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Abstract. We study an adiabatic invariant for the time-dependent Schrédinger
equation which gives the transition probability across a gap from time ¢ to time
t. When the hamiltonian depends analytically on time, and t' = — o0, t = + 00 we
give sufficient conditions so that this adiabatic invariant tends to zero exponentially
fast in the adiabatic limit.

1. Introduction

Let H(t),teR, be a self-adjoint operator on a Hilbert space #. We study the
time-dependent Schrédinger equation in the adiabatic limit, i.e.

ie%tp(t) = H()o(t), teR (1.1)

when ¢— 0. The self-adjoint operator H(t) satisfies three conditions.

I. Self-Adjointness and Analyticity. There exists a band S, in the complex plane,
S, = {t +is:|s| < a}, and a dense domain D c # such that for each zeS,, H(z) is
a closed operator defined on D, H(z)e is holomorphic on S, for each ¢eD and
H(2)* = H(Z). Moreover we suppose that H(t) is bounded from below for telR.

I1. Behaviour at Infinity. There exist two self-adjoint operators H* and H™,
bounded from below and defined on D, two positive constants C and « such that
for all peD and |t| large enough

C
sup [(Ht+is)—H ol £ ———(lell+ |H e¢ll), t>0
Isl <a (T4 ]zt
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and

C
sup [[(H(t +is)— H)ol S ———(lo| + [H g]), t<0.
Isl<a (L +eptre
I11. Separation of the Spectrum. There exist two C!-functions e, (t) and e,(t) and
a positive constant 6* such that for all teR, e,(t) — e, (t) = 6* and the closed interval
[e,(t),e5(t)] belongs to the resolvent set of H(f). We also suppose that
lim e(t)=e®, i=1,2and [t]'**|e(t) — ]|, |t|' **|€,(t)l, for i = 1,2 are uniformly

t— 1 oo
bounded on R.

Condition III implies that the spectrum a(¢) of H(¢) is separated into two parts
6,(t) and a,(t) such that o ,(t) = (— o0, e,(t)) and o,(t) < (e,(t), o0). By choosing the
width of the band small enough, we can assume that the spectrum of H(z) is also
separated into a,(z) and o,(2), 0,(2) being a bounded subset. Let P,(z) and P,(2)
be the corresponding spectral projectors. These projectors provide a smooth
decomposition of the Hilbert space

H =P (2)# @P,(2)H = H#,(2)® H#,(2) (1.2)

(##,(2) is not orthogonal to J#,(z) if z¢IR).
If we put ¢ =es then Eq. (1.1) is equivalent to

i§¢@=Hmww, (13)
S

and thus we are considering a time-dependent Quantum Mechanical system with
a slowly varying Hamiltonian. A very simple but important example is a spin-1/2
in a slowly varying time-dependent magnetic field. In that case H(s) is simply a
2 x 2 self-adjoint traceless matrix. Condition ITI means here that the two eigenvalues
of H(s) do not cross. We can also think of the family H(¢),teR as a smooth
interpolating family of Hamiltonians between H(—) and H(+). For example
H(-)=H,, a self-adjoint operator, and H(+)=Hy,+ V with V a symmetric
operator which is H,-bounded with H,-bound smaller than 1. In this case we can
choose

H(t)= H, + L(tanht + 1)V. (1.4)

The main purpose of the paper is to study the following problem. Let ¢,(¢) be
a normalized solution of

G
e ¢0(0)=HOeO, olt)= p*eD. )

We choose the initial condition ¢*eD ns#,(t') and we estimate the probability
| P,(t)@.(t)]|* to find the system in the spectral subspace #,(t) by a measurement
made at time ¢t. It is convenient to introduce

2,,(t,t') = sup {|| P,(1)@,() || ¢,(*) is a solution of (1.1)
with [ @,(t)Il =1 and | P (¢)e. ()] =1}. (1.6)
The Adiabatic Theorem of Quantum Mechanics implies that
P, (6, 1) =0(e?) 1.7
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uniformly in ¢ and ¢’ (see Theorem (3.1)). (To prove this result it is sufficient that
k
H(t) is strongly C2 on D and that ﬁH (t) tends to zero at infinity as in condition

III for k =1,2.) Result (1.7) shows that £,,(¢,t') is an adiabatic invariant for the
Eq. (1.1). If H(z) is analytic we can prove a much stronger result when we take
the limits ' - — o0 and t— c0. Let

P, (+ 00, —0)= sup{lim | P,(0)p.(t) | @.(-) is a solution of (1.1)
t— 0w
with [l (0) =1 and Lim [ P,(0)e.(t)] = 1}- (1.8)

Theorem 1.1. Let H(z) be an operator satisfying conditions I,1I and 111. Then there
exist positive constants k and M such that for small enough ¢

P,,(+ 00, —0) < e M exp < _ 2x(e,(00) — el(oo)))
£

A similar result holds if we exchange the role of P, and P,:

2k(e5(0) — 61(00))>

&

P, (+ o0, —oo)gszMexp<—

Remarks.

i) The constant k depends in particular on the choice of the functions e(t).
The distance between e,(t) and o,(t) is larger than some positive 6% for all ¢.
Similarly e,(t) is at a distance at least 6% from o,(t). If we decrease 0¥ and 6%, then
we can increase e,(c0) — e,;(o0). However k decreases.

ii) It is essential that we take the limits t — + o0, otherwise the theorem is not
true. The analyticity property is also essential, at least in our proof, since we use
a complex time. Notice that all derivatives of P,(t) vanish at infinity as a
consequence of the analyticity and decay conditions.

iii} In Classical Mechanics there is a well-known problem which is to estimate
the variation of the adiabatic invariant AI = I(+ o0) — I(— o0) of an oscillator

2

E—x(t) = — w?(et)x(t) (1.9)
de?

when w(—o0) = w_ and w(+ o) = w,. If w is an analytic function which is strictly
positive on the real axis and behaves reasonably at infinity then Al is exponentially
small in ¢ (see [1] Sect. 20). This problem and our problem for the case where
H(z) is a 2 x 2 matrix are very similar. In particular the positivity of w corresponds
to our condition III.

iv) There are many papers treating the case of a spin-1/2 in a time-dependent
magnetic field since it is a case of considerable interest in physics. However there
are very few mathematical results. It is indeed notoriously difficult to prove the
validity of such exponentially small corrections in singular perturbation problems.
An important paper in this direction is [2]. Only recently a proof of Theorem
(1.1) has been given for the case of n x n matrices [3] and [4]. After the completion
of this work we received a paper on the same subject [5]. The results are weaker.
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Essentially only bounded operators with discrete spectrum are treated whereas we
have no condition on the nature of the spectra ¢,(t) and o,(t). Moreover the
authors must introduce a very strong condition in order to obtain an exponential
bound as in Theorem (1.1), so that their results do not even cover the case of 2 x 2
matrices. The reason for that is that they do not have our notion of dissipative
paths (see below).

