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Abstract There exist three main approaches to reduction associated with canonical Lie
group actions on a symplectic manifold, namely, foliation reduction, introduced by Cartan,
Marsden–Weinstein reduction, and optimal reduction, introduced by the authors. When the
action is free, proper, and admits a momentum map these three approaches coincide. The
goal of this paper is to study the general case of a symplectic action that does not admit a
momentum map and one needs to use its natural generalization, a cylinder valued momentum
map introduced by Condevaux et al. In this case, it will be shown that the three reduced spaces
mentioned above do not coincide, in general. More specifically, the Marsden–Weinstein
reduced spaces are not symplectic but Poisson and their symplectic leaves are given by the
optimal reduced spaces. Foliation reduction produces a symplectic reduced space whose
Poisson quotient by a certain Lie group associated to the group of symmetries of the problem
equals the Marsden–Weinstein reduced space. We illustrate these constructions with concrete
examples, special emphasis being given to the reduction of a magnetic cotangent bundle of a
Lie group in the situation when the magnetic term ensures the non-existence of the momentum
map for the lifted action. The precise relation of the cylinder valued momentum map with
group valued momentum maps for Abelian Lie groups is also given.
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1. Introduction

Let (M, ω) be a connected paracompact symplectic manifold acted upon properly and canon-
ically by a Lie group G. In this paper, it is assumed that the G-action is free; the non-free
case is the subject of [24]. Let g be the Lie algebra of G and g∗ its dual. Assume for the
moment that the action admits a standard equivariant momentum map J: M → g∗. There are
three main approaches to the symmetry reduction of (M, ω) by G that yield, up to connected
components, the same spaces:

� Foliation reduction [5]: Consider the fiber J−1(μ) and the characteristic distribution D =
ker T J ∩ (ker T J)ω on it; the upper index ω on a vector subbundle of T M denotes the
ω-orthogonal complement. The symplectic structure of (M, ω) drops naturally to the leaf
space J−1(μ)/D.� Marsden–Weinstein reduction [15]: Let Gμ be the isotropy subgroup of the element μ ∈ g∗

with respect to the coadjoint action of G on g∗. The orbit manifold J−1(μ)/Gμ inher-
its from (M, ω) a natural symplectic form ωμ uniquely characterized by the expression
i∗
μω = π∗

μωμ, with iμ: J−1(μ) ↪→ M the inclusion and πμ: J−1(μ) → J−1(μ)/Gμ the
projection.� Optimal reduction [18, 20]: Let A′

G be the distribution on M defined by A′
G := {X f |

f ∈ C∞(M)G}. The distribution A′
G is smooth and integrable in the sense of Stefan and

Sussmann [29–31]. The optimal momentum map J : M −→ M/A′
G is defined as the

canonical projection onto the leaf space of A′
G which is, in most cases, not even a Hausdorff

topological space, let alone a manifold. For any g ∈ G, the map �g(ρ) = J (g · m) ∈
M/A′

G defines a continuous G-action on M/A′
G with respect to which J is G-equivariant.

The orbit space Mρ := J −1(ρ)/Gρ is a smooth symplectic regular quotient manifold with
symplectic form ωρ characterized by π∗

ρωρ = i∗
ρω, where πρ : J −1(ρ) → J −1(ρ)/Gρ is

the projection and iρ : J −1(ρ) ↪→ M the inclusion.

These reduction theorems are important for symmetric Hamiltonian dynamics since the flow
associated to a G-invariant Hamiltonian function projects to a Hamiltonian flow on the
symplectic reduced spaces.

Our goal in this paper is to carry out the regular reduction procedure for any symplectic
action, even when a momentum map does not exist. As will be shown, the three approaches
to reduction yield spaces that are, in general, distinct but non-trivially related to each other
in very interesting ways. Our results are based on a key construction of Condevaux et al.
[6] naturally generalizing the standard momentum map to a cylinder valued momentum map
K: M → Ra × Tb, a, b ∈ N, that always exists for any symplectic Lie group action. The
cylinder Ra × Tb is obtained as the quotient g∗/H̄, with H a zero-dimensional Lie subgroup
of (g∗, +) which is the holonomy of a flat connection on the trivial principal fiber bundle π :
M × g∗ → M with (g∗, +) as Abelian structure group. This flat connection is constructed
using exclusively the canonical G-action and the symplectic form ω on M thereby justifying
the name Hamiltonian holonomy for H.

The main result. Let (M, ω) be a connected paracompact symplectic manifold and G a Lie
group acting freely and properly on it by symplectic diffeomorphisms. Let K: M → g∗/H̄ be a
cylinder valued momentum map for this action. Then g∗/H̄ carries a natural Poisson structure
and there exists a smooth G-action on it with respect to which K is equivariant and Poisson.
Moreover:
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(i) The Marsden–Weinstein reduced space M [μ] := K−1([μ])/G[μ], [μ] ∈ g∗/H̄, has a nat-
ural Poisson structure inherited from the symplectic structure (M, ω) that is, in general,
degenerate. M [μ] will be referred to as the Poisson reduced space.

(ii) The optimal reduced spaces can be naturally identified with the symplectic leaves of
M [μ].

(iii) The reduced spaces obtained by foliation reduction equal the orbit spaces M[μ] :=
K−1([μ])/N[μ], where N is a normal connected Lie subgroup of G whose Lie alge-
bra is the annihilator n := (Lie(H̄))◦ ⊂ g of Lie(H̄) ⊂ g∗ in g. The manifolds M[μ] will
be referred to as the symplectic reduced spaces.

(iv) The quotient group H[μ] := G[μ]/N[μ] acts canonically on M[μ] and the quotient Poisson
manifold M[μ]/H[μ] is Poisson diffeomorphic to M [μ].

As will be shown in the course of this paper, one of the reasons behind the existence of the
three distinct reduced manifolds is the non-closedness of the zero-dimensional Hamiltonian
holonomy H (as the holonomy group of a flat connection). In fact, H̄ measures in some sense
the degree of degeneracy of the Poisson structure of the Marsden–Weinstein reduced space
M [μ]. Moreover, when H is closed, the three reduction approaches yield (up to connected
components) the same symplectic space.

The present paper deals only with free actions. In our forthcoming paper [24], we will
study the situation in which this hypothesis has been dropped.

The contents of the paper are as follows. Section 2 introduces and presents in detail the
properties of the cylinder valued momentum map. Section 3 studies the invariance properties
of the Hamiltonian holonomy H and constructs a natural action on the target space of the
cylinder valued momentum map with respect to which the cylinder valued momentum map
is equivariant. This action is an essential ingredient for reduction. Section 4 defines a Poisson
structure on the target space of the cylinder valued momentum map with respect to which
this map is Poisson. It also provides a careful study of this Poisson structure and explicitly
characterizes its symplectic leaves. This section also contains a general discussion on central
extensions of Lie algebras and groups, their actions, and their role in the characterization
of the symplectic leaves of affine and projected affine Lie–Poisson structures on duals of
Lie algebras. Apart from its intrinsic interest, this information on central extensions will
be heavily used in the example of Section 6. Section 5 contains a detailed statement and
proof of the reduction results announced earlier. Section 6 contains an in-depth study of an
example that illustrates some of the main results in the paper. The cotangent bundle of a
Lie group is considered, but with a symplectic structure that is the sum of the canonical one
and of an invariant magnetic term, whose value at the identity does not integrate to a group
two-cocycle. This modification destroys, in general, the existence of a standard momentum
map for the lift of left translations and forces the use of all the developments in the paper.
This section contains an interesting generalization of the classical result, which states that the
coadjoint orbits endowed with their canonical Kostant–Kirillov–Souriau symplectic structure
are symplectic reduced spaces of the cotangent bundle of the corresponding Lie group. The
paper concludes with an appendix that specifies the relation, in the context of Abelian Lie
group actions, of the cylinder valued momentum map and the so called Lie group valued
momentum maps.

Notations and general assumptions. Manifolds: In this paper, all manifolds are
finite-dimensional. Group actions: The image of a point m in a manifold M under a group
action �: G × M → M is denoted interchangeably by �(g, m) = �g(m) = g · m, for any
g ∈ G. The symbol Lg: G → G (respectively Rg: G → G) denotes left (respectively right)
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translation on G by the group element g ∈ G. The group orbit containing m ∈ M is denoted
by G · m and its tangent space by Tm(G · m) or g · m. The Lie algebra of the group G is usually
denoted by g. Given any ξ ∈ g, the symbol ξM denotes the infinitesimal generator vector field
associated to ξ defined by ξM (m) = d

dt |t=0 exp tξ · m, for any m ∈ M . A right (left) Lie alge-
bra action of g on M is a Lie algebra (anti)homomorphism ξ ∈ g �−→ ξM ∈ X(M) such that
the mapping (m, ξ ) ∈ M × g �−→ ξM (m) ∈ T M is smooth. If g acts on a symplectic manifold
(M, ω) we say that the g-action is canonical when ξM ω = 0, for any ξ ∈ g. The Chu map:
Given a symplectic manifold (M, ω) acted canonically upon by a Lie algebra g, the Chu map
�: M → Z2(g) is defined by the expression �(m)(ξ, η) := ω(m)(ξM (m), ηM (m)), for any
m ∈ M , ξ, η, ∈ g.

2. The cylinder valued momentum map

In this section we define carefully the cylinder valued momentum map and study its el-
ementary properties. This construction, first introduced by Condevaux et al. in [6] un-
der the name of “reduced momentum map”, is the key stone of the main results in this
paper.

The following notations will be used throughout this work. If 〈·, ·〉: W ∗ × W → R is
a nondegenerate duality pairing and V ⊂ W , define the annihilator subspace V ◦ := {α ∈
W ∗ | 〈α, v〉 = 0 for all v ∈ V } ⊂ W ∗ and similarly for a subset of W ∗. If (S, ω) is a sym-
plectic vector space and U ⊂ S, define the ω-orthogonal subspace Uω := {s ∈ S | ω(s, u) =
0 for all u ∈ U }.

Let (M, ω) be a connected and paracompact symplectic manifold and let g be a Lie algebra
that acts canonically on M . Take the Cartesian product M × g∗ and let π : M × g∗ → M be
the projection onto M . Consider π as the bundle map of the trivial principal fiber bundle
(M × g∗, M, π, g∗) that has (g∗, +) as Abelian structure group. The group (g∗, +) acts on
M × g∗ by ν · (m, μ) := (m, μ − ν), with m ∈ M and μ, ν ∈ g∗. Let α ∈ �1(M × g∗; g∗)
be the connection one-form defined by

〈α(m, μ)(vm, ν), ξ〉 := (iξM ω)(m)(vm) − 〈ν, ξ〉, (1)

where (m, μ) ∈ M × g∗, (vm, ν) ∈ Tm M × g∗, 〈·, ·〉 denotes the natural pairing between g∗

and g, and ξM is the infinitesimal generator vector field associated to ξ ∈ g defined by
ξM (m) = d

dt

∣∣
t=0

exp tξ · m, m ∈ M . It is easy to check that α is a flat connection. For
(z, μ) ∈ M × g∗, let (M × g∗)(z, μ) be the holonomy bundle through (z, μ) and let H(z, μ)
be the holonomy group of α with reference point (z, μ) (which is an Abelian zero dimen-
sional Lie subgroup of g∗ by the flatness of α). The Reduction Theorem [13, Theorem 7.1,
page 83] guarantees that the principal bundle ((M × g∗)(z, μ), M, π |(M×g∗)(z,μ),H(z, μ))
is a reduction of the principal bundle (M × g∗, M, π, g∗); it is here that we
used the paracompactness of M since it is a technical hypothesis in the Reduc-
tion Theorem. To simplify notation, we will write (M̃, M, p̃,H) instead of ((M ×
g∗)(z, μ), M, π |(M×g∗)(z,μ),H(z, μ)). Let K̃: M̃ ⊂ M × g∗ → g∗ be the projection into the
g∗-factor.

Let H̄ be the closure of H in g∗. Since H̄ is a closed subgroup of (g∗, +), the quotient
C := g∗/H̄ is a cylinder (that is, it is isomorphic to the Abelian Lie group Ra × Tb for some
a, b ∈ N). Let πC : g∗ → g∗/H̄ = C be the projection. Define K: M → C to be the map that
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makes the following diagram commutative:

M̃
K̃−−−−→ g∗

p̃

⏐⏐� ⏐⏐�πC

M
K−−−−→ g∗/H̄.

(2)

In other words, K is defined by K(m) = πC (ν), where ν ∈ g∗ is any element such that
(m, ν) ∈ M̃ . This is a good definition because if we have two points (m, ν), (m, ν ′) ∈ M̃ ,
this implies that (m, ν), (m, ν ′) ∈ p̃−1(m) and, as H is the structure group of the principal
fiber bundle p̃: M̃ → M , there exists an element ρ ∈ H such that ν ′ = ν + ρ. Consequently,
πC (ν) = πC (ν ′).

We will refer to K: M → g∗/H̄ := C as a cylinder valued momentum map associated to the
canonical g-action on (M, ω). The cylinder valued momentum map is a strict generalization of
the standard (Kostant–Souriau) momentum map since it is easy to prove (see for instance [22,
Proposition 5.2.10]) that the G-action has a standard momentum map if and only if the
holonomy group H is trivial. In such a case the cylinder valued momentum map is a standard
momentum map.

Notice that we refer to “a” and not to “the” cylinder valued momentum map since each
choice of the holonomy bundle of the connection (1) defines such a map. In order to see
how the definition of K depends on the choice of the holonomy bundle M̃ take M̃1 and M̃2

two holonomy bundles of (M × g∗, M, π, g∗). We now notice three things. First, there exists
τ ∈ g∗ such that M̃2 = Rτ (M̃1), where Rτ (m, μ) := (m, μ + τ ), for any (m, μ) ∈ M × g∗.
Second, since (g∗, +) is Abelian all the holonomy groups based at any point are the same and
hence the projection πC : g∗ → g∗/H̄ in (2) does not depend on the choice of M̃ ; in view of
this remark we will refer toH as the Hamiltonian holonomy of the G-action on (M, ω). Third,
πC is a group homomorphism. Let now p̃M̃i

: M̃i → M , K̃M̃i
: M̃i → g∗, and KM̃i

: M → g∗ be
the maps in diagram (2) constructed using the holonomy bundles M̃i , i ∈ {1, 2}. Let m ∈ M .
By definition KM̃2

(m) = KM̃2
( p̃M̃2

(m, ν)), where (m, ν) ∈ M̃2. Since M̃2 = Rτ (M̃1) there
exists an element ν ′ ∈ g∗ such that (m, ν ′) ∈ M̃1 and (m, ν) = (m, ν ′ + τ ). Hence,

KM̃2
(m) = KM̃2

( p̃M̃2
(m, ν)) = KM̃2

( p̃M̃2
(m, ν ′ + τ ))

= πC (K̃M̃2
(m, ν ′ + τ )) = πC (ν ′ + τ ) = πC (ν ′) + πC (τ ) = KM̃1

(m) + πC (τ ).

Since in the previous chain of equalities the point m ∈ M is arbitrary and τ ∈ g∗ depends
only on M̃1 and M̃2 we have that

KM̃2
= KM̃1

+ πC (τ ).

Remark 2.1. The definition of the cylinder valued momentum map that we just introduced
can be reproduced if we assume that the form ω is only presymplectic.

Remark 2.2. The Hamiltonian holonomy H is the image of the period homomorphism Pω:
π1(M, z) → g∗ defined by

〈Pω([γ ]), ξ〉 :=
∫

γ

iξM ω, for any ξ ∈ g.
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The following proposition summarizes the elementary properties of the cylinder valued
momentum map.

Proposition 2.3. Let (M, ω) be a connected and paracompact symplectic manifold and g a
Lie algebra acting canonically on it. Then any cylinder valued momentum map K: M → C
associated to this action has the following properties:

(i) K is a smooth map that satisfies Noether’s Theorem, that is, for any g-invariant function
h ∈ C∞(M)g := { f ∈ C∞(M) | dh(ξM ) = 0 for all ξ ∈ g}, the flow Ft of its associ-
ated Hamiltonian vector field Xh satisfies the identity

K ◦ Ft = K|Dom(Ft ).

(ii) For any vm ∈ Tm M, m ∈ M, we have the relation

TmK(vm) = TμπC (ν),

where μ ∈ g∗ is any element such that K(m) = πC (μ) and ν ∈ g∗ is uniquely deter-
mined by:

〈ν, ξ〉 = (iξM ω)(m)(vm), for any ξ ∈ g. (3)

(iii) ker(TmK) = ((Lie(H̄))◦ · m)ω.
(iv) Bifurcation lemma:

range (TmK) = TμπC ((gm)◦) ,

where μ ∈ g∗ is any element such that K(m) = πC (μ).

Remark 2.4. Later on in Theorem 5.4 we will show that the cylinder valued momentum map
remains constant along the flow of functions that are less invariant than those in part (i) of
the previous proposition.

Proof: Since g∗/H̄ is a homogeneous manifold, the canonical projection πC : g∗ → g∗/H̄
is a surjective submersion. Moreover, by (2), K ◦ p̃ = πC ◦ K̃ is a smooth map. Thus, since
p̃ is a surjective submersion, it follows that the map K is necessarily smooth.

We start by proving (ii). Let m ∈ M and (m, μ) ∈ p̃−1(m). If vm = T(m,μ) p̃(vm, ν) then
(2) gives

TmK(vm) = TmK(T(m,μ) p̃(vm, ν)) = TμπC
(
T(m,μ)K̃(vm, ν)

) = TμπC (ν).

