \ , j3g) = 1 = 

<X,f38> = 1 = <X,f32+£3>- But then (9.5) implies dimVlA < 6 4 - 1 4 3 < 

dimVlY, by (1.32). Now, (9.2) implies that i f there are r d is t inct p-powers 

in the p-adic expansion of <X,aj_), there exist {J3j ,...,j3j } c TT(Y) w i th 

( \ ,J3| ) = 1 and (J3j ,J3J ) = 0 for k^£. Previous work implies that 

<\,ct<[_} = 0, qj_, qj_+q2» ° r q 1 +q 2 +q3, for d ist inct p-powers qj_, q 2 , and q3 . 

We next claim that i f (X,a^) = q^+q2+q3> Y = E7 or E3. For otherwise, 

taking PA as before, w i th LA ' = (U+a >, we may assume TT(LY) = 

{f32,ri3,f34,j36}. Also, LA ' acts on the natural module for (U+Q ,U+n ,U+Q ) 

w i th high weight (qj_+q2)jiR and the f ie ld t w i s t on the embedding of LA ' in 

(U+Q ) is q 3 ^ q̂  for i = 1,2. Consider the action of LA ' on the 

27-dimensional i r reducible LA ' module V ( \ g ) . There is an LA ' composition 
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factor w i th high weight (X-^1-^2-?>Z~2^4~2?>5~^6^T^1A") = 

(q 1+q 2+q3)Mi- But there is no 27-dimensional kA-module affording such 

an LA" composition factor. 

Previous remarks, [8] and (1.32) imply that X|TY ^ Xg for any £, 

else dimVlA ?i dimVlY. Note that (9.3) and (9.5) imply that for each 

dist inct p-power q< in the p-adic expansion of (X,a2>, there exists 

J3 j€ TT(Y) w i th (X,J3j) = 1 and ( f i i , ^ ) = 0 for any f3k corresponding to a 

d i f ferent p-power q^. As we l l , previous remarks, [8 ] , (1.26), (1.32) and 

(9.5) imply that ( X , ^ ) * 0 * <X,a2>, else dimVlA < dimVlY. 

Using the above remarks and the usual dimension arguments, i t is 

s t ra ight fo rward to show that (X .a^ ) ^ q and i f (X .a^ ) = q+q0 , then 

Y ?£ Eg. (Here q and q0 are dist inct p-powers.) 

Suppose (X .a^ ) = q+q0 and Y = E5. Then dimVlA < 6 2 - 1 4 2 . Also 

there exist £/>i€ TT(Y) w i th (p/»i) = 0 and <X,f3) = 1 = (\,y\). Then [8] and 

(1.32) imply (\,a±) - qj_+q2, else dimVlA < dimVlY. Let PA be as before, 

w i th LA ' = (U+a ). By previous remarks, symmetry and (1.23), we may 

assume that either TT(LY) = {£2.£3,£4..B6} w 1 t n ^ l T Y = ^ 3 + ^ 5 o r TT(LY) = 

<P1.P4.p6* w i th <\,Pj_> = 1 = <X,J36> and <X,j34+r32> = 0. In the f i r s t 

case, the bound on dimVo (QY) is exceeded. In the second case, [8] implies 

that XITY ?£ X 1 + X 5 , and (1.38) implies that dimVlA < dimVlY in the 

remaining cases. 

So i f <X,a.2> = q+q0 . Y = E7- Also, <X,a-j_) = q-L+q2+q3, else 

dimVlA < 6 2 - 1 4 2 and using (1.32), [8] and (1.38), we see that 

dimVlA < dimVlY. Let PA be as before w i th LA ' = ( U ± a ). Then either 

(a) TT(LY) = {p2,J33,r35,j36,P7}, w i th (X,r31+f53+f36) = 0 and (X,f32> = 1 = 

(\,$$+$-?) or (b) L/ ' has components (U+n ) and <U±n , U+n , U±g ), w i th 

<X,f3j_> = 1 = <X, / i2+^5) and (\,$4+$-?) = 0 or (c) LY ' has components 

<U+£2>, <U+p >, and <U+p >, w i th <X,j3j) = 1, for j = 2,5,7 and 

(X,J31+^3) = 0. In the last case, we need only count the conjugates in VlY 

of V j (X) to see that dimVlA < dimVlY. In case (a), the bound on 
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dimVjj (QY) implies that (\,£4+p>7) = 0. So X|TY = X 2 + X 5 and (1.38) 

implies that dimVlA < dimVlY. Finally, to see that the configurations 

described in (b) do not occur, we consider the action of LA ' on the 

56-dimensional i rreducible kY module, V(\-/). There is an LA" 

composition factor with high weight X-^j-j^-J^-fig-JSylTtL/^) = 

(qj_+q2+q3)MR- B u t there is no 56-dimensional kA module which affords 

such an LA ' composition factor. Thus, in fact , ( X , a 2 ) ^ q+qo-

By (9.5), i t remains to consider the case where <X,ct2) = q+q0+q~ 

and Y = E7 or Eg. So there exist f i , ^ , e € TT(Y) such that 

<X,p> = 1 = (X,>i) = <X,e) and 0 = (ji,>i) = (j3,e) = (>i,e). Also, 

dimVlA < 6 4 - 1 4 3 . I f Y = E8, (1.32) and (1.38) imply dimVlA < dimVlY. So 

Y = E7. Let PA be as in the previous notation w i th LA" = <U±a ). Then (9.3) 

and (9.5) imply that either TT(LY) = {J31,fi2,^5,J3-7}, w i th (X,^±) = 1 or 

TT(LY) = {J32^3.J^5^7>, w i th (\,$k) = 1, for k = 2,3,7 and <X,J35> = 0. But 

in the f i r s t case (2.7) implies that the f ie ld tw i s t s on the embeddings of 

LA ' in (U+ra ), (U+R ) and (U ±Q ) are all equal, contradict ing (2.5). In the 

second case, the f ie ld tw is t s on the embeddings of LA ' in (U+ra ) and in 

(U+o ) are equal, whi le the f ie ld tw is t s on the embeddings of LA ' in 

(U+a ), (U+Q ) and (U+o ) are d ist inct , contradict ing (2.7) (wi th r = J34). 

This completes the proof of (9.6).D 

Section I I : A = G2 and p = 3. 

Let (A,p) = (G2,3) and TT(A) = {a,J3}. Choose PA such that 

LA = (U+g)TA and (X,J3) ^ 0. Note that I a is a 2-dimensional i rreducible 

LA" module. (See (2.2) for the def ini t ion of Ia.) Adopt the remaining 

notation of (2.0). Note that dimVlA = 7 k - 2 7 £ , for k , £ £ Z + . 

(9.7). I f M-j is nont r iv ia l , L̂  has type A^ or A2 . 

Proof: Suppose false. Then (7.1) of [12] and rank res t r ic t ions imply 
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that all components of Ly' have classical type. Hence, by (1.5), Z A < Z Y . 

We f i r s t note that L̂  has type Ak. for some k4. For otherwise, (7.1) of [12] 

implies that L̂  has type D5 and M̂  is isomorphic to the natural module for 

L .̂ As we l l , the bound on dimVg (Qy) and dimVg (QY) implies Y = E7 and 

\ | T y = ^ 7 . But then dimVlA > dimVlY. Thus, L̂  has type Ak. as claimed. 

Also note that L̂  does not have type A7. For otherwise the bound on 

dimVp (QY) implies \ | T Y = \Q. 

Suppose L̂  has type A5. I f Y = E5, the bound on dimV a (Qy) implies 

X|TY = X± or X 6 and dimVlY = 27. But dimVlA > 27. Hence, Y = E7 or E8. 

