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Abstract

Over the past few decades we have been experiencing a data explosion; massive amounts of
data are increasingly collected and multimedia databases, such as YouTube and Flickr, are
rapidly expanding. At the same time rapid technological advancements in mobile devices and
vision sensors have led to the emergence of novel multimedia mining architectures. These
produce even more multimedia data, which are possibly captured under geometric transfor-
mations and need to be efficiently stored and analyzed. It is also common in such systems
that data are collected distributively. This very fact poses great challenges in the design of
effective methods for analysis and knowledge discovery from multimedia data. In this thesis,
we study various instances of the problem of classification of visual data under the view-
point of modern challenges. Roughly speaking, classification corresponds to the problem of
categorizing an observed object to a particular class (or category), based on previously seen
examples. We address important issues related to classification, namely flexible data repre-
sentation for joint coding and classification, robust classification in the case of large geometric
transformations and classification with multiple object observations in both centralized and
distributed settings.

We start by identifying the need for flexible data representation methods that are efficient
in both storage and classification of multimedia data. Such flexible schemes offer the potential
to significantly impact the efficiency of current multimedia mining systems, as they permit
the classification of multimedia patterns directly in their compressed form, without the need
for decompression. We propose a framework, called semantic approximation, which is based
on sparse data representations. It formulates dimensionality reduction as a matrix factor-
ization problem, under hybrid criteria that are posed as a trade-off between approximation
for efficient compression and discrimination for effective classification. We demonstrate that
the proposed methodology competes with state-of-the-art solutions in image classification
and face recognition, implying that compression and classification can be performed jointly
without performance penalties with respect to expensive disjoint solutions.

Next, we allow the multimedia patterns to be geometrically transformed and we focus on
transformation invariance issues in pattern classification. When a pattern is transformed, it
spans a manifold in a high dimensional space. We focus on the problem of computing the
distance of a certain test pattern from the manifold, which is also closely related to the image
alignment problem. This is a hard non-convex problem that has only been sub-optimally
addressed before. We represent transformation manifolds based on sparse geometric expan-
sions, which results in a closed-form representation of the manifold equation with respect to
the transformation parameters. When the transformation consists of a synthesis of trans-
lations, rotations and scalings, we prove that the objective function of this problem can be
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decomposed as a difference of convex functions (DC). This very property allows us to solve
optimally our optimization problem with a cutting plane algorithm, which is well known to
successfully find the global minimizer in practice. We showcase applications in robust face
recognition and image alignment.

The classification problem with multiple observations is addressed next. Multiple obser-
vations are typically produced in practice when an object is observed over successive time
instants or under different viewpoints. In particular, we focus on the problem of classifying
an object when multiple geometrically transformed observations of it are available. These
multiple observations typically belong to a manifold and the classification problem resides in
determining which manifold the observations belong to. We show that this problem can be
viewed as a special case of semi-supervised learning, where all unlabelled examples belong to
the same class. We design a graph-based algorithm, which exploits the structure of the man-
ifold. Estimating the unknown object class then results into a discrete optimization problem
that can be solved efficiently. We show the performance of our algorithm in classification of
multiple handwritten digit images and in video-based face recognition.

Next, we study the problem of classification of multiple observations in distributed sce-
narios, such as camera networks. In this case the classification is performed iteratively and
distributively, without the presence of a central coordinator node. The main goal is to reach a
global classification decision using only local computation and communication, while ensuring
robustness to changes in network topology. We propose to use consensus algorithms in order
to design a distributed version of the aforementioned graph-based algorithm. We show that
the distributed classification algorithm has similar performance as its centralized counterpart,
provided that the training set is sufficiently large. Finally, we delve further into the conver-
gence properties of consensus-based distributed algorithms and we propose an acceleration
methodology for fast convergence that uses the memory of the sensors. Our simulations show
that the convergence is indeed accelerated in both static and dynamic networks, and that
distributed classification in sensor networks can significantly benefit from them.

Overall, the present thesis addresses a few important issues related to pattern analysis and
classification in modern multimedia systems. Our solutions for semantic approximation and
transformation invariance can impact the efficiency and robustness of classification in mul-
timedia systems. Furthermore, our graph-based framework for multiple observations is able
to perform effective classification in both centralized and distributed environments. Finally,
our fast consensus algorithms can significantly contribute to the accelerated convergence of
distributed classification algorithms in sensor networks.

Keywords: pattern classification, transformation invariance, sparse representations, di-
mensionality reduction, multiple observations, distributed classification, distributed consen-
sus.



Résumé

Pendant les dernieres décennies nous avons constaté une explosion de données; des quantités
des données volumineuses sont de plus en plus accumulées et des bases de données multimédia,
comme par exemple YouTube et Flickr, deviennent de plus en plus répandues. En méme
temps, les avancements rapides de la technologie des mobiles et des capteurs de vision ont mené
al’apparition de nouvelles architectures d” analyse de données multimédia. Ceux-ci produisent
méme encore plus de données multimédia, qui peuvent étre capturées avec des transformations
géométriques et doivent étre efficacement stockées et analysées. C’est également habituel dans
de tels systemes que les données soient collectées de fagon distribuée. Ce fait introduit des
grands défis pour la conception des méthodes efficaces d’analyse de données multimédia.
Dans cette these, nous étudions divers exemples du probleme de la classification des données
visuelles sous le point de vue des défis actuels. En général, la classification correspond a I’
attribution d’ une classe (ou d’ une catégorie) a un objet observé, basée sur des exemples vus
précédemment. Nous abordons des questions importantes lies a la classification, comme la
représentation flexible des données pour un codage et une classification jointe, la classification
robuste dans le cas de grandes transformations géométriques et la classification d” observations
multiples d’un objet dans des scénarios centralisés et distribués.

Nous proposons tout d” abord des méthodes de représentation de données flexibles qui sont
efficaces a la fois pour le stockage et la classification des données multimédia. Ces schémas
flexibles offrent le potentiel d’influencer de maniere significative 'efficacité des systemes d’
exploration des données multimédia actuels, puisqu’ils permettent la classification des signaux
multimédia directement sous leur forme compressée, sans besoin de décompression. Nous
proposons un algorithm, nommé approximation sémantique, qui est basé sur la représentation
de données parcimonieuse. Il formule la réduction de la dimensionnalité comme un probléme
de factorisation d’une matrice, en utilisant des critéres hybrides qui sont posés comme un
compromis entre ’approximation pour une compression efficace et la discrimination pour
une classification efficace. Nous démontrons que la méthodologie proposée est concurrente
avec les solutions actuelles de classification d’image et d’identification de visage, illustrant
que la compression et la classification peuvent étre effectuées conjointement sans pénalité de
performance en comparaison avec des solutions disjointes cotiteuses.

Nous étudions ensuite les problemes d’ invariance aux transformations géométriques des
signaux. Un signal transformé géométriquement géneére un manifold dont la dimension est
plus petite que la dimension du signal original. Nous abordons le probleme du calcul de
la distance d’un signal observé au manifold géneré par transformation géométrique. Ce
probleme est étroitement 1ié au probleme d’ alignement d’ image. Ceci est un probleme
difficile non convexe qui a été seulement adressé avant avec une fagon sous-optimale. Nous
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représentons les manifolds créés par transformation géométrique a ’aide de décompositions
parcimonieuses des signaux. Ceci permet de représenter le manifold de fagon analytique.
Lorsque la transformation du signal est composée de déplacements, rotations et changement
d’échelle, nous démontrons que le calcul de la distance au manifold peut étre formulé comme
une différences de fonctions convexes (DC). Cette propriété permet de résoudre de fagon
optimale le probleme d’optimisation, pour lequel nous présentons des applications dans le
contexte de l'identification de visages ou d’alignement d’images.

Nous décrivons ensuite le probleme de la classification avec des observations multiples.
Ces observations correspondent par exemple aux mesures effectuées a partir de différents
points de vue, ou a des instants différents. En particulier, nous nous intéressons au cas
ol les observations multiples sont liées par des transformations géométriques. Ces observa-
tions appartiennent typiquement au méme manifold, et le probleme de classification revient a
déterminer a quel manifold les observations correspondent. Nous démontrons que ce probléme
est similaire & un cas particulier d’apprentissage semi-supervisé, ou tous les échantillons ap-
partiennent a la méme classe. Nous proposons un algorithme basé sur des graphes, qui
exploitent la régularité du manifold. L’estimation de la classe de I'objet observé devient un
probléme d’optimisation discret qui peut étre résolu tres efficacement. Nous démontrons les
performances de ’algorithme proposé pour la reconnaissance d’écriture ou l'identification de
visages dans des séquences vidéo.

Nous étendons ensuite le probleme de classification d’observations multiples & des scénarios
distribués comme des réseaux de caméras. Dans ce cas, la classification s’effectue de fagon
itérative et distribuée, sans 'intervention d’un noeud central. L’objectif principal est d’obtenir
une décision globale en utilisant seulement des informations locales, d’'une maniere qui soit
robuste aux changements de la topologie du réseau. Nous proposons d’utiliser des algorithmes
de consensus afin de construire une version distribuée de l'algorithme de classification ci-
dessus. Nous démontrons que les performances de ’algorithme distribué sont comparables
a celles de l'algorithme centralisé si I’ensemble de données d’apprentissage est suffisamment
grand. Finalement, une étude approfondie des propriétés de convergence des algorithmes
distribués basés sur des méthodes de consensus conduit a une méthode d’accélération de
la convergence qui utilisent la mémoire des capteurs. Les simulations démontrent que la
convergence est accélérée pour des réseaux statiques comme pour des réseaux dynamiques, ce
qui est tres avantageux pour le probleme de classification distribuée.

Cette these aborde plusieurs problemes importants liés a ’analyse et la classification
de données dans des systemes multimédia modernes. Nos solutions qui se rapportent a
I’approximation sémantique et I'invariance vis-a-vis des transformations géométriques peuvent
influencer les performances et la robustesse de la classification dans des systemes multimédia.
En outre, les méthodes basées sur les graphes pour la classification d’observations multiples
se montrent efficaces dans des environnements centralisés ou distribués. Finalement, les nou-
veaux algorithmes de consensus rapide contribuent de maniere significative a la convergence
accélérée des algorithmes de classification distribués dans des réseaux de capteurs.

Mots-clés: classification, invariance aux transformations géométriques, représentations
parcimonieuses, réduction de dimensionnalité, observations multiples, classification distribuée,
consensus.
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Chapter 1

Introduction

1.1 Analysis of high-dimensional data

Moore’s law has predicted the doubling of our computing capacity roughly every eighteen
months over the last four decades. This progress, unmatched by any other technology, has
enabled us to use computers in almost every aspect of human life. Today, computation is
everywhere, from our cars, cell phones and desktop computers in the office, to ubiquitous
computing in the household. Moreover, our computing resources are now interconnected to
such an extent that scientists have begun to consider the Internet as a single entity and the
information it contains invaluable.

This combination of outstanding computing and networking advancements has led to
a data deluge. Over the last fifteen years we have been experiencing a revolution in the
amount of data that we collect and publish. Multimedia databases such as YouTube, Flickr
and Picasa are continuously expanding. Digital data is everywhere and refers to virtually
every piece of information around us. These huge volumes of data that “simply” wait to
be exploited, lend themselves as a valuable source of information for powerful knowledge
discovery. This very fact creates a grand challenge: How can we create useful knowledge out
of an ocean of bits and bytes? This question that refers to the problem of data analysis, lies
at the heart of the present thesis. Although some problems of this nature may look rather
simple to the human brain, they are however extremely challenging for any machine that is
capable of performing arithmetic operations.

In this thesis we focus on computationally viable algorithms, in order to address a few of
the most important problems in pattern recognition and in analysis of high-dimensional data.
High dimensions stem from the representation of data in high-dimensional vector spaces, such
as the number of pixels of an image, the numerous frames of a video sequence or the several
points in a 3D point cloud. Of particular importance to this thesis are visual information sets
that come from modern multimedia applications. We focus on the problem of classification
of patterns in multimedia signals, such as images and video.

We study different instances of the classification problem that are posed by modern chal-
lenges in novel multimedia processing systems. We investigate novel ways of representing
visual information by means of meaningful geometric features, which further facilitate classi-
fication. We study the properties of such a representation in the context of geometric trans-
formation invariance in pattern analysis. We also consider the problem of classification with
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Figure 1.1: Analysis of high-dimensional visual information sets.

multiple transformed observations of the test pattern and we design distributed algorithms
for addressing it in distributed settings.

1.2 Modern challenges

The emergence of novel multimedia architectures and the explosion in the volume of multi-
media data that are collected by them, has strongly motivated the development of pattern
analysis methods that are effective in both classification and efficient storage of such data.
Classical media coding for pure compression performance is certainly sub-optimal in this con-
text, since it can discard useful information that may be crucial for the learning task, and
it generally requires a decompression step before feature extraction that represents a com-
putational bottleneck in large systems. Hence, flexible representation methods that typically
address jointly compression and feature extraction for data mining problems become of par-
ticular importance, as they may offer computational efficiency to current media processing
systems and robustness against noise [23, 30].

Additionally, it is often the case that patterns are captured under geometric transforma-
tions (e.g., translations, rotations and scaling in the case of visual objects). Methods that
are able to handle large geometric pattern transformations, will contribute to the develop-
ment of robust classification algorithms. Moreover, an object may be captured in multiple
observations, which may correspond to different viewing angles or successive time instants,
for example. In this case, one may want to exploit the diversity of information provided by
the multiple observations, in order to obtain increased classification accuracy. This problem
becomes even more challenging in its distributed version, where multiple observations are
collected distributively and the classification has to be done distributively too. This occurs,
for instance, in ad-hoc vision sensor networks, such as the one shown in Fig. 1.2 that are typ-
ically networks with arbitrary topology, characterized by the absence of a central coordinator
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Figure 1.2: Ad-hoc network of vision sensors

node.

Thus, there is a dire need for pattern classification frameworks that are able to harness
the modern challenges. These exciting issues that lie on the interface between pattern recog-
nition and signal processing have not been thoroughly investigated so far. For instance, little
attention has been given to developing solutions that jointly address approximation and clas-
sification. At the same time, although a lot of research efforts have been devoted in matching
transformed versions of a certain pattern, this problem has only been sub-optimally addressed
before. Additionally, the problem of pattern classification under multiple observations has
not been thoroughly investigated. Hence, important problems concerning the classification of
multimedia patterns have not been thoroughly addressed so far.

In this thesis, we provide solutions to the above issues. Our proposed semantic approxima-
tion framework offers an interesting trade-off between approximation and classification and
our non-convex optimization methodology, based on differences of convex functions, offers
globally optimal solutions for transformation invariant pattern analysis. We present also our
graph-based framework for both centralized and distributed classification of multiple obser-
vations. In the latter case, we further provide our solutions for fast distributed computation
based on convex programming.

1.3 Thesis outline

We present our ideas, solutions as well as in-depth analysis of a few of the most important
issues that arise in the classification of multimedia patterns in modern multimedia systems.

We first address in Chapter 3 the problem of flexible dimensionality reduction for
joint approximation and classification. We propose a semantic approrimation method-
ology, which aims at reducing multimedia information under a compact form that directly
permits efficient classification. The semantic approximation problem starts from a subspace
method where dimensionality reduction is formulated as a matrix factorization problem. Data
samples are jointly represented in a common subspace extracted from a redundant parametric
dictionary of basis functions. We first build on greedy pursuit algorithms for simultaneous
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Figure 1.3: Typical scenarios of producing multiple observations of an object.

sparse approximations to solve the dimensionality reduction problem. The method is extended
into a supervised algorithm, which further encourages class separability in the extraction of
the signal features. The resulting supervised dimensionality reduction scheme provides an
interesting trade-off between approximation (or compression) and discriminant feature ex-
traction (or classification). The semantic approximation methodology provides a compressed
signal representation that can be directly used for multimedia data analysis. The application
of the proposed algorithms to image recognition problems further demonstrates classification
performances that are competitive with state of the art solutions in handwritten digit as well
as in 2D and 3D face recognition.

Next, in Chapter 4, we allow the objects of interest to be geometrically transformed and
we study invariance to geometric pattern transformations. Transformation invariance
is an important property in pattern recognition, where different versions of the same object
should typically receive the same label. We focus on a transformation invariant distance mea-
sure that represents the minimum distance between the transformation manifolds that are
spanned by patterns of interest under geometric transformations. Since these manifolds are
typically nonlinear, the computation of the manifold distance becomes a non-convex optimiza-
tion problem, which has been only sub-optimally addressed before. We propose to represent
a pattern of interest as a linear combination of a few geometric functions extracted from
a structured and redundant basis. Transforming the pattern results in the transformation
of its constituent parts. We show that when the transformation is restricted to a synthesis
of translations, rotations and isotropic scalings, such a pattern representation results in a
closed-form expression of the manifold equation with respect to the transformation parame-
ters. We demonstrate that the manifold distance computation can then be formulated as a
minimization problem, whose objective function is expressed as the difference of conver func-
tions (DC). This crucial property permits to solve optimally the optimization problem with
DC programming solvers that are globally convergent. We present experimental evidence
showing that our method is able to find the globally optimal solution, outperforming state of
the art methods that yield only sub-optimal solutions.

Then, we study in Chapter 5 the extension of the above problem in the case of multiple
transformed pattern observations. The problem now is to classify an object based on
multiple transformed observations of it. Figure 1.3 shows various scenarios of producing
multiple observations in practice. We view this problem as a special case of semi-supervised
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learning where all unlabelled examples belong to the same unknown class. Semi-supervised
learning is the learning paradigm where the test data are available during the training process.
We propose a graph-based algorithm that optimizes the unknown label matrix in a way that
exploits the special structure of the problem. In particular, we formulate an optimization
problem whose objective function measures the smoothness of a candidate label matrix on
the manifold. This results into a discrete optimization problem, which can be solved by
an efficient and low complexity algorithm. We provide experimental results that show the
effectiveness of the proposed methodology in diverse problems, ranging from the classification
of multiple handwritten digit images to face recognition from video.

In Chapter 6, we study the problem of distributed classification of multiple obser-
vations. In particular, we consider the scenario where multiple observations of an object are
collected distributively in an ad-hoc sensor network, where each sensor captures an observa-
tion that is different from its peers. The problem now is to classify the observed object into
the unknown class by aggregating information across the network, such that all sensors reach
a consensus classification decision. We employ distributed consensus as the main computa-
tional tool in order to propose the distributed version of the previous graph-based algorithm.
Distributed consensus has become increasingly popular and it has been employed in several
distributed aggregation tasks (e.g., distributed averaging). We provide simulation results that
show that the difference in classification performance between the distributed and the central-
ized graph-based algorithm becomes negligible as the number of training examples increases.
It is worth noting that the communication cost of the distributed algorithm is directly driven
by the convergence properties of the particular consensus algorithm that is employed.

Motivated by the above fact, we address in Chapter 7 the problem of optimizing the
convergence rate of distributed consensus by exploiting the sensors’ memory. The con-
sensus averaging problem has been typically addressed in the literature by distributed linear
iterative algorithms, with asymptotic convergence of the consensus solution. The convergence
rate of such distributed algorithms typically depends on the network topology and the weights
given to the edges between neighboring sensors, as described by the network matrix. We show
that one can impact the convergence rate for given network matrices by the use of polynomial
filtering. The main idea of the proposed methodology is to apply a polynomial filter on the
network matrix that will shape its spectrum in order to increase the convergence rate. We
show that such an algorithm is equivalent to periodic updates in each of the sensors by ag-
gregating a few of its previous estimates. We formulate the computation of the coefficients of
the optimal polynomial as a semi-definite program that can be efficiently and globally solved
for both static and dynamic network topologies. We provide simulation results that demon-
strate the effectiveness of the proposed solutions in accelerating the convergence of distributed
consensus averaging problems as well as in contributing to fast distributed classification.

1.4 Summary of contributions

Compared to previous work on classification of multimedia patterns, this thesis brings the
following contributions:

e We introduce the virtue of joint approximation and discrimination criteria for dimen-
sionality reduction and semantic data analysis in general. We show also that simulta-
neous sparse approximations can be beneficial for effective dimensionality reduction.
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We represent pattern manifolds using sparse geometric expansions over parametric
structured and redundant bases. This results in a closed form representation of the
manifold equation with respect to the transformation parameters. This is valuable for
optimization.

We solve the non-convex problem of manifold distance computation problem optimally.
We prove that the objective function of this problem can be decomposed in DC form (i.e.,
difference of convex functions). Hence, the globally optimal solution can be efficiently
computed.

We propose a graph-based method for addressing the problem of classifying a pattern
with multiple observations, which exploits the fact that all observations belong to the
same class.

We show that distributed classification in ad-hoc sensor networks can be performed by
means of consensus. We illustrate the feasibility of such an algorithm in the context
of pattern classification in vision sensor networks and show its competitiveness to its
centralized counterpart, when the number of training examples becomes sufficiently
large.

We propose the use of sensors’ memory in accelerating the convergence process of dis-
tributed consensus problems. We formulate our idea as a semi-definite program, whose
solution provides the optimal weights of the linear combination of the sensors’ previous
estimates.



Chapter 2

Prior Art

2.1 Overview

In the present chapter, we review the most relevant methods from the literature, which are
linked with the general problems addressed in this thesis. First, in Section 2.2, we review the
methods that seek a meaningful and parsimonious representation of the data, a process which
is also known as dimensionality reduction. Next, in Section 2.3, we focus on transformation
invariance issues in pattern analysis and discuss various methods that attack classification
under geometric pattern transformations, as well as various ways of introducing invariance in
pattern recognition. In the sequel, in Section 2.4, we focus on the problem of classification of
multiple observations of an object. We view this problem as a special case of semi-supervised
learning and we review the most relevant methods in this area. We also consider distributed
aspects of the above problem and provide an overview of consensus-based distributed classi-
fication. Finally, we focus on accelerating the convergence rate of distributed consensus and
in Section 2.5 we review state of the art methods for fast distributed consensus. Additionally,
for the sake of completeness, each following chapter includes an overview of some additional
methods that are either application-oriented state of the art methods or methods that are
mostly conceptually related to the methodologies proposed in this thesis.

2.2 Dimensionality reduction

In general, given a set of high dimensional data samples, the goal of dimensionality reduction
is to map the data to a low dimensional space such that certain properties of the initial set
are preserved. Dimensionality reduction is a very broad concept that encompasses numerous
methods proposed in the literature. One may mostly distinguish the following families of
methods: (a) linear methods (e.g., LDA [119, Ch.4], LPP [36], ONPP [61, 62]), (b) nonlinear
methods (e.g., LLE [89], Laplacian Eigenmaps [5], Isomap [107]) and (c) low rank approxi-
mation methods (e.g., PCA [47], NMF [64, 80]). The first two categories employ a mapping
from the high dimensional space to a low dimensional space, which is linear in the former case
and nonlinear (implicit) in the latter case. However, these methods have not been designed
with approximation in mind, and they typically target at pure discriminant objectives. We
discuss briefly the LDA method below due to its large popularity, but we will not discuss
further any other of the above methods as this would diverge the focus. The third family

7
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that is the closest to the methods proposed in this thesis, includes methods that use a low
rank approximation of the data matrix. In other words, they use only a small number of
basis vectors to approximate the high dimensional data of interest. After introducing LDA,
we provide further details about these methods.

Denote by S € R™*" the data matrix whose columns hold the high dimensional data
samples, and by sg-l) the jth sample of the ith class. Linear Discriminant Analysis (LDA)
extracts a set of discriminant axes, such that the data are well separated into their respective
classes when they are projected on them. Assume that we have ¢ classes and that each class

i has n; data samples. Define the between-class scatter matriz
c o 3
Sp = ni(u? — p)(p — )"
i=1

and the within-class scatter matriz

c n;

Sw=3_ | 2" = nO)(s” )T

i=1 \j=1

where 19 is the sample mean vector of the ith class and p the global sample mean vector. In
LDA the projected data are produced as S = W 'S, W € R™*" and the columns of W are the
eigenvectors associated with the r largest eigenvalues of the following generalized eigenvalue
problem

SBw = )\Sww. (2.1)

Intuitively, the matrix W of LDA maximizes the ratio of inter-class dispersion over the intra-
class dispersion. Note that the rank of Sp is at most ¢ — 1, which implies that the above
problem has only ¢ — 1 generalized eigenvalues. Therefore, LDA can yield at most ¢ — 1
discriminant axes.

Low-rank approximation methods The low rank approximation methods seek matrices
W e R™" and H € R"™" such that »r < m and W - H is close to S. Hence, the S-data are
represented as H-data in the W-space, which is of much smaller dimension r relative to m.

The most popular subspace method for dimensionality reduction is Principal Component
Analysis (PCA) [47]. In PCA, a subspace is constructed from the eigenvectors of the sample
covariance matrix,

A= (S —pe')(S—pel)T,

where ;1 = % >-i si is the sample mean vector of the data samples. Dimensionality reduction is
accomplished by discarding the eigenvectors of A that correspond to its smallest eigenvalues.
PCA maximizes the variance of the projected data. The obtained basis vectors from PCA
are typically holistic and of global support.

Non-negative Matrix Factorization (NMF), introduced in [64, 80], is another popular
dimensionality reduction method with empirical success in real life data sets. It certainly
represents the closest solution to the strategies presented in this thesis, although it cannot
be used easily for signal compression and compact data representation. It has been proposed
as a subspace method for a parts-based representation of objects by imposing non-negativity
constraints, typical to digital imaging applications, for example. Given a data matrix S €
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R™*™ with non-negative entries, NMF seeks two non-negative factors W € R™*" and H €
R™™ such that

S~ WH. (2.2)

The columns of the matrix W contain the basis vectors and the matrix H contains the
corresponding coefficients (or encoding) vectors for the approximation of the columns of S.
Consider the generalized Kullback-Leibler (KL) divergence between X and Y

n m
Tis
DX|[Y) =Y [wijlog y—w — Zij + Yijl- (2.3)
i=1 j=1 v

The KL divergence is the most popular objective function used in NMF algorithms. The
Standard NMF can be formulated as the following optimization problem

Optimization problem: NMF
miny, g D(S||WH),
subject to

W, H =0,

Ei Wij = 1, Vj

A local minimum solution to the above problem can be obtained by iterating the multiplicative
rules introduced in [64]. The Local NMF (LNMF) [68] is a variant of NMF, which tries to
enforce the spatial locality of the basis vectors. In particular, it differs from the standard NMF
by imposing three additional constraints expressed by the following rules: (a) the number of
basis components should be minimized, (b) different basis vectors should be as orthogonal as
possible and (c) only the most important components are retained. LNMF can be formulated
as the following optimization problem.

Optimization problem: LNMF
Illil’lW,H D(S| |WH) + o Ei,j U5 — 1) Ez Ziis
subject to

W,H >0,

a, 3 >0,

U=wTw,

Z=HH".

In the objective function we have introduced the scalars a and 3, which are the Lagrange
multipliers corresponding to the additional constraints on spatial locality of features. A local
minimum solution to the above problem can be obtained by iterating the three multiplicative
rules introduced in [68].

Other variants of NMF have also been proposed recently. For example, a sparsity con-
trolled NMF algorithm based on a measure of sparsity that is a combination of the L1 and L2
norm, has been proposed in [42]. Along the same ideas of controlling sparsity of the reduced
subspaces, NMF variants using convex programming have been proposed in [37, 38]. Yet
another variant of NMF has been presented in [82], where the authors describe an extension
of standard NMF by imposing smoothness constraints on the non-negative factors. In par-
ticular, they apply their algorithm for the analysis of non-negative spectral data generated
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from astronomical spectrometers. Finally, in [81], the NMF model is modified by introducing
a smoothing symmetric matrix which controls the sparsity of both non-negative factors.

Although the NMF optimization problem is convex with respect to W or H individually,
it is however non-convex with respect to both of them. Thus, all algorithms that have been
proposed in the literature are not guaranteed to converge to the global minimum and they
are prone to local minima. Moreover, it has been observed that they are also sensitive to the
initializations of the two non-negative factors. If the initialization is not good it may happen
that the algorithm gets trapped in a bad local minimum, which leads to clearly sub-optimal
performances.

Finally, extension to classification problems have been proposed with supervised variants
of NMF, which takes into account class labels information. The authors in [118] and [127]
independently propose a supervised NMF' algorithm by incorporating the Fisher constraints
into the objective function of NMF and they propose multiplicative update rules.

Positioning Although the above methods provide good performances at low rank approx-
imation of the data, they present certain shortcomings in terms of compactness of the repre-
sentation. In particular, it can be shown that PCA is optimal in terms of L2 approximation
error [35, Sec. 3.4.3]. However, it generally fails to identify features that are spatially lo-
calized, since its basis vectors are dense and have global support. This represents a clear
drawback for applications that rely on parts-based representations of data objects, or where
the most relevant information is contained in localized features.

The NMF optimization problems on the other hand generally require sophisticated con-
straints, in order to shape the properties of the basis functions (see e.g., [37, 38]). It represents
a clear drawback with respect to solutions based on flexible dictionaries of functions, as pre-
sented in this thesis. In addition, even if NMF results in good signal approximation, it cannot
lead to compact representations as the resulting basis vectors W are specifically tuned to the
data S. Therefore, they are as hard to compress as the initial images themselves. On the
contrary, as we will show in the next chapter, the basis vectors in a flexible structured dic-
tionary have a parametric mathematical description and can be compactly represented by a
few parameters only.

Finally, one may want to address the problem by compressing first, and then performing
classification on the compressed data. Several works have been proposed in the past few
years, where learning tasks are directly performed on the compressed signal built by coding
standards (see e.g., [116, 20] and references therein). However, the extracted features are
not optimal, since the compression does not target any classification task, and the signal
analysis becomes quite sensitive to the coding rate and the testing conditions. In the semantic
approximation framework proposed in this thesis, compression is rather accomplished by a
flexible dimensionality reduction method that is designed to be aware of the subsequent
learning task.

2.3 Transformation invariance in pattern analysis

In this section, we review the main research efforts on introducing transformation invariance
in pattern recognition. It often happens that an object is observed or represented under ge-
ometric transformations. In visual object classification for example, it is generally desirable
that the classification function be invariant to object transformations such as scalings, rota-
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Manifold Distance

Euclidean Distance

Tangent Distance

Figure 2.1: Manifold distance is the distance from a reference point p to the transformation
manifold of s. The tangent distance is the distance from p to the tangent space of the manifold
with respect to s.

tions and translations. Thus, transformation invariance is a very important property of any
learning algorithm.

One possible approach to introduce invariance into pattern recognition algorithms is to
use transformation invariant features. However, there are two main disadvantages with this
approach; (i) crucial information may be discarded and (ii) it is hard to evaluate the impact
of feature extraction on the classification error [113]. For the above reasons, a lot of research
efforts have concentrated on seeking for invariance by the computation (or the approximation )
of appropriate distance measures in the pattern space or by simulating transformations on
the training examples. In the sequel, we review the related techniques.

