DIFFERENTIAL INCLUSIONS FOR DIFFERENTIAL
FORMS

SAUGATA BANDYOPADHYAY
Section de Mathématiques, EPFL
1015 Lausanne, Switzerland
email: saugata.bandyopadhyay@epfl.ch

ANA CRISTINA BARROSO

CMAF, Universidade de Lisboa
Av. Prof. Gama Pinto, 2
1649-003 Lisboa, Portugal

and

Departamento de Matematica

Faculdade de Ciéncias
Universidade de Lisboa
1749-016 Lisboa, Portugal
email:abarroso@ptmat.fc.ul.pt

BERNARD DACOROGNA

Section de Mathématiques, EPFL
1015 Lausanne, Switzerland
email: bernard.dacorogna@epfl.ch

JOsE MATIAS

Departamento de Matematica
Instituto Superior Técnico
Av. Rovisco Pais, 1
1049-001 Lisboa, Portugal
email:jmatias@math.ist.utl.pt

Abstract
We study necessary and sufficient conditions for the existence of so-
lutions in Wy > (Q; A*(R™)) of the problem
dw(z) € E, ae. in Q

where E C A*1(R™) is a given set. Special attention is given to the case
of the curl (i.e. k = 1), particularly in dimension 3. Some applications
to the calculus of variations are also stated.



1 Introduction

In this paper we search for solutions w € WO1 (€2 AF(R™)) of the differential
inclusion

(P) dw(z) € E, a.e. in Q
where:
- © C R™ is a bounded, open set,
-w e A*(R") is a k-form, 0 < k <n — 1 (we will in fact identify, by abuse
of notations, A* (R™) and ]R(Z) and similarly the form will be identified with

n
its components, i.e. w: 2 C R — R(kr)),

- dw € AF1(R™) is the exterior derivative and is, as above, seen as a vector

field dw : 2 C R™ — R(’fil),

- E C AFL(R") is a given set,

- WO1 % (€ A (R™)) stands for the Sobolev space of functions so that w €
L (; AR (R™)) Du ¢ oo (Q; A% (R™)) forall j =1,...,n and w = 0 on 9.

) Oz

Our goal is to identify necessary and sufficient conditions for the existence
of solutions of problem (P).

The most important case is, of course, the one where k = 0 (we there-
fore have, with our convention, that dw = gradw). It has received consider-
able attention, in particular, by Bressan-Flores [4], Cellina [5], [6], Dacorogna-
Marcellini [10] and Friesecke [12]. We refer, for a survey as well as for an
extensive bibliography, to Dacorogna [7].

The next important case is the one where k¥ = 1 (especially when n = 3)
which, with our convention, yields dw = curlw. This is a particularly impor-
tant problem for applications, such as the Ginzburg-Landau model of ferromag-
netism, and we refer to Barroso-Matias [3], Dacorogna-Fonseca [9], DeSimone-
Dolzmann [11], James-Kinderlehrer [17] and to the references therein.

Another interesting, and particularly simple case is k = n — 1 where dw =
divw. It has been considered by Barroso-Matias in [3].

Our purpose in this article is to unify the study of the different cases men-
tioned above (gradient, curl and divergence cases) as well as to deal with all
the intermediate cases (2 < k <n — 2).

In section 3 we discuss some necessary and some sufficient conditions for
the existence of solutions of problem (P) in the case of a general k-form. For
the sufficiency part the idea is to find solutions of the form w(x) = u(x)b, for
an appropriate non-trivial k-form b. The problem is then reduced to a gradient
problem.

In Section 4 the previously obtained necessary and sufficient conditions are
improved for the case k¥ = 1. The improvement is particularly significant for



the necessary condition. In the last part of this section we consider the case
k =1 and n = 3. As for the classical case k = 0, in this setting we show that
the necessary and sufficient conditions are exactly the same. Also, the proof
of the necessary condition can be greatly simplified. We obtain the following
result (cf. Theorem 4.15):

Theorem 1.1 Let  C R? be a bounded, open set and let E C R® be such that
0¢ E. The following two properties are equivalent:

(i) There exists w € Wy™ (Q;R?) with curlw € E a.e. in Q.

(ii) There exists a subset F C E such that dimspan F' > 2 and 0 € ri(co F)
(the relative interior of the convexr hull of F ).

This result improves Barroso-Matias [3], Dacorogna-Fonseca [9] and James-
Kinderlehrer [17], see Remark 4.16 for details.

In the case of the gradient it is known that there exists w € W, '™ (Q) with
gradw € F a.e. in Q if and only if 0 € F' U intco E. We therefore see that we
have more freedom for the curl than for the gradient.

The existence results for the differential inclusion problem can be applied,
following the ideas in Cellina [5], [6] and Friesecke [12], to obtain existence
of solutions for a non-convex variational problem. In particular one can show
that:

Theorem 1.2 Let Q) C R"™ be a bounded, open set, 0 < k <n—1 and
[ AT RY) — Ry

be lower semicontinuous. Let
Q) inf {/ fldw(z)) do: we W™ (Q;AF (]R"))}
Q

and
K= {¢e AP R (6) < £(O)),

where f** is the convex envelope of f. Assume that K is connected and 0 € K.
If K is bounded and f** is affine on K then (Q) has a solution.

More details and variants on this problem can be found in [1] and [2].

We conclude with the trivial observation that we can replace the condition
w = 0 on 0N by any affine boundary data or, more generally, by any boundary
data ¢ such that dy is constant, with no changes in the proofs.



2 Notations

We start with some notations which are used throughout this paper. Although
these notations are somewhat standard we mention them here for the sake of
completeness. For more details on exterior algebra we refer to [13], for analysis
of differential forms see [8], [15] and [16] and for convex analysis we refer to
[14] and [18].

1. R, denotes the set of all non-negative real numbers.

2. Let V be an n-dimensional inner product space over R.

For E C V, E # ), we write span E to denote the subspace spanned

by E.

Let W be a subspace of V. We write dim W to denote the dimension

of W.