Note that L^' acts i rreducibly on W, the natural module for L ,̂ so there 

does not exist r <E TT(Y) - TT(LY) w i th ( r . S L p ^ 0 and Q Y / K r ^ W or W*. 

Hence, i f Y•= E7, TKL^) = {J3k I k ^ 1,3}. The bound on dimVo (QY) implies 

X|TY = \ 2
 o r ^-7- However, then [8] implies dimVlA ?f dimVlY. Thus, 

Y = E8 and TT(LY) = {J3k I k ?f 2,7}. But (1.15) implies QA < K^ , 

contradict ing (2.3). 

The above remarks imply L, has type A3. I f W is the natural module 

for L}, W|LA' is a 4-dimensional tensor decomposable i rreducible and 

Mj s W or W*. I f MilLA ' has high weight (q1+q2)UR, the LA ' composition 

factors of WAW have high weights 2q 1 | ia ar )d 2 c l 2^B- Hence, there does 

not exist S 6 TT(Y) - TT(LY) w i th (S^SL-j) * 0 and Qy/Kg = W, W*, or WAW. 

So i f TTdp = {f32,r34,J35}, then Y = E7 or E8 and <U±£ ,U+£ ) < LY. The 

above remarks about WAW , (2.5) and (2.7) imply (X,J31+^7) = 0. Also, i f 

(U+3 ) < LY , <A.,j38) = 0. The bound on dimVo (QY) and dimVg (Qy) 

implies \ | T Y = \ 2 + x ^ 8 o r ^5+ x^-8> where x€{0,1,2}. Now, [8] implies 

dimVlA * dimVlY i f Y = E7. I f x = 0, the work of this result and (1.38) 

imply dimVlA < 7 4 < dimVlY. Hence x^O. But then previous work and 

(1.32) imply dimVlA < 7 6 < dimVlY. So, H(L t) jt. {j32,J34,j35}. 

Consider now the case where Y = E8 and TT(Lj) = -C^6,^7,J3.8>. Then 

(1.15) and previous remarks imply (U+g ) is a component of Ly". By (2.5) 

and (2.7), < \ ,^4> = 0. The bound on dimVn (QY) implies <X,r35) = 0. 
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I f <U+p ) i LY , then ( X ^ + J ^ ) = 0, by (2.3) and (2.13). I f (U+JJ ) < LY , 

(1.15) implies QA < Kg and again (X,J31+^3> = 0. Hence, X!TY = x X 2 + X j , 

where x 6 {0,1,2} and j = 6 or 8. I f X|TY = X 2 + X 5 , ^ 2 + ^8> 2 X 2 + X 6
 o r 

2 X 2 + X 8 , dimVlA <7 6 < dimVlY, by (1.38). I f X|TY = X 6 , 

dimVlA < 7 4 < dimVlY by (1.38). Hence TTO.^ * {£6 , r j7 , r i8} . 

Finally, consider the case where Y = E7 and TKLp = {J35,J36,f37}. 

Applying (1.15), we see that n ( L Y ) = n(Ln) US, where £ is (a) {J33}, (b) 

{J32}, (c) {J32,£i>> or (d) {p2.Pi.^3>- I n ( d )> ( 2 - 5 ) > ( 2 - 7 ) a n d t n e b o u n d o n 

dimVg (QY) imply X|TY = X7 or X^+X-y. But then [8] implies dimVlA ^ 

dimVlY. In each of the remaining cases, we consider the action of LA" on 

the 56-dimensional i rreducible kY module, V(X7 ) . With qj_ and q 2 as 

above, we may assume that the f ie ld tw is t on the embedding of LA ' in 

(U+g ) is q 1 ; where k = 3 in (a) and k = 2 in (b) and (c). In case (c), we find 

that the f ie ld tw i s t on the embedding of LA ' in ( U ± B ) is either q^ or q 2 , 

else there is an 8-dimensional LA ' composition factor of V(X 7 ) w i th high 

weight X - j ^ - j ^ ^ J ^ - j ^ - f i g - f i ^ T t L ^ ) . B u t there is no 56-dimensional 

kA module affording such an LA ' compositon factor. Now, in cases (a) -

(c), there is a 6-dimensional LA ' composition factor of V(X 7 ) . This 

implies that there is a 49-dimensional A composition factor of V(X7 ) . 

Also, there are less than seven 1-dimensional LA" composition factors, so 

there must also be a 7-dimensional A composition factor of V(X 7 ) . But 

this contradicts the fol lowing information about V(X 7 ) : I f (a) holds, there 

are four t r i v i a l LA ' composition factors of V (X 7 ) ; i f (b) holds, there are 

eight 4-dimensional LA ' composition factors; i f (c) holds, there are either 

exactly 2 t r i v i a l LA ' composition factors or exactly six 4-dimensional LA ' 

composition factors. 

This completes the proof of (9.7).D 

Remarks (9.8). Assume Z A < Zy. (1) I f i ^ j w i th M̂  and Mj 

nontr iv ia l and ( E L i ; r ) * 0 * (SL i . r ) for some r6TT(Y) - TT(LY), then (9.7) 
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and (2.5) - (2.7) imply r = j34 and <P2.P3.P5> c TTO-Y)-

(2) Suppose <U+n) and (U+R, ) are components of Ly'and 

r, S 6 H(Y) - TT(LY) w i th (J3£ , r ) * 0 * ( r ,S ) * 0 * ( 8 ,£ m ) and 

d i m ( Q Y / K r ) = 2 = dim(QY/Kg). I f QA i K r and QA $ Kg, then the f ie ld 

tw i s t s on the embeddings of LA" in <U±« > and (U+R ) are equal. For one 

may check that there is a nontr iv ial contr ibut ion to some root group of 

Qy(r ,S) in the factor izat ion of nonidentity elements of QA'. Since 

Z A < ZY and QA" < K r n Kg, the image of QA" in Qy(r ,S) is a 

1-dimensional LA ' submodule of Qy(r ,8) . Such a submodule can exist only 

i f the tw i s t s are equal. 

(3) I f 1_£ and L m have type A<L w i th (ZL f i , r ) ;* 0 jt ( S L m , r ) for some 

r€TT(Y) - n ( L Y ) and d im(Q Y /K r ) = A, then (1.15) implies that QA < K r . 

(9.9). Suppose M̂  is nontr iv ial and L̂  has type A2 . Then Y has type 

E5, X|TY = \± or \Q and X|T A = 2 ^ i -

Proof: Since all components of Ly" are necessarily of classical 

type, Z A < Zy. Also, there does not exist r 6 TT(Y) - TT(Ly) w i th 

ir,TL(i * 0 and ( r , S L k ) = 0 for k *1 . For otherwise, Q y / K r is a 

3-dimensional i rreducible LA ' module, contradict ing (2.4). 