(i) We now check that K satisfies Noether’s condition. Let h ∈ C∞(M)g and let Ft be the
flow of the associated Hamiltonian vector field Xh . Using the expression for the derivative
TmK in (ii) it follows that TmK(Xh(m)) = TμπC (ν), where μ ∈ g∗ is any element such that
K(m) = πC (μ) and ν ∈ g∗ is uniquely determined by

〈ν, ξ〉 = (
iξM ω

)
(m)(Xh(m)) = −dh(m)(ξM (m)) = ξM [h](m) = 0,
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for all ξ ∈ g, which proves that ν = 0 and, consequently, TmK(Xh(m)) = 0, for all m ∈ M .
Finally, as

d

dt
(K ◦ Ft )(m) = TFt (m)K (Xh(Ft (m))) = 0,

we have K ◦ Ft = K|Dom(Ft ), as required.
(iii) Due to the expression in (ii), a vector vm ∈ ker TmK if and only if the unique ele-
ment ν ∈ g∗ determined by (3) satisfies TνπC (ν) = 0, that is, ν ∈ Lie(H̄). Equivalently, we
have that 〈ν, ξ〉 = 0, for any ξ ∈ (Lie(H̄))◦ ⊂ (g∗)∗ = g which, in terms of vm , yields that
(iξM ω)(m)(vm) = 0 for any ξ ∈ (Lie(H̄))◦. This can obviously be rewritten by saying that
vm ∈ ((Lie(H̄))◦ · m)ω.
(iv) We start by checking that range (TmK) ⊂ TμπC ((gm)◦). Let TmK(vm) ∈ range (TmK).
Let ν ∈ g∗ be the element determined by (3) which hence satisfies TmK(vm) = TμπC (ν).
Now, notice that for any ξ ∈ gm we have that

〈ν, ξ〉 = ω(m)(ξM (m), vm) = 0

which implies that ν ∈ (gm)◦. This proves the inclusion range (TmK) ⊂ TμπC ((gm)◦).
Hence, the equality will be proven if we show that

rank (TmK) = dim(TμπC ((gm)◦)). (4)

On one hand we can use the equality in (iii) to obtain

rank (TmK) = dim M − dim(ker TmK) = dim M − dim M + dim((Lie(H̄))◦ · m)

= dim((Lie(H̄))◦) − dim(gm ∩ (Lie(H̄))◦). (5)

On the other hand,

dim(TμπC ((gm)◦))

= dim(gm)◦ − dim(ker TμπC |(gm )◦ )

= dim g − dim gm − dim(ker TμπC ∩ (gm)◦)

= dim g − dim gm − dim(Lie(H̄) ∩ (gm)◦)

= dim g − dim gm − dim(Lie(H̄)) − dim(gm)◦ + dim(Lie(H̄) + (gm)◦)

= − dim(Lie(H̄)) + dim g − dim([Lie(H̄) + (gm)◦]◦)

= dim(Lie(H̄))◦) − dim(gm ∩ (Lie(H̄))◦),

which coincides with (5), thereby establishing (4). �

Proposition 2.5 (The cylinder valued momentum map and restricted actions). Let (M, ω)
be a connected and paracompact symplectic manifold, g a Lie algebra acting symplecti-
cally on it, and Kg: M → g∗/H̄g an associated cylinder valued momentum map. Let h be a
Lie subalgebra of g and let Hh be the Hamiltonian holonomy of the h-action. Then
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(i) i∗(Hg) ⊂ Hh, where i∗: g∗ → h∗ is the dual of the inclusion i: h ↪→ g. Hence, there is
a unique Lie group epimorphism ī∗: g∗/H̄g → h∗/H̄h such that ī∗ ◦ πg∗ = πh∗ ◦ i∗,
with πh∗ : h∗ → h∗/H̄h and πg∗ : g∗ → g∗/H̄g the natural projections.

(ii) Let î∗: M × g∗ → M × h∗ be the map given by î∗(m, μ) := (m, i∗(μ)), (m, μ) ∈ M ×
g∗, and M̃g the holonomy bundle used in the construction of Kg and that contains the
point (m0, μ0). Let M̃h be the holonomy bundle for the H-action containing the point
(m0, i∗(μ0)). Then

î∗(M̃g) ⊂ M̃h. (6)

(iii) Let Kh: M → h∗/H̄h be the h-cylinder valued momentum map constructed using M̃h.
Then

Kh = ī∗ ◦ Kg. (7)

Proof:

(i) Let μ ∈ Hg and c(t) ⊂ M be a loop in M such that c(0) = c(1) = m0 whose hori-
zontal lift (c(t), μ(t)) is such that μ(0) = μ0 and μ(1) − μ0 = μ. The horizontality of
(c(t), μ(t)) means that for any ξ ∈ g the equality 〈μ′(t), ξ〉 = ω(c(t))(ξM (c(t)), c′(t))
holds. Consequently i∗μ(1) − i∗μ0 = i∗μ and 〈i∗μ′(t), η〉 = ω(c(t))(ηM (c(t)), c′(t)),
for any η ∈ h which proves that (c(t), i∗μ(t)) is the h-horizontal lift of c(t) passing
through (m0, i∗μ0) and hence that i∗μ ∈ Hh. The rest of the statement is a straightfor-
ward verification.

(ii) Let (z, ν) ∈ M̃g. By definition there exists a piecewise smooth g-horizontal curve
(m(t), μ(t)) such that (m(0), μ(0)) = (m0, μ0) and (m(1), μ(1)) = (z, ν). An argument
similar to the one that we just used in the proof of (i) shows that the g-horizontality of
(m(t), μ(t)) implies the h-horizontality of (m(t), i∗μ(t)) = î∗ ((m(t), μ(t))) and hence
(m(1), i∗μ(1)) = î∗(z, ν) ∈ M̃h.

(iii) Let m ∈ M arbitrary. For some μ ∈ g∗ such that (m, μ) ∈ M̃g we have that

(ī∗ ◦ Kg)(m) = (ī∗ ◦ πg∗ )(μ) = (πh∗ ◦ i∗)(μ).

On the other hand Kh(m) = πh∗ (ν), for some ν ∈ h∗ such that (m, ν) ∈ M̃h. Since by (6)
(m, i∗(μ)) ∈ M̃h we have that Kh(m) = πh(i∗(μ)) = (ī∗ ◦ Kg)(m), as required.

�

3. The equivariance properties of the cylinder valued map

Suppose now that the g-Lie algebra action on (M, ω) considered in the previous section is
obtained from a canonical action of the Lie group G on (M, ω) by taking the infinitesimal
generators of all elements in g. The main goal of this section is the construction of a G-action
on the target space of the cylinder valued momentum map K: M → g∗/H̄ with respect to
which it is G-equivariant. The following paragraphs generalize to the context of the cylinder
valued momentum map the strategy followed by Souriau [27] for the standard momentum
map. We start with an important fact about the Hamiltonian holonomy of a symplectic
action.
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Proposition 3.1. Let (M, ω) be a connected and paracompact symplectic manifold and �:
G × M → M a symplectic Lie group action. Then the Hamiltonian holonomy H is invariant
under the coadjoint action, that is,

Ad∗
g−1H ⊂ H, for any g ∈ G. (8)

Moreover, if G is connected then H is pointwise fixed by the coadjoint action, that is,

Ad∗
g−1ν = ν, for any g ∈ G and ν ∈ H. (9)

Proof: We first show that H is fixed by the coadjoint action as a set, that is, Ad∗
g−1 (H) ⊂ H,

for any g ∈ G. Let ν ∈ H arbitrary. By definition of the holonomy group there exists a
loop c: [0, 1] → M at a point m ∈ M , that is, c(0) = c(1) = m, whose horizontal lift c̃(t) =
(c(t), μ(t)) satisfies the relations c̃(0) = (m, μ) and c̃(1) = (m, μ + ν), for some μ ∈ g∗. We
now show that Ad∗

g−1ν ∈ H, for any g ∈ G. Take the loop d: [0, 1] → M at the point g · m
defined by d(t) := �g(c(t)). We will prove the claim by showing that the horizontal lift d̃ of
d is given by

d̃(t) = (�g(c(t)), Ad∗
g−1μ(t)). (10)

If this is the case then Ad∗
g−1ν ∈ H necessarily since d̃(0) = (g · m, Ad∗

g−1μ) and d̃(1) =
(g · m, Ad∗

g−1μ + Ad∗
g−1ν). In order to establish (10) it suffices to check that d̃(t) is horizontal.

Notice first that

d̃ ′(t) = (Tc(t)�g(c′(t)), Ad∗
g−1μ

′(t)).

Then, for any ξ ∈ g, we have

iξM ω(�g(c(t)))(Tc(t)�g(c′(t))) + 〈Ad∗
g−1μ

′(t), ξ〉
= ω(�g(c(t)))(Tc(t)�g((Adg−1ξ )M (c(t))), Tc(t)�g(c′(t))) + 〈μ′(t), Adg−1ξ〉
= ω(c(t))((Adg−1ξ )M (c(t)), c′(t)) + 〈μ′(t), Adg−1ξ〉 = 0

because of the symplectic character of the action and the fact that the curve c̃(t) is horizontal.
Suppose now that G is connected. In this situation, the inclusion (8) implies that H is

a collection of connected coadjoint orbits. Since H is zero-dimensional so are these coad-
joint orbits, whose connectedness ensures that the points of H are fixed by the coadjoint
action. �

Remark 3.2. The connected component of the identity H̄0 of H̄ is a vector space.
Consequently,

Lie(H̄) = H̄0 ⊂ H̄.

In order to prove this recall that any Abelian connected Lie group, like H̄0, is isomorphic to
Ta × Rb, for some a, b ∈ N. Since H̄0 is a closed Lie subgroup of (g∗, +) it cannot contain
any compact subgroup and hence a = 0 necessarily.
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Corollary 3.3. In the hypotheses of Proposition 3.1 the following statements hold

(i) Ad∗
g−1 (H̄) ⊂ H̄, for any g ∈ G.

(ii) Ad∗
g−1 (Lie(H̄)) ⊂ Lie(H̄), for any g ∈ G.

(iii) There is a unique group action Ad∗: G × g∗/H̄ → g∗/H̄ such that for any g ∈ G

Ad∗
g−1 ◦ πC = πC ◦ Ad∗

g−1 . (11)

The map πC : g∗ → g∗/H̄ is the projection. We will refer to Ad∗ as the projected
coadjoint action of G on g∗/H̄.

Proof:

(i) By (8) and the continuity of the coadjoint action we have Ad∗
g−1 (H̄) ⊂ Ad∗

g−1 (H) ⊂ H̄.
(ii) The inclusion (8) guarantees that the restricted map Ad∗

g−1 : H̄ → H̄ is a Lie group
homomorphism so it induces a Lie algebra homomorphism (which is itself) Ad∗

g−1 :
Lie(H̄) → Lie(H̄). In particular this implies the statement.

(iii) The map Ad∗
g−1 given by Ad∗

g−1 (μ + H̄) := Ad∗
g−1μ + H̄ is well defined by part (i)

and satisfies (11). A straightforward verification shows that the map Ad∗ defines an
action. �

As we will see in the following paragraphs, the results that we just proved allow us to
reproduce in the context of the cylinder valued momentum map the techniques introduced
by Souriau [27] to study the equivariance properties of the standard momentum map.

Proposition 3.4. Let (M, ω) be a connected and paracompact symplectic manifold and
�: G × M → M a symplectic Lie group action. Let K: M → g∗/H̄ be a cylinder valued
momentum map for this action. Define σ̄ : G × M → g∗/H̄ by

σ̄ (g, m) := K(�g(m)) − Ad∗
g−1 K(m). (12)

Then:

(i) The map σ̄ does not depend on the points m ∈ M and hence it defines a map σ : G →
g∗/H̄.

(ii) The map σ: G → g∗/H̄ is a group valued one-cocycle, that is, for any g, h ∈ G, it
satisfies the equality

σ (gh) = σ (g) + Ad∗
g−1σ (h).

(iii) The map

� : G × g∗/H̄ −→ g∗/H̄
(g, πC (μ)) �−→ Ad∗

g−1 (πC (μ)) + σ (g),

defines a G-action on g∗/H̄ with respect to which the cylinder valued momentum map
K is G-equivariant, that is, for any g ∈ G, m ∈ M,

K(�g(m)) = �g(K(m)).
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(iv) The infinitesimal generators of the affine G-action on g∗/H̄ are given by the expression

ξg∗/H̄(πC (μ)) = −TμπC (�(m)(ξ, ·)) , (13)

for any ξ ∈ g, (m, μ) ∈ M̃, and where �: M → Z2(g) is the Chu map defined by
�(ξ, η) := ω (ξM , ηM ), for any ξ, η ∈ g.

We will refer to σ : G → g∗/H̄ as the non-equivariance one-cocycle of the cylinder valued
momentum map K: M → g∗/H̄ and to � as the affine G-action on g∗/H̄ induced by σ .

Proof:

(i) For any g ∈ G define the map τg: M → g∗/H̄ by τg(m) := σ̄ (g, m). We will prove the
claim by showing that τg is a constant map. Indeed, for any point z ∈ M and any vector
vz ∈ Tz M

Tzτg(vz) = Tg·zK(Tz�g(vz)) − TK(z)Ad∗
g−1 (TzK(vz)) . (14)

Recall now that by part (ii) of Proposition 2.3, TzK(vz) = TμπC (ν), where μ ∈ g∗ is
any element such that K(z) = πC (μ) and ν ∈ g∗ is uniquely determined by the equality
〈ν, ξ〉 = (iξM ω)(z)(vz), for any ξ ∈ g. Equivalently, the relation between vz and ν can be
expressed by saying that the pair (vz, ν) ∈ T(z,μ) M̃ , where M̃ is the holonomy bundle
of the connection α in (1) used in the definition of the cylinder valued momentum
map K. Let now μ′ ∈ g∗ be such that (g · z, μ′) ∈ M̃ . We now show that (vz, ν) ∈
T(z,μ) M̃ implies that (Tz�g(vz), Ad∗

g−1ν) ∈ T(g·z,μ′) M̃ due to the symplectic character of
the G-action. Indeed, for any ξ ∈ g we have

iξM ω(g · z)(Tz�g(vz)) = ω(g · z)(Tz�g(Adg−1ξ )M (z), Tz�g(vz))

= ω(z)((Adg−1ξ )M (z), vz)

= 〈ν, Adg−1ξ〉 = 〈Ad∗
g−1ν, ξ〉,

which proves that (Tz�g(vz), Ad∗
g−1ν) ∈ T(g·z,μ′) M̃ and hence that Tg·zK(Tz�g(vz)) =

Tμ′πC (Ad∗
g−1ν). If we use this fact to compute the derivatives on the right-hand side

of (14) we obtain

Tzτg(vz) = Tμ′πC (Ad∗
g−1ν) − TK(z)Ad∗

g−1 (TμπC (ν))

= Tμ′πC (Ad∗
g−1ν) − Tμ(πC ◦ Ad∗

g−1 )(ν)

= Tμ′πC (Ad∗
g−1ν) − TμπC (Ad∗

g−1ν) = 0. (15)

The last equality follows from the fact that πC is an Abelian Lie group homomorphism.
Indeed, for any ρ, μ ∈ g∗

TμπC (ρ) = d

dt

∣∣∣∣
t=0

πC (μ + tρ) = d

dt

∣∣∣∣
t=0

(πC (μ) + πC (tρ)) = d

dt

∣∣∣∣
t=0

πC (tρ) = T0πC (ρ),
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and hence TμπC = T0πC , for any μ ∈ g∗. Finally, the expression (15) shows that T τg =
0, for any g ∈ G. As M is, by hypothesis, connected this guarantees that σ̄ (g, m) =
σ̄ (g, m ′) for any m, m ′ ∈ M , which proves the claim.

(ii) Using the definition (12) at the point h · m we obtain σ (g) = K(gh · m) − Ad∗
g−1 K(h ·

m). If we now use the point m ∈ M we can write σ (h) = K(h · m) − Ad∗
h−1 K(m).

Consequently,

σ (g) + Ad∗
g−1σ (h) = K(gh · m) − Ad∗

g−1 K(h · m) + Ad∗
g−1 K(h · m) − Ad∗

g−1Ad∗
h−1 K(m)

= K(gh · m) − Ad∗
(gh)−1 K(m) = σ (gh),

as required.
(iii) It is a straightforward consequence of the definition.
(iv) By definition

ξg∗/H̄(πC (μ)) = d

dt

∣∣∣∣
t=0

�exp tξ (πC (μ))

= d

dt

∣∣∣∣
t=0

(
πC

(
Ad∗

exp(−tξ )μ
) + σ (exp tξ )

) = −TμπC (ad∗
ξμ) + Teσ (ξ ). (16)

Additionally, if K(m) = πC (μ) then

Teσ (ξ ) = d

dt

∣∣∣∣
t=0

(
K(exp tξ · m

) − Ad∗
exp(−tξ )K(m)

) = TmK (ξM (m)) + TμπC (ad∗
ξμ).

By (3), TmK (ξM (m)) = TμπC (ν) withν ∈ g∗
m uniquely determined by the expression 〈ν, η〉 =

(iηM ω)(m) (ξM (m)) = �(m)(η, ξ ), for any η ∈ g. Hence (16) yields (13). �

4. Poisson structures on g∗/H̄

In the following theorem, we present a Poisson structure on the target space of the cylinder
valued momentum map K: M → g∗/H̄with respect to which this mapping becomes a Poisson
map. We also see that the symplectic leaves of this Poisson structure can be described as
the orbits of the affine action introduced in the previous section with respect to a subgroup
of G whose definition is related to the non-closedness of the Hamiltonian holonomy H as a
subspace of g∗.