For each k € N, we write A*(V) to denote the vector space of all

alternating k—linear maps ¢ : V x --- x V — R. For k = 0, we set
—_———

k—times
A°(V) =R. Note that A*(V)) = {0} for k > n and dim A¥(V) = (})
for0 <k <n.
A denotes the usual wedge product.
If {e; | j =1,...,n} is a basis of V, then {e;, A...Aej, |1 <1 <
... < jr <n}is a basis of A¥(V).
For z € V' \ {0}, 7, : V — V/Rx denotes the standard projection
map which we will call canonical epimorphism.

Let U be a real vector space and let T : V — U be a linear
transformation. Then there exists a unique linear transformation

T* : A2(V) — A%(U) such that
T*(v1 Awvg) =T (v1) AT (ve) for all v1,ve € V.

We say that T™ is induced by T'. In this paper, we will consider the
epimorphism 7% : A2(V) — A%(V/Rz) induced by 7, : V — V/Rz,
where x € V'\ {0}. The map 7} has some important properties:

(a) w2 is surjective, which accounts for the word epimorphism,

(b) kermr =z A V.
Let W be a subspace of A%2(V) and let z € V. We write

Wx) = {weW|wAz=0}
wr = mW).



e For b € AF(V), we write
Vi={zAblzeV}c AT (V).
Note that dimV, =n—kif b e V \ {0}.

3. Identifying A*(R"™) with IR{(:), we can define various function spaces, such
as C1(Q; AF(R™)), WP (Q; AF(R™)) and W, P(9; A¥(R™)),1 < p < o0, in
a straightforward way.

4. fweWhr (Q; AF (R”)), the exterior derivative dw belongs to L (Q; AR+ (R”))
and it is defined by

k+1
(dw) 4 _ Z (71)771 8wi1...iﬂ,,1iw+1...ik+1
U1y lh+1 o ’
7:1 Ty

for 1 <41 < ... < igy1 < n. In particular, if £ = 0 then dw ~ gradw and
ifk=n,dv=0.Ifk=1for1<i<j<nm

awj 8(4)2‘
(dW)ij - 63:1 - 8:1:j

i.e. dw ~ curlw. Finally, if k =n — 1 then dw ~ divw.
5. H* denotes the k-dimensional Hausdorff measure.
6. coC denotes the convex hull of C C R™ and coC' its closure.
7. For a convex set C' C R”,

(a) Aff(C) denotes the affine hull of C' which is the intersection of all
affine subsets of R™ containing C'.

(b) ri(C) denotes the relative interior of C' which is the interior of C
with respect to the topology relative to the affine hull of C.

(c) tbd(C) denotes the relative boundary of C' which is C'\ 1i(C).

3 The case of a k-form

In this section we obtain necessary and sufficient conditions for the existence
of solutions to the differential inclusion problem

dw € E, a.e. in ()

where w is a general k-form (0 <k <n —1) and E C A*¥*1(R") is a given set.
We begin with the following definition.



Definition 3.1 An element b € A¥(R™) \ {0} is said to be decomposable if it

ko
is possible to write b = '/\1 b' for some vectors b', ..., b* € R™.

1=

The main theorem of this section is

Theorem 3.2 [Sufficient condition] Let  C R™ be open and bounded. For
1<k<n—1,letbe A¥R™)\ {0} be decomposable. Let E C Vi, C AF+1(R™)
be such that

0 € EUri(coFE) and dimspan E =n — k.

Then there exists w € Wy ™ (Q; AF(R™)) such that
dw € FE, a.e. in .

Moreover, w is of the form
w(@)=u(x)d

for some u € Wy'™ (Q).

Remark 3.3 (i) In fact the theorem is also valid for k£ = 0 and is well known
(cf. [6], [10], [12]). It reads as: if 0 € EUint co E then there exists w € W, > (£2)
such that

dw =gradw € E, a.e. in ().

(ii) For the case k = 1 see Theorem 4.13; if, in addition, n = 3 the theorem
can be improved and takes the simpler form given in Theorem 4.15.

Before we embark on the proof of the theorem we need a couple of lemmas
which we will not prove here. For the proof of these two lemmas we refer to
[6], Lemma 2.11 of [10] and [12].

Lemma 3.4 Let E C RY with dimspanE = n < N and let 0 € ri(co E).
Then there exist m > n+ 1, z* € E, t* > 0 such that

m m
Zt“za =0, Zt“ =1, dimspan {z® |a=1,...,m} = n.
a=1 a=1

Lemma 3.5 (Pyramids) Let Q@ C R"™ be open and bounded. Let z* € R™,
t* >0, a=1,....m, withm >n+ 1, be such that

m m
Zt”‘za =0, Zto‘ =1, dimspan {2® | a =1, ...,m} = n.
a=1 a=1

Then there exists u € T/Vol’oo (Q) satisfying

gradu € {z% |a=1,..,m}, a.e. in Q.



We now proceed with the proof of the theorem.

Proof. If 0 € E, the proof is trivial. We simply take w = dyp, for any ¢ €
W™ (Q; AF~1(R™)). Hence, we assume that 0 ¢ E and 0 € ri(co E).

Since b € A¥(R") \ {0} is decomposable there exist k linearly independent
ko
vectors b', ..., b* € R™ such that b = _i\l b’

We divide the proof in two cases.
Case 1: b', ..., b* are orthonormal.

Step 1. Since the set S = {¥/ | j = 1,...,k} is orthonormal, we can extend
S to an orthonormal basis {¢/ | j = 1,...,n} of R®. Let R € O(n) be such
that Re/ = 7, for all j = 1,...,n. As dimspan E = n — k, Lemma 3.4 yields
z*e E, t* >0, a=1,...,m, such that

Zt(’za =0, Zt" =1, dimspan {z“ [a=1,..,m} =n—k
a=1 a=1

for some m > n — k 4+ 1. Also, since E C Vj, there exists a® € R", for all
a =1,...,m, such that

1) z¥=a%Ab,
i) a® €span{t’ | j=1,...,k}* and

iii) dimspan{a® |a=1,...m}=n—k.