The paper is organized as follows. We prove the theorem for bounded operators
in Sect. (4) by taking a complex time, and then for unbounded operators in
Sect. (6) by approximating the unbounded operators by bounded ones. In the
proof of Sect. (4) we introduce the notion of dissipative paths in the complex plane.
Only along such paths we can get useful bounds for the evolution. The existence
of such dissipative paths is discussed in Sect. (5) and the ideas of this section may
be interesting in a broader context. It is crucial that all bounds depend only on
the parameters appearing in conditions II and III and in particular the results of
Sects. (4) and (5) must be independent of the norms of the operators. We have
collected some basic estimates in Sect. (2) and recalled the notion of adiabatic
evolution in Sect. (3).

2. Basic Estimates

Throughout this paper Rz is the real part of z, 3z is the imaginary part of z and
1 denotes the identity operator.

Let zeS,. If dep(z), the resolvent set of H(z), then R(z,A)=(H(z)— )~ L.
Similarly we define R(+,4)=(H* — 1) ! and R(—,4)=(H~ — A)~ . Since H(z) is
closed, the domain D with the the norm

lel.=llell+HEel 2.1
is a Banach space. The same is true for the norms
lele=lel+IH ol 22

By the closed graph theorem any two of these norms are equivalent. Let X,
respectively X ., be the Banach space D with the norm || ,, respectively ||| +.
The function z+— H(z) is a holomorphic map-on S, with values in £ (X, #) or
ZL(X ., #). The norms in these spaces are denoted by |||, or ||| |l «. For any ¢eD
we define the operator H®(z) by

4™
dz®

When zeR this operator is symmetric. We can express H™,n = 0, by the Cauchy
formula

H®¢:=—(H(2)p). (2.3)

H(”)=n—!§ H(Z’)le

2niy (2 — 2zt
where y is a simple closed path in S, around z. The orientation of y is

counterclockwise. All closed paths in the paper will have this orientation.
Let zeS, and 2 be a convex compact subset in S,. Then there exists a constant

2.4)
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M(z) such that for any @peD and 7’ in Q,

|H@)el < M@ ¢l (2.5)
Therefore, if z; and z,e2,
1(H(z) — Hz))o | S M2}z, — 25! o] (2.6)
Let us choose z=z,. Then for any z,€£2 such that |z, — z,| is small enough,
1
lel.,slel., = lellz,- 2.7
1+ M(z,)|z; — 25| 1 —M(z,)|z; — 23]
From (2.7) we prove that |||, is continuous in z. Indeed, if Ae £(X,,, #) then
Aol =4l el SWAN,(1+ Mz)lz, — 2z Dl el.,. (2.8)

Thus we get from (2.8) an upper bound for {|A4||,,. In a similar way we derive a
lower bound. We have

AN — M(z))lz, — 22} S N ANz, S WAl + MEz))z0 —220). (29)

Using the estimate (2.9) we prove that the function (z, z' ) || H(z)|l|,- is continuous.
Let 2 be any compact subset of S,. Then

H
sup sup LHEVCN o HG I, < K < o0 (210)
peD z1,z2e02 “(0“22 z1,22682
and
lel, K +Dlell,,, z,z,e8. (2.11)

On the other hand, using condition I, we can compare any norm || ¢ ||, with || ¢|| ..
or | ¢ | - when |Rz| is large enough. Thus for any r,0 < r < a, there exist constants
M, and M, such that

Milel+ 2lel. = Mllel,, [Szl1=r (2.12)

The operator H(z)e #(X ,,#) has limits when |%Rz| diverges. For any
r,0 <r < g, there exists a constant M, such that

(@a—r)

NHEI ., <M., |32I§r+T. (2.13)
Using Cauchy formula and (2.13) we have
IH'(+is)pll =M ol Istsr (219

On the other hand, if |¢| is large enough, we can use condition II instead of
(2.13), and apply Cauchy formula to the applications (H(z) — H* ) or (H(z) — H )¢
as above. We get for |¢| large enough

’

1 . C
||H(t+ls)¢||§W|l(P“+, [s|<r (2.15)
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and

’

C
! i _— <r. .16
1B+ 801 S o mlol Isisr (2.16)

In (2.14), (2.15) and (2.16} the constants depend on r only. Since we can compare
any norm with | ¢| . by (2.12), we have the following lemma.

Lemma 2.1. If H(z) satisfies conditions I and 11 and if 0 <r < a, then there exists
a positive integrable function c(t) (which behaves like |t|” *® at infinity) such that
for all teR and |s| <r and all 2/,

[H'(t+is)pll S c@lol..
From Lemma (2.1) and for |s| < r we immediately have the estimate
I(H(t +is) — H)ell = Islc@ N ol (2.17)

with c(t) an integrable function. Let Aep(t). The operator H(t)R(t, 4) is a bounded
operator and (2.17) implies

I(H(t + is) — HEO)R(@ A1 < [sle@(I R(E DN + THEORE D)
=|s|c()d(t, A). (2.18)
When |s|c(t)d(t, ) < 1, A belongs also to the resolvent set p{t + is) and we have
|s|c(t)d(z, 2)
1 —|sle(t)d(t, A)
In particular if Aep(H ") then Aep(t + is) for t large enough and forany f < 1 + «,
,13.12 |t|® sup || R(t +is,A) — R(+,2)|| =0. (2.20)

Is|<a

IR(t +is,4) — R(t, )| £ IRt A (2.19)

By choosing the width of the band small enough the spectrum o(z) is separated
into two parts ¢,(z) and ¢,(z) and we can find a path I" encircling the bounded
set 0,(z) so that the spectral projector P,(z) can be written

Pi(2)= —ﬁ iR(z, A)dA. (2.21)

From (2.21) and (2.20) we get Lemma (2.2).

Lemma 2.2. If the width of S, is small enough then the projectors P,(z) and
P,(z)=1-—P(z) are holomorphic on S, and have limits P,(+), k=1,2 when
|Rz| — co. Moreover, for any f<1+a,

lim |¢}? sup || Py(t +is)— P,(+)]| =0
t= oo

[s|<a
and for any r,0 <r < a and any integer n

lim {¢]# sup || P(t +is)|| = 0.

tm o Islsr

Similar statements hold for t - — co.