Transformation invariant distance measures When a pattern is geometrically trans-
formed, it spans a low dimensional (usually nonlinear) manifold living in a high dimensional
space. The intrinsic dimension of the manifold is typically low and it is equal to the degrees of
freedom of the applied transformation. If the distance between two patterns is transformation
invariant, it is equivalent to the distance between their corresponding transformation mani-
folds, which is moreover called the manifold distance (MD). Observe that the computation of
the manifold distance requires the alignment of the involved patterns. However, alignment is
a hard optimization problem, mostly due to the non-convexity of its objective function.

One solution consists in the local linearization of the manifold, in order to compute the
distance between tangent spaces instead of the true manifold distance. P. Simard et al in [100]
introduced the notion of the tangent distance (TD) of a reference pattern p from the manifold
7T, spanned by the transformed versions of the pattern s. The TD has been successfully applied
in digit image recognition [52]. The main idea is to use a locally linear approximation of 7
around s. The linear approximation is constructed using the tangent vectors %, where n
denotes the transformation parameters. The tangent distance is defined as the distance of p
from the tangent space (see Fig. 2.1 for a schematic illustration). The effectiveness of this
approach is highly sensitive to the nonlinearity of the manifold. Since the obtained linear
approximation using the tangent space is accurate only locally, this method provides local
invariance to transformations.

As we have already mentioned, the smallest distance of p from the manifold 7 is called



12 CHAPTER 2. PRIOR ART

the manifold distance (MD) (shown in Fig. 2.1) and is truly transformation invariant. Un-
fortunately, these manifolds have no analytic expression in general and they are typically
nonlinear. Hence, the computation of MD involves the solution of a hard (typically non-
convex) optimization problem with an unknown number of local minima. One approach in
computing the MD is to use a traditional method such as Newton’s method or steepest de-
scent. However, this yields a sub-optimal solution due to the presence of local minima. Along
the same lines, in [24] the authors use probabilistic pattern models and they introduce priors
both on the transformation parameters as well as the pattern that generates the manifold.
They introduce the so-called joint manifold distance, defined as the distance between the
two pattern manifolds that is optimized over the transformation parameters and the pattern
themselves. The resulting optimization problem is solved using Levenberg-Marquardt, which
is also a local method that is susceptible to local minima.

To alleviate the problem of local mimima, N. Vasconcelos et al [113] proposed the mul-
tiresolution manifold distance, which attempts to compute the MD by using a multiresolution
decomposition of the involved images and then employ Newton’s method in each resolution
level. Starting from the coarsest level, Newton’s method is used in order to converge to a
local minimum solution, which is used as the initial guess to Newton in the next level. This is
iterated until the finest image resolution is reached. The intuition is that at the coarsest level,
the MD objective function will be less “bumpy” with less local minima. Thus, the hope is
that Newton’s method will be less susceptible to them. Although this methodology provides
robustness to a wider range of transformations relative to TD and MD, there is no guarantee
that it will converge to the global minimizer.

Virtual examples and jittering Another approach to introduce invariance in pattern
recognition algorithms is by learning from transformed examples, the so-called virtual sam-
ples. Typically, one applies various transformations on the training examples resulting in
an expanded training set. This has the advantage that can be readily combined with any
classification algorithm. However, the training set rapidly becomes large and this approach is
costly in terms of memory requirements. Motivated by this shortcoming, DeCoste et al [17]
introduced the concept of jittered queries. The main idea is to apply various transformations
on the test samples resulting in an expanded set of transformed test samples. Shifting the
responsibility of the invariance from the training to the testing phase has certain advantages
in terms of computational cost and memory usage.

Positioning While the above research efforts provide robustness to small transformations,
they generally fail in the presence of large transformations. This is due to the hardness of the
optimization problem which is non-convex. There is no guarantee for local methods, such as
Newton and Levenberg-Marquardt, that they will converge to the globally optimal solution.
Additionally, methods based on virtual samples can partially alleviate the shortcomings of
local methods, but this comes at the cost of large memory requirements. Moreover, the
effectiveness of the above methods is sensitive to the nonlinearity of the manifold. Hence,
they provide only local invariance to pattern transformations and clearly there is a need for
global methods.

In this thesis, we offer a novel solution to this problem when the transformation consists
of a synthesis of translations, rotations and (isotropic) scalings. Our method does not rely on
any sampling or discretization of the manifold; it is rather based on continuous optimization.
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We represent transformation manifolds over structured and redundant bases, which allows
for closed form representation of the manifold equation with respect to the transformation
parameters. Next, we prove that the objective function can be decomposed in a DC form;
that is, we formulate the optimization problem as a DC program. We employ an efficient
cutting plane method to solve the DC program which has theoretical guarantees to converge
to the globally optimal solution.

2.4 Classification of multiple observations

In many realistic scenarios, multiple observations of an object or pattern are captured over
successive time instants or under different geometric transformations. In this context, the
problem of pattern classification with multiple observations becomes increasingly important.
Since all observations belong to the same (unknown) class, the problem resides in estimating
the unknown class. Depending on whether the observations are collected in a centralized or
distributed fashion, one may categorize the methods in two main corresponding classes. In
what follows, we review first the centralized methods and next we discuss the distributed
ones.

2.4.1 Centralized algorithms

One straightforward approach is to apply a local (transformation invariant) classifier on each
observation and then estimate the unknown class by fusing the local classification decisions.
The fusion step may be performed by applying a classifier combination scheme, such as
majority voting (the reader is referred to [7, Ch. 14] for more details on classifier combination).
However, such an approach would treat the observations as independent (which is typically
not the case in practice) and it would not exploit the relative geometric structure of the
observations; for instance, in cases that they belong to a manifold. Therefore, there is a need
for methods that treat the multiple observations jointly (and not independently). This is
reminiscent of semi-supervised learning (SSL), where the test examples are available during
training and they can be jointly used for refining the training process. Before we go on, let
us revisit quickly the main categories of learning.

There are three paradigms of learning [13]; unsupervised, supervised and semi-supervised.
In unsupervised learning, the learner is given a set X = [x1,...,2,] of n examples (or data
samples or points), where z; € X, i = 1,...,n. The goal of unsupervised learning is to
identify interesting structure in the data X. For instance, in clustering, the goal is to par-
tition the examples in groups, such that similar examples are included in the same group
and dissimilar examples in different ones. In supervised learning, the learner is additionally
provided with the corresponding labels y; € Y for each training example x;, and the goal
is to learn a mapping from X to Y. When the labels y; are discrete (resp. continuous) the
task is called classification (resp. regression). Semi-supervised learning lies in between the
previous two learning paradigms. In this case, the learner is provided with the training data
and corresponding labels, but not for all examples.

In the sequel, we review the most relevant methods from the literature on semi-supervised
learning (SSL). For a complete survey on SSL the reader is referred to [13]. Let us first
introduce the necessary notation. Assume that we are given a data set X = {X®, x®},
where X = {x1,29,...,2;} C R?, where I = |XW| and X® = {24,...,2,} C R%, where
m = |X®| and n = [+m. We are also given a label set £ = {1,..., ¢}, where ¢ is the number
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Figure 2.2: Typical structure of Gg.

of classes. The examples in X () are labelled {y1,92,.-.,u}, vi € L, and the m examples in
X (@) are unlabelled. The problem in semi-supervised learning is to predict the labels of X @),
given the data samples X and X as well as the labels of X1,

We start with the graph-based methods, since they belong to the state of the art of SSL.
The main idea of these methods is to build a graph that captures the geometry of the data
manifold as well as the proximity of the data samples. We first review the label propagation
algorithm [16], which is the most representative among the graph-based methods.

Label propagation This algorithm is based on the smoothness assumption for SSL, which
states that if z; and x5 are close by, then their corresponding labels y; and y, should be close
as well. Denote by M the set of matrices with nonnegative entries, of size n x c¢. Notice
that any matrix M € M provides a labelling of the data set by applying the following rule:
y; = max,;—1 .. M;;. We denote the initial label matrix as Y € M where Y;; = 1 if 2; belongs
to class j and 0 otherwise (this is also known as 1-of-c encoding). The label propagation
algorithm first forms the k nearest neighbor (k-NN) graph defined as

gd = (Vd7 5d)7

where the vertices V; correspond to the data samples X. An edge e;; € &; is drawn if and
only if z; is among the k nearest neighbors of x;.
It is common practice to assign weights on the edge set of G;. One typical choice is the
Gaussian weights
.2
o exp(—%) when (i, 7) € &g,
H;; = ) (2.4)
0 otherwise.

The similarity matrix S € R™*" is further defined as
S=D2HDV? (2.5)

where D is a diagonal matrix with entries D;; = Z?Zl H;;. Figure 2.2 shows schematically
the graph structure as well as some related notation.

Next, the algorithm computes a real valued M* € M based on which the final classification
is performed using the rule y; = max;—1, . . M;;. This is done via a regularization framework,
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where the cost function is defined as

Q) = 5( 3 Byl =t~ =

,j=1

M ||2+MZIIM vi?). (26)

In the above, M; denotes the ith row of M. The computation of M* is done by solving the
quadratic optimization problem M* = arg minyeaq Q(M).

Intuitively, we are seeking an M™* that is smooth along the edges of similar pairs (z;,z;)
and at the same time close to Y when evaluated on the labelled data X(®). The first term
in (2.6) is the smoothness term and the second is the fitness term. Notice that when two
examples z; and x; are similar (i.e., the weight H;; is large) minimizing the smoothness term
in (2.6) results in M being smooth across similar examples. Thus, similar data examples will
probably share the same class label. It can be shown [16] that the solution to problem (2.6)
is given by

M* = 3(I — aS)7'Y, (2.7)

where o = m and 3 = l-ﬁu'

Note in passing that several other variants of label propagation have been proposed in
the past few years. We mention for instance, the method of [130] and the variant of label
propagation that was inspired from the Jacobi iteration algorithm [13, Ch. 11]. Finally, it
is interesting to note that there have also been found connections to Markov random walks

[105] and electric networks [131].

Transductive SVM One of the most fundamental methods in SSL, is the Transductive
Support Vector Machines (TSVM) [112, 46]. This method is based on the cluster assumption
or (low density separation assumption), which simply states that the data density is low near
the decision surface. Assume in this case that we are interested in binary classification i.e.,
L = {+1,—1}. Given m unlabelled test examples X, the main idea of TSVM is to find the
label configuration of X% that results in the largest margin of both training and test data.
In the non-separable case, the TSVM solves the following optimization problem [46]

Optimization problem: TSVM
minys e e 3lwl|* +C i &+ CF L &
subject to

yl[w Ti + b] 2 1- g’ta

Y; HwT i +b>1 -

& >0,

gj >0

In the above problem, the variables annotated with ‘«’ denote the variables that correspond
to the unlabelled data. Observe that the unknown labels y* are among the unknowns, which
makes the constraint y; [wa;f + 0] > 1 — £ non-convex, and hence the TSVM optimization
problem turns out to be non-convex as well. Since the label of each example can only be
{+1, —1}, the size of the TSVM search space is 2" i.e., exponential with respect to the test
set size. Thus, a simple algorithm that tries all possible label assignments, would have been
intractable when m grows large, due to its exponential complexity.
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Given the hardness of the above problem, several research efforts have tried to propose
sub-optimal algorithms that work sufficiently well in practice. For instance, T. Joachims [46]
has proposed an optimization heuristic for solving the above problem. It starts with a label
configuration obtained by a standard (non transductive) SVM and it improves it by switching
the labels of a well picked pair of negative and positive samples, until convergence. For more
information on recent research efforts attacking the TSVM optimization problem, the reader
is referred to [13, Ch. 2].

Positioning The problem of classification of multiple observations may be seen as a special
case of SSL, where all test samples belong to the same class. Note that the above meth-
ods refer to the generic scenario in SSL, where the unlabelled examples come from different
classes. Therefore, in their current form, they do not exploit the specificities of the problem
of classifying multiple observations. In this thesis, we introduce a graph-based classification
algorithm that exploits the special structure of classifying an object with multiple observa-
tions. We particularly opt for a graph-based approach, as it offers the possibility to exploit the
geometric structure of the data (e.g., manifold structure). The proposed method is based on
the smoothness assumption, similarly to the graph-based methods. However, it differs from
them, by constraining the unknown label matrix to fit the problem at hand. We will show
that this framework results in a simple, low complexity, yet effective algorithm for classifying
multiple observations, with application to video-based face recognition.

2.4.2 Distributed algorithms

We focus now on distributed classification in sensor networks with ad-hoc architecture. The
latter implies that there is no central coordinator node (e.g., fusion center). Also the network
topology may be arbitrary and it may be dynamic as well. For instance, such networks arise
in the deployment of sensors in a geographic region. Typically, the sensors are very simple
devices will limited memory and computation capabilities as well as small communication
range. Hence, they can only communicate with their closest neighbors. It is also often
possible that the network topology changes dynamically due to various reasons, such as link
failures (e.g., in unstable environment conditions), sensor motion and so on.

We are interested in the distributed version of the problem of the previous section. In
particular, we assume that an object is observed in a sensor network (see e.g. Fig. 1.2). Each
sensor captures a single observation of this object and the problem is to estimate its class by
aggregating information from all available observations over the network, such that all sensors
reach a consensus decision. Each sensor is moreover assumed to have a copy of the training
set.

To the best of our knowledge, this particular problem is in its infancy and it is only very
recently that a few methods have started to emerge. These methods use distributed consensus
to attack the problem of distributed classification in ad-hoc sensor networks. In general, the
main goal of consensus is to reach a global solution iteratively using only local computation
and communication, while staying robust to changes in the network topology (see Section 2.5
below for more details on distributed consensus). Although these classification methods do
not exactly correspond to our problem setup, we review them below.

K. Flouri et al [25] propose algorithms for distributed SVM training based on consensus.
They assume that each sensor has access to a small (different) subset of the training set. Two
training algorithms are proposed, whose core idea is to exchange support vector sets, obtained
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from local training. In both algorithms, the exchange of support vectors between the sensors
is performed using consensus. In the first algorithm, sensors exchange the minimum number
of support vectors but the algorithm is sub-optimal (since a support vector of the whole set
may not be included in the union of support vectors of the local training sets). In the second
algorithm, the sensors exchange sufficient amount of information in order to reach optimality.

R. Tron and R. Vidal in [109] propose a consensus-based algorithm for distributed pose
estimation algorithm in camera networks, with application to distributed face recognition.
The main contribution is to extend the average consensus to handle scalars living in non-
Euclidean manifolds, in particular rotations in SO(3). This is performed by considering an
appropriate generalized distance measure in SO(3). The average pose is estimated by con-
sensus while taking also into account the relative poses of the camera nodes. Once consensus
has converged, the final classification decision is taken on the average pose.

Positioning In this thesis, we propose a consensus-based algorithm for distributed classifi-
cation, which is suitable for ad-hoc architectures. It is a distributed version of the graph-based
algorithm that has been developed for the centralized problem of the previous section. The
distributed algorithm employs consensus in order to aggregate information from all obser-
vations across the network. At the end of the computation, all sensors reach a consensus
classification decision.

We should mention that the method in [25] refers to the problem of distributed training, in
contrast to our method that refers to distributed classification (i.e., testing phase). Hence, the
problem setup is different in the two methods. Note finally that the method in [109] targets
mostly at distributed face pose estimation, and face recognition is simply an application of
that. On the contrary, our method targets at recognition directly.

2.5 Distributed consensus

Distributed consensus [6] algorithms are becoming increasingly popular and they attract nu-
merous research efforts. It has recently become an important computational tool for various
aggregation tasks in ad-hoc sensor networks. A few examples include applications in multi-
media data analysis (see e.g., distributed pose estimation for face recognition in [109]), as well
as other generic tasks; distributed estimation [95], distributed compression [87], coordination
of networks of autonomous agents [8] and computation of averages and least-squares in a
distributed fashion (see e.g., [121, 122, 123, 79] and references therein).

A very important problem in consensus is how to ensure its convergence and further
how to increase its convergence rate. Fast consensus algorithms can contribute to significant
energy savings and hence in fast distributed classification. In what follows, we first provide an
introduction to the general problem of distributed consensus and in the sequel we provide an
overview of state of the art methods for addressing the problem of increasing the convergence
rate.

2.5.1 Background

Assume an ad-hoc network of m sensors. We model the network topology as an undirected
graph Gs = (Vs, &) with nodes Vs = {1,...,m} corresponding to sensors. An edge (i,7) € &
is drawn if and only if sensor ¢ can communicate with sensor j, as illustrated in Fig. 2.3. We
denote the set of neighbors for node i as NV; = {j| (¢,7) € &}
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Figure 2.3: Graph-based network model.

In this work, we consider distributed linear iterations of the following form

atr1(D) = W (i D)z(i) + Y Wi, )z(i) + 2(3), (2.8)
JEN;
fori=1,...,m, where z(j) represents the value computed by sensor j at iteration ¢, and Z(7)

denotes a constant scalar value (e.g., a bias term). Since the sensors communicate in each
iteration ¢, we assume that they are synchronized. The parameters W (i, j) denote the edge
weights of Gs. Since each sensor communicates only with its direct neighbors, W(i,j) = 0
when (i, j) ¢ £. The above iteration can be compactly written in the following form

Zt4+1 = WZt + z. (29)

We call the matrix W that gathers the edge weights W (i, j), as the weight matrix. Note that
W is a sparse matrix whose sparsity pattern is driven by the network topology. We call such
a matrix network conformant, since its sparsity structure conforms to the network topology.

Distributed averaging Let us see now how consensus can be employed for the problem of
distributed averaging. Assume that initially each sensor i reports a scalar value zy(7) € R. We
denote by 2o = [20(1),...,20(m)]" € R™ the vector of initial values on the network. Denote
by

0= % S 20(0) (2.10)
=1

the average of the initial values of the sensors. The problem of distributed averaging therefore
becomes typically to compute Zy at each sensor by distributed linear iterations of the form of
(2.9), where zZ = 0. In other words, for this particular problem, we consider distributed linear
iterations of the following form

Zt+1 = WZt. (211)

Iteration (2.11) converges to the average for every zy if and only if

117
Jim W= "—"—| (2.12)
— 00 m
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where 1 is the vector of ones [121]. Indeed, notice that in this case

: . 117
2¥ = lim 2z = lim W'z = —zp = Zo1.
t—o00 t—o00 m

2.5.2 Accelerating the convergence

Now that the problem of distributed consensus has been introduced, we are ready to review
the most relevant methods that attack the problem of increasing the convergence rate of
distributed consensus. Several works have studied the convergence properties of distributed
consensus algorithms. In particular, the authors in [121] and [50, 51] have shown that the
convergence rate depends on the second largest eigenvalue of the network weight matrix, for
fixed and random networks, respectively. This implies that optimizing the convergence rate
of distributed consensus, is equivalent to an eigenvalue optimization problem. In this context,
learning the optimal weight matrix can be typically formulated as a semi-definite program
(SDP). First, L. Xiao and S. Boyd in [121] formulate the computation of the optimal weight
matrix as an SDP in the case of fixed network topologies. Later, along the same lines, S.
Kar and J. Moura in [51] use semi-definite programming to optimize the topology of random
networks, where links may fail at random.

Notice that the standard distributed consensus as introduced in Section 2.5.1 above, does
not use the memory of the sensors. It turns out that taking advantage of the memory of
the sensors by applying extrapolation-based ideas, can provide better estimates. Hence,
in this context, fast convergence can be achieved, even with fixed weights. Recent works
have proposed to use the sensors’ memory. The main idea in [4] is to update the value of
each sensor by a convex combination of the value obtained by linear prediction (on its own
previous values), and the standard consensus operation (i.e., aggregating neighbors’ values).
In a different context, the effect of quantization has been studied in [126] for average consensus
problems. The authors propose scalar quantizers based on predictive coding. The predictive
coding scheme relies upon linear prediction using the past values of the sensors.

Positioning In this thesis, we propose to use the memory of the sensors in order to accel-
erate the convergence of distributed consensus. The main idea is that each sensor updates
periodically its own estimate using a linear combination of its own previous estimates. We
show that this is equivalent to applying a polynomial filter on the weight matrix. The coeffi-
cients of the filter (i.e., weights of the linear combination) can be optimized by semi-definite
programming, such that the convergence rate is maximized. We show in Chapter 6 that our
polynomial filtering methodology can be combined with optimal weight matrices (such as
those discussed above), resulting even in faster convergence rates.

Note also that while the method proposed in [4] derives the optimal convex combination
parameter, the linear prediction coefficients are not optimized. This is to be contrasted to our
SDP polynomial filtering methodology, where we establish the optimality of the polynomial
coefficients. Finally, we show that distributed classification of multimedia data can benefit
from the proposed fast consensus algorithms.

2.6 Summary

Based on the above facts, we would like to capitalize on the following points:
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Most existing dimensionality reduction methods target at either approximation or clas-
sification. Flexible methods are required that are able to address both criteria jointly
and at the same time provide compact data representation.

Existing methods are sub-optimal in computing the manifold distance. Clearly, there
is a need for a novel method that is optimal and globally convergent.

Current methods in SSL consider the generic scenario where unlabelled examples come
from different classes. This necessitates the design of new classification algorithms that
are able to exploit the fact that multiple observations of an object belong to the same
class.

Little attention has been given to the problem of distributed classification over ad-
hoc networks. There is a need for methods addressing this problem, which should
be moreover communication and cost efficient as well as robust to dynamic network
topologies.

Existing algorithms for fast distributed consensus do not exploit the memory of the
sensors in an optimal way for accelerating its convergence rate.



Chapter 3

Flexible dimensionality reduction

3.1 Introduction

In this chapter, we introduce a dimensionality reduction algorithm! that identifies relevant
multidimensional patterns in multimedia signals, which represent an effective trade-off be-
tween approximation and classification performance [59]. We formulate the dimensionality
reduction problem as a matrix factorization problem, where the basis vectors are extracted
from a redundant and structured dictionary of localized basis functions. The design of such a
dictionary provides direct control on the shape and the properties of the basis functions, such
as spatial locality and sparse support. Spatial locality typically characterizes those signals
whose energy and support do not cover the whole signal area, but it is rather concentrated
around local regions. It naturally permits to incorporate a priori and application-driven
knowledge into the learning process.

In order to solve the matrix factorization problem, we build on greedy pursuit algorithms
from simultaneous sparse approximations [111] that have been previously proposed in the
context of joint signal compression. These algorithms proceed by selecting sequentially the
basis vectors from the dictionary in order to provide the best match to the training data.
In this chapter, we extend the simultaneous sparse approximations algorithms to relevant
features extraction in classification problems. We build on [55] and design a greedy algorithm
for supervised dimensionality reduction, which exploits available class labels information and
uses the inter-class variance as a class separability cost function. The selection of the basis
functions from the dictionary is thus driven by a trade-off between the approximation error
(for efficient compression) and class separability (for good classification). Based on these
properties, we call the proposed framework semantic approzimation. The convergence rate of
the supervised greedy decomposition algorithm is therefore penalized by a class separability
constraint, which permits to achieve efficient and robust classification, jointly with effective
signal approximation.

The novel dimensionality reduction algorithm is applied to image classification problems,
in the context of handwritten digit and face recognition. The features selected by the su-
pervised algorithm are shown to provide jointly interesting approximation and classification
performance. When combined with Linear Discriminant Analysis (LDA), the dimensionality

LPart of this chapter has been published in: E. Kokiopoulou and P. Frossard, “Semantic coding by supervised
dimensionality reduction”, IEEE Transactions on Multimedia, vol. 10, no. 5, pp. 806-818, August, 2008.
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reduction strategy even reaches classification performances that are competitive with state of
the art methods in 2D and 3D face recognition. At the same time, the extracted features can
lead to efficient compression strategies since they are chosen from a pre-defined parametric
dictionary of functions. It certainly represents one of the main advantages of the proposed
method compared to state of the art subspace methods whose signal-specific features can be
as difficult to code as the original signal. Compression and classification can be performed
jointly, without important performance penalty with respect to expensive disjoint solutions.

In summary, the contribution of this chapter amounts to: (i) formulating the joint approx-
imation and feature extraction problem as a supervised dimensionality reduction algorithm
based on simultaneous sparse approximation (ii) designing a greedy dimensionality reduction
algorithm that reflects the trade-off between compression and feature extraction, as desired in
current media processing and mining systems, and (iii) application of the proposed solution
to image classification, as well as 2D and 3D face recognition problems.

The rest of the chapter is organized as follows. In Section 3.2, we discuss our semantic
approximation framework for dimensionality reduction using redundant dictionaries. The
supervised method that jointly targets efficient approximation and classification is presented
in Section 3.3, and its convergence properties are discussed. Next, Section 3.4 presents the
properties of the proposed dimensionality reduction scheme to images. Then, Section 3.5
provides the experimental results of its application to 2D and 3D face recognition, which
shows that classification performance is competitive with state of the art solutions, while
it additionally provides compact signal representation. We provide some additional related
work in Section 3.6 and finally discuss our concluding remarks in Section 3.7.

3.2 Dimensionality reduction using simultaneous sparse ap-
proximations

We propose to formulate dimensionality reduction as a matrix factorization problem, where
the basis vectors are extracted from a generic dictionary of localized basis functions. We
assume the existence of a redundant dictionary D that spans the Hilbert space H of the
data of interest. Redundancy offers flexibility in the construction of the dictionary, and in
general improves the approximation rate, especially for multidimensional data. A redundant
dictionary is an overcomplete basis in the sense that it includes a number of vectors that is
larger than the dimension of the subspace. The elements of the dictionary, which are indexed
by v €I ie.,

D ={¢y, y€T}, (3.1)

are usually called atoms. The atoms have unit norm i.e., |[¢,|2 = 1, Vy € I, where || - |2
denotes the L2 norm. It is important to note that we do not set any particular assumption
on the dictionary design, and that the following analysis holds for any redundant dictionary.
The only assumption that we make is that the dictionary spans the input space H (i.e., the
basis is (at least) complete).

Then, we consider a data sample s; as an element of H C R™. The training data forms a
data matrix

S = [s1,82,...,8,) € R, (3.2)
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Algorithm 1 The SOMP algorithm
1: Input:
S € R™*™: data matrix
tol: approximation error tolerance
N,: number of atoms
2: Output:
W: Set of selected atoms,
A: approximation
R: residual matrix
3: Initialization: Ry =S, ¥ =[], t = 1.
4: Main iteration:
5. Find index v which solves the optimization problem

v = argmax | R ¢, 1
yel

6: Augment ¥ = [V, ¢,,].
7: Compute an orthonormal basis V' = [v1, ..., v] of the span{V¥}.
8: Compute the orthogonal projector P; = V;V," on the span{W¥}.
9: Compute the new approximation and residual
Ay =P,S
Rt = (I - Pt)S
10: if ||R||r < tol or t = N, then
11:  stop.
12: else
13:  increment iteration t = ¢ 4+ 1, and go to step (2).
14: end if

where s; denotes the ith column of S. For dimensionality reduction, our goal is to decompose
S in the following form

S=0C, ¥ ¢ R™", CecR™", (3.3)

where W are the basis vectors drawn from the dictionary and C' are the corresponding coeffi-
cients. In other words, every column of S is represented in the same set of basis functions ¥
using different coefficients. This is a dimensionality reduction step, where each data sample
(column of S) is represented in the subspace spanned by the columns of ¥, using only r < m
coeflicients.

If the columns of ¥ are spatially localized basis functions then the decomposition given
in Eq. (3.3) results in a parts-based representation. Note that the characteristics of the
dictionary determines the properties of W. Therefore, one has direct control on the shape and
the properties of the basis functions due to the flexible design of the dictionary. This is to be
contrasted with the NMF methods, where one has only implicit control on the properties of
the basis functions.

If we denote by || - ||p the Frobenius norm, then we formulate the above problem as the
following optimization problem.
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Optimization problem: OPT1
minyg ¢ ||S — ¥CO|%
subject to

¥ CD.

In order to solve OPT1 one may employ greedy algorithms that have been proposed for
simultaneous sparse signal approximations [111, 110, 66, 15] in the context of joint signal
compression. We have chosen to use the Simultaneous Orthogonal Matching Pursuit (SOMP)
algorithm [111], since it lends itself as an efficient algorithm for solving OPT1 in practice.
SOMP is not prone to local minima and not sensitive to initializations.

SOMP is a generalization of Matching Pursuit [74] to the case of joint signal compression,
and it can be extended directly to dimensionality reduction. It is a greedy algorithm that
extracts a subset U of the dictionary D, such that all the columns of S are simultaneously
approximated. Initially, SOMP sets the residual matrix R = S. The atom from the dictionary
that best matches all the vectors, is selected. The algorithm then updates the residual matrix
by projection on its orthogonal complement, i.e.,

R = (I - (bﬁ(bj)sv

where I — qﬁvqﬁ; is the projector on the orthogonal complement of span{¢-}. The above step
will remove the components of ¢, from R. The same procedure is repeated iteratively on the
updated residual matrix. Thus, it greedily selects at step t, the best matching atom ¢,, by
solving the simple optimization problem

Yt = Maxarg.er ||RT¢’Y||1a (3.4)

and includes the selected ¢, in W. In the above equation, | - ||; denotes the L1 norm. The
residual matrix is updated by R = (I — P)S, where P is the orthogonal projector on the
span{¥}. The main steps of the SOMP algorithm are summarized in Algorithm 1. We
should mention that the Orthogonal Matching Pursuit (OMP) converges in a finite number
of iterations [73, Sec.9.5.3] since the norm of the residual is decreasing strictly monotonically
in each step. This can be generalized to the case of SOMP [15]. Note in passing that the
L2 norm could be alternatively used in (3.4). However, we consider both L1 and L2 choices
equivalent and we will not pursue this issue further.

It can be noted that other methods for simultaneous approximation could be alternatively
used for dimensionality reduction with redundant dictionaries. Interestingly, an algorithm
called M-OMP, which is identical to SOMP, has been independently proposed in [15]. How-
ever, for notational convenience we will keep using the term SOMP while referring to any of
these two algorithms.