Note that a®-s satisfying ¢) and i) automatically satisfy ii) because
dimspan {z* |a=1,....,m} =n—k.

Step 2. We apply Lemma 3.5 to the vectors £*% € R", o = 1,...,m and
B=1,...,2%, given by

1 1 -1
1 1 . —1
Ea,l — N 1 , fa,2 — ~_1 N ga,2 — ~_1 , (31)
() () ()
ay ay ay



where @® = RTa® for all @« =1, ...,m, to obtain u € VVOLOo (RTQ) such that

+1

+1

gradu (y) € ~o
A1

, for a.e. y € RTQ. (3.2)

pete
an

The hypotheses of the lemma are satisfied since the following conditions
hold:
') 2Pm>=n41
ii’)  dimspan {ﬁo"ﬁ eER"|a=1,..m;p=1, ...,2’“} =n

m 2k

i) Y > PP =0

a=18=1

m 2k

') Z Z TP =

a=18=1

ta
where 797 = ok foralla=1,...,mand 3 =1,..., 2%

Conditions ¢’) and iv’) are trivial to check so we prove only ') and ii’).

Proof of ii’): Let z € R™ be such that (z;¢%#) =0, for all a = 1,...,m,
B=1,...,2% We show that z = 0.
For each r,1 < r < k, we choose 1 < 3,7 < 2k guch that

gaﬁ — £ = 2¢".

Then,
0= (; 6P — £27) = 2z e”)

and therefore, x, = 0, for all 1 < r < k. Hence, (x;£%?) = 0 reduces to

> aga; =0 (3.3)

for all & = 1,...,m. It remains to show that x,, = 0, for all k4+1 < r < n. Since
a® = RTa® for all a = 1,...,m, we have

(@ e’) = (RTa%e’) = (a™; Re’) = (a®;b7) = 0



foralla=1,..,mand j=1,..,k. As R € O(n),
dimspan{a® |a=1,...,m} =n—k,
which forces the matrix A € R™*("=%) defined by
Aap=aG. 4, a=1,..,mand B=1,...,n—k
to have rank n — k. Now (3.3) can be written as
Az =0

where T = (241, .., Tpn). Since the rank of A is n —k, we get ¥ = 0. Therefore
x=0.
Proof of iii’): This is a consequence of the fact that
m
Z t*a®* =0
a=1

which in turn follows from 7).

Step 3. We define w € W, > (Q; A*(R™)) by
w(z) =u(R"z)b.

We now calculate dw,

dw (x) = Rgradu (R"x )/\b-(RZax 1’>Ab

=1

" du
(maxi )/\b—za A D)

- zn: SZ (biAb)e{ 3 a;*(bmb)}jl.

i=k+1 i=k+1

Using the definition of a* for all 1 < a < m, we obtain

n

> ay (b Ab) Z (b' D) (Z%ﬂ%)

i=k-+1
= (RZ“ ) Ab=Ra*Ab=a“Ab= 2"



Therefore, we get
dwe{z*|a=1,..,m} CE, ae. in Q.
Case 2: General b', ..., b".

Applying the standard Gram-Schmidt orthonormalization process to the
vectors {b'/||b¥]| | i = 1,...,k}, we find c!,...,c* in R™ such that c!,....c* are
orthonormal and there exists a € R\ {0} such that

ko ko
Ab =aA .
i=1 i=1
More explicitly, we set ¢! = b /||b*| and
pr+l Z;:l <b'f’+1; Cj>Cj
R N e |

for all 1 <r < k—1. Then, clearly V;, = V. where

r+1

c'.
1

CcC =

>

3

Hence, from Case 1, there exists w € W™ (Q; A¥(R™)) such that
dw € E, a.e. in Q)
and w is of the form
w(z)=v(x)c
for some v € W)™ (Q). Therefore

w(@)=u(x)db

where u € Wy'™ (Q) is defined by u(z) = @ for a.e. x € Q. This completes
the proof. m

We now turn our attention to the study of necessary conditions for the exis-
tence of solutions to the differential inclusion problem. The necessary condition
for k =0, i.e. for the gradient case, is essentially known (see [5], [6] and [12])
but it is new in all other cases, including k = 1. The proof follows closely the
method outlined in [5] and [12], so we will not present it here and we refer to
[1], [2] for more details.

Theorem 3.6 [Necessary condition] Let Q C R™ be open and bounded. For
0<k<n—1,let EC A"Y(R") be finite and let w € Wy ™ (Q; AF(R™)) be
such that

dw(z) € E a.e. x €. (3.4)

Then there exists F' C E such that 0 € F' Uri(co F').

10



4 The case of the curl

When k = 1, i.e. for the case of the curl, we can improve the necessary condition
stated in the previous section by showing that no nontrivial solutions exist in
dimension less than n — 1. Also, in this case, the sufficient condition in section
3 is, in fact, necessary. In the first subsection we prove the minimality of
dimension n — 1 and in the second one we prove the necessity and sufficiency.

Unless otherwise stated, we will assume throughout this section that n > 3,
that V is an n dimensional inner product space over R and that W is a subspace
of A%2(V).

4.1 Minimality of dimension

In this subsection we prove that there does not exist any nontrivial solution of
the differential inclusion problem if dimspan E < n — 2. We start with a series
of lemmas.

Lemma 4.1 Let W be a non-trivial subspace of A*>(V) and let
S={zeV]|wAz#0 for allwe W\ {0}}
be non-empty. Then H™(V \ S) = 0.

Proof. Note that V' \ .S # (), because 0 € V'\ S, so let x € V'\ S. Let k be the
dimension of W and choose a basis {w; | j =1,...,k} of W. Since z € V'\ S,
there exists w € W \ {0} such that w Az = 0.

As w € W\ {0}, there exist ay,...,ar € R, not all zero, such that

k
w = E ozjwj
Jj=1

which implies that
k

O:w/\x:Zaj(wj/\x)
j=1
that is, {w; Az | 7 = 1,...,k} is linearly dependent. Let us define a matrix
A e R*() by
A, =w; AN

where A;, denotes the i-th row of A, for all ¢ = 1,...,k. Clearly rank(A) <
k — 1. Therefore, there exists a family F of polynomials generated by k x k
minors of A such that M(z) =0 for all M € F.