Adiabatic Invariant for the Schrodinger Equation 21

Lemma 2.3. Let 0 <r<a. Let Aep(z) for all z in the band, with |3z| £r (e.g. 1 is
negative and | A| large enough). Then for all z with |3z| £r H'(z)R(z, 1) is a bounded
holomorphic operator. Moreover, there exists a constant N such that

IH' (2)R(z, )Il = Nc(t), |3zl
Proof. We decompose the operator as
H'(z)R(z,2) = H'(2)R(0, AY(H(0) — A)R(z, A). (2.22)

The factor H'(z)R(0, 1) is a bounded holomorphic operator by condition I and
Lemma (2.1). The other factor (H(0) — A)R(z,A) is a bounded operator, locally
uniformly bounded in z. Since (H(0)— A)R(z, 1) is the inverse of the operator
(H(z) — )R(0, 4) which is a holomorphic bounded operator, (H(0) — A)R(z, 1) is
itself a holomorphic bounded operator. From Lemma (2.1) we have

IH'(z)R(z, Dol < c(®) | R(z, Do |l
ScUREGAN+1+[A] IRE Al (2.23)
The lemma follows therefore from (2.23) and (2.19). O

3. Adiabatic Evolution

In this section we follow mainly [7], Chaps. IT and IV. Let ¢(t) be the solution of
the Schrodinger equation

.0 ,

e o(t)=H{®)e(), o(t')=¢*eD. (3.1
Our conditions on H imply the existence of a unitary operator U(t, ¢’} defined for
all realt and ¢, strongly continuous in ¢ and ¢, which leaves the domain D invariant.

For all t,,t,,t; we have

Uty t)U(t,83) = Ulty,t5), Ulty,ty)=1. (3.2)
On D, U is strongly differentiable in ¢ and ¢,

ie% U@ t)y=H@QU(t,t) (3.3)
and
is% Ui t)y=— U, t')YH(). 3.4

The solution of (3.1) is given by ¢(t) = U(t,t')p*. The second evolution is the
adiabatic evolution. It is the evolution V(t,t') related to the equation

0
ie Y(0) = (H@) + ie[P1 (0, PO (@), y()=y* (3.5

This evolution has the same general properties as the evolution U(t,t).
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Lemma 3.1. The evolution V(t,t') is compatible with the decomposition of the Hilbert
space H# into #,(t) and H,(t): ‘

POV, t)=V(t, )P (), k=12

The proof is given in [7], Chap. 4. The two evolutions U(t,t') and V(t,t') depend
on ¢. However we do not write this dependence explicitly. The next result describes
the adiabatic limit ¢ — 0 for Eq. (3.1).

Theorem 3.1. Under the conditions I, 1I and 111, there exists a constant M such
that for all teR,

sup [ U(t,¢)— V(t,1) || < Me.
teR

Remark. This theorem is valid under weaker hypothesis (see Sect. (1)). From it we
have immediately that 2,,(t,t’) = O(¢?) uniformly in ¢ and . Theorem (3.1) is not
new (see e.g. [7, 6]). Some ideas of the proof are used later on.

Sketch of the Proof. Let t' =0 and U(t) = U(t,0), V(t) = V(t,0). For any peD we
define

x(t)= V()" 'U(®)o. (3.6)
The function x(¢) satisfies the equation
X ()= — V(&) '[P (e), P () IV (6)x(2)
= K(£)x(t). 3.7

The operator K(z) is a bounded, anti-self-adjoint operator. It is strongly continuous
in t and || K(t)| is integrable on the real axis (Lemma (2.2)) uniformly in ¢ since
for teR V(t) is unitary. Equation (3.7) is equivalent to the Volterra equation

x(t) = x(to) + jt' K(u)x(u)du. (3.8)
From Lemma (3.1) we have
P, (0)K(s) = K(s)P,(0) (3.9
and
P,(0)K(s) = K(s)P,(0). (3.10)
Using (3.9) and (3.10) we can express Eq. (3.8) as a system of two equations. Let
x,(t) = P, (0)x(t), k=1,2. Then

x() = x4(t0) + i K5 (u)x,(u)du (3.11)

to
and

%5(0) = X(t0) + | K1), ) (3.12)

to

where we have (by Lemma (3.1))

Ky,65)=P, 0V~ 1(~9)Iy1 ()V(s)P,(0) (3.13)
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and
K, ()= — P,(Q)V ™ ()P (s)V(s)P;1(0). (3.14)

The next step is to perform an integration by parts in both (3.11) and (3.12). From
the result we get immediately

U 0)— V&, e || = 1 V(, 0)x(r) — V(5, 0)¢ |l
SlleleM. O (3.15)
Lemma 3.2 (Integration by parts formula). Let B(t) be a bounded operator, strongly
C? and let x(t)eD Vit and be C*. We define
B(t — § R(t, ))B(t)R(t, A)dA

where I is a path surrounding the bounded part of the spectrum o ,(t). Then
1. fBth is strongly C* and maps # into D. Moreover
POBOP() =0, k=1,2.

IP L)W (s) ™' B(s)V(s)P,(0)x(s)ds = — ieP,(0)V(s)~ I%V(S)PZ(O)x(s)|:,
+ie } P,O)W(s)" (di fs(”s)) V(s)P,(0)x(s)ds
i S

+ie j P,(0)V(s)” B}V (s)P,(0) % x(s)ds.

3. An analogous formula holds for jPz(O) V(s)"*B(s)V(s)P,(0)x(s)ds. It is obtained

by exchanging P(0) and P,(0) and changmg the sign on the right-hand side in the
above formula.

Remark. Thislemma is proved in [6] except part 1) which simplifies the formula.

4. Bounded Operators

We prove in this section our result for bounded operators. Let us supposc that
H(z} is a bounded operator which satisfies conditions I, II, and III and that all
conclusions of Lemmas (2.1) to (2.3) are valid. As in Sect. (3) we choose t' =0 and
put U(t) = U(t,0) V(1) = V(t,0). Let

A@) =V H{U@). 4.1)
This operator satisfies the equation
A'(t)= K(@®A(t), AQ)=1. 4.2
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We now take complex time, i.e. we take t = ze S, and we consider Eq.(4.2)on S,
' d

A@=

A(z) = K(2)A(z), A@©0)=1. 4.3)

The operator K(z) is holomorphic on S, because the operator V(z) has an analytic
extension on S,. Indeed, we can define for zeS§,,

Vizy=1+ E(—— ie " H(Z') + [P (2"), P, (2)])V(2)dz . 4.4)

The path of integration in (4.4) is any path in S, from 0 to z. By choosing suitably
the path of integration we obtain immediately from (4.4),

r sup [|HG)|
1V(z)| <Constexp | =22 || |3z/<v, (4.5)
£
where 0 <r < a. From (4.5) and Lemma (2.2) it follows that || K(z)|| is integrable
+ o
sup [ |IK(t+ is)|dt < 0. (4.6)
Is|sr ~ 0

Equation (4.3) is equivalent to a Volterra equation and can be solved itcrafively.
Thus its solution A(z) is holomorphic in S, and by the integrability condition (4.6)
A(z) has limits 4(+) and 4A{—) when |Rz|—> o0,

lim sup || A(t + is) — A(%)]| = 0. @7

t—>t oo |s|Zr

The operators A(+) and A(—) are unitary since on the real axis K(t) is anti seif-
adjoint.

Lemma 4.1. Let ¢(t) be a solution of the Schrb’dinger equation with @(0)= p*eD
and such that

’ lir_nw | P,(6)o(t) || =O.

Then there exists a unique Y*e#,(0) such that p* = A(—)" "Y*.