Note finally that a simpler Simultaneous Matching Pursuit (SMP) algorithm can be de-
rived from SOMP by modifying the residual update i.e., Line 9 in Algorithm 1. In SMP, the
residual update at iteration ¢, would simply remove the contribution of the selected atom

Tlg) = 7115—)1 - <T§—)17 "/t>¢"/t7
where rt(i) denotes the ith column of R; and corresponds to the residual of signal s;. However,
in contrast to SOMP, there is no guarantee that SMP will converge in a finite number of
iterations.
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3.3 Supervised dimensionality reduction

3.3.1 Supervised atom selection

We now extend the previous algorithm to classification problems, and we propose a supervised
learning solution where class labels are available a priori [119]. In order to develop a supervised
dimensionality reduction method, we modify the objective function in OPT1 by including an
additional term that encourages the separability between different classes. First, let us denote
the number of classes by ¢ and assume without loss of generality that

S=1[sW, ... 5] e Rmx", (3.5)

where S e R™*" denotes the data samples that belong to the ith class of cardinality
n;. Then we formulate a supervised dimensionality reduction problem by modifying the
optimization problem OPT1 as follows.

Optimization problem: OPT2
ming ¢ ||S — ¥C||% — AJ (D)
subject to

U CD.

In the above optimization problem J(W¥) denotes the cost function that captures the
separability of different classes. The scalar A drives the trade-off between the approximation
error and the class separability. In order to solve OPT2, we propose a new algorithm where the
atom selection step is modified in order to include the class separability term. The intuition
is that in each step, the algorithm should select the atom that best approximates all data and
also discriminates between data samples of different classes. We call the modified supervised
algorithm SAS (i.e., Supervised Atom Selection).

The separability cost function is chosen to capture the projected between-class variance.
By the projected class variance, we mean the restriction of the scatter matrix Sy, on the
candidate atom ¢. This is given as ¢ ' Sy¢, where the scatter matrix Sp is defined as

= —an V=) = )T (3.6)
In the above formula we have introduced
. 1 (i)
= Z s (3.7)

which denotes the centroid of the ith class and

n

_! > s (3.8)
j=1

3

which represents the global centroid. The notation s() denotes the jth sample of the ith

class. Note that we can write S, = Gbi , where Gy € Rmxc is defined as

G, = %[\/ﬂ(u(” — 1)y V(i = ).
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Algorithm 2 The SAS algorithm
1: Input:
S € R™*™: data matrix
tol: approximation error tolerance
N,: number of atoms
2: Output:
W: Set of selected atoms,
A: approximation
R: residual matrix
3: Initialization: Ry =S, ¥ =[], t = 1.
4: Main iteration:
5: Find index ~; which solves the optimization problem

v = argmax || R} ¢y [l1 + A (6y)
vl

6: Augment ¥ = [V, ¢,,].
7: Compute an orthonormal basis V' = [v1, ..., v] of the span{V¥}.
8: Compute the orthogonal projector P; = V;V," on the span{W¥}.
9: Compute the new approximation and residual
Ay = PSS
Rt = (I - Pt)S
10: if ||R||r < tol or t = N, then
11:  stop.
12: else
13:  increment iteration t = ¢ 4+ 1, and go to step (2).
14: end if

The above implies that the scatter matrix is symmetric and positive semi-definite. Note
that with the definition of G the projected between-class variance is ¢! Spd = quGbiTqb =
IGy 011

We define the class separability term as
J(0) = Gy ¢ll5 — xl|¥ " o3. (3.9)

The first term captures the discriminant properties of the chosen atom, and the second term
ensures that the selected atom is as orthogonal as possible with respect to ¥, which represents
the previously selected atoms. The scalar k > 0 determines the significance of the discriminant
value of ¢ relatively to its orthogonality level with respect to the previous atoms. If kK = 0
then the algorithm selects an atom that is certainly discriminant (due to the first term) but
possibly very similar to the previous one, depending on the value of A\. Thus, the second term
is necessitated by the greedy nature of the expansion and the redundancy of the dictionary.
The role of k however depends on the value of A. In particular, if A is very small or zero, then
the role of k is deemphasized. The selected basis vectors are therefore not exactly orthogonal
but semi-orthogonal and the level of their orthogonality is driven by k. Finally, we can write
the optimization problem that we solve in each step of the supervised SAS algorithm as,

Yt = arg max (||RT¢7||1 + )\J(;bv)) . (3.10)
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Note that more complex cost functions could be proposed, but this goes beyond the scope of
the present chapter that rather focuses on the semantic approximation framework. Algorithm
2 summarizes the main steps of SAS.

3.3.2 Analysis of SAS

The residual of SOMP has been shown to converge to zero as the number of iteration in-
creases [15]. In SAS, the class separability is strengthened, which results in an effective
algorithm for classification tasks but also introduces a penalty on the convergence rate of the
SAS algorithm. In the extreme case where the penalty term is very large, it can even cause
stagnation of the progress of the residual. This is explained by the following proposition,
which is rather intuitive but provided here for the sake of completeness.

Proposition 1. The residual of the SAS algorithm decreases strictly monotonically in each
step t, if the following condition is satisfied,

IR/ 613 >0, V. (3.11)

Proof. Assume that in iteration ¢, the condition (3.11) is violated and the selected atom
¢+, is orthogonal to all columns of the residual matrix. In other words,

1R/ ¢ [I3 = 0. (3.12)
First, note that condition (3.12) implies that
1R, ve4a |5 = 0. (3.13)
Indeed, it holds that
t
Vt1 = Py — ZQ%‘, (3.14)
i=1
where (; = UZ-T ¢~, are the weights of the linear combination that make vy orthogonal to
v1,...,0. Note that they can be also computed using the Gram Schmidt orthogonalization
process [29]. At the same time R; L span{vy,..., v}, due to the construction of the algorithm.
Combined with Eq. (3.14), it leads to the condition given in Eq. (3.13).
Then, we call Vi41 = [v1,...,v41] an orthogonal basis for the span{¥ | J ¢, } obtained in
the first ¢ 4+ 1 iterations. The orthogonal projector on the span{W¥J ¢,,} is
t+1
Py =VipVi = Y_viv] =P+ vev). (3.15)
i=1

Using the above formula, we observe that
Riyyn = S—P1S=U~-P1)S
B (I - Pt - ’Ut+1’UtT+1)S
B Rt - Ut+1U;_15. (316)
However it holds that UtHUtTHS = 0 because

'l)t+1'l);:_15 = vt+1v;1 (Rt + Ay)
’Ut+1vtT+1Rt + vt+1UtT+1At
= 0, (3.17)
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where the first term is zero because of Eq. (3.13). The second term cancels out since A;
belongs to the span{V;} and v;41 L span{V;} (see also Eq. (3.14)). In this case we therefore
have Ri11 = Ry due to Egs. (3.16) and (3.17). We conclude that if condition (3.11) is violated,
the progress of the residual stops. [

In summary, SAS converges in a finite number of steps, and is not sensitive to any partic-
ular initialization. However, the approximation rate is now driven by A, which controls the
trade-off between approximation and extraction of discriminative features. If one wants to
avoid the possibility of residual stagnation, the choice of A has to ensure that the condition
given in Proposition 1, is satisfied. In particular, the selected atoms have to participate to the
approximation of the signal. One could devise an automatic way of tuning A for avoidance
of rare residual stagnation. Starting with an initial value of A, violation of condition (3.11)
is checked. If the condition is violated, A is divided by 2 and the same process is repeated
until the condition is satisfied. In the worst case, A becomes 0 and the selected atom satisfies
(3.11). Such an atom certainly exists due to the fact that the dictionary spans the signal
space.

3.4 Semantic approximation of images

3.4.1 Dictionary design

We first discuss in detail how one may build redundant dictionaries for dimensionality reduc-
tion in the context of digital images. Driven by the need for efficient compression, we propose
to use a structured dictionary D that is built by applying geometric transformations to a gen-
erating mother function ¢. In such a case, efficient coding simply proceeds by describing each
basis vector or atom with the parameters of these transformations [45]. The atom parameters
are carefully sampled such that the resulting dictionary consists an overcomplete basis of
the image space. The sampling of the atom parameters typically drives the dictionary size
and therefore its redundancy. A geometric transformation v € I' is represented by a unitary
operator U(y) and in the simplest case it may be one of the following three types.

e Translation by b= [by by]T. U(b) moves the generating function across the image

—,

Ub)p(z,y) = ¢p(x — b1,y — ba).
e Rotation by 0. U(0) rotates the generating function by angle 0 i.e.,
U@)o(z,y) = o(y).

/

' = cos(f)x +sin(f)y

/

y = cos(f)y—sin(f)z

e Anisotropic scaling by @ = [a1 as]'. U(&) scales the generating function anisotropically
in the two directions i.e.,

U(@)(x,y) = as(a%, %>-

Composing all the above transformations yields a transformation v = {I;, a0} € I'. Fi-
nally, an atom in the structured dictionary

D={U()¢, yeT}
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is built as

Umé(z,y) = o'y,
, cos(0)(x — by) +sin(0)(y — ba)
ai
, cos(0)(y — ba) — sin(0)(x — by) ‘
ag

According to the above, notice that if we know ¢, then an atom in a structured dictionary
can be completely described by its corresponding transformation parameters ~. It is exactly
this handy representation property that permits the use of structured redundant dictionaries
for efficient image coding. This is to be contrasted to the basis vectors of NMF that are
as hard to compress as the initial images in S. Moreover, the properties of ¢ completely
determine the geometric properties (e.g., shape) of the basis vectors. This flexibility in the
design of ¢ further permits to incorporate a-priori knowledge in the learning process.

In image classification applications, we consider three different structured dictionaries
generated by different ¢, where ¢ is

o (Gaussian function: .
2 2
o(z,y) ﬁexp( (2® +47)) (3.18)

e Anisotropic refinement (AnR) function. This generating function has an edge-like form
and has been successfully used for image coding [45]. It is Gaussian in one direction and
the second derivative of Gaussian in the orthogonal direction. It can be mathematically

expressed as,
2

6(r.9) = Z= (42— Dexp(~(a + 1)) (3.19)

e Gabor function. This generating function is very popular in face recognition. It consists
of a Gaussian envelope modulated by a complex exponential. We have used the real
part of a simplified version of the Gabor function,

é(z,y) = cos(2rx) exp(— (2% + 3?)). (3.20)

3.4.2 Implementation Issues

We discuss here the computational aspects of the proposed methods. Note that one of the
advantages of structured dictionaries lies in the fact that they enable a fast FFT-based im-
plementation of the SOMP algorithm for images. Recall that in each step of SOMP, we need
to compute the inner product of the candidate atom with the residual signals. In practice we
construct the atoms only in their centered position. The inner product of a residual signal
r with all translated versions of an atom g, is computed via 2D convolution which can be
effectively computed using 2D FFT. Using this computational trick the algorithm becomes
more computationally efficient, even in the context of high dimensional signals, like digital
images.

There is also another computational trick that can be employed in order to save significant

(4)

computation time by trading memory utilization. Observe that in SOMP the residual r;
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of the ith data sample s; in the tth iteration, can be alternatively expressed in the following

form,
t—1

rt(l) =s; — Za,’#bk, Vi=1,...,n,
k=1
for some scalars a}; that are determined by the orthogonal projection process in order to
minimize the residual of approximating s; from the span of ¢;’s. In the next iteration ¢ + 1,
SOMP will need to compute the inner product of each residual vector with each candidate
atom ¢ from the dictionary. It other words, it will compute

t—1

D ¢) = (si,8) = > alldp, @), Vi=1,...,n.

1

|

=~
Il

The above observation suggests that the computation of (s;, ¢) needs to be performed only
once before the first iteration of the algorithm (off-line), since it will be used in each subsequent
iteration. Furthermore, at the kth iteration, the projection of the selected atom ¢ on the
dictionary (i.e., (¢, @), V¢ € D) can be computed only once, stored and then re-used for the
evaluation of all n residuals at the next iteration k + 1. Using the above tricks, the SOMP
methods become computationally attractive since the main computational cost is amortized
among all n images.

Overall, we should note that the feature extraction part in semantic approximation is
the most computationally intensive task. Since the main operations involve FFTs and inner
product calculations, this task can become very efficient by careful design. For instance, one
may organize the data or the dictionary in a more structured form in order to get a feature
extraction algorithm of reduced complexity (see for example the Tree-based Pursuit algorithm
[48], the Sparse Greedy Matrix Approximation [101, 96] and references therein). Alternatively,
one may use specific generating functions (such as Haar or box-like basis functions) that are
known to result in very efficient inner product calculations. Thus, the proposed semantic
approximation principle is certainly applicable in media system architectures.

3.4.3 Experimental setup

The construction of the atoms in each dictionary proceeds by sampling uniformly 10 orienta-
tion angles in [0, 7] and 5 logarithmically equi-distributed scales in [1, N/6] horizontally and
[1, N/4] vertically, where N is the image size. The translation parameters are all possible
pixel locations. For our experimental comparisons, we use the provided implementations of
NMF and LNMF in nmfpack [42], which is a MATLAB software package developed by P.
Hoyer.

In the learning stage that produces the matrix ¥ of basis vectors, we use 5 samples per
class. In all experiments that follow, the parameter x was set to 0.01. Recall that x is
the parameter that determines the trade-off between discrimination capability of each atom
and its orthogonality towards the previous atoms. We have observed experimentally that
k = 0.01 works reasonably well and we use the same value of x in all experiments. We
should also mention that in the recognition experiments the emphasis is on the classification
performance. For that reason, in each step of the SAS algorithm the best atom is selected by
pure discrimination criteria i.e., using only the right-hand side term J(¢) shown in Eq. (3.9).
This is equivalent to setting A to a large value.
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Figure 3.1: Sample face images from the ORL database. There are 10 available facial
expressions and poses for each subject.

As it is common practice for classification, each training signal s; is projected using the
basis vectors (), where () denotes W for the SOMP or SAS methods and W for the NMF
methods (see Section 2.2). In particular, we project the samples in the reduced space using
the transpose of @ i.e.,

T .
y=Q s, i=1,...,n.

Then, classification is accomplished in the reduced space by nearest neighbor (NN) classifi-
cation. The test signal s; is also projected by y; = Q' s; and then classified and assigned the
label of its nearest neighbor among all the training signals. Note in passing that the selected
atoms in SOMP are linearly independent due to the orthogonal projection in each step. This
is also the case for SAS due to the orthogonality term in eq. (3.9). Hence, redundancy issues
do not interfere with the nearest neighbor computation in the reduced space.

We measure performance in terms of classification error rate, which is the percentage of
the test samples that have been misclassified. In our experiments, we use the following data
sets:

e Handwritten digit image collection We use the handwritten digit collection that is
publicly available at S. Roweis web page®. This collection contains 20 x 16 bit binary
images of “0” through “9”, and each class contains 39 samples. We form the training set
by a random subset of 10 samples per class and the remaining 29 samples are assigned
in the test set.

e ORL face database The ORL (formerly Olivetti) database [91] contains 40 individ-
uals and 10 different images for each individual including variation in facial expression
(smiling/non smiling) and pose. Figure 3.1 illustrates two sample subjects of the ORL
database along with variations in facial expression and pose. The size of each facial
image is downsampled to 28 x 23 for computational efficiency. We form the training
set by a random subset of 5 different facial expressions/poses per subject and use the
remaining 5 as a test set.

e CBCL face database The CBCL face database [26] consists of 2,429 facial images
of size 19 x 19. Note that for this data set, there are no class labels available for the
individuals.

All data sets that are used in the experimental evaluation along with their main properties,
are summarized in Table 3.1.

http://www.cs.toronto.edu/~roweis/data/binaryalphadigs.mat
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Size of S | n;
Handwritten digits | 320 x 390 | 39
ORL faces 644 x 400 | 10
CBCL faces 361 x 2429 | -

Table 3.1: The data sets used in the experimental evaluation, where n; denotes the number
of samples per class.
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Figure 3.2: Impact of different dictionaries on the classification performance.

Dictionary choice First, we investigate the impact of the dictionary on the classification
performance, by comparing the effectiveness of the three generating functions presented ear-
lier. We run SOMP on both digit and ORL face data sets and compare the classification
performance with respect to different dimensions = [10 : 10 : 50] (in MATLAB notation) of
the reduced space. Sub-figures 3.2(a) and 3.2(b) depict the classification error rates obtained
via the different dictionaries, for the digits and the face data set respectively. Note that for
each value of r we report the average classification error rate across 100 random realizations
of the training/test set.

Observe that for the digits data set, the dictionary built from Gaussian functions is the
best performer among the three candidates under test. However, for the face data set the
behavior is quite different and the AnR dictionary seems to be competitive and even superior
to the other dictionaries, especially for large dimensions. This is likely due to the fact that
the AnR atoms can represent the edge-like fine details of facial characteristics like the eyes
or the mouth, for example. In the following experiments, we have therefore chosen to use the
Gaussian dictionary for the digit data set and the AnR dictionary for the face data sets.

We also propose a simple comparison with orthogonal dictionaries based on Discrete Co-
sine Transform (DCT) functions, as they represent the most commonly used features in
methods that perform learning tasks in the compressed domain. We compare Discrete Cosine
Transform (DCT) features with Gaussian features using the handwritten digits data set. We
extract the DCT features by dividing the image in blocks of size 8-by-8 and using 2D-DCT
in each block. Then, we keep the most important coefficients which are those residing in the
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Figure 3.3: Recovered basis vectors from the handwritten digit collection.
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Figure 3.4: Recovered basis vectors from the ORL face data set.

left upper (square) part of the block of certain size, say n;. We report the classification error
rate and the approximation error versus different number of features, produced by varying n ¢
from 1 up to 8. We measure the approximation error by computing the Frobenius norm of
the residual matrix i.e., ||S — S|, where S denotes the reconstructed data matrix from the
number of features that are available. Figure 3.5 illustrates the classification error rates and
the approximation errors for both DCT and Gaussian features. Although DCT features work
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Figure 3.5: DCT vs Gaussian features on the digits data set.

nicely for compression purposes, they are not optimal for classification purposes. Unsurpris-
ingly, the features provided by the standards may not be optimal for the application at hand,
since they have been optimized with respect to compression performance. Note however that
this example is certainly not conclusive, and it does not exclude the use of DCT features for
all applications. Our generic semantic approximation methodology however revisits compres-
sion from the viewpoint of the subsequent learning task, by performing both compression and
feature extraction jointly and flexibly.

3.4.4 Classification performance

We analyze and compare the classification performance obtained by the proposed algorithms
with several variants of parts-based dimensionality reduction algorithms. The basis functions
obtained respectively from SOMP, NMF and LNMF algorithms are given in Figures 3.3 and
3.4, for the digits and faces data sets, respectively. The basis functions in sub-figures 3.3(a)
and 3.4(a) are obtained from SOMP using the Gaussian dictionary. Similarly, the basis
function in panels 3.3(b) and 3.4(b) are obtained from SOMP using the AnR dictionary. The
figures also depict the corresponding recovered basis functions from NMF and LNMF. Note
that the features obtained from NMF are not localized and seem to be of global support. On
the contrary, the features of LNMF are spatially localized and for the digits data set they
seem quite similar to the Gaussian atoms.

We now compare SOMP and SAS with NMF, LNMF and PCA in terms of classification
performance. We compare with the above methods since they provide a low-rank approxima-
tion of the data and they are closely related to the proposed algorithms. In both data sets, we
experiment with the dimension of the reduced space r = [10 : 10 : 50] and in the classification
experiments, for each value of r, we report the classification performance in terms of average
error rate across 50 random realizations of the training/test set.

Figure 3.6(a) first depicts the average classification error rate for various values of the di-
mension 1 of the reduced space, for the handwritten digit image recognition task. The average
is computed over 50 random realizations of the training/test set, where we use the Gaussian
dictionary for SOMP and SAS. We observe that both proposed algorithms are superior to
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Figure 3.6: Image recognition experiments.

the NMF algorithms. Furthermore, the SAS method seems to outperform SOMP, mainly due
to its supervised nature. Notice also that PCA does not have satisfactory performance for
this data set. This is due to the fact that the basis vectors of PCA are holistic and of global
support. Hence, they have trouble to capture the geometric structure of the handwritten
digits that are of localized and sparse support.

Then, Figure 3.6(b) depicts the average classification error rate across 50 random real-
izations of the training/test set for the face recognition task, measured on the ORL data
set. Recall that for this data set we use the AnR dictionary, in both proposed algorithms.
Notice that SAS and SOMP with PCA outperform the NMF methods. Observe also that
for small dimensions r of the reduced space, the performance of SOMP is poor. However, as
r increases the SOMP method becomes more discriminant and finally superior to the NMF
methods. This can be explained by the greedy nature of SOMP. In the first steps, SOMP
usually select atoms of large scale in order to reduce quickly the approximation error, but that
do not consist in highly discriminating functions. The large scale atoms typically correspond
to low frequency information which may not contribute a lot to the classification task.

Note finally that the authors in [118, Fig. 5] report the performance of their proposed
(supervised) Fisher NMF (FNMF) on the ORL database with the same experimental setup
as here (see the ORL description in Sec. 3.4.3). Hence it is possible to compare directly the
performances of SOMP and SAS with that of FNMF on this database. From their reported
results, one may observe that (i) SOMP and PCA compete with FNMF and (ii) SAS seems
to slightly outperform FNMF.

3.4.5 Approximation performance

This section presents a few results that illustrate the approximation performance of both
NMF and SOMP algorithms. Figure 3.7 illustrates facial images from the CBCL database
along with reconstructed images for the NMF solution (50 vectors), and the SOMP algorithm
(50 Gaussian atoms). It also represents the reconstructed images when the coefficients of the
vectors have been quantized uniformly with a step size ¢, before reconstruction.

From Figures 3.7(b) and 3.7(c) it can be observed that the approximation performances
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Figure 3.7: Approzimation of facial images (CBCL dataset), using NMF and SOMP.

are quite similar in both cases, even if NMF seems to provide slightly better visual results.
This is due to the fact that the vectors in NMF are specifically adapted to the images under
consideration, while atoms are selected from a pre-defined, generic dictionary in the case of
SOMP. However, recall that NMF cannot lead to an effective coding strategy, as the basis
vectors are essentially images, which are as difficult to compress as the initial images. On
the contrary, recall that the vectors selected by SOMP can be efficiently described by the
parameters of the corresponding atoms in the redundant dictionary. It has been shown that
such a signal decomposition leads to effective image compression schemes [45].

Finally, the quantization experiments, shown in Figures 3.7(d) and 3.7(e), hint that SOMP
is more robust than NMF to noise that can alter the representation of the images. In particu-
lar, SOMP is shown to be more robust to coarse uniform quantization of the vector coefficients.
This is mostly due to the non-uniform distribution of the magnitude of its coefficients, where
most of the signal energy is concentrated on a few atoms only. These atoms are of large scale
and capture the main geometric characteristics of the facial shape. Therefore, reconstructed
images still appear like faces even when coeflicients of these atoms are coarsely quantized.

3.4.6 Approximation and Classification trade-off

Finally, we demonstrate the approximation and classification trade-off which is driven by
the parameter A\ in the SAS algorithm. Figure 3.8 illustrates the classification error rate
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Figure 3.8: Approzimation-classification trade-off with SAS algorithm on the handwritten
digit dataset.

versus the approximation error, for different values of A, using the handwritten digit data
set. The approximation error is measured by the Frobenius norm of the residual matrix i.e.,
||IS —¥C| F. In this experiment, the dimension of reduced space was fixed to r = 40. Observe
that when A = 0, SAS simplifies to SOMP and as A increases, more emphasis is given to the
classification performance. This improves the classification error rate but at the same time
the approximation quality deteriorates due to the fact that ¥ is not selected any more by
pure approximation criteria (see eq. (3.10)). This trade-off is very important since it permits
to build systems that are efficient not only in the compression of the multimedia data, but
also in the desired data mining task.

3.5 Application to face recognition

So far, we have considered the behavior of the proposed methods in the generic image classifi-
cation problem. In this section, we investigate their application to face recognition. We show
that the proposed dimensionality reduction methods can be used as preprocessing blocks in
systems that are optimized for specific classification applications, namely 2D and 3D face
recognition.

3.5.1 2D face recognition

Let us focus first on the particular problem of 2D face recognition to illustrate the potential of
the proposed methodology. While our aim is not to provide a novel face recognition system, we
provide experimental evidence that suggests that the proposed methods can be combined with
subsequent supervised methods and yield effective hybrid methods. These are competitive
with the state of the art in face recognition, while they provide simultaneously efficient and
flexible coding solutions. In particular, we combine SOMP and SAS with Linear Discriminant
Analysis [119, ch.4] (see also Section 2.2), and we denote the hybrid algorithms respectively
by SOMP-LDA, and SAS-LDA. We compare them with Eigenfaces (PCA) and Fisherfaces



38

CHAPTER 3. FLEXIBLE DIMENSIONALITY REDUCTION

Size of S ng
XM2VTS faces || 1280 x 2360 | 8
AR faces 1728 x 1008 | 8

Table 3.2: The data sets used in 2D face recognition, where n; denotes the number of samples
per class.
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Figure 3.9: Fuace recognition experiments.

(LDA) as well as with the corresponding hybrid solution of NMF, denoted as NMF-LDA. We
use the following data sets for our evaluation.

e XM2VTS face database The XM2VTS database contains 295 individuals and 8
different images for each individual including variation in lighting. The size of each
facial image has been downsampled to 32 x 40. Note that the frontal faces have been
extracted with respect to the ground truth eye positions. We form the training set by

a random subset of 4 different facial images per subject and use the remaining 4 as a
test set.

e AR face database The AR face database contains 126 individuals and 8 different
images for each individual including variation in facial expression and lighting. The size
of each facial image has been downsampled to 36 x 48. We form the training set by a

random subset of 4 different facial images per subject and use the remaining 4 as a test
set.

Table 3.2 summarizes the characteristics of the data sets. Figure 3.9(a) illustrates the
classification performances for all methods on the XM2VTS database. We report the average
error rate across 50 random realization of the training/test set for different number of basis
vectors 7 = [10 : 10 : 100] (in MATLAB notation). First, notice that the proposed methods
outperform NMF. The main observation though is that combining SOMP and SAS with LDA
yields effective hybrid methods that have similar performance with Fisherfaces (LDA) which
is among the state of the art for face recognition.
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Figure 3.10: Block diagram of the 3D face recognition system.

Figure 3.9(b) illustrates the same experiment using the AR database. Notice that in this
database SAS outperforms the other methods and SOMP competes with PCA. We observe
again that the hybrid methods with SOMP and SAS compete with Fisherfaces resulting in
state of the art performance. As the proposed algorithms work directly in the compressed
domain, it certainly shows their potential in the design of more efficient multimedia processing
systems.

3.5.2 3D face recognition

We focus now on the problem 3D face recognition [9]. We propose a 3D face recognition
methodology [71, 72], which relies on sparse representation of faces on the sphere (see Fig.
3.10 for the main architecture of the system). In our scheme, 3D faces are represented
as spherical signals, which permits to preserve the geometry information and to provide
important advantages with respect to depth images (i.e., 2D arrays of face to camera distance
values). A spherical signal s(6, p) represents the distance from the center of the sphere as a
function of € (azimuth angle) and ¢ (elevation angle). The reader is referred to [72] for more
details on facial region extraction, registration and construction of the spherical facial signals.

We perform dimensionality reduction on the sphere with the spherical version of the
Simultaneous Matching Pursuit (SMP) algorithm that was discussed before in Section 3.2.
Facial images are jointly represented using a few localized and orientated features in the
sphere, which are able to capture discriminant geometrical characteristics. Recall that the
signal space here is the space of spherical signals and that (-,-) represents the inner product
on the sphere, which is defined as (f,g) = [, fw f(0,0)9(0, @) sin0dbdyp. We call SSMP i.e.,
Spherical SMP the resulting algorithm, to distinguish it from the standard SMP performed
on 2D images.

After dimensionality reduction, the spherical facial images are projected in the reduced
subspace by computing the corresponding low dimensional coefficients vectors. Those are
computed by successive projections of the residual signals over the atoms, in a way that
“mimics” the SSMP process. Recognition is performed in the reduced space, among coefficient
vectors, by NN classification. Also, we have observed experimentally that the selected atoms
are linearly independent. The matching uses the L1 distance metric, which has been found
to outperform other related distances in this particular application.

We evaluate the performance of the proposed algorithm on the University of Notre Dame
(UND) Biometric database®, known also as FRGC v1.0 database. The database consists of 277

3http://www.nd.edu/~cvrl/UNDBiometricsDatabase.html
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00666

Figure 3.11: Gaussian atoms

Test p | Number of | Training | Test
configuration subjects set set
Ty 1 200 200 673

Ty 2 166 332 474

T; 3 121 363 308

Ty 4 86 344 187

Table 3.3: Test configurations.

subjects, and each subject has between one and eight scans. We define several configurations
for our experiments, driven by the number of samples p per class in the formation of the
training set (see Table 3.3 for more details). The dictionary is constructed in a structured
way i.e., the atoms are constructed by applying translation, rotation and anisotropic scaling
on a generating function, which has been chosen to be the 2D Gaussian function on the
sphere. Figure 3.11 shows a few sample Gaussian atoms that are used in the representation
of spherical faces. The reader is referred to [71] for more details on the construction of the
spherical dictionary.

In order to cope with the limited size of the training set (in some configurations) and
with possible registration errors, we enrich the training data by the addition of virtual faces.
These represent artificial faces that are produced by slight pose variations of the training
faces, which are easily computed in the spherical representation. We use virtual samples
in the configurations 77, T and T3, where the training set is limited. In particular, each
spherical training image is expanded by generating 8 slightly shifted versions of it (one pixel
in each possible direction).

For the sake of completeness, we include in our comparisons a hybrid method of SSMP
followed by LDA, denoted as SSMP+LDA. We compare our methods with PCA and LDA
on the (preprocessed) depth images. Additionally, we provide recognition results with the
Euclidean distance (EUC) on the depth images as well as the Mean Square Error (MSE) on
the spherical functions. We report rank-1 recognition results across random experiments. For
each experiment, we split randomly the samples between the training and the test sets. In
Figure 3.12 we show the average classification error rate obtained for each configuration, over
all 10 random splits. First, we observe that Euclidean distance on the depth images (EUC) is
inferior to Mean Square Error (MSE) on the spherical signals. This is the main observation
that encourages the use of spherical signals for representing 3D faces. Next, notice that SSMP
outperforms PCA, which in turn mainly explains the fact that SSMP+LDA outperforms
LDA (on the depth images), since the latter implements a PCA decomposition at first step.
Furthermore, we can see that SSMP+LDA gives the best performances among all the tested
schemes. Finally, taking into account that the proposed method provides at the same time
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Figure 3.12: Classification error rates on the FRGC v.1.0 database.

efficient coding solutions, it shows its potential impact in efficient multimedia mining systems.

3.6 Related work

In Section 2.2, we reviewed the most relevant methods from the literature on low rank approx-
imation and dimensionality reduction. Furthermore, we provided an experimental evaluation
of our methodology with respect to these methods in semantic approximation of images (see
Section 3.4) and in face recognition (see Section 3.5). In what follows, for the sake of complete-
ness, we review some additional methods from the literature that bridge sparse representations
with classification, face recognition or object recognition in general. Although these meth-
ods are conceptually related to the methodologies proposed in this chapter, they are quite
different from them. We start by methods that study Matching Pursuit for classification.