Similarly, we can also prove the converse, i.e. M(z) = 0 for all M € F
implies that x € V'\ S.

11



Thus, we have z € V' \ S if and only if M(z) = 0 for all M € F. Since
S # () there exists M € F such that M is not a zero polynomial. Therefore,

HY(V\ §) = 0.

To make this reasoning clearer consider the following example in R3. As-
sume that dim W = 1 so W = span{w} for some w € W\ {0}. Given = € R3\ S
we write w = wigey A e + wigey Aes + wazes Aes and x = x1e1 + Toes + T3es3
with respect to the canonical basis {ej, e, e3} of R3. This leads to

O=wAzx= (’U)121‘3 + Wwo3zx1 — w13$2)€1 N ea A es,

hence wyox3 + wezry — wizxe = 0. As w # 0, one of wig, w3, wag is non-zero.

Therefore, H?*{z € R?® | w123+ w3z —wi3m2 = 0} = 0 and so H3(R3\ S) = 0.

We can proceed similarly when dimW =2. m

Lemma 4.2 Assume that x #0, 1 < dimW(z) < n — 2 and let
S={uecV/Rx|w* Au#0 for all w* € W} \ {0}}.

If H*=1((V/Rx)\ S) = 0, then there exists z € V' \ {0} such that w Az # 0 for
allw e W {0}.

Proof. Let r = dimW(z),1 <r<n-—2,andlet {x Ay; | j=1,...,r} be
a basis of W(z). Then B = {z,y1,...,y,} is linearly independent so we can
extend B to a basis {z,y1,...,yn—1} of V such that

1) yn—lJ—{x7 Yiy--- 7yn—2}

i) lynal = 1.
Since H"~((V/Rz)\S) = 0 and dim(V/Rx) = n—1, it is possible to choose u €
n—1
Ssuch that u ¢ span {m;(y1),...,7s(yYn—2)}. For this u we find z = Z Ajy; €
j=1

span{y1, ..., Yn—1} such that m,(z) = u. We claim that (z;y,—1) # 0. Indeed,
if (z;yn—1) = 0, we would have (z;y,—1) = A\p,—1 = 0, because of the way
n—2
Yn—1 was chosen. Hence z = Z Ajy; and sou € span {my(y1),...,Tx(Yn—2)},
j=1
contradicting the choice of u.
We will now prove that w A z # 0 for all w € W \ {0} by showing that if
w A z =0, for some w € W, then w = 0.
If w Az = 0 there exists b € V such that w = b A z, which implies that
w5 (w) Aw = 0. Since v € S and 7} (w) € W, it follows that 7} (w) = 0, which
in turn implies that w € W (). Thus, there exist f1,..., 5, € R such that

w = Zﬂz(;v AY;).
i=1

12



n—1
As z = Z)\]yﬂ7 for some )‘17' . ',)\nfl S R, we have

Jj=1

T n—1
(Zﬁ&x/\yﬂ) A Z)\jyj =0.
i=1 j=1

From the linear independence of {x Ay; Ay; | ¢ < j}, the coefficients of x A y; A
Yn—1 are equal to zero, for alli =1,...,r, so

Bidp_1=0foralli=1,...,r

However, we showed that A\,,_1 # 0, s0 8; =0 for alli =1,...,r which yields
w=0. =n

Lemma 4.3 Let W be a subspace of A2(V) with 1 < dimW < n — 2 and let
Sp={z eV | wAz#0 for allwe W\ {0}}.

Then H™(V \ S,) =0.

Proof. The proof is by induction on n.

Step 1. Induction hypothesis (n = 3):

In this case, W has dimension 1. Let W = span{w; }, for some wy € W\{0},
and z € V'\ {0}.

If wy Az # 0, then clearly w Az # 0 for all w € W \ {0} and hence
x € S3. Suppose now that w; Az = 0. Then there exists v € V' \ {0} such that
wy; =z Av. We choose z1{x,v},z # 0. Tt is easy to see that w A z # 0, for all
w € W\ {0}, and thus z € Ss.

Therefore S # () and so, by virtue of Lemma 4.1, H3(V \ S3) = 0.

Step 2. Induction step:

Suppose the lemma is true for n = k — 1, we prove it also holds for n = k.
Let V* be a k—dimensional inner product space over R, let W* be a sub-
space of A2(V*) with 1 < dim W* < k — 2 and let

Sp={z e V¥ wAz+#0forall we W+\ {0}}.

Let € V¥ be such that ||z|| = 1 and W¥(z) # WP, such an z exists because
dim WF* < k — 2. Recall that

WH(x) = {w e WF|wAz=0} and WK = 7%(Wh).

13



If Wk(x) = {0}, then w A x # 0 for all w € W*\ {0} and so x € Si. By
Lemma 4.1, we conclude that H*(V*\ S;) = 0.

If Wk(z) # {0}, as Wk(z) S WF, we have 1 < dim W¥(z) < dimW* <
k — 2 from which we obtain

1 < dim W = dim W* — dim W"(z) < k — 3.
By the induction hypothesis, it follows that
HEH(VE/R2) \ Si—1) = 0,

where Sy_1 = {u € V¥/Ra | w* Au # 0, for all w* € W\ {0}}. Therefore
Lemma 4.2 guarantees the existence of z € V*\ {0} such that w A z # 0, for all
w € W¥\ {0}. This shows that Sy # () so, employing once again Lemma 4.1,
we get

HE(VFN Sk) = 0.

This completes the induction step and finishes the proof of the lemma. m

Corollary 4.4 Let W be a subspace of A%2(R™) such that W N (z AR") # {0}
forallz € S C R™ with H™*(S) > 0. Then dimW >n —1.

Proof. Suppose, on the contrary, that dim W < n — 2 and let
T={xeR"|wAz#0foral weW)\{0}}.