Theorem 4.1. Let (M, ω) be a connected paracompact symplectic manifold acted symplec-
tically upon by the Lie group G. Let K: M → g∗/H̄ be a cylinder valued momentum map for
this action with non-equivariance cocycle σ : M → g∗/H̄ and defined using the holonomy
bundle M̃ ⊂ M × g∗. The bracket {·, ·}g∗/H̄: C∞(g∗/H̄) × C∞(g∗/H̄) → R defined by

{ f, g}g∗/H̄(πC (μ)) = �(m)

(
δ( f ◦ πC )

δμ
,
δ(g ◦ πC )

δμ

)
, (17)
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where f, g ∈ C∞(g∗/H̄), (m, μ) ∈ M̃, πC : g∗ → g∗/H̄ is the projection, and �: M → Z2(g)
is the Chu map, defines a Poisson structure on g∗/H̄ such that

(i) K: M → g∗/H̄ is a Poisson map.
(ii) The annihilator (Lie(H̄))◦ ⊂ g of Lie(H̄) in g∗ is an ideal in g. Let N ⊂ G be a connected

normal Lie subgroup of G whose Lie algebra is n := (Lie(H̄))◦. The symplectic leaves
of (g∗/H̄, {·, ·}g∗/H̄) are the orbits of the affine N-action on g∗/H̄ induced by σ : G →
g∗/H̄.

(iii) For any [μ] := πC (μ) ∈ g∗/H̄, the symplectic form ω+
N ·[μ] on the affine orbit N · [μ]

induced by the Poisson structure (17) is given by

ω+
N ·[μ]([μ])(ξg∗/H̄([μ]), ηg∗/H̄([μ])) = ω+

N ·[μ]([μ])(−TμπC (�(m)(ξ, ·)),
− TμπC (�(m)(η, ·)))

= �(m)(ξ, η),

for any ξ, η ∈ n, (m, μ) ∈ M̃.

The proof of this theorem requires several preliminary considerations.

Lemma 4.2. Let H be the Hamiltonian holonomy in the statement of the previous theorem.
Then

H̄ ⊂ [g, g]◦. (18)

Moreover

[g, g] ⊂ (Lie(H̄))◦ (19)

and hence (Lie(H̄))◦ is an ideal of g.

Proof: Let μ ∈ H be arbitrary. By definition, there exists a loop c(t) in M such that c(0) =
c(1) = m and a horizontal lift γ (t) := (c(t), μ(t)) ∈ M̃ ⊂ M × g∗ such that μ(1) − μ(0) =
μ. Since γ (t) is horizontal we have iξM ω(c′(t)) = 〈μ′(t), ξ〉, for any ξ ∈ g. Since the G-action
is symplectic, the infinitesimal generator vector fields ξM and ηM are locally Hamiltonian, for
any ξ, η ∈ g, and hence [ξ, η]M = −[ξM , ηM ] is globally Hamiltonian. Let f ∈ C∞(M) be
such that X f = [ξ, η]M = −[ξM , ηM ]. The relation μ = μ(1) − μ(0) = ∫ 1

0 μ′(t)dt implies
thus

〈μ, [ξ, η]〉 =
∫ 1

0
〈μ′(t), [ξ, η]〉dt =

∫ 1

0
i[ξ,η]M ω(c′(t))dt

=
∫ 1

0
ω(c(t))([ξ, η]M (c(t)), c′(t))dt

=
∫ 1

0
ω(c(t))(X f (c(t)), c′(t))dt =

∫ 1

0
d f (c(t))(c′(t))dt

= f (c(1)) − f (c(0)) = f (m) − f (m) = 0.
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This shows that H ⊂ [g, g]◦ and hence that H̄ ⊂ [g, g]◦ = [g, g]◦. The inclusion (19) is a
consequence of (18) and Remark 3.2. �

4.1. Projected Poisson structures

The Poisson structure in Theorem 4.1 will be obtained as the projection onto the quotient
g∗/H̄ of an affine Lie–Poisson structure on g∗. The next proposition proves the existence of
this projected Poisson structure.

Proposition 4.3. Let H be the Hamiltonian holonomy in the statement of Theorem 4.1. Let
�: g × g → R be an arbitrary Lie algebra two-cocycle on g and {·, ·}�± the associated affine
Lie–Poisson bracket on g∗ defined by

{ f, g}�±(μ) := ±
〈
μ,

[
δ f
δμ

,
δg
δμ

]〉
∓ �

(
δ f
δμ

,
δg
δμ

)
, f, g ∈ C∞(g∗). (20)

The action φ: H̄ × g∗ → g∗ given by φν(μ) := μ + ν on (g∗, {·, ·}�±) is free, proper, and
Poisson and hence it induces a unique Poisson structure {·, ·}±�

g∗/H̄ on g∗/H̄ such that

{F, H}±�

g∗/H̄ ◦ πC = {F ◦ πC , H ◦ πC }�±, F, H ∈ C∞(g∗/H̄). (21)

where πC : g∗ → g∗/H̄ is the projection.

Proof: We first note that if μ, ν ∈ g∗ and f ∈ C∞(g∗) then

δ( f ◦ φν)

δμ
= δ f

δ(μ + ν)
.

With this equality in mind we can write, for any f, g ∈ C∞(g∗), μ ∈ g∗, and ν ∈ H̄

{φ∗
ν f, φ∗

ν g}�±(μ) = ±
〈
μ,

[
δ( f ◦ φν)

δμ
,
δ(g ◦ φν)

δμ

]〉
∓ �

(
δ( f ◦ φν)

δμ
,
δ(g ◦ φν)

δμ

)
= ±

〈
μ,

[
δ f

δ(μ + ν)
,

δg
δ(μ + ν)

]〉
∓ �

(
δ f

δ(μ + ν)
,

δg
δ(μ + ν)

)
= { f, g}�±(φν(μ)) −

〈
ν,

[
δ f

δ(μ + ν)
,

δg
δ(μ + ν)

]〉
= { f, g}�±(φν(μ))

since 〈ν, [ δ f
δ(μ+ν) ,

δg
δ(μ+ν) ]〉 = 0 by Lemma 4.2. This shows that the action φ is Poisson. It is

clearly free and proper. �

4.2. Central extensions and their actions

The description of the symplectic leaves of the projected Poisson structures (g∗/H̄, {·, ·}±�

g∗/H̄)
requires the use of certain facts on central extensions that we present in the following para-
graphs.
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Let g� := g ⊕ R be the one-dimensional central extension of the Lie algebra g determined
by the cocycle � whose bracket is given by the expression

[(ξ, s), (η, t)] := ([ξ, η], −�(ξ, η)) .

Let G� be the simply connected Lie group whose Lie algebra is g� . Let πg: g� → g be the
projection and let πG : G� → G be the unique Lie group homomorphism whose derivative
is πg and makes the diagram

{0}

{e}

g� := g ⊕ R

G�

g

G

R

ker πG

{0}

{e}

expgexpg�
expg�

∣∣
R

πG

πg = TeπG� � � �

�� �� � � �

commutative. We notice that the connected component of the identity (ker πG)0 of ker πG

equals

(ker πG)0 = {expg�
(0, a) | a ∈ R}. (22)

Indeed, for any a ∈ R, πG(expg�
(0, a)) = expg(0) = e. This shows that the one-dimensional

connected Lie subgroup {expg�
(0, a) | a ∈ R} of G� is included in (ker πG)0. Since

dim(ker πG) = 1 it follows that {expg�
(0, a) | a ∈ R} is open and hence closed in (ker πG)0

thus they are equal. Additionally,

(ker πG)0 ⊂ (Z (G�))0, (23)

where (Z (G�))0 denotes the connected component of the identity of the center
Z (G�) of G� . To see this, note that any element g ∈ G� can be written as g =
expg�

(ξ1, a1) · · · expg�
(ξ1, a1), ξ1, . . . , ξn ∈ g, a1, . . . , an ∈ R and hence, by the Baker–

Campbell–Hausdorff formula, the elements of the form expg�
(0, a) commute with every

factor in the decomposition of g.
Furthermore, if Z (G) = {e} then (23) is an equality, that is,

(ker πG)0 = (Z (G�))0. (24)

In order to prove this fact recall that, by general theory, the map expg�
is an isomorphism

between the center of g� and Z (G�)0. Since g has no center the dimension of Z (G�) equals
one. Additionally, since by (22) and (23), (ker πG)0 is a one-dimensional connected subgroup
of (Z (G�))0 the equality (24) follows.

Proposition 4.4. Let G be a Lie group with Lie algebra g, � a Lie algebra two-cocycle
on g, and g� the one-dimensional central extension of g determined by �. Let G� be the
connected and simply connected Lie group whose Lie algebra is g� . There exists a smooth
group one-cocycle μ�: G� −→ g∗ such that for any g, h ∈ G� , (ξ, s) ∈ g� , (ν, a) ∈ g∗

� we
have
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(i) Adg(ξ, s) = (AdπG (g)ξ, s + 〈μ�(g), ξ〉).
(ii) Ad∗

g−1 (ν, a) = (Ad∗
πG (g)−1ν + aμ�(g−1), a).

(iii) μ�(gh) = μ�(h) + Ad∗
πG (h)μ�(g).

(iv) μ�(e) = 0.
(v) μ�(g−1) = −Ad∗

πG (g)−1μ�(g).
(vi) Tgμ�(Te Lg(ξ, s)) = −�(ξ, ·) + ad∗

ξμ�(g).

In this statement we have identified g∗
� with g∗ ⊕ R by using the pairing 〈(ν, a), (ξ, s)〉 :=

〈ν, ξ〉 + as. We will refer to μ� as the g∗-valued one-cocycle associated to �.

Proof: We first notice that

πg(Adg(ξ, s)) = d

dt

∣∣∣∣
t=0

πG(g expg�
t(ξ, s)g−1) = d

dt

∣∣∣∣
t=0

πG(g)πG(expg�
t(ξ, s))πG(g−1)

= d

dt

∣∣∣∣
t=0

πG(g) expg(tξ )πG(g−1) = AdπG (g)ξ.

Consequently, there exists a smooth function f : G� × g × R −→ R such that

Adg(ξ, s) = (AdπG (g)ξ, f (g, ξ, s)).

Note that for g fixed the map f (g, ·, ·) is linear by the linearity of Adg , hence there exist
smooth maps μ� : G� → g∗ and s� : G� → R such that

f (g, ξ, s) = 〈μ�(g), ξ〉 + s�(g)s. (25)

Additionally, by (22) and (23), the elements of the form expg�
(0, s) belong to the center

Z (G�) of G� and hence we have

Adg(0, s) = d

dt

∣∣∣∣
t=0

g expg�
t(0, s)g−1 = d

dt

∣∣∣∣
t=0

expg�
t(0, s) = (0, s).

Hence, combining this with (25), we get Adg(0, s) = (0, s�(g)s) = (0, s), which implies that
s�(g) = 1, for any g ∈ G� . This proves point (i).

(ii) For (ξ, s) ∈ g� we have by (i),

〈Ad∗
g−1 (ν, a), (ξ, s)〉 = 〈

(ν, a), Adg−1 (ξ, s)
〉 = 〈

(ν, a),
(
AdπG (g)−1ξ, s + 〈μ�(g−1), ξ〉)〉

= 〈
ν, AdπG (g)−1ξ

〉 + as + a〈μ�(g−1), ξ〉
= 〈

Ad∗
πG (g)−1ν + aμ�(g−1), ξ

〉 + as,

which proves (ii).
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(iii) For any g, h ∈ G� and any (ξ, s) ∈ g� we have by (i),(
AdπG (gh)ξ, s + 〈μ�(gh), ξ〉) = Adgh(ξ, s) = Adg(Adh(ξ, s))

= Adg(AdπG (h)ξ, s + 〈μ�(h), ξ〉)
= (

AdπG (g)πG (h)ξ, s + 〈μ�(h), ξ〉 + 〈μ�(g), AdπG (h)ξ〉)
= (

AdπG (g)πG (h)ξ, s + 〈μ�(h), ξ〉 + 〈Ad∗
πG (h)μ�(g), ξ〉)

which implies (iii).
(iv) By part (iii) we can write μ�(e) = μ�(ee) = μ�(e) + μ�(e), and hence μ�(e) = 0.
(v) By parts (iii) and (iv) we have 0 = μ�(e) = μ�(gg−1) = μ�(g−1) + Ad∗

πG (g)−1μ�(g).
(vi) For any (ξ, s), (η, t) ∈ g� ,

([ξ, η], −�(ξ, η)) = [(ξ, s), (η, t)] = ad(ξ,s)(η, t) = d

dε

∣∣∣∣
ε=0

Adexpg�
ε(ξ,s)(η, t)

= d

dε

∣∣∣∣
ε=0

(
Adexpg εξ η, t + 〈μ�(expg�

ε(ξ, s)), η〉)
= ([ξ, η], 〈Teμ�(ξ, s), η〉) ,

which proves that

Teμ�(ξ, s) = −�(ξ, ·).

If we now use this equality together with (iii) we obtain

Tgμ�(Te Lg(ξ, s)) = d

dt

∣∣∣∣
t=0

μ�

(
g expg�

t(ξ, s)
)

= d

dt

∣∣∣∣
t=0

(
μ�

(
expg�

t(ξ, s)
) + Ad∗

expg tξμ�(g)
)

= Teμ�(ξ, s) + ad∗
ξμ�(g) = −�(ξ, ·) + ad∗

ξμ�(g). �

Remark 4.5. It is worth mentioning that μ� induces a Lie algebra two-coboundary �̄ on
g� and hence the one-dimensional central extension of g� defined by it is the product
Lie algebra g� ⊕ R. Indeed, using part (vi) in the previous proposition �̄((ξ, s), (η, t)) :=
〈Teμ�(ξ, s), η〉 = −�(ξ, η), which is clearly a coboundary.

Corollary 4.6. Let G be a Lie group with Lie algebra g, � a Lie algebra two-cocycle on g,
and g� the one-dimensional central extension of g determined by �. Let G� be the connected
and simply connected Lie group whose Lie algebra is g� and μ�: G� −→ g∗ the one-cocycle
associated to �. The map �̄: G� × g∗ −→ g∗ defined by

�̄(g, μ) := Ad∗
πG (g)−1μ + μ�(g−1), g ∈ G�, μ ∈ g

∗,
Springer



352 Ann Glob Anal Geom (2006) 30:335–381

is an action of the Lie group G� on g∗. We will refer to �̄ as the “extended affine action”
of G� on g∗. This action projects to a G�-action on the quotient g∗/H̄ via the map �:
G� × g∗/H̄ −→ g∗/H̄ defined by

�(g, μ + H̄) := Ad∗
πG (g)−1μ + μ�(g−1) + H̄, g ∈ G�, μ ∈ g

∗,

with respect to which πC is G�-equivariant. We will call � the “projected extended affine
action” of G� on g∗/H̄.

Proof: The proof of the first statement is a straightforward verification. The projected ex-
tended affine action is well-defined by Proposition 3.1. �

Remark 4.7. For any ξ ∈ g� , the associated infinitesimal generators ξg∗ and ξg∗/H̄ of the
extended and the projected extended affine action of G� on g∗ and g∗/H̄, respectively, are
given by the expressions,

ξg∗ (μ) = −ad∗
πg(ξ )μ + �(πg(ξ ), ·) =: (πg(ξ ))g∗ (μ), (26)

ξg∗/H̄(πC (μ)) = TμπC
( − ad∗

πg(ξ )μ + �(πg(ξ ), ·)) = TμπC ((πg(ξ ))g∗ (μ)), (27)

for any μ ∈ g∗. The second equality in (26) emphasizes that for any ζ ∈ g, the expression
ζg∗ (μ) := −ad∗

ζ μ + �(ζ, ·) defines a Lie algebra action of g on g∗. Unlike the g�-action
defined by the first equality in (26), the g-action cannot, in general, be integrated to a group
action.

Remark 4.8. Suppose that there exists a right group one-cocycle σ : G → g∗ that integrates
�, that is,

Teσ (ξ ) = −�(ξ, ·), (28)

for any ξ ∈ g. This happens to be the case when, for instance, the manifold underlying the
group G� is diffeomorphic to G × R (see Chapter 2 of [10]). Then the extended affine G�-
action on g∗ drops to the affine G-action �̄: G × g∗ → g∗ on g∗ determined by σ via the
expression �̄(g, μ) = Ad∗

g−1μ + σ (g−1), (g, μ) ∈ G × g∗. More specifically,

�̄(ĝ, μ) = �̄(πG(ĝ), μ), (29)

for any ĝ ∈ G� and μ ∈ g∗. This equality implies that

σ ◦ πG = μ�.

Analogously, the affine G-action �: G × g∗/H̄ → g∗/H̄ on g∗/H̄ induced by σ via the
expression �(g, μ + H̄) = Ad∗

g−1μ + σ (g−1) + H̄, (g, μ) ∈ G × g∗, is such that

�(ĝ, μ + H̄) = �(πG(ĝ), μ + H̄),

for any ĝ ∈ G� and μ ∈ g∗. In order to prove (29) notice that (26) and (28) guarantee that

ξg∗ (μ) = (πg(ξ ))g∗ (μ), (30)
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for any ξ ∈ g� , μ ∈ g∗. The infinitesimal generator on the left-hand side of this expres-
sion corresponds to the extended affine G�-action �̄ on g∗ while the one on the right-
hand side is constructed using the affine G-action �̄ induced by σ . The equality (30)
implies (29). Indeed, since G� is connected, any element ĝ ∈ G� can be written as ĝ =
expg�

ξ1 · · · expg�
ξn , ξ1, . . . , ξn ∈ g� . Hence, �̄(ĝ, μ) = �̄(expg�

ξ1 · · · expg�
ξn, μ) =

F ξ1
1 ◦ · · · ◦ F ξn

1 (μ), where F ξi
t is the flow of the infinitesimal generator vector field (ξi )g∗ .

Since by (30) (ξi )g∗ = (πg(ξi ))g∗ , the flow F ξi
t coincides with the flow Fπg(ξi )

t of (πg(ξi ))g∗

and hence

�̄(ĝ, μ) = Fπg(ξ1)
1 ◦ · · · ◦ Fπg(ξn )

1 (μ) = �̄(expg(πg(ξ1)) · · · expg(πg(ξn)), μ)

= �̄
(
πG

(
expg�

ξ1
) · · · πG(expg�

ξn), μ
) = �̄(πG(ĝ), μ),

which proves (29).