Consider f i r s t the case where TT(L)-j = <f32,fi4>. The above remarks 

imply <U+R ) is a component of Ly" and (U+g ) < Ly. In fact , p=3 and (1.15) 

imply <U+R ) is a component of Ly". By (2.6) and (2.7), the f ie ld tw i s t s on 

the embeddings of LA ' in L^, (U+o ) and (U+R ) are all equal. Hence, (2.5) 

implies ( X . j ^ + J ^ ) = 0. I f (U+R ) is a component of Ly', (9.8) (3) implies 

that <X,£7+ f i 8 ) = 0. Otherwise, (2.3) and (2.13) imply the same 

conclusion. Note that (\,J33+J35) ^ 0. For otherwise, (9.7), the work of 

this result so far , [8] and (1.38) imply dimVlA ?f dimVlY. Since 

(X,f53) * 0 or (X ,p 5 > ^ 0, the bound on dimVo (QY), for k = 3 or 5, 

implies (\,$4) = 1 and {\,$2> = °- Moreover, (1.35) implies <X,j3k) = 1 

when (X, f i k> * 0, for k = 3 or 5. I f X|TY = X 3 + \ 4 or X4+X5 , 
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dimViA < 27 2 . Counting only the conjugates of VT (X) in V|Y, we have 

dimViA < dimVlY. A s imi lar argument rules out X|TY = X^+X^+xXj, 

X4+X5+XX7 and X3+X4+X5+XX7 when x^O and X|TY = X3+X4+X5 

when Y = E7 or Eg. Finally, i f Y = E5 and X|TY = X 3 + X 4 + X 5 , dimViA < 

2 7 3 < dimVlY, by (1.38). Hence, TKLp ^ {J32,^4>- Simi lar arguments show 

that n a p * {J36,J37>. 

Claim: I f (U+g ), (U+g ,U+g ) and (U+g ,U+g ) are components of 

LY ' , then the statement of (9.9) holds. 

Reason: F i rs t note that Y 7^ E7, else previous remarks and the bound 

on dimVg (QY) imply X|TY = X±- Now TKL^ = {J31,j33> or {£ 5 ,£ 6 } . Suppose 

M-j is nontr iv ia l for some j ^ i w i th CZLyfi^) ^ 0. Then (2.5), (2.7) and the 

bound on dimVjj (QY) imply (\,p>±) = 1 = (X, j36 ) and (X, j3k) = 0 for 2<k<5. 

I f Y = E5, dimViA ^ dimVlY, by [8]. Previous remarks then imply Y = Eg 

and (U+g ) is a component of LY". By (2.7), (X,J38) = 0. The bound on 

dimVp (QY) and (1.35) imply that i f (X,f37> ^ 0, then ( X , £ 7 ) = 1. In any 

case, dimViA < 2 7 4 < dimVlY, by (1.32). Thus, (X,J31+f32+J33+f35+r36) = 1. 

The bound on dimVg (QY) implies that <X,J34) = 0 and V|_.(-£4) = M^*. 

Suppose Y = Eg. I f <X,f35> = 1, (U+g ) is a component of LY", and by 

(2.7), (X,j58> = 0. So dim VIA < 2 7 2 < dimVlY by (1.32). Thus, ( X , ^ ) = 1. 

I f <X,J37+£g) ?i 0, previous remarks, the bound on dimVg (QY) and (1.35) 

imply (U+o ) is a component of LY" and (X,f3g> ^ ' 0 . I f (X,J38) = 2, 

dimViA < 2 7 4 < dimVlY by (1.38). If (X,J38> = 1 , the bound on dimVp (QY) 

implies <X,j37> = 0, and then dimViA < 7-27 3 < dimVlY, by (1.38). 

Thus, Y = E6, dimVlY = 27; so <X,a) = 0. Hence by (1.10), X |T A = 

2jij_ or 2q^2- I f r ^ l T A = 2 c l ^ 2 ' (^4-1^ o f ^12^ 1 m P 1 1 e s that there is a closed 

subgroup B < A of type A 2 such that VIB is irreducible. Moreover, (1.10) 

and knowledge of the embedding of B in A implies that q = 1. Thus, V is a 

res t r ic ted kA module and hence irreducible for L(A), by (1.1) But now, the 

proof of (11.1) in [15] shows that the span of the e r and f r , for short roots 

r€X(A) , is a noncommutative ideal which l ies in the kernel of the action of 
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L(A) on V. But the action of L(Y) on V has no such ideal in i ts kernel. 

Hence, X |T A = 2 M I , and the Claim holds. 

Consider now the case where TT(Lp = {p1 ,p3} . By the preceding 

Claim, previous remarks and (1.15), we may assume that either Ly' has 

component (U+p.) and <U+£k) $ Ly' for { j ,k} = {2,5} or TT(LY) = 

{J31 ,J33 ,^2^5^6^7^ I n e 1 ther case, <X,J32) = 0; as we l l , in the f i r s t case 

(X,J3j) = 0 and in the second case < \ , £ 5 + £ 5 + j 3 7 ) = 0. (We have used (9.7) 

and the bound on dimV o (Qy).) Mow Y & E5; else (1.23) and previous 

remarks imply that X|TY = X±+XQ, X3+X.5, or X3+X4+X5. But by [8 ] , 

dimVlA p£ dimVlY in the f i r s t case and in the la t te r cases, 

dimVlA < 2 7 - 7 2 < dimVlY, by (1.38). 

Suppose TTdp = {£^£3} and Y = E7. We f i r s t note that 

<X,J35+j35+£7) ?f 0. For otherwise, the previous work of this result 

implies X|Ty = \ j _ , X3 or X3+X4. But [8] rules out the f i r s t two 

possibi l i t ies and in the last case, dimVlA < 2 7 2 < dimVlY by (1.38). Now 

examining all possible configurations, using previous work, (2.3), (9.8) and 

(2.13), we see that either (a) TT(LY) = {^1,J33,J32,J36}, or (b) TT(LY) = 

{J31,^3,J32,J3-7} and (X,p>-?) ^ 0. Consider the action of LA ' on the 

56-dimensional i rreducible kY module, V(X7 ) . In case (a), i f the f ie ld 

t w i s t on the embedding of LA ' in <U+Q ) is not equal to the tw i s t on the 

embedding in <U+Q ) (and Lp, there are exactly two 6-dimensional and two 

4-dimensional LA ' composition factors of V(X 7 ) . In case (b), the LA ' 

composition series of V(X 7 ) has the same properties. But there is no 

56-dimensional kA module affording such an LA ' composition series. 

Hence, (2.5), (2.6), and (2.7) imply that Ly' is as in (a) w i th <X,j36) = 0. So 

<X,J35+J37) ?f 0 and dimVlA < 7-272 . (We have used (9.8).) But [8 ] , (1.32) 

and (1.38) then imply dimVlA ^ dimVlY. 

Now suppose TT(l_i) = { j ^ , ^ } and Y = Eg. Note that i f LY" has 

component <U±j35,U±^6,U±^7> (respectively, < U ± ^ 6 , U ± ^ 7 , U ± ^ Q ) , 

<U±jj6,U±p_)>), then <X,j35+£6+J57+J38> = 0, as Qy/Kj j (respectively, 
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Qy/Kg , Qy/Kg ) is a 3 - or 4-dimensional i rreducible L^' module. I f 

(U+g ,U+g ) is a component of Ly', <X,J35+J36+£7+£8) = o, also. For i f 

(U+g > i Ly', we may argue as above. Otherwise, use (2.5) - (2.7) and the 

bound on dimV^ (QY). But i f (X,£5+J36+J37+J38) = 0, dimViA < 2 7 2 < 

dimVlY, by [8] and (1.32). 

Mow, i f XlTy = X±+XQ or X^+XX^+XQ, for x € { 0 , l } , 

dimViA < 2 7 2 - 7 2 < dimVlY, by (1.38) and (1.32). I f XlTy = X±+2XQ or 

X 3 + x X 4 + 2 X 8 , x as above, then dimViA < 2 7 4 < dimVlY, by (1.38). Also, i f 

XlTy = X^+zX^ or X3+XX4+ZX5 w i th 0 < z < 2 and x as above, 

dimViA < 27 2 -7 < dimVlY, by (1.32). Applying the res t r ic t ions imposed on 

XlTy by (2.3), (2.13), (9.8) and the above remarks, we find that one the 

fol lowing holds: 

(a) LY ' = Li X <U+p > X <U±JJ > and < X , £ 6 + £ 7 ) * 0, 

(b) LY ' = Li X <U±£2> X <U+p > and <X,J36> * 0 = < X , £ 7 + £ 8 ) , or 

(c) Ly' = Li X <U±J32> X <U±J37> and <X,£7> * 0 = <X,J35 + £ 6 >. 