From lemma 4.3, H"(R™\7) = 0. Since H"(S) > 0, we have TNS # (. Choose
xg € TNS. Since 29 € S, there exists w € W\ {0} such that w A g = 0,
which contradicts the fact that zg € 7. Therefore, dimW >n—1. =

We now come to the main theorem of this subsection.

Theorem 4.5 Let n > 3, Q) be a bounded, open set in R™, E be a subset of
A2(R™) such that 0 ¢ E and u € Wy ™°(Q; R") be a solution of the problem

curlu € E a.e. in Q. (4.1)
Then dimspan £ > n — 1.

Proof. Let P : A%(R™) — A?(R™) denote the projection onto the orthogonal
complement of span F.
Since u € Wy ™ (Q; R™), extending u by 0 to R”, we have

P(curlu(z)) = 0 for a.e. x € R".
Applying the Fourier transform, we obtain

P(x Aa(z)) =0 for a.e. x € R",

14



which implies that
x Au(z) € span E for a.e. z € R™.

Since 0 ¢ E, there exists a subset S C R™ such that H"(S) > 0 and xAd(x) # 0
for all x € S. Indeed, if not, we would have z A 4(z) = 0 for a.e. x € R™ which
implies, from Plancherel Theorem, that curlu = 0 a.e. in 2, contradicting the
assumption that 0 ¢ E. Therefore, from Corollary 4.4,

dimspan{z Ati(x) [z €S}t >n—1

and so dimspan EF >n—1. =

4.2 Necessity and sufficiency in dimension n — 1

In this subsection, we begin by characterizing all n — 1 dimensional subspaces
W of A?2(V) with the property that W N (z A V) # {0} for all z € S for some
S CV with H™(S) > 0.

Recall that for b € V' we define

Vi ={xAb|z eV} CAV).
Our goal is to prove the following theorem.

Theorem 4.6 [Algebraic version] Let W be an n — 1 dimensional subspace
of A2 (V). Then W N (z AV) # {0} for all z € S, for some S C V with
H™(S) > 0, if and only if there exists b € V' \ {0} such that W = V.

We start with the following lemma which states that S can be replaced by

V\{0}.

Lemma 4.7 Let W be such that dimW =n—1 and W N (x A V) # {0} for
all z € S, for some S CV with H"(S) > 0. Then, W N (z A V) # {0} for all
x e V\ {0}.

Proof. Suppose there exists y € V'\ {0} such that wAy # 0 for all w € W\ {0}.
Let B={z €V |wAz #0 for all we W\{0}}. Then B # @ so, using Lemma
4.1, we have H™(V '\ B) = 0. But this is a contradiction because S C V' \ B and
H™(S) > 0. Hence, B=0. m

With Lemma 4.7 in hand, we have an equivalent version of Theorem 4.6.
Theorem 4.8 [Algebraic Version] Let W be an n— 1 dimensional subspace

of A2(V)). Then W N (z A V) # {0} for all x € V \ {0} if and only if there
exists b € V' \ {0} such that W = Vj,.
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In order to prove Theorem 4.8 we begin with a weaker version.

Lemma 4.9 [Weak Version] Let W be an n — 1 dimensional subspace of
A2(V) such that W N (x AV) # {0} for all z € V' \ {0}. Then ezactly one of
the following two possibilities can occur:

i) there exists b € V \ {0} such that W =V,
ii) dim{w e W |wAb=0}=1 for allbe V \ {0}.

Proof. If n = 3 it is easy to see that any 2 dimensional subspace W of
A2(V) is of the form V4, for some b € V' \ {0}. Hence, we assume that n > 4.
Suppose neither ) nor i) hold. Then, there exists x € V \ {0} such that
1 <dimW(z) < n—1 where

Wi(x)={weW|wAz =0}

Recall that 7% : A%2(V) — A?(V/Rz) is the epimorphism induced by the canon-
ical epimorphism 7, : V' — V/Rx and that W} = 73 (W).

Since n — 2 > dim W (x) > 2, we have 1 < dim W} < n — 3. Hence from
Lemma 4.3, H""1((V/Rz) \ Sn—1) = 0, where

Sn—1 ={u e V/Rx | w" Au#£0 for all w* € W)\ {0}}.

By Lemma 4.2, there exists z € V'\ {0} such that wAz # 0, for all w € W\ {0}.
But this leads to the conclusion that W N (z AV) = {0}, which contradicts the
hypothesis that W N (z AV) # {0}. This completes the proof of the lemma. m

We will now show that the second possibility in Lemma 4.9 can, in fact,
never hold, which will finish the proof of Theorem 4.8. In other words, we
prove by induction, that

Lemma 4.10 There does not exist any n—1 dimensional subspace W of A%(V)
such that dim{w € W [wAb=0} =1 for allbe V\ {0}.

Before we embark on the proof of Lemma 4.10 we need two technical lem-
mas, the first of which, in essence, helps us to make a careful choice in the
proof of Lemma 4.10, whereas the second one provides the induction step.

Lemma 4.11 Letn > 4. There does not exist any n — 1 dimensional subspace
W of A%2(V) with the properties that

i) for each b € V \ {0}, there exists z, € V such that b A x, # 0 and
W AbAxy, ={0} and

ii) dim{w e W |wAb=0}=1 for allbe V\ {0}.
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Proof. We will arrive at a contradiction by assuming such a W exists. Let
c € V\ {0} and let z. € V'\ {0} be such that cAx. # 0 and W Ac Az, = {0}.
Without loss of generality we can assume that cLla.. Let bL{c,z.}, b # 0, and
let 2, € V'\ {0} be such that W Ab A a2, = {0} and bLlx,. Now two cases can
arise:

1. span{b, x}} Nspan{c, z.} = {0} or
2. dim(span{b, zy } Nspan{c, z.}) = 1.
Case 1. span{b,x} Nspan{c,z.} = {0}

Clearly {b, ¢, xp, .} are linearly independent. Let vp1. € V'\ {0} be a fixed
vector such that (b+ ¢) A vy € W\ {0}. Then

(b+c)Avpre NOAT, =0

and
CAVpre NDAxp = 0. (4.2)

Since {c,b,zp} are linearly independent, it follows from (4.2) that there exist
a1, 1,71 € R, not all zero, such that vy, . = e+ 810+ y1xp.
Similarly,
(b+c)ANvppeNeAx.=0

and
bAVyre NeANz, =0

from which we conclude that vy, = b+ fBac + Y2z, for some g, 82,72 € R,
not all zero. Therefore,

(81 — a2)b+ (o1 — B2)e+ 12y — Y22 = 0.

