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Abstract

The symplectic and Poisson structures on reduced phase spaces are reviewed, including the
symplectic structure on coadjoint orbits of a Lie group and the Lie-Poisson structure on the dual
of a Lie algebra. These results are applied to plasma physics. We show in three steps how the
Maxwell-Vlasov equations for a collisionless plasma can be written in Hamiltonian form relative
to a certain Poisson bracket. First, the Poisson-Vlasov equations are shown to be in Hamiltonian
form relative to the Lie-Poisson bracket on the dual of the (finite dimensional) Lie algebra of
infinitesimal canonical transformations. Then we write Maxwell’s equations in Hamiltonian
form using the canonical symplectic structure on the phase space of the electromagnetic fields,
regarded as a gauge theory. In the last step we couple these two systems via the reduction
procedure for interacting systems. We also show that two other standard models in plasma
physics, ideal MHD and two-fluid electrodynamics, can be written in Hamiltonian form using
similar group theoretic techniques.

Introduction

This paper describes some recent work of Morrison [1980] and Marsden and Weinstein [1982a] on
a Hamiltonian structure for the Maxwell-Vlasov equations of plasma physics, similar structures for
two-fluid electrodynamics found by Spencer and Kaufman [1982] and Spencer [1982], and structures
for magnetohydrodynamics (MHD) found by Morrison and Greene [1980], Holm and Kupershmidt
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[1983], and Marsden, Ratiu, and Weinstein [1983]. These different structures are all consistent: one
can pass from the Maxwell-Vlasov bracket to the fluid bracket by a Poisson map constructed in a
natural way using the momentum map of a group action, and it is expected that one can pass to
MHD by a limiting argument consistent with the brackets in the framework of Weinstein [1983].

We shall include some of the necessary backgound material concerning symplectic and Poisson
manifolds, symmetry groups, and momentum mappings. For alternative expositions and additional
topics, see Abraham and Marsden [1978], Arnold [1978], Guillemin and Sternberg [1980] and Marsden
and Weinstein [1982a]. We have not included in this paper discussions of Clebsch or canonical
variables. We refer to Holm and Kupershmidt [1983], Marsden and Weinstein [1982b] and Marsden,
Ratiu and Weinstein [1983] for this topic. We also have not included a rigorous function space
setting for the results. A third topic not included here is incompressible fluids. For this, we refer to
Marsden and Weinstein [1982b] and references therein.

Hamiltonian structures for classical systems are useful for several purposes. As in Arnold’s
original work [1966a, 1966b, 1969] on the rigid body and fluids, these structures can be used for
stability calculations. In doing so, one must take into account the symmetry group and associated
conserved quantities or constraints. A general context for such calculations is given in Marsden and
Weinstein [1974]. There should be several interesting examples of the same type for the systems
considered in this paper.

Another use for Hamiltonian structures is in studying perturbations of a given system. The
perturbation may introduce chaotic motions as in Holmes and Marsden [1983]. Alternatively, one
may wish to study the averaged effects of high frequency interactions such as ponderomotive forces
and guiding center motion (see, for example, Kaufman, McDonald and Omohundro [1982]). These
topics are currently under investigation.

A third use for Hamiltonian structures is in understanding the classical-quantum relationship.
In fact, noncanonical brackets like ours, but for quantum observables, were already introduced in
the context of current algebras by Dashen and Sharp [1968]. The corresponding semidirect product
groups, as in our work in §9, were identified by Goldin [1971], and their representations have been
investigated recently by Goldin, Menikoff, and Sharp [1980]. Dashen and Sharp remark that <<
Physical theories which are written in terms of variables that are not canonical sometimes lack a
mathematical elegance possessed by canonical theories. However, physics, rather than the elegance
of canonical variables is the final test.>> We believe that the developments of the last few years
display noncanonical variables as being just as elegant as canonical ones.

A Poisson bracket for special relativistic plasmas which agrees with ours in the nonrelativistic
limit has been recently obtained by Bialynicki-Birula and Hubbard [1982]. They also point out
that the brackets for electrodynamics go back to Pauli [1933] and Born and Infeld [1935], and that
Pauli also gives brackets for interacting discrete particles and electromagnetic fields. A canonical
formulation of relativistic hydrodynamics was given by Bialynicki-Birula and Iwiriski [1973]. In none
of these references are the Poisson brackets derived from canonical brackets as we do.

1 Momentum Mappings

Let (P,w) be a symplectic manifold (possibly infinite dimensional), where w is closed and weakly
nondegenerate, i.e., the map w® : TP — T*P defined by w’(v) - w = w(v,w),v,w € TP, is one-to-
one. Let G be a Lie group (possibly infinite dimensional) which acts on P by maps ®, : P — P
which are symplectomorphisms; i.e., Pjw = w for all g € G. Let g be the Lie algebra of G. Each
¢ € g induces a one-parameter subgroup g = exp(t{) € G. The infinitesimal generator {p of the
action ®, corresponding to £ € g is defined by

d

Ep(x) = E@exptﬁ(x) , v EeP
=0



Because ® is symplectic ®,, is a one-parameter family of canonical transformations, and so the
vector field {p is locally Hamiltonian. Suppose in fact that it has a global Hamiltonian function
which we denote J(§) (defined in this way up to a constant), and we write {p = Xf(g)' We thus

obtain a mapping E g — C*°(P), such that
X = _ 4 P
jo@ =¢p(z) = - . oxp 16 (€)
or R
d(J(§)) = igpw.

The significance of this definition is the following:

Proposition 1.1 Let H : P — R be G-invariant, that is H(®4(x)) = H(z) for all x € P,g € G.

~

Then J(§) is a constant of the motion for the dynamics generated by H.

Proof
(IO o) = dH@) X5, (@) = dH@) - 5 ()
d d
T o (H (®exp 1e(z)) = i - H(z) =0
QED

~

Since the condition d(J(§)) = i¢pw is linear in &, there is often a map J : P — g*, where

g* denotes the dual of the Lie algebra g, such that J(z) £ = J(§)(x). The map J is called the
momentum mapping for the action ®.

Remarks

1. The existence of a symplectic action does not always imply the existence of a momentum
mapping; not every locally Hamiltonian vector field is globally Hamiltonian.

2. Care is needed in the topology used to construct g* in the infinite dimensional case. Usually
g* is taken to be a convenient function space which is paired with g, and is not necessarily the
strict dual.

If w = df is an exact symplectic structure, and the action ® preserves the one form 6, i.e., P30 = 0,
for all g € G, then there exists a momentum map J given by J(z) - & = 0(¢p)(z). For example, this
is the case for extended point transformations. Indeed, let G act on a manifold @) by transformations
®, : @ — @, and define the lifted action to the cotangent bundle (®,). : T*Q — T*Q, by pushing
forward one forms: (®,)«(a) -v = (TP, - v) where o € T;Q and v € Ty, (5Q. The lifted action
preserves the canonical one-form on T*@Q and the momentum mapping for this (lifted) action is
given by
J(ag) € =0aq-&o(q), aq € T;Q'
where {q is the infinitesimal generator of the action ® on Q).
A basic fact about momentum mappings follows immediately from Proposition 2.1.

Corollary 1.2 (Geometric Noether theorem): Let J be a momentum mapping for the symplectic
action ® of G on (P,w). Then J is a constant of motion for any G-invariant Hamiltonian H; that

is, if Fy is the flow of H, then

J(Fi(z)) = J(x), forall x€P.



A Hamiltonian action is a symplectic action with an Ad*-equivariant momentum map J, that is
J(®y(x)) = Ady-1(J(z)) forall ze€ Pged,

where Ad;—l = (Ad,-1)* is the coadjoint action of G on g*. For connected groups the global

condition of equivariance is equivalent to the local condition that the map E g — C*°(P) defined

by J(§)(x) = J(x)-£ be a Lie algebra homomorphism with respect to the Poisson bracket on C*°(P);
that is

~ ~

J((&,m) = {T(€), T(n)} forall &neag.

For example, extended point transformations automatically give Hamiltonian actions.

Proposition 1.3 Let G act transitively on (P,w) by a Hamiltonian action. Then J(P) C g* is a
coadjoint orbit and J is a covering map from P onto J(P).

Proof Since ® is transitive, for every x,y € P thereis a g € G such that ®,(z) = y. Thus J(P) =
{J(z) |z € P} = {J(®4(2)) | g € G} and Ad*-equivariance implies that J(P) = {Ad,-.(J(w0))
g € G} is the coadjoint orbit through J(zg), where 2y € P arbitrary. QED

If G is not transitive, J(P) will be a union of coadjoint orbits. For example if P = T*G and G
acts by left translation, then .J is surjective (see §3 below).

Remark The material in this section appears in local form in Lie [1890]. The global results are due
to Kostant [1970] and Souriau [1970].

2 Reduction

Let ® be a Hamiltonian action of G on (P,w) and fix a point u € g*. By Proposition 2.1, J~(u) =
{z € P| J(x) = p} is invariant under the motion of any G-invariant Hamiltonian, i.e., the motion
stays in J~!(u). For systems with symmetry, therefore, J~1(y) C P is an invariant set for the
dynamics. If u € g* is a regular value of J : P — g*, then J~!(u1) is a submanifold of P (with codim
J~ () = dim g, in finite dimensions).

The phase space can be further reduced if we divide J~(u) by as much of G as leaves J~1(u)
invariant, that is, by the coadjoint isotropy group {g € G | Ad;-.(u) = p} = G,. The quotient
space J1(u)/G,, is a smooth manifold provided that p is a regular value of J, and that G, acts
properly and freely on J~*(u). We shall assume this here. The manifold P, = J~(u)/G,, called
the reduced phase space, turns out to be symplectic.

Theorem 2.1 (Marsden and Weinstein [197] and Meyer [1973]). There is a unique symplectic
structure w, on P, consistent with the structure w on P; that is

* g%
T, Wy = 1,w,

where i, : J71(p) — P is the inclusion and m, : J= (pn) — P, = J =1 (n)/G,, is the projection:

T () — e (Pw)

(P, wp)



The symplectic structure w,, on P, is constructed in the following way. Let s € P, and v,w € Ty P,
be two tangent vectors. To calculate w, (v, w) we select any = € 7, '(s) C J~'(u); then there
exist tangent vectors v, w’ € T,(J '(u)) such that v = Tym,(v') and w = Tym,(w'). We set
wu(s)(v,w) = w(x)(v',w'), where w(z) is identified with the restriction of w(z) to T (J~*(u)). One
can check that this gives a well defined symplectic form w,, with the desired property.

Description of the reduced form in terms of Poisson brackets

Since w,, is a symplectic structure on P, it defines a Poisson bracket {, },, on the space of C*>
functions C’OO( ). Let F,G € C*(P,); we want to compute their Poisson bracket {F G},. First

define F,G on J~ !(u), which are constant on G,,-orbits. Now smoothly extend F,G, to functions
F.,G. on all of P. The Poisson bracket {Fe, G. } € C°(P) is defined in terms of w; restrict it to
J~ (). One finds that this restriction {F,, G }| ;- 1() 18 independent of the extension used, so that
it may be written as {F,G}, and that furthermore as ®, is symplectic, {F,G} is constant along
orbits. This implies that {ﬁ , é} defines a function {F,G}, on the reduced phase space P, such

that {F,G} = {F, G}, om,. This defines a Poisson bracket on P,, which may be shown to be that
associated with w,,.