Proof. We can write the solution ¢(t) as

o(t) = V() A(t)o*. (4.8)
By Lemma (3.1)
1P, OV(O)AWDe* || = | V(e)P(0)A()e* || = || P,(0)A(t)o* |- (4.9)
By hypothesis we have
i [ Po0)A(B¢* || = [ Po(0)A(—)e* [ =0 (4.10)

and therefore y* = A(—)op*es#,(0). O

We can give a convenient expression for the adiabatic invariant £,,(co, — 0}.
By Lemma (4.1) any solution ¢(t) of the Schrodinger equation, which is normalized



Adiabatic Invariant for the Schrédinger Equation 25

and satisfies the boundary condition

lim | P09 =0 @11)
can be written
(M) =UWMA(-)"y* ly*I=1. (4.12)
By a computation similar to that of the proof of Lemma (4.1) we get
lim || P,(0)e()] = | P(0)A(+)A(—) P, (0)*]. (4.13)

Therefore we have
P11(00, —0) = | Po(0)A(+)A(—) "' P,(0)||*. 4.14)

Remark. The solution A(t) of (4.2) is normalized at ¢t=0. Since we have the
integrability condition (4.6) we can work with a solution A(t, — o0) normalized at
t = — oo. By definition A(t, — c0) is a solution of (4.2) with lim A(t, — o) =1, and
we can express (4.14) as e

P21(00, — 00) = || P2(0)A(c0, — c0)P4(0) |*. (4.15)

Notice that this formula is also true in the unbounded case, since we are on the
real axis. _

The next lemma is the generalization of Lemma (3.1) in the complex plane.
The proof is the same.

Lemma 4.2. For all zeS, we have
P2)V(z) = V(2)P0), k=1,2.

Proof of Theorem 1.1. We must estimate the norm of the operator P,(0) A(co, — c0) P, (0).
The operator A(t, — o) is solution of the equation

Alt, —o0) =1+ j K()A(u, — oo)du. (4.16)

This operator has an analytic extension on S, since A(t, —oo)= A(DA(—)"".
Moreover, by (4.7) we know that

lim A(y(z), — 00) = (o0, — o) 4.17)

if p(7) = y,(7) + iy,(z) is a smooth path in §,, parametrized by 7, such that
71(0) =1, y,(t)>0, lim y,(1)=x>0. (4.18)
>t

Therefore we consider A(y(r), — o) as a function of 7. This is the solution of the
equation

A(y(t), —0) =1+ _f K(y())A(y(w), — co)j(u)du, (4.19)

d
where (1) = d—(yl(t) + iy,(1)). Let x(z) be the solution of (4.3) with initial condition
T
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x(0) = A(=)"'x*, x*es#,(0) and || x*| = 1. Then we have
x(y(7)) = Aly(z), — co)x*, (4.20)

and we must estimate (see (4.15)) || x,(y(1))] as T— c0.
In order to do that we introduce new quantities 6,(z). Let A(z) be the function
defined by

At + is) = ise(t), 4.21)
where ¢,(t) 1s the function of condition III. We define
0,(z) = exp (ie” ' AZ))V(2)xi(2), k=1,2. (4.22)

Lemma 4.3. There exist a path vy satisfying conditions (4.18), in particular
lim y,(t) = x> 0, and a constant M such that

18: NI =M, [0 £eM, eR
Sor & small enough.
We first finish the proof of the theorem and then prove Lemma (4.3). Let V(z,2)
be the solution of the equation

di V(z,z'y=(—ie" *H(z) + [P)(2), P1(2) )V (z,2) (4.23)
z

with initial condition ¥(z',z') = 1. For z = t + iy,(r) we have
V()™ = V(T +iy(0),0) " = V{5, 07Vt + iya(), 1) (4.24)
The operator V(z +iu,t)~! is solution of the equation
% Ve +iu1) ' = =V +iu1)" (¢ H(z + i) + i[P)(c + iu), P,(z + in)]) (4.25)
on the interval [0,y,(r)], with initial condition at ¥ =0 V(r,1)=1. By Lemmas
(4.2) and (4.3), formula (4.24) and || V(z,0)"!|| =1,
132} | = exp (v2(2)e ™ ey ()| V() 0,(:(x)) |
= exp (72(t)e ™ 'e1 (@)1 V() ™ P, (0())0,(r()) |
< eMexp((t)e ey (DI V(z), 1) 7 PN {4.26)
Using the differential equation (4.25), and Lemma (2.2) we get from (4.26),
lim [ x,((2) | < eM exp (7o(c0)e™ "es(c0)) lexp (—72(c0)™ " H(+)Po(+))]
< eMexp(—&™ 'xley(00) — e4(00))), (4.27)
since we have with H,(t) = H(t)P,() for any teRR,

llexp (—y2(r)e™ "Hy(@)) | S exp < —7y(e)e”! inf {¢|H z(T)(P>)- (4.28)
lell=1,pe#2()
O

Proof of Lemma 4.3. Let us consider the quantities x,(y(c)) along a path y. They
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satisfy the equation (see (3.11) to (3.14))

x1 (7)) = x* + _I K 12 (p())x 5 (y(u) )(w)du (4.29)
and
x,(y(7)) = “f Ko 1 (y(u))x 1 (y(u) yj(w)du (4.30)

since x*e.#(0). We perform an integration by parts in (4.30) (see Lemma (3.2))
and we write x,(u) for x,(y(u)) etc. We get

X3(t) = — ieV " QPP )P, ())V (1), (1)

+ie _I V= @)P )P (W) Py () V () () ()

+ie j V=L WP )P )P ()P, ()P () V )i, (431)

(In (4.31)" denotes the derivative with respect to the complex variable z.) We write
the result using 8, of (4.22) and Q defined by

Q) =exp(ie *A(2))V(z), zeS,. (4.32)
We get
0,(t) = — ieP,(1)P,(1)P; (1)0,()

+ie _,f Q(@)Q WP )P () P, (w8, (w)j(wdu
+ie _I Q10 WP (WP (WP, )P, ()P0 (widu.  (4.33)
Equation (4.29) becomes
0,() = Qr)x* + _I Q()Q ™ WP ()P (u)P o(u)0(u)j(u)du. (4.34)
On the path y the operator Q(z) = Q(y(r)) satisfies the equation
< 00) = D90 @39)
7
with
D(t) = —ie” ' H(y(1))i(z) + ie ™" %M?(T))ﬂ + [P\ (v(0), P, (»(1))19(x).  (4.36)

The operator Q(t)Q(u) "' P,(u) is a solution of (4.35) with initial condition at t=u
given by P,(u). By Lemma (4.2) we have