By the linear independence of {b,c, zp, z.} we obtain 8; = as, a1 = B, 71 =
v2 = 0. Thus vy, = ab + B¢ for some «, f € R, not both zero, and so,

b+c)Avpye=(b+c)A(ab+ Be) = (B —a)p Ace W\ {0}

In other words
bAce W\ {0} (4.3)

Now let vpy,, € V' \ {0} be a fixed vector such that (b + z.) A Vpys, €
W\ {0}. Proceeding exactly as before, since (b + x.) A Vptqz, ADAxzp =0 and
(b4 2e) A Vpga, ANc Az =0, we find that

b Az, €W\ {0}, (4.4)
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But, as {b, ¢, z.} are linearly independent, {b A ¢,bAz.} are also linearly inde-
pendent. Thus, using equations (4.3) and (4.4), we see that

dim{w e W |wAb=0}>2
which contradicts the hypothesis of the lemma.
Case 2: dim(span{b, 2} Nspan{c,z.}) =1

Let span{b, z;} N span{c,z.} = span{t} for some ¢ € V' \ {0}. Since ¢t €
span{b, z;} there exist aj, 81 € R such that ¢ = ayb + S1xp. Similarly, there
exist ag, B2 € R such that t = asc + Gox.. Therefore

arb+ Brxy = asc + Poxe.

Taking the inner product with b on both sides of the above equation, and noting
that bL{xp,c,x.}, we get ag = 0. Thus t = S1xp, where 31 # 0 since t # 0,
and so zp € span{c,z.}. Choose a vector tg € V' \ {0} such that to L{b, c,z.},
notice that tg_Lxy.

Since tg, zp # 0 and to Lz, evidently to Az # 0. Let vg € V'\ {0} be a fixed
vector such that tg A vg € W\ {0}. We can assume that vy Lty. As in case 1,
since tg Avg Ab Az, =0 and tg Avg Ac A z. =0, we deduce that

vy € span{b, xp} Nspan{c, z.} = span{t} = span{z;}

which implies the existence of p € R\ {0} such that vy = pzp. As to Ay €
W\ {0}, it follows that
to Axzp € W {0}. (4.5)

Repeating the above argument, we can also show that
(to +b) Ay € W {0}. (4.6)

Equations (4.5) and (4.6) imply that b Az, € W\ {0} so we conclude that
the linearly independent vectors b A xp, and to A zp both belong to W\ {0}.
However, this yields

dim{w e W |wAz, =0} > 2,
contradicting the hypothesis that dim{w € W | wAb =0} =1 for all b €

V\{0}. m

Lemma 4.12 Letn > 4 and let W be an n— 1 dimensional subspace of A%(V)
such that

dim{w e W |wAb=0}=1 forallbe V\ {0}
Let ¢ € V\ {0} and set Wr = wx(W). Then, WX N (uA (V/Rc)) # {0} for all
u € (V/Re) \ {0}.
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Proof. Suppose the result does not hold, that is,
Sp—1={u € V/Re|w* Au#0 for all w* € Wi\ {0}} # 0.
By Lemma 4.1, we conclude that H"~1((V/Re) \ Sp,—1) = 0. Let
Wi(c)={weW|wAc=0}.

By hypothesis dim W(c¢) = 1 so we can apply Lemma 4.2 to obtain z € V'\ {0}
such that w A z # 0, for all w € W\ {0}. But this contradicts the fact that
dim{w € W | wA z =0} =1 and the lemma is proved. m

We are now in position to prove Lemma 4.10.

Proof of lemma 4.10. We prove by induction.

For n = 3, the lemma is evidently true because any 2-dimensional subspace
W of A%(V) is of the form Vj, for some b € V '\ {0}.

Let us assume that the lemma is true for n = k, we prove it for n = k + 1.
We argue by contradiction and assume there exists a & dimensional subspace
Wof A2(V), where dim V = k + 1, such that

dim W (b) = dim{w e W |[wAb=0} =1 for all b € V' \ {0}.

We choose, by virtue of Lemma 4.11, b € V' \ {0} such that W AbA ¢ # {0} for
all ¢ € V such that bAc # 0. Let 7} : A*(V) — A?(V/Rb) be the epimorphism
induced by the canonical epimorphism 7, : V' — V/Rb and let Wy = nz(W).
Then, dim W} = k—1 and, using Lemma 4.12, we have W} N(uA(V/Rb)) # {0}
for all w € (V/Rb) \ {0}. Therefore, invoking Lemma 4.9, two possibilities may
occur:

A) there exists u € (V/Rb) \ {0} such that W} = (V/Rb), or
B) dim{w* € W | w* Ap=0} =1 for all p € (V/Rb) \ {0}.

We will show that either possibility leads to a contradiction.

Indeed, suppose there exists u € (V/Rb) \ {0} such that W} = (V/Rb),.
We choose z € span{b}* such that u = m(2). Then b Az # 0 and for each
w e W, as m5(w) € Wy = (V/Rb),, there exists p,, € V' such that

7h (W) = Tp(Pw) At = 7p(Pw) A Tp(2) = 7 (Pw A 2).

Thus, w—p., Az € ker 7, and so there exists g, € V so that w = py, Az+qy Ab.
Therefore, wAbAz = 0 for all w € W, i.e. WAbAz = {0}. But this contradicts
the way b was chosen.