In case (a), (9.8), (2.5) and (2.7) imply that at most one of <X,J36) and 

<X,J38> is nonzero. I f <X,J38) ^ 0, (so <X,J37> * 0) dimViA < 27 4 . But 

counting only the conjugates of Vy (X) and Vy (X-J37-J38) in V|Y, we have 

dimVlY > 27 4 . So <X,£8> = 0 and dimViA < 2 7 3 < dimVlY by (1.32). In case 

(b), dimViA < 2 7 4 < dimVlY by (1.32). In case (c), i f <X,j37) = 1, 

dimViA < 27 3 - 7 ; i f <X,J37) = 2, dimViA < 27 4 . But we need only count the 

conjugates of Vy (X) when (X,J37) = 1, and in addition, the conjugates of 

Vy (X-J37) when (X,J37) = 2, to see that dimVlY > dimViA. Hence, we have 

shown that i f Li = <U+g , U+g ), then the result holds. 

Consider the case where TT(Lp = {J35,J36}. By symmetry and previous 

work of this resul t , we may assume Y = E8 and (U+g.) is a component of 

Ly' w i th <X,J3j> = 0, for j = 2 or 3, and <U+£ ,U+£ ) i LY \ Also, (U+p ) < 

Ly' and (X,J38) = 0. I f <U+g ) is a component of Ly", <X,j32) = 0. Moreover, 

ear l ier remarks which apply to the bound on dimVg (Qy) for k = 4 or 7, 

imply XlTy = y X ^ + x X 4 + X 5 or y X 1 + X £ + x X 7 , where x € { 0 , l } and 0<y<2. 
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I f y = 0, dim VIA < 21l and i f y ^ 0, dimVlA < 27^. But counting only the 

conjugates of V j (X) in V|Y, we have dimVlY > dimVlA. Thus, <U+Q > is a 

component of Ly*. Also, X|Ty = y X 1 + z X 3 + x X 4 + X 5 or ^X^+ZX^+XQ+XX-J} 

where x and y are as above and 0 < z < 2. I f y = 0 = z, dimVlA < 2 7 2 , i f 

y = 0 ?± z, dimVlA < 27 3 and otherwise, dimVlA < 27 4 . But in each case 

(1.32) implies that dimVlA < dimVlY. Hence, L̂  * (U+p ,U+p >. 

Finally, consider the case where TT(Lp = {£7,J38}. Previous remarks, 

the bound on dimV a (Qy) and (1.15) imply (U+o > is a component of Ly' 

w i th <\ ,^5> = 0. We f i r s t claim that there exists j?£l w i th Mi nontr iv ia l . 

For suppose not. Then, (a) i f <X,J3k> = 0 for l<k<4 , dimVlA < 2 7 2 , (b) i f 

< \ ,J3 1+^ 3+p 4 ) > 0 and <X,J32> = 0 or i f <X,J32> * 0 and 

<\,J31+P34-j34> = 0, dimVlA < 2 7 3 , and (c) dimVlA < 2 7 4 otherwise. (We 

have used (9.8) and the previous work of this result.) Recall that 

XlTy ?f XQ. In (a) and (b), we need only count the conjugates of V j (X) in 

V|Y to see that dimVlY > dimVlA. For (c), we may assume 

<\,j31+J33+^4> > 0 and ( X , ^ ) > 0. But again, as in (a) and (b) we show 

that dimVlA < dimVlY. Thus, there exists a j?f1 w i th Mj nontr iv ia l . 

The previous work of this result and (9.8) imply that either 

(a) TT(LY)= { J ^ J ^ s J ^ g } , (b) TT(Ly) = { P L P S . P ^ P Q } or (c) TT(LY) = 

{£2,£3,£5,j37,J38}. I f (a) or (b) holds, (2.3), (2.13) and (9.8) imply that 

< X , ^ 2 + ^ 4 ) = °- S o ^ l T Y = c\1+x\3+X8
 o r c X 1 + x X 3 + y X 6 + X 7 for 

c 6 { l , 2 } , 0<x<2 and y e { 0 , l } . Moreover, dimVlA < 7 -27 3 i f c = l and 

dimVlA < 2 7 4 i f c=2. In each case, (1.38) and (1.32) imply dimVlA < 

dimVlY. Suppose Ly* is as in (c). By (2.7), the set of f ie ld tw i s t s on the 

embeddings of L^' in <U+Q ) for k=2,3,5 consists of at most 2 dist inct 

primes. Recall that the f ie ld tw i s t on the embedding of LA* in (U+n ) 

equals that on the embedding in L .̂ And since <X,£2+£3) * °> (2.5) 

implies that there are exactly two dist inct f ie ld tw is t s on the embeddings 

of LA ' in the t r ip le of A j /s , <U+g ),k=2,3,5, and exactly one of ( X , ^ ) and 

<X,J33) is nonzero. Moreover, the bound on dimV Q (Qy) implies (X,j34> = 0. 
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So in case (c), XlTy = x X 1 + c X k + X 3 or xX^+cX^+yXg+Xy for k = 2 or 3, 

0<x<2, c € { l , 2 } and y € { 0 , l } . Referring to cases (a) and (b), (9.8) and the 

previous work of this resul t , we see that dimVlA < 7^ -27 2 i f c = l and 

dimVlA < 27 4 -7 i f c=2. Again (1.32) and (1.38) imply dimVlA < dimVlY. 

Hence, L1 ^ ( U + J ^ U + J ^ ) . 

This completes the proof of (9.9).D 

(9.10). Let r£TT(Y) - TT(LY) and i ^ j such that ( Z L ^ r ) * 0 j± 

( r , S L p . Then M̂  or Mi is t r i v i a l . 

Proof: Suppose false; i.e., suppose M̂  and M* are both nontr iv ia l . 

Then (9.7) - (9.9) imply that L̂  and L* each have type Aj_ and there exists 

k ?£ i,j w i th (ZL j ^ r ) ^ 0. Moreover, (1.15), p=3 and the minimal i ty of Py 

imply that L|< has type Aj_ also. Let j3j, J5 ,̂ £ k be such that L# = <U+Q > for 

£ = i,j,k. So <X,Pi> ^ 0 ^ <X,J3j>. Let q# be the f ie ld t w i s t on the 

embedding of L^' in L# for £ = i,j,k. Then we may assume q k = q ^ q^. The 

LA" composition factors of Q y / K r have high weights (2qj+q1)| io and q-juR-

Hence, d i m ( Q ^ K r / K r ) = 2. Mow since V j ( X - J ^ - r ) & 0, a nonidentity 

element f rom the set U _ r « U _ r o. must occur in the factor izat ion of some 

element of Q A K r / K r . However, r (respectively, - r - J 3 p affords T(LA") 

weight (q^+2qj)jiQ (respectively, (2q-j-q)jiR). While the weights in 

QfiKy/Ky are q^Mp a n c ' " ^ i ^ B ' contradict ing (2.4). This completes the 

proof of (9.10).D 

(9.11). I f (A,Y,V) is an example in the Main Theorem, w i th (A,p) = 

(62,3) and Y of type En, then XlTy = Xj_ or X5 and X |T A = 2 M I -

Proof: Suppose < X , r ) = 0 for some r € TT(A). Then (4.1) of [12] 

implies that there exists B < A of type A 2 such that V|B is i rreducible. 