Dynamics on the reduced phase space P,

Let H : P — R be a G-invariant Hamiltonian on P. There is a well defined Hamiltonian
H,:P,— Ron P, such that H,om, = Ho4,. As real valued functions, H and H,, define flows F;
and F}' on J~!(p) and P, respectively. From this and the construction of w,, we get the following.

Theorem 2.2 The projection onto P, of the integral curves under H in J~'(u) are the integral
curves for the dynamics in P, determined by H,,. Thus we have 7, o Fy = F}' o, i.e.,

Fy
J () J ()
m um
P, P,
Ff

commutes.

In terms of the corresponding Hamiltonian vector fields Xy on P and Xp, on P, this says that
Xy and Xp, are m,-related:



TmyoXy =Xy, omy,te., TP TP,
Xg XH,
T
P a P,
H H,
R

Equivalently, in terms of Poisson brackets we can write
{F, G}M 0Ty = {Fe,Ge}o iy
using the notation above in our discussion of the description of the reduced form in Poisson brackets.

Corollary 2.3 The equations of motion F= {F,H} on P reduce to the equations of motion Fu =
{F,,H,},, on P,.

3 Coadjoint Orbits

We shall now indicate how coadjoint orbits are a special case of reduced phase spaces; their symplectic
structure coincides with the classical Lie-Kirillov-Kostant-Souriau form. The Lie group G acts on
itself by left translations L, : G — G, Ly(h) = gh,g,h € G. The induced lifted action on T*G is
Hamiltonian and has the momentum map

J:T*G — g* :ng — (TeRy)"ny

for which each p € g* is a regular value. Because each fiber Ty G C T*G is (right) translated onto
g* by J, for a given u € g* there will be exactly one point 7, € T;G that maps to p. Thus

J N w) ={ng € T*G | J(n) = (TeRy) g = p}.

Then, defining the right-invariant one-form 7, on G according to 7, (g) = 1y, where n,(€e) = n. = p,
it follows that

I ) = {(9:14(9)) | 9 € G}
is the graph of 7n,. It is easy to see that the isotropy group G, of the coadjoint action is

Gy:{ge G|L;n# :77#}7

so G, acts on J~!(u) by left translation of the base points. Now J~'(u) = G according to
(9,mu(g)) — g~ '. Further, denoting by 0,, the orbit of x under the coadjoint action, G/G, =0, via
pulg) = Adgy-:(u) where p, : G — G/G,, is the canonical projection. Hence

P, =0, via mu(nu(9)) — Ady(p)

for all g € G. That is, the reduced phase space P, can be identified with the coadjoint orbit through
w. Thus, by Theorem 3.1, the coadjoint orbits are symplectic manifolds. This is the statement of
the Kirillov-Kostant-Souriau theorem. In order to compute the symplectic structure w, on P, = 0,,
note that tangent vectors to the coadjoint orbit 0, at 5 € 0, are given by (ad £)*3 for £ € g, where



(ad&)* : g* — g* is the dual of the linear map (ad§) : g — g defined by (ad &)(n) = [¢,7],n € g,
where [,] is the Lie algebra bracket on g. If one traces through the definitions, one finds that (note
the minus sign)

wu(B)((ad §) B, (adn)*B) = —(B, €, ),

where £,n € g, € 0,,, and (,) denotes the pairing between g* and g. This is the canonical Lie-
Kirillov-Kostant-Souriau symplectic structure on coadjoint orbits. If one begins with the right action
of G on G then one arrives at the same formula with << — >> replaced by << + >>. Finally, we
remark that the reduced space P, is naturally identifiable with J~'(0,)/G; see Marle [1976].

4 Poisson Brackets on Duals of Lie Algebras

Let G be a Lie group, g its Lie algebra, and g* the dual space to g. The pairing between g* and
g is denoted by (,). We wish to define a bracket {F,G} for functions F,G : g* — R which was
discovered by Lie [1890] and rediscovered by Berezin [1967] and others. There are three ways to do
this:

METHOD 1. (Direct). We just write down the formula {F,G}.
The formula depends on the notation of << functional >> derivatives defined as follows. For
F :g* — R, define F/du € g, where p € g*, by

DF(ILL)-I/—<V,(Z_—F> forall veg*,
w

i.e., we formally identify g** with g so that DF(u) € g** becomes an element of g (one has to take
due precautions in infinite dimensions with the meaning of dual spaces). Then the bracket is defined

b oF 6G
wam =-(u[5.5]).

where [,] is the Lie algebra bracket on g. This bracket, called the << — >> Lie-Poisson bracket
defines a Poisson structure on g*; that is {F, G} is bilinear and antisymmetric, satisfies Jacobi’s
identity, and is a derivation in each argument.

METHOD 2. (Restriction). We can use the Lie-Kirillov-Kostant-Souriau symplectic forms on coad-
joint orbits to define the bracket on g*. From our discussion on coadjoint orbits, it follows that g*
is a disjoint union of symplectic manifolds. For F, G : g* — R a Poisson bracket is thus defined by

{F,G}(u) = {F|OH7G|OM}M(M)

where p € g*,0, is the coadjoint orbit through p, F' | 0, is the restriction of F to 0,, and {, }, is
the Poisson bracket on 0, defined by w,,.

The bracket defined by Method 2 is clearly degenerate, (functions constant on coadjoint orbits
have zero bracket with every function); however, it determines a symplectic << foliation >> : on
each leaf {, },, is nondegenerate. The leaves are just the coadjoint orbits (0,,w,), 1t € g*.

METHOD 3. (Extension). Given functions F,G : g* — R, extend them to maps ﬁ, G:T"G—R
by left invariance, regarding g* as T G. Then, using the canonical Poisson bracket {,} on T*G,

form {ﬁ, CA?} Finally restrict {ﬁ, @} to T)G = g*:

{Fv G} = {ﬁvéﬂg*



Theorem 4.1 The formulas in methods 1, 2 and 3 define the same Poisson structure on g*.

This result is implicit in the literature cited in the introduction and may be readily proved by
the reader.
If we reduced T*G using right rather than left translations, we would have arrived at the <<

+ >> Lie Poisson bracket:
OF 6G
F,G = —, — ).
{F, G} <M’{5u’5u]>

If there is danger of confusion, we denote the respective brackets by {F,G}_ and {F,G}.
The Lie-Poisson evolution equations for a function H_ € C*°(g*) (for the << — >> Lie Poisson
structure, say) are determined by
F={FH_}_.

These equations are equivalent to the evolution equations
f=Xn_(n)

on g*. To determine Xp_, write

F(u) = DF(u) - o = <u, 5—F>

= 2]~ )

where aden = [€, 7] is the adjoint operator. Thus we get

and

Xu_ () = adsu_p

Sp

where adz 1 g* — g* is the transpose of ad¢ relative to the pairing between g* and g (depending on
the choice of function spaces, transposes may be taken in the sense of unbounded operators, as in
Chernoff and Marsden [1974]).

We summarize the calculations just given as follows:

Theorem 4.2 If H : T*G — R is a left invariant Hamiltonian and H_ : g* — R s the induced
function on g*, then the Hamiltonian evolution equations for H on T*G induce the Lie-Poisson
evolution equations

F={F,H_}_ on g

which are equivalent to
fr=Xpn_(p) =adsu_p.

op

The coadjoint orbits in g* are invariant under this evolution. (For right invariant systems, inter-
change + and —).

The notion of momentum map carries over to Poisson manifolds and in particular to duals of
Lie algebras as follows. A Poisson manifold is a manifold P together with a Lie algebra structure
{f,g} on C°°(P) that is a derivation in each of f and g. If P, and P, are Poisson manifolds with
corresponding brackets {, }1 and {, }2, a map ¢ : P, — P, is called a Poisson map if {fo¢,god}1 =
{f,g}ao¢ forall f,g e C°(P). Now let a Lie group G act on a Poisson manifold P by Poisson
maps. A Hamiltonian for this action is a homomorphism J : g — C°°(P) such that Xf(g) =¢p

~

for all £ € g. The momentum map is J : P — g*,(J(2),&) = J(§)(x). Conservation properties



are similar to the symplectic case. The quotient space P/G is the reduced Poisson manifold with
brackets defined as in the case of g* = T*G/G. Since P, ~ J~'(0,)/G, one sees that the symplectic
leaves of P/G are the reduced manifolds.

The next result will give a convenient way to generate Poisson maps. In it we distinguish left
and right actions and correspondingly g* with the 4 Lie-Poisson bracket by writing g* and g7 in
the respective cases. This left-right duality is important and will be elaborated below. For example,
the rigid body and heavy top are left invariant systems, whereas the continuum systems treated here
are right invariant. As D. Fried pointed out to us, some interesting systems such as the classical
gravitating fluids (of Poincaré, Jacobi and Kirchhoff) have invariance on each side.

Proposition 4.3 Let Ji : P — g* be a momentum map for a left action of G on P. Then
Jr : P — g% is a Poisson map.

Likewise, if Jgr is the momentum map for a right action, then
Jr: P — g* is a Poisson map.

Proof By definition of the Lie-Poisson bracket,

(10 [2.2])
()

where 1 = J(z). Since J is a Lie algebra homomorphism,

(& 2o () 1D

The proof will be complete if we can show that

d(f(i—i)) =d(FolJ)

where §F/dp is regarded as a constant element of g evaluated at u = J(z). Indeed, we have

{F, G} (1)

d(FoJ)(a)-ve = dF(n)-(dJ(z)-v,)

- <cu(x>.vz,‘;_i>
d(f(i—i)) Uy = d(<J(:E),(;—1;>) Vg

— ()0 5

op

for v, € T, P. Also,

since 0F'/dp is regarded as a constant element of g. QED

Note that Ad*-equivariant momentum maps in the usual sense for actions on symplectic mani-
folds, are also momentum maps in the Poisson sense. In what follows, most of the momentum maps
we consider are standard ones from symplectic geometry (see Abraham and Marsden [1978], §4.2).



A consequence of the formula

d(f(i—i)) =d(FolJ)

proved above is the following fact about collective Hamiltonians. (cf. Marle [1976] and Guillemin
and Sternberg [1980]). (This holds for momentum maps associated with either left or right actions).

Corollary 4.4 Let F € C*(g*). Then

Xﬁﬂ@=(%}#m

where §F/dp is evaluated at p = J(x).

It is convenient for later purpose to be more explicit about the map by which the reduced space
is identified with g*, and the corresponding left-right duality. If L, and R, denote left and right
translation by g in G, these actions can be lifted to left and right actions on T*G as follows. Define

L:GxT"G—T"G,L(g,an) = (TynLy—1)"an

and
R: TG xG— T*G,R(ah,g) = (Tthg—l)*ah.