4.3. The characteristic distributions of (g∗, {·, ·}�±) and (g∗/H̄, {·, ·}±�

g∗/H̄)

The characteristic distribution Ē of (g∗, {·, ·}�±) is given by (see for instance Section 4.5.27
in [22])

Ē(μ) = {ad∗
ξμ − �(ξ, ·) | ξ ∈ g}. (31)

We now show that the characteristic distribution E of the Poisson manifold (g∗/H̄, {·, ·}±�

g∗/H̄)
is given by

E(πC (μ)) = {TμπC (ad∗
ξμ − �(ξ, ·)) | ξ ∈ (Lie(H̄))◦}. (32)

Indeed, since the projection πC : g∗ → g∗/H̄ is a Poisson map, for any f ∈ C∞(g∗/H̄) and
μ ∈ g∗ we have that X f (πC (μ)) = TμπC (X f ◦πC (μ)). Since X f ◦πC is known (see for instance
(4.5.20) in [22]) we have

X f (πC (μ)) = TμπC

(
∓ad∗

δ( f ◦πC )
δμ

μ ± �

(
δ( f ◦ πC )

δμ
, ·

))
. (33)

We now recall a result in [17] (see [22, Theorem 2.5.10]) that characterizes the span of
the differentials of the invariant functions f ∈ C∞(M)G with respect to a proper G-action
on a manifold M by means of the equality

{d f (m) | f ∈ C∞(M)G} = ((g · m)◦)Gm . (34)

If we apply this result to the free and proper action of H̄ on g∗ we obtain that

{dh(μ) | h ∈ C∞(g∗)H̄} = ((Lie(H̄)) · μ)◦. (35)

However, since for any element ν ∈ Lie(H̄) its associated infinitesimal generator satisfies
νg∗ (μ) = ν, for any μ ∈ g∗, we can conclude that Lie(H̄) · μ = Lie(H̄) and hence (35) can
be rewritten as

{dh(μ) | h ∈ C∞(g∗)H̄} = (Lie(H̄))◦. (36)
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Now, since for any ρ ∈ g∗, we have 〈ρ,
δ( f ◦πC )

δμ
〉 = d( f ◦ πC )(μ)(ρ) and f ◦ πC ∈ C∞(g∗)H̄,

expressions (33) and (36) guarantee the validity of (32).

4.4. The symplectic leaves of (g∗, {·, ·}�±) and (g∗/H̄, {·, ·}±�

g∗/H̄)

As we saw in Lemma 4.2 the subspace n := Lie(H̄)◦ is an ideal of g. This implies that
n� := n ⊕ R is an ideal of g� . Let N� be the connected and simply connected normal Lie
subgroup of G� whose Lie algebra is n� .

Proposition 4.9. Let (g∗, {·, ·}�±) be an affine Lie–Poisson structure and (g∗/H̄, {·, ·}±�

g∗/H̄)
the corresponding projected Lie–Poisson structure introduced in Proposition 4.3. Let N� be
the normal subgroup of G� introduced in the paragraph above. Then for any μ ∈ g∗, the
symplectic leaves Lμ and LπC (μ) of (g∗, {·, ·}�±) and (g∗/H̄, {·, ·}±�

g∗/H̄) that contain μ and
πC (μ), respectively, equal

Lμ = �̄(G�, μ) and LπC (μ) = �(N�, πC (μ)), (37)

where �̄ and � are actions introduced in Corollary 4.6.

Proof: If we compare (26) and (27) with (31) and (32), it is clear that the tangent spaces
to the orbits of the G� and N�-actions produce distributions in g∗ and g∗/H̄ equal to the
characteristic distributions of (g∗, {·, ·}�±) and (g∗/H̄, {·, ·}±�

g∗/H̄), respectively, and hence they
have the same maximal integral leaves. Since G� and N� are connected these are the G�-
and N�-orbits, respectively. �

Proof of Theorem 4.1. We will prove Theorem 4.1 by showing that the Poisson structure
in (17) is one of the projected Poisson structures presented in Proposition 4.3 when we use a
Lie algebra two-cocycle �: g × g → R that comes naturally with the construction that lead
us to the cylinder valued momentum map. We start by recalling a proposition whose proof
can be found in [23].

Proposition 4.10. Let (M, ω) be a connected and paracompact symplectic manifold acted
symplectically upon by the Lie group G. Let K: M → g∗/H̄ be a cylinder valued momentum
map for this action defined using the holonomy bundle M̃ ⊂ M × g∗. Let p: M̃ → M be the
projection. Then the pair (M̃, ωM̃ := p̃∗ω) is a symplectic manifold where the Lie algebra g

acts canonically via the map

ξM̃ (m, μ) := (ξM (m), −�(m)(ξ, ·)),

for any ξ ∈ g, (m, μ) ∈ M̃, and where �: M → Z2(g) is the Chu map. The projection K̃:
M̃ ⊂ M × g∗ → g∗ is a standard momentum map for this action with infinitesimal non-
equivariance cocycle �̃: g × g → R given by

�̃(ξ, η) := 〈μ, [ξ, η]〉 − �(m)(ξ, η), (38)

for any (m, μ) ∈ M̃. The value of �̃ does not depend on the point (m, μ) ∈ M̃ used to define
it.
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The Poisson structure in the statement of Theorem 4.1 is one of the projected Poisson
structures (21) when we take in (20) the two-cocycle �̃ introduced in the statement of the
previous proposition. More specifically, for any f, g ∈ C∞(g∗) we have

{ f, g}g∗/H̄(πC (μ)) = { f ◦ πC , g ◦ πC }�̃+(μ). (39)

Indeed, using the independence of �̃ on the point (m, μ), we can write

{ f ◦ πC , g ◦ πC }�̃
+(μ) =

〈
μ,

[
δ( f ◦ πC )

δμ
,
δ(g ◦ πC )

δμ

]〉
−

〈
μ,

[
δ( f ◦ πC )

δμ
,
δ(g ◦ πC )

δμ

]〉
+�(m)

(
δ( f ◦ πC )

δμ
,
δ(g ◦ πC )

δμ

)
= �(m)

(
δ( f ◦ πC )

δμ
,
δ(g ◦ πC )

δμ

)
.

Proof of point (i). Let f, g ∈ C∞(g∗/H̄) be arbitrary functions. We will show that for any
m ∈ M

{ f ◦ K, g ◦ K}(m) = { f, g}g∗/H̄(K(m)).

Indeed, by definition

{ f, g}g∗/H̄(K(m)) = �(m)

(
δ( f ◦ πC )

δμ
,
δ(g ◦ πC )

δμ

)
= ω(m)

((
δ( f ◦ πC )

δμ

)
M

(m),

(
δ(g ◦ πC )

δμ

)
M

(m)

)
,

where K(m) = πC (μ). Since { f ◦ K, g ◦ K}(m) = ω(m)(X f ◦K(m), Xg◦K(m)), it suffices to
show that for any f ∈ C∞(g∗/H̄)

X f ◦K(m) =
(

δ( f ◦ πC )

δμ

)
M

(m). (40)

This equality holds since by (3)

ω(m)(X f ◦K(m), vm) = d( f ◦ K)(m)(vm) = d f (K(m))(TmK(vm))

= d f (K(m))(TμπC (ν)) = d( f ◦ πC )(μ)(ν) =
〈
ν,

δ( f ◦ πC )

δμ

〉
= ω(m)

((
δ( f ◦ πC )

δμ

)
M

(m), vm

)
for any vm ∈ Tm M , which proves (40).

Proof of point (ii). (Lie(H̄))◦ is an ideal in g by Lemma 4.2. In order to prove the second
statement, note that since N is connected so are its orbits and hence it suffices to show that
the distribution given by the tangent spaces to the N -orbits coincides with the characteristic
distribution of the Poisson bracket (17). By (32) and (39) the characteristic distribution is
given by

E(πC (μ)) = {TμπC (�(m)(ξ, ·)) | ξ ∈ (Lie(H̄))◦}, (41)
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where K(m) = πC (μ). Since, by Proposition 3.4, the infinitesimal generators of the affine
G-action on g∗/H̄ are given by the expression ξg∗/H̄(πC (μ)) = −TμπC (�(m)(ξ, ·)), for any
ξ ∈ g, (m, μ) ∈ M̃ , the statement follows.

Point (iii) is a straightforward consequence of (ii). �

5. The reduction theorems

The symplectic reduction procedure introduced by Marsden and Weinstein in [15] consists of
two steps. First, one restricts to the level sets of the momentum map and second, one projects it
to the space of orbits of the group that leaves that level set invariant. The elements of the group
that leave a given level set of the momentum map invariant form a closed subgroup of the
original symmetry group. Indeed, if the manifold is connected, one can always find an action
on the dual of the Lie algebra with respect to which the momentum map is equivariant [27]
and hence this subgroup is the isotropy subgroup of the momentum value defining the level
set.

In the preceding sections, we have introduced all the necessary ingredients to reproduce
this construction in the context of the cylinder valued momentum map. Nevertheless, if we
blindly reproduce the Marsden–Weinstein construction it turns out that we do not obtain
symplectic reduced spaces but orbit spaces that are endowed with a naturally defined Poisson
structure that is, in general, degenerate. As we will see, the reason behind this surprising
phenomenon is the eventual non-closedness of the Hamiltonian holonomy in the dual of the
Lie algebra. Indeed, when this happens to be the case one may consider two different reduced
spaces: first, one based on the Marsden–Weinstein construction that suggests a reduction by
the G-action and that, as we already said, yields a Poisson manifold; second, the foliation
reduction theorem of Cartan [5] (see Section 6.1.5 in [22] for a self-contained presentation)
imposes the reduction by the group N introduced in Theorem 4.1 that integrates (Lie(H̄))◦.
The resulting reduced space is symplectic. The two reduced spaces are related via a Poisson
reduction procedure that will be described in detail and they coincide when the Hamiltonian
holonomy is closed in the dual of the Lie algebra.

Throughout this section all group actions are free and proper. This ensures the smoothness
of all the orbit spaces that we will encounter. The generalization of these results to the context
of non-free actions is the subject of another paper [24].

Theorem 5.1 (Symplectic reduction). Let (M, ω) be a connected and paracompact sym-
plectic manifold and G a Lie group acting freely, properly, and symplectically on it.
Let K: M → g∗/H̄ be a cylinder valued momentum map for this action with associated
non-equivariance one-cocycle σ : M → g∗/H̄. Let N be a normal connected Lie sub-
group of G that has (Lie(H̄))◦ as Lie algebra. Then for any [μ] ∈ g∗/H̄ the orbit spaces
M[μ] := K−1([μ])/N[μ] are regular quotient manifolds that are endowed with a natural sym-
plectic structure ω[μ] uniquely determined by the equality

i∗
[μ]ω = π∗

[μ]ω[μ], (42)

where N[μ] denotes the isotropy subgroup of [μ] with respect to the N-action on g∗/H̄
obtained by restriction of the affine G-action constructed using the non-equivariance cocycle
σ of K, i[μ]: K−1([μ]) ↪→ M is the inclusion, and π[μ]: K−1([μ]) → K−1([μ])/N[μ] is the
projection. We will refer to the spaces M[μ] as the “symplectic reduced spaces”.
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The proof of this theorem requires an intermediate result that generalizes in the context
of the cylinder valued momentum map the so called reduction lemma.

Proposition 5.2 (Reduction Lemma). Let (M, ω) be a connected and paracompact symplec-
tic manifold and G a Lie group acting symplectically on it. Let K: M → g∗/H̄ be a cylinder
valued momentum map for this action with associated non-equivariance one-cocycle σ :
M → g∗/H̄ and N a normal connected Lie subgroup of G that has n := (Lie(H̄))◦ as Lie
algebra. Then for any m ∈ M such that K(m) = πC (μ) =: [μ] we have

(i) g[μ] · m = ker TmK ∩ g · m.
(ii) n[μ] · m = ker TmK ∩ (ker TmK)ω = (n · m)ω ∩ n · m.

(iii) If the Hamiltonian holonomy H is closed in g∗ then g[μ] · m = (g · m)ω ∩ g · m.

Proof: Let ξ ∈ g. The equivariance of the cylinder valued momentum map K with respect
to the affine action implies that

TmK (ξM (m)) = d

dt

∣∣∣∣
t=0

K(exp tξ · m) = d

dt

∣∣∣∣
t=0

�exp tξ K(m)

= d

dt

∣∣∣∣
t=0

�exp tξ [μ] = ξg∗/H̄([μ]). (43)

This chain of equalities shows that ξM (m) ∈ ker TmK ∩ g · m if and only if ξ ∈ g[μ] which
proves (i). As to (ii), the second equality is a consequence of part (iii) in Proposition 2.3.
This equality and (i) imply the first one. Part (iii) follows from part (i) by noticing that when
H is closed in g∗ then ker TmK = (g · m)ω by part (iii) in Proposition 2.3. �

Remark 5.3. Notice that the reduction lemma shows how the reduced space that we consider
in Theorem 5.1 is the one that is hinted at in the foliation reduction theorem of Cartan. This
theorem studies the leaf space of the characteristic distribution ker T K ∩ (ker T K)ω in the
level set K−1([μ]) that, by part (ii) of the previous proposition, coincides with the distribution
spanned by the tangent spaces to the N[μ]-orbits.

Proof of Theorem 5.1. The freeness of the action implies, via part (iv) of Proposition 2.3,
that K is a submersion and hence the fiber K−1([μ]) is a closed embedded submanifold of M .
Additionally, the properness condition guarantees that the orbit space M[μ] := K−1([μ])/N[μ]

is a regular quotient manifold.
We now show that (42) defines a two-form on M[μ]. Let m, m ′ ∈ M , vm, wm ∈

TmK−1([μ]), vm ′ , wm ′ ∈ Tm ′ K−1([μ]) be such that

π[μ](m) = π[μ](m ′), (44)

Tmπ[μ](vm) = Tm ′π[μ](vm ′ ) and Tmπ[μ](wm) = Tm ′π[μ](wm ′ ). (45)

The equality (44) implies that there exists an element n ∈ N[μ] such that m ′ = n · m and hence
Tmπ[μ] = Tm ′π[μ] ◦ Tm�|ker Tm K, which, substituted in (45), yields (Tm ′π[μ] ◦ Tm�)(vm) =
Tm ′π[μ](vm ′ ) and (Tm ′π[μ] ◦ Tm�)(wm) = Tm ′π[μ](wm ′ ). This in turn implies the existence of
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two elements ξ, η ∈ n[μ] such that Tm�(vm) − vm ′ = ξM (m ′), Tm�(wm) − wm ′ = ηM (m ′).
Consequently

ω(m ′)(vm ′ , wm ′ ) = ω(�n(m))(Tm�(vm) − ξM (m ′), Tm�(wm) − ηM (m ′)) = ω(m)(vm, wm).

In the previous chain of equalities we have used three things. First, by the canonical charac-
ter of the action, ω(�n(m))(Tm�n(vm), Tm�n(wm)) = ω(m)(vm, wm). Second, the canonical
character of the action and the reduction lemma imply that

ω(�n(m))(Tm�n(vm), ηM (m ′)) = ω(�n(m))(Tm�n(vm), Tm�n (Adn−1η)M (m))

= ω(m)(vm, (Adn−1η)M (m)) = 0.

Finally, for the same reasons, ω(�n(m))(Tm�n(wm), ξM (m ′)) = ω(�n(m))(ηM (m ′),
ξM (m ′)) = 0 which shows that (42) defines a two-form ω[μ] on M[μ]. Since π[μ] is a
surjective submersion and ω is closed, so is ω[μ]. In order to show that ω[μ] is non-
degenerate let vm ∈ ker TmK be such that ω[μ](π[μ](m))(Tmπ[μ](vm), Tmπ[μ](wm)) = 0 for
any wm ∈ ker TmK. By (42), ω(m)(vm, wm) = 0 for any wm ∈ ker TmK. Consequently, by
the reduction lemma, vm ∈ (ker TmK)ω ∩ ker TmK = n[μ] · m and hence Tmπ[μ](vm) = 0, as
required.

Theorem 5.4. Let (M, ω) be a connected and paracompact symplectic manifold and G a
Lie group acting freely, properly, and symplectically on it. Let K: M → g∗/H̄ be a cylinder
valued momentum map for this action with associated non-equivariance one-cocycle σ :
M → g∗/H̄. Let N be a normal connected Lie subgroup of G that has (Lie(H̄))◦ as Lie
algebra.

(i) Let F ∈ C∞(M)N be an N-invariant function on M and let Ft be the flow of the asso-
ciated Hamiltonian vector field X F . Then

K ◦ Ft = K|Dom(Ft ).

(ii) Let F ∈ C∞(M)N and let M[μ] be the symplectic reduced space introduced in
Theorem 5.1, for some [μ] ∈ g∗/H̄. Let f ∈ C∞(M[μ]) be the function uniquely de-
termined by f ◦ π[μ] = F ◦ i[μ]. Then

T π[μ] ◦ X F ◦ i[μ] = X f ◦ π[μ].

(iii) The bracket {·, ·}M[μ] induced by ω[μ] on M[μ] can be expressed as

{ f, h}M[μ] (π[μ](m)) = {F, H}(m),

with F, H ∈ C∞(M)N two local N-invariant extensions at the point m of f ◦ π[μ], h ◦
π[μ] ∈ C∞(K−1([μ]))N[μ] , respectively (see the remark below for an explanation of this
terminology).

Remark 5.5. Let M be a smooth manifold and S an embedded submanifold of M . Let
D ⊂ T M |S be a subbundle of the tangent bundle of M restricted to S such that DS := D ∩ T S
is a smooth, integrable, regular distribution on S. Let πDS : S → S/DS be the projection
onto the leaf space of the DS-distribution in S. It can be proved (see Lemma 10.4.14

Springer



Ann Glob Anal Geom (2006) 30:335–381 359

in [22]) that for any open set V ⊂ S/DS , any function f ∈ C∞(V ), and any z ∈ V there
exist a point m ∈ π−1

DS
(V ), an open neighborhood Um of m in M , and F ∈ C∞

M (Um) such
that

f ◦ πDS |π−1
DS

(V )∩Um
= F |π−1

DS
(V )∩Um

,

and

dF(n)|D(n) = 0, for any n ∈ π−1
DS

(V ) ∩ Um .