Q)Q)™ ' P,(u) = Po(1)Q(1)Q(u) ™ ' P,(u). “.37)
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Therefore Q(t)Q(u) ™ P,(u) is a solution of the simpler equation

d
E(Q(T)Q(u)_ 'Py(u)) = Dy(t)(Q(1)Q(u) ™ Pa(w)) (4.38)
with
Dy(7) = Dy(y(7)) = DO(T))P,(3(7)). (4.39)
Similarly Q(t)Q(u) ~P,(u) is solution of the simpler equation
d
E(Q(T)Q(u)“ 'P,(w)) = D,(1)(Q(r)Qu) ™ ' P(u)) (4.40)
with
D,(7) = Dy(y(v)) = D(y(1))P 1 (3(7))- (4.41)

The main problem is to control the norms of the operators Q(t)Q(u) ™' P, (),
k=1,2. We say that a path y is dissipative for Eq. (4.33) if there exists a constant
C, independent of ¢ such that

10()QW) ™ Pl < Co, Vrzu. (4.42)
Similarly, y is dissipative for Eq. (4.34) if along y
1)) ™' P, )| £ Co, VrZu. (4.43)

One natural way to find a path y which is dissipative for (4.33) would be to require
that

R{p|Dy(1)p)> =0, Voet, (4.44)

since this condition would imply (4.42) with C, = 1. However such a condition
cannot be verified for all pe#, but we show in Sect. (5) that a related condition
to (4.44) implies (4.42) with C, # 1 usually. Moreover there is another difficulty.
We cannot find a single path which is dissipative for both Egs. (4.33) and (4.34).
We proceed as follows. In Sect. (5) we show that there is a path y which is dissipative
for (4.33) and which satisfies the conditions (4.18), provided the width of the band
is small enough (Lemma (5.6)). Let A be the region of the complex plane between
the real axis and y:

A={t+is;teR,0< s < y,(1)}. (4.45)
Let z =2z, + iz, be a point in A. We introduce two paths § and § (see Fig. (1))
—0 <1<
$(2) = { v e (4.46)
z,+i(t—z), z;, <1<z, +72,

and
~ )’(T)a — o0 <T§Zl
v(r)={ .
Wz)) =it —zy), 2y <t =20 +(v2(21) — 23)

We prove (Lemma (5.5)) that § is dissipative for Eq. (4.34) and 7 is dissipative for
Eq. (4.33). The fact that § is dissipative for t <z, is trivial since for these values
of 7 the operator D is anti self-adjoint.

. (4.47)
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\

T)

Fig. 1. The paths § and §in A

We can now finish the proof. Let

N, Il = sup [ 6(2)

zed

, k=1,2. (4.48)

Using the fact that § is dissipative we have for 1=z, + z,,

I162(2) 11 < eM'([104 1l + MO N). (4.49)
If we use the path § in (4.34) we get for 1=z, + z,,
0. =M"+ M0, (4.50)

Indeed we can write
Qt)x* = Q(0)Q(z,) ™ ' Qzy)x*
= Q(0)Q(z,) " Py(2,)Q(z;)x* (4.51)
since x*es#,(0). But |Q(z,)| =1. Thus | Q(t)x*| £ M", using the fact that
|x*| =1. The constants M’ and M” are independent of ¢ and can be chosen

independently of the paths 7 and {, i.e. they do not depend on zeA. Therefore we
can take the supremum over A on the right-hand side of (4.49) and (4.50). O

Remark. There is an analogous result for 2, ,(c0, — o). In that case we perform
an integration by parts in Eq. (4.34) and we use a dissipative path y for Eq. (3.34);
y satisfies instead of (4.18):

1.(0)=71, P,(1)<0, lim p,(1)< -k <. 4.52)

>t

5. Dissipative Paths

We come to the crucial point of the proof of Theorem (1.1), the existence of
dissipative paths for Eqs. (4.33) and (4.34). We first establish a sufficient condition
for a path y to be dissipative.
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Let H(z) be a bounded operator satisfying conditions I, and IT and 1II. Let

TH9(1) = y4(7) + iy,(7) be some path inside S,, parametrized by 7. We consider
Eq. (4.35)

diqs(r) — Do) 5.0)
T
with
d
De) = ~is OO + i~ 4 A6 + [P0 POOTE. (52

We are interested in the solutions ¢,(t,u) of (5.1) with initial conditions at u,
¢, (u, u) = P,(y(w)). With the notations of Sect. (4) they can be written as

bu(t, ) = Q(1)Q() " Py(y(w)). (5.3)
An important property of these solutions is that
P(y(0)u(r, w) = iz, u)Pi(y(u)). (5.4)

We use this fact as follows ([7],Chap.IV). Let W(z,z') be the solution of the
equation

di Wi(z,2') = [P}(2), P1(2}]W(z,2) (5.5)
z

with initial condition W(z,z’) = 1. By Lemma (2.2) W(z, z') is holomorphic on S,,
uniformly bounded on §,,

sup [W(zzZ)| =M (5.6)

z,2'€Sa

(provided the width of the band is small enough) and W(z,z')"! = W(z,z). We
also have

P(2)W(z,2)y= W(z,2)P(2), k=1,2. (5.7)

Lemma 5.1. The operator W(z,z') leaves the domain of the operator H(z) invariant.
Let H(z):= W(0,z)H(z)W(z,0) be defined on D. Let 0 <r < a. Then there exists an
integrable function &(t) such that

(A +is)— H@)ol <Islé@)(1 HOo | + @), @eD, (5.8)

provided |s|<r_
Moreover, H(t)g is holomorphic for each peD.

The first part of the proof of Lemma (5.1) is essentially given in [7] p. 308.
Proof. We prove the lemma for z' = 0. By Lemmas (2.2) and (2.3) the operator

G(2)=[P(2), P1(2)] + Pi(2)H'(2)R(z, A)P,(2) + P1(2) H'(2)R(z, AP2(2)  (5.9)

is a bounded holomorphic operator, provided that 1 is negative and |4]| is large
enough. Moreover, there exists a constant N’ so that for |s}] <r,

|Gt +is)|| < N'c(t) (5.10)
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with c(t) the integrable function of Lemma (2.1). Therefore we can define S(z) by

§'(z2)=G(2)S(z), SO)=1. (5.11)
The solution S(z) is holomorphic. Besides S(z) we also introduce the operator
F(z) = R(z, )S(2). (5.12)
Let us compute the derivative of F(z),
F'(2)= R'(z, )S(2) + R(z, ) G(2)S(2). (5.13)
We know that
P(2)R(z,2) = R(z,)P,(z), k=1,2. (5.14)
By differentiating this identity we get
P(2)R(z, ) + Pi(2)R'(z,4) = R'(z, )P, (2) + R(z, ) P,(2). (5.15)

Now, using (5.14), (5.15) and R'(z, ) = — R(z, )H'(z)R(z, A), we have

R(z, )P, (2) + R(z, )P, (2)H'(z)R(z, A) = R(z, A) P,(z) — P,(2)R'(z, A)
= P (z2)R(z,2) — R'(z, )P;(2z). (5.16)

Hence we can write
2
R(z,)G(z) = R(z, A)(kz P, (2)Pi(2) + P(2)H' (2)R(z, /l)Pk(z)>
=1