P. Vincent and Y. Bengio in [114] introduced Kernel Matching Pursuit (KMP). First,
the authors show how MP can be used for sparse function approximation, under the machine
learning perspective. They propose three variants of MP and they discuss their generalization
to other loss functions, different than the squared-error loss one. Furthermore, an alternative
formulation of the SVM problem is introduced, which involves a margin loss function, and
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allows for using MP to build an alternative to SVMs. Finally, relations to other machine
learning paradigms, such as SVMs, radial basis functions networks and boosting (with kernels
centered on training points) are discussed.

In a recent article, V. Popovici et al in [84] proposed a stochastic version of KMP in
order to reduce its computational complexity. The main idea is to avoid the full search in
the dictionary by examining only a random subset of it. The experimental results show that
comparable classification performances can be obtained with the advantage of being more
computationally efficient. Finally, the same authors in [85] propose to adapt the dictionary
in the context of KMP in order to encourage sparser solutions. The dictionary functions are
assumed to have a parametric form and the parameters are individually optimized in order to
provide a better fit to the problem at hand. The authors show empirically that the proposed
approach provides competitive or better classification results to the original KMP.

Other methods have used sparse representations for face recognition. We mention the work
in [120], which use sparse representations and the theory of compressed sensing for robust face
recognition. The main idea is based on computing a sparse representation of the test image
over an overcomplete dictionary whose atoms are the training images. The authors also show
that the sparse representation can be employed for outlier detection. Furthermore, they study
two important issues in face recognition; (i) the role of feature extraction and (ii) robustness
to occlusions. One striking observation regarding the proposed framework is that the choice
of feature extraction is not critical, as long as the feature space dimension is sufficiently large
to guarantee the correct recovery of the sparsest solution. The proposed framework can be
also adapted in order to provide robustness to image occlusions, by exploiting the fact that
occlusions are typically sparse in the canonical (i.e., pixel) basis.

Sparse representations have been also used for generic object recognition. The authors in
[83] propose the use of sparse representations for coarse and fine object recognition. They
consider the problem of object recognition under different views and they call the pose esti-
mation problem as coarse recognition and that of object class estimation as fine recognition
problem. The main idea is to treat the (training) images of an object under viewpoint varia-
tions as a three dimensional intensity function of spatial coordinates and pose. The authors
propose to represent this function sparsely over a redundant dictionary of three dimensional
atoms, which are built by separable basis functions. Then, they show that the pose estimation
reduces to a polynomial evaluation problem, which is further used for recognition of a test
object image (i.e., after the correct pose has been estimated first).

Finally we should mention that methods that combine joint approximation and discrimi-
nation criteria (similarly to our semantic approximation scheme) for dictionary learning have
started recently to emerge. F. Rodriguez and G. Sapiro [88] proposed a methodology for non-
parametric dictionary learning, which relies on an alternating optimization scheme, similarly
to the K-SVD algorithm [1].

3.7 Conclusions

We have proposed in this chapter a semantic approximation framework where supervised
dimensionality reduction achieves an interesting trade-off between compression and classifi-
cation. First, we have presented a subspace method that uses greedy algorithms from simul-
taneous sparse approximations of multiple signals. Next, we have extended these algorithms
to classification problems using a supervised dimensionality reduction strategy. This strategy
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utilizes a class separability penalty term in the objective function of the optimization problem,
which improves on the classification performance and provides the desired trade-off between
the two objectives. The proposed algorithms and their hybrid versions lead to performances
that are competitive or even outperform solutions that run state of the art algorithms in
2D and 3D face recognition applications, with the additional advantage of enabling efficient
coding solutions. It certainly represents a promising solution for multimedia data mining
applications, where relevant feature extraction and signal compression are to be performed
jointly. In the following chapter, we will allow the signals to be geometrically transformed
and we will study transformation invariance in pattern analysis.
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Chapter 4

Transformation Invariance

4.1 Introduction

In this chapter, we allow the patterns to be geometrically transformed and we are interested
in comparing transformed versions of patterns for matching and recognition purposes. The
comparison of two patterns is generally meaningful if they are aligned, so that their distance
reflects their structural and geometric differences. Alignment consists of estimating the rela-
tive transformation between patterns. The transformed version of a pattern can be described
as a point of a (generally nonlinear) manifold in a high dimensional space, which is usually
called the transformation manifold. If the distance between two patterns is truly invariant to
transformations, it becomes equivalent to the distance between their corresponding transfor-
mation manifolds. This is called the two sided manifold distance or the one sided manifold
distance (MD) when one of the pattern is fixed. Observe that the MD between a pattern and
its transformed version is zero; hence, MD is close to the semantic distance between any two
patterns. The minimum manifold distance thus corresponds to the distance between patterns
after proper alignment.

In this chapter, we introduce a method! for pattern alignment and manifold distance com-
putation, which is able to find the globally optimal solution when the transformation consists
of a synthesis of translations, rotation and isotropic scaling [57]. We represent the pattern
of interest as a linear combination of geometric atoms, which are chosen from a structured
dictionary. When the pattern is transformed, the transformation is essentially applied on
each constituent atom individually, resulting in a synthesis of transformations. Using group
theory of transformations we build on [56] and show that the proposed representation allows
for a closed form expression of the manifold equation with respect to the transformation pa-
rameters. Next, we formulate the pattern alignment problem as a DC program, by showing
that the objective function is DC, i.e., that it can be written as a difference of convex func-
tions. DC programs are non-convex problems that can be globally solved by exploiting their
special structure. In order to solve the DC program, we employ an outer approximation -
cutting plane method that converges to the globally optimal solution. The algorithm permits
to estimate jointly the translation, rotation and scaling parameters, and ensures convergence
to the global minimizer. Once the transformation parameters have been estimated, manifold

ITo appear in: E. Kokiopoulou and P. Frossard, “Minimum distance between pattern transformation man-
ifolds: Algorithm and Applications”, IEEE Transactions on Pattern Analysis and Machine Intelligence.
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distance can be readily computed by comparing the aligned patterns, and it can be further
used for matching and classification purposes. We finally provide experimental results that
show the effectiveness of the proposed algorithm in robust pattern recognition and image
alignment applications, where it outperforms existing solutions that are typically based on
(sub-optimal) manifold, tangent or Euclidean distance computation.

The rest of this chapter is organized as follows. In Section 4.2 we introduce the repre-
sentation of transformation manifolds using sparse geometric expansions and we formulate
the optimization problem. Then, we show in Section 4.3 that the objective function is DC;
hence our optimization problem is a DC program. We present experimental results on image
alignment and robust face recognition in Sections 4.4 and 4.5 respectively. For the sake of
completeness, in Sec. 4.6, we review some additional related work concerning transformation
invariance issues in pattern analysis. Finally, our concluding remarks are provided in Sec.

4.7.

4.2 Problem formulation

In this section, we introduce the concept of transformation manifolds. In particular, we show
that the pattern representation based on sparse geometric expansions yields a parametric
model of the pattern. Such a geometric pattern representation leads to a closed form expres-
sion of the transformation manifold equation with respect to the transformation parameters.
Then, we use this handy property to formulate the problem of pattern alignment, which refers
to the estimation of the transformation parameters.

4.2.1 Transformation manifolds

We propose to represent the pattern of interest as a linear combination of geometric atoms,
taken from a structured and possibly redundant dictionary D spanning the input space.
This representation generally allows to capture the most prominent features of the pattern of
interest that are generally also meaningful components. Recall from Chapter 3 that the atoms
in a structured dictionary are constructed by applying geometric transformations v € I' to a
generating mother function denoted by ¢, so that a structured dictionary takes the following
form,

D={¢,=U(x)é, veT} (4.1)
In what follows, a transformation with parameters v; = {b;, a;,w;} € I denotes a synthesis
of translations, anisotropic scalings and rotations. It can be observed that applying a trans-
formation on the mother function is equivalent to transforming the coordinate system from
{z,y} to {z,y} before applying ¢(-). When the ith atom in the structured dictionary (4.1)
is built as ¢, = U(v;)é(x,y), where v; = {b;,a;,w;} € T, it forms the same 2D function as

o(z,7), where
t 0 cosw;  sinw; x — big
0 1 —sinw; Ccosw; Y — by
A R(w;) t

1

S &

—_
Il

The approximation of the pattern of interest s with atoms from the dictionary D can be
obtained in different ways. Even if finding the sparsest approximation of s is generally a hard
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SIS

Figure 4.1: Progressive OMP approzimation of the digit “5”7 (leftmost) with 10, 20, 30, 40
and 50 Gaussian atoms (from left to right).

EENUdESEREH

Figure 4.2: Samples from the transformation manifold of the digit “5”. From left to right,
the samples correspond to rotation angles from 0 to 27 with step 7 /4.

problem, effective sub-optimal solutions are usually sufficient to capture the salient semantic
and geometric structure of a pattern with only a few atoms. Here, we have chosen to use
Orthogonal Matching Pursuit (OMP) [73, Sec. 9.5.3], which is a simplified version of SOMP
discussed in Section 3.2, in the case where there is only a single pattern to be approximated.
After K steps of OMP, the pattern s is approximated by a sparse linear combination of a few
atoms i.e.,

K
s=> &by + 7k, (4.3)

k=1

where rg is the residual of the approximation. Figure 4.1 shows the progressive approximation
of the digit ’5’ from a Gaussian dictionary using OMP. Observe that only a few atoms are
sufficient to capture the main geometric characteristics of the pattern and the representation
(4.3) does not need to be very accurate before it is useful for alignment purposes.

When a pattern s undergoes a geometric transformation 7, it spans a high dimensional
manifold 7 in the ambient space. Assume that the transformation is n = (3, «, 0); that is,
it consists of a synthesis of translations 3 = [3,, 8,], isotropic scaling o and rotation §. The
manifold 7 can be expressed mathematically as follows,

T ={s(n) £ U(n)s, n=(B,a,0)}. (4.4)

Although the manifold is high dimensional, its intrinsic dimension is rather small and equal
to the number of transformation parameters, which is 4 in our case. Figure 4.2 shows a few
samples from the transformation manifold of the digit “5”, when the transformation is simply
a rotation.
The transformations 7 form a group, namely the similitude group SIM(2) on the 2D plane.
Let denote by
R(w) = [ cosw sinw

. }, 0<w<2m,
—ginw cosw

the rotation matrix by angle w in the 2D plane. If (b,a,w) and (¥, d’,w’) are two elements of
the SIM(2) group, then the group law is

(bya,w)o (V,d',w'") = (b+ aR(w)V,ad',w" — w). (4.5)



48 CHAPTER 4. TRANSFORMATION INVARIANCE

Figure 4.3: Manifold distance is the minimum distance from a reference point p to the
transformation manifold of s.

Using (4.3) and dropping the residual term 7, it turns out that applying the transformation
1 on the pattern s, results in

K K
s =Ums =Y &UMdy, =Y _ &b, (4.6)
k=1

k=1

where 1 o7 is a product of transformations. In words, the transformation is applied on each
constituent atom individually. The group law (4.5) indeed applies [45, 27] and can be further
employed to determine the updated parameters of the transformed atoms. Equation (4.6) is
of great importance, since it expresses the manifold equation (4.4) in closed form with respect
to the transformation parameters 7. This is very valuable for the estimation of 1, and in
particular for the applicability of the DC programming methodology that is proposed in the
next section.

4.2.2 Estimation of transformation parameters

In this chapter, we are interested in computing the distance between visual patterns under
transformation invariance. Suppose that we want to compute the manifold distance from a
reference pattern p to the transformation manifold 7 described by equation (4.4). Fig. 4.3
provides a graphical illustration of the problem. Essentially, the manifold distance corre-
sponds to the distance between the aligned patterns. Hence, we need to estimate the optimal
transformation parameters n* first. We formulate the parameter estimation problem as follows

n* =arg max f(n), where f(n)=[(s(n),p)l- (4.7)

n=(6,a,0)

Recall that s(n) € T denotes the transformed pattern s when it is subject to transformation
n = (B,a,0). We assume that the pattern of interest s has been well approximated with a
sparse expansion over D i.e.,

K
s = ngqb’WN (48)
k=1

which results from (4.3) by dropping the residual term. When the atom parameters -y are
fixed, the transformed pattern s(n) in (4.6) provides a parametric pattern model with respect
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to 7. Note that in the above optimization problem, only the pattern s is expanded in the
redundant basis; i.e., the reference pattern p is used as is.

The purpose of the optimization problem is to compute the exact transformation param-
eters n*. This is generally a non-convex nonlinear optimization problem [78] which is hard
to solve using the traditional methods, such as steepest descent or Newton-type methods due
to their local convergence property and the presence of an unknown number of local minima.
However, it can be shown that the above objective function is a DC function, or equivalently
that it can be expressed as the difference of two convex functions.

Theorem 4.2.1. The objective function

K

F) = Wsm)p)l = 1D & (bnesp)s (4.9)

k=1
where g = n oy, is DC.

We show in the next section that this proposition is true. We first recall basic properties
of DC functions. Then we show that the geometric transformation of an atom by translation,
scaling and rotation is equivalent to a change in the coordinate system. The transformed
coordinate system (z,y) of the kth atom ¢,, depends on the transformation parameters 7.
With this transformation in the coordinate system, we can demonstrate that ()2 + 7(n)?
is a DC function of 7, which in turn will allow us to express the pixels of each atom ¢,
in a DC form. Then, we prove that the inner product (¢, ,p) between the pattern p and
each of the atoms is also DC. Finally, we obtain the DC formulation of the objective function

[{s(n), )1

4.3 DC decomposition

4.3.1 Properties of DC functions

We show in this section that the objective function f in (4.7) is DC, in several steps. We
start with some definitions and background material about DC functions [41, 40, 39] and their
properties.

First, let X be a convex subset of R™. A function f: X C R" — R is called DC on X, if
there exist two convex functions g, h : X — R such that f is expressed as

f(@) = g(2) - ha). (4.10)

A representation of the above form is called the DC decomposition of f. The DC decompo-
sition is clearly not unique, since if ¢(z) is a convex function, then f(z) = (g(z) + c(z)) —
(h(z) 4+ c(x)) is another DC decomposition of f. In what follows, the notations > 0 and > 0
denote positive definiteness and positive semi-definiteness accordingly. We present now a few
properties of DC functions.

Proposition 2. [}0, Sec 4.2] Properties of DC functions. Let f = g—h and f; = g;—h;, i =
1...,m be DC functions. Then the following functions are also DC:

(a) 2L Aifi = | Xpiaz0p Nigi — 2oqin<o} /\ihi} - [Z{mizo} Aihi = 3 gin <0y Aidi| -
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(b) [f| =2max{g,h} — (g +h).
(c) If fi and fo are DC functions, then the product fi - fa is DC. Moreover, if fi and fo have

nonnegative convex parts, the following DC decomposition holds

fir fo = gllon +92)% + (1 + 2)?] = 501 + ha)? + (g2 + h)?).

N —

In addition, it can be shown that the synthesis of a convex function and a DC function is
also DC, which is particularly relevant for our particular objective function, as shown below.

Proposition 3. Let f(z):R"™ — R be DC and ¢ : R — R be convez. Then,
(a) the composition q(f(x)) is DC [40, Sec 4.2].

(b) q(f(z)) has the following DC decomposition,

q(f(2)) = p(x) = K[g(x) + h(z)], (4.11)

where p(x) = q(f(z))+K[g(z)+h(x)] is a convex function and K is a constant satisfying
K > |q'(f(2))] [21].

Note that in part (b) of the above proposition, we use slightly different conditions than
those in [21]. For this reason, we provide a proof of part (b) in the appendix.
4.3.2 DC decomposition of transformed atoms

We show here that the transformed atom ¢, can be expressed in a DC form. For notational
ease, we drop the subscript &k since it is clear from the context that we refer to the kth
atom. Note first that the transformation of an atom by scaling, rotation and translation, is
equivalent to a change in the coordinate system.

Lemma 4.3.1. The transformed coordinates of an atom in (4.9) have the following form

sin 6

B\ Bl g ¥l T oy T g
o)~ Ui i 2020 )

where the p;’s and v;’s are constants depending on the atom parameters which are fived, and
T and Ty are related to 3, and (3, by the following relation

(5)=rca () @i

Proof. The proof is given in the appendix. O

(4.12)

With the change of variables in (4.13), the optimization variables become 7, 7,, o and 6.
This representation of the transformation parameters is equivalent to the previous one, since
from the 7’s we can recover the 3’s and vice versa (using (4.13)). Hence, for notational ease,
we will continue using 7 for denoting the transformation parameters with respect to 7, 7, «

and 6.
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The above lemma implies that,

. 2
5cos? 6 5sin? 0 2

~ \9 T, cos fsind
() = mi—s— +u27+u —2+M4 2+M5+2M1M2—

sin Htx

cos 07, 0s 6
T AL Ry +—2u1u5————%—2u2u3
sin 9
+ 2p0p5
«

sin 07 T
+2p10p4—— + 2#3#4—2 + 2#3#5—30 + 2,LL4,LL5—y (4.14)
(0% (6 (6 (6

and similarly for ¢(n) by replacing the p’s by v’s. In order to show that ¢, is DC we need to
show that every single term in the above equation is DC as well. In other words, we have the
following proposition.

Proposition 4. The expression corresponding to the transformed coordinate system %(n)?

(and similarly §(n)?) in (4.14) is DC.

In what follows, we provide a few lemmas that will help us showing that this is true. In
particular, we show that several of the constituent functions are DC: f(60) = cos#, f(0) = sin 6,

f0,0) =2, f(0,0) = <=2 and f(6, o) = 2L
Lemma 4.3.2. The following functions are DC
(i) f1(0) =cosb, 0 € [0,27).

(ii) f2(0) =sinéb, 6 € [0,2m).

Proof. (i) From Taylor’s theorem it is known that

o'}
- (_1>n92n_ 92 94 96 98

By grouping the terms of the same sign we have that

94 98 912
m@:[u»+g+57 ] {+a+ﬁ+ (4.15)

Since 0 € [0, 27), all the powers of the form of 8", n > 0 are convex [10, Ch. 3]. Thus,
the above equation provides a DC decomposition of the cosine function when 6 € [0, 27).

(ii) Similarly, the sine function is written in the following form,

. o (_1)n02n+1
sinf = —_—
nz:% (2n + 1)!
65 09 p13 93 o7 p11
= [9+—+§+1—3,+ } [3'+F+ﬁ+ (4.16)

which is DC using similar arguments as above.
O

Lemma 4.3.3. The function f(0,a) = g : R x Rt — R is DC with the following DC
decomposition

f0,a) = g =g(0,a) — h(0,a) = (4.17)
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(0+1)2

Proof. We need to show that both parts are convex. The first part g(, o)) = ~—= is convex
since
2 o? —(0+ 1o
2 — _
\Y 9(9704) - a3 |: _(9+1)a (0+1)2
_ 2 ! ! T -0
a3 | —(0+1) —(0+1) -
_ (0241

when o > 0. For the second part (0, o) = ~~—— we have that

2 a? —bOa
2
= — }
Vi, a) = 33 [ —Oa 62 +1 } =0,

since a > 0 and v V2h(6, a)v > 0, for every v = [v1 va] ' # 0. To see why this is true observe

that
(01 3] a? —Oo U1
L2 9o 92 +1 V9
2 2

= a“v] — Qavivy — Bavivg + 921)% + vg
= (fvg — av1)2 + v% > 0.

Lemma 4.3.4. The function f(0,a) = % :0,2m) x RY = R, k > 2, is convez.
Proof. The Hessian matrix of f is

02 [ k(k —1)o? —kbo
2 _
V(0 0) = a3 —kba 202

Observe that the term %}2 is positive, so we only need to prove that the remaining matrix

is positive semi-definite. Call A\; and As its eigenvalues. Then observe that its determinant is
M2 = 0%0?[2k(k — 1) — k%] = 6%a%k(k — 2) > 0,

since k > 2. Thus A\; and Ay have always the same sign. Now, observe also that the trace of
this matrix is

A4 Ao = k(k—1)a® + 267 >0

Thus, we conclude that both eigenvalues are non-negative. Therefore, the Hessian matrix is
positive semi-definite and f is convex. O

Lemma 4.3.5. The following functions are DC

(i) f1(6,0) =<2 :[0,27) x Rt - R

«Q

(i) f2(0,a)=22:[0,27) x R* — R
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Proof. (i) Using equation (4.15) we have that

= |+ —+—Fm+—+- —t—+—— .

cos 6 1 o4 68 612 } [ 02 06 610
«o a odl ol «al2! a2l ab! 10!

Each of the individual parts is convex because it consists of a sum of convex functions
according to Lemma 4.3.4.

(ii) Similarly, using equation (4.16) we have that,

sin 6 [Q+9_5+£+913+ }_[9_3+9_7+9_“+
aldl a7l alll

o a aodb! a9 al3!

The second part of the sine is convex, again due to Lemma 4.3.4. Unfortunately, this
is not the case for the first part, since the function g is not convex. However, we know
from Lemma 4.3.3 that it is DC. If we substitute the DC decomposition of % into the

above formula we get,

sing  17(0+1)?2 6 ¢ '3 }

1 L 1[(92+1) 3 97 e
a o« 2 51 91 13

S T [48)

o 2 T 7! 11!

The above formula yields now a DC decomposition of % since both parts are convex.

Note in passing that in the DC decompositions of both % and % the convex parts are
non-negative. This property will be used later on. O
Lemma 4.3.6. The following functions

{cos Osinf cosft, sinfr, cosfr, sindr, cos? 0 sin’0 T_f _yz TxTy )
o2 7 a2 a2 a2 a2 a2’ o2 a? o?

defined on 6 € [0,27), a € RT, 7, € R, 7, € R, are DC.

Proof. According to Lemma 4.3.5, the functions COS'9 and sma are DC with nonnegative convex

parts. Also, the functions % and O‘Z’ are DC w1th nonnegatlve convex parts, due to Lemma
4.3.3. The fact that all the above functions are DC, results from property (c) of Proposition
2 which states that the product of two DC functions (with nonnegative convex parts) is also

DC. O

Coming back to the transformed coordinates axes of the kth atom ¢, in (4.9), we can
now show that the transformed coordinates system is represented by DC functions.

Proof of Proposition 4: According to Lemma 4.3.6, Z(n)? (and similarly 7(n)?) in (4.14)
is DC, since it is a linear combination of DC functions (property (a) of Proposition 2). Thus,
z(n) = 2(n)?+7(n)? is also DC and suppose that z(n) = g.(n)—h.(n) is its DC decomposition.
O

4.3.3 DC form of the objective function

Now we are ready to prove the main result, namely Theorem 4.2.1, which claims that the
objective function of the optimization problem (4.7) is DC. The construction of a geometric
atom by transformation of the generating function is equivalent to apply the generating
functions on the transformed coordinates computed above. Given the above developments, it
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finally remains to show that the transformed generating functions are DC, and that the inner
products between the atoms and the pattern of interest p are also DC functions. We prove
these properties for the two different generating functions ¢ used in this chapter.

Proof of Theorem 4.2.1:

e If ¢ is Gaussian then

e~ @EM*+am)*)  o—z(n)

o(x(n),9(n)) = allél] - e

_ ez -ma-mll]l _ ,~[=(n)+matin 4]

[I>

Py

e~ v

where we have introduced the function

w(n) = z(n)+lna+n|e
= [g:(n) + W [g]]] = [=(n) — na]
= gw(n) - hw(n)v (4_19)

which is also DC, since In « is a concave function of o and therefore — In «v is convex. In
the above formulas, ||¢|| denotes the norm of the non-transformed atom and «/||¢|| is the
norm of the transformed atom. Putting these pieces together, we conclude that ¢, is
DC with the following decomposition e =% = [e=“) 4+ K (gy,(n) +hew(n))] — [K (9w (n) +
hw(n))], according to Proposition 3(b).

e If ¢ is AR then

e~ (Em*+5(n)?)

b = OE), ) = —

—2(n) —z(n)
= 4 )26 e

Y/
Vel ~ “allgl

which is also DC, since it is linear combination of two DC terms (the first term is DC
since it is the product of two DC functions (property (c) of Proposition 2)).

- [42(n)* — 2]

Next, we need to show that the inner product ¢(n) £ (¢, p) is also DC. Assume that M
is the number of pixels of the images and ¢,,, = gy — ha is the DC decomposition of the mth
pixel of ¢,. Then, {(n) is DC with the following decomposition

M
C(n) = <¢777p> = Z GmPm
m=1
= [ Z PmGm — Z pmhm] - [ Z Pmhm — Z pmgm}7
{m:pm>0} {m:pm <0} {m:pm >0} {m:pm <0}

based on property (a) of Proposition 2.
Assume now that (¢y,,p) = gr(n) — hi(n) is the DC decomposition of the inner product
of the kth atom with p. In the sequel, we use again the property (a) of Proposition 2 to come
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up with the DC decomposition of Zszl &k (bn,, p) which reads

K

> &ldnop) = [ Yo Ga— D fkhk}_[ > Gh— > 519919}

k=1 R {kszo} {k:§k<0} o {k}szo} {k}:fk<0}
9 I
= 9(n) = h(n).

Finally, the objective function in (4.9) is DC with the following decomposition, following from
the property (b) of Proposition 2,

K

F) =1 &lon., p)| = 2max{g, h} — (g + h).

k=1

O

Due to Theorem 4.2.1, the objective function is a DC function and the optimization
problem can therefore be formulated as a DC program. This permits the application of DC
programming methods for finding the global minimizer to the manifold distance computation.
To the best of our knowledge, this is the first globally optimal framework that is proposed in
the context of transformation invariant distance computation. We use an outer-approximation
cutting plane method [41, Thm 5.3] for solving the DC program, due to its simplicity and
the fact that the parameter space in our case is four-dimensional (see Section A.3 in the
Appendix for more details on the cutting plane algorithm). However, we should mention
that our framework could be also combined with other DC solvers such as Branch-and-Bound
schemes [41, Sec 5.1, Sec 5.2] and DCA [2].

Note in passing that the DC decomposition of f is both inefficient and complicated to
be obtained in closed form with respect to . On the contrary, the values of g and h can be
obtained in practice by applying sequentially the above properties. Actually this can be done
at the cost of evaluating only one of them (that is, the evaluation of g yields the corresponding
value of h for free and vice versa).

Computational cost analysis Let us provide now an analysis of the computational com-
plexity of the proposed methodology. Notice that typically each step of a DC solver calls for
function and subgradient evaluations. Since each subgradient evaluation calls for two function
evaluations, it is sufficient to study the cost of function evaluations alone. Before delving into
the cost analysis, it is important first to differentiate between the complexity of evaluating
the DC decomposition of f and the complexity of the DC solver. The latter depends on the
particular characteristics of the DC solver that is employed, and it is beyond the scope of the
present work.

We turn our attention now to the cost of evaluating the convex parts g and h of the
objective function f in Eq. (4.9). Recall that the evaluation of g yields the corresponding
value of h for free and vice versa. This is due to the fact that the values of g(ny) and
h(no) at a certain point 79 of the parameter space, are obtained simultaneously by applying
sequentially the properties described in Section 4.3. Overall, the computational complexity
of each function evaluation is

C’comp = O(K sy n?);
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Figure 4.4: Invariance of various methods with respect to scale and rotation.

where K is the number of atoms and M = n;j - ne is the number of pixels of the image.
This arises from the fact that a pattern is represented by K atoms and every pixel of each
atom is expressed in DC form. Note that K is typically small (e.g., less than 100) and it
is independent of the image size. It solely depends on the geometric complexity (shape) of
the pattern and the properties of the dictionary. Therefore, we observe that the sparsity
of the pattern and the image resolution are the main factors affecting the cost of function
evaluations.

4.4 Image alignment experiments

In this section we compare the proposed method, called MDDC (i.e., manifold distance mea-
sure using DC programming) with related methods from the literature. We have observed in
practice that our method reaches quickly the vicinity of the global minimizer, but then the
convergence rate drops before it computes the global minimizer with high accuracy. This is
a common characteristic of cutting plane methods in general. On the other hand, Newton
is a very accurate and fast method but it requires an initial guess that is close to the global
solution. For this reason, we combine both methods to get the best of both worlds. Thus,
what we call MDDC is essentially a hybrid method which first employs the cutting plane
method to reach the vicinity of the global minimizer and then switches to Newton with the
initial parameters that are obtained from the cutting plane algorithm.

4.4.1 Comparison of different methods

In the first experiment, we compare MDDC with ED (Euclidean distance), TD (tangent
distance) and MD (manifold distance using Newton’s method). For our comparison we use a
facial image from the ORL database [91] (see Section 4.5 for more details on this database).
Fig. 4.4(a) shows how this face transforms in the scale-rotation transformation space. Since
the manifold (semantic) distance between all these facial images is zero, we would like our
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(a) MRI im- (b) OMP approximations using 100, 200, 300, 400, 500 atoms respectively (left to
age right).

Figure 4.5: The MRI brain image and its successive approrimations.

methods to give a distance between them which is as small as possible. Hence, the smaller
the obtained distance, the better the method.

We build a parametric model of the facial image with K = 50 Gaussian atoms (see (4.8))
using OMP. Then, we sample the transformation parameter space by sampling the rotation
angle 0 uniformly in [0,27) with step /5 and the scale « in [0.5,1.5] with step 0.1. For
each combination of scale and rotation values we build a transformed image s(n) using (4.6)
and employ it as the reference image p. Then, we compute the distance between s and
p using all methods and compare the results. In the TD method, the tangent vectors are
computed by finite differences using (4.6) and the manifold is linearized around # = 0 and
a =1 (which corresponds to the non-transformed pattern). In the case of MD and MDDC we
report the distance ||s(77) — s(n*)||2, where n* and 7 is the exact and estimated transformation
respectively. Note that in MDDC we use 100 iterations of the cutting plane method before
switching to Newton.

Figure 4.4(b) illustrates the obtained distance surfaces from all methods. First observe
that the ED surface is non convex, which reveals the difficulty of the problem in practical
scenarios. Notice that ED and TD have comparable performance, with the latter bringing a
minor improvement over the former. Next, observe that Newton’s method provides a dramatic
improvement over the previous methods. We see also that its local convergence property is
also verified in practice i.e., for small transformations it is able to converge to the global
minimizer. However, for transformations of larger magnitude it gets trapped in local minima.
Finally, MDDC seems to provide superior results compared to the other methods. It provides
almost zero distance over all pairs of scale and rotation, verifying its ability to converge to
the globally optimal solution. Thus, it corresponds indeed to a close approximation of the
semantic distance between the transformed faces.