These two commuting actions have the (Ad*-equivariant) momentum maps

Jr TG — g%, Jr(ag) = (TeRg)* (ag) for L

and
Jr:T"G — g*, Jr(ag) = (TeLy)"(eg) for R.
Thus by 5.3,
JL TG — gi
and
Jr: TG — g*_

are Poisson maps. Moreover Jr, is R-invariant and Jg is L-invariant so that these maps induce
Poisson manifold diffeomorphisms on the corresponding quotient spaces

Jr: R\T*G — g’

Jr :T*G/L — g*
with inverses J; ' (1) = [ulr, J5 ' (1) = [1]r- ([og]r and o] 1, denote equivalence classes in R\T*G, T*G/L).
Denote the canonical projections by ny, : T*G/L, and 7 : T*G — R\T*G.

The symplectic leaves of g* are the coadjoint orbits. In g% the orbit Of through p € g* has the
Lie-Berezin-Kirillov-Kostant-Souriau symplectic form

wu(v)((ad §)*v, (adn)*v) = £(v, [€, 7))

where v € Of and £, € g. Hence the symplectic leaves of T*G/L are of the form jgl(O;), and
those of R\T*G are of the form jgl(Ol‘f). But it is easily seen that

JRH0,) =7 J N 0)),  JLN0)) =mrJEN0,)

and hence the symplectic leaves in 7#G//L and R\T*G are the reduced manifolds 77,.J, 1(0;:) and

WRJEI(O;) , where Off has the 4+ or — Lie-Poisson symplectic form. We summarize these results in
the following theorem.

10



Theorem 4.5 The Ad*-equivariant momentum maps Ji, and Jg for the actions L and R of G on
T*G induce Poisson manifold diffeomorphisms

Jp: R\T*G — g% and Jgp:T*G/L — g*

where g7 is endowed with the = Lie-Poisson bracket. The symplectic leaves in the quotient spaces
T*G/L and R\T*G are the reduced manifolds JL_l(Oj)/L, and R\J};l(();), where (1 € g* and Off is
the coadjoint orbit of G in g* through p with the & Lie-Poisson symplectic form.

In particular, note that the actions L and R form a dual pair in the sense that the reduced spaces
for one action are coadjoint orbits for the other, and we get the diagram

™ ™
R TG L

R\T*G T*G/L

JL JL JR JR

*

g4 g-

We can reformulate Theorem 5.2 in these terms as follows. Let H : T*G — R be a Hamiltonian
invariant under the lifted action L on T*G of the left translation on G. Then H induces a smooth
mapping Hy, : T*G/L — R, and hence the function H_ = Hj, o jjgl : g — R defines Lie-Poisson
equations on g*. Since Lie-Poisson equations have trajectories which remain in the coadjoint orbit
of their initial conditions, H; when restricted to the reduced manifolds ng(O:) /L where p € g*,
define Hamiltonian systems on these manifolds. Moreover, if F; denotes the flow of Xy and G}
is the flow of the Lie-Poisson equation defined by H_, we have G} o Jrom, = Jgomy o Fy. We
summarize these results in the following theorem.

Theorem 4.6 A left invariant Hamiltonian H : T*G — R canonically induces Lie-Poisson equa-
tions on g* defined by the Hamiltonian function H_ = Hp o jgl where Hp omp, = H. If F
denotes the flow of Xg and G; is the flow of the Lie-Poisson equations for H_ on g*, then
Gy oJrony = Jgpomy o Fy. The Hamiltonian HL|J£1(0:)/L where p € g*, induces a Hamil-
tonian system on the reduced manifold JL_l(Oj)/L. The same result holds if << left >> and
<< right >>, and << — >> and << + >> are interchanged.

5 Plasma Physics

In this section we apply the theory of Hamiltonian systems with symmetry to plasma physics. In
subsequent sections, we shall derive a Hamiltonian formulation, relative to certain Poisson brackets,
for the equations of motion in three different models for plasma physics: 1) the Maxwell-Vlasov
equations, 2) compressible fluids and MHD (magnetohydrodynamics) and 3) two-fluid plasma dy-
namics.

To motivate our derivation of the Hamiltonian structure for the equations of plasma physics, we
first discuss these equations here and provide a heuristic derivation rather than a detailed treatment.
The reader may wish to consult a text on the subject, such as Chen [1978] or Davidson [1972].

As a gas of electrically neutral molecules is heated, the molecules begin to dissociate into atoms
when the thermal energy exceeds the molecular binding energy. Further heating produces dissocia-
tion of the atoms themselves, called ionization, when even the binding energy of electrons to nuclei
is exceeded by particle thermal energies. The end product is called a (completely ionized) plasma.
Thus a plasma is a collection of various species, labeled by s, of charged particles with, say, mass
ms and charge q¢s.

11



According to the Lorentz force law of electrodynamics, the position x; and velocity v; of the i-th
charged particle of species s, are determined by

ii = U;
msi; = qs(E+v; x B)

where F and B are the electric and magnetic fields due to the positions and motions of the other
particles, possibly augmented by external fields. The particle motions both determine and are
determined by the electromagnetic fields. There are equations for each of the enormous number of
particles in the plasma, and the system is coupled through the Maxwell equations.

For notational simplicity only, we consider a plasma consisting only of one species of particles
with charge ¢ and mass m moving in Euclidean space R® with positions = and velocities v. The
plasma particle’s motion evolves with time in phase space (z,v), which we denote by €. Since the
number of particles is large, it is useful to approximate their positions and velocities by a density
on phase space which may be a smooth function. Let f(z,v,t) be the plasma density at time ¢ and
denote by u = (&, v) the phase << velocity >> field of the plasma. Let Qg be a fixed subregion of 2,
with boundary 0§y, and let m(g,¢) be the mass in Q. Then conservation of mass (and sufficient
smoothness) leads in standard fashion to the equation of continuity:

of

E(Ia v, t) + div(;ﬂ,v) (fu) = 0.

Rewriting this with u = (&, 0), we get

of 9
E‘Fa—(f) e (fv)—O
. of o8 0S|
ot T T T < ) 0
i.e., of 8f of
E-ﬁ- 8 8_+f lezv)U—O

Assuming the plasma to be << incompressible >> in phase space i.e., div(, ,)u = 0, we obtain in
the famous Boltzmann equation of kinetic theory:

of of of

t —— t —— t 0.

Bt(x v, )—l—xaw(x v, )—i—vav(x v, t) =
The incompressibility condition div(, .,yu = 0 is just the Liouville theorem which states that phase
space volumes are preserved and which applies to particles moving under the influence of an electro-
magnetic field. Thus we find that it is a condition appropriate for a collisionless plasma. Inserting
the Lorentz force law

mv = q(E + v x B),

we get the (collisionless) Viasov equation

of of q of _
(f%( ) ,t)—FU%(I,v,t)—F E(E_'—’U X B)%(Iavat) _0

For the Maxwell-Vlasov system, the dynamical variables are f(z,v,t), E(z,t) and B(x,t), which
satisfy a system of coupled nonlinear evolution equations, with initial conditions on f, £ and B. In
appropriate units, the Mazwell-Viasov equations are:

o of

L e of
ot (%c m

FE B
(E+vx >(9U

=0 (1)
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0B

E = —curl ¥ (2)

OFE .
o = curl B — Jy, where the current is J; = ¢ [ vf(z,v,t)dv (3)
divE = py, where the charge density is py = q/f(x, v,t) dv (4)
divB = 0. (5)

We think of this system as an initial value problem for f, £ and B.
The restriction of the Maxwell-Vlasov equations to the Coulomb or electrostatic case, in which
B = 0 (or the velocity of light — o0) is also important, and leads to the Poisson Viasov equations
of | af qdd; Of _

o " 'or “mar v (6)

Aps = —py, where A = V?is the Laplacian, and ¢y the scalar potential. (7)

6 Hamiltonian Formulation of the Poisson-Vlasov System

We first exhibit the Poisson-Vlasov equation as a Hamiltonian system on an appropriate Lie group
by using the Lie-Poisson structure discussed in §4. To guess the right group, consider the single
particle energy, given by

1
Hy = imv2 + qoy.

This is called the self-consistent Hamiltonian. It is a direct verification that the Poisson-Vlasov
equation can be written as

of

= = —{fH

5 = L)
where {, } is the standard Poisson bracket on (x, mv)-phase space. From this, we see that f evolves

by means of an infinitesimal canonical transformation at each time ¢. Thus, the evolution of f can
be described by

ftzﬁffo

where fj is the initial value of f, f; is its value at time ¢, and 7; is a canonical transformation. This
motivates a guess that the appropriate group for the Poisson-Vlasov equation is S, the group of
canonical transformations on phase space R°. S is an infinite dimensional Lie group in the sense of
diffeomorphism groups and we shall not deal here with the delicate functional analytic issues needed
to make precise all the infinite dimensional geometry. We expect that this gap can be filled by using
techniques of Ebin-Marsden [1970] and Ratiu-Schmid [1981].

The Lie algebra s of S consists of all Hamiltonian vector fields on R®. We can identify elements
of s with their generating functions, so that s consists of the C* functions on RS and the (left)
Lie algebra structure is given by {f, g}, the usual Poisson bracket on phase space!. The dual space
s* consists of the linear functionals on s which can be identified with the distribution densities on
phase space.

For fdxdv € s% ,h € s;, the natural pairing is

<f,h>:/fhda:dv.

1Strictly speaking, S is the group of diffeomorphisms preserving the contact form p;dg® + dr on RS x R.
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Applying the general definition of the Lie-Poisson bracket on the dual of a Lie algebra to s*, we get

for F,G:s* — R
oF 6G
we)n = [1{5.5 ) asan

(This is the bracket appropriate to right invariant systems).

We now verify that the Poisson-Vlasov equation is a Hamiltonian evolution equation with the
Hamiltonian equal to the total energy:

1 1
H(f):§/m1’2f($7vvt)d17dv+§/‘prfda:.

The second term can be written as 1/2 [ |Ves|? dz, from which it follows that §H/6f = Hy. By
integration by parts one gets the following identity

/g{h,k}d:z:dv: —/k{h,g}d:cdv;i.e., (g,{h,k}) = {g,h}, k),

for g, h,k: RS — R.
Proposition 6.1 The Poisson-Viasov equation can be written in Lie-Poisson form
f=—adg f

which is equivalent to f = {f, H} (by Theorem 4.1).

Proof We have

(adgf,h) = (f,adgh)
= <.f7 {gvh}>

/f{g, h} dz dv
- /{f,g}hd:cdv.

Thus ady f = {f, g} : Hence

. (6H ) |
R N ]

Thus f = —adsu f is equivalent to f = —{f,Hs} which, as remarked above, is equivalent to the
57
Poisson-Vlasov equation. QED

7 Maxwell’s Equations and Reduction

We will describe Maxwell’s equations with a given charge density as a Hamiltonian system and
construct, in a natural way, a Poisson bracket for functions of the field variables £ and B. Two of
Maxwell’s equations, namely E = curl B and B = — curl E will be Hamilton’s equations relative
to this bracket, while the remaining Maxwell equations, namely, div £ = p and div B = 0, will be
associated with gauge invariance and the reduction procedure.