Then (6.0) implies that Y = E5, XlTy = Xj_ or X5 and X |T A = 2 q j i i or 2q^2 

for some p-power q. Hence, the hypotheses of (9.9) hold (for some choice 

of £ € TT(A)), and we have the result of (9.11). Thus, we may assume 
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(\,r) ^ 0 for all r €TT(A) and that the hypotheses of (9.9) do not hold. 

Thus, for any choice of J3 € TT(A) w i th PA and Py as before, i f M̂  is 

nontr iv ia l then L̂  has type A±. So we w i l l choose j3 € TT(A) such that the 

number of p-powers in the p-adic expansion of <X,J3) is as large as 

possible. And we note that there must be at least two such p-powers; i.e., 

V^(QA) is tensor decomposable. Otherwise, <X,J3> = q and dimViA = 49 or 

189 or <X,£> = 2q, <X,J3fi> = 2 for some l<£<rankY and dimViA = 189 or 

729. But in each case, [8] and (1.32) imply dimViA ^ dimV|Y. Thus, there 

exists 1 < k?f£ < rankY w i th ( j3k ,^£) = 0 and <X,£k> ^ 0 ^ (%,$%). 

Suppose Y = Eg. The opening remarks of the proof, (9.8), (9.10) and 

symmetry imply that either TT(LY) = { j ^ ^ P s ' J V w 1 t h ^ ^ 5 + ^ 6 ^ = ° 

and (\,$±) ^ 0 ?£ <X,£2>, o r LY* h a s components (U+p ) and (U+o ) w i th 

( X , ^ ) ?f 0 for k = 1 and 6. The f i r s t configuration is ruled out by (1.23). 

So suppose Ly" has components (U+Q ) w i th <X,J3k) ^ 0 for k = 1 and 6. I f 

<U±Q ) is also a component of Ly', (9.8) implies that QA < KQ ; else the 

f ie ld tw is t s on the embeddings of LA ' in (U+Q ), <U+g ) and (U+Q ) are all 

equal, contradict ing (2.5) and (2.6). But -J34 is not involved in LA ' , by 

(2.10). So there is a nontr iv ial image of Q A
a in Qy(J33,^4) and in 

Qy(£5,£4) again implying that the f ie ld tw i s t s are equal. Hence, (2.7) 

implies TT(Ly) = {]31,J36}. Let qk be the f ie ld t w i s t on the embedding of LA ' 

in (U+Q ). Now, there are two 4-dimensional LA* composition factors of 

the 27-dimensional kY- module V(Xj_). However, there is no 

27-dimensional kA module affording such an LA ' composition series. 

Hence Y ^ E5. 

Suppose Y = Eg. Choose i and j such that M̂  and Mj are nontr iv ia l . So 

L̂  and Lj each have type Aj_ and one of the fol lowing holds: 

(a) TTLj and TTLj are separated by more than 2 nodes of the Dynkin 

diagram. 

(b) {TTL^TTLj} = {J3!,J32> and <U±J35,U±J36> < Ly'. 

(c) {TTL^TTLj} = { J3 2 ^ 6 > a n d <U±JVU±J33> * L Y ' -
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This fo l lows f rom (9.8), (9.10) and (1.15). Rank res t r ic t ions , (9.8) and 

(9.10) imply that i f there exists k ^ i , j w i th Mk nont r iv ia l , then (b) holds 

and LY ' = I] X Lj X <U±£ ,U+p ) X <U±j3 ), w i th <X,J38> * 0. But (2.7) 

implies that the f ie ld tw i s t s on the embeddings of LA ' in <U+Q ), 

<U±Q ,U±Q ) and <U+g ) must all be equal, contradict ing (2.5). Hence, 

V1(QY) = M1 ® Mj, and by the choice of J3, dimVlA < 27 4 . 

Now we may assume X|TY = c X r + dX t for 0 < c,d < 3. For i f W0, 

the stabi l izer of X in W has rank at most 5, the number of d ist inct 

conjugates of Vy (X) in V|Y exceeds 2 7 4 , unless W0 has type D5. But i f we 

count also the conjugates of a maximal subdominant weight we f ind that 

dimVlY > 27 4 . So X|TY = c X r + dX t and by (9.10), (£ r ,J3 t) = 0. Now, 

|W:W0I > 2 7 4 unless W0 has type D 5 XA 1 , D6, A5XAj_ or A6 . I f 2£{c ,d} , we 

count the conjugates of Vy (X-J3 r) or Vy (X - j 3 t ) , whichever is dominant, 

in addition to the conjugates of Vy (X) , in order to see that dimVlY > 

dimVlA in most cases. For the remaining cases, refer to (1.38) for the 

same conclusion. 

Finally, consider the case where Y = E7. Applying (9.8), (9.10) and 

previous work of this resul t , we see that LY ' has exactly 2 nontr iv ia l ly 

acting components, (U+p ), <U±£ ) where {k,£} = {7 , j } , j = 1, 2 or 3, {1,2}, 

{1,6} or {2,6}. I f {k,£} = {3,7}, (9.8) implies (i) TT(LY) = {£3 ,£7 } - I f <k,fi} = 

{2,7}, (9.8) implies that either ( i i ) TT(Ly) = {j32,£7} or ( i i i ) TT(LY) = 

{£1;£2,J37} or (iv) TT(LY) = {p1,i33,^2,]37}. I f {k,£} = {1,2}, (9.8) implies 

(v) TT(LY) = {J31,j32,^5,^6} or (vi) TT(LY) = { J ^ ^ , ^ , ^ } . I f {k,£} = {2,6}, 

(1.15) and (9.8) imply (v i i ) TT(LY) = {p1 ,^3 ,^2 , j36} . If {k,fi} = {1,6}, previous 

remarks about Y of type E5 imply (v i i i ) TT(LY) = <J31,J3e>. Finally, suppose 

{k,£} = {1,7}. Then (1.15) implies <U+Q ) is not a component of L Y \ for 

k = 4 or 5. Also, (U+Q ,U+Q ) is not a component of LY", else (2.7) implies 

that the f ie ld tw i s t s on the embeddings of L^' in <U+Q ), (U+Q ,U+G ) and 

<U+£ ) are al l equal, contradict ing (2.5). So (ix) TT(LY) = {p1,]32,J34,^5,^7} 

or (x) H(Ly) = { J ^ p ^ , ^ } , or (xi) TT(LY) = { ^ J ^ } , or Ly' is as in ( i i i ) . 
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Recall that the f ie ld tw is t s on the embedding of L^' in <U+Q ) and in 

<U+Bn) are not equal. In case ( i i i ) , (9.8), (2.10) and (2.11) imply that the 

f ie ld tw i s t s on the embeddings of L^' in (U±« > and in (U+g ) must be 

equal. In cases ( iv), (v), (vi i ) and (x), i f L m is the component of type A2, 

(2.7) implies that the f ie ld tw i s t on the embedding of L^' in L m is equal to 

the t w i s t on the embedding of LA ' in <U+g ), where (£}<,r) ^ 0 ^ ( r , E L m ) , 

for some r 6 TT(Y) - TKLy). In case (vi) (respectively, case (ix)), i f L m is 

the component of type A3 w i th natural module W, say W|L^' has high 

weight (qj_+q2)UR- By (2.7), we may assume that the f ie ld t w i s t on the 

embedding of L^' in (li+n ) (respectively, <U+Q )) is q^. Moreover, in case 

( ix), the f ie ld t w i s t on the embedding of L^' in (U+g ) is q2, else Qy/Kg 

has no 2-dimensional L^' composition factor. 