4.4.2 Application to medical image registration

Next, we provide an illustrative example of the application of our method to medical image
registration. In this example, we consider n to be a synthesis of translations, scalings and
rotations. We consider a typical brain MRI image s as shown in Fig. 4.5(a). We build a
pattern model of s using OMP with K = 500 Gaussian atoms. Fig. 4.5(b) shows the obtained
successive approximations while increasing the number of atoms from 100 to 500 with step
100. Observe that a few atoms are sufficient to capture the main geometric structure of the
pattern. Hence, in the context of alignment, one does not need to compute a very accurate and
expensive approximation of s. In other words, it is possible to estimate the transformation
parameters using only a crude pattern approximation, provided that it captures its salient
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(a) Transformed (b) Estimated
image with n: transformed
image

(d) Transformed (e) Estimated
image with 72 transformed
image

Figure 4.6: The transformed MRI brain images and their estimated transformed images.
First row corresponds to n1 and second row to 1.

geometric characteristics. For this reason, we use only K = 100 atoms in the following
alignment experiments.

We perform two experiments with two different transformations. First, we apply a geomet-
ric transformation n; = (31, a1,6;) on s, where 31 = [3, 2]", a1 = 0.8 and #; = 7/3 ~ 1.047.
The transformed image after image warping with 7, is shown in Fig 4.6(a). We apply the
cutting plane method and after 500 iterations, the estimated transformation parameters are:
B = [3.15, 0.61]T, &; = 0.8 and 6; = 1.08. Fig. 4.6(b) shows the warped image using
the estimated transformation parameters 7;. Also, in Fig. 4.6(c) we show the transformed
pattern s(71) (see eq. (4.6)) using 500 atoms (for illustration purposes).

In the second experiment, we test with a new transformation 7 = (82, as,02), with
Ba=[1, 4", as = 1.2 and s = 57/4 ~ 3.93. The transformed image after image warping
with 79 is shown in Fig 4.6(d). After 500 iterations of the cutting plane algorithm the
estimated transformation parameters are: [y = [1.54, 4.33]7, 42 = 1.19 and 05 = 4. In Fig.
4.6(e) and 4.6(f) we show the warped image with 72 and s(7j2) respectively. Observe that in
both cases the cutting plane algorithm is able to converge very close to the global minimizer.
Therefore, if it is combined with more accurate local convergence methods it can potentially
yield a very accurate method for image registration.
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Figure 4.7: The transformed test face images used for face recognition.

4.5 Transformation invariant face recognition

In this section we compare all methods in the context of transformation invariant face recog-
nition. We use the ORL (formerly Olivetti) database [91] which contains 40 individuals and
10 different images for each individual, including variation in facial expression (smiling/non
smiling) and pose. We form the training set by picking the first 7 facial expressions/poses per
subject and use the remaining 3 as a test set. This results into 280 training samples and 120
test samples. Our evaluation metric is the classification error rate which is the percentage of
test samples that are misclassified.

First, we compute the pattern model of all training images using K = 50 Gaussian atoms
in OMP. This is an off-line step and is performed once and for all. Then, each method
is combined with the nearest-neighbor (NN) classifier yielding a transformation-invariant
classifier. In particular, each test face image is first geometrically transformed and then
compared to each training face image. The test sample is given the class label of the “closest”
training image. The distance between the test and the training image is computed according
to the method that is tested; (i) for ED it is the Euclidean distance between the two, (ii)
for TD it is the tangent distance, and (ii) for MD and MDDC it is the Euclidean distance
obtained after alignment. In the latter case, alignment is accomplished by estimating the
transformation parameters first, and then by image warping using the estimated parameters.
For computational ease, the test image is aligned with only one representative image per
subject; namely the first facial expression/pose. Then, the same transformation is used for
aligning the test image with the remaining images of the same subject.

Note that this experiment is more challenging than the previous one, because the training
and the test images (which are to be aligned) correspond to different expressions/poses of
the same person or to different persons. In MDDC, we use 30 iterations of the cutting plane
method before switching to Newton. In the testing phase, each test facial image is scaled by a
random «, uniformly distributed in [0.5, 1.5] and rotated by a random 6, uniformly distributed
in [0,27). Each test image is transformed independently from its peers. Observe that the
testing phase scales linearly with the training set size. Fig. 4.7 shows the transformed versions
of the test facial images.

For the sake of completeness, we also include in our comparisons the virtual samples (VS)
method. The virtual samples are simply transformed versions of the training samples that
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Figure 4.8: Histogram of the absolute error of the rotation angle (first row) and of the scale
(second row).

artificially generated. The latter method is employed as a baseline in order to show that
expanding the training set with transformed samples can be helpful in robust recognition
against the presence of transformations in the test set. In particular, for each training image
we build a set of virtual samples by applying geometric transformations corresponding to each
possible pair (0, ), i =1,...,ng,j =1...,ns. We discretize the rotation space [0, 27) with
ng = 10 points and the scale space [0.5,1.5] with ng = 5 points. In the VS method the size of
the training set is expanded by ny - ng times, which is 50 in our case. This makes it memory
intensive, which is one of the main pitfalls of this method. Note that one may discretize even
more finely the transformation space, but we should bear in mind that in practice this may
not be always feasible. This method typically bridges the gap between local methods (i.e.,
that are built for small transformations) and global methods, like ours.

Table 4.1 shows the classification error rates of all methods, under both L1 and L2 met-
rics. Notice that ED, TD and MD break down due to the presence of large transformations.
However, MDDC yields a satisfactory performance which shows its truly transformation in-
variant properties. The VS method has comparable performance to MDDC, at the cost of
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Classif. error rate(%) || ED | TD | MD | VS | MDDC
L2 95.8 | 98.3 | 80.8 | 37.5 26.6
L1 94.2 - 81.6 | 29.2 22.5

Table 4.1: Transformation invariant face recognition results.

highly increased memory requirements though.

We further discuss the alignment performance of Newton and MDDC. We compute the
histogram of the absolute errors of both scale and rotation using 50 bins. In particular, we
report the absolute errors [0 — 0| and | — @|, where § and & denote the estimated trans-
formation parameters of rotation and scale respectively. We observed that in many cases
the global minimizer in the alignment between different persons does not coincide with the
exact transformation parameters. For this reason, in the histogram computation, we include
only the alignment performance of the pairs corresponding to different expressions/poses of
the same subject. Fig. 4.8 show the results of both Newton and MDDC. Notice that, as
expected, Newton is not able to converge to the true transformation parameters, due to its
local convergence property. On the other hand, MDDC is successful in the vast majority of
the cases. The very few outlier cases are due to the fact that we run only 30 iterations of the
cutting plane algorithm (before switching to Newton).

Discussion The above experimental results indicate that our algorithm converges to the
global minimizer in the presence of large transformations, when they consist of synthesis
of translations, rotations and scalings. Our goal is to show that our method is applicable to
robust pattern classification and image registration problems, while enjoying at the same time
theoretical merits of convergence to the globally optimal solution. These examples are however
mostly illustrative, and do not permit to extrapolate that the proposed framework alone will
provide state of the art performances in more generic problems, like image registration in the
presence of occlusion, or background noise.

Also, we can note that the proposed framework has targeted transformations that can
be represented as a composition of rotation, translation and isotropic scaling. While such
transformations represent of a wide range of image processing applications, the proposed
framework could also be applied to more generic transformations models, such as fully affine,
non-rigid etc, as long as the effect of the transformation on a set of atoms can be properly
expressed in a DC form.

4.6 Related work

In Section 2.3, we reviewed the most related methods from the literature on transformation
invariant distance measures. Furthermore, we provided an experimental evaluation of our
framework with respect to these methods in Sections 4.4 and 4.5, and the results show that
our method is superior to them in both pattern alignment as well as robust face recognition.
In what follows, for the sake of completeness, we review some additional methods from the
literature that touch upon transformation invariance issues in pattern analysis, although they
are not directly related to the framework proposed in this chapter. We start by methods that
introduce invariance in pattern recognition.
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A lot of research efforts have focused on introducing transformation invariance into Sup-
port Vector Machines (SVMs). This can be attempted by the following approaches (see [18]
for more details and references). (i) Design of invariant kernels [34]. (ii) Introduction of
virtual support vectors [97, 98]. In particular, Scholkopf et al. introduced invariance into
SVMs by generating virtual examples from the support vectors, rather than the whole train-
ing set (Virtual SVM). This yields the training phase more computationally efficient since
the training set size becomes controlled now. (iii) Kernel jittering [17], where the main idea
is the following; instead of performing the transformations on the training examples before
training, they are performed on-demand during kernel evaluation.

In the context of maximum margin classifiers, Graepel et al [31] proposed the semidefinite
programming machines (SDPM). They represent the transformation manifold of each training
sample by a polynomial trajectory (using Taylor expansion) and then formulate the margin
maximization as a semidefinite program. Experimentally, SDPM performed slightly better
than the virtual SVM. However, extending their methodology to more generic transformations
consisting of more than one parameters is complex.

Another approach towards invariance in pattern recognition is to encode invariance into
the classification algorithm itself. For example, Simard et al in [100] modified the error
function of neural networks in order to make it invariant to transformations. In particular,
they included an additional term in the error function, which captures the magnitude of the
gradient of the classifying function with respect to the transformation parameters. Thus,
minimizing the total error function results in a classification function that is smooth with
respect to the desired transformations.

We should also mention that there are research efforts that attack the problem of interest
from a different combinatorial perspective. The authors in [43] provide a combinatorial treat-
ment of pattern matching by considering solely discrete images. The main result in [43] is that
the image matching problem under affine transformations can be solved in polynomial time.
They propose an exhaustive search algorithm over a database of all possible affine transforma-
tions of the discrete image. They show that the size of the database is bounded polynomially
with respect to the size of the image. The main idea of the proof relies on the fact that the
parameter space of continuous affine transformations in R® can be partitioned into equiva-
lence classes. Two parameter vectors belong to the same equivalence class if they map to the
same discrete transformed image (under the assumption of nearest neighbor interpolation).
The authors show that the number of equivalence classes is bounded polynomially and that
the complexity of their combinatorial algorithm scales as O(NN'8), where N is the image size.
Although, the complexity is polynomial, the algorithm becomes inefficient for large image
sizes. In a follow up article [44], the same authors study the particular problem of pattern
matching under combined scale and rotation. They propose sharper bounds on the size of
the database of all possible transformed patterns, and they provide an improved algorithm of
smaller complexity for this case, which is however still based on exhaustive search.

Finally, it is important to stress [113] that the problem of computing the manifold dis-
tance is closely related to the problem of image alignment or registration. For instance, the
article in [108] proposes the use of multiresolution decomposition combined with Levenberg-
Marquardt for image registration, which is close to the idea proposed in [113]. The authors
in [76, 11] propose a maximum likelihood (ML) approach for translation, rotation and scale
estimation. The idea is to loop over the pixels and for each pixel to estimate scale and ro-
tation by maximizing an approximation of the log-likelihood using quasi-Newton. The latter
approximation is obtained by expanding the images in the Laguerre-Gauss transform domain.
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This approach does an exhaustive search over the possible translation parameters and solves
the scale-rotation problem for each pixel. On the contrary our methodology solves the full
problem all at once. The reader is referred to [132] for a survey on image registration.

4.7 Conclusions

In this chapter we considered the problem of estimating the transformation parameters for
pattern alignment and manifold distance computation. This problem allows for meaningful
comparison between geometrically transformed patterns. We have proposed a globally optimal
method, which uses sparse geometric expansions to represent the transformation manifold.
A few atoms are sufficient to capture the main geometric structure of the pattern, which is
further used for alignment. We formulate the minimization of the distance of the reference
pattern from the manifold, as a DC program, by proving that the objective function is DC. We
solve the DC program using an outer approximation - cutting plane method which converges
to the globally optimal solution. The experimental results show that the proposed method
is successful in finding the global minimizer in practice, with applications to robust face
recognition and image alignment. In the next chapter, we study the problem of pattern
classification, when multiple transformed observations of the test pattern are available.



64

CHAPTER 4. TRANSFORMATION INVARIANCE



Chapter 5

Classification of Multiple
Observations

5.1 Introduction

In this chapter, we focus on the problem of classifying multiple transformed observations of
the same test object. We assume that each observation is produced from the same object
under a certain generic transformation, and the problem is to predict the unknown class.
In this context, classification methods have typically to exploit the diversity of the multiple
observations in order to provide increased classification accuracy [102]. For instance, high-
dimensional visual information sets typically exhibit a low-dimensional manifold structure
and exploiting this particular structure is important.

The problem of classification of multiple observations can be identified as a particular
case of semi-supervised learning (SSL) [13]. SSL refers to the type of learning where the
test unlabelled data are available in the training phase; the challenge is to exploit this extra
information in order to improve the classification performances. Notice that all unlabelled
examples typically belong to the same unknown class in our problem of classification of
multiple observation sets. A classification algorithm for multiple observations should be able
to benefit from this special structure of the problem. We design two methodologies, which
build on SSL and take explicitly into account this key observation.

We first show that this particular classification problem can be solved with a modified
Transductive Support Vector Machine algorithm. Due to the complexity limitations of such
a solution, we further propose a novel graph-based algorithm built on label propagation [16].
Label propagation methods typically assume that the data lie on a low dimensional manifold
living in a high dimensional space. They rely upon the smoothness assumption, which states
that if two data samples 1 and x9 are close, then their labels y; and yo should be close as
well. The main idea of these methods is to build a graph that captures the geometry of this
manifold as well as the proximity of the data samples. The labels of the test examples are
derived by “propagating” the labels of the labelled data along the manifold, while making
use of the smoothness property. We exploit the specificities of our particular classification
problem and constrain the unknown labels to correspond to one single class. This leads to
the formulation of a discrete optimization problem that can be optimally solved by a simple
and low complexity algorithm.

65
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We apply the proposed algorithms to the classification of sets of multiple images in hand-
written digit recognition or video-based face recognition. In particular, we illustrate the high
potential in graph-based methods for efficient classification of images that belong to the same
data manifold. For example, we show that the graph-based solution outperforms state of the
art subspace or statistical classification methods in video-based face recognition. Hence, this
chapter establishes new connections between semi-supervised learning and video-based face
recognition, where graph-based solutions are certainly very promising.

The rest of the chapter is organized as follows. We first formulate the problem of classifi-
cation of multiple observation sets in Section 5.2. We propose a modified TSVM solution in
Section 5.3 and a graph-based algorithm inspired by label propagation in Section 5.4. Then
we demonstrate the performance of the proposed classification methods for handwritten digit
recognition and video-based face recognition in Section 5.5 and Section 5.6, respectively.

5.2 Problem definition

We address the problem of the classification of multiple observations of the same object,
possibly with some transformations. In particular, the problem is to assign multiple obser-
vations of the test pattern/object s to a single class of objects. We assume that we have m

transformed observations of s of the following form
(w)

:I:J :U(nj)su ]Zlauma

where U(n) denotes a (geometric) transformation with parameters 1, which is applied on
s. For instance, in the case of visual objects, U(n) may correspond to a rotation, scaling,
translation, or perspective projection of the object. We assume that each observation azg-u) is
obtained by applying a transformation 7; on s, which is different from its peers (i.e., n; # n;,

for i # j). The problem is to classify s in one of the ¢ classes under consideration, using the
(w)
j 9

Assume further that the data set is organized in two parts X = {X 0, x (“)}, where X =
{z1,29,..., 2} = {mgw,mg),...,xl(l)} Cc R and XW = {z111,...,2,} = {xgu),...,ng)} C
RY, where n = [+ m. Let also £ = {1,..., ¢} denote the label set. The I examples in X are
labelled {y1,v2,...,u}, ¥i € £, and the m examples in X (%) are unlabelled. The classification
problem can be formally defined as follows.

multiple observations z j=1,...,m.

Problem 1. Given a set of labelled data XV, and a set of unlabelled data X £ {.’Egu) =
U(nj)s, j=1,...,m} that correspond to multiple transformed observations of s, the problem
is to predict the correct class c¢* of the original pattern s.

This problem is a particular case of semi-supervised learning [13], which generally consists
in predicting the labels of X based on the knowledge of the data points (both X ) and
X (“)) and the labels of the labelled points. Note that in the generic scenario of semi-supervised
learning, the test examples may belong to different classes. This problem however presents an
important additional constraint, where all the observations belong to the same class. Thus,
one may view Problem 1 as a special case of semi-supervised learning, where the unlabelled
data X represent the multiple observations and they have the extra constraint that all
unlabelled data examples belong to the same (unknown) class. The problem then resides in
estimating the unknown class.
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It has to be noted here that robustness to pattern transformations is a very important
property of the classification of multiple observations. Transformation invariance can be
introduced into classification algorithms by augmenting the labelled examples with the so-
called virtual samples, denoted hereby as X ('3) (see [86] for a similar approach). Recall that
the virtual samples are essentially data samples that are generated artificially, by applying
transformations to the original data samples. It is common practice to generate the virtual
samples by uniform sampling of the transformation parameter space. They are given the class
labels of the original examples that they have been generated from, and are treated as labelled
data. By including the virtual samples in the data set, any classification algorithm becomes
more robust to transformations of the test examples'. We therefore adopt this strategy in
the proposed methods and we include nys virtual samples X (¥®) in our original data set that
is finally written as X = {X® x(vs) x @7,

In the next sections, we propose two novel methods to solve Problem 1, which are respec-
tively based on Transductive Support Vector Machines (TSVM) and label propagation (see
Section 2.4.1 for more details on these two methods).

5.3 Classification with modified TSVM

Algorithm 3 The TSVM algorithm
1: Input:
X® e R4 labelled data.
X e R&m: unlabelled data.
t: RBF kernel width.
C': the soft margin parameter.
2: Output:
p: estimated unknown class.
Initialization:
r=1[0,...,0] € R®
for p = 1 :cdo

{Assume that X belongs to the pth class}

Form the positive examples X = {Xz%):p Uxwy.

Form the negative examples X_ = {X (l_)#p}.

Form Y, and Y_. '
10:  {Train a binary SVM}
11: {a,bp,Xsv} = tra1nSVM([X+,Y+] [X_ Y 1,C\t);
12:  Compute the margin r(p )

13: end for
14: p = argmax, r(p)

)
( aTKoz

We propose now to modify the standard TSVM algorithm (see Section 2.4.1) in order to
solve Problem 1 and exploit its special structure. Since all the unlabelled samples belong
to the same class, we can rely on the maximum margin principle and modify the TSVM
algorithm to solve the problem of classification of multiple observations.

L Although the inclusion of virtual samples induces a memory cost, we should mention however that this
cost gets amortized among the multiple test examples.
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The main idea is simply to loop over the different class hypotheses and output as the
estimated class p the one that maximizes the margin, as presented in Algorithm 3. For each
hypothesized class p, the modified TSVM algorithm trains a binary standard SVM (Line 11),
where:

e the positive examples X are formed by the union of the unlabelled data X () and the
labelled data X (?:p of the class p (Line 7), and

e the negative examples X_ consist of the rest of the labelled data X?Sgép (Line 8).

The algorithm computes the margin r(p) for each hypothesis p (Line 12), and finally, the
hypothesis that results in the largest margin is provided as the estimated class p.

Algorithm 3 accommodates the special structure of Problem 1 and instantiates the TSVM
classification for the classification of multiple observation patterns. Note however that Algo-
rithm 3 does not explicitly model the manifold structure of the data. It is possible to employ
a nonlinear SVM to capture the nonlinearities that are present in the data, but this comes at
the price of choosing an appropriate kernel and its hyperparameters.

Finally, the total computational cost of the above TSVM algorithm is O(c - n?), since the
SVM training that scales as O(n?), is repeated for each class hypothesis. Thus, the cost of
the above method becomes quite considerable when the data set grows large and when the
number of classes increases. For the above reasons, we propose in the next section, a low
complexity graph-based method that captures the manifold structure of the data by means
of a graph.

5.4 Graph-based classification

5.4.1 Label propagation with multiple observations

We propose now to build on graph-based algorithms to solve the problem of classification of
multiple observations. In general, label propagation assumes that the unlabelled examples
come from different classes. As Problem 1 presents the specific constraint that all unlabelled
data belong to the same class, label propagation does not fit exactly the definition of the
problem as it falls short of exploiting its special structure. Therefore, we propose in the sequel
a novel graph-based algorithm, which (i) uses the smoothness criterion on the manifold in
order to predict the unknown class labels and (ii) at the same time, it is able to exploit the
specificities of Problem 1.

We represent the data labels with a 1-of-c encoding, which allows to form a binary label
matrix of size n X ¢, whose ith row encodes the class label of the ith example. The class label
is basically encoded in the position of the nonzero element.

Suppose now that the correct class for the unlabelled data is the pth one. In this case, we
denote by Z, € R"*¢ the corresponding label matrix and we call it the pth class-conditional
label matriz. Note that there are ¢ such label matrices; one for each class hypothesis. Each
matrix Z, has the following form

Y'l c Rlxc
Zy = e R, (5.1)
1¢] € Rme
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Figure 5.1: Structure of the class-conditional label matriz Z,.

where e, € R° is the pth canonical basis vector and 1 € R™ is the vector of ones. Fig. 5.1
shows schematically the structure of matrix Z,. The upper part corresponds to the labelled
examples and the lower part to the unlabelled ones. Z, holds the labels of all data samples,
assuming that all unlabelled examples belong to the pth class. Observe that the Z,’s share
the first part ¥; and differ only in the second part.

Since all unlabelled examples share the same label, the class labels have a special structure
that reflects the special structure of Problem 1, as outlined in our previous work [60]. We
could then express the unknown label matrix M as,

C
M=) N2, Z,eR", (5.2)
p=1

where Z, is given in (5.1), A\, € {0,1} and

i Ap = 1. (5.3)
p=1

In the above, A = [\1,..., A;] is the vector of linear combination weights, which are discrete
and sum to one. Ideally, A\ should be sparse with only one nonzero entry pointing to the
correct class.

The classification problem now resides in estimating the proper value of \. We propose
to make use of the smoothness assumption property, similar to the graph-based methods for
semi-supervised learning. Notice that the fitting term in (2.6) is not needed anymore due to
the structure of the Z matrices. Hence, we propose the following objective function

< 1/ & 1 1
O = 5( 3 Hisl =M = —=Mil1"). (5.4)

ij=1

where the optimization variable now becomes the A vector. In the above, M; (resp. Mj)
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denotes the ith (resp. jth) row of M. In the case of normalized Laplacian, we have

1 n
Q) =3 > Syl - My, (5.5)
ij=1

where S is defined as in (2.5). It can be seen that the objective function directly relies on
the smoothness assumption. When two examples z;, x; are nearby (i.e., H;; or S;; is large),
minimizing Q(\) and Q()) results in class labels that are close too. In addition, we observe
that X is implicitly represented in the above equation through M, defined in eq. (5.2). The
following proposition further shows the dependence of @) on A.

Proposition 5. Assume the data set is split into | labelled ezamples X and m unlabelled
examples X, i.e., X = [X), X(W]. Then, the objective function (5.5) can be written in the
following form,

1 1
QU =Cty X Sulvi- AP +5 3 Syllv; - AP (5.6
i<l,j>l 1>1,j<l
where C' =37, 1< Sigl| i — Y%
Proof. From equation (5.5) observe that

QM) = 5 D Syl =Myl + 5 D Sl 2
4,J< i,5>

Q1 Q2

1 & 1 &
+3 > SinMi—Mj||2+§ > Syl — M2

i<l,j>1 i>1,5<l

/

Q3 Q4

We consider the following cases

(i) i <landj <li.e., both data examples z; and x; are labelled. Then, M; = (370 _; A,)Y; =
Y, due to the special structure of the Z matrices (see (5.1)) and also due to the constraint
(5.3). Similarly, M; = Y;. This results in Q1 = 53, ;< Sijl|Yi — ¥j||* = C, which is a

constant term and does not depend on .

(ii) ¢ > l and j > [ i.e., both data samples z; and z; are unlabelled. In this case, M; = A
and M; = A, again due to (5.1). Therefore the second term @7 is zero.

(iii) ¢ <land j > [li.e., x; is labelled and x; is unlabelled. In this case, M; = Y; and M; = .
This results in Q3 = § >, o, Sij Vi = A%

(iv) ¢ > [ and j < [ is analogous to the case (iii) above, where the roles of z; and x; are
switched. Thus, Qs = 1> SiillY; — A2

Putting the above facts together yields (5.6). O

1>1,5<I

The above proposition suggests that only the interface between labelled and unlabelled
examples matters in determining the smoothness value of a candidate solution vector A. We
use this observation in order to design an efficient graph-based classification algorithm that
is described below.
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Algorithm 4 The MASC algorithm
1: Input:
X € R¥": data examples.
m: number of observations.
I: number of labelled data.
2: Output:
p: estimated unknown class.
Initialization:
Form the k-NN graph Gy = Vg4, £q).
Compute the weight matrix H € R™*" and the diagonal matrix D, where D; ; = Z?Zl H;j.
Compute S = D-Y2HD~Y/2,
forp=1:cdo

Y;
v o= ]

9 q(p) = Zi§l7j>l Sz'jHMi - Mj||2 + Zz‘>l,j§1 SinMi - Mj||2-
10: end for
11: p = argminy, g(p)

5.4.2 The MASC algorithm

We propose in this section a simple, yet effective graph-based algorithm for the classifica-
tion of multiple observations from the same class. Based on Proposition 5 and ignoring the
constant term, we need to solve the following optimization problem

Optimization problem: OPT
miny >« iy Sigl|Yi — AlI2+ s i< SillY; — All?

subject to
M e{0,1}, p=1,...,¢
Se =1

Intuitively, we seek the class that corresponds to the smoothest label assignment between
labelled and unlabelled data. Observe that the above problem is a discrete optimization
problem due to the constraints imposed on A, that can be collected in a set A, where

A={AeR™: Ne{01hp=1,....¢,) N\=1}
p=1

Notice that the search space A is small. In particular, it consists of the following ¢ vectors:

I:’ ) ) 7“'70]
0,1,...,0,...,0]
0,0,...,1,...,0]
0,0,...,0,...,1].

Thus, one may solve OPT by enumerating all above possible solutions and pick the one A* that
minimizes Q(A). Then, the position of the nonzero entry in A* yields the estimated unknown
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Figure 5.2: Classification results measured on two different data sets.

class. We call this algorithm M Anifold-based Smoothing under Constraints (MASC) and we
show its main steps in Algorithm 4.

The MASC algorithm has computational complexity that is linear with the number of
classes, and quadratic with the number of samples. The construction of k-NN graph (Lines
4-6) scales as O(n?). Once the graph has been constructed, the enumeration of all possible
solutions scales as O(c). We conclude that the total computational cost is O(n? + ¢), which
is much lower than the complexity O(c-n?) of the modified TSVM solution proposed before,
especially when the number of classes increases.

In what follows, we evaluate the performance of the proposed methods in classification of
sets of multiple images in handwritten digit recognition and video-based face recognition. One
may want to use particular image models or features depending on the context and the target
application. However, our main goal here is to evaluate the behavior of the classification
methods independently of particular choices on image models or feature representations. For

this reason, we treat images in the classical pixel-based representation in all experiments that
follow.

5.5 Classification of multiple images

We evaluate the performance of the classification algorithms based on TSVM, and label
propagation, in the context of handwritten digit classification. Multiple transformed images
of the same digit class form a set of observations, which we want to assign to the correct
class. We use two different data sets for our experimental evaluation; (i) a handwritten digit
image collection? and (ii) the USPS handwritten digit image collection. The first collection
contains 20 x 16 bit binary images of “0” through “9”, where each class contains 39 examples.
The USPS collection contains 16 x 16 grayscale images of digits and each class contains 1100
examples.

We compare the classification performance of the MASC algorithm with the label prop-

2http://www.cs.toronto.edu/~roweis/data.html
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agation (LP) method. In LP, the estimated class is computed by majority voting on the
estimated class labels computed by (2.7). In our experiments, we use the same k-NN graph
in combination with the Gaussian weights (2.4) in both LP and MASC methods. In order
to determine the value of o in (2.4) we adopt the following process; we pick randomly 1000
examples, compute their pairwise distances and then set o equal to half of its median.

We first split the data sets into training and test sets by including 2 examples per class
in the training set and the remaining are assigned to the test set. Each training sample is
augmented by 4 virtual examples generated by successive rotations of it, where each rotation
angle is sampled regularly in [—40°,40°]. This interval has been chosen to be sufficiently small
in order to avoid the confusion of digits 6’ and ’9’. Next, in order to build the unlabelled set
X @) (i.e., multiple observations) of a certain class, we choose randomly a sample from the
test set of this class and then we apply a rotation on it by a random (uniformly sampled)
angle 6 € [—40°,40°].

The number of nearest neighbors was set to & = 5 for both binary digit collection and
the USPS data set, in both methods. These values of k£ have been obtained by the best
performance of LP on the test set. We try different sizes of the unlabelled set (i.e., multiple
observations), namely m = [10 : 20 : 150] (in MATLAB notation). For each value of m, we
report the average classification error rate across 100 random realizations of X () generated
from each one of the 10 classes. Thus, each point in the plot is an average over 1000 random
experiments.

We also compare the graph-based algorithms with the TSVM method, discussed in Section
5.3. For the SVM implementation, we use the SPIDER machine learning library for MATLAB
that is publically available3. The standard SVM used in Line 11 of Algorithm 3, consists
of a nonlinear SVM with an RBF kernel. We rather opt for a nonlinear type of SVM,
due to the manifold structure of the data (caused by the pattern transformations). In this
case, the hyperparameters of the TSVM are the width ¢ of the RBF kernel and the soft
margin parameter C. Since the number of training examples is small, the hyperparameters
are selected based on the test error. We used the following two-dimensional grid for the
hyperparameters,

{(t;,C4),t; € [1072: 10°%° : 10], C; € [10" : 10°7 : 100]}.

This resulted in t; = 0.3162 and C; = 10 for the binary digits data set and ¢; = 0.3162 and
Ch = 31.6228 for the USPS data.

Figures 5.2(a) and 5.2(b) show the results over the binary digits and the USPS digits
image collections, respectively. Observe first that increasing the number of observations
gradually improves the classification error rate of all methods. This is expected since more
observations of a certain pattern give more evidence, which in turn results in higher confidence
in the estimated class label. Notice also that the graph-based methods outperform TSVM,
which does not consider explicitly the manifold structure of the data. Finally, observe that
the proposed MASC algorithm unsurprisingly outperforms LP in both data sets., since it is
designed to exploit the particular structure of Problem 1.