The basic configuration variables we begin with are the vector potentials on R?, i.e., the config-
uration space is A = {A : R® — R3}. The corresponding phase space is the cotangent bundle T A
with its canonical symplectic structure. Elements in 7*.4 may be identified with pairs (A,Y"), where

14



Y is a vector field density on R? (we do not distinguish Y and Ydz), i.e., T*A = A x A*. We have
the L? pairing between A € A and Y € A* given by

(A)Y) = /A(a:) Y (x) de,
so that the canonical symplectic structure w on T*A is given by
(A1), (42,Y) = [(a 41 =i Ao

The associated Poisson bracket for F,G : T* A — R is given as follows

oF 6G OF 6G

H(A,Y) = %/(|cur1A|2 +YP)da.

With the Hamiltonian

Hamilton’s equations are easily computed to be

0A OH aYy 0H
E = 5_Y = Yand E = _5_A —CU.I’lCUl"lA.

By setting B = curl A and F = —Y, the Hamiltonian becomes the usual field energy
1
H(EB) =5 [(BF +[BP)do

and Hamilton’s equations imply Maxwell’s equations

8—B = —curl £ and %—f = curl B.

ot
The remaining two Maxwell equations will appear as a consequence of gauge invariance.

Since H(A,Y') depends on curl A, it is invariant under the gauge transformations A — A + Vi
for any ¢ : R®> — R. Consider the gauge group G = {¢ : R® — R}, the group operation being
addition; G acts on A by ®,(A) = A+ V. This translation of A extends in the usual way to a
canonical transformation (extended point transformation) of T*A, given by

D, (A,Y) = (A4 Ve, Y).

This action is Hamiltonian and has a momentum map J : T*A — g*, where g is identified with G,
the real valued functions on R3. The momentum map is given by the formula:

<J(A7 Y)a 1/}> = <Ya ¢A(A)>,

where 1) € g and ¥4 is the corresponding infinitesimal generator of the action ®, on 4. One
computes that 1 4(A) = Vi, which leads to

(J(A,Y), ) = /(y-w) do = —/(divY)-wdm.

Thus we may write
J(A)Y)=—divY.

If p is an element of g* (the densities on R?), J=1(p) = {(A,Y) € T*A | divY = —p}. In terms of
E, the condition div Y = —p becomes the Maxwell equation div E = p, so we may interpret the
elements of g* as charge densities.

Since the Hamiltonian is gauge invariant, i.c., H(®,(A,Y)) = H(A,Y), we can pass to the
reduced phase space J~!(p)/G, which we know by the general theory is a symplectic manifold into
which the motion can be projected.

15



Proposition 7.1 The reduced phase space J~(p)/G can be identified with M = {(E, B) | divE =
p,divB = 0}, and the Poisson bracket on I is given in terms of E and B by

OF G 4G OF
{F,G}(E,B) = / (ﬁ - curl SB 3B curl E) dx.

Mazwell’s equations with an ambient charge density p are Hamilton’s equations for
1
HEB) = [(BP+|BP) ds

on the space M.

Proof To each (A,Y) € J~!(p), we associate the pair (B,E) = (curl A,—Y) € M. Since two
vector fields on R3 have the same curl if and only if they differ by a gradient, and every divergence-
free B is a curl, this association gives a 1-1 correspondence between J~1(p)/G and 9.

Now let F,G : M — R. To compute their Poisson bracket {F, G}, we pull them back to J~(p),
extend them to T* A, take their canonical Poisson bracket in T A, restrict this to J~1(p), and finally
<< push-down >> the resulting G-invariant function to 9. The result does not depend upon the
choice of extension made, and in fact we can do the computation without mentioning the extension

again. Given F(B, E) we define the pull back F(A,Y) to J~(p) by
F(A,Y) = F(curl A, -Y).
Notice that the chain rule gives
DAF(A,Y)-A' = DgF(B,E) - curl &

i.e.

0A 0B

= /(curl?—é) Al dx

o (F
5A—CU.I’ 6B .

i or
Y OE
Using the canonical bracket on T*A, we thus have

6—F-A'd:1: = /6—F-(Cur1A')d:c

(integrating by parts). Thus

Similarly

o A SF 6G 0G OF
(F,G}(B,E) = {F,G}(AY) = /(574'57‘571'57) i

] ]
/ <EF(cur1A, -Y)- WG(curlA, -Y)

) §
—5—AG(cur1A, -Y)- (S—YF(curlA7 —Y)) dx

_/ [ OF oG 0G0
SsB s s sE) Y

_ / oF 406G oG LOFN
- 5 "B B “sE) T
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The rest of the proposition follows from the general theory of reduction. QED
The Mazwell-Viasov equations in terms of potentials

We will now combine our results for the Maxwell equations and the Poisson-Vlasov system to
obtain the Poisson structure for the Maxwell-Vlasov system. The Hamiltonian will be given by the
total energy, which is the sum of the particle kinetic energy and the field energy. For simplicity, we
setm=1,q=1:

H(f,E,B) = %/|v|2f(x,v,t)d:vdv
+5 (B +B(.0?) da.

The calculation is simpler if we choose as our variables (A4,Y) € T* A and densities fmom on (z,p)-
space, where p is the particle canonical momentum, rather than densities f on (z,v)-space. The
relation p = v + A leads t0 fiom(7,9) = fmom(z,v + A) = f(x,v) and of course, replacing f by
fmom and v by p in the Lie-Poisson bracket on s* still defines a Poisson structure on s*.

The Poisson bracket on s* x T*A is just the sum of those on s* and T*A. For functionals
F,G:s*xT*A — R set

{F,G}(fmom: A,Y) = /fmom {% 525%} dz dp
+/(§_Z§_§_§_j§_§> s ®)
and the Hamiltonian expressed in these variables becomes
H(fnom AY) = 5 [ 0= A@P fuon(z.p) dodp
+% /(|Y|2 + [curl A?) dz = Hatter + Hield- (9)

Notice that at this stage (pre-reduction), there is no coupling of particles and fields in the Poisson
bracket, but there is coupling in the first term of H.

Theorem 7.2 The evolution equations F = {F, H} for a function F on s* x T* A with H and {,}
given above, are equations 77, 7?7 and 7?7 of the Maxwell-Vlasov equations.

The proof of this theorem is a straightforward verification. The constraints 77 and 7?7 of the
Maxwell-Vlasov equations are subsidiary equations which are consistent with the evolution equations.
Equation ?7? holds since B = curl A and equation ?? expresses the fact that we are on the zero level
of the momentum map generated by the gauge transformations. (If an external charge density is
present, we replace J~1(0) by J ! (pext); see §10). The corresponding reduced space decouples the
energy, while coupling the Poisson structures. We turn to this in the next section.

8 The Poisson Structure for the Maxwell-Vlasov Equations

The final form of the Poisson structure for the Maxwell-Vlasov system will now be obtained by
applying the reduction procedure to the formulation of the previous sections.

First we must specify an action of the gauge group G' = {¢ : R*> — R} on s* in such a way, that
when combined with the action of G on T*A, ®,(A,Y) = (A+ V,Y) it will leave the Hamiltonian
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invariant. Furthermore, it must preserve the Poisson structure on s* x T*A. A natural choice for
this extended action, which satisfies the first requirement is:

(I)w(fmoma A, Y) = (fmom O T—das A+ ku Y)

where 7_g4y : R® — R is the momentum translation map defined by

T—ay(@,p) = (2,p — dip(x)).

Proposition 8.1 The above action of G on s* x T* A has a momentum map J : s* x T*A — g*
given by

T (fanoms A, Y) = — / Foom (. p)dp — div Y.

Proof The second term is the momentum map for the action of T*A, so it suffices to calculate
the momentum map for the action of G on s*. This can be done by observing that the action on s*
is the restriction of an extended point transformation on 7*S to the fiber at the identity TS = s*,
or by the following direct computation. The infinitesimal generator 1 : s* — s* of the action

(wa fmom) = mem O T—da is given by

d
1/15* (f)(‘T?p) = E’ (I)cxp(td;)f(xup)
t=0
d d
= E —o (fOT—tdw)(anp) = E t:()f(x’p_tdd])’

hence - (f) = - pf cdgtp = {fﬂﬁ}
Let Jo« (fmom) = — J fmom (@, p)dp, so Je« : s* — g*. We need to verify that

Xigewy = Pse-
But (Js«, ¥)(fmom) = — | fmom (2, p)¢(x) dx dp and by Theorem 4.2,

=X (.- ) (fmom) = adss . v (f) = ad™ , (f) = —ady, (f).

3 fmom

But ady,(f) = {f, ¢} since

(ady,(f),h) = (f,ad_yh)
= (f,{¥,n})
= {f,vhn).

Thus X ;.. y) = %s+ and the result follows. QED

An alternative proof of this proposition, suggested by S. Sternberg, proceeds as follows. We use
the following.

Lemma 8.2 Let g and b be Lie algebras and o : g — b a Lie algebra homomorphism. Regarding
h C C>®°(h*) as linear functions, then a : g — C>°(h*) is a Lie algebra homomorphism i.e., a
Hamiltonian action with g acting on h* by —adz(@. The associated momentum map s the dual
ot ht— gt

Proof 1If i and 7o € b are regarded as linear functions on h*, their (+) Lie-Poisson bracket is

s - ([
= (v, [m,m)).
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So {m1,m2} = [n1,m2]). Thus a : g — C*°(h*) is a Lie algebra homomorphism. To check that a* is
the momentum map, note that (a*(v),£) = (v, a(§)). Thus we must verify that for £ € g,

Xa(e) = &
But &, = —adj,¢) by assumption and X, () = —ady, ) by Theorem 4.2. QED
This proof also shows that the dual of a linear map « : g — b is a Poisson map if and only if «
is a Lie algebra homomorphism.
To get the proposition, let g = C*°(R3) and b = s = C°(T*R3) with o : g — b given by mapping

the function ¢ of x to —1 regarded as a function of (z,p). The dual of « is minus integration over
the fiber, so we just need to check that a gives the correct action of g on s*, namely

(¥, f) = ady,(f).

Now

ady(f)(h) = (f,ad_yh)
= (f{y,h})
{f. 4}, h)

so ad”, (f) ={/, ¢}

On the other hand, the infinitesimal generator of the action, computed above is

ws*(f) = - ;Dfdac'l/] = {faw}
QED

We may describe the reduced Poisson manifold in terms of densities f(z,v) on position-velocity
space. We reduce at an element p € g*.

Proposition 8.3 The reduced manifold (s*xT*A), = J~1(n)/G may be identified with the Mazwell-
Viasov phase space.

MV = {(f,B,E) | divB = O,diszu—l—/f(:c,v)dv}.

Proof To each (fmom,4,Y) in J~1(u) we associate the triple (f, B, E) in MV where
f(z,v) = fmom(z,v+ A(z)),B= curl Aand E = -Y.