We now consider the action of LA ' on the 56-dimensional i rreducible 

kY module, V(\-?). We note that there is no 56-dimensional kA module 

affording an 8-dimensional L^' composition factor , nor exactly three 

6-dimensional L^' composition factors. As we l l , any 56-dimensional kA 

module affording exactly two 4-dimensional L^' composition factors must 

also afford no 6-dimensional and six 3-dimensional L^' composition 

factors. One checks that these rest r ic t ions rule out al l configurations 

except that of case ( i i i ) . In this case, M(X-j) has no 6-dimensional, exactly 

four 4-dimensional, and exactly two 3-dimensional L^' composition 

factors. However again, there is no 56-dimensional kA module affording 

such an L^' composition series. This completes the proof of (9.1D.D 

Section I I I : A < Y. A non-simple 

In this section, we consider the case where (A,Y,V) is an example in 

the main theorem w i th A a non-simple, semisimple algebraic group and Y 

a simple algebraic group of exceptional type. Theorem 4.1 of [12] implies 

that rankA < rankY. Let A = H ^ h ^ 0 - - * °Hm ^ e a commuting product of 
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simple algebraic groups H^, w i th a f ixed maximal torus TA . Let PA = LAQA 

be a parabolic subgroup of A w i th Levi factor LA = Hj_-TA and RU(PA) = QA. 

Adopt the remaining notation of (2.0). We f i r s t make a few general 

Remarks (9.12): (1) If (A,Y,V) is as above, we may assume, af ter a 

suitable reordering that rank(Hj_) > 1. For i f rank(Hp = 1 for all i , there 

exists B < A, B a simple algebraic group of type A^ such that VIB is 

i rreducible. But this contradicts (7.1) of [12]. In part icular , rank(Y) > 

rank(A) > 2. As we l l , since A is an actual subgroup of Y, dimV1(QA) > 1. 

(2) Since Z ( L A ) < Z(A) < Z(Y), i f Z(Y) = 1 , then Z ( L A ) = 1. 

(3) Note that all LA ' composition factors of V are isomorphic to 

V1(QA). So i f u is a weight in V|Y which affords the high weight of an Ly' 

(and hence of an LA") composition factor , thenulT(LA ' ) - X|T(LA ' ) . In 

par t icu lar , for r e i T ( Y ) - TT(Ly) w i th ( r , Z L Y ) * 0 and r lT(LA*) ^ 0, 

< \ , r > = 0. Otherwise, j i = \ - r fa i ls to sat isfy the above condition. 

(4) Given a£TT(A) - TT(LA), Q A /K a is a 1-dimensional, i r reducible 

LA* module. Assume Z A < Zy (as w i l l be the case under the hypotheses of 

(1.5)). Let r e n ( Y ) - TT(Ly) w i th V r ( Q Y ) * 0. Then the proof of (3.3)(11) 

in [12] implies that there exists a 0 € TT(A) - TT(LA) such that U_a i K r . 

Hence, Q y / K ^ has a 1-dimensional LA" composition factor. Also, i f 

U_aQ i K r , U_ t to < <U_r < QY | r |T(LA ) - 0>K r . See (2.4). 

(9.13): Y has type En for some n. 

Proof: Suppose false. Then (9.12) (1) implies that Y = F4, 

rank(A) = 3 and rank(LA ') = 2. As we l l , (1.5) implies Z A < Zy. I f LA ' has 

type B2 , the Main Theorem of [12] implies that Ly" = (U+Q ,U+Q ). Since 

Qy/Kg is an i rreducible LA ' module, (9.12) (4) implies that Vg (Qy) = 0. 

Hence, p = 2. By (1.7) we may assume that VlY is either a basic or p-basic 

module. So [8] implies that dimVlA = 26, 246 or 4096. As we l l , 

dimV1(QA)|dimV|A. So dimVlA = 4096, X|TY = \ ± + \ 2 or X3+X4 and 
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d1mV1(QA) = 4. But A = B 2 XA 1 , so by induction, dimVlA < 32 < dimVlY. 

Thus, LA" T* B2. 

Suppose LA ' has type A2 . The Main Theorem of [12] implies TTCLy) = 

{j31;£2,£3} and p = 3, or Ly' has type A2 . If Ly' has type A 2 , (9.12)(4) 

implies that p = 2 and Ly' = <U+Q ,U+G ). As we l l , we may assume that V|Y 

is a p-basic module, so X |T A = Xj_, X 2 or Xj_+X2 , dimVlY = 26, 246 or 

4096, respectively, and dimV^CQ^) = ^^ or 8, respectively. Since 

dimV1(QA)ldimV|A, XlTy = X 2 or Xj_+X2 . B u t by induction, dimVlA < 64 < 

dimVlY. So i f LA" has type A 2 , TT(Ly) = {j31,J32^3> and the Main Theorem of 

[12] implies X|TY = \±+x\4 or 2 X 1 + x X 4 . By (9.12) (3), x = 0 in either 

case. (I t is necessary to compute the embedding of T(LA*) in T(Ly') to see 

this.) Since XlTy ^ X1 , we have XlTy = 2\±. However, j i = 

\-£>1-p>2-P>Z~$4 contradicts (9.12) (3). Thus, LA ' does not have type A2 . 

I t remains to consider the case where LA ' = G2. By the Main 

Theorem of [12] , Ly' has type B3 or p = 2 and Ly' has type C3. I f p = 2, 

dimVlA = 6 k - 1 4 ^ - 6 4 m - 2 n , for k, fi, m, n £ Z + . Since we may assume V|Y is 

tensor indecomposable, V|Y is either basic or p-basic. (See (1.7).) Thus, 

[8] implies XlTy = Xj_+X2 or X3+X4 and dimVlY = 2 1 2 . By induction, 

X|Ty = X3+X4 and dimV1(QA) = 64. I f P0 > B A " is the parabolic of A w i th 

Levi factor H 2 -T A , H2 of type Aj_, then dimV1(Ru(P0) = 64. But this 

contradicts (1.19) and (7.1) of [12]. Thus, i f LA ' = G2, Ly* has type B3 and 

p ;* 2. One checks that i f TT(LA) = { a 1 , a 2 > , w i th a^ short, then h a (c) = 

hg ( c^ -ho (c°l) and h a (c) = h^ (c^), where q is the f ie ld tw i s t on the 

embedding of LA* in Ly". So J ^ l T d ^ ) * 0 and by (9.12) (3), <X,j34> = 0. 

For XlTy = kXj_, let j i = X=J31-J32-2J33-2J34, for X|TY = x X 2 + y X 3 , let 

M = X-JS3-J34 and for XlTy = yX>L+xX2, let u = X-J3 2 -^3-J34. In each 

case, j i contradicts (9.12) (3). But by the Main Theorem of [12] , these are 

the only possible configurations. 

This completes the proof of (9.13).D 
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(9.14). I f Y has type En, then Ly' is not a quasisimple algebraic 

group. 

Proof: Suppose false. We f i r s t note that L^' ^ Ly', otherwise there 

exists some r € TT(Y) - TT(Ly) which contradicts (9.12) (4). Suppose Ly' 

has type A k for some k. Then by (1.5), Z ^ < Zy. Since LA ' acts i r reducibly 

on W, the natural module for Ly', (9.12) (4) implies that there does not 

exist r€7T(Y) - TT(Ly) w i t h Q Y / K r = W or W*. Hence, k > 4. In fact , 

k > 4, else p > 2, LA ' ~ B2 and there exists r€TT(Y) - TT(LY) w i th 

V^(Qy) ^ 0 and Q Y / K r a nontr iv ial i rreducible LA* module ( = WAW or 

W*AW*), contradict ing (9.12) (4). 