On the other hand, if case B) were to hold, we would have a k—1 dimensional
subspace W of A2(V/Rb), dim(V/Rb) = k, such that

dim{w* € Wy | w* Ap=0} =1, for all p e (V/Rb)\ {0},
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contradicting the induction assumption that the lemma is true for n = k.
This completes the induction step and the proof of the lemma. m

We now employ these algebraic preliminaries to prove the main theorem of
this subsection.

Theorem 4.13 [Main theorem for the curl] Let n > 3, Q C R™ be open,
bounded and let E C A?(R™) be such that 0 ¢ E and dimspan E = n—1. Then,
there exists a solution u € Wi>(;R™) to the problem

curlu € E a.e. in Q (4.7)

if and only if 0 € ri(co E) and there exists b € R™ \ {0} such that span E =
(R™)s,.

Proof. If 0 € ri(co E) and there exists b € R™\ {0} such that span E = (R™),,
we refer to Theorem 3.2 for the construction of the solution. We will prove the
converse.

Let u € Wg™(Q;R"™) be a solution of (4.7). Let P : A%2(R") — A?(R")
denote the projection onto the orthogonal complement of span E. Since u €
Wy ™ (Q;R™), extending u by 0 to R”, we have

P(curlu(x)) =0, for a.e. z € R".
Applying the Fourier transform, we obtain
P(x Aa(z)) =0, for a.e. z € R,
which implies that
x Al(x) € span E, for a.e. © € R™.

Now because 0 ¢ E, there exists a subset S C R" such that H"(S) > 0 and
x At(x) # 0 for all © € S. Therefore, from Theorem 4.6, it follows that there
exists b € R™ \ {0} such that span £ = (R™),.

It remains to show that 0 € ri(coE). From Jensen’s inequality we can
deduce that 0 € GoE. We now prove that 0 belongs, in fact, to ri(co E).
Suppose not, that is, suppose 0 € rbd(co E).

Let ay,...,a, € A%2(R™) be an orthonormal basis of (span E)+ where m =
(5) —n+1. Since 0 € rbd(co E), there exists b € span E such that [|b]| = 1 and

)l

(w;b) > 0, for all w € GOE.

In particular, (curlu(z);b) > 0 for a.e. z € Q. But, as u € W3 (Q,R"),
/ (curlu(z); by =0
Q
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S0
(curlu(x); b) = 0 for a.e. z € Q.

Hence, (curlu(z);w) = 0 for the m + 1 linearly independent vectors w =
b,ai,...,a, in A%2(R") and for a.e. x € Q. Letting

Qo ={z € Q| curlu(z) € E and (curlu(z);b) = 0}
we have

2

But this, together with the fact that 0 ¢ curlu(Qp), contradicts Theorem 4.5.
Hence 0 € ri(co E). m

dim span curl u(9) < (n) —-m—-1=n-—2.

Remark 4.14 Note that, in contrast with Theorem 3.6, we do not require £
to be finite here.

4.3 The curl in dimension three

As before, we are interested in the problem of finding u € VVO1 °°(Q; R3) satis-
fying
curlu € F a.e. in . (4.8)

In the next theorem we assume that 0 ¢ F to avoid the trivial case.

Theorem 4.15 Let Q C R? be open, bounded and let E C R3\ {0}. Then
(4.8) has a solution if and only if there exists a subset F C FE, such that
dimspan F' > 2 and 0 € ri(co F).

Remark 4.16 (i) It is the sufficiency part which is more interesting here.
When dimspan E = 2, Theorem 4.15 is just a restatement of Theorem 4.13
because we can take F' = E. However, this sufficient condition is also true
when dimspan £ = 3 so this theorem improves the aforementioned one. It
also extends previous results of [17], which do not consider Dirichlet boundary
conditions, and of [3], [9], where a non-constructive proof was obtained only
for the case dimspan F' = 2.

(ii) The necessary part, according to the referee, is implicit in [17]. Nevertheless,
our results enable us to provide a more elementary proof so we will outline it
below, for the sake of both simplicity and completeness.

Proof. Sufficient Condition. If dimspanF = 2, as any 2-dimensional
subspace of R3 is of the form (R?), for some b € R3\ {0}, we apply Theorem
4.13 to F' in order to obtain a solution.
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Thus, the theorem will be proved once we show the existence of solutions
when dimspan F = 3 (i.e. dimspan F = dimspan E).

We divide this proof in two steps. We note that it is enough to prove it for
a particular open set €2, the general case follows by virtue of Vitali’s covering
theorem.

Step 1. Applying Lemma 3.4 we find 2* € F, t* > 0, = 1,2,3,4 such
that

4 4
Ztaza =0, Zta =1, dimspan{21722a23,34} =3.
a=1 a=1

Without loss of generality we can assume that {z',22,2%} are linearly inde-

pendent. Now, choosing ¢ > 0 sufficiently small so that t5 > €, we write
0 = thl+ (t2 — e) 22

€ 2 3 5 t4 4
z z z
3+t +e 3+t +e 3+t +e

+ (£ +t' +e) [
Let

S :tl, 82:t2—e, 53=t3—|—t4—|—e,

€ 3 4
2 3 4

3 @ 3 @ <37

S S S

Yy = a?2? + o222 + a2t

We conclude that dim span {z!,2%,y} = 2 so span{z!,2%,y} = (R?), for
some b € R?\ {0}. Proceeding as in the proof of Theorem 3.2, we find
w' e W™ (92;R?) satisfying

1. w'(x) = u(x)b for a.e. z € Q, where u € Wy ™°(R3;R) is a piecewise
affine function satisfying a suitable gradient problem

2. Q= {z eR®|u(z) >0}
3. curlw!(z) € {2, 22, y}, for ae. z € Q.

It can be shown that €2 is bounded and open (cf. Lemma 2.11 of [10]).
Step 2. As w! is piecewise affine, we can define the bounded, open set

Q, ={zeQ:curlw'(z) =y}.
Now, observing that {z2 —y, 23—y, 2t — y} and {042, a’, a4} satisfy

O:aQ(ZZ—y)+a3(23—y)+a4(z4—y),
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we can find w? € Wy'™ (Q,;R?) such that
curl w?(x) € {22 —y, 23—y, 2t — y} , for a.e. x € Q.
Finally, we define

w! (7) if x € ON\Q,y
w(z) =
wl (z) +w? (z) ifzeQ,.