We say that F is a local D-invariant extension of f ◦ πDS at the point m ∈ π−1
DS

(V ).
The existence of the local N -invariant extensions in part (iii) of the statement of The-

orem 5.4 is a consequence of the result that we just quoted by taking S = K−1([μ]) and
D(m) = n · m, m ∈ K−1([μ]). In this setup, the reduction lemma implies that DS(m) =
n[μ] · m, m ∈ K−1([μ]).

Proof of Theorem 5.4. To prove (i) it suffices to show that T K(X F ) = 0. To see this, note
that for any m ∈ M such that K(m) = πC (μ) we have that TmK(X F (m)) = TμπC (ν) where

〈ν, ξ〉 = ω(m) (ξM (m), X F (m)) = −dF(m) (ξM (m)) ,

for any ξ ∈ g. This equality and the N -invariance of F obviously imply that ν ∈ n◦ =
((Lie(H̄))◦)◦ = Lie(H̄). Hence, TμπC (ν) = 0, as required. Part (ii) is a straightforward ver-
ification. To show (iii) recall from Remark 5.5 that the existence of the local N -invariant
extensions is guaranteed by Lemma 10.4.14 in [22]. Moreover, by part (ii),

{ f, h}M[μ] (π[μ](m)) = ω[μ]
(
π[μ](m)

)(
X f

(
π[μ](m)

)
, Xh

(
π[μ](m)

))
= ω[μ]

(
π[μ](m)

)(
Tmπ[μ]

(
X F (m)

)
, Tmπ[μ]

(
X H (m)

))
= (

π∗
[μ]ω[μ]

)
(m)(X F (m), X H (m))

= ω(m)(X F (m), X H (m)) = {F, H}(m).

�

The optimal momentum map and optimal reduction: A quick overview. As stated in the intro-
duction to this section, the analog of the Marsden–Weinstein reduction scheme in the cylinder
valued momentum map setup yields a Poisson manifold that is related to the symplectic re-
duced space in Theorem 5.1 via Poisson reduction. The description of the symplectic leaves
of this Poisson reduced space will require the use of the optimal momentum map [20] and
of the reduction procedure that can be carried out with it [18] that we quickly review in the
following paragraphs. We refer to these papers or to [22] for the proofs of the statements
quoted below.

Let (M, {·, ·}) be a Poisson manifold and G a Lie group that acts properly on M by Pois-
son diffeomorphisms via the left action �: G × M → M . The group of canonical trans-
formations associated to this action will be denoted by AG := {�g: M → M | g ∈ G}.
Let A′

G be the G-characteristic or the polar distribution on M associated to AG [19]
defined for any m ∈ M by A′

G(m) := {X f (m) | f ∈ C∞(M)G}. The distribution A′
G is a
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smooth integrable generalized distribution in the sense of Stefan and Sussman [29–31].
The optimal momentum map J is defined as the canonical projection onto the leaf space
of A′

G , that is, J : M −→ M/A′
G . By its very definition, the levels sets of J are pre-

served by the Hamiltonian flows associated to G-invariant Hamiltonian functions and J
is universal with respect to this property, that is, any other map whose level sets are pre-
served by G-equivariant Hamiltonian dynamics factors necessarily through J . By construc-
tion, the fibers of J are the leaves of an integrable generalized distribution and thereby
initial immersed submanifolds of M [8]. Recall that N is an initial submanifold of M
when the injection i : N → M is a smooth immersion that satisfies the following prop-
erty: for any manifold Z , a mapping f : Z → N is smooth if and only if i ◦ f : Z → M is
smooth.

The leaf space M/A′
G is called the momentum space of J . We will consider it as a

topological space with the quotient topology. If m ∈ M let ρ := J (m) ∈ M/A′
G . Then, for

any g ∈ G, the map �g(ρ) = J (g · m) ∈ M/A′
G defines a continuous G-action on M/A′

G
with respect to which J is G-equivariant. Notice that since this action is not smooth and
M/A′

G is not Hausdorff in general, there is no guarantee that the isotropy subgroups Gρ are
closed, and therefore embedded, subgroups of G. However, there is a unique smooth structure
on Gρ for which this subgroup becomes an initial Lie subgroup of G with Lie algebra gρ

given by

gρ = {ξ ∈ g | ξM (m) ∈ TmJ −1(ρ), for all m ∈ J −1(ρ)}.

With this smooth structure for Gρ , the left action �ρ : Gρ × J −1(ρ) → J −1(ρ) defined by
�ρ(g, z) := �(g, z) is smooth.

Theorem 5.6 ([18]). Let (M, {·, ·}) be a smooth Poisson manifold and G a Lie group acting
canonically and properly on M. Let J : M → M/A′

G be the optimal momentum map asso-
ciated to this action. Then, for any ρ ∈ M/A′

G whose isotropy subgroup Gρ acts properly on
J −1(ρ), the orbit space Mρ := J −1(ρ)/Gρ is a smooth symplectic regular quotient manifold
with symplectic form ωρ defined by:

π∗
ρωρ(m)(X f (m), Xh(m)) = { f, h}(m),

for any m ∈ J −1(ρ) and any f, h ∈ C∞(M)G . (46)

The map πρ : J −1(ρ) → J −1(ρ)/Gρ is the projection.

Suppose now that the G-action is free and proper. It is well known that the orbit space
M/G is a Poisson manifold with the Poisson bracket {·, ·}M/G , uniquely characterized by
the relation

{ f, g}M/G(π (m)) = { f ◦ π, g ◦ π}(m), (47)

for any m ∈ M and where f, g: M/G → R are two arbitrary smooth functions. A fact
that we will use in the sequel is that the symplectic leaves of (M/G, {·, ·}M/G) are given
by the optimal orbit reduced spaces (J −1(Oρ)/G, ωOρ

), Oρ := G · ρ, ρ ∈ M/A′
G , that are

symplectically diffeomorphic to the optimal point reduced spaces introduced in Theorem 5.6
via the map πρ(m) �−→ πOρ

(m), with m ∈ J −1(ρ) and πOρ
: J −1(Oρ) → J −1(Oρ)/G the

projection.
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Theorem 5.7. Let (M, ω) be a connected and paracompact symplectic manifold and G a
Lie group acting freely, properly, and symplectically on it. Let K: M → g∗/H̄ be a cylinder
valued momentum map for this action with associated non-equivariance one-cocycle σ :
M → g∗/H̄. Let N be a normal connected Lie subgroup of G that has (Lie(H̄))◦ as Lie
algebra. Then for any [μ] ∈ g∗/H̄:

(i) The orbit space M [μ] := K−1([μ])/G[μ] is a regular quotient manifold endowed with a
natural Poisson structure induced by the bracket {·, ·}M [μ] determined by the expression

{ f, h}M [μ]

(
π [μ](m)

) = {F, H}(m), (48)

where G[μ] denotes the isotropy subgroup of [μ] with respect to the affine G-action
on g∗/H̄ constructed using the non-equivariance cocycle σ of K, π [μ]: K−1([μ]) →
K−1([μ])/G[μ] is the projection, and F, H ∈ C∞(M)G are local G-invariant extensions
of f ◦ π [μ] and h ◦ π [μ] around the point m, respectively. We will refer to the spaces
M [μ] as the “Poisson reduced spaces”.

(ii) The Lie group H[μ] := G[μ]/N[μ] acts canonically, freely, and properly on (M[μ], ω[μ]).
The reduced Poisson manifold (M[μ]/H[μ], {·, ·}H[μ] ) is Poisson isomorphic to
(M [μ], {·, ·}M [μ] ) via the map

� : M[μ]/H[μ] −→ M [μ]

πH[μ]

(
π[μ](m)

) �−→ π [μ](m),

where πH[μ] : M[μ] → M[μ]/H[μ] is the projection.
(iii) Let JH[μ] : M[μ] → M[μ]/A′

H[μ]
be the optimal momentum map associated to the H[μ]-

action on M[μ]. Suppose that for any ρ ∈ M[μ]/A′
H[μ]

, the isotropy subgroup (H[μ])ρ acts

properly on the level set J −1
H[μ]

(ρ). Then the symplectic leaves of (M [μ], {·, ·}M [μ] ) are

given by the manifolds �(J −1
H[μ]

(Oρ)/H[μ]), for any ρ ∈ M[μ]/A′
H[μ]

.
(iv) Let J : M → M/A′

G be the optimal momentum map associated to the G-action on M
and let m ∈ M be such that K(m) = [μ]. Let ρ = J (m). Then J −1(ρ) ⊂ K−1([μ])
and Gρ ⊂ G[μ]. If the isotropy subgroup Gρ acts properly on J −1(ρ) then (Mρ :=
J −1(ρ)/Gρ, ωρ) is a smooth regular quotient symplectic manifold and the map

L : J −1(ρ)/Gρ −→ K−1([μ])/G[μ]

πρ(z) �−→ π [μ](z)

is well defined, smooth, injective, and its image is the symplectic leaf Lπ [μ](m) of
(M [μ], {·, ·}M [μ] ) that contains π [μ](m). If, additionally, J −1(ρ) is a closed subset of
M then L is a Poisson map and the Poisson bracket {·, ·}Mρ

induced by the symplectic
form ωρ is determined by the expression

{ f, h}Mρ
(πρ(z)) = {F, H}(z), (49)

where F, H ∈ C∞(M)G are local G-invariant extensions of f ◦ πρ and h ◦ πρ around
the point z ∈ J −1(ρ), respectively.

Remark 5.8. This theorem links all the three reduction schemes induced by a free, proper,
and canonical action on a symplectic manifold. On one hand, we have the two possible
reductions using the cylinder valued momentum map: M[μ] the symplectic and M [μ] the
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Poisson reduced spaces that are related to each other via Poisson reduction by the quotient
group G[μ]/N[μ]. On the other hand, we can carry out optimal reduction; point (iv) in the
previous statement shows that the optimal reduced spaces are the symplectic leaves of the
Poisson reduced space M [μ].

All these three reduced spaces are, in general, different (see the example below). Neverthe-
less, we note that ifH is closed in g∗ then (Lie(H̄))◦ = (Lie(H))◦ = g and hence G[μ] = N[μ],
H[μ] = {e}, M[μ] = M [μ]. Moreover, in this situation, the closedness hypothesis needed in
point (iv) of the statement of the theorem always holds and the optimal reduced spaces are the
connected components of M[μ] = M [μ]. This is so because whenever H is closed in g∗ then,
by Proposition 2.3, ker TzK = (g · z)ω, z ∈ M , and hence TzJ −1(ρ) = ker TzK, z ∈ J −1(ρ),
which shows thatJ −1(ρ) is one of the connected components of K−1([μ]) and hence is closed
in M .

We emphasize that the closedness of H in g∗ is a sufficient, but in general not necessary,
condition for the three reduced spaces to coincide (see Example 6.11).

Example 5.9. The following elementary example shows that the three reduced spaces in
the statement of Theorems 5.1 and 5.7, that is, the Poisson, the symplectic, and the opti-
mal reduced spaces, are in general distinct. Let M := T2 × T2 be the product of two tori
whose elements will be denoted by the four-tuples (eiθ1 , eiθ2 , eiψ1 , eiψ2 ). Endow M with the
symplectic structure ω defined by ω := dθ1 ∧ dθ2 + √

2 dψ1 ∧ dψ2. Consider the canoni-
cal circle action given by eiφ · (eiθ1 , eiθ2 , eiψ1 , eiψ2 ) := (ei(θ1+φ), eiθ2 , ei(ψ1+φ), eiψ2 ) and the
trivial principal bundle (M × R) → M with (R, +) as structure group. It is easy to see that
the horizontal vectors in T (M × R) with respect to the connection α defined in (1) are of
the form ((a1, a2, b1, b2), −a2 − √

2b2), with a1, a2, b1, b2 ∈ R. The surfaces M̃τ ⊂ M × R
of the form M̃τ := {((eiθ1 , eiθ2 , eiψ1 , eiψ2 ), τ − θ2 − √

2ψ2) ∈ M × R | θ1, θ2, ψ1, ψ2 ∈ R}
integrate the horizontal distribution spanned by these vectors.

Take now M̃ := M̃0 and consider the projection p̃: M̃ → M . It is clear that
p̃−1(eiθ1 , eiθ2 , eiψ1 , eiψ2 ) = {(eiθ1 , eiθ2 , eiψ1 , eiψ2 , −(θ2 + 2nπ ) − √

2(ψ2 + 2mπ )) | m, n ∈
Z}. Since the Hamiltonian holonomy H coincides with the structure group of the fibration p̃:
M̃ → M , it follows that H = Z + √

2Z ⊂ R. In this case H is indeed not closed; moreover
H is dense in R, that is, H̄ = R. Therefore, in this case, the cylinder valued momentum map
is a constant map since its range is just a point and the group N = {e}. Hence, the symplectic
reduced space M[μ] equals the entire symplectic manifold T4 and the Poisson reduced space
M [μ] equals the orbit space T4/S1.

We now compute the optimal reduced spaces. In this case, C∞(M)S1
consists of all the

functions f of the form f (eiθ1 , eiθ2 , eiψ1 , eiψ2 ) ≡ g(eiθ2 , eiψ2 , ei(θ1−ψ1)), for some function
g ∈ C∞(T3). An inspection of the Hamiltonian flows associated to such functions readily
shows that the leaves of A′

S1 , that is, the level sets J −1(ρ) of the optimal momentum map J ,
are the product of a two-torus with a leaf of an irrational foliation (Kronecker submanifold) of
another two-torus. The isotropy subgroups S1

ρ coincide with the circle S1, whose compactness
guarantees that its action on J −1(ρ) is proper. Theorem 5.6 automatically guarantees that
the quotients

Mρ := J −1(ρ)/S1
ρ � (T2 × {Kronecker submanifold of T2})/S1.

are symplectic and, by Theorem 5.7, they are the symplectic leaves of the quotient Poisson
manifold T4/S1.
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Proof of Theorem 5.7.

(i) The smooth structure of M [μ] as a regular quotient manifold is a consequence of the
freeness and properness of the G-action, using the same arguments as in the proof of
Theorem 5.1. Let S := K−1([μ]) and D ⊂ T M |S be defined by D(m) := g · m, m ∈ M .
The reduction lemma guarantees that the distribution DS := D ∩ T S in S coincides with
the tangent spaces to the G[μ]-orbits and hence Lemma 10.4.14 in [22] guarantees that the
local G-invariant extensions used in the expression (48) do exist. Let B�: T ∗M → T M
be vector bundle isomorphism induced by the symplectic form ω on M . Since for any
m ∈ K−1([μ])

B�(m)((D(m))◦) = (D(m))ω = (g · m)ω ⊂ (n · m)ω = ker TmK,

it is clear that B�(D◦) ⊂ T S + D and hence the Marsden–Ratiu Theorem on Poisson
reduction [14] guarantees that (48) is a well-defined bracket.

(ii) The H[μ]-action on M[μ] is given by

[g]μ · π[μ](m) := π[μ](g · m), [g][μ] ∈ G[μ]/H[μ].

This action is obviously canonical, free, and proper, and hence M[μ]/H[μ] is a smooth
Poisson manifold such that the projection πH[μ] is a Poisson surjective submersion. It is
easily verified that � is a well-defined smooth bijective map with smooth inverse given
by

π [μ](m) �−→ πH[μ] (π[μ](m)), m ∈ K−1([μ]).

Consequently, � is a diffeomorphism. In order to show that � is Poisson let �̄ :=
� ◦ πH[μ] : M[μ] → M [μ]. Notice that �̄ makes the diagram

M[μ] K−1([μ])

M[μ]/H[μ] M [μ]

�

���������� �

�

�

π [μ]πH[μ]

π[μ]

�

�̄

commutative. Since π[μ] and πH[μ] are surjective submersions it follows that � is Poisson
if and only if

{ f, h}M [μ] ◦ � ◦ πH[μ] ◦ π[μ] = { f ◦ � ◦ πH[μ] , h ◦ � ◦ πH[μ]}M[μ] ◦ π[μ],

which is equivalent to

{ f, h}M [μ]

(
π [μ](m)

) = { f ◦ �̄, h ◦ �̄}M[μ] (π[μ](m)), (50)

for any f, h ∈ C∞(M [μ]) and m ∈ K−1([μ]). By part (i), the left-hand side of (50) equals
{F, H}, with F, H ∈ C∞(M)G local G-invariant extensions at m of f ◦ π [μ] and g ◦
π [μ], respectively. Additionally, since the bracket {·, ·}M[μ] is induced by the symplectic
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form ω[μ] it equals, by part (iii) in Theorem 5.4, {F̄, H̄}(m) with F̄, H̄ ∈ C∞(M)N

local N -invariant extensions at m of f ◦ �̄ ◦ π[μ] and h ◦ �̄ ◦ π[μ], respectively. Since
�̄ ◦ π[μ] = π [μ], F̄ and H̄ can be taken to be F and H , respectively, which proves (50).

(iii) This follows from part (iv) in Theorem 10.1.1 of [22].
(iv) By Proposition 2.3 we can think of the connected components of the level sets of K as the

maximal integral manifolds of the distribution D in M given by D(z) = (n · z)ω, z ∈ M .
Since (n · z)ω ⊃ (g · z)ω = A′

G(z) and the level sets of the optimal momentum map J
are the maximal integral manifolds of A′

G , we obviously have that J −1(ρ) ⊂ K−1([μ]).
Let now g ∈ Gρ and m ′ := g · m. Since J is G-equivariant we have J (m ′) = J (g ·
m) = g · ρ = ρ and hence m ′ ∈ K−1([μ]) which in turn implies that [μ] = K(m ′) =
K(g · m) = g · K(m) = g · [μ] and hence guarantees that g ∈ G[μ].