Consider the case where Ly' = A5 . By induction, LA* has type A 2 , A j ; 

C3, or p = 2 and L^' has type G2 or B3. Previous remarks imply that either 

Y = E6 or Y = E7 and TT(LY) = {J3k I k * 1,3}. I f Y = E6, Vp (QY) * 0 and 

QY /Kg = WAWAW. But there is no 1-dimensional L^' composition factor 

of WAWAW, contradict ing (9.12)(4). Hence, the second configuration 

holds. Then V o (Qy) ^ 0 and Q Y / K Q = WAW or W^AW*, which has a 

1-dimensional L^' composition factor only i f L^' has type C3 or p =; 2 and 

L^' has type G2 , A3 or B3. Also, one checks that J ^ I T ^ ' ) ?f 0, so 

(9.12) (3) implies <X,J33) = 0. In fact , ( X , ^ ) = 0, as wel l . (Consider the 

L^' composition factor afforded by X - j ^ - J ^ . ) In the cases where p = 2, 

\ | T Y = X 7 , else j i = \ - ^ 2 - J 3 3 - ^ 4 contradicts (9.12) (3). But 

6 = d imV 1 (Q A ) | dimV = 56. Contradiction. Hence, L^' has type C3. 

Examining the T(LA ' ) weight vector decomposition of Qy/Ka , we f ind that 

for a € TT(A) - TT(LA) such that U_a $ K^ , 

U_a < (U- 3 4 5 6 7 -U- 2 3 4 5 6 -U ( 0 j l f l f 2 f l i 0 f 0 ) )Kp 3 . This fact , together w i th the 

equality [V,QA ] = [V,QY ] , res t r i c t s the possible weights in [V,QY ] , and 

hence the labell ings of V1(QY). In fact , re fer r ing to the Main Theorem of 

[12] , we f ind that <X ,£ m ) = 0 for m = 2,4,5,6 and <X,J37) = c. So 

X|TY = cX 7 . But then JI = X - J 3 1 - ^ 2 " 2 i 3 3 ~ 2 ^ 4 ~ i 5 5 ~ ^ 6 ' " i 3 7 contradicts 

(9.12) (3). So Ly' does not have type A5 . 
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Consider now the case where LY° = Ag; so LA* has type G2 or B3 or 

p = 3 and LA ' has type A2 . I f n ( L Y ) = <£j I j = 1 , 3 < j < 7} , so Y = E7, then 

J32IT(LA) TL 0. So (X,j32> - 0. Also, Qy/Kg has a 1-dimensional LA ' 

composition factor only i f LA* has type G2 or A2 . In each of these cases 

V1(QA) = W or W*. Now, XlTy ^ X±t so X|TY = X7. However, j i = 

X-J3 2 - ^4~ < p 5 - < P5-^7 contradicts (9.12) (3). Thus, i f Ly* = A 6 , then 

Y = E8 and TT(LY) = i$j I j * 1,3}. One checks that WAW has a 

1-dimensional LA ' composition factor only i f LA* = A3. So V^(QA) ^ W or 

W*. Mow, <X,^ i+P3> = 0 as J33IT(LA') * 0. So XlTy = X 2 . But 11 = 

X -J3 2 - ^3 - J3 4 contradicts (9.12) (3). 

Thus, for LY* of type A k , we have reduced to Ly' of type A7 in Eg. So 

LA ' has type A 2 , B3, C4 or D4 or p = 2 and LA ' has type C3 or B4. I f LA ' has 

type C4, B4 or D4, Qy/Ka has no 1-dimensional LA ' composition factor. In 

the remaining cases, V1(QY) s W o r W*. Now, £ 2 |T(L A ' ) ^ 0, so by 

(9.12) (3), <X,j32> = 0 and XlTy = X ^ But 8 = dimV1(QA) | dimVlA, 

contradict ing [8]. Hence, Ly' does not have type Ak. 

Suppose Ly* has type Dk, for some k > 4. Again (1.5) implies 

Z A < Z Y . Mow LA* must act reducibly on the 2 fundamental spin modules 

for Ly', as there exists r €TT(Y) - TT(Ly) w i t h V r ( Q Y ) ?f 0 and Q y / K r 

isomorphic to one of these. (See (9.12)(4).) The Main Theorem of [12] then 

implies that LA ' must act i r reducibly on W, the natural module for L Y \ 

Hence, there does not exist r€TT(Y) - TT(Ly) w i th Q Y / K r s W. Thus, the 

t r ip le ( L A M - ^ P ) is one of (A2 ,D4 ,p), (B2 ,D5 ,5), (B2 ,D7 ,3), (C3 ,D7 ,3), or 

(03,07,7). In the f i r s t case, LA ' acts i r reducibly on al l three of the 

fundamental 8-dimensional i rreducible Ly' modules, so there is no 

1-dimensional LA" composition factor of QY /Kg . I f Ly' = D7, (9.12) (3) 

implies <X,pi> = 0, but then XlTy = X3. Thus, (LA ' ,Ly',p) has type 

(B2,D5,5). Also, there does not exist r€TT(Y) - TT(LY) w i th Q y / K r s W, 

so we may assume TT(LY) = {J3j1 l< j<5} . However, there is no 

1-dimensional composition factor of Q Y / K Q . 
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Hence, i f Ly" is quasisimple, Ly' has type Em for some m. By 

induction and the previous work of this paper, the pair (LA ' ,Ly') is one of 

the fo l lowing: (A2,E£), (62^5 ) , (C^Eg) or (F^Eg). In the f i r s t three cases, 

LA ' acts i r reducibly on Q Y / K Q ; so Z A induces scalars on Qy/Kg . But this 

forces Q A K Q / K B t 0 ^ e a n LA* submodule of Qy/Ko , contradict ing 

(9.12) (4). In the last case, (9.12) (3) implies <X,£7> = 0. I t is now a 

check to see that in every configuration afforded by induction, there 

exists a weight j i (of Qy level 1) which contradicts (9.12) (3).D 

(9.15). There are no examples (A,Y,V) in the main theorem wi th A 

non-simple and Y of type En. 

Proof: Suppose false. Let PA , Py be as before. Then (9.14) implies 

that Ly' has more than one component. In par t icu lar , rank(LA ' ) < 3. Also 

rank LA ' > 1 and (1.5) imply Z A < Zy. I f rank(LA ') = 3, rank res t r ic t ions 

imply LA ' = A3. Since A3 has no 5-dimensional i rreducible representation, 

Ly' has type A3 X A3 in E3. Now, Qy/Kp has a t r i v i a l LA ' composition 

factor only i f TT(LY) = {J3j I j T± 2,5}. Moreover, i f LA ' = <U±a. I l < i < 3 ) , 

labelled as throughout, we may assume h a (c) = ha (c°l)hp (c^), h a (c) = 

ha (ccl)hg (c^) and h a (c) = ha ( c ^ha (c°l), for some p-power q. Also, 

since Qy/Ka is a 4-dimensional i rreducible LA ' module, (9.12) (4) implies 

<X,£l> = 0 for 1 < i < 4. The T(LA ' ) O-weight space of Qy/Kn is spanned 

by the root groups U_1345, U_5678, U_4567 and U_3456. Hence, i f 

a 6 TT(A) - TT(LA) w i th U_a i Kp 

u - a * <u-i345-u-5678-u-4567'u-3456>KJS5- T h 1 s res t r i c t s the possible 

Ty weights in [V,QY] = [V,QA]. In par t icu lar , < \ , £ 5 + £ 6 + j 3 7 ) = 0, so 

XlTy = XXQ, for some x > 1. But this contradicts (9.12) (2). Thus, 

rank(LA") < 3. Mote that rank rest r ic t ions imply LA ' ^ G2. 