2
=Y P, (2)P(2)R(z, ) — R'(z, }). (5.17)
k=1
Therefore the operator F(z) satisfies the differential equation
2
F(z)= ( > P;g(z)Pk(Z))F (2)=[P}(2), P,(2)1F(2). (5.18)
k=1

At z =0 we have F(0) = R(0, 1) and by the uniqueness of the solution of (5.18) we
have
F(z) = W(z,0)R(0, ) = R(z, 1)S(z). (5.19)

Therefore W(z,0) leaves the domain D invariant.
By definition

S(t +is)— S(t) = i j G(t + iw)S(t + iwdu. (5.20)
0

Iterating this equality we have

1

S(t+is)— SO = 3 (i)"fdyl--.y"f dy,G(t +iy,) -Gt +iy,)S@),  (5.21)
nz1 0 0

and by (5.10)
(S +is) — S|l < |sINc(®) exp(Is|N'e(®)) | SE)e |- (5.22)
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Using (5.19) we have

(A + is) — HOIRO, Do || = 1(W(0, +is)S(t + is) — W(0,1)S()) |
< | W(O,t+is)— WO,0)] |S@ell
+ | WO,t+is)| |(St+is)— SE))e|. (5.23)

Since we can write
W(O0,t + is) — W(0,t) = —ij"dyW(O,t+ i) [P(t+iy), Pt +iy)], (5.24)
0

we have by Lemma (2.2) and estimate (5.22) the existence of a constant N” such that
1A + is) — AR, Mo | < Islc@N" | SBo ||
=|s|c(ON"[{(H() — DR )S@)e ||
=Isle@N"I(H({®) — YW(t, OR(0, Do |
=Islc@ON" | W(t,0)(H(5) — HR(0, Do |
= Isle@N"(I1H®RO, Do |
+ 41 | RO, Hel)). (5.25)
Finally, if @D,
H(z)p = W(0,2)S(2)y + W(0, 2)AR(z, S (5.26)

for a Yy e, and this application is holomorphic because W(0,z), S(z) and R(z, 1)
are bounded, holomorphic operators. J

Let us introduce a new operator Qy(t) by putting
Qo(1) = W(0,7(2))Q(2). (5.27)

The solution ¢,(t,u) (see (5.3)) now reads

bil(z u) = W(y(z), 0)Qo(r) Qo(w) ™" W(0, () Ply(w))
= W((1),0000(r)Qo(W) ' PO)W(0, y(u). (5.28)

In order to prove that | ¢,(t,u)| is uniformly bounded for all T = u it is necessary
and sufficient to prove that || Q4(t)Qo(u) ™ ! P,(0) || is uniformly bounded for all 7 = w.
The operator Q,(u) is solution of the equation

d
EQO(T) = — W(0,7(1))LP (1), P, (1)]7(0)Q(1) + W(0, (1)) D(x)Q()

= —ic 1 T()Q(1), (5.29)
where (see (5.2))
T(x) = W(0,7(x)) T())W(y(x), 0) (5.30)

and
d
T(z) = H(y(z))j(z) — — Ay(z))1
dr

= Hy@)i1(7) + i,(7)) — i€} (1 ())72(2)7 1 (2) — iey (p,(T))7,(2).  (5.31)
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Since we are interested only in the solutions Q4(1)Qo(u)~ 1 P(0) of (5.29) we can
also consider them as solutions of the simpler equation

d -
T Qo(1) = ~ ie™ ' T()Pu(0)Qo(7). (5.32)

These solutions can therefore be considered as solutions of Eq. (5.32) in the fixed

Hilbert space #,(0) = P,(0)s# with initial condition 1 . . It is therefore sufficient

that — ie~ ! T(t)P,(0), considered as an operator on #,(0), be dissipative in order .
to have

1Q6(t)Qo(w) ' PUO)[ =1, VTzu. (5.33)

We summarize these results in Lemma (5.2)

Lemma 5.2. Let T(t) = H(y(t))j(z) — dil(y.(r))ﬂ and let W(0,v(t)) be the operator
T

defined by Eq. (5.5). A sufficient condition for a path y to be dissipative for Egs. (4.33)
and (4.34) is that for all pes£,(0), all ©

3@l WO, (1) T@OW((), 000> =0
Jor k=2resp. k=1.

We now apply this lemma to prove the existence of dissipative paths. We first
consider a descending vertical path y, i.e. a path of the type

o) =z¥—it, 120, z*=zFf+iz%eS,. (5.34)

Since here 7,(1) =0 and J,(r) = — 1, we must show (see (5.31)) in order that y be
dissipative for (4.33) that

REPIHAG) — e,(2)0> 20, @eH#5(0). (5.35)
This follows from Lemma (5.3).
Lemma 5.3. There exists a function g,(t), given by (5.42) such that for all ¢ € #,(0)
RQ|(H(t + is) — e, (1) 0> = <@ (H() — e, (1))@ (1 — [519,(2)),
and
|3<@IAE +is)pd| < |slg, ()< |(H() — e,(1)) 0,
provided that the width of the band S, is small enough.
Proof. We have for pes#,(0),
RE<p|(H( +is) — e4 (1)) @)
=L |(H(t + is) + H(t + is)* — 2, ()@
= (ol (H©) — e1())@) + $<@I((H(t + is) — HE) + (H( — is) — H()o> (5.36)

since W(z,0)* = W(0,z). By Lemma (5.1),

|(H(e + i)~ Ao | < Isle@(| el + 1)
< ISl —ex@)o 1+ +les@DlIol).  (537)
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By condition III the operator (ﬁ(t) — e, (t)) is positive on #,(0). Thus
I +is) = HOYo | < /2Is1e@I(HO — e,(0) + 1+ le;@ODe . (5.38)
At that point we use the following theorem (Theorem V.4.12. [8])

Theorem. Let A, be self-adjoint and non-negative. Let A, be symmetric with domain
D(A,)> D(Ay) and | A0 || S | A9,V oeD(A,). Then

Kold,0>| =<{plA4,0>, @eD(A,).
We apply this theorem with A, =3(H(t+is)+ H(t —is)—2H(t)) and
A = \/5 |s|é(t)(H(t) — e, (t) + 1 + |e,(t}|), considered as operators on 5#,(0). We get

R(H(t + is) — e4(1) @)
> (@IH) — e, (0)9>(1 — /21s160) — /2511 + e;OD @12 (5.39)
Since on 4#,(0)
A() — ey 2 e2() — e,(0), (5.40)
we have
RC@IH(E + is) — e, (1)) Z <@l (H ) — e, () @>(1 —slgo)  (541)
with
g,() = ﬁé(t)<1 + %) (5.42)
The second statement follows from the identity

13<@I(H + is)pd| = L <li((H(t + is) — H®) — (H(t —is) — H®)od|.  (5.43)
|

Lemma 5.4. There exists a function g,(t), given by (5.46) so that for all e ,(0),
Rpl(ey(®) — H(t +is)e) 2 (olley(t) — HD)> (1~ |s1g:()
provided that the width of the band S, is small enough.