If Gρ acts freely and properly on J −1(ρ) then the hypotheses of the optimal reduction
theorem 5.6 are satisfied. The map L is just the projection of the (Gρ, G[μ])-equivariant
inclusion J −1(ρ) ↪→ K−1([μ]) and is hence well defined and smooth. Injectivity is
obvious. We now show that L(Mρ) = Lπ [μ](m). Let πρ(z) ∈ Mρ . By the definition of
the optimal momentum map there exists a finite composition of Hamiltonian flows
Ft1 , . . . , Ftn corresponding to G-invariant Hamiltonian functions such that z = (F1

t1 ◦
· · · ◦ Fn

tn )(m). For simplicity in the exposition take n = 1 and let F ∈ C∞(M)G be the
function whose Hamiltonian flow is Ft . Let f ∈ C∞(M [μ]) be the function defined by
F ◦ i [μ] = f ◦ π [μ]. It is easy to see that the Hamiltonian flow F f

t of X f in M [μ] is such
that F f

t ◦ π [μ] = π [μ] ◦ Ft ◦ i [μ]. Consequently

L(πρ(z)) = L(πρ(Ft (m))) = π [μ](Ft (m)) = F f
t

(
π [μ](m)

) ∈ Lπ [μ](m).

This argument can be reversed by using local G-invariant extensions of the compositions
of the functions in M [μ] with π [μ] (that do exist by part (i)) and hence proving the converse
inclusion Lπ [μ](m) ⊂ L(Mρ).
The closedness hypothesis on J −1(ρ) implies that this set is an embedded submanifold
of M (recall that closed integral leaves of constant rank integrable distributions are
always embedded [4]). Additionally, it can be proved (see Proposition 4.5 in [20]) that
under this hypothesis the isotropy subgroup Gρ is closed in G and that

gρ · z = TzJ −1(ρ) ∩ g · z, z ∈ J −1(ρ). (51)

Consequently, the form of the bracket (49) is obtained by mimicking the proof of part
(iii) of Theorem 5.4. Notice that the local G-invariant extensions needed in (49) always
exist by Lemma 10.4.14 in [22], which can be applied due to the fact that J −1(ρ)
is an embedded submanifold of M and (51) holds. The Poisson character of L is a
straightforward consequence of (48) and (49). �

6. Example: Magnetic cotangent bundles of Lie groups

Let G be a finite-dimensional Lie group and T ∗G its cotangent bundle endowed with the
magnetic symplectic structure ω� := ωcan − π∗ B� , where ωcan is the canonical symplectic
form on T ∗G, π : T ∗G → G is the projection onto the base, and B� ∈ �2(G)G is a left
invariant two-form on G whose value at the identity is the Lie algebra two-cocycle �:
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g × g → R. Since � is a cocycle it follows that B� is closed and hence ω� is a symplectic
form.

The cotangent lift of the action of G on itself by left translations produces, due to the
invariance of B� , a canonical G-action on (T ∗G, ω�). In the absence of magnetic terms
this action has an associated coadjoint equivariant momentum map J: T ∗G → g∗ given by
〈J(αg), ξ〉 := 〈αg, Te Rg(ξ )〉, αg ∈ T ∗G, ξ ∈ g. It is well known that the Marsden–Weinstein
reduced spaces associated to this action are naturally symplectomorphic to the coadjoint
orbits of the G-action on g∗, endowed with their canonical Kostant–Kirillov–Souriau orbit
symplectic form. The magnetic term destroys this picture in most cases. As we will see
later on in this section, (T ∗G, ω�) has, in general, a non-zero Hamiltonian holonomy H and
hence the lift of left translation does not admit anymore a standard momentum map. This
forces us, when carrying out reduction, to work in the degree of generality of the preceding
section. We will hence compute in this setup the cylinder valued and the optimal momentum
maps and will characterize the three reduced spaces introduced in Theorems 5.1 and 5.7.
One of the conclusions of our discussion will be the fact that the resulting reduced spaces
are related not to the coadjoint orbits but to the orbits of the extended affine action of G�

on g∗, with G� the connected and simply connected Lie group that integrates g� , the one-
dimensional central extension of g constructed using the cocycle �. More specifically, the
optimal reduced spaces are naturally symplectomorphic to these orbits which shows that, in
this context, optimal reduction is the natural generalization of the picture that allows one to
see in the standard setup the Kostant–Kirillov–Souriau coadjoint orbits as symplectic reduced
spaces.

In order to make the problem more tractable we introduce the left trivialization λ: T ∗G →
G × g∗ of T ∗G given by λ(αg) := (g, T ∗

e Lg(αg)), for any αg ∈ T ∗
g G. Its inverse λ−1: G ×

g∗ → T ∗G is λ−1(g, μ) = T ∗
g Lg−1 (μ), (g, μ) ∈ G × g∗. The cotangent lift of left translations

on G to T ∗G is given in this trivialization by h · (g, μ) = (hg, μ), h, g ∈ G, μ ∈ g∗, and
hence the infinitesimal generators take the form

ξG×g∗ (g, μ) = (Te Rg(ξ ), 0) = (Te Lg(Adg−1ξ ), 0), ξ ∈ g. (52)

Additionally, the magnetic symplectic form ω� := (λ−1)∗ω� on G × g∗ has the expression

ω�(g, ν)((Te Lg(ξ ), ρ), (Te Lg(η), σ )) = 〈σ, ξ〉 − 〈ρ, η〉 + 〈ν, [ξ, η]〉 − �(ξ, η). (53)

In order to compute the cylinder valued momentum map of the canonical G-action on (G ×
g∗, ω�) we note that the horizontal distribution associated to the connection α on the bundle
(G × g∗) × g∗ → G × g∗ defined in (1) equals, by (52) and (53),

H ((g, μ), ν) = {(Te Lg(ξ ), ρ, Ad∗
g−1 (ρ − ad∗

ξμ + �(ξ, ·))) | ξ ∈ g, ρ ∈ g
∗}. (54)

Proposition 6.1. Let G × g∗ → G be the trivial principal fiber bundle with structure group
(g∗, +) and where the action is given by Rν(g, μ) := (g, μ − ν), g ∈ G, μ, ν ∈ g∗.

(i) The distribution HG on G × g∗ given by

HG(g, μ) = {(Te Lg(ξ ), Ad∗
g−1 (�(ξ, ·))) | ξ ∈ g}

defines a flat connection αG on G × g∗ → G.
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(ii) The holonomy bundle ˜(G × g∗)(g,μ,ν) of the connection α defined in (1) that contains the
point (g, μ, ν) ∈ (G × g∗) × g∗ is given by

˜(G × g∗)(g,μ,ν) = {
(h, ρ, Ad∗

h−1ρ + τ ) | ρ ∈ g
∗, (h, τ ) ∈ G̃(g,ν−Ad∗

g−1 μ)

}
,

where G̃(g,ν−Ad∗
g−1 μ) is the holonomy bundle of the connection αG containing the point

(g, ν − Ad∗
g−1μ).

(iii) The holonomy group HG of αG and the Hamiltonian holonomy H of the G-action on
(G × g∗, ω�) coincide, that is, H = HG.

Proof:

(i) The vertical bundle VG of G × g∗ → G is given by VG(g, μ) = {(0, ρ) | ρ ∈ g∗}. It eas-
ily follows that T(g,μ)(G × g∗) = HG(g, μ) ⊕ VG(g, μ) and that T(g,μ) Rν(HG(g, μ)) =
HG(g, μ − ν), for any g ∈ G, μ, ν ∈ g∗, which proves that HG is the horizontal bundle
of a connection on G × g∗ → G whose associated one-form αG ∈ �1(G × g∗; g∗) is

αG(g, μ)(Te Lg(ξ ), ρ) = Ad∗
g−1 (�(ξ, ·)) − ρ.

In the computation of this expression we used that the horizontal vH
(g,μ) and ver-

tical vV
(g,μ) components of any vector v(g,μ) = (Te Lg(ξ ), ρ) are given by vH

(g,μ) =
(Te Lg(ξ ), Ad∗

g−1 (�(ξ, ·))) and vV
(g,μ) = (0, ρ − Ad∗

g−1 (�(ξ, ·))). The flatness of αG will
be obtained as a consequence of point (iii) and of the zero-dimensional character of H
(see below).

(ii) Let (h, τ ) ∈ G̃(g,ν−Ad∗
g−1 μ). By definition, there exists a piecewise smooth horizon-

tal curve (g(t), τ (t)) such that g(0) = g, g(1) = h, τ (0) = ν − Ad∗
g−1μ, τ (1) = τ ,

and τ ′(t) = Ad∗
g(t)−1 (�(Tg(t) Lg(t)−1 (g′(t)), ·)). The piecewise smooth curve γ (t) :=

(g(t), μ(t), Ad∗
g(t)−1μ(t) + τ (t)), with μ(t) an arbitrary smooth curve in g∗ such that

μ(0) = μ and μ(1) = ρ, satisfies γ (0) = (g, μ, ν), γ (1) = (h, ρ, Ad∗
h−1ρ + τ ), and is

horizontal. Indeed, let ξ (t) := Tg(t) Lg(t)−1 (g′(t)) ∈ g. Then

γ ′(t) = (
Te Lg(t)(ξ (t)), μ′(t), Ad∗

g(t)−1μ
′(t) − Ad∗

g(t)−1 (ad∗
ξ (t)μ(t)) + τ ′(t)

)
= (

Te Lg(t)(ξ (t)), μ′(t), Ad∗
g(t)−1 (μ′(t) − ad∗

ξ (t)μ(t) + �(ξ (t), ·))),
which belongs to H (γ (t)) by (54). This proves that (h, ρ, Ad∗

h−1ρ + τ ) ∈ ˜(G × g∗)(g,μ,ν).

Conversely, let (h, ρ, σ ) ∈ ˜(G × g∗)(g,μ,ν). By definition, there exists a piecewise
smooth horizontal curve γ (t) := (g(t), μ(t), ν(t)) such that γ (0) = (g, μ, ν), γ (1) =
(h, ρ, σ ), and

ν ′(t) = Ad∗
g(t)−1

(
μ′(t) − ad∗

ξ (t)μ(t) + �(ξ (t), ·)), (55)

where ξ (t) = Tg(t) Lg(t)−1 (g′(t)). We now show that (h, ρ, σ ) = (h, ρ, Ad∗
h−1ρ + τ )

where (h, τ ) ∈ G̃(g,ν−Ad∗
g−1 μ). Let τ (t) := ν(t) − Ad∗

g(t)−1μ(t). Notice that τ (0) = ν −
Ad∗

g−1μ, τ (1) = σ − Ad∗
h−1ρ, and that, by (55), τ ′(t) = Ad∗

g(t)−1 (�(ξ (t), ·)), which shows
that (g(t), τ (t)) is horizontal. Consequently (h, ρ, σ ) = (g(1), ρ, Ad∗

h−1ρ + τ (1)) and
hence the claim follows.
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(iii) Let μ ∈ H be arbitrary. Then there exists a loop (g(t), ρ(t)) in G × g∗ whose
horizontal lift (g(t), ρ(t), μ(t)) satisfies that μ = μ(1) − μ(0). Consequently, using
horizontality

μ =
∫ 1

0
μ′(t)dt =

∫ 1

0
Ad∗

g(t)−1 (ρ ′(t) − ad∗
ξ (t)ρ(t) + �(ξ (t), ·)) dt

=
∫ 1

0

(
d

dt
(Ad∗

g(t)−1ρ(t)) + Ad∗
g(t)−1�(ξ (t), ·)

)
dt =

∫ 1

0
Ad∗

g(t)−1�(ξ (t), ·) dt, (56)

where ξ (t) = Tg(t) Lg(t)−1 (g′(t)). Therefore, the loop g(t) in G has a horizontal lift
(g(t), ν(t)) such that

ν(1) − ν(0) =
∫ 1

0
ν ′(t)dt =

∫ 1

0
Ad∗

g(t)−1�(ξ (t), ·) dt = μ,

which proves that μ ∈ HG . The converse inclusion is obtained by reading backwards
the previous argument.
Finally, the equality H = HG implies that the connection αG is flat since the tangent
spaces to the holonomy bundles equal the horizontal distribution because Lie (H) = {0}.
Indeed, as the distribution associated to the holonomy bundles is integrable by general
theory this shows that the horizontal distribution is integrable and hence the associated
connection is flat. �

Remark 6.2. If the Lie algebra two-cocycle � can be integrated to a smooth g∗-valued group
one-cocycle σ : G → g∗, that is

�(ξ, ·) = Teσ (ξ ), for any ξ ∈ g,

then the holonomy bundles G̃(g,μ) are the graphs of σ . More specifically

G̃(g,μ) = {(h, σ (h) + μ − σ (g)) | h ∈ G}.

In this particular case HG = {0} and hence, by Proposition 6.1, H = {0}.

We are now going to use the central extensions and their actions introduced in Section 4 to
better characterize the holonomy bundles of α and αG . This will allow us to give an explicit
expression for the cylinder valued momentum map of the G-action on the magnetic cotangent
bundle (G × g∗, ω�).

Proposition 6.3. Let g� be the one-dimensional central extension of the Lie algebra g deter-
mined by the co-cycle �, G� the connected and simply connected Lie group that integrates it,
and μ�: G� → g∗ the g∗-valued one-cocycle introduced in Proposition 4.4. The holonomy
bundle G̃(h,ν) of the connection αG that contains the point (h, ν) ∈ G × g∗ equals

G̃(h,ν) = {(πG(ĝ), μ�(ĝ−1) − μ�(ĥ−1) + ν) | ĝ, ĥ ∈ G� such that πG(ĥ) = h}, (57)

with πG: G� → G the projection.
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Proof: Since G̃(h,ν) = R−ν(G̃(h,0)) it suffices to show that

G̃(h,0) = {(πG(ĝ), μ�(ĝ−1) − μ�(ĥ−1)) | ĝ, ĥ ∈ G� such that πG(ĥ) = h}. (58)

We begin with the inclusion ⊃. Let ĝ ∈ G� and ĝ(t) a piecewise smooth curve in
G� such that ĝ(0) = ĥ, ĝ(1) = ĝ, and where πG(ĥ) = h. We will show that the ele-
ment (πG(ĝ), μ�(ĝ−1) − μ�(ĥ−1)) belongs to G̃(h,0) by proving that the curve γ (t) :=
(πG(ĝ(t)), μ�(ĝ(t)−1) − μ�(ĥ−1)) is horizontal and connects (h, 0) with (πG(ĝ), μ�(ĝ−1) −
μ�(ĥ−1)). Indeed, γ (0) = (h, 0), γ (1) = (πG(ĝ), μ�(ĝ−1) − μ�(ĥ−1)), and γ (t) is horizon-
tal because if we write

d

dt
πG(ĝ(t)) = Te Lg(t)(ξ (t)),

where g(t) := πG(ĝ(t)) and ξ (t) := Tg(t) Lg(t)−1 (g′(t)), then by Proposition 4.4

d

dt
μ�(ĝ(t)−1) = − d

dt

(
Ad∗

g(t)−1μ�(ĝ(t))
)

= −Ad∗
g(t)−1

( − ad∗
ξ (t)μ�(ĝ(t)) + Tĝ(t)μ�(ĝ′(t))

)
. (59)

Now let (ξ̂ (t), s(t)) := Tĝ(t) Lĝ(t)−1 (ĝ′(t)). It turns out that ξ̂ (t) = ξ (t) because

ξ̂ (t) = πg(ξ̂ (t), s(t)) = TeπG(ξ̂ (t), s(t)) = d

dε

∣∣∣∣
ε=0

πG(ĝ(t)−1ĝ(t + ε))

= d

dε

∣∣∣∣
ε=0

πG(ĝ(t)−1)πG(ĝ(t + ε))

= d

dε

∣∣∣∣
ε=0

g(t)−1g(t + ε) = Tg(t) Lg(t)−1 (g′(t)) = ξ (t),

and hence (59) equals, by Proposition 4.4,

d

dt
μ�(ĝ(t)−1) = −Ad∗

g(t)−1

(−ad∗
ξ (t)μ�(ĝ(t)) + ad∗

ξ (t)μ�(ĝ(t)) − �(ξ (t), ·))
= Ad∗

g(t)−1 (�(ξ (t), ·)) ,

which shows that γ (t) is horizontal, as required.
We prove next the reverse inclusion

G̃(h,0) ⊂ {(πG(ĝ), μ�(ĝ−1) − μ�(ĥ−1)) | ĝ, ĥ ∈ G� such that πG(ĥ) = h}

by showing that any piecewise smooth horizontal curve γ (t) ⊂ G̃(h,0) such that γ (0) = (h, 0)
satisfies γ (t) ∈ {(πG(ĝ), μ�(ĝ−1) − μ�(ĥ−1)) | ĝ, ĥ ∈ G� such that πG(ĥ) = h} for all t ∈
I , where I is the time interval on which γ is defined. Let g(t) and μ(t), t ∈ I , be two curves
in G and g∗, respectively, such that γ (t) = (g(t), μ(t)). The horizontality of γ (t) implies that
μ′(t) = Ad∗

g(t)−1 (�(ξ (t), ·)), with ξ (t) = Tg(t) Lg(t)−1 (g′(t)). Since the map πG : G� → G is
a surjective submersion it admits local sections. In particular, there exists an open neigh-
borhood U of h in G and a map σ : U ⊂ G → G� such that πG ◦ σ = id|U and σ (h) = ĥ.
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The smoothness of the curve g(t) implies that there exists 0 < t0 ∈ I such that g(t) ∈ U for
any t ∈ [0, t0]. Let ĝ(t) := σ (g(t)) and ν(t) := μ�(ĝ(t)−1) − μ�(ĥ−1). We will show that
the curve γσ (t) := (g(t), ν(t)) = (πG(ĝ(t)), μ�(ĝ(t)−1) − μ�(ĥ−1)) ⊂ {(πG(ĝ), μ�(ĝ−1) −
μ�(ĥ−1)) | ĝ, ĥ ∈ G� such that πG(ĥ) = h} is such that γσ (t) = γ (t), for any t ∈ [0, t0].
Notice that since γσ (0) = (g(0), ν(0)) = (h, μ�(σ (g(0))−1) − μ�(ĥ−1)) = (h, μ�(ĥ−1) −
μ�(ĥ−1)) = (h, 0), the uniqueness of horizontal lifts guarantees that it suffices to check
that γσ (t) is horizontal. Given that πG(ĝ(t)) = g(t) for any t ∈ [0, t0], an argument similar
to the one in the first part of the proof shows that

ĝ′(t) = Tĝ(t) Lĝ(t)−1 (ξ (t), s(t)) , (60)

where ξ (t) = Tg(t) Lg(t)−1 (g′(t)) and s(t) is some piecewise smooth curve in R. The use of (60)
and of Proposition 4.4 in a straightforward computation show that ν ′(t) = Ad∗

g(t)−1 (�(ξ (t), ·)),
which proves that γσ (t) is horizontal and hence γσ (t) = γ (t) ⊂ {(πG(ĝ), μ�(ĝ−1) −
μ�(ĥ−1)) | ĝ, ĥ ∈ G�, πG(ĥ) = h}, for any t ∈ [0, t0], as required. We can repeat what we
just did by taking a local section σ1 of πG around g(t0) which will allow us to construct a
curve γσ1 (t) ⊂ {(πG(ĝ), μ�(ĝ−1) − μ�(ĥ−1)) | ĝ, ĥ ∈ G�, πG(ĥ) = h}, t ∈ [t0, t1], t1 > t0,
such that γσ1 (t) = γ (t), for any t ∈ [t0, t1]. The compactness of I guarantees that by repeat-
ing this procedure a finite number of times we can write γ as a broken path made of finite
smooth curves included in {(πG(ĝ), μ�(ĝ−1) − μ�(ĥ−1)) | ĝ, ĥ ∈ G�, πG(ĥ) = h} which
proves that γ itself is included in {(πG(ĝ), μ�(ĝ−1) − μ�(ĥ−1)) | ĝ, ĥ ∈ G�, πG(ĥ) = h},
hence proving the desired inclusion. �

Corollary 6.4. In the setup of Proposition 6.3 the following inclusion holds

H ⊂ μ�(G�).