Suppose LA" = B2. Then Ly" has a component of type A3 and (9.12) (2) 

implies p = 2. Since LA ' has no 5-dimensional i rreducible representation, 

Ly' has type A3 X A3. As in the previous case, we reduce to 
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TT(Ly) = {J^j I j * 2,5}, and <X,£k> = 0 for 1 < k < 4. Also, £ 5 IT(LA ' ) * 0, so 

<X,^5> = 0. The Main Theorem of [12] implies \ | T Y = \Q. But then j i = 

\ - J 3 5 ~ £ 6 contradicts (9.12) (3). Thus, LA* * B2. 

I t remains to consider the case where LA ' = A2 . The minimal i ty of 

PY , the Main Theorem of [12] and rank rest r ic t ions imply that 

Ly' = L^XL-2, where L̂  has type A 2 or D4. Suppose l_j = A 2 for i = 1,2. I f 

there exists r£TT(Y) - TT(LY) w i th ( r ,SL j ) * 0 and ( r , S L m ) = 0 for m ^ j , 

then Q y / K r is a 3-dimensional i rreducible LA ' module. So (9.12) (4) 

implies V r ( Q y ) = 0. Thus, one of the fol lowing holds: 

(a) TT(Ly) = { p ^ ^ P s , ^ } and U,J35+£6+J37> = 0 i f Y = E7 or E8. 

(b) TT(Ly) = {J32,£4,J36,J37} in Y of type E7 and <\,J3k> = 0 for 

k = 2,3,4. 

(c) TT(Ly) = {J33,J34J36,J37} in Y of type E7 and <X,J3k) = 0 for 

1 < k < 4. 

(d) TT(LY) = {J34,J35,J37,j38} and <X,£k> = 0 for 2 < k < 5. 

how for r € TT(Y) - TT(LY) such that ( r , ! ^ ) * 0 * ( r , S L 2 ) , r l T (L A ) * 0, 

so (9.12) (3) implies <X,r> = 0. In fact, (9.12) (3) implies < \ ,J3 2+£ 8 ) = 0, 

in case (a) and (\,$±) = 0 in cases (b) and (d). 

Temporari ly label as fol lows: TT(Ly) = { 9 ^ , ^ , ^ 3 , ^ 4 } , 

r e n ( Y ) - n (Ly )and TF(LA) = {a1 ,cx2} , where T\(L±) = { r ^ , ^ } , TT(L2) -

{7^}rA} and C ^ , ^ ) ^ 0 * ( r , r 3 ) . Since Q Y / K r must have a 

1-dimensional L^' composition factor , the f ie ld tw is t s on the embeddings 

of L^' in L i and L2 must be equal, so V1(QY) is tensor indecomposable. As 

we l l , we may assume that h a (c) = h r ( c c l )h r (cQ) and h a (c) = 

h r ( c c l )h r (c^), for some p-power q. Then, the T(L^*) 0 - weight space in 

Qy /K^ is spanned by I L ^ _ ^ _ r , I L ^ - ^ - ^ and I L^_<^ _ ^ . This 

res t r i c t s the possible Ty weights in [V,QY] = [V,Q^]. For instance, 

suppose ( X , r 3 + r 4 > = 0. Then, the factor izat ion of elements in QA 

implies that < \ , r 2 > = 0, so (\,r{) * 0. S imi lar ly , i f < X , r 1 + r 2 ) = 0, 

then <X,r3> = 0. In case (a) (respectively, (b), (c), (d)), 
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M = X-J3 1 - J3 2 - J3 3 -2^ 4 - J3 5 (respectively, j i = X- j3 3 -J3 4 -J3 5 -J36-J37 , u = 

X- j32 -J34 -J35 -J56 -J37 , M = X -J3 2 - J3 4 - J3 5 - J3 6 - £ 7 - £ 8 ) contradicts 

(9.12) (3). 

Thus, i t remains to consider the case where L^' = A 2 and 

Ly' = Lj_ X L2 w i th Lj_ of type D4 and L2 of type A 2 ; so Y = Eg. One checks 

that L^' acts on each of the three fundamental 8-dimensional 

representations of L^ w i th composition factors of dimensions 1 and 7, 

when p = 3, and otherwise L^' acts i rreducibly. I t is then easy to see that 

there is no 1-dimensional L^' composition factor of Qy/Ko , contradict ing 

(9.12) (4). This completes the proof of (9.15).D 
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no. A < Y W|A 

h Cn < A ^ j , n>2 m 

l l Cn < A * * n ^ 2 Mi 

*2 Bn < A2h« n>3 Mi 

*3 Bn < A2v n ^ 2 Mi 

I 4
 Dn < A2H> n ^ 4 Mi 

*5
 Dn < A w , n>4 Mi 

T6 An < A n 2 ^ - 2 / 2 ' n ^ 3 M2 

I7 

I8 

I9 

Iio 

111 

kz 

" 1 

II2 

" 3 

II4 

"5 

"6 

"7 

"8 

An < V + 3 V 2 < 

D5 < A15 

D5 < A15 

h <A2o 

E6 <A26 

E6 < A 2 s 

A5 <Cio 

c3 <c7 

c3 <c7 

D6 < C,6 

D6 < Cie 

E7 < C 2 8 

^7 <C28 

E7 <C28 

, n >2 2Mi 

^5 

% 
Mi 

Mi 

Mi 

M3 

M3 

M3 

Me 

M6 

M7 

M7 

M7 
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Ilg E7 < C2Q M 7 — 

IIIj G2 < B3 Ml 

I l l f G2 < B3 Ml 

I I I j " G2 < B3 Mj 

IV! Bn < D ^ , n>3 usual 

I V / Bn < D ^ , n>3 usual 

I V 2 BrH<'Bl< <Dn+1,n>2 USUal 

I V
2 ' X - * ' B n - V B k < D n + l u s u a l 

I V 3 B n * A l < D n + 3 > ^ 2 H\®A^2A 

IV4 B2 < D5 2 | i 2 

IV5 AJ-AJ < D5 4 M L 1 © 4 M 2 J 1 

IV6 B2 < D7 2 Mi 

IV 7 G2 < D7 ] i 2 

IV8 C3 < D7 M2 

IV 9 B4 < D8 M4 

I V10 F 4 < D13 M 4 

V2 A j < G 2 6 Mi 

V I J A 2 < E6 2M!+2 | i 2 

V I 2 G2 < E 6 2Mi 

V I 2 ' G2 < F4 2Mi 

V I 3 C4 < E 6 M2 

i l 

1 3 

6 

2 2 

2 

2 

1 
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T 2 F4 < E6 

S, A j < B3 

5 2 C3 < B 6 

5 3 6 2 < C3 

54 G2 < C3 

5 5 F4 < BJJ 

Mi 

M4 

S 6 X - » ' B ^ . . . . . B r f c < D v . . , V H l 

5 7 A3 < D7 

5 8 D 4 < D 1 3 

5 9 C 4 < D 1 3 

MR, A j < 6 2 

MR2 D4 < F4 

MR3 C4 < F4 

MR4 Dn < Cn 

U2 

M1+U2 

U 2 

U2 

Ml 

u s u a l ••••• ) • 

1 1 1 

^ 

C C 

a b - a 

a b a 

ul ^2 °n-2 ^rv-1 c l ^2 

p-2 1 

p-3 

p*2 

P*2,3 

p=3 

a 

a b 

p=3 

P=2 

P=2 

p=3 

. . . ^ p=2 

' «£ P=2 

P=2 

P=2 

p=3 

P=2 

P=2 

MR5 X - ' B ^ . . . . . ^ ^ . . ^ usual ... 

p=2 

1 
P=2 
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