Proof. The proof is analogous to the proof of Lemma (5.3). The only difference
is in the lower bound (5.40) which is now replaced by

e () — H() 2 &% (5.44)

if e, () — H () is considered as an operator on #,(0). The positive constant 67 is
given by

inf dist (o, (£), e, (£)). (5.45)

Therefore the function g, (¢) is given by

g.(t) = ﬁé(t)<1 + w> 0 (5.46)

From Lemmas (5.3) and (5.4) we immediately have
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Lemma 5.5. Vertical descending paths are dissipative for Eq. (4.33) and vertical
ascending paths are dissipative for Eq. (4.34) provided the width of the band S, is
small enough.

We now consider a path y(t) such that
710 =1, 7,(t)>0. (5.47)

Lemma 5.6. If the width of the band S, is small enough, there exist paths y satisfying
(5.47) which are dissipative for Eq. (4.33) for all teR and such that

lim ,(z) = y2(0) > 0.

Proof. From Lemma (5.2) and from (5.31) we must have for pe#,(0),

I W(0,y(0)) T(R)W(3(1),0)p > = R<p|(H (E +iy,(7)) — e1(1)) 9> 7,(7)
+ I<@I(H(t + iy,(7)) — i€ (1)y,(7)) @) < 0.
(5.48)

We can choose the width of the band so that the factor in front of §,(7) is strictly
positive (Lemma (5.3)). Thus (5.47) is now equivalent to

I + iy(0) — i€, (12D o)

7,0 — ~ - (5.49)
’ R{@I(H(z + iy,(1)) — e4(2)) 9
Condition (5.49) is certainly fulfilled for all pe#,(0), |@|| =1 if
- ISCOIAG + ) +e@® o
setr0llol=1  RL@|(H(t +iy,(1)) — e,(1)) @)
By Lemma (5.3) we have
|3<QIH + ip,(1)d ] + €, (D) 72()
vt 0:lol=1  R@|(H(r +iy,(1)) — e,(1)) 9>
2le(t
<0200 +— 22Oy (5:51)
e,(t) — ,(7)
provided we choose the width of the band so small that for all teR,
ag, (1) < 4. (5.52)

Therefore it is sufficient to choose y(t) =1 +iy,(r) with y,(z) solution of the
differential equation

P2(7) = — v:(r)2<gz(r) + —lel—(m—> (5.53)

e,(t) — (1)
with y,(0) > 0. Indeed, Eq. (5.53) can be solved explicitly,
7200) = 72(0) exp (— 2 (g2<u) + _19_1(1)|_>d,,>, (5.54)
o e,(u) —e,(u)
le (w)]

e,(u) — e, (u)
0 < y,(— o0) < a and y,(o0) > 0. Therefore condition (5.49) is fulfilled. [

and since (gz(u)+ ) is integrable we can choose 7y,(0) so that



36 A. Joye and Ch.-Ed. Pfister

Remarks.

1. It is clear from the above results that we can prove the existencé of a
dissipative path for Eq. (4.34) so that y(t)=7t+iy,(r) with y,(r}<0 and
lim y,(z) < 0.

t— o

2. The functions e,(t) and e,(t) do not play the same role because we have
defined A(t + is) =ise,(t). We could work with A(t+is)=ise,(t) or with
Mt +is)=is ey (1) + e,(r)) which is more symmetrical.

3. We can remark that the results of this section are valid for unbounded
operators. The existence of the dissipative path y of Lemma (5.6) is based only on
the estimate of Lemma (5.1). In particular the value of y,(c0) depends only on
é(t), e (t),e,(t) and |€)(t)]. Moreover é(t) depends only on the basic estimates of
Sect. (2).

6. Unbounded Operators

Let H(z), H* and H~ be unbounded operators which satisfy the conditions I, 11
and III. It is not possible to use the same strategy as before by making the time
complex. We prove our main result by approximating the operators by bounded
operators. The operators H(t) are uniformly bounded from below for teR. Without
restricting the generality we suppose in this section that they are bounded from
below by 1 for all . We approximate H(z) and H* by

H,(z)=nH(z)R(z, — n) (6.1)
and

£ = nH*R(£, —n). (6.2)

Lemma 6.1. There exists a constant a',0 < a’ < a, such that the following statements
hold

1. For any n, H,(2) is a bounded operator, holomorphic on S, H (z)* = H,(2)
and Oep(H (2)).

2. There exists a constant C' independent of n, such that

7

sup ||[(H,(t+is)— H ol <

P W(”‘PH"‘HH:WD, t>0

and

7

. _ C _
|S|u<p [(H,(t+is)— H ol é-(l—Ht—l)H—a(lqull +[H, ol), <0

3. H,(z) converges strongly to H(z) on D, uniformly on S,,..
4. The operator U (t,s), solution of

i8% Un(t, S) = Hn(t) Un(t, S), U"(S, S) =1

converges strongly to U(t,s), uniformly in t and s belonging to a compact interval of
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R and V,(t,s) defined by the equation
i"“a% Vilt,$) = (Hy() + ie[P, @), PLODVa(t, 9 Vil )= 1

converges strongly, uniformly in t and s belonging to a compact interval of R to the
adiabatic evolution V(t,s).
S. If H(t) satisfies condition 111, then H (t) satisfies the same conditions for n

large enough, and the spectral projectors P,(t), P,(t) are also spectral projectors for
H, (). '

Proof.
1. If —nep(z), then clearly
H,(z)=n1—n*R(z, — n), 6.3)
and therefore H,(z) is holomorphic, H,(z)* = H,(Z). If Oep(z), then H,(z) ' =
%(H (z) + n)H(z)~ . It remains to show that — nep(z) if | 3z| is small enough. This

follows from (2.18), since for all n and telR,

1
IR, —n)| = T (6.4)

and therefore it is sufficient to take |3z| £ a/, with o’ such that

asupc(t)3=aM <1. 6.5)
t

2. We have the estimates
[(H,(z) — H)R,(+,00 | = |(H,(2)R,(+,0) - )y |
= [(H(2)R(z, —m)(H™ + n)R(+,0) — 1)y |
=|(H@)R(z, —n)(H(z)+n+H* —H(z))R(+,0)— 1)y |
= |(H@)R(+,0)+ H(Z)R(z, —n)(1—~ H(z)R(+,0)) - 1)y |

= (Sup sup | H(2)R(z, —n) | + 1) I(HZ)R(+,0) - 1)y |.