Proof: Since H = HG by Proposition 6.1 it suffices to show that HG ⊂ μ�(G�). Let
ν ∈ HG . By definition, there exists a loop g(t) in G such that g(0) = g(1) = e with a
horizontal lift γ (t) = (g(t), μ(t)) that satisfies γ (0) = (e, 0) and γ (1) = (e, ν). The com-
pactness of the interval [0, 1] implies that we can take local sections σ1, . . . , σn of the
projection πG : G� → G and that we can split the interval [0, 1] into n intervals of the
form [ti−1, ti ] with 0 = t0 < t1 < · · · < tn = 1 such that for any i ∈ {1, . . . , n} we can
define ĝi (t) := σi (g(t)), t ∈ [ti−1, ti ]. The sections σ1, . . . , σn are chosen in such a way
that ĝ(0) = e and ĝi (ti ) = ĝi+1(ti ). Moreover, by construction, g(t) = πG(ĝi (t)) for any
t ∈ [ti−1, ti ] and hence a strategy similar to the one in the first part of the proof of Proposi-
tion 6.3 shows that γ1(t) := (πG(ĝi (t)), μ�(ĝi (t)−1)) is a piecewise smooth horizontal curve
for αG such that γ1(0) = (e, 0) and hence γ1(t) = γ (t), for any t ∈ [0, 1]. Consequently,
ν = μ�(ĝn(1)) ∈ μ�(G�), as required. �

Theorem 6.5. Let (G × g∗, ω�) be a magnetic cotangent bundle of the Lie group G. The
map K: G × g∗ → g∗/H̄ given by the expression

K(g, η) = πC (Ad∗
g−1η + μ�(ĝ−1) + ν0) = �(ĝ, η + H̄) + πC (ν0) (61)

is a cylinder valued momentum map for the canonical G-action on (G × g∗, ω�). The element
ν0 ∈ g∗ is an arbitrary constant, (g, η) ∈ G × g∗ is arbitrary, and ĝ ∈ G� is any element
such that πG(ĝ) = g. The map μ�: G� → g∗ is the g∗-valued one-cocycle associated to �

and �: G� × g∗/H̄ → g∗/H̄ the associated G�-action on g∗/H̄.
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The non-equivariance cocycle σ : G → g∗/H̄ of K is given by

σ (g) = πC (μ�(ĝ−1) + ν0 − Ad∗
g−1 (ν0)), (62)

with g ∈ G and ĝ ∈ G� such that πG(ĝ) = g. Finally

μ�(ker πG) ⊂ H̄. (63)

Proof: If we put together the conclusions of Propositions 6.1 and 6.3 we can conclude that
for any (h, μ, ν) ∈ G × g∗ × g∗

˜(G × g∗)(h,μ,ν) = {(
πG(ĝ), η, Ad∗

πG (ĝ−1)η + μ�(ĝ−1) − μ�(ĥ−1)

+ν − Ad∗
h−1μ

) | ĝ ∈ G�, η ∈ g
∗}.

Hence setting ν0 := ν − Ad∗
h−1μ − μ�(ĥ−1) and using the definition of the cylinder valued

momentum map with this holonomy bundle we obtain that

K(g, η) = πC (Ad∗
g−1η + μ�(ĝ−1) + ν0) = �(ĝ, η + H̄) + πC (ν0).

In order to prove (62) recall that by Proposition 3.4

σ (g) = K(g · (e, 0)) − Ad∗
g−1 K(e, 0) = πC (μ�(ĝ−1) + ν0) − πC (Ad∗

g−1ν0)

= πC (μ�(ĝ−1) + ν0 − Ad∗
g−1ν0).

Finally, let ĥ ∈ ker πG . By (62), 0 = σ (e) = πC (μ�(ĥ−1)). Consequently μ�(ĥ−1) =
−Ad∗

h−1μ�(ĥ) ∈ H̄ and hence, by (8), μ�(ĥ) ∈ H̄. �

Remark 6.6. If there exists a group one-cocycle that integrates �, that is, the equality (28)
holds then we can use the affine G-action �̄: G × g∗ → g∗ introduced in Remark 4.7 in order
to express the holonomy bundle ˜(G × g∗)(h,μ,ν) as the graph

˜(G × g∗)(h,μ,ν) = {(g, η, �̄(g, η) − �̄(h, μ) + ν) | g ∈ G, η ∈ g
∗}.

In this case, the Hamiltonian holonomy H is obviously trivial and the cylinder valued mo-
mentum map is the standard momentum map given by

K(g, η) = �̄(g, η) + ν0 = �(g, η) + ν0, (g, η) ∈ G × g
∗.

Once we have computed the cylinder valued momentum map for the symplectic
G-action on the magnetic cotangent bundle (G × g∗, ω�) we will carry out reduction
in this context. According to Theorem 5.7, the optimal reduced spaces provide the
symplectic leaves of the Poisson reduced spaces. In the next two theorems we will
describe these two reduced spaces in the setup of this section. As we will see, the op-
timal reduced spaces can be seen as the G�-orbits in g∗ of the extended affine ac-
tion, while the Poisson reduced spaces are, roughly speaking, the H̄-saturation of these
orbits.
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Theorem 6.7 (Optimal reduction of magnetic cotangent bundles). The optimal reduced
spaces of the canonical G-action on the magnetic cotangent bundle (G × g∗, ω�) are
symplectically diffeomorphic to the orbits corresponding to the extended affine action �̄:
G� × g∗ → g∗ of G� on g∗ endowed with the symplectic structure that makes them the
symplectic leaves of (g∗, {·, ·}�−) (see Proposition 4.9).

Remark 6.8. When the magnetic term is set to zero then G� = G (suppose G is connected)
and the extended affine orbits become the G-coadjoint orbits. Consequently, this theorem
shows that optimal reduction, and not the other reduction schemes presented in this paper,
generalizes to the magnetic setup the well-known result that says that the Marsden–Weinstein
reduced spaces of the lifted action of a connected Lie group G on its cotangent bundle
(endowed with the canonical symplectic form) are symplectomorphic to the G-coadjoint
orbits in g∗.

Proof: In order to compute the polar distribution A′
G of the G-action on (G × g∗, ω�) notice

that for any f ∈ C∞(G × g∗)G � C∞(g∗), the corresponding Hamiltonian vector field X f

is

X f (g, ν) =
(

Te Lg

(
δ f
δν

)
, ad∗

δ f/δνν − �

(
δ f
δν

, ·
))

and hence by (26) we can write

A′
G(g, ν) = {(Te Lg(ξ ), ad∗

ξ ν − �(ξ, ·)) | ξ ∈ g} = {(Te Lg(πg(η)), −ηg∗ (ν)) | η ∈ g�}.

Consequently, the leaves of A′
G are given by the orbits of the right G�-action ϒ : G� × (G ×

g∗) → G × g∗ defined by ϒ(g, (h, ν)) := (hπG(g), �̄(g−1, ν)), (h, ν) ∈ G × g∗, g ∈ G� .
The momentum space (G × g∗)/A′

G can be identified with the orbit space (G × g∗)/G�

and hence for any ρ ∈ (G × g∗)/A′
G there exists an element μ ∈ g∗ such that J −1(ρ) =

G� · (e, μ). Moreover

Gρ = {g ∈ G | g · (e, μ) = ϒ(h, (e, μ)) for some h ∈ G�}
= {g ∈ G | (g, μ) = (πG(h), �̄(h−1, μ)) for some h ∈ G�},

which guarantees that

Gρ = πG((G�)μ). (64)

Consider now the smooth surjective map

φ̄ : J −1(ρ) = G� · (e, μ) −→ G� · μ

(πG(g), �̄(g−1, μ)) �−→ �̄(g−1, μ).

The map φ̄ is clearly Gρ-invariant and hence it drops to a smooth surjective map

φ : J −1(ρ)/Gρ → G� · μ.

The map φ is injective because if φ(πρ(πG(g), �̄(g−1, μ))) = φ(πρ(πG(h), �̄(h−1, μ)))
then �̄(hg−1, μ) = μ and hence πG(h)πG(g−1) ∈ Gρ by (64). Therefore,
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πG(h)πG(g−1) · (πG(g), �̄(g−1, μ)) = (πG(h), �̄(g−1, μ)) = (πG(h), �̄(h−1, μ)) and hence
πρ(πG(g), �̄(g−1, μ)) = πρ(πG(h), �̄(h−1, μ)).

The map φ is a diffeomorphism because for any �̄(g−1, μ) ∈ G� · μ there is a smooth
local section σ : U�̄(g−1,μ) ⊂ G� · μ � G�/(G�)μ → G� such that the map

φ−1
U�̄(g−1 ,μ)

: U�̄(g−1,μ) −→ J −1(ρ)

�̄(h−1, μ) �−→ (πG(σ (�̄(h−1, μ))−1), �̄(h−1, μ))

is a local smooth inverse of φ. Finally, the symplectic character of φ is proved via a straight-
forward diagram chasing exercise. �

We are now going to provide a model for the Poisson reduced space M [μ] :=
K−1([μ])/G[μ] similar to the one provided in the previous theorem for the optimal reduced
space and in which it will be very easy to see how, as we proved in general in Theorem 5.7,
the optimal reduced spaces Mρ are the symplectic leaves of the Poisson reduced spaces M [μ].

For the sake of simplicity, we will take in our computations the cylinder valued momentum
map in Theorem 6.5 for which ν0 = 0, that is,

K(g, η) = πC (Ad∗
g−1η + μ�(ĝ−1)) = �(ĝ, η + H̄), (g, η) ∈ G × g

∗, πG(ĝ) = g. (65)

In this situation, the non-equivariance cocycle (62) induces an affine G-action on g∗/H̄ (see
Proposition 3.4) given by

�(g, πC (μ)) = πC (Ad∗
g−1μ + μ�(ĝ−1)) = �(ĝ, πC (μ)), (66)

where ĝ ∈ G� is such that πG(ĝ) = g and hence K(g, η) = �(g, πC (η)), (g, η) ∈ G × g∗.
It is easy to show that in this specific situation, the Lie algebra two-cocycle �̃ in (38)

coincides with � and hence the Poisson structure on g∗/H̄ introduced in Theorem 4.1 with
respect to which K: G × g∗ → g∗/H̄ is a Poisson map is (g∗/H̄, {·, ·}+�

g∗/H̄).

In the next theorem, we will show that the Poisson reduced space M [μ] is Poisson diffeo-
morphic to G� · μ + H̄ with the smooth and Poisson structures that we now discuss.

The smooth structure of G� · μ + H̄. Consider the orbit G� · [μ] := �(G�, [μ]). By general
theory, G� · [μ] is an initial submanifold of g∗/H̄. Since πC : g∗ → g∗/H̄ is a surjective
submersion, the inverse image π−1

C (G� · [μ]) = G� · μ + H̄ is an initial submanifold of
g∗ by the transversality theorem for initial submanifolds. This is the smooth structure for
G� · μ + H̄ that we will consider in what follows.

The Poisson structure of G� · μ + H̄. Consider the Poisson manifold (g∗, {·, ·}�−). By Propo-
sition 4.9, the symplectic leaves of this Poisson manifold are the G�-orbits of the �̄-action on
g∗. Consequently G� · μ + H̄ is automatically a quasi-Poisson submanifold of (g∗, {·, ·}�−)
(see Section 4.1.21 of [22]) and hence a Poisson manifold on its own (see Proposition 4.1.23
of [22]) with the bracket {·, ·}G� ·μ+H̄ given by

{ f, g}G� ·μ+H̄(ν) = {F, G}�−(ν),
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where f, g ∈ C∞(G� · μ) and F, G ∈ C∞(g∗) are local extensions of f and g around ν ∈
G� · μ + H̄, respectively.

Theorem 6.9 (Poisson reduction of magnetic cotangent bundles). Let (G × g∗, ω�) be the
magnetic cotangent bundle of the Lie group G associated to the Lie algebra two-cocycle �.
Let K: G × g∗ → g∗/H̄ be the cylinder valued momentum map in (65) for the canonical lifted
action of G on (G × g∗, ω�). Then, for any μ ∈ g∗, the associated Poisson reduced space
M [μ] := K−1([μ])/G[μ] is naturally Poisson diffeomorphic to (G� · μ + H̄, {·, ·}G� ·μ+H̄).

Remark 6.10. In view of Corollary 6.4, notice that if G is Abelian and μ�(G�) is closed in
g∗ then μ� is a group homomorphism by Proposition 4.4 (iii) and hence

G� · μ + H̄ = μ + μ�(G�) + H̄ = μ + μ�(G�) = G� · μ.

Consequently, by the Theorems 6.7 and 6.9, the optimal and Poisson reduced spaces coincide
in this case.

Proof: Since K(g, η) = πC (Ad∗
g−1η + μ�(ĝ−1)) = �(ĝ, η + H̄), for any (g, η) ∈ G × g∗

and πG(ĝ) = g, we have that

K−1([μ]) = {(g, η) ∈ G × g
∗ |�(ĝ, πC (η)) = πC (μ) for any ĝ ∈ G� such that πG(ĝ) = g}

= {(πG(ĝ), �̄(ĝ−1, μ) + ν) | ĝ ∈ G�, ν ∈ H̄}.

Consider the smooth surjective map

φ̄ : K−1([μ]) −→ G� · μ + H̄
(πG(ĝ), �̄(ĝ−1, μ) + ν) �−→ �̄(ĝ−1, μ) + ν.

The map φ̄ is clearly G[μ]-invariant and hence it drops to a smooth surjective map

φ : K−1([μ])/G[μ] −→ G� · μ + H̄.

We now show that φ is injective. Let π [μ](πG(ĝ), �̄(ĝ−1, μ) + ν) and π [μ](πG(ĥ),
�̄(ĥ−1, μ) + ν ′) be two points in M [μ] such that

�̄(ĝ−1, μ) + ν = �̄(ĥ−1, μ) + ν ′. (67)

Applying πC to both sides of this equality we obtain �(ĝ−1, πC (μ)) = �(ĥ−1, πC (μ)). This
implies that k̂ := ĥĝ−1 ∈ (G�)πC (μ) and hence by (66)

�(πG(k̂), πC (μ)) = �(k̂, πC (μ)) = πC (μ)

which guarantees that πG(ĥĝ−1) ∈ GπC (μ). Therefore, by (67), πG(ĥĝ−1) · (πG(ĝ),
�̄(ĝ−1, μ) + ν) = (πG(ĥ), �̄(ĥ−1, μ) + ν ′) and hence π [μ](πG(ĝ), �̄(ĝ−1, μ) + ν) =
π [μ](πG(ĥ), �̄(ĥ−1, μ) + ν ′), which shows that φ is injective. A standard argument using
local sections of πC and of G� → G�/(G�)[μ] (see proof of Theorem 6.7) shows that φ
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has smooth local inverses and it is hence a diffeomorphism. The Poisson character of φ is a
straightforward verification. �

Example 6.11. In order to illustrate how to explicitly implement the constructions introduced
in this section we will carry them out for the cotangent bundle of a four-torus whose canonical
symplectic structure has been modified with the invariant magnetic term induced by the Lie
algebra two-cocycle �: R4 × R4 → R given by the matrix

� =

⎛⎜⎜⎜⎜⎝
0 0 −1 −√

2

0 0 0 0

1 0 0 0√
2 0 0 0

⎞⎟⎟⎟⎟⎠ .

The entries in this matrix have been chosen in such a way that we obtain a Hamiltonian
holonomy group that is not closed in the dual of the Lie algebra. We will compute a cylinder
valued momentum map for the canonical T4-action on (T ∗T4, ω�) as well as the associ-
ated reduced spaces that, as we will see, are all identical despite the non-closedness of the
Hamiltonian holonomy in R4.