Then the proposition follows from the momentum map construction above, and a simple verification
that two elements of J~!(u) are associated to the same triple in MV if and only if they are related
by a gauge transformation. (Note that pu € g* can be interpreted as an external charge density).
QED

By a general theory of reduction, MV inherits a Poisson bracket from the one on s* x T*A.
Since the Hamiltonian H is invariant under gauge transformations, it follows from Theorem 2.2 that
the Maxwell-Vlasov equations 7?7, 7?7, and ?7 are a Hamiltonian system on MV with respect to this
Poisson structure. It remains now to compute the explicit form of the Poisson bracket in terms of
the reduced variables (f, B, E).
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Theorem 8.4 For two functions F,G of the field variables (f, B, E), i.e., F,G : MV — R, the
Poisson bracket is given by :

(F.G}(}.B.E) = /f{” 5G}dm

ofof
+/ oF %G G LAY
sE “sB sE Y)Y

+/ OF 0f0G oG OfoFN ,
5E 9vdf OE aver)

0 0F 046G
+/fB<%WX%W> dz dv. (10)

Proof Given F(f, B, E) on MV, define F(fmom,A,Y) by
F(fmom, A,Y) = F(f, B, E),

where the relation between the two sets of variables is as in the previous proposition. Then
{F,G}(f,B,E) is given by computing {F,G}(fmom,A,Y) according to the last section and ex-
pressing the result in terms of the variables (f, B, E) on MV.

By definition of the functional derivative we see that

oF oF
5fmom (Ji,p) - W(xvp - A)
The first term of ?? therefore becomes
oF oG
[1@r-2{E -0 5 wr-2} aa (1)

Using the formula for the Poisson bracket under a change of variables and B = curl A, we have for
two functions g(z,v), h(z,v):

{9(z,p— A), h(z,p — A)}(I,P) ={g(z,v), h(zT,’U)}(ac,v) +B- (% X %) .

Letting g(z,v) = 0F/d f(x,v) and h(z,v) = 0G/d f(x,v), and making the substitution v =p— A, 7?7
becomes

oF oG
f(I,U){—({E,’U),—(.I,’U)} dz dv
/ of of (1)

+/f(x,v) -B (%g—?(x,v) X %%(m,v)) dx dv. (12)

This is the first and the last term in ??. For the second term in 7?7 we use

Lemma 8.5

6F _ OF OFOf 6F _ oF

5A 5B T3f a0 sy T B

Proof By the chain rule and definition of the functional derivative,

SF _
/ﬂAldm = DAF(fmom, A, Y) - A
= DyF(f,B,E)-Daf-A"+DpF(f,B,E)-curl A
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But

8fmom 8f
’ _ A= 2 A
Daf A'(r,p) = 20 (o ) A = S ()
Thus,
gi Ade = fS? ng' dx + / — curl A’ dz
v

B 6F8f , 6_ ,

= 5f8 — A"+ /curlgBAdx
QED

Substituting this into the second term of ?? yields the second and third term of ??. Thus
Theorem 8.4 is proved. QED

Observe that the first term of ?? is the bracket for the Poisson-Vlasov system and involves
only f, the second term is the bracket for the vacuum Maxwell equations and involves only the
electromagnetic fields, and the third and fourth terms provide the coupling between the Vlasov
system and the Maxwell system. This Poisson bracket automatically satisfies the Jacobi identity,
by the way it is constructed from general methods of symplectic geometry using the Lie-Poisson
bracket and reduction.

The final ingredient in the Hamiltonian structure is the Hamiltonian expressed in the reduced
manifold variables:

H(f,B,E) = %/|v2|f(:v,v)d:vdy

+%/|B(:v)|2dx+%/|E(:v)|2dx.

Theorem 8.6 The Mazxwell-Viasov equations of motion 77, 77, and 77 may be written as
F={FH},
where {, } is given by ?7.

This follows from Theorem 7.2 by reduction, and can also be checked directly by a straightforward
calculation.

There is an analogous bracket to ?? in (fmom, £, B) variables. For an interpretation of this in
terms of semidirect products and additional results, see Marsden, Ratiu and Weinstein [1983].

9 Semi-Direct Products, Fluids and Magnetohydrodynamics

In the preceding sections we saw that the Vlasov variable f is regarded as an element of s* the dual
of the Lie algebra of the group of canonical transformations and that the bracket on C*°(s*) is the
Lie-Poisson bracket for this group. One can view s* as arising from 7T*S by reduction by the action
of S by right translations.

Now we consider reducing T*G not by G but by a subgroup. In doing so we shall arrive not at
g* but at the dual of the Lie algebra of a semi-direct product. We shall then apply this result to
compressible fluids and to MHD and indicate briefly the relationship of the structures obtained to
the Lie-Poisson bracket on C'*°(s*) and the Maxwell-Vlasov bracket.

The results described below are due to Marsden, Ratiu and Weinstein [1983], which should be
consulted for detailed proofs. They are a consolidation and extension of earlier results of Vinogradov
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and Kupershmidt [1977], Ratiu [1980], Guillemin and Sternberg [1980], Morrison and Greene [1980],
Dzyalozhinskii and Volovick [1980], Holm and Kupershmidt [1983], Holmes and Marsden [1983] and
Kupershmidt [1982]. These references also consider the heavy top, elasticity and other systems
which are not discussed here.

We first apply the results on reduction of T*G by left and right translations to the case of
semidirect products. Let p : G — Aut(V') denote a left Lie group representation of G in the vector

space V and p’ : g — End (V) the induced Lie algebra representation. Denote by S = G ; V the
semidirect product group of G with V' by p with multiplication.

(91,u1)(g2,u2) = (91, 92, u1 + p(g1)uz).

Let s=g¢g % V be the Lie algebra of S. The Lie bracket on s is given by
[(€1,01), (§2,v2)] = ([€1,&2], P (€1)v2 — p'(E2)v1).

The adjoint and coadjoint actions of S on s and s* are given by

Ad(g.0)(&v) = (Ady€, p(g)v — p'(Ady&)u)

and

[Ad(g)u)—l] ( ) Ad (g,u)~ 1(U, a)
= (Adj-1v + (p,,) " (p«(9))a, p«(9)a)

where g € G,u,v € V,v € g*, and a € V*;p!, : g — V is given by p! (&) = p/'(¢)u and (g,u)~! =
(7%, —p(g~Hu). The + Lie-Poisson bracket of F,G : s* — R is

i - (o[£ 8]) (s ()
i <” (%) fs_F> (13)

where dF/dp € g and §F/da € V. Also from Theorem 4.2, we compute the Hamiltonian vector field
of H:s* — R to be

Xu(p,a) =F (adfgs_au—p'%_ma,p'%_ma) (14)
w a I

where ng/Ja g — V is given by ng/éa(f) =p'(§) - 0H/oa, and pl; s,* s its ad301nt
We shall explicitly compute the left and right actions L and R of S on T*S
Since

Lg,uy(h,v) = (gh,u+ p(g)v),
we have
ThwyLig,u) (0, v,w) = (ThLg(vn), u + p(g)v, p(g)w)
for (va,v,w) € T(pv) (G x V). Thus

Tgu)(hw)L(gu)-1 (Vgn, u + p(g)v, w)
= (Tgth*I (Ugh)u v, p(gil)w)

for (vgn,u + p(g)v,w) € T(g,u)(h,v)(G x V), and hence

L((g,u), (an,v,a)) = (T(gu)(hv)Ligu)-1) (n,v,a)
= ((TgnLg-1)"an,u+ p(g)v, p«(9)a)
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for (an,v,a) € Tpj, (G x V). Since R(g ) (h,v) = (hg,v + p(h)u), we have

g:u)
Th,0)Rg,u) (vn; v, w) = (Th Rg(vn), v + p(h)u, w + Thp(vn) - u)
for (vn,v,w) € T(p) (G x V). Thus
Tthn,0)(9,0)Bg,u)=1 (Vhg, v + p(h)u, w)
= (ThgRy=1 (vng), 1, w = Thgp(vng) - plg~ " )u)
for (vng, v+ p(g)u, w) € T(hv)(g,u)(G x V) and hence

R((g,u), (an,v,a)) = (Tihw)(g,u)Rigu)-1) (an,v,a)
= ((ThgRy—1)"an — df jg-1)u(hg),v + p(h)u,a)

where f%(g) is the << matrix elements >> (a, p(g)u). The last equality is obtained by applying
the left hand side to (vag, v + p(g)u, w) € T(h,)(g,u)(G x V) and using the easily verifiable formula

(a, Tip(vk)z) = df (k)

foracV* ke G,ze Vv, € TiG.
The corresponding momentum mappings are

JL (TS — Siv JL(Oég,’U, CL) = (T(e,O)R(g,U))*(agvvv CL)
= ((TeRg) g + (p,)"a, a) (15)
and
Jr:T*S — s* , Jr(ag,v,a) = (Tie0)Lgw) (ag,v,a)
((TeLg)*arg, p*(g)a) (16)

Theorem 4.5 applies to this situation to give:
Proposition 9.1 Let J;, and Jr be given by 77 and ??7. Then
1. Jr and Jr are Poisson maps.
2. Jp (resp. Jr) induces a Poisson diffeomorphism of R\T*S (resp. T*S/L) with s% (resp. s* ).
3. The reduced spaces for the L (resp. R) action are coadjoint orbits in s* (resp. s’ ).

In many physical examples a Hamiltonian system on 7*G is given whose Hamiltonian function
H, depends smoothly on a parameter a € V*. In addition, H, is left invariant under the stabilizer
Go = {9 € G| p«(g9)a = a} where p.(g) = [p(g71)]*, the dual of the linear transformation p(g~1!).
The Lie algebra of G, is g, = {£ € g | p(§)*a = 0}. Denote by T*G /G, the orbit space of the lift to
T*G of left translation of G, on G. We wish to study the motion on the Poisson manifolds T*G /G,
for all a € V*. We shall prove below that this is equivalent to the study of the motion on s* where

P
s=gxV.

For fixed a € V*, the lift to T*G of the left translation of G, on G has the Ad*-equivariant
momentum map J¢ : T*G — g%, J¢(ay) = (TeRy)* g | 84- The mapping i§ : T*G — T*S,i% (ay) =
(ag,0,a) is an embedding of Poisson manifolds inducing a Poisson embedding of the quotients i% :
T*G/G, — T*S/L. Thus the symplectic leaves in T*S/L pull back to symplectic leaves in T*G/G,.
The natural candidates for these leaves are the reduced symplectic manifolds (J¢) ™' (0} )/G, where
wE g e = plga and OL C g denotes the coadjoint orbit of G in g with the << + >> Lie-
Poisson symplectic structure.
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For Hamiltonians that are right invariant under GG, one proceeds exactly as above, interchanging
<< left >> and << right >>, and << — >> and << + >>, and replacing the mapping i by
i%(0g) = (ag,0,pi(g)a). The mappings ¢ and i}, are necessarily different; if one would use ¢ for

the right actions, i¢ would fail to be injective. Summarizing: we have the following sequence of
Poisson embeddings, the last arrow being a diffeomorphism.

(J3) 7104 )/Ga — T*G/Gy — T*S/L — s~
Ga\(J3) 7' (0,,) = Ga\T*G — R\T"S — s7.