3http://www.kyb.tuebingen.mpg.de/bs/people/spider/main.htm]



74 CHAPTER 5. CLASSIFICATION OF MULTIPLE OBSERVATIONS

5.6 Video-based face recognition

5.6.1 Experimental setup

In this section we evaluate our graph-based algorithm in the context of face recognition from
video sequence. In this case, the different video frames are considered as multiple observations
of the same person, and the problem becomes the correct classification of this person. We
evaluate in this section the behavior of the MASC algorithm in realistic conditions, i.e., under
variations in head pose, facial expression and illumination. Note in passing that our algorithm
does not assume any temporal order between the frames; hence, it is also applicable to the
generic problem of face recognition from image sets.

We use two publically available databases; the VidTIMIT [92] and the first subset of the
Honda/UCSD [65] database. The VidTIMIT database® contains 43 individuals and there are
three face sequences obtained from three different sessions per subject. The data set has been
recorded in three sessions, with a mean delay of seven days between session one and two, and
six days between session two and three. In each video sequence each person performed a head
rotation sequence. In particular, the sequence consists of the person moving his/her head to
the left, right, back to the center, up, then down and finally return to center.

The Honda/UCSD database® contains 59 sequences of 20 subjects. In contrast to the
previous database, the individuals move their head freely, in different speed and facial ex-
pressions. In each sequence, the subjects perform various in-plane and out-of-plane head
rotations, improvising their own head movements. Each person has between 2 and 5 video
sequences and the number of sequences per subject is variable.

For preprocessing, in both databases, we used first P. Viola’s face detector [115] in order
to automatically extract the facial region from each frame. Note that this typically results in
misaligned facial images. Next, we downsampled the facial images to size 32x32 for compu-
tational ease. No further preprocessing has been performed, which brings our experimental
setup closer to real testing conditions.

The proposed MASC method implements Gaussian weights (2.4) and sets k = 5 in the
construction of the k-NN graph. It does not use any virtual samples, since the training
sequence contains already sufficient number of data examples. We compare MASC to two
well-known methods from the literature, which mostly gather algorithms based on either
subspace analysis or density estimation (statistical methods):

e MSM. The Mutual Subspace Method [28, 124], which is the most well known repre-
sentative of the subspace analysis methods. It represents each sequence by a subspace
spanned by the principal components, i.e., eigenvectors of the covariance matrix. The
comparison of a test sequence with a training one is then achieved by computing the
principal angles [29] between the two subspaces. In our experiments, the number of
principal components has been set to nine, which has been found to provide the best
performance.

e KLD. The KL-divergence algorithm by Shakhnarovich et al [99] is the most popular
representative of density-based statistical methods. It formulates the video-based face
recognition problem as a statistical hypothesis testing problem. Under the i.i.d and the
Gaussian assumptions on the face sequences, this classification problem typically boils

“http://users.rsise.anu.edu.au/~conrad/vidtimit/
Phttp://vision.ucsd.edu/ leekc/HondaUCSDVideoDatabase/HondaUCSD.html
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Figure 5.3: Head pose variations in the VidTIMIT database.
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Figure 5.4: A typical face manifold from the VidTIMIT database. Observe the four clusters
corresponding to the four different head poses (face looking left, right, up and down).

down to a computation of the KL divergence between sequences. The energy cut-off,
which determines the number of principal components used in the regularization of the
covariance matrices, has been set to 0.96.

5.6.2 Classification results on VidTIMIT

We first study the performance of the MASC algorithm with the VidTIMIT database. Figure
5.3 shows a few representative images from a sample face manifold in the VidTIMIT database.
Observe the presence of large head pose variations. Figure 5.4 shows the 3D projection of
the manifold that is obtained using the ONPP method [62], which has been shown to be
an effective tool for data visualization. Notice the four clusters corresponding to the four
different head poses i.e., looking left, right, up and down. This indicates that a graph-based
method should be able to capture the geometry of the manifold and propagate class labels
based on the manifold structure.

Since there are three sessions, we use the following metric for evaluating the classification
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Figure 5.5: Video face recognition results on the VidTIMIT database.
performances

LB 3
G Z | Z .e(i,j), (5.7)

where €(1, j) is the classification error rate when the ith session is used as training set and the
jth session is used as test set. In words, € is the average classification error rate calculated
over the following six experiments, namely (1,2), (2,1), (1,3), (3,1), (2,3) and (3,2).

We evaluate the video face recognition performance of all methods for diverse training
and test set sizes. The objective is to assess the robustness of the methods with respect to
the size of the training and/or the test set. For this reason, each image set, say the ith, is
re-sampled as follows

X’gﬁ;in = Xi(:’ Lir: n)a i=1,...,c (58)
Xt(élt = Xi(yl:s:n),i=1,...,c (5.9)

In the above, each image set is re-sampled with step r if it is used as training set, and with
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Recognition rate (%) || MASC | MSM | KLD
r=4 100 84.62 | 84.62
r=206 100 84.62 | 79.49
r=38 97.44 | 84.62 | 61.54
r =10 97.44 | 87.18 | 66.67
r=12 97.44 | 76.92 | 61.54

Table 5.1: Video face recognition results on the Honda/UCSD database.

step s if it represents a test set. In our experiments, we use r € [4: 4 : 16] and s € [4: 4 : 16]
(in MATLAB notation). For each pair of r and s values, we measure the average classification
error rate according to relation (5.7).

Figures 5.5(a)-5.5(d) show the classification performance, for r from 4 to 16 with step
4, respectively. Observe that the KLD method that relies on density estimation is sensitive
to the number of the available data. Also, notice that MSM is superior to KLD, which is
expected since KLD relies on the imprecise assumption that data follow a Gaussian distribu-
tion. Finally, we observe that MASC clearly outperforms its competitors in the vast majority
of cases. At the same time, it stays robust to significant re-sampling of the data, since its
performance remains almost the same for each value of r and s.

5.6.3 Classification results on Honda/UCSD

) pose 1 ) pose 2 ) pose 3 ) pose 4
) pose 5 ) pose 6 ) pose 7 (h) pose 8

Figure 5.6: Head pose variations in the Honda/UCSD database.

We further study the video-based face recognition performance on the Honda/UCSD
database. Figure 5.6 shows a few representative images from a sample face manifold in
the Honda/UCSD database. Observe the presence of large head pose variations along with
facial expressions. The projection of the manifold on the 3D space using ONPP shows again
clearly the manifold structure of the data (see Figure 5.7), which implies that a graph-based
method may be more suitable for such kind of data.

The Honda/UCSD database comes with a default splitting into training and test sets,
which contains 20 training and 39 test video sequences. We use this default setup and we
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Figure 5.7: A typical face manifold from the Honda/UCSD database.

report the classification performance of all methods, under different data re-sampling rates.
In particular, both training and test image sets are re-sampled now with step r i.e., X =
Xi(:;1:r:n), i=1,...,c. Table 5.1 shows the recognition rates, when r varies from 4 to
12 with step 2. Figure 5.8 shows the same results graphically. Recall that larger values of r
imply sparser image sets. Observe again that KLD is mostly affected by r, by suffering loss
in performance. This is not surprising since it is a density-based method and densities cannot
be accurately estimated (in general) with a few samples. MSM seems to be more robust,
yielding better results than KLD. Finally, MASC is again the best performer and it exhibits
very high robustness against data re-sampling.

Regarding the relative performance of MASC and MSM, we should finally stress out that
MSM uses a linear subspace model of the image sets, which fails to capture the nonlinearities
in the data. On the other hand, the MASC method relies on a graph model that is more
realistic and fits much better the manifold structure of the data. Furthermore, it provides a
means to cope with the curse of dimensionality, since the intrinsic dimension of the manifolds
is typically very small. We believe that graph methods have a great potential in this field.

5.6.4 Video-based face recognition overview

For the sake of completeness, we review briefly in this last section the state of the art in
video-based face recognition. Typically, one may distinguish between two main families of
methods; those that are based on subspace analysis and those that are based on density
estimation (statistical methods). The most representative methods for these two families are
respectively the MSM [28, 124] method and the solution based on KLD [99], which have been
used in the experiments above.

Among the methods based on subspace analysis, we should mention the extension of
principal angles from subspaces, to nonlinear manifolds. In a recent article [117] it was
proposed to represent the facial manifold by a collection of linear patches, which are recovered
by a non-iterative algorithm that augments the current patch until the linearity criterion is
violated. This manifold representation allows for defining the distance between manifolds
as integration of distances between linear patches. For comparing two linear patches, the
authors propose a distance measure that is a mixture between (i) the principal angles and (ii)
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Figure 5.8: Video face recognition results on the Honda/UCSD database.

exemplar-based distance. However, it is not clearly justified why such a mixture is needed
and what is the relative benefit over the individual distances. Moreover, their proposed
method requires the computation of both geodesic and Euclidean distances as well as setting
four parameters. On the contrary, our MASC method needs only one parameter (k) to be
set and it requires the computation of the Euclidean distances only. Note finally that their
method achieves comparable results with MASC on the Honda/UCSD database, but at a
higher computational cost and at the price of tuning four parameters.

Along the same lines, the authors in [53] propose a similarity measure between manifolds
that is a mixture of similarity between subspaces and similarity between local linear patches.
Each individual similarity is based on a weighted combination of principal angles and those
weights are learnt by AdaBoost for improved discriminative performance. In contrast to the
previous paper [117], the linear patches are extracted here using mixtures of Probabilistic
PCA (PPCA). PPCA mixture fitting is a highly non-trivial task, which requires an estimate
of the local principal subspace dimension and it also involves model selection. Furthermore,
as the authors claim themselves, this step is computationally intensive.

The main limitation of the statistical methods such as KLD [99] is the inadequacy of the
Gaussianity assumption of face images sets; face sequences rather have a manifold structure.
The test video frames are moreover not independent, so that the i.i.d assumption is unrealistic
as well. The authors in [3] therefore extend the work of KL divergence by replacing the
Gaussian densities by Gaussian Mixture Models (GMMs), which provides a more flexible
method for density estimation. However, the KL divergence in this case cannot be computed
in a closed form, which makes the authors to resort to Monte Carlo simulations that are quite
computationally intensive.

Finally, there have been a few other methods that cannot be directly categorized in the
above families of methods. The authors in [128] propose ensemble similarity metrics that are
based on probabilistic distance measures, evaluated in Reproducing Kernel Hilbert spaces.
All computations are performed under the Gaussianity assumption, which is unfortunately
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not realistic for facial manifolds.

In [129], the authors provide a probabilistic framework for face recognition from image
sets. They model the identity as a discrete or continuous random variable and they provide a
statistical framework for estimating the identity by marginalizing over face localization, illu-
mination and head pose. Illumination-invariant basis vectors are learnt for each (discretized)
pose and the resulting subspace is used for representing the low dimensional vector that en-
codes the subject identity. However, the statistical framework requires the computation of
several integrals that are numerically approximated. Also, the proposed method assumes that
training images are available for every subject at each possible pose and illumination, which
is hard to satisfy in practice.

5.7 Conclusions

In this chapter, we have studied the problem of classification of multiple transformed obser-
vations of an object, which is often faced in modern multimedia architectures. We proposed
a graph-based algorithm that exploits the fact that the multiple test observations share the
same class label. The main idea is to rely on the smoothness assumption on the manifold, in
order to learn the unknown label matrix, under the constraint that it satisfies the specificities
of the problem. We have formulated this process as a discrete optimization problem, which
can be solved efficiently by the graph-based algorithm. We provide experimental results that
show that the proposed method outperforms (i) the label propagation and TSVM methods
in handwritten digit classification, and (ii) well known methods that run state of the art
solutions in video face recognition. In the next chapter, we will drop the assumption that
the algorithm has access to all multiple observations and we will consider the problem in
distributed settings.



Chapter 6

Distributed Classification of
Multiple Observations

6.1 Introduction

In the previous chapter we studied the problem of classification of multiple object observations,
assuming that these observations are collected in a central computer and they are all available
to the algorithm. In this chapter, we drop this assumption and we consider the case where the
multiple observations are collected in a distributed fashion and therefore, the algorithm has
partial access to them. This scenario often arises in ad-hoc vision sensor networks (VSN), such
as the one illustrated in Fig. 6.1. In such cases each vision sensor captures an observation
of the object and the multiple observations are collected distributively. Ad-hoc network
architectures may have an arbitrary topology and they are characterized by the fact that
there is no central coordinator node. Moreover, due to the limited communication range, it
is typical that each sensor can only communicate with a few of its closest neighbors. In this
context, classification becomes even more challenging, since the decision has to be reached
globally by means of collaborative processing, which moreover has to be effective in terms of
both communication and computational cost. The problem now is to classify the observed
object at all sensors such that they reach a consensus decision, by aggregating information
across all observations.

At the same time, distributed consensus [6] is becoming increasingly popular, attracting
numerous research efforts. In general the main goal of consensus is to reach a global solution
iteratively using only local computation and communication, while staying robust to changes
in the network topology. Having in mind that the sensors are very simple devices with limited
computing capabilities, these characteristics of consensus are very appealing. Additionally,
consensus-based methods for distributed classification in ad-hoc sensor networks have recently
started to emerge. For instance, we mention the work in [25] for distributed SVM training
based on consensus, and in [109] for consensus-based pose estimation applied to distributed
face recognition. Hence, the problem of distributed classification in ad-hoc sensor networks
becomes increasingly important.

In this chapter, we present a distributed version of the MASC algorithm, introduced in the
previous chapter, which (i) is of low complexity that is suitable for sensor networks and (ii) is
solely based on consensus-based distributed averaging. Each sensor captures an observation
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Figure 6.1: Ad-hoc network of vision sensors

of the object and computes its nearest neighbors among the labelled examples. Under a
certain class hypothesis, those neighbors contribute to the (local) computation of a portion
of the value of the objective function, which captures the smoothness of the current label
assignment. Those portions are averaged distributively by means of average consensus, so
that all observations are progressively taken into account and the total value of the objective
function is computed at all sensors. This process is repeated for all class hypotheses and
eventually the sensors reach a consensus classification decision. We show the feasibility of
our algorithm in the context of distributed multi-view face recognition in a VSN, where
observations correspond to facial images captured under different viewpoints.

The rest of this chapter is organized as follows. First, we formulate the problem formally
in Section 6.2 and in Section 6.3 we introduce the distributed MASC algorithm, which is solely
based on consensus-based distributed averaging. In the sequel, in Section 6.4, we show the
feasibility of our algorithm in the context of distributed multi-view face recognition. Next,
for the sake of completeness, we provide in Section 6.5 an overview of methods for distributed
classification in more general settings and finally, we provide our concluding remarks in Section
6.6.

6.2 Problem formulation

Let us formally define the problem of distributed classification in an ad-hoc sensor network.

We consider a network of m sensors, which is modelled by a graph Gs = (Vs, Es). As we have

already seen, W is used to denote the weight matrix of G;. We assume that each sensor j
(w)

captures a single (unlabelled) observation x j of an object f. Each observation is different

from its peers and has the following form,

2 E2Um)f, j=1,...,m. (6.1)

In the above, U(n;) denotes the transformation applied on the object f with parameters ;.
Hence, there are m observations of the object f that are collected distributively over the
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Figure 6.2: Conceptual distinction between the two graphs of the problem. Gy (resp. Gg)
denotes the graph of the sensor network topology (resp. the data graph). In Gg, the filled
(resp. empty) circles correspond to labelled (resp. unlabelled) examples.

sensor network and there is one-to-one correspondence among sensors and observations. The
problem of distributed classification can be formally defined as follows.

Problem 2. Assume that each sensor j has a copy of the labelled set {X(l), Y(l)} in addition
to its single observation azg-u) defined in (6.1). The topology of the sensor network is modelled
by a graph Gs along with its weight matrix W. Assume also that each sensor knows only its
neighbors and the weights of the links to them. The problem is to predict the correct class c*
of the object of interest f, by aggregating information from all available observations over the
network, such that all sensors reach a consensus decision.

In the following section, we introduce our methodology for distributed classification in ad-
hoc sensor networks, using distributed consensus as our main computational tool. In order
to attack Problem 2, we propose a distributed version of the MASC algorithm introduced in
the previous chapter. Recall that MASC employs a graph to capture the pairwise similarities
among the data samples. To avoid any confusion with the graph G of the sensor network, we
denote the data graph by G; and its weight matrix by H. Figure 6.2 shows the conceptual
distinction between the two graphs and summarizes the related notation.

6.3 Distributed MASC

6.3.1 Preliminaries

Recall from the previous chapter that the objective function of MASC captures the smoothness
of a candidate label assignment over the manifold, and it is of the following form

l n n l
QN =D > Syllvi = AP+ D0 > Slly: = Al (6.2)

i=1 j=I+1 j=l+1i=1



84 CHAPTER 6. DISTRIBUTED CLASSIFICATION OF MULTIPLE OBSERVATIONS

where we have dropped the constant terms. Note that when 7 is fixed, the first term involves a
sum over all unlabelled examples. However, due to the restrictions of the distributed settings,
this term is hard to compute, since each sensor does not have access to all unlabelled examples
(except from its own). Hence, for reasons of computational complexity, we drop the first term
and turn our attention on the second one. Then, the objective function becomes

n l n
QN = > (Do sillvi=al) = > (), (6.3)

j=l+1 =1 G=l+1

where we have introduced the subscript d to associate it with the distributed settings. In the
above sum, the index j runs over the unlabelled examples and the index ¢ over the labelled
ones. Observe that for a certain j, the computation within the parentheses can be performed
locally within each sensor, as it involves a weighted summation over the labelled examples.
Hence, once the r(j)’s have been computed, the computation of Q4(\) involves a distributed
sum across sensors. Based on the above facts, we introduce below the distributed MASC
algorithm.

6.3.2 Algorithmic description

The main steps of distributed MASC are the following. Each sensor computes the nearest
neighbors of its observation 3:§u) among the labelled examples. Next, it computes the value
of the objective function for each possible class p; this involves first a local and then a
distributed computation step. In particular, for each class p, the neighbors of 1:5-“) contribute
to the calculation of a portion (r(j)) of the value of the objective function, which involves
only local computation. Next, those portions are averaged distributively, by means of average
consensus, so that all observations are taken into account and the total value of the objective
function is computed at all sensors. The above process is repeated for all possible classes and
eventually the sensors reach a consensus classification decision.

In what follows, we discuss in detail the distributed MASC algorithm. For notational ease,
we drop the subscript j from xg-u) when it is clear from the context that we refer to sensor j.
The main steps are shown in Algorithm 5. First, each sensor computes the k&-NN graph of
its own data set {X® | J2®} and forms the corresponding S matrix of size (I + 1) x (I + 1)
(Lines 4-7). Next, each class hypothesis is tested (loop 8-12). For each class hypothesis p, each
sensor j first computes a scalar number 7(j) that involves local computation only; namely a
weighted sum of the nonzero entries of the last row of S (i.e., ({4 1)th row). This corresponds
to a portion of the value of the objective function, which captures the smoothness of the label
assignment under the current class hypothesis.

In order to compute the value of the objective function ¢(p), the partial sums 7(j) need to
be summed together and this involves distributed computation. This step can be performed
by distributed average consensus (Line 11), where the summation of all r’s is computed at
each sensor. Note that this will result in a scaled version of ¢(p), due to presence of 1/m in
the average. However, this has no influence on the classification decision, which is taken in
Line 13 by all sensors, after all hypotheses have been tested. At the end of the algorithm, all
sensors reach a consensus decision.

Figure 6.3 shows schematically the flow of the distributed computation in Line 11 of
Algorithm 5 for a single hypothesis p. We show the general structure of the similarity matrix
S formed at each sensor j, 7 =1,...,m. Observe that the upper left block of S corresponding
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Algorithm 5 The distributed MASC algorithm
1: Input to each sensor:
[: number of labelled data.
X e Rx y(D: Jabelled examples.
2" € R¥1: unlabelled example (observation).
2: Output at each sensor:
p: estimated unknown class.

3: Initialization at each sensor:
4: Form the k-NN graph Gq of the data set {X® [Jz®}.
5. Compute the weight matrix H € RUFD>HD) of G,
6: Compute the diagonal matrix D, where D;; = 2?;11 H;j.
7. Compute S = D-Y2HD~Y/2,
8 forp=1:cdo
9:  Each sensor sets A=10,..., 1 ,...,0].
~—~
p

10:  Each sensor j computes 7(j) = Zé:l Si14llYi — A2
11: q(p) = i1, 7(j) :=average consensus(r).

12: end for

13: p = argminy, ¢(p)

to the labelled set is common to all similarity matrices of the sensors as they all have a copy
of X). The only difference is in their last row, whose non-zero entries correspond to the
nearest neighbors of their own observation z(*) among the labelled examples (indicated by
stars). Notice that those entries contribute to the computation of the partial sums r(j) in Line
10, which involves only local computation. Then, the sum of all values r(j), j =1,...,m is
computed distributively by average consensus, which yields the value of the objective function
q(p) for the current class hypothesis p. Interestingly, all observations contribute to the final
classification decision, thanks to the employment of average consensus. Note finally that the
computation shown in Figure 6.3 is repeated for each class hypothesis p, from p=1to p=—c
(see loop 8-12 in Algorithm 5).

6.3.3 Discussion

Notice that each sensor is able to provide an estimate of the unknown class even before the
consensus process starts. This is possible by looping over all class hypotheses and using its
local r value as a (crude) approximation to the objective function value. In the sequel, while
distributed consensus progresses, information from all observations is propagated over the
network, the approximations to the objective function are refined and the partial classifica-
tion decisions are updated. Eventually, the approximations to the objective function values
converge and the sensors reach to a consensus decision. The latter may even occur way before
the function values stabilize. In what follows, we analyze why this is the case.

Observe that consensus decision is reached when the approximation error of consensus
at each sensor becomes smaller than half of the gap between the smallest ¢(p;) and second
smallest ¢(p;) value of the objective function. Denote the gap between them by § = ¢(p;) —
q(pi) > 0 as shown below. The knots on the horizontal axis represent the sorted list (in
ascending order) of the objective function values ¢(p) for p = 1,...,c. Therefore, as long as
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Figure 6.3: Flow of computation, which is repeated for each hypothesis p, p = 1,...,c.
The stars in the last row of each similarity matriz correspond to the nearest neighbors of the
observation ) among the labelled examples.
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the approximation error of consensus at each sensor is smaller than ¢/2, the order between
the estimates ¢(p;) and ¢(p;) cannot change, and consensus decision has been reached. From
this point on, further consensus iterations will decrease the approximation error, but they
will have no influence on the consensus decision.

6.3.4 Cost analysis

In light of the above discussion, it is interesting to study the communication cost of dis-
tributed MASC. First, observe that ¢ rounds of average consensus are needed (one for each
class). Hence, the communication cost and the convergence properties of the particular con-
sensus algorithm that is employed, drives the communication cost of distributed MASC. It
should be clear that a fast consensus algorithm that is able to reduce the approximation error
quickly within a few iterations, will have direct impact on reducing the communication cost of
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distributed MASC, resulting in significant energy savings. This provides the main motivation
for studying fast consensus algorithms in Chapter 7.

Regarding the computational cost of distributed MASC, we should recall that it consists
of the following main steps:

e The construction of k-NN graph among the labelled examples scales as O(I?), where [
denotes the number of labelled examples. However, this can be performed off-line (e.g.,
before the deployment of the sensor network).

(
J
the distance of a:éu) to all labelled examples and scales as O(1).

e Each sensor j computes the nearest neighbors of x W, This requires the computation of

e The enumeration of all possible hypotheses (Lines 8-12) scales as O(c).

If we omit the off-line cost of forming the graph among the labelled examples, we conclude
that the total computational cost per sensor is O(l + ¢). Hence, distributed MASC is of very
low complexity that is appropriate for sensor networks.

6.4 Simulation results

KRG AR
CECCCCEEEE

Figure 6.4: Sample face images from the UMIST database. The number of different poses
for each subject is varying.

We show the feasibility of the distributed MASC algorithm in the context of distributed
multi-view face recognition. We consider the case of a vision sensor network, such as the one
shown in Fig. 6.1, where the face of a subject is captured by different cameras organized in
an ad-hoc network. Each observation in this case represents a facial image captured under
different viewing angles. Such a scenario may be of practical interest in airports or high
security areas. Observe again that all observations belong to the same class and the problem
resides in estimating the unknown class i.e., recognizing the subject. In this context, it is
interesting to investigate how our distributed MASC algorithm behaves. Note that our main
goal here is not to present a new method for multi-view face recognition, but rather to use this
application as a showcase in order to illustrate the behavior and feasibility of our algorithm.

6.4.1 Setup

We use the UMIST database [32] in our simulations. The UMIST database contains 20 people
under different poses. The number of different views per subject varies from 19 to 48. We
used a cropped version of the UMIST database that is publically available from S. Roweis’
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Figure 6.5: Distributed multi-view face recognition in a vision sensor network. Each facial
image corresponds to the observation of a sensor. The problem is to estimate the unknown
class in a distributed fashion.

web page!. Figure 6.4 illustrates a sample subject from the UMIST database along with its
first 20 views.

Fig. 6.5 illustrates a snapshot of the simulated network, where the facial image next to
each sensor corresponds to its own observation.We use the random geographic graph model
[33] for constructing the sensor network. According to this model, we randomly distribute
m nodes on a 2-dimensional unit area. Two nodes are adjacent if their Euclidean distance is
smaller than a threshold e. More information about this model and the construction of the
sensor network will be given in Section 7.5.1.

6.4.2 Distributed vs centralized MASC

In the first experiment we will investigate the classification performance of distributed MASC
with respect to that of centralized MASC and centralized label propagation (LP). We as-
sume that the distributed average consensus in Line 11 of Algorithm 5 has converged to the
asymptotic solution. In other words, we assume that the distributed summation is exact.
The purpose of this experiment is to investigate whether the distributed algorithm suffers
any loss in performance and what are the factors that influence this phenomenon. We set
the number of nearest neighbors k to 3 in all methods, and @ = 0.1 in label propagation. We
investigate the behavior of all methods, when the number of multiple observations m varies
from 4 to 10 with step 2. For each particular value of m, we measure the classification error
rate for different sizes of training set. In particular, we increase gradually the number of
training examples per class and measure the average classification error rate over 100 random
experiments (i.e., 100 random splits of the data into training (labelled) and test (unlabelled)

"Mttp://www.cs.toronto.edu/~roweis/data.html
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Figure 6.6: Difference in performance between MASC and its distributed version versus the
number of training samples (per class).

sets).

Figs 6.6(a)-6.6(d) show the obtained results for different number m of multiple observa-
tions, when the number of training examples per class increases from 4 to 8 with step 1. Notice
that there is a small loss in performance of distributed MASC with respect to its centralized
counterpart. To see why this happens, it is important to observe that the k-NN graph in the
distributed case is different than that in the centralized case. This is due to the fact that
the multiple observations are collected distributively. Hence, the neighbors of an observation
2™ can only be selected among the labelled examples, whereas in the centralized case they
may be selected among all labelled and unlabelled examples. This is the main reason for
the difference in performance in Fig. 6.6, which is more pronounced when the training set
is small. However, when the training set becomes larger, this phenomenon decays and the
difference between MASC and its distributed variant becomes negligent. Notice finally, that
even with this small loss in performance, distributed MASC is still superior to (centralized)
label propagation.
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Figure 6.7: Classification performance versus number of multiple observations, for both
methods. Fach curve corresponds to different number of training samples per class.

Note however that it is exactly this difference in the construction of the k-NN graph that
allows the distributed MASC algorithm have much lower computational cost (O(l + ¢)) than
that of centralized MASC (O((I +m)? + ¢)). Essentially, this is the main characteristic that
makes it efficient and feasible in distributed settings. However, this comes at the cost of a
small performance loss, which becomes even smaller when the training set is sufficiently large.

Fig. 6.7 summarizes the same results of Fig. 6.6 in a different way. In particular, it
illustrates the behavior of classification performances of both MASC methods with respect to
the number of multiple observations, when the size of the training set is fixed. The number
of multiple observations m varies from 4 to 10 with step 2. Each curve corresponds to a fixed
number of training samples per class, denoted by p. Unsurprisingly, observe that increasing
the number of multiple observations, the general tendency in both algorithms is to improve
the classification performance. We have seen the same phenomenon in the previous chapter
(see Section 5.5).

6.4.3 Effect of consensus on distributed MASC

In the previous experiments, we assumed that the distributed summation in Line 11 of Algo-
rithm 5 is exact. In this experiment we drop this assumption and we investigate the effect of
employing distributed consensus for the computation of this sum. Note that our goal in this
particular experiment is to study the effect of consensus on the classification performances.
For this reason, we use the same k-NN graph of distributed MASC in its centralized coun-
terpart. This way, the performance difference of the two algorithms will only be due to the
summation part. First, we split randomly the data set into training and test set, by including
two examples per class in the labelled set X and the rest is assigned to the test set. We
form m = 10 multiple observations, which are drawn randomly from the test set, and we use
k =1 in the construction of the k-NN graph.

Fig. 6.8 shows the average classification error rate (over 500 random experiments) mea-
sured on a certain sensor, say the first one, when the number of iterations in distributed
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Figure 6.8: Average classification error rate vs consensus iterations.

consensus varies from 1 to 100 with step 5. We use two different weight matrices from the
literature, namely the Metropolis and Maximum-degree matrices [121, 122], which are known
to lead iteration z;y1 = Wz to asymptotic convergence to the average p = % o zo0()
(i.e., these matrices satisfy the condition (2.12)). More details about these two matrices will
be given later in Section 7.5. Observe that fairly few iterations, namely between 30 and 40,
provide sufficient accuracy in the computation of the distributed sum, in order to offer similar
performance as the centralized MASC algorithm.

6.5 Related work

We have already mentioned that the problem of distributed classification in ad-hoc sensor
networks has just started to receive attention. In Section 2.4.2 we reviewed two very recent
methodologies that study distributed SVM training and distributed head pose estimation
respectively, in ad-hoc networks using consensus. It is important to note that the general
problem of distributed classification has been mostly studied so far in sensor network archi-
tectures with a central coordinator node (e.g. fusion center). Typically, the fusion center
communicates directly with the other nodes, gathers local information from them and takes
the final global classification decision at the end. For the sake of completeness, we mention
below a few representative schemes that attack the general problem of distributed classifi-
cation, although they are quite different to the methods and problem setup studied in this
chapter.

The authors in [63] propose a distributed multi-target classification algorithm for sensor
networks. The authors formulate the classification problem as a multiple hypothesis testing
problem and propose a decision fusion methodology by aggregating local classifier decisions
to a fusion center. Since the number of hypothesis grows exponentially with the number of
targets, the authors propose a sub-optimal approach of partitioning the hypothesis space,
which moreover shows satisfactory performance.

Concerning the distributed binary classification problem, the authors in [77] propose a
block coordinate descent algorithm which determines the decision rules at the sensors and
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at the fusion center. They assume that the joint distribution of the sensor observations
is unknown. Their scheme is based on the principles of empirical risk minimization and
marginalized kernels.