We write G := T4 and denote by g = R4 its Lie algebra. We start by noting that the
one-dimensional central extension g� = R4 ⊕ R of g is integrated by the Heisenberg group
G� = R4 ⊕ R with multiplication given by

(u, a) · (v, b) : =
(

u + v, a + b − 1

2
�(u, v)

)
= (u + v, a + b − u1v3 −

√
2u1v4 + u3v1 +

√
2u4v2),

with (u, a), (v, b) ∈ G� . An easy calculation shows that for any (u, a) ∈ G� and (ξ, s) ∈ g� ,

Ad(u,a)(ξ, s) = (ξ, s − �(u, ξ )).

Consequently, in view of Proposition 4.4, the g∗-valued one-cocycle μ� : G� → g∗ asso-
ciated to � is given by μ�(u, a) = �(·, u), (u, a) ∈ G� . Using Proposition 6.1 (iii) and
Proposition 6.3 it is easy to see that the Hamiltonian holonomy H of our setup is given by

H = (Z +
√

2Z) × {0} × Z(1,
√

2),

which is clearly not closed in R4 since H̄ = R × {0} × Z(1,
√

2). In order to write down a
cylinder valued momentum map for our example we start by noting that the map R4/H̄ →
R2 × S1 given by [a, b, c, d] �−→ (b, 1

3 (d − √
2c), e2π i/3(c+√

2d)) is a group isomorphism and

hence we can write πC (a, b, c, d) = (b, 1
3 (d − √

2c), e2π i/3(c+√
2d)). Consequently, since the

map πG : G� → G is given by (u, a) �→ (e2π iu1 , . . . , e2π iu4 ), we have by Theorem 6.5 that the
map K: T4 × R4 → R2 × S1 defined by K(g, η) := πC (η + μ�(−u)) = πC (η − �(·, u)) is
a cylinder valued momentum map for the T4-action on (T ∗T4, ω�); in this definition, the
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elements g ∈ T4 and u ∈ R4 are related by the equality g = (e2π iu1 , . . . , e2π iu4 ). We can be
even more specific by writing

K((e2π iu1 , . . . , e2π iu4 ), η) =
(

η2,
1

3
(η4 −

√
2u1 −

√
2(η3 − u1)), e(2π i/3)(η3−u1+

√
2(η4−

√
2u1))

)
.

We now compute the reduced spaces. We start by noticing that in this particular case the Lie
algebra n := (Lie(H̄))◦ = {0} × R3. The subgroup N = {e} × T3 ⊂ T4 clearly has n as Lie
algebra. Let now [μ] ∈ R4/H̄ � R2 × S1 be arbitrary. We have

N[μ] = {n ∈ N | �(n, [μ]) = [μ]} = {n ∈ N | πC (μ�(n̂)) = 0, πG(n̂) = n} = N .

A similar computation shows that G[μ] = N = N[μ]. Consequently, the Poisson M [μ] and
symplectic M[μ] reduced spaces coincide. Moreover, by Theorem 6.9 they are naturally
Poisson diffeomorphic to G� · μ + H̄ = μ + μ�(G�) + H̄. It can be checked that, in this
particular case, H̄ ⊂ μ�(G�) and hence, by Theorem 6.7,

μ + μ�(G�) + H̄ = μ + μ�(G�) = G� · μ � Mρ.

Consequently,

M[μ] = M [μ] � Mρ � μ + μ�(G�) = μ + (R × {0} × R(1,
√

2)).

Appendix: The relation between Lie group and cylinder valued momentum maps

The cylinder valued momentum maps are closely related to the Lie group valued momentum
maps introduced in [1, 9, 11, 12, 16]. We give the definition of these objects only for Abelian
symmetry groups because in the non-Abelian case these momentum maps are defined on
spaces that are neither symplectic nor Poisson (they are referred to as quasi-Hamiltonian
spaces [1]).

Definition A.1. Let G be an Abelian Lie group whose Lie algebra g acts canonically on the
symplectic manifold (M, ω). Let (·, ·) be some bilinear symmetric nondegenerate form on
the Lie algebra g. The map J: M → G is called a G-valued momentum map for the g-action
on M whenever

iξM ω(m)(vm) = (Tm(LJ(m)−1 ◦ J)(vm), ξ ), (A.1)

for any ξ ∈ g, m ∈ M , and vm ∈ Tm M .

Proposition A.2. Let G be an Abelian Lie group whose Lie algebra g acts canonically on the
symplectic manifold (M, ω). Let J: M → G be a G-valued momentum map for this action.

(i) The fibers of J: M → G are invariant under the Hamiltonian flows corresponding to
g-invariant Hamiltonian functions.

(ii) ker TmJ = (g · m)ω for any m ∈ M.
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Proof:

(i) Let Ft be the flow of the Hamiltonian vector field Xh associated to a g-invariant function
h ∈ C∞(M)g. By the defining relation (A.1) of the Lie group valued momentum maps
we have for any m ∈ M and any ξ ∈ g((
TJ(Ft (m)) LJ(Ft (m))−1 ◦ TFt (m)J

)
(Xh(Ft (m))), ξ

) = (
TFt (m)

(
LJ(Ft (m))−1 ◦ J))(Xh(Ft (m))

)
, ξ

)
= iξM ω(Ft (m)))(Xh(Ft (m))) = −dh(Ft (m)))(ξM (Ft (m))) = 0.

Consequently, (
TJ(Ft (m)) LJ(Ft (m))−1 ◦ TFt (m)J

)
(Xh(Ft (m))) = 0

and hence TFt (m)J(Xh(Ft (m))) = 0, which can be rewritten as

d

dt
(J ◦ Ft ) (m) = 0.

The arbitrary character of t and m implies that J ◦ Ft = J|Dom(Ft ), as required.
(ii) A vector vm ∈ ker TmJ if and only if TmJ(vm) = 0. This identity is equivalent to

((TJ(m) LJ(m)−1 ◦ TmJ)(vm), ξ ) = 0, for any ξ ∈ g and, by (A.1), to iξM ω(m)(vm) = 0, for
all ξ ∈ g, which in turn amounts to vm ∈ (g · m)ω. �

Lie group and cylinder valued momentum maps. We start with a proposition that states
that any cylinder valued momentum map associated to an Abelian Lie algebra action whose
corresponding holonomy group is closed can be understood as a Lie group valued momentum
map.

Proposition A.3. Let (M, ω) be a connected paracompact symplectic manifold and g an
Abelian Lie algebra acting canonically on it. Let H ⊂ g∗ be the holonomy group associated
to the connection α in (1) and (·, ·): g × g → R some bilinear symmetric nondegenerate form
on g. Let f : g → g∗ be the isomorphism given by ξ �−→ (ξ, ·), ξ ∈ g and T := f −1(H). The
map f induces an Abelian group isomorphism f̄ : g/T → g∗/H by f̄ (ξ + T ) := (ξ, ·) + H.
Suppose that H is closed in g∗ and define J := f̄ −1 ◦ K: M → g/T , where K: M → g∗/H
is a cylinder valued momentum map for the g-action on (M, ω). Then

iξM ω(m)(vm) = (
Tm

(
LJ(m)−1 ◦ J

)
(vm), ξ

)
, (A.2)

for any ξ ∈ g and vm ∈ Tm M. Consequently, the map J: M → g/T constitutes a g/T -valued
momentum map for the canonical action of the Lie algebra g of (g/T , +) on (M, ω).

Proof: We start by noticing that the right-hand side of (A.2) makes sense due to the closedness
hypothesis on H. Indeed, this condition and the fact that H is zero-dimensional due to the
flatness of α imply that g∗/H, and therefore g/T , are Abelian Lie groups whose Lie algebras
can be naturally identified with g∗ and g, respectively. This identification is used in (A.2),
where we think of Tm(LJ(m)−1 ◦ J)(vm) ∈ Lie(g/T ) as an element of g.

In what follows we will use the following notation: if μ ∈ g∗ arbitrary, denote by ξμ ∈ g

the unique element such that μ = (ξμ, ·).
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We now compute TmJ(vm). Let μ + H := K(m) and hence J(m) = ξμ + T . Now, by
Theorem 2.3 (ii) we have

TmJ(vm) = Tm( f̄ −1 ◦ K) (vm) = Tμ+H f̄ −1(TmK(vm)) = Tμ+H f̄ −1(TμπC (ν)),

where the element ν ∈ g∗ is given by

〈ν, η〉 = iηM ω(m)(vm), for all η ∈ g. (A.3)

Since ( f̄ −1 ◦ πC )(ρ) = ξρ + T for any ρ ∈ g∗, we can write

Tμ+H f̄ −1(TμπC (ν)) = Tμ( f̄ −1 ◦ πC )(ν) = d

dt

∣∣∣∣
t=0

( f̄ −1 ◦ πC )(μ + tν)

= d

dt

∣∣∣∣
t=0

(ξμ + tξν + T ).

Hence,

TmJ(vm) = d

dt

∣∣∣∣
t=0

(ξμ + tξν + T ) ∈ Tξμ+T (g/T ).

Now, (
Tm(LJ(m)−1 ◦ J)(vm), ξ

) = (
TJ(m) LJ(m)−1 (TmJ(vm)), ξ

)
=

(
d

dt

∣∣∣∣
t=0

(−ξμ + T ) + (ξμ + tξν + T ), ξ

)
= (ξν, ξ ) = 〈ν, ξ〉 = iξM ω(m)(vm),

where the last equality is a consequence of (A.3). �

Lie group valued momentum maps produce closed Hamiltonian holonomies. So far we have
investigated how cylinder valued momentum maps can be viewed as Lie group valued mo-
mentum maps. Now we shall focus on the converse relation, that is, we shall isolate hypotheses
that guarantee that a Lie group valued momentum map naturally induces a cylinder valued
momentum map.

Theorem A.4. Let (M, ω) be a connected paracompact symplectic manifold and g an
Abelian Lie algebra acting canonically on it. LetH ⊂ g∗ be the Hamiltonian holonomy group
associated to the connection α in (1) associated to the g-action and let (·, ·): g × g → R be
a bilinear symmetric nondegenerate form on g. Let f : g → g∗, f̄ : g/T → g∗/H, and let
T := f −1(H) be as in the statement of Proposition A.3. Let G be a connected Abelian Lie
group whose Lie algebra is g and suppose that there exists a G-valued momentum map A:
M → G associated to the g-action whose definition uses the form (·, ·).
(i) If exp: g → G is the exponential map, then

H ⊂ f (ker exp). (A.4)

(ii) H is closed in g∗.
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Let J := f̄ −1 ◦ K: M → g/T , where K: M → g∗/H is a cylinder valued momentum map
for the g-action on (M, ω). If f (ker exp) ⊂ H, then J: M → g/T = g/ ker exp � G is a
G-valued momentum map that differs from A by a constant in G.

Conversely, if H = f (ker exp), then J: M → g/ ker exp � G is a G-valued momentum
map.

Remark A.5. The presence of a Lie group valued momentum map associated to a canonical
Lie algebra action does not imply the reverse inclusion in (A.4). A simple example that
illustrates this statement is the canonical action of a two torus T2 on itself via

(eiφ1 , eiφ2 ) · (eiθ1 , eiθ2 ) := (
ei(θ1+φ1), eiθ2

)
,

where we consider the torus as a symplectic manifold with the area form. A straightforward
computation shows that the surface

T̃2 := {((eiθ1 , eiθ2 ), (θ2, 0)) ∈ T2 × R2 | θ1, θ2 ∈ R},

is the holonomy bundle containing the point ((e, e), (0, 0)) ∈ T2 × R2 associated to the con-
nection that defines the corresponding cylinder valued momentum map. This immediately
shows that H = Z × {0} while f (ker exp) = Z × Z which is clearly not contained in H.

Proof: Here we give proof of the theorem. We start by assuming that the g-action on
(M, ω) has an associated G-valued momentum map A: M → G and we will show that
H ⊂ f (ker exp).

Let μ ∈ H. The definition of the holonomy group H implies the existence of a piecewise
smooth loop m: [0, 1] → M at the point m, that is, m(0) = m(1) = m ∈ M , whose horizontal
lift m̃(t) = (m(t), μ(t)) starting at the point (m, 0) satisfies μ = μ(1). The horizontality of
m̃(t) implies that

〈μ̇(t), ξ〉 = iξM ω(m(t)) (ṁ(t)) = (
Tm(t)(LA(m(t))−1 ◦ A

)
(ṁ(t)), ξ ),

for any ξ ∈ g or, equivalently,

μ̇(t) = f
(

d

ds

∣∣∣∣
s=0

A(m(t))−1A(m(s))

)
. (A.5)

Fix t0 ∈ [0, 1]. Since the exponential map exp: g → G is a local diffeomorphism, there exists
a smooth curve ξ : It0 := (t0 − ε, t0 + ε) → g, for ε > 0 sufficiently small, such that for any
s ∈ (−ε, ε)

A(m(t0 + s)) = exp ξ (t0 + s)A(m(t0)). (A.6)
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We now reformulate locally the expression (A.5) using the function ξ : It0 → g. Let τ, σ ∈
(−ε, ε) be such that t = t0 + τ and s = t0 + σ . Expression (A.5) can be rewritten in It0 as

d

dτ
μ(t0+τ ) = f

(
d

dσ

∣∣∣∣
σ=τ

A(m(t0 + τ ))−1A(m(t0 + σ ))

)
= f

(
d

dσ

∣∣∣∣
σ=τ

exp(−ξ (t0 + τ )) exp ξ (t0 + σ )A(m(t0))−1A(m(t0))

)
= f

(
d

dσ

∣∣∣∣
σ=τ

exp (ξ (t0 + σ ) − ξ (t0 + τ ))

)
= f

(
T0 exp

(
d

dσ

∣∣∣∣
σ=τ

(ξ (t0 + σ ) − ξ (t0 + τ ))

))
= f

(
d

dσ

∣∣∣∣
σ=τ

(ξ (t0 + σ ) − ξ (t0 + τ ))

)
= f

(
d

dσ

∣∣∣∣
σ=τ

ξ (t0 + σ )

)
= f

(
d

dτ
ξ (t0 + τ )

)
,

which shows that for any t ∈ It0

μ̇(t) = f (ξ̇ (t)). (A.7)

We now cover the interval [0, 1] with a finite number of intervals I1, . . . , In such that in each
of them we define a function ξi : Ii → g that satisfies (A.6) and (A.7). We now write Ii =
[ai , ai+1], with i ∈ {1, . . . , n}, a1 = 0, and an+1 = 1. Using these intervals, since μ(0) = 0,
we can write

μ = μ(1) =
∫ 1

0
μ̇(t) dt =

∫
I1

μ̇(t) dt + · · · +
∫

In

μ̇(t) dt

= f
(∫

I1

ξ̇1(t) dt + · · · +
∫

In

ξ̇n(t) dt
)

= f (ξ1(a2) − ξ1(a1) + · · · + ξn(an+1) − ξn(an)) . (A.8)

The construction of the intervals Ii , i ∈{1, . . . , n} implies that A(m(ai ))=exp ξi (ai ) ×
A(m(ai )). Hence

exp ξi (ai ) = e (A.9)

and hence ξi (ai ) ∈ ker exp for all i ∈ {1, . . . , n}. We also have that

A(m(1)) = A(m(an+1)) = exp ξn(an+1)A(m(an)) = exp ξn(an+1) exp ξn−1(an)A(m(an−1))

= exp ξn(an+1) exp ξn−1(an) · · · exp ξ1(a2)A(m(a1))

= exp(ξ1(a2) + · · · + ξn(an+1))A(m(0)).
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Since m(0) = m(1) = m we have A(m(0)) = A(m(1)) and therefore exp(ξ1(a2) + · · · +
ξn(an+1)) = e, which implies that ξ1(a2) + · · · + ξn(an+1) ∈ ker exp. If we substitute this
relation and (A.9) in (A.8) we obtain that μ ∈ f (ker exp), which proves the inclusion
H ⊂ f (ker exp).

We now show that H is closed in g∗. The inclusion H ⊂ f (ker exp), the closedness of
ker exp in g, and the fact that f is an isomorphism of Lie groups imply that

H̄ ⊂ f (ker exp) = f (ker exp).

Because G is Abelian, ker exp is a zero-dimensional Lie subgroup of (g, +) and hence H̄ is
a zero-dimensional Lie subgroup of g∗. This implies that H̄ ⊂ H. Indeed, for any element
μ ∈ H̄ there exists an open neighborhood Uμ ⊂ g∗ such that Uμ ∩ H̄ = {μ} (H̄ is zero-
dimensional). As μ ∈ H̄ we have that ∅ �= Uμ ∩ H ⊂ Uμ ∩ H̄ = {μ}, which implies that
μ ∈ H. This shows that H = H̄ and therefore that H is closed in g∗.

Assume now that f (ker exp) ⊂ H. The hypothesis on the existence of a Lie group valued
momentum map implies, via the inclusion (A.4) that we just proved, that f (ker exp) = H and
that H is closed in g∗. Proposition A.3 implies that J: M → g/ ker exp � G is a G-valued
momentum map for the g-action on (M, ω). We now show that A and J differ by a constant
in G. The expression (A.1) for A and (A.2) for J imply that for any ξ ∈ g and any vm ∈ Tm M
we have (

Tm
(
LA(m)−1 ◦ A

)
(vm), ξ

) = iξM ω(m) (vm) = (
Tm

(
LJ(m)−1 ◦ J

)
(vm), ξ

)
,

which implies that T J = T A. Since the manifold M is connected we have that A and J

coincide up to a constant element in G.
The last claim in the theorem is a straightforward corollary of Proposition A.3. �
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Géométrie, I, Publ. Dép. Math. Nouvelle Sér. B 88-1, Univ. Claude-Bernard, Lyon, pp. 131–160 (1988)
7. Cushman, R., Sniatycki, J.: Differential structure of orbit spaces. Canad. J. Math. 53(4), 715–755 (2001)
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