Moreover

(Jr o if)((JE)TH05,)/Ga) = (Jrodt)((JE)T(OF,))
= {(v,b) € s*| there exists g € G, such that p.(g)a
b,Ad;v €0, }

U S (x,a)-

X|ga:ﬂ'a

as a simple verification shows; here S - (x,a)— C s* denotes the coadjoint orbit of S through (x,a)
with the << — >> Lie-poisson structure. But

{(p)*alueV}={necgug.=0}

implies that S - (x,a) = S - (p,a) for all x € g* such that x | go = pa and so we have proved the
following theorem.

Theorem 9.2

1. Jr 0% maps the reduced space (J‘Ll)_l(O;'[a)/Ga in a symplectically diffeomorphic way to the
coadjoint orbit S - (u,a)_ in the dual of the semidirect product s* . Similarly,

2. Jp o E‘ZR maps the reduced space Ga\(Jl%)_l(O;a) in a symplectically diffeomorphic way to the
coadjoint orbit S - (ju,a) in the dual of the semidirect product s% .

Next we shall explain how to use Theorem 9.2 in examples. This will allow one to begin with
the standard phase space T*G and then to reduce a Hamiltonian system on T*G to a Lie-Poisson
system on s*.

Let H, : T*G — R be a Hamiltonian depending smoothly on the parameter a € V* and assume
that H, is invariant under the lift to T*G of the left translations of G, on GG. Thus H, induces a
Hamiltonian on T*G/G,. Via the symplectic diffeomorphism Jx o i%, we may regard it as being
defined on S - (i, a)—pu, € g*, and now varying a € V* we obtain a smooth Hamiltonian H on s*
; thus H o Jgp 0% = Hyg, i.e., H(TeLy)*ay, p*(g)a) = Hy(ay). Thus the family of Hamiltonians
H, on TG induces a single Hamiltonian on s* , and the original problem has been embedded in a
larger one which yields Lie-Poisson equations on s* . For right invariant Hamiltonians, interchange
<< left >> and << right >>, and << — >> and << + >>. However, since the maps i} and i%
are different, we have H((TeRy)* oy, p+(9)a) = Hy(ay).

It is of interest to investigate the evolution of a € V*. Let ¢,(t) € T*G denote an integral curve
of H, and let g,(t) be its projection on G. Then the curve t — (Jgr 0i$)cy(t) is an integral curve of
Xpg on s* and thus t — p*(ge(t)) is the evolution of the initial condition a in s*. We summarize
these results in the following theorem.

Theorem 9.3 Let H, : T*G — R be a Hamiltonian depending smoothly on a € V* and left invariant
under the action on T*G of the stabilizer G,. The family of Hamiltonians {H, | a € V*} induces a
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Hamiltonian function H on s* , defined by H((TeLg)* g, p*(g)a) = Ho(cyy) thus yielding Lie-Poisson
equations on s*. The curve t — ¢, (t) € T*G is a solution for Hamilton’s equations defined by H,
on T*G iff t — (Jr 0i%)cq(t) is a solution of the Hamiltonian system Xy on s*. In particular,
the evolution of a € V* is given by t — p*(ga(t))a, where g, (t) is the projection of cq(t) on G.
For right invariant systems, interchange everywhere << left >> and << right >>, << — >> and
<<+ >>, and replace the formula for H by H((TeRg)* oy, p«(g9)a) = Hq(ay).

This theorem is sometimes not applied directly, since p and V may not be given but need to
be discovered in the course of analyzing the system. In the process of finding V' one also discovers
whether left or right actions of G are involved. The determination of p and V usually is done by
means of the evolution of a € V*. We shall elaborate on this remark in the context of the examples.
Our first example is ideal compressible flow and the second is MHD.

Ideal compressible isentropic fluids®. Let € be a compact submanifold of R? with smooth bound-
ary, filled with a moving fluid free of exterior forces. Denote by z(t) = n:(X) = n(X,t) where
X € Q, the trajectory of a fluid particle which at time ¢ = 0 is at X. As is customary in continuum
mechanics, capital letters will denote entities in the reference configuration, i.e., in << body >>
coordinates; lower case letters denote spatial entities (see Marsden and Hughes [1983]).

Given n; : Q — Q, a time dependent diffeomorphism of €2, denote by v;(z) = v(z,t) the spatial
velocity field of the fluid, i.e.,

UL — (.0,

vy is thus a time dependent vector field with flow n,. Let pi(z) = p(x,t), denote the mass density
of the fluid at time ¢ and py the mass density in the reference configuration. Thus the physical
problem of fluid motion has as configuration space the group D of diffeomorphisms of €2, and p; is
determined by the configuration when pg is known.

The equations of motion are derived from three fundamental principles: conservation of mass,
momentum, and energy. It will be useful to recall these well-known derivations, as they are relevant
to understanding how Theorem 9.3 is applied.

(a) The principle of conservation of mass stipulates that mass can be neither created or destroyed,

i.e.,
/ pt(w)de/ po(X)dX
e (W) w

for all compact W with nonempty interior having smooth boundary. Changing variables, this
becomes

/ i (pe()d) = / po(X) dX (17)
w

w

which is equivalent to
(n¢ pe)J (me) = po (18)

where J(n;) = dx/dX is the Jacobian of n;. Using the relation between Lie derivatives and
flows, this is equivalent to the continuity equation

dp

— +div(pw) = 0. 19

L+ divipr) (19)
The present derivation of conservation of mass shows that the physical entity to be dealt with
is the density p dx rather than the function p and that 7?7 is more convenient than the standard
fluid mechanics formulation ??. This observation will be crucial later on.

2For expository reasons, technical details on function spaces are omitted. See Ebin and Marsden [1970] for what
is needed. The velocity fields are at least C''. For incompressible fluids, see Marsden and Weinstein [1982b].
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(b) The balance of momentum is described by Newton’s second law: the rate of change of mo-
mentum of a portion of the fluid equals the total force applied to it. Since we assume that
no external forces are present, the only forces acting on the fluid are forces of stress. The as-
sumption of an ideal fluid means that the force of stress per unit area exerted across a surface
element at x, with outward unit normal n at time ¢, is —p(z, t)n for some function p(z, t) called
the pressure. With this hypothesis, the balance of momentum becomes FEuler’s equations of
motion

ov

ot
with the boundary condition v||0f) (no friction exists between fluid and boundary) and the
initial condition v(z,0) = vo(x) on .

+ - Vv = —%Vp (20)

(¢) The kinetic energy of the fluid is 1/2 [, p[|v||? dz. The assumption of an isentropic fluid means
that the internal energy of the fluid is fQ pw(p) dx and p = p?w’(p) for some real valued function
w of p. These hypotheses imply that the total energy, which should be the Hamiltonian of the
system, is conserved.

The configuration space of this problem is D, and so the corresponding phase space is T*D. For
n € D we have T,D = {V,, : Q — TQ | V,(X) € T x)Q} and T;D = {a,, : @ — T*Q @ A*(Q) |
ay(X) €T 2@ A3%(Q)}; the pairing between the velocity V in T, D and the momentum density
ay in the dual space TyD is

(et Vi) = / 0y (X) - Vi (X).

For later use, we shall express the energy on T*D by passing to material coordinates. Let V;(X) =
On(X,t)/0t be the material velocity. Then V; = v; o 7, showing that V; is not a vector field but an
element of 75, D. The metric on Q and the density po(X)dX establish an isomorphism of T,,D with
T;D given by V,(X) — o, (X) = po(X)V,2(X)dX where b : TQ — T*Q is the bundle isomorphism
induced by the metric on Q. Finally, D has a smooth metric defined by

<<anWn>>n = /QVW(X) 'Wn(X)PO(X) dX

which determines a length function on 7*D, denoted by || ||.
To apply Theorem 9.3 directly, use a simple change of variables to express the energy on T*D as

Hpn(0a) = gllonll* + [ lX)w(p(X)7;7(X) dX. (21)

H,, clearly depends smoothly on pg, and again the change of variables formula shows that is it right
invariant under the action of the subgroup

Dy ={p €D |po=(poo ') Jp-1}

where J, denotes the Jacobian of ¢. This shows that we should work with the density po(X)dX
and not with the function pg, and consider the representation of D on F(2) = C*(Q) to be the
push-forward, i.e., (1, f) — n«f. Then the induced left representation on F(2)* = densities on €,
is again push-forward and

Dy, ={p € D[ s = (po(X)dX) = po(X)dX}.

Let S = D x F(Q) be the semidirect product of D with F(€) by the push-forward representation and
s = X x F(Q) its Lie algebra. By Theorem 9.3 for right invariant systems the family of Hamiltonians
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H,, determines a unique Hamiltonian system on s%. If M = (T.R,)*a, € T;D = X* = one-form
densities, for every W € X

G, W) = /Qan<X>-w<n<X>>dX

| OV W0 ax = [ plajota)  Wia) da,

i.e., M = p(z)v®(z)dz. Thus the Hamiltonian H on s* has the expression H(M,p(z)dz) =
H((T.Ry)*ag, nx(po(X)dX)) = Hp,(ay) = 1/2 [, p(x)|[v(2)||*dx + [ p(x)w(p)(x)de which is the
physical energy function. Thus, identifying M with the momentum density M (z) = p(x)v(z) and
p(x)dz with p(z), the physical energy function

HOLp) = 5 [ M@)o+ [ paulp) @i
2 Jq p(z) Q
defines Lie-Poisson equations on X* x F(Q2)% ; we shall determine them later on.

We now apply Theorem 9.3 backwards. Start with the configuration space D, the physical energy
function H (M, p), conservation of mass ??, balance of momentum ??, and p = p?w’(p). Then notice
that ?? is equivalent to L, (p(z)dx) = 0, i.e., i (p(z)dx) = po(X)dX, for py the initial mass density.
Hence the dual of the representation space is the space of densities, i.e., the representation space
is F(2). Moreover, n:+ (po(X)dX) = p(x)dx shows that the induced left representation on F(Q2)* is
push-forward, so that by the general formula on the evolution of the parameter a € V* in Theorem
9.3, the representation of D on F(Q) is also push-forward. We now identify M with M and p(z)
with p(z)dz, so that the physical energy function H (M, p(x)dz) is defined on X* x F(Q)*. Since
H(M,p(z)dz) = H,,(ay) for (TeRy)*ay = M,n.(po(X)dX) = p(z)dz, and H,, is right invariant
under D,,, Theorem 9.3 for right invariant systems can be applied yielding Lie-Poisson equations
on s%.

Having seen how Theorem 9.3 was applied backwards let us make some general remarks. In many
examples, one is given the phase space T*G, but it is not obvious a prior: what V and p should
be. The phase space T*G is often interpreted as “material” or “Lagrangian” coordinates, while
the equations of motion may be partially or wholly derived in “spatial” or “Eulerian” coordinates.
This means that the Hamiltonian might be given directly on a space of the form g* x V*  where
the evolution of the V* variable is by “dragging along” or “Lie transport” i.e., it is of the form
t — p*(g(t))a for left invariant systems (or ¢ — p.(g(t))a for right invariant ones), where a € V*
and g(t) is the solution curve in the configuration space G. This then determines the representation
p and shows whether one should work with left or right actions. The relation between H and H, in
the theorem uniquely determines H,, which is automatically G,-invariant, and ?? and ?? give the
corresponding Lie-Poisson bracket and equations of motion. The parameter a € V* often appears
in the form of an initial condition on some physical variable of the given problem.