In another study [75], the authors investigate the problem of learning the aggregation
function in distributed classification, where each classifier has its own training data set (i.e.,
no common labelled training data among classifiers). The learning is transductive, in the
sense that the rule is optimized over objective functions measured on batches of test data.
They provide experimental evidence showing that the learned rules outperform fixed rules,
such as sum or product rules.

Moreover, there are schemes that attack the problem by distributed feature extraction
followed by (centralized) classification at the fusion center. For instance, A. Yang et al in
a recent article [125] propose a distributed scheme for segmentation and classification of
human actions using a network of wearable motion sensors. It is assumed that sensors are
able to transmit local feature vectors to a central computer, where the global classification is
performed. Human actions are represented using subspace models for each class. Recognition
is performed by recovering the sparse representation of a test action sample over the training
set using L1 minimization. As a byproduct, the sparsity of the obtained solution can be also
employed as a mechanism for outlier detection.

Finally, we should mention that the problem of classification can be generally treated as an
inference problem over graphical models. In this case, message passing algorithms (e.g., belief
propagation) can be employed for distributed classification. However, combining graphical
models and sensor networks is not a trivial task and many issues need to be addressed (see
[12] for more details). For instance, it is not straightforward how to assign random variables
(nodes of the graphical model) to sensors such that communication cost is minimized (see
e.g., [93]). Moreover, inference in arbitrary (loopy) graphs is intractable in general. On the
contrary, our methodology is straightforward, as well as computation and communication
efficient.

6.6 Conclusions

In this chapter, we studied the problem of classification of multiple observations in the scenario
where the observations are collected distributively. We showed that distributed classification
in ad-hoc sensor networks can be effectively performed using distributed consensus. In partic-
ular, we proposed a distributed version of the MASC algorithm that aggregates information
from all observations across the network and results in a consensus classification decision
among the sensors. We have illustrated its behavior in the context of distributed multi-view
face recognition. The simulation results have shown that (i) MASC and its distributed version
have similar performance when the training set size is sufficiently large and (ii) distributed
MASC can accommodate slightly inexact estimates of the objective function values, which
encourages the use of consensus for its computation. Based on the asymptotic convergence
property of distributed consensus, one may wonder whether it is possible to accelerate its con-
vergence process in order to impact the efficiency of consensus-based distributed classification
algorithms. In the next chapter, we pursue this question further.



Chapter 7

Fast Convergence in Distributed
Consensus

7.1 Introduction

We have seen that average consensus is a valuable tool for distributed classification in ad-hoc
sensor networks. It provides a computational platform for aggregating information across
the network, such that all observations are progressively taken into account before reaching
a consensus decision. However, the sensors are typically very simple devices with limited
computational and communication capabilities. Therefore, there is a need for fast distributed
consensus techniques that are efficient in terms of communication and computational cost.
Such techniques would in turn contribute to the efficiency of distributed classification in sensor
networks.

In this chapter, we consider the problem of accelerating the convergence process of dis-
tributed consensus by exploiting the memory of the sensors'. One important characteristic
of distributed consensus algorithms is the rate of convergence to the asymptotic solution.
Recall from Section 2.5.1 that each sensor updates its own local estimate of the average by
a weighted linear combination of the corresponding estimates of its neighbors. The weights
that are represented in a network weight matrix W typically drive the importance of the
measurements of the different neighbors. In many cases, the average consensus solution can
be reached by linear iterations i.e., successive multiplications of W with the vector of initial
sensor values. It has been shown in [121] that in the case of fixed network topology, the
convergence rate depends on the second largest (in magnitude) eigenvalue of W, Ao(W). In
particular, the convergence is faster when the value of |Ao(W)| is small. Similar convergence
results have been proposed recently in the case of dynamic random network topology [50, 51],
where the convergence rate is governed by the expected value of |A2(W)|.

The main research direction so far, in accelerating consensus, focuses on the computation
of the optimal weights W that yield the fastest convergence rate to the asymptotic solution
[121, 122, 123]. In this thesis, we diverge from methods that are only based on successive
multiplications of W, and we rather allow the sensors to use their previous estimates, in
order to accelerate the convergence rate [58]. This is similar in spirit to the works proposed

1To appear in: E. Kokiopoulou and P. Frossard, “Polynomial Filtering for Fast Convergence in Distributed
Consensus”, IEEE Transactions on Signal Processing.
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[54, 104] that reach the consensus solution in a finite number of steps, where extrapolation
methods and linear dynamical system formulation are respectively used for fixed network
topologies. In order to address more generic network topologies, we propose here to use a
matrix polynomial p applied on the weight matrix W in order to shape its spectrum. Given
the fact that the convergence rate is driven by |A2(W)], it is therefore possible to impact on the
convergence rate by careful design of the polynomial p. We show that, in the implementation
viewpoint, working with p(W) is equivalent to each sensor aggregating its value periodically
using its own previous estimates. We further formulate the problem of the computation
of the polynomial coefficients for both static and dynamic network topologies. We propose
a methodology for the computation of the coefficients based on semi-definite programming
(SDP), which results into an optimal solution in the case of static network topologies. In
the case of dynamic topologies, we provide an effective sub-optimal solution where the filter
coefficients are computed based on the average weight matrix.

The rest of this chapter is organized as follows. In Section 7.2 we review the main con-
vergence results of average consensus in both fixed and dynamic random network topologies.
Next, in Section 7.3 we introduce the polynomial filtering methodology and discuss its imple-
mentation for distributed consensus problems. We discuss the computation of the polynomial
filter coefficients in Section 7.4 for both static and dynamic network topologies. In Section
7.5 we provide simulation results that verify the validity and the effectiveness of our method
in both static and dynamic network topologies. Then, in Section 7.6, we show the impact
of polynomial filtering on the efficiency of distributed classification. Related work is finally
presented in Section 7.7.

7.2 Convergence in distributed consensus averaging

Assume a network of m sensors and that initially each sensor i reports a scalar value z (i) € R.

We denote by 29 = [20(1),...,20(m)]" € R™ the vector of initial values on the network.
Denote by
1 m
p=— Zzo(i) (7.1)
i=1

the average of the initial values of the sensors. Recall from Section 2.5 that the problem of
distributed averaging becomes to compute u at each sensor by distributed linear iterations.
In what follows, we review the main convergence results for distributed consensus algorithms
on both fixed and dynamic network topologies.

7.2.1 Static network topology

The sensor network topology is typically modelled by an undirected graph, which has been
denoted by Gs so far. In this chapter we deal only with graphs corresponding to sensor
networks; hence, we drop the subscript s for notational ease. In what follows, the graph will
be simply denoted as G = (V, &) with nodes V = {1,...,m} corresponding to sensors. An
edge (i,j) € € is drawn if and only if sensor ¢ can communicate with sensor j, as illustrated in
Figure 7.1. We denote the set of neighbors for node i as N = {j]| (i,7) € £}. Unless otherwise
stated, we assume that each graph is simple i.e., no loops or multiple edges are allowed.
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Figure 7.1: Static network topology. The parameter W (i, j) # 0 describes the weight of the
edge that permits the sensor i to communicate with its neighbor sensor j.

We consider distributed linear iterations of the following form

a1 (i) = Wi D)z(i) + Y Wi, )ald), (7:2)
JEN;
for i =1,...,m, where z(j) represents the value computed by sensor j at iteration ¢. Since

the sensors communicate in each iteration ¢, we assume that they are synchronized. The
parameters W (i, j) denote the edge weights of G. Since each sensor communicates only with
its direct neighbors, W(i,j) = 0 when (i,j) ¢ £ The above iteration can be compactly
written in the following form

Zt4+1 = WZt, (73)

or more generally

i—1
z = (HW) 20 = Whzp. (7.4)
i=0
We call the matrix W that gathers the edge weights W (4, j), as the weight matrix. Note that
W is a sparse matrix whose sparsity pattern is driven by the network topology. We assume
that W is symmetric, and we denote its eigenvalue decomposition as W = QAQ . We also
denote by \o(W) the second largest (in magnitude) eigenvalue of W.
We have also seen that the distributed linear iterations given in eq. (7.3) converge to the
average for every zg if and only if

-
Jim Wt = i, (7.5)
— 00 m

where 1 is the vector of ones [121].

It has been shown that for fixed network topology the convergence rate of eq. (7.3)
depends on the magnitude of the second largest eigenvalue |Ao(WW)| [121]. The asymptotic
convergence factor is defined as

(= pd 2\
r W)= sup lim (7) , 7.6
asym( ) oyl {00 ||ZO . ,LL1||2 ( )
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and the per-step convergence factor is written as

llze41 — p1 |2
Pt (W) = sup AL~ H2ll2. 7.7
wep(W) = SUp S 1T, (.1

Furthermore, it has been shown that the convergence rate relates to the spectrum of W,
as given by the following theorem [121].

Theorem 7.2.1. The condition in (7.5) holds if and only if

1'wo= 17, (7.8)
Wi = 1, (7.9)
117

p(W—W) < 1, (7.10)

where p(-) denotes the spectral radius of a matriz. Furthermore,

117
117
Pstep(W) = [W = ——[la- (7.12)

According to the above theorem, \/—%1 is a left and right eigenvector of W associated
with the eigenvalue one, and the magnitude of all other eigenvalues is strictly less than one.
Note finally that since W is symmetric, the asymptotic convergence factor coincides with the
per-step convergence factor, which implies that the relations (7.11) and (7.12) are equivalent.

We propose now an alternate proof of the above theorem that illustrates the importance
of the second largest eigenvalue in the convergence rate. We expand the initial state vector
zp to the orthogonal eigenbasis @ of W; that is,

1 m
20 =1r——=+ ZVija
Vi 2
where v = <\/Lﬁ,20> and v; = (gj,20). We further assume that vy # 0. Then, eq. (7.4)
implies that

m
4!
Zt = WtZOZWt(—1+ZVij)
vmo o
» m
= ﬁl‘*‘]z;l/]W q]
1%

m
1 2: t
vm = I

Observe now that if |\;| < 1, Vj > 2, then in the limit, the second term in the above equation
decays and
r
—1 = ul.
=1=p
We see that the smaller the value of |A\2(W)|, the faster the convergence rate. Analogous
convergence results hold in the case of dynamic network topologies that are discussed next.

2= lim z =
t—00
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Figure 7.2: Dynamic network topology. Each link is active with a probability p;j. When a
link is active, the parameter W (i, j) describes the weight of the edge that lets the sensors i
and j to communicate.

7.2.2 Dynamic network topology

Let us consider now networks with random link failures, where the state of a link changes over
the iterations (see Figure 7.2). In particular, we use the random network model proposed in
[50, 51]. We assume that the network at any arbitrary iteration ¢ is G, = (V, &), where &
denotes the edge set at iteration ¢, or equivalently at time instant ¢. Since the network is
dynamic, the edge set changes over the iterations, as links fail at random. We assume that
& C E*, where £ CV x V is the set of realizable edges when there is no link failure.

We also assume that each link (4, j) fails with a probability (1 —p;;), independently of the
other links. T'wo random edge sets &, and &, at different iterations ¢; and ¢2 are independent.
The probability of forming a particular & is thus given by H(i7 j)ee, Pij- We define the matrix
P as

) (7.13)
0 otherwise.

{pz-j if (i, j) € £ and i # j,
P =

It represents the probabilities of edge formation in the network, and the edge set & is therefore
a random subset of £* driven by the P matrix. The matrix P is symmetric and its diagonal
elements are zero, since it corresponds to a simple graph. The weight matrix W becomes
dependent on the edge set since only the weights of existing edges can take non zero values.
Note finally that one may further introduce a probability ¢ of a network topology change
in each iteration. In this case, ¢ allows for controlling the dynamicity of the network (with
respect to the synchronous sensor updates). The network then follows the above random
network model only when a change is triggered.

In the dynamic case, the distributed linear iteration of eq. (7.2) becomes

fen(i) = Wili, )z + 3 Wlir f)eel) (7.14)
JEN;
or in compact form,
21 = Wiz, (7.15)

where Wy denotes the weight matrix corresponding to the graph realization G; of iteration
t and Wy(i,j) is its corresponding weight of entry (i, 7). The iterative relation given by eq.
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(7.15) can be written as

Clearly, z; now represents a stochastic process since the edges are drawn randomly. In what
follows, when it is clear from the context that we refer to the random matrix W, we drop
the subscript t for notational ease. The convergence rate to the consensus solution therefore
depends on the behavior of the product Hi;% Ws. We say that the algorithm converges if

Vzo € R™, tlim E|lzy — p1|| = 0. (7.16)

We review now some convergence results from [51], which first shows that

Lemma 7.2.1. For any zp € R™,

! 117
zt41 — p1f| < (H p(Ws — 7)) 20 — p1]|.

5=0
Taking the expectation of both sides and using the fact that the Wy’s are i.i.d, results in

Bl =1l < (E[p(w = 2] 20— ).

It leads to the following convergence theorem [51] for dynamic networks.

Theorem 7.2.2. If E[p(W — %)] < 1, the vector sequence {z}72, converges in the sense
of eq. (7.16).

We define the convergence factor in dynamic network topologies as

W)= E|p(W 117
ra(W) = {P( - 7)}
This factor depends, in general, on the spectral properties of the induced network matrix
and drives the convergence rate of eq. (7.15). More generally, the authors in [106] show
that [Ao(E[W])| < 1 is a necessary and sufficient condition for asymptotic (almost sure)
convergence of the consensus algorithm in the case of random networks where both network
topology and weights are random (more precisely i.i.d and independent over time).

Finally, it is interesting to note that the consensus problem in a random network relates to
gossip algorithms. Distributed averaging under the synchronous gossip constraint implies that
multiple node pairs may communicate simultaneously only if these node pairs are disjoint.
In other words, the set of links implied by the active node pairs forms a matching of the
graph. Therefore, the distributed averaging problem described above is closely related to the
distributed synchronous algorithm under the gossip constraint that has been proposed in [90,
Sec. 3.3.2]. It has been shown in this case that the averaging time (or convergence rate) of
a gossip algorithm depends on the second largest eigenvalue of a doubly stochastic network
matrix.
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7.3 Accelerated consensus with polynomial filtering

7.3.1 Exploiting memory

As we have seen above, the convergence rate of the distributed consensus algorithms depends,
in general, on the spectral properties of an induced network matrix. This is the case for both
fixed and dynamic network topologies. Motivated by this fact, we exploit the memory of
sensors or the values of previous estimates, in order to augment to convergence rate, since
memory and computation use is cheaper than communication costs.

We have proposed [54] the Scalar Epsilon Algorithm (SEA) for accelerating the conver-
gence rate to the consensus solution. SEA belongs to the family of extrapolation methods
for accelerating vector sequences, such as eq. (7.3). These methods exploit the fact that the
fixed point of the sequence belongs to the subspace spanned by any £ + 1 consecutive terms
of it, where £ is the degree of the minimal polynomial of the sequence generator matrix (for
more details, see [54] and references therein). SEA is a low complexity algorithm, which is
ideal for sensor networks and it is known to reach the consensus solution in (at most) 2¢
steps. However, £ is unknown in practice, so one may use all the available terms of the vector
sequence. Hence, the memory requirements of SEA are O(T'), where T is the number of
terms. Moreover, SEA assumes that the sequence generator matrix (e.g., W in the case of
eq. (7.3)) is fixed, so that it does not adapt easily to dynamic network topologies.

In this chapter, we propose a more flexible algorithm based on the polynomial filtering
technique. Polynomial filtering permits to “shape” the spectrum of a certain symmetric
weight matrix, in order to accelerate the convergence to the consensus solution. Similarly to
SEA, it allows the sensors to use their previous estimates. However, the polynomial filtering
methodology introduced below presents three main advantages: (i) it is robust to dynamic
topologies (ii) it has explicit control on the convergence rate and (iii) its memory requirements
can be adjusted to the memory constraints imposed by the sensor.

7.3.2 Polynomial filtering

Starting from a given (possibly optimal) weight matrix W, we propose the application of a
polynomial filter on the spectrum of W in order to impact the magnitude of Ao(W), which
mainly drives the convergence rate. Denote by pi(\) the polynomial filter of degree k that is
applied on the spectrum of W,

k
Pr(N) :Zal)\l = o+ aiA+ X+ ..+ P (7.17)
=0

Accordingly, the matrix polynomial is given as

k
W) =Y oW = aol + aa W + ... + s WF. (7.18)
=0

Observe now that
(W) = pe(QAQT)
a0l + a1 (QAQT) + ... + ap(QAFQT)
Qpe(M)QT, (7.19)
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Algorithm 6 Polynomial Filtered Distributed Consensus
1: Input: polynomial coefficients «p, ..., k11, tolerance e.
2: Output: average estimate [i.
3: Initialization:

4 fio = 20(%).

5. Set the iteration index ¢ = 1.

6: repeat

7. if mod(¢,k + 1) ==0 then

8: 24(1) = apzi—k-1(7) + a12e— k(1) + a2z g41(1) + ... + apz—1(i) {polynomial filter
update}

0 zli) = WL)u () + Tyen Wi 1)),

10:  else

11: zi(1) = W(i,4)z—1(7) + Zje/\/i W (i, j)ze—1(7).

12:  end if

13:  Increase the iteration index ¢t = ¢ + 1.
14: = Zt(i).
15: until i — jiz—1 < €

which implies that the eigenvalues of py (W) are simply the polynomial filtered eigenvalues of
W, ie, pp(M(W)), i =1,...,m.

In the implementation level, working on pi (W) implies a periodic update of the current
sensor’s value with a linear combination of its previous values. To see why this is true, we
observe that:

Zivkr1 = PE(W)z (7.20)
= apzr+a Wz +...+ OékaZt
= apzt+ 1241 + .-+ 2tk (7.21)

A careful design of pr can impact the convergence rate dramatically. Then, each sensor
typically applies polynomial filtering for distributed consensus by following the main steps
that are tabulated in Algorithm 6. In what follows, we propose different approaches for
computing the coefficients «; of the filter py.

7.3.3 Newton’s interpolating polynomial

One simple approach for the design of the polynomial py(A) is to use Hermite interpolation
[94]. Recall that the objective is to dampen the smallest eigenvalues of W, while keeping
the eigenvalue one intact. Therefore, we assume (initially) that the spectrum of W lies in an
interval [a, 1] and we impose smoothness constraints of py at the left endpoint a. In particular,
the polynomial pi(\) : [a, 1] — R that we seek, will be determined by the following constraints:

prla) = 0, (7.22)
(1) = 1, (7.23)
p'a) = 0,i=1,....k—1 (7.24)

where pgf) (a) denotes the ith derivative of pg(\) evaluated at a. Intuitively, we seek a poly-

nomial pi(A) that is zero at A = a (eq. (7.22)), worth one at A = 1 (eq. (7.23)) and that is
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PN
P )

Figure 7.3: Newton’s polynomial pi(\) of various degrees k.

very small in the region close to the left endpoint a. The latter is imposed by the smoothness
constraints (7.24). The dampening is achieved by imposing smoothness constraints of the
polynomial on the left endpoint of the interval. The computed polynomial will have a degree
equal to k. Finally, the coefficients of p; that satisfy the above constraints can be computed
by Newton’s divided differences [94].

Figure 7.3(a) shows an example of the shape of pi () for @ = 0 and different values of the
degree k. As k increases, more smoothness constraints are imposed on ¢ and the dampening of
the small eigenvalues becomes more effective. Interestingly, notice that since the smoothness
constraints hold for free on the left of the interval [a, 1] as well, the filtering will work even in
the case where a lies within the spectrum of W, provided that the magnitude of the filtered
eigenvalues is strictly smaller than one (i.e., [pp(A;)| < 1, j # 1). Therefore, we may drop
the assumption that a encloses the spectrum of W. For instance, if the spectrum of W lies in
[0,1] then one may choose a = 0.2. Fig. 7.3(b) shows the shape of the resulting polynomial
filter in this case.

Finally, it is worth mentioning that the design of Newton’s polynomial does not depend
on the network topology or the network size. What is only needed is a left endpoint a that
roughly corresponds to the left extreme of the spectrum of W, as well as the desired degree
k, which is related to memory constraints. This feature of Newton’s polynomial is very
interesting and it is particularly appealing in the case of dynamic network topologies, as we
will show later in the simulations section. Note however that the above polynomial design
is mostly driven by intuitive arguments, which tend to obtain small eigenvalues for faster
convergence. In the following section, we provide an alternative technique for computing the
polynomial filter that optimizes the convergence rate.
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7.4 Polynomial filter design with semi-definite programming

7.4.1 Polynomial filtering for static network topologies

Given weight matrix W and a certain degree k, we are now interested in finding the polynomial
that leads to the fastest convergence of Eq. (7.20) that we reproduce for convenience here:

Zipkr1 = Pe(W) 2z

Recall that pi(W) = Zf:o W Applying Theorem 7.2.1 to the above linear iteration, the

optimal polynomial is the one that minimizes the spectral radius p(pk(W) — 1?) Therefore,
we need to solve an optimization problem where the optimization variables are the k£ + 1

polynomial coefficients o = |y, ..., ak]T € R¥*1 and the objective function is the spectral
radius of pi(W) — %

Optimization problem: OPT1

. T
min,cpk+1 P(Z?:o oWl — L)

subject to
(YW1 =1.

Interestingly, the optimization problem OPT1 is convex. First, its objective function is

convex, as stated in Lemma 7.4.1 below.
Lemma 7.4.1. For a given symmetric weight matric W and degree k, p( Zl 0 Wt — IIT)
is a convex function of the polynomial coefficients ay’s.

Proof. Let 3,7 € RF*1 and 0 < 6 < 1. Since W is symmetric, Zf:o W' is also symmetric.
Hence, the spectral radius is equal to the matrix 2-norm. Thus, we have

117

k
p(D 05+ (1= OmW! — =)
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which proves the Lemma. O

In addition, the constraint of OPT1 is linear. This implies that the set of feasible q;’s is
convex. As OPT1 minimizes a convex function over a convex set, the optimization problem
is finally convex.
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In order to solve OPT1, we use an auxiliary variable n to bound the objective function,
and then we express the spectral radius constraint as a linear matrix inequality (LMI). Thus,
we need to solve the following optimization problem.

Optimization problem: OPT2

min, cp qerrt1 7
subject to

I 2 F JaW! =L <,

m  —

(Y auWhH1=1.

Recall that since W is symmetric, pi(W) = Zf:o W' will be symmetric as well. Hence, the
constraint py(W)1 = 1 is sufficient to ensure that 1 will be also a left eigenvector of py(W).
The spectral radius constraint,
lT
=l = pp(W) = —— =nl

ensures that all the eigenvalues of py (W) other than the first one, are less or equal to 7. Due
to the LMI, the above optimization problem becomes equivalent to a semi-definite program
(SDP) [10]. SDPs are convex problems and can be globally and efficiently solved. The solution
to OPT2 is therefore computed efficiently in practice, where the SDP only has a moderate
number of k 4+ 2 unknowns (including 7).

7.4.2 Polynomial filtering for dynamic network topologies

We extend now the idea of polynomial filtering to dynamic network topologies. Theorem
7.2.2 suggests that the convergence rate in the random network topology case is governed by
E [p(W — %)} Since W depends on a dynamic edge set, py(WW) now becomes stochastic.
Following the same intuition as above, we could form an optimization problem, similar to
OPT1, whose objective function would be E|[p( Zf:o Wt — %)] Although this objective
function can be shown to be convex, its evaluation is hard and typically requires several Monte
Carlo simulations steps.

For this reason, we use the following approximation. Let W denote the average weight
matrix E[W]. We then observe that

E[p(W - %)} > p(W— £) (7.25)

m

which is due to Lemma 7.4.1 and Jensen’s inequality. The above inequality implies that in
order to have a small F [p(W — %)} , it is required that p(W— %) is small. Additionally,

the authors provide experimental evidence in [51], which indicates that p(W— %) is closely

related to the convergence rate of the linear iteration zry1 = Wizt

Based on the above approximation, we propose an algorithm for polynomial filtering
applied to dynamic network topologies. In particular, we propose to build our polynomial
filter based on W. Hence, we formulate the following optimization problem for computing
the polynomial coefficients a;’s in the dynamic network topology case.
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Optimization problem: OPT3

mlnneR, acRk+1 1]
subject to

_l T
—nI 2 W — = <l
(ko)1 - 1.

The new optimization problem OPT3 could be viewed as the analog of OPT2 for the case of
dynamic network topologies. The main difference is that we work on W, whose eigenvalues
can be easily obtained. Once W has been computed, this optimization problem is solved
efficiently by a SDP, similarly to the case of static networks.

Finally, one would expect that the bound (7.25) will be tighter when the successive ma-
trices W; are not very different. Indeed, in this case, one may argue that for infinitesimal
changes of W, the function p(W — %) is locally linear and therefore the bound in Eq. (7.25)
is tight. Note also that these network changing conditions correspond to quite common sce-
narios. Furthermore, since W is symmetric, its eigenvalues are well behaved according to the
Bauer-Fike theorem [29], which states that small perturbations of symmetric matrices cannot
not result in large perturbations of their spectrum. Based on this fact, one would expect that
small changes in W will lead to small changes to the optimal polynomial coefficients.

7.5 Simulation results

7.5.1 Setup

In this section, we provide simulation results that show the effectiveness of the polynomial
filtering methodology in distributed averaging for both static and dynamic network topologies.
We also show its impact in the efficiency of distributed classification that was presented in
Chapter 6. First we introduce a few weight matrices for sensor networks that have been
extensively used in the distributed averaging literature. Suppose that d(i) denotes the degree
of the ith sensor. It has been shown in [121, 122] that iterating eq. (7.3) with the following
matrices leads to convergence to pl.

o Maximum-degree weights. The Maximum-degree weight matrix is

L if (i,7) € &,
W(i,j)=41-40 =} (7.26)
0 otherwise.

e Metropolis weights. The Metropolis weight matrix is

TR RIORIED if (4,5) €€,
W(ird) = 1= Y pee Wi k) i =3, (7.27)
0 otherwise.

e Laplacian weights [121]. Suppose that A is the adjacency matrix of G and D is a diagonal
matrix that holds the vertex degrees. The Laplacian matrix is defined as L = D — A
and the Laplacian weight matrix is defined as

W=1I-~L, (7.28)
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Method Description Input parameters
Iter Liner iteration: see eq. (7.3) W
SDP-PF SDP polynomial filtering k, W (or W)
Newton-PF | Newton’s polynomial filtering k, a

SEA Scalar Epsilon Algorithm [54] {zi}t,

Table 7.1: Summary of methods and their input parameters.

where the scalar v must satisfy 0 < v < 1/dmax.

e Optimal weights, introduced in [121]. The optimal weight matrix W is determined by
solving an SDP corresponding to the minimization of p(W — %) with respect to the
nonzero entries of W, under the constraint that W is graph conformant (see [121] for
more details). It should be noted that the number of unknowns in this case is equal to
the number of nonzero entries of W (i.e., number of links in the network, which is in
the order of O(m?)). This represents a limitation on the use of such optimal weights

for large or dynamic network topologies.

In addition, we will analyze the performance of polynomial filtering defined in this chap-
ter and compare to state of the art weight matrices. Recall that the number of unknowns
in our method is small, namely k + 2, which is an important advantage with respect to op-
timal weights. Note in passing that in our SDP polynomial filtering method, in both fixed
and dynamic network topology cases, the a;’s are computed off-line assuming that W and
respectively E[W] are known a priori. Finally, we should mention that the SDP programs
are solved in MATLAB using the SeDuMi [103] solver? and the YALMIP toolbox [67].

The sensor networks are built using the random geographic graph model [33]. In particular,
we uniformly distribute m nodes on the 2-dimensional unit area. Two nodes are considered

to be adjacent if their Euclidean distance is smaller than r = lm% in order to guarantee

connectedness of the graph with high probability [33].

In what follows, we provide performance analysis of the different consensus methods,
first in static and then in dynamic network topologies. For the sake of completeness, we
also provide the results of the scalar epsilon algorithm (SEA) [54] that uses all previous
estimates of each sensor. Before we delve into the performance analysis, we provide in Table
7.1 a summary of all methods that are tested, along with their description and their input
parameters.

7.5.2 Static network topologies

Ilustrative example First, we illustrate graphically the effect of polynomial filtering on
the spectrum of W. We build a network of m = 50 sensors and we solve the optimization
problem OPT2 with the Maximum-degree weight matrix W, defined in (7.26), and with
k = 4. Figure 7.4(a) shows the obtained polynomial filter px(\), when A € [Amin(W), 1],
where Apin (W) denotes the smallest (algebraically) eigenvalue of W. Next, we apply the
polynomial on W and Figure 7.4(b) shows the spectrum of W before (star-solid line) and
after (circle-solid line) polynomial filtering, versus the vector index. Observe that polynomial

2Publically available at: http://sedumi.mcmaster.ca/
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Figure 7.4: Effect of polynomial filtering on the spectrum of the Mazimum-degree matriz W
of eq. (7.26).

filtering dramatically increases the spectral gap 1—|A2(W)|, which further leads to accelerating
the distributed consensus, as we show later. This example illustrates the effect of a polynomial
filter on the spectrum of a matrix. The detailed comparison between the convergence rates
implied by the two matrices is further provided below.

Performance analysis We compare the performance of the different distributed consensus
algorithms, with all the aforementioned weight matrices; that is, Maximum-degree, Metropo-
lis, Laplacian and optimal weight matrices for distributed averaging. We compare both New-
ton’s polynomial and the SDP polynomial (obtained from the solution of OPT2) with the
standard iterative method, which is based on successive iterations of eq. (7.3) and is denoted
by ‘Iter’.

First, we explore the behavior of polynomial filtering methods under variable degree k
from 2 to 6 with step 2. We use the Laplacian weight matrix for this experiment and we
set a = 0.3. Figures 7.5(a) and 7.5(b) illustrate the evolution of the average consensus
performance corresponding to the absolute error ||z; — pl||2 versus the iteration index ¢, for
polynomial filtering with SDP and Newton’s polynomials respectively. The curves correspond
to averages over 500 random realizations of the sensor network and random (uniformly dis-
tributed) initial measurements. We also provide the curve of the standard iterative method
(‘Iter’) as a baseline. Observe first that both polynomial filtering methods outperform the
standard method by exhibiting faster convergence rates, across all values of k. Notice also
that in the SDP method, the degree k clearly governs the convergence rate, since larger k
implies more effective filtering and therefore faster convergence (i.e., the slope is steeper for
larger k). Finally, we should note that the stagnation of the convergence process of the SDP
polynomial filtering and large values of k is due to the limited accuracy of the SDP solver.