Evidently w € W, (2;R?) and

curlw(z) € {zl,ZQ,zg,zA} C E, for a.e. z € Q.

Necessary Condition. Let u be a solution of (4.8). We show that there
exists a subset F' C F, such that dimspan F' > 2 and 0 € ri(co F).
We begin by showing that dim span E > 2. Note that this was already
proved in Theorem 4.5, but in a more complex way.
Suppose that dim span E = 1. Then, there exist v € S? and o = a(z) such
that
curlu(z) = a(x)y, for ae. z €. (4.9)

We extend u by 0 to all of R? and consider B an open ball of radius R such
that Q C B. Define u. := p. x u, where p, is the standard mollifier. Let Q. be
such that suppu. C Q. and consider £y > 0 small enough so that Q. C B, for
all 0 < e < gg.

Notice that

curlug () = (pe * ) (z)v =: a(x)v, for ae. x € Q. (4.10)

We define

and
2R
O (z) := —/ (ue(x + tv); vydt.
0
It is easy to see that ®. = p. x ®. We will now show that grad &, = u.. By

the usual identification of the vectors curl u. and v with 3 x 3 antisymmetric
matrices, condition (4.10) may be written as

3
> al =0, i=1,23
j=1
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where (curl u.)¥ = a%. Thus, for i = 1,2,3, we have

o 2R 3
= - i( J
oz, O (z) / Z oz, ul(x + tv)v/dt

2R 3 i
- / Z Oug (x+tv) +a | vidt
Rt O,

2R
— / (Vui(z +tv);v)dt
0

2R _
- —/O k(o )] dt = u ().
As grad . = ug, it follows that curl u, = 0. On the other hand,
grad @, = p. xgrad ® = p. xu

so we conclude that u = grad @, a.e. in 2. Hence curlu = 0, a.e. in €2, which
contradicts our assumption that 0 ¢ E. Therefore, dim span E > 2.
If dimspan F = 2 we choose ' = F. By Theorem 4.13 it follows that

0 € ri(co F') = ri(co E).

If dimspanE = 3 we set F = curlu(fY) where Q' C Q is such that
curlu(z) € FE for all x € €. The same argument used for span E also al-
lows us to conclude that dimspan F' > 2. Examining the proof of Theorem 3.6
(cf. [1], [2]) or Theorem 4.13 we deduce that 0 € ri(co F').

This concludes the proof. m

Acknowledgements. The research of A. C. Barroso and J. Matias was
partially supported by the FCT, Portugal through the POCTI Programme.
Part of this work was completed during visits of A. C. Barroso and J. Matias
to EPFL, whose hospitality is gratefully acknowledged.

References

[1] Saugata Bandyopadhyay. Ph.D thesis. In preparation.

[2] Saugata Bandyopadhyay, Ana Cristina Barroso, Bernard Dacorogna, and
José Matias. In preparation.

[3] Ana Cristina Barroso and José Matias. Necessary and sufficient condi-
tions for existence of solutions of a variational problem involving the curl.
Discrete Contin. Dyn. Syst., 12(1):97-114, 2005.

24



[4]

Alberto Bressan and Fabidn Flores. On total differential inclusions. Rend.
Sem. Mat. Univ. Padova, 92:9-16, 1994.

Arrigo Cellina. On minima of a functional of the gradient: necessary
conditions. Nonlinear Anal., 20(4):337-341, 1993.

Arrigo Cellina. On minima of a functional of the gradient: sufficient con-
ditions. Nonlinear Anal., 20(4):343-347, 1993.

Bernard Dacorogna. Non convexr problems of the calculus of variations
and differential inclusions. To appear in Stationary Partial Differential
equations, Handbook of Differential Equations. North-Holland Publishing
Co., Amsterdam.

Bernard Dacorogna. Existence and regularity of solutions of dw = f with
Dirichlet boundary conditions. In Nonlinear problems in mathematical
physics and related topics, I, volume 1 of Int. Math. Ser. (N. Y.), pages
67-82. Kluwer/Plenum, New York, 2002.

Bernard Dacorogna and Irene Fonseca. A-B quasiconvexity and implicit
partial differential equations. Calc. Var. Partial Differential Equations,
14(2):115-149, 2002.

Bernard Dacorogna and Paolo Marcellini. Implicit partial differential equa-
tions. Progress in Nonlinear Differential Equations and their Applications,
37. Birkhauser Boston Inc., Boston, MA, 1999.

Antonio DeSimone and Georg Dolzmann. FExistence of minimizers for a
variational problem in two-dimensional nonlinear magnetoelasticity. Arch.
Rational Mech. Anal., 144(2):107-120, 1998.

Gero Friesecke. A mnecessary and sufficient condition for nonattainment
and formation of microstructure almost everywhere in scalar variational
problems. Proc. Roy. Soc. Edinburgh Sect. A, 124(3):437-471, 1994.

Werner Greub. Multilinear algebra. Springer-Verlag, New York, second
edition, 1978. Universitext.

Jean-Baptiste Hiriart-Urruty and Claude Lemaréchal. Fundamentals of
conver analysis. Grundlehren Text Editions. Springer-Verlag, Berlin, 2001.

Tadeusz Iwaniec. Nonlinear differential forms, volume 80 of Report. Uni-
versity of Jyvéskyld Department of Mathematics, Jyviaskyld, 1998. Lec-
tures in Jyvaskyla.

Tadeusz Iwaniec and Gaven Martin. Geometric function theory and non-
linear analysis. Oxford Mathematical Monographs. The Clarendon Press
Oxford University Press, New York, 2001.

25



[17] Richard D. James and David Kinderlehrer. Frustration in ferromagnetic
materials. Contin. Mech. Thermodyn., 2(3):215-239, 1990.

[18] R. Tyrrell Rockafellar. Conver analysis. Princeton Mathematical Series,
No. 28. Princeton University Press, Princeton, N.J., 1970.

26