Let us now return to ideal compressible isentropic fluids. To write the bracket and the Lie-Poisson
equations explicitly, remark first that the induced Lie algebra representation p’ : X — End (F(Q))
is given by p'(v)f = —L,f, where L, is the Lie derivative. To see this, denote by 7; the flow of v
and obtain

oy = 4 4
Pf = = tzop(nt)f— i, ()« f

d

= —_— = —d = _L'U
G| Jome=d@) =L
The bracket is hence given by ?7:
0F oG
{F, G} (M, p) = /QM {va} dx



oG oF
(b, -y )

But the left Lie bracket on X which shows up in the first term is minus the standard Lie bracket of
vector fields (Abraham and Marsden [1978], Example 4.1 G), so this becomes explicitly

0G oF oF oG
F M = M - — — — | = — | d
0G oF oF 0G

+ —  |\V— | —— | V— dz. 22

oG (95) -5 (%55)) &

This bracket agrees with that of Morrison and Greene [1980]. From the Lie-Poisson equations F=
{F, H} | we can obtain the equations of motion directly by choosing F' = [ M, dz, [ My dz, [ Msdz, [ pdz;

the last one represents the equation of continuity and the first three the balance of momentum. We

can also get the same result by using 7?7 directly, but with more computations. For example, the

term pf,, o+ corresponds to div M, as an easy integration by parts argument shows, so that the
second component of X on s yields p = —div M, which is the continuity equation.

Remarks

1. In the same manner, one can treat the case of an incompressible inhomogeneous fluid. The
semidirect product in question is now Dy X F(Q), where Dy, denotes the volume preserving
diffeomorphisms of €. For the technical details regarding the correct choices of function spaces,
see Marsden [1976].

2. We can also allow o, the entropy per unit volume, to be variable. The thermodynamics
equation of entropy advection

Oo . (o B
E—i_dw <;M> =0 (23)

has to be added to the compressible fluid equations. In addition, the internal energy is w =

w(p, o) and the pressure is
— 2 a_w 4 gé_w
p=r dp poo )’

Thus our system of partial differential equations is 7?7, 77, 7?7 with Hamiltonian 7?7 for
w =w(p,0).

In our framework, this system is Hamiltonian on the dual of the Lie algebra of D x F(2) x F(Q),
where D acts on F(Q) x F(Q) by push-forward in each factor. Hence the bracket is given by, ??) to

which the term s 5P SF sa

(G v) 5 - (o o) ) o 2y
has been added. In this way I = {F, H}, for F = [ Mydz, [ Madz, [ Madz, [ pdz, [ odx becomes
the system 7?7, 77, ??7. One can also see the form of the Lie-Poisson equation directly from ?? by

remarking that the term pf, 5 ,.a corresponds to (divM, div((c/p)M)).
To finish this example, let us describe the relationship between the Lie-Poisson bracket on s*

OF 0G
{F’G}_/f{ﬁ’ﬁ} dx dv

and that on (X x F)* given by 77.
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Proposition 9.4 The map

[ (M—/vf(:zr,v)dv, p—/f(x,v)dv)

is a Poisson map from s% to (X x F)%.

Proof One may use a direct calculation, but it is more in context to observe that D x F' acts on
s* by the left action

(n,h)'f:fon*omh

where n* : T*R3 — T*R3 is the induced pull-back canonical transformation on T*R3 : n*(x,p) =
(= (z),p-Tn(x)) and 74y is fiber translation by dh, as in 8.1. (This action corresponds to regarding
D x F as a subgroup of S by (n,h) — 7_gp 0 7). The momentum map may be computed to be the
given map f — (M, p) as in 8.1. The result now follows from Proposition 4.3. QED

In summary, the map from the plasma variable f to the fluid variables (M, p) is the momentum
map for a group action naturally occurring in the problem and therefore this map collapses the
bracket for the Poisson-Vlasov equation to that for the Euler equations.

Our second example which involves semi-direct products is MHD.

Magnetohydrodynamics of an ideal compressible perfectly conducting fluid.
We keep the same hypotheses and notations as above but in addition we assume that the fluid consists
of charged particles in a quasi-neutral state. The configuration space remains D, and conservation
of mass is unchanged. In the balance of momentum law, one must add the net Lorentz force of the
magnetic field created by the fluid in motion. In addition, the hypothesis of infinite conductivity
leads one to the conclusion that magnetic lines are frozen in the fluid, i.e., that they are transported
along the particle paths. If p is the mass density, v the spatial velocity, M = pv the momentum
density,, and B € A%(Q) the magnetic field regarded as a 2-form, then the equations of motion are

. 0 MiMj 1 2
M; = —zj:a—x] ( +d;j (p— ZTTB > —zk:BikBkJ)

p
p+divM = 0i.e., pdz + L,(p(x)dz) =0

and .
B+L,B=0

where p = p?w’(p) is the pressure and L, the Lie derivative. The last equation just says that B is
<< frozen >> in the fluid. As before, the initial mass density po, is given. In addition, the initial
magnetic field By must now be specified. The energy of this fluid is given by

L IM@IE
2Jo pl) I

1 2
+ [ arolp)@ydo+ 5 [ 113 ds (25)

H(M,p,B) =

where ||B||? = B}, + B}; + B3;. Since the last two equations of motion are Lie transport equations,
the pattern of the previous example shows that the relevant semidirect product is S = D x F(Q) x
AY(Q), where D acts on F(2) x AY(Q) by push-forward on each factor. The Lie algebra is s =
X x F(Q) x AY(Q), and its dual is s* = X* x F(Q)* x A%(Q), the pairing between o € A*(Q) and
B € A*(Q) being (o, 3) = [ AB.
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To H(M, p, B) there corresponds the Hamiltonian
1 _
o) = 5l + [ p(X)u(e(X)7; (X)) dX

1
+3 [ 0By o (I 7,(X) X
on T™D which is right invariant under the action of

Dpo.8o = {9 €D | po = (poo ') J,-1,0.By = Bo}.

Thus Theorem 9.3 for right actions applies, and we conclude that H (M, p, B) defines Lie-Poisson
equations in s% = (X* x F(2)* x A*(Q))4. Recall again that X has the left Lie bracket which
is minus the usual one. The semidirect product Lie group is S = D x F(Q) x AY(Q) where D
acts on F(Q) x A1(Q2) by push forward. As in the previous example, X act on F(2) x A(Q) by
minus the Lie derivative on each factor. The variables (M, p(z)dz, B) € s7 are of the following
geometric type: M(x) = p(z)v’(z)dx € X* is a one-form density, p(z) dz € F(Q)* is a density, and
B € A1 (Q)* = A%(Q) is a two-form.

To write out the Lie-Poisson bracket ?? of two functions F, G : s, — R, we again identify M ()
with M (z) = p(x)v(z), p(z) de with p(x), and proceed as in the previous example. We get

0F G

—/ (L SF 5—F L&é—F> dCC
Q M §p oM ()
oG oF
—/QB/\(LSF(S—B Lgﬂc/;[(s—B)
The first two terms coincide with ?7?. To bring the third term into a more familiar form, identify
B e AQ(Q) with the vector field B = (Bl,BQ,Bg) by B1 = BQg,BQ = Bgl,Bg = 312, and 1dent1fy

any one form a = ajdr! + asdr? + azdxr® with the vector field (v, aq,a3). A straight-forward
computation shows that

oG OF 0 [6G
Phltess — B”[(W)iaxi (5—3)3

0G 0 OF
+ (6—B>Z 8—$3 (m) :| dx1 N\ dxo N dxg

o [(SE) 0 (G
HI\oM ), ox; \OB
0G 0 (OF
+ (@ 16—1.2 (W)_ dx1 N\ dxo N dxs
1) 0

oG 0 OF\ T
(53 s <6M)i_ iy Ay 1 dis
oF oG oF oG
= B'{(W'V)@+<Vm> 53}“1”‘”’“’2Ad‘”3

by identifying the one-form 0G /0B with the corresponding vector field with components
06\ (3G (96
6B/, \0B ), \éB/,
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The Lie-Poisson bracket thus becomes

oF dF 0G
F,G}4 (M M- (v d
weronps) = [ |(55-9) 50 (5177 517 @
F F
cfels (05) g (75,)]
Q 6p oM 5p
G OF OF G
B-|[=—=. = (= d
+/Q Kst V) 5B (5M V) 53} v
G\ OF OF\ oG
)2 (v ) g 26
+/Q KvaM) 5B (chM) 53} v (26)
This bracket coincides with the one derived by Morrison and Greene [1980], Holm and Kupershmidt
[1983], and Morrison [1982]. With respect to this bracket, the equations are in Lie-Poisson form F' =
{F,H}. The equations of motion are obtained by putting F = [ M;dz, [ pdx, [ B;dz,i =1,2,3.
If entropy is variable, equation 7?7 must be added to the magnetohydrodynamics equations, where
w = w(p,o) and p = p?(Ow/dp + (¢/p)0w/dc). The Lie-Poisson bracket for this case lives on the
dual of the Lie algebra of D x F(Q) x AL(Q2) x F(2), the action of D being push forward. The
bracket has the expression 7?7 to which 77 is added.

To obtain the Lie-Poisson description of the magnetohydrodynamic equations when div B = 0
and B = dA, we proceed in the following way. There are two obvious group homomorphisms

projection
on last factor
D x F(Q)AY(Q)

D x F(Q)A?(Q)/exact 1-forms

Exterior derivative
on last factor

D x F(Q)A?%(Q)
Dualizing the induced Lie algebra mappings, we obtain Poisson maps
X* x F(Q)" x A%(Q) — X* x F(Q)* x {a € A*(Q) | da = 0}
— X* x F(Q)* x AY(Q).

In this way we obtain the Lie-Poisson formulation for magnetohydrodynamics in physical variables
(M, p, B), with div B = 0 (variables: M, p, B), or with a magnetic potential (variables: M, p, A, for
B = dA). For the case div B = 0 the bracket is still, ??, whereas for the case B = dA the same
bracket takes the form

(F,G} (M, p, 4) = AM[(%ﬂg—Q—(ﬁ—ﬂv) (f]f[] o

oG oF oF oG
+/QP[W'<V%) e <Vsp>} e

5F _ 6G  6G _ OF
+/Q(VXA)'<E oM~ 5A " 5M>d“’

0G\ OF OF\ 0G
+/QA' [(V'Q)W‘(V'Ex) m] e
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where we identified the one-form A with A = (A1, As, As). If variable entropy is present, the term ??
is added to the bracket.

In the next section we shall describe the Euler-Maxwell equations (fluid electrodynamics), which
incorporates the full Maxwell equations rather than just the magnetic field B. The way one makes
the transition is as follows.

Vlasov-Maxwell

Poisson map generated by the action of
D x F (see 9.4 and 10.3)

Euler-Maxwell

limiting operations that eliminate the
electric field (and possibly modify multi-species
to a single species).