Next, we show the results obtained with the other two weight matrices. Figures 7.6(a) and
7.6(b) show the average convergence behavior of all consensus methods for the Maximum-
degree and Metropolis matrices respectively, over 500 random experiments (network graphs
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Figure 7.5: Average consensus performance of polynomial filtering for variable degree k on
fixed topology with the Laplacian weight matriz.
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and random initial measurements). In both polynomial filtering methods we use a represen-
tative value of k, namely 4. In the case of Newton’s polynomial filtering, we use a = 0.2 for
both weight matrices. Notice again that polynomial filtering accelerates the convergence of
the standard iterative method (solid line). As expected, the optimal polynomial computed
with SDP outperforms Newton’s polynomial, which is based on intuitive arguments only.
Furthermore, we can see from Figures 7.5 and 7.6 that in some cases the convergence rate
is comparable for SEA and SDP polynomial filtering. Note however that the former uses all
previous iterates, in contrast to the latter that uses only the k+1 most recent ones. Hence, the
memory requirements are smaller for polynomial filtering, since they are directly driven by the
degree of the filter k. This moreover permits a more direct control on the convergence rate, as
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Figure 7.7: Average number of consensus iterations versus the network size m. Results with
different weight matrices are shown.

we have seen in Fig. 7.5. Interestingly, we see that the convergence process is smoother with
polynomial filtering, which further permits easy extension to dynamic network topologies.

Different network sizes Next, we provide simulation results for different network sizes
m, where m varies from 50 to 300 with step 50. In particular, we fix the tolerance ¢ of the
absolute error ||z; — pl||s to 1073, and we measure the average number of iterations needed
by each method to reach the desired level ¢ of absolute error, across different network sizes.
This provides an estimate on the average convergence time achieved by each method over
100 random experiments. The degree k is set to 4 for both polynomial filtering methods.
Figures 7.7(a), 7.7(b) and 7.7(c) show the obtained results for the Laplacian, Metropolis and
Maximum-degree weight matrices. Notice the superiority of polynomial filtering methods
over the standard iterative method in terms of convergence speed, which is sustained over
different network sizes.
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Figure 7.8: Results of SDP polynomial filtering applied to the optimal weight matriz.

Optimal weights Finally, for the sake of completeness, we provide simulation results with
the optimal weight matrix (see Section 7.5.1). We apply our SDP polynomial filtering method
on the optimal weight matrix and we report the results in Figures 7.8(a) and 7.8(b). Fig.
7.8(a) shows the average convergence behavior over 100 random experiments, for different
values of the filter degree k. It can be noted that the SDP polynomial filtering is able to
accelerate the linear iteration, even when the optimal weights are used. Also, increasing
the degree k results in improvement on the convergence rate, but this seems to saturate for
large values of k. Additionally, Fig. 7.8(b) shows the average number of iterations needed
to obtain absolute error of § = 1073, when the network size m varies from 10 to 50 with
step 10. In this experiment, k was set to 4 and the results correspond to averages over 100
random experiments. We observe that the improvement offered by polynomial filtering stays
consistent for different network sizes.

Note that in this case we had to perform simulations with fairly small network sizes, since
computing the solution of the optimization problem for the optimal weights is computationally
intensive. Recall that the number of unknowns is O(m?) in this case. On the contrary, the
number of unknowns in our SDP polynomial filtering method is only k + 2, irrespectively of
the network size.

7.5.3 Dynamic network topologies

We study now the performance of polynomial filtering for dynamic networks topologies. We
build a sequence of random networks of m = 50 sensors, and we assume that in each iteration
the network topology changes with probability ¢. With probability 1 — ¢ it remains the same
as in the previous iteration. We compare all methods for different values of the probability
g. We use the Laplacian weight matrix (7.28) and a = 0.3 in Newton’s polynomial filtering.
In the SDP polynomial filtering method, we solve the SDP program OPT3 (see Sec. 7.4.2).
Fig. 7.9 shows the average performance of polynomial filtering for some representative values
of the probability ¢ and degree k. The average performance is computed using the median
over 100 experiments. We have not reported the performance of the SEA algorithm, since it
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Figure 7.9: Average consensus performance using the Laplacian weight matriz on random
network topologies: the case of small k.

is not robust to changes of the network topology.

Notice that when k& = 1 (i.e., each sensor uses only its current value and the previous
one) polynomial filtering accelerates the convergence over the standard iterative method for
both small and large values of ¢q. At the same time, it stays robust to network topology
changes. Also, observe that in this case, the SDP polynomial outperforms Newton’s polyno-
mial. However, when k& = 2, the roles between the two polynomial filtering methods change
as the probability ¢ increases. For instance, when ¢ = 0.8, the SDP method even diverges.
Thus, it appears that Newton’s polynomial filtering is more robust to network changes than
the SDP method. This is expected if we think that the coefficients of Newton’s polynomial
are computed using Hermite interpolation in a given interval and they do not depend on the
specific realization of the underlying weight matrix. Thus, they are more generic than those
of the SDP polynomial that takes W into account, and therefore they are less sensitive to
the actual topology realization. Algorithms based on optimized polynomial filtering become
therefore inefficient in a highly dynamic network whose topology changes very frequently, as
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Figure 7.10: Average consensus performance using the Laplacian weight matriz on random
network topologies: the case of large k.

it becomes impossible to have any precise optimization in this case.

We perform further simulations that correspond to larger values of k in order to investigate
the behavior of Newton’s polynomial filtering. Fig. 7.10 shows the obtained results, when
k=15, 6 and k = 7. The experimental results suggest that polynomial filtering with Hermite
interpolation stays robust to network changes when £ = 5 and k£ = 6. This is even the case
for k = 7 and small ¢. Finally, notice that for k = 7 and large ¢, the method is still able to
converge, but it does not result into improvements over the standard iterative method any
more. Therefore, we can conclude that Newton’s polynomial filtering is robust to network
changes for moderate values of k.

Let us summarize now the main findings from the simulation results of this section. For
fixed network topologies, the SDP polynomial filtering method is the best performer, outper-
forming both the standard iterative method as well as Newton’s polynomial filtering. This is
consistent across different network sizes and all weight matrices that have been tested. For
dynamic network topologies, SDP still outperforms the other methods when k£ = 1. However,
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Figure 7.11: Classification error rate vs consensus iterations with SDP polynomial filtering,
where the sensor network uses the Metropolis weight matriz.

as the degree k increases, the SDP method becomes unstable. On the other hand, Newton’s
polynomial filtering stays robust and outperforms the standard iterative method for moderate
values of k up to 6.

7.6 Consensus-based distributed classification

We turn now our attention on distributed classification that was presented in Chapter 6, and
we analyze the efficiency of SDP polynomial filtering for faster convergence of the distributed
classification applications. We use the same setup as in the experiment of Section 6.4.3. The
goal of this experiment is to test whether consensus-based distributed classification can benefit
from the polynomial filtering methodology. Note that in this case, the distributed MASC
algorithm is based on fast consensus with SDP polynomial filtering for the computation of
the sum in Line 11 of Algorithm 5. The degree of the polynomial filter is set to 4.

Figs. 7.11 and 7.12 show the obtained results using the Metropolis and Maximum-degree
weight matrices respectively. We also provide the results with the standard iterative method
for the sake of comparison. As expected, distributed MASC with polynomial filtering needs
about 5 iterations (on the average) to achieve almost the same accuracy as the centralized
MASC. This is to be contrasted with the iterative method, which needs about 30 and 40 itera-
tions with the Maximum-degree and Metropolis matrices respectively. Therefore, polynomial
filtering is able to offer efficiency for distributed classification via fast consensus.

7.7 Related work

In Section 2.5.2, we reviewed a few related methods, which try to accelerate the convergence
of distributed consensus by optimizing the weights of the network links. Then, in Section 7.5
we showed that our fast consensus algorithms can accelerate the convergence of consensus,
even when such optimal weight matrices are used. In the sequel, for the sake of completeness,
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Figure 7.12: Classification error rate vs consensus iterations with SDP polynomial filtering,
where the sensor network uses the Maximum-degree weight matriz.

we mention a few representative articles that address the general problem of consensus in
sensor networks. The approaches based on lifted Markov chains, gossiping or agreement, are
however quite different from the work proposed in this chapter.

First we review the methods based on lifted Markov chains. It is known that the problem
of fastest distributed consensus is closely related to the problem of finding the fastest mixing
Markov chain (see e.g., [121]). Recently, a few articles have appeared that focus on accelerat-
ing the convergence rate to the consensus solution via lifted Markov chains. The main idea of
lifting is to distinguish the graph nodes from the states of the Markov chain and to “split” the
states into virtual states that are connected in such a way that permits faster mixing. The
lifted graph is then “projected” back to the original graph, where the dynamics of the lifted
Markov chain are simulated subject to the original graph topology. We mention the work in
[70], which proposes a fast distributed averaging algorithm for geographic random graphs. In
particular, the location information of the sensors is assumed to be known, which certainly
represents a limitation in cases where sensor localization is not possible. The location infor-
mation is used in order to construct a nonreversible lifted Markov chain that mixes faster
than corresponding reversible chains. However, since the Markov chain is nonreversible, the
stationary distribution is not uniform anymore. The authors introduce weights in order to
overcome this problem, which in turn increases the communication cost. Moreover, the ex-
tension of their proposed methodology to dynamic network topologies is not straightforward.
Along the same lines, K. Jung et al. [49], used nonreversible lifted Markov chains for fast
gossip. The authors use the lifting scheme of [14] and they propose a deterministic gossip
algorithm based on a set of disjoint maximal matchings, in order to simulate the dynamics of
the lifted Markov chain.

In [69], the authors propose a cluster-based distributed averaging algorithm, applicable to
both fixed linear iteration and random gossiping. By clustering the nodes, one may construct
an overlay graph that is better connected, relatively to the original graph; hence, the random
walk on the overlay graph mixes faster than the corresponding walk on the original graph. The
improvement in mixing time comes nevertheless at the cost of performing the clustering and
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forming the overlay graph. The extension of this methodology to dynamic network topologies
is also not easy. On the contrary, our polynomial filtering methodology is flexible, and as we
have seen in the simulations section, it can be applied successfully in both fixed and dynamic
network topologies.

Gossip algorithms have also been applied successfully to solving distributed averaging
problems. Recall that the gossip constraint implies that multiple node pairs may communicate
at the same time, provided that they are disjoint. In [90], the authors provide convergence re-
sults on randomized gossip algorithms in both synchronous and asynchronous settings. Based
on the obtained results, they optimize the network topology (edge formation probabilities) in
order to maximize the convergence rate of randomized gossip. This optimization problem is
then formulated as a semi-definite program (SDP). In a recent study, the authors in [19, 22]
have been able to improve the message complexity of the standard gossip protocols in cases
where the sensors know their geometric positions. The main idea is to exploit geographic
routing in order to aggregate values among random nodes that are far away in the network.

Finally, there are approaches related to agreement. For instance, we mention the work in
[79] by A. Olshevsky and J. N. Tsitsiklis. They propose two consensus algorithms for fixed
network topologies, which build on the “agreement algorithm”. The proposed algorithms
make use of spanning trees and the authors bound their worst-case convergence rate. For
dynamic network topologies, they propose an algorithm which builds on a previously known
distributed load balancing algorithm. In this case, the authors show that the algorithm has
a polynomial bound on the convergence time (e-convergence).

7.8 Conclusions

In this chapter, we have considered the problem of accelerating the convergence process of dis-
tributed averaging in ad-hoc sensor networks and its application to distributed classification.
In particular, we have proposed a polynomial filtering methodology in order to accelerate
distributed average consensus in both fixed and dynamic network topologies. The main idea
of polynomial filtering is to shape the spectrum of the polynomial weight matrix in order to
minimize its second largest eigenvalue and subsequently increase the convergence rate. We
have constructed semi-definite programs to optimize the polynomial coefficients in both static
and dynamic networks. Simulation results with several common weight matrices have shown
that (i) the convergence rate is much higher than for state of the art algorithms in most
scenarios, except in the specific case of highly dynamic networks and (ii) that distributed
classification described in Chapter 6 can greatly benefit from the proposed fast consensus
algorithms.



Chapter 8

Conclusions

8.1 Thesis achievements

This thesis studies particular instances of the problem of classification of multimedia patterns,
as posed by new challenges faced by modern multimedia architectures. We first attacked
semantic approximation and transformation invariance problems in multimedia pattern clas-
sification, using the handy properties of sparse geometric representations over structured
redundant bases. Next, we studied classification with multiple transformed observations and
designed a graph-based framework that is able to capture the geometric structure of the test
examples and exploit the diversity offered by them, in order to perform effective classifica-
tion in both centralized and distributed environments. In the latter case, we further offered
a generic methodology for fast consensus with application to distributed classification and
distributed data aggregation in general. In each particular problem studied in the thesis,
we discussed important issues concerning high performance pattern classification, and we
presented our analysis, results and conclusions.

First, we considered the problem of semantic approximation for classification. The goal
is to identify relevant geometric primitives in multimedia patterns, which permit (i) compact
representation for coding and (ii) effective classification. We proposed a flexible representation
framework based on simultaneous sparse representations, which represents an effective trade-
off between approximation and classification performances. Our experimental results reflect
the desired trade-off and additionally show that the proposed methodology can lead to classi-
fication performances that are competitive to state of the art techniques, with the additional
advantage of enabling efficient coding solutions. Therefore, compression and classification
can be performed jointly, without important performance penalty with respect to expensive
disjoint solutions. The proposed semantic approximation framework certainly represents a
promising solution for efficient data mining in modern media processing systems.

Next, we studied transformation invariant issues in pattern analysis, in cases where the
transformation consists of a synthesis of translations, rotations and scaling. We illustrated
that a few atoms are sufficient to capture the salient geometric structure of the pattern of
interest. We exploited the properties of such an expansion under geometric transformations,
in order to formulate the manifold distance computation problem, which is moreover related
to pattern alignment. Then, we proved that the optimization problem is a DC program, which
can be optimally solved by any method from the arsenal of DC programming solvers. To the
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best of our knowledge, it is the first time that a globally optimal algorithm is proposed for
this particular problem. The experimental results demonstrated that the proposed method
is successful in finding the global minimizer in practice, with applications to robust face
recognition and image alignment.

When the number of observations of a test object grows large, we designed a graph-based
classification algorithm, which exploits the fact that the observations share the same class
label. Our approach is suitable when the test examples present a manifold structure, which
is typically the case with visual information sets. We have shown that learning the unknown
label matrix under constraints that reflect the specificities of the problem, improves the classi-
fication performance. This permits to develop a low complexity, yet effective algorithm, which
has been experimentally shown to be effective in diverse problems ranging from classification
of multiple handwritten digit images to video-based face recognition.

Then, we considered distributed aspects of the classification problem, when the multiple
observations are collected distributively in an ad-hoc sensor network. We provided an insight
study of this scenario and we showed that distributed classification in ad-hoc sensor networks
can be effectively performed using distributed average consensus. We proposed a distributed
version of the above graph-based algorithm that is based on distributed averaging, in order
to aggregate information from all observations across the network. We have illustrated the
feasibility of such an algorithm in the context of distributed multi-view face recognition. The
simulation results demonstrated that the proposed distributed algorithm and its centralized
counterpart have similar performances when the training set is sufficiently large.

Finally, motivated by the above developments, we further studied the problem of accel-
erating the convergence of consensus, which directly drives the efficiency of any distributed
algorithm relying on it. We exploited the memory of the sensors by means of polynomial
filters in order to augment the convergence rate. We designed polynomial filtering algorithms
based on semi-definite programming and Hermite interpolation, for both static and dynamic
network topologies. The simulation results illustrated that the proposed algorithms improve
the consensus convergence rate, outperforming state of the art solutions in static networks.
At the same time, they stay robust to network topology changes in the dynamic case. Fi-
nally, we illustrated that distributed classification can certainly benefit from the proposed
fast consensus algorithms.

8.2 Future directions

In the discussion of the semantic approximation framework in Chapter 3, we have seen that the
trade-off of approximation and classification offers certain advantages to current multimedia
mining systems. However, the behavior of sparse representations in practice depends a lot
on the properties of the dictionary and the characteristics of the basis functions. This fact
raises an interesting issue regarding what should be the properties of these basis functions.
The recent advances in dictionary learning may contribute substantially in this direction.
Most of the recent methods in dictionary learning are data-driven and optimize the basis
functions according to some approximation-related criterion. Thus, in light of the semantic
approximation framework, it would be very interesting to explore hybrid approximation-
discrimination criteria for dictionary learning (see e.g., research efforts in [88]).

In Chapter 4, we introduced our transformation invariance methodology and we focused
on pattern transformations that consist of synthesis of translations, rotations and scalings. It
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would be interesting to investigate extensions of this framework to more generic transforma-
tions, such as nonrigid deformations. This would require more generic laws that govern the
parameter updates of the atoms. Such a methodology would significantly impact important
vision areas, such as facial expression analysis and human body motion analysis.

We also mention that the problem of manifold sampling is very important. In Chapter 5 we
introduced a graph-based method, where virtual examples are included in the graph vertex set,
in order to provide robustness to pattern transformations. The virtual examples are essentially
samples of the transformation manifold, which is spanned by continuous transformations of
the pattern of interest. Manifold sampling in this context is a hard problem, mostly due to
its high dimensionality. Intuitively, it should be performed in a way that takes the manifold
geometry into account, such as curvature and geodesic distances. It certainly represents a
very interesting and challenging problem.

Concerning our fast consensus algorithms introduced in Chapter 7, it is interesting to
note that it may be possible to extend the polynomial filtering methodology to distributed
averaging under the gossip constraint. For instance, we have already mentioned that the
distributed averaging problem in random networks is closely related to the distributed gossip
synchronous algorithm (see Section 7.2.2). Thus, this is certainly an issue worth investigating.
Finally, it is also interesting to consider the problem of optimizing the convergence rate of
distributed consensus jointly with respect to edge weights and polynomial filter coeflicients.
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Appendix A

Appendix of Chapter 4

A.1 Proof of Proposition 3(b)

Proof. Let f(x) = g(x)— h(x) be the DC decomposition of f. Then, the second part of (4.11)
is convex since g and h are convex. Hence, we need to show that p(x) is convex. Note that
that the (7, ) entry of the Hessian of p(x) is
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837@8.7)]‘ 8f2 8331 8mj

0q(f(x)) 0°f(x) 0%g(x) | 0*h(x)
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H = V2={"(f(2))V;V] +
K +4 (f@)| V24 |K = ¢ (f(2))| V3. (A1)

The convexity of ¢ implies that ¢”(f(x)) > 0. Also the convexity of g and h implies that
V; and V3 are positive semi-definite. Hence, when K > |¢/(f(z))|, we conclude that H is
positive semi-definite and p(z) is convex. O

A.2 Proof of Lemma 4.3.1

Proof. Suppose that the atom has parameters v = (b, a,w), with a = [az, ay] and b = [bg, b,].
If we denote by n = (3, a, 0) the transformation parameters, then according to the group law,
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the transformed parameters of the atom will be
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which yields equation (4.12). O

A.3 The cutting plane algorithm

We discuss here the details of the outer-approximation cutting plane algorithm of [41, Thm
5.3]. A global optimization problem is called a DC program if it has the following form

min  f(z) = g(x) — h(a), (A.2)
s.t. reX={zxeR":4(x) <0},
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Algorithm 7 Outer Approximation Cutting Plane

1: Initialization: Set w® = g(y") — h(y?), the first upper bound of the optimal value w* of
the Problem (A.2).

2: Compute a subgradient s € dg(y°) and construct the affine function I(z) = (z —y°) Ts +
9(y°).

3: Construct a simplex S° O X with vertex set V(S°) = {v!,...,v""}. Choose @ and £
such that

@ = min{l(z):z e V(S")} — max{h(z): z € V(5°)}
t > max{g(z):zec V(S -a.

4: Construct a polytope PV = {( t):xe SO t<t lr)—t—w’ <0
z € X, t €R, g(z) —t—w" = 0} and compute its vertex set V( PY% = {(v},1),i =
1,...,n+1and (v',l(v)) —w®),i=1,...,n+1}.
Set k= 0.
Iteration:
Compute an optimal solution (z¥,t¥) of the problem min{—h(z)+1t: (z,t) € V(P*)}
if —h(z*) +t* =0 then
y* is the optimal solution with optimal value w*.
10: else
11:  Compute s* € dg(a*)
12:  Compute the improved upper bound w**! = min{w*, g(z*) — h(2*)}.
13:  Update y**! such that g(y**1) — h(yFT!) = wh+l.
14:  Construct the cutting plane

—
I

',—H
—~
&
N

Fla,t) = (. — 2P T s® 4 g(a®) — L — ¢

15:  Set PM1 = Pk {(z,t):¥(x,t) <0} and compute V(P*1).
16: end if
17: Set k =k + 1 and go to step 7.

where g, h : X — R are convex functions and ¢ : R™ — R is a convex function. Assume that
the DC Problem (A.2) is solvable and denote by w* its global minimum. The next proposition
gives an optimality condition for Problem (A.2).

Proposition 6. [/1] The point * € X is an optimal solution to Problem (A.2) if and only
if there exists a t* € R such that

=inf{—h(z)+t: z€ X, teR, g(z)—t<g(a*)—t"}. (A.3)

The cutting plane algorithm (as well as any DC solver) needs an explicit DC decomposition
of the objective function before it can be employed in practice. In the sequel, we discuss briefly
the basics of the cutting plane algorithm, illustrated in Algorithm 7. The cutting plane
algorithm seeks a point z* that will satisfy the optimality condition (A.3). Each iteration
involves the minimization of the concave function —h(z) 4 ¢ under the convex constraints
g(z) —t < WP, where w* is the best upper bound for w* as of iteration k. Thus, the right hand
side of the convex constraint changes over the iterations. The algorithm starts with an initial
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feasible point 3" which yields an initial upper bound w®. As soon as this bound improves,
the convex constraint is refined. In the first iteration, the cutting plane method starts with
a simple polyhedron P? which is required to contain the feasible set. The polyhedron PP is
defined by the intersection of several halfspaces i.e., linear inequalities of the form aiT;v +b; <
0, i=1,...,m.

It is known that a concave function defined over a convex polyhedron is minimized at
one of its vertices [40, Thm 1.19]. In iteration k, the vertex z* which minimizes —h(z) + ¢
over P* (see Line 7) is used to define a cutting plane I*(z,t) which updates the polytope,
by excluding points that do not satisfy the linear constraint I*(z,¢) < 0. The intersection of
P* with the cutting plane defines a new polytope P**! of smaller volume (see Line 15). The
minimization of —h(z) + t is repeated on the updated P**1 and the algorithm continues by
repeating the same process. The objective function f is evaluated on each vertex of P* and
whenever a better bound of w* is found, w* is updated (see Line 12) and the convex constraint
is updated as well. This process is repeated until w* reaches w* and in this case the vertex
which achieves —h(z) + ¢t = 0 will satisfy the optimality condition (A.3). The cutting plane
algorithm always converges to the global minimizer of Problem (A.2) [41, Thm 5.3].

The cutting plane algorithm is an efficient algorithm which typically reaches the vicinity
of the global minimizer quickly. Each step involves only function and subgradient evaluations
as well as vertex updates of the current polytope P*. The latter process is called vertex
enumeration and the reader is referred to [40, Sec 3.3.4] for further details.
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e Parallel implementation of the above method in both shared memory and
distributed memory platforms.

e Development of parallel algorithms for the efficient computation of matrix
pseudospectra.




138 RESUME

Teaching Experience

e Graduate Teaching Assistant, EPFL.
Digital Signal Processing, Spring 2008,
Instructor: Prof. P. Frossard.

e Graduate Teaching Assistant, EPFL.
Image Communication, Spring 20006,
Instructor: Prof. P. Frossard.

e Graduate Teaching Assistant, Univ. of Patras.
Scientific Computing I, Fall 2002,
Instructor: Prof. E. Gallopoulos.

e Undergraduate Teaching Assistant (assignments grader), Univ. of Patras.
Numerical Methods in Finance, Fall 2001,
Instructor: Prof. E. Houstis.

Languages

Greek: mother tongue
English: fluent

French: basic

Computer Skills

Programming languages: Matlab , C/C++, Java, Fortran 77/90.
Operating Systems: Linux, Windows.

Parallel programming: MPI, OpenMP, PVM.
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Publications

Patents

P1 E. Kokiopoulou, P. Frossard, O. Verscheure and L. Amini, ”Method and system for
robust pattern matching in continuous speech”, US patent, June 2008, filed.

Journal Papers

J11 E. Kokiopoulou and P. Frossard, “Classification of multiple observations by semi-
supervised learning”, submitted.

J10 R. Sala Llonch, E. Kokiopoulou, I. Tosic and P. Frossard, “3D face recognition with
sparse spherical representations”, submitted.

J9 E. Kokiopoulou and P. Frossard, “Polynomial Filtering for Fast Convergence in Dis-
tributed Consensus”, IEEE Transactions on Signal Processing, in press.

J8 E. Kokiopoulou and P. Frossard, “Minimum Distance between Pattern Transfor-
mation Manifolds: Algorithm and Applications”, IEEE Transactions on Pattern
Analysis and Machine Intelligence, in press.

J7 E. Kokiopoulou and P. Frossard, “Semantic Coding by Supervised Dimensionality
Reduction”, IEEE Transactions on Multimedia, vol. 10, no. 5, pp. 806-818,
August 2008.

J6 E. Kokiopoulou and Y. Saad, “Orthogonal Neighborhood Preserving Projections:
A Projection-based Dimensionality Reduction Technique”, IEEE Transactions on
Pattern Analysis and Machine Intelligence, vol. 29, no. 12, pp. 2143-2156, Decem-
ber 2007.

J5 E. Kokiopoulou and P. Frossard, “Accelerating Distributed Consensus Using Extrap-
olation”, IEEE Signal Processing Letters, Vol. 14, No. 10, October 2007.

J4 C. Bekas, E. Kokiopoulou and Y. Saad, “Computation of Large Invariant Subspaces
Using Polynomial Filtered Lanczos Iterations with Applications in Density Func-
tional Theory”, STAM Journal on Matrix Analysis and Applications (SIMAX), vol.
30, no. 1, pp. 397-418, April 2008.

J3 C. Bekas, E. Kokiopoulou and Y. Saad, “An Estimator for the Diagonal of a Matrix”,
J. Appl. Num. Math., vol. 57(11-12): pp. 1214-1229, November 2007.

J2 E. Kokiopoulou, C. Bekas and E. Gallopoulos, “Computing Smallest Singular Triplets
with Implicitly Restarted Lanczos Bidiagonalization”, J. Appl. Num. Math., vol.
49(1): pp. 39-61, 2004.

J1 C. Bekas, E. Kokiopoulou and E. Gallopoulos, “The Design of a Distributed PSE for
Computing Pseudospectra”, Future Generation Computer Systems, Vol. 21, No 6,
pp- 930-941, April 2005.
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Referred conference papers

C16

C15

Cl4

C13

C12

C11

C10

E. Kokiopoulou, S. Pirillos and P. Frossard, “Graph-based Classification for Mul-
tiple Observations of Transformed Patterns”, accepted to IEEE Int. Conf. on
Pattern Recognition (ICPR), Tampa, Florida, December 2008.

R. Sala Llonch, E. Kokiopoulou, I. Tosic and P. Frossard, “3D Face Recognition
using Sparse Spherical Representations”, accepted to IEEE Int. Conf. on Pattern
Recognition (ICPR), Tampa, Florida, December 2008.

E. Kokiopoulou, P. Frossard and D. Gkorou “Optimal Polynomial Filtering for Ac-
celerating Distributed Consensus”, IEEE Int. Symposium on Information Theory
(ISIT), Toronto, Canada, July 2008.

E. Kokiopoulou, P. Frossard and O. Verscheure, “Fast Keyword Detection with
Sparse Time-frequency Models”, IEEE Int. Conf. on Multimedia and Expo
(ICME), Hannover, Germany, June 2008.

B. Ruf, E. Kokiopoulou and M. Detyniecki, “Mobile museum guide based on fast
SIFT recognition”, 6th International Workshop on Adaptive Multimedia Retrieval
(AMR), Berlin, June 26-27, 2008.

E. Kokiopoulou and P. Frossard, “Image Alignment with Rotation Manifolds Built
on Sparse Geometric Expansions”, IEEE Int. Workshop on Multimedia Signal
Processing (MMSP), October 1-3, 2007, Chania, Crete, Greece.

E. Kokiopoulou and P. Frossard, “Dimensionality Reduction with Adaptive Ap-
proximation”, IEEE Int. Conf. on Multimedia & Expo (ICME), July 2-5, 2007,
Beijing, China.

C9 E. Kokiopoulou and P. Frossard, “Classification-Specific Feature Sampling for Face

Recognition”, IEEE Int. Workshop on Multimedia Signal Processing (MMSP),
October 3-6, 2006, BC, Canada.

C8 E. Kokiopoulou and P. Frossard , “Pattern Detection by Distributed Feature Extrac-

tion”, IEEE Int. Conf. on Image Processing (ICIP), October 8-11, 2006, Atlanta,
GA, USA.

C7 E. Kokiopoulou and P. Frossard, “Distributed SVM Applied to Image Classification”,

[EEE Int. Conf. on Multimedia and Expo (ICME), July 9-12, 2006, Toronto,
Canada.

C6 E. Kokiopoulou and Y. Saad, “Face Recognition using OPRA-faces”, IEEE Int.

Conf. on Machine Learning and Applications (ICMLA), December 15-17, 2005,
Los Angeles, CA, USA.

C5 E. Kokiopoulou and Y. Saad, “Orthogonal Neighborhood Preserving Projections”,

IEEE Int. Conf. on Data Mining (ICDM), November 27-30, 2005, Houston, TX,
USA.
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C4 E. Kokiopoulou and Y. Saad, “PCA without eigenvalue calculations: a case study
on face recognition”, SIAM Data Mining Conference, April 21-23, 2005, Newport,
CA.

C3 E. Kokiopoulou and Y. Saad, “Polynomial Filtering in Latent Semantic Indexing
for Information Retrieval”, in Proc. ACM SIGIR ’04 Conference on Research and
Development in Information Retrieval, July 25-29 2004, Sheffield, UK.

C2 C. Bekas, E. Kokiopoulou, E. Gallopoulos and V. Simoncini, “Parallel Computation
of Pseudospectra using Transfer Functions on a MATLAB-MPI Cluster Platform”,
9th EuroPVM/MPI, pp.199-207, September 29-October 2 2002, Austria.

C1 C.Bekas, E. Kokiopoulou, I. Koutis and E. Gallopoulos, “Towards the Effective
Parallel Computation of Matrix Pseudospectra”, ACM-ICS 2001, June 16-21 2001,
Sorrento, Italy.
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