(6.6)
For any z we have
[H@)R(E —n)| =1+ ||nR(E, —n)| (6.7)
and from (2.19), with z =t + is,
n|R(z, —n)|| £n||R({t, —n
Il R( M =n|R( )Hl—a’M’
< - 68)
Tl—aM '

provided |s| £ a'. Therefore

1
( sup sup | H(z)R(z, — n)| + 1) L2+ . (6.9
ziis|Sa’ n 1—adM
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Considering Y = H, ¢, we see from (6.6), (6.9) and condition II that we can take

for C'
C = C<2 + ), (6.10)
1—aM
where C is the constant of condition II.
3. Let yeD. Then
[7R(z, =)y — ¥ || = | R(z, = m)H(2)Y ||
SR —n)ll |HEY |l (6.11)
By condition I, if z=1¢ + is,
sup [|H@Y | < co. (6.12)

z:|s|Za’

From (6.11),(6.12) and (6.8) we see that nR(z, — n) converges strongly to the identity
on a dense subset D, uniformly in zeS,.. Since the norm of nR(z, —n) is bounded
uniformly in zeS,, we can find, for any ¢ # and any ¢ > 0, a vector e D such that

[nR(z, ~ )@ — @l S |(nR(z, —n) — )@ — )| + | (nR(z, —n) — )y ||  (6.13)
and

[(rR(z, —n) —1)(@ — )| <& Vn large enough. (6.14)

Therefore nR(z, — n) converges strongly to the identity on #, uniformly in z€S,..
The map z+— H(z)o, for any fixed ¢eD, is holomorphic and has well-defined limits
when ¢ — + oo: there exist y* and i~ such that

lirin sup |H(t+is)p —y*| =0. (6.15)

e Y

Consequently the set {H(z)p;|3z|<d'} is a compact subset of # and thus
H,(z2)¢ =nR(z, — n)H(z)p converges to H(z)¢ uniformly on S,.. Indeed, nR(z, —n)
converges strongly to the identity uniformly on any compact subset of #.

4. Let @(t) be a solution of the Schrédinger equation (1.1) with initial condition
o(s) = p*eD. We have

0
ie P @(t) = H,(0)o(t) + (H(®) — H,(1))o(?), (6.16)
and we can write
@)= U,(t,5)0* + [ U,(t, u)(H(u) — H,(u))p(u)du. (6.17)

For any fixed T > |s|, the function (H () — H,(u))p(u) converges to zero uniformly
on[— T, T]. Thus U,(t, s)p* converges uniformly in ¢t and se[— T, T] to U(t, s)p™*.
Since D is dense the result follows. The proof of the second statement is the same.

5. The last statement follows easily from the spectral theorem since

H,(6)= f,(H(®), with f,,(x>=x’f_‘n. 0 (6.18)
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Remark. 1t is essential that the constant C' depends only on the constant C of
condition II and on M’ of (6.5), which is independent of n.

Proof of Theorem 1.1. Let A(t) = V ~'(t)U(t), where V(1) is the adiabatic evolution.
We approximate H by H, given in (6.1) and we define 4,(t)= V' ())U,(1). The
operators A(t), respectively A,(t) are solutions of the equation
A@t)= -V H{OLP (1), P, (1)IV(1)A®), A(0)=1, (6.19)
respectively
4,0 = -V, OLP, ), P, (01V,()4,0), A,0)=1. (6.20)
Assuming that n is large enough we have by Lemma (6.1) that P, ,(t) = P(1).
Therefore we can assume that
A ()= =V HOLP(0), P01V, (04,00, 4,0 =1. (6.21)

With the notation of (3.7) we can write
A(ty= A, )+ i A, (t, u)(K(u) — K (w)A(u)du, (6.22)
W]

where A4,(t, u) is solution of (6.21) with A4,(u, u) = 1. Let ¢ > 0. By Lemma (2.2) there
exists T = T(¢) such that

-T

_§ IK@W) — K@)l du+ | | K@) — K,u)| du <. (6.23)

By Lemma (6.1) we conclude that A,(f) converges strongly to A(¢), uniformly in
telR, ie.

lim sup |[(4(t) — 4,(6)¢ || =0. (6.24)

n=>ow

We must estimate 2,,(o0, — o0). We have for n large enough by Lemma (6.1),
point 5,
IP,(0)A(+)A(—) "' P, (0)p || £ | P,(0)A,(+)A4,(~)" ' P, (0)g
+ 1 PoO)(A(+)A(=) " = 4, (+) A=) )P, (0)o|.
(6.25)
We see that we can prove the theorem by proving it for H,, provided that the
constant k = y,(c0) is independent of n and that the constant M of Lemma (4.3)
is also independent of n (n large enough). Indeed the last term disappears as n— co.
We already know that H, satisfies conditions L II and III on S, with constants
o, C’ and 6* independent of n (n large enough). We now prove the basic estimate
of Lemma (2.1) with an integrable function independent of n. The bounded operator
H,(2)H,(z')"! is by definition
H,()H,(z')"" = H(z)R(z, — n)(H(z') + n)R(z', 0)
= H(z)R(z, — n)(H(z) + n+ H(z') — H(2))R(Z',0)
= H(z)R(Z',0) + H(2)R(z, — n)(H(z') — H(z))R(z',0).  (6.26)
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Therefore
I H(2)H,(')"" | < | H(DR(Z, 0}
+ [H(2)R(z, —n)|| (1 + | HZ)R(z',0)]}). (6.27)
By (6.9) we have a constant N, independent of n and z such that
| HZ)R(z, —n)|| = N;. (6.28)

On the other hand by (2.12) there exists a constant N, such that
[ HZ)R(Z,0) | < | R(Z, 00|,
SN, IREZ,0)e .
S NL(IIRE, 0 + Dl (6.29)

Since R(z’,0) is a bounded, holomorphic operator admitting R(+,0) and R(—,0)
as limits at infinity, it is uniformly bounded on S,.. Therefore there exists a constant
N, such that for all z and z' in S,

| Hu(2)H, (')~ || £ N3, (6.30)
and thus
IH (2| = N5 H,(2)e]. (6.31)

From this result and Lemma (6.1) we can prove exactly as in Sect. (2) that there
exists an integrable function c(t), independent of n, such that for all
z=t+is,|s|Sr<d,all Z€S§,,

IH,@)ell = @)@l + | H2)e ). (6.32)

The estimate (6.32) corresponds to Lemma (2.1). For the existence of the dissipative
path we need Lemma (5.1). The integrable function é must be independent of n
and we must prove the estimate of Lemma (2.3) with a constant N independent
of n. We take in our present case 4 =0. We have from (6.32)

| HU(DH,&) ol < )| Ho2) 0| + | Hi Hy2) o )
<) ||<pn(1 +}l+ IRE,0) n). (6.33)

Therefore there exists a constant N independent of n so that
IH(2)H, ()" ol < Ne@®) |- (6.34)

From this estimate and Lemma (2.2) we get the existence of an integrable function
é(?) independent of n such that

(ALt +is) — H 0o |l < |sle@ (1 H Dl + [ 01) (6.35)

(see proof of Lemma (5.1)). Thus there exists a dissipative path y as in Lemma
(5.6) which is independent of ». It remains to show that the constant M of Lemma
(4.3) is also independent of n. This is not immediate but the verification of this
statement does not present particular difficulties. [
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