The last step is analogous to other limiting operations in physics such as ¢ — oo (Maxwell-Vlasov
— Poisson-Vlasov) and three body problem — restricted three body problem. We expect that the
convergence of Poisson structures for these limits can be understood in the context of Weinstein
[1983].

10 Multi-Species Fluid Electrodynamics

The next system we consider is multispecies fluid electrodynamics following Spencer and Kaufman
[1982] and Spencer [1982]. Our treatment will hold for an arbitrary number of species although the
case of two oppositely charged species is most commonly discussed.

Each fluid species, labelled with subscripts s, is composed of particles of mass mg and charge gs.
We define as = ¢5/ms. Then, in terms of the fluid velocities ug, mass densities ps, specific entropies
0, electric field E, and magnetic field B, the equations of ideal multi-fluid dynamics, in rationalized
units, are

E=VxB-) apus B=-VxE (27)
V-E=Y aups+ pextV-B=0 (28)

ps ==V - (psus) (29)

0s = —Uug - Vo, (30)

s = —(us - V)us + as(E + us x B) — p; ' Vps (31)

where the specific internal energy Us(ps,0s), expressed as an equation of state, yields the (partial)
pressure ps according to

Ps = pgaUs/aps- (32)

Equations 77 are the Maxwell equations, which we have already encountered in §5, equations 77- 77.
The only difference between the two versions is the set of dynamical variables in which the current
and charge densities are expressed. In addition, we have allowed here for the presence of a static
external charge density pext. It can be shown that the inclusion of this term does not upset the
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conservation of energy, while an analogous term Jey to allow for an external current density does.
Equation ?7 is the continuity equation in physical space for the fluid species s, and may be derived
in essentially the same fashion as was equation 77, which is a continuity equation in phase space.
We neglect heat flow, and therefore express entropy convection by the adiabatic equation 77, which
states that the convective derivative of the entropy is zero. Hence the entropy of each fluid element
is constant. Equation ?7 is the equation of motion. The force is comprised of two terms, due to
electromagnetic effects (the Lorentz force term) and stress effects (the pressure gradient term).

As we have seen in the preceding sections, our constructions are made more natural by using
momentum variables, rather than velocity variables. We therefore replace the velocity fields ug by
the corresponding momentum densities My = psus. Then the phase space consists of the set of
dynamical variables (Mj, ps, 05, E, B), and the energy of the system is

1
H(M,, ps,06,E,B) = Z/<§psl|Ms|2+psUs) d*x

+f (%|E|2+%|B|2) & (33)

(We shall sometimes use the notation My = (Mq,..., M) for k species. Whether this is the case,
or whether M, refers to the single species s, will always be clear from context). The first integral
has terms for the kinetic energy of the fluid and for the internal energy of each species. The internal
energy term is absent in the Vlasov formulation because of our assumption there of a collisionless
plasma. It is present here and in MHD in order to take into account conservative particle interactions
which, in contrast to the case of a plasma described by the Vlasov model, are important and often
dominate fluid motion. The second integral in ?? represents the energy content of the electromagnetic
field.

In accordance with our general scheme, the vacuum Maxwell equations, discussed fully in §7, and
the equations for ideal fluid flow, discussed in §9, must now be coupled, in order to yield equations 77
and ?7 in the form

F={FH}, (34)
where F' represents a function of the dynamical variables.

The Hamiltonian, written in terms of the canonical momenta Ny = M, 4+ aspsA and the other
pre-reduction variables, is

1
H(Ns, ps,06,A,Y) = Z/|:§p51|Ns_aspsA|2+psUs d*x

1
+3 /[|v x A? + Y} d*x. (35)

To apply reduction to the full phase space P = {(Ns, ps, 05, A, Y)} = g% x T*A, the action of
the gauge group G on T*A, A — A+ Vo, : R® — R, must be extended to an action ®, of G on
all of P. We require that H o ®, = H, and that ®, preserves Poisson brackets of functionals F,G
on P, ie, {Fod, God,} ={F,G}od,. Itis obvious from Equation ?? that the action

Q@(N57psao.S;A7Y) = (NS + a5p5v¢5p550.55‘4 + VQO?Y) (36)

satisfies the first requirement, and one can show that it also satisfies the second. Indeed, the action
of ¢ on the fluid variables is just a piece of the left action on D x F on (X x F)* described in 9.4,
where G is identified with F'.

To obtain the momentum map J : P — g* for the action @, it suffices to calculate J, : gi — g*,
the momentum map on ¢g¥ = {(Ns, ps,05)}. This is a straightforward calculation which is similar to
8.1; we get

Js(Ns, ps, 0s) = —asps. (37)
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Therefore, the momentum on all of P, obtained by summing

J(NsaP57057A=Y) = JA(A,Y) + Z Js(Nsupsaos)

is
J(Ns, ps, 06, AY) ==V -Y = "agp,. (38)

With E = —Y asin §7, reduction at the external charge density pext then specifies that the dynamics
takes place on the level set of constant external charge:

Jﬁl(/%xt) - {(Nsva;USaAvy) 673|

V-E = pext+za57p57E:_Y}'

Coordinates on the reduced phase space J ! (pext)/G are now given by :

Proposition 10.1

J_l(pext)/G {(MsupsuaS7B7E)|

pcxt—i-Zas,pSV-B_O}.

Proof To elements (N, ps,0s, A, Y) of P, associate quintuples (Mj, ps, 05, B, F), where M, =
Ny —agpsA,B =V x A, and E = =Y. Then the proposition follows from the momentum map
constructed above, and from a simple verification that two elements of J 71(pext) are associated to
the same quintuple if and only if they are related by the gauge transformation, ??. QED

V-E

It remains now to compute the Poisson structure on J~1(pexs)/G.

Theorem 10.2 For two functionals F, G of the field variables (M, ps, 05, E, B), the Poisson bracket
is given by

{FvG}(M57ps,Us,E7B)
= Z{Fv G}(M57p57gs) + {Fv G}(EvB)

0F 6G  0G 6F oF 0G 3
+ZS:/(5MS'5_E_5MS'5_E+B'[5MSX5M5Da5psdx (39)
where the first term is the sum of equations 7?7 and 7?7 and the second is defined by Proposition 7.1.

Proof Given F and G, define F' on P according to F(Ny,ps,0s, A,Y) = F(Mj, ps,0s, B, E).
Define G similarly. Then {F, G} is found by computing {F, G} as the sum of equations, ?? and , ??,
written for unreduced variables, and the canonical bracket on T*A, and by expressing the result in
terms of the variables on J~1(pext)/G. QED

We observe that the first term of equation, 7?7 involves only the fluid variables and that the
second is purely electromagnetic, while the third provides the coupling of the fluids to the electric and
magnetic fields. Bilinearity, skew symmetry, and the Jacobi identity all follow for equation ?? by the
method used in its derivation. In addition it is readily verified that the correct evolution equations for
the phase space variables follow from equations 7?7 and ?7. Note that the set of evolution equations
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so obtained will not be precisely equations ??7 and 77, but rather equivalent equations involving the
M, as dynamical variables. Additional body forces, such as gravity, can easily be incorporated by
the inclusion of an appropriate term in the Hamiltonian. Finally, equations ??, rather than being
postulated separately as initial conditions, follow from the gauge invariance of electromagetism.

Finally we note that the gauge group for the variables (A4,Y) in both the Maxwell-Vlasov case
and here commutes with the D x F" action described in 9.4. Thus, as D x F’ clearly induces a Poisson
map (f,A,Y) — (M,p, A, Y) before reduction, it must also induce one after reduction. Thus we
arrive at :

Theorem 10.3 The map (fs, E, B) — (M, ps, E, B) from the multispecies Mazwell-Viasov phase
space to the (isentropic) Euler-Mazwell phase space given

M, = /vfs(x,v)dv,ps = /fs(x,v) dv
is a Poisson map with respect to the symplectic structures 7?7 and ?? (with entropy deleted).

Thus one can arrive at the same fluid electrodynamic bracket either by the direct reduction
construction given by ?? and ?? or by collapsing the Maxwell-Vlasov bracket by a naturally occuring
momentum map. For the bracket in (N, E, B) variables and another connection with semi-direct
products, see Marsden, Ratiu and Weinstein [1983].

Acknowledgements We thank Darryl Holm, Allan Kaufman, Boris Kuperschmidt, and Shlomo
Sternberg for many helpful discussions and comments.

35



References

Abraham, R. and J.E. Marsden [1978] Foundations of Mechanics. Second Edition, Addison-Wesley
Publishing Co., Reading, Mass.

Arnold, V.I. [1966a] Sur la géometrie differentielle des groupes de Lie de dimenson infinie et ses
applications a ’hydrodynamique des fluids parfaits. Ann. Inst. Fourier, Grenoble 16, 319
361.

Arnold, V.I. [1966b] On an a priori estimate in the theory of hydrodynamical stability. Izv. Vyssh.
Uchebn. Zaved. Mat. Nauk. 54, 3-5; English Translation: Am. Math. Soc. Transl. 79,
[1969], 267-269.

Arnold, V.I. [1969] Hamiltonian character of the Euler equations of the dynamics of solids and of
an ideal fluid. Uspekhi Mat. Nank 24, 225-226.

Arnold, V.I. [1989] Mathematical Methods of Classical Mechanics. Second Edition, Graduate Texts
in Math. 60, Springer-Verlag.

Berezin, F.A. [1967] Some remarks about the associated envelope of a Lie algebra. Funct. Anal.
Appl. 1, 91-102.

Bialynicki-Birula, I., J.C. Hubbard, and L.A. Turski [1984] Gauge independent canonical formula-
tion of relativistic plasma theory. Physica A 128, 509-519.

Bialynicki-Birula, I. and Z. Iwinski [1973] Canonical Formulation of Relativistic Hydrodynamics.
Rep. Math. Phys. 4, 139-151.

Born, M. and L. Infeld [1935] On the quantization of the new field theory, Proc. Roy. Soc. A 150,
141.

Chen, F.F. [1974] Introduction to Plasma Physics. Plenum Press.

Chernoff, P.R. and J.E. Marsden [1974] Properties of infinite dimensional Hamiltonian systems.
Lecture Notes in Math. 425, Springer-Verlag, New York.

Dashen, R.F. and D.H. Sharp [1968] Currents as coordinates for hadrons. Phys Rev. 165, 1857—
1866.

Davidson, R.C. [1972] Methods in Nonlinear Plasma Theory. Academic Press.

Dzyaloshinskii, I.LE. and G.E. Volovick [1980] Poisson brackets in condensed matter physics, Ann.
of Phys. 125, 67-97.

Ebin, D.G. and J.E. Marsden [1970] Groups of diffeomorphisms and the motion of an incompressible
fluid, Ann. Math. 92, 102-163.

Goldin, G.A. [1971] Nonrelativistic current algebras as unitary representations of groups. J. Math.
Phys. 12, 462-487.

Goldin, G.A., R. Menikoff and D.H. Sharp [1980] Particle Statistics from Induced Representations
of a Local Current Group. J. Math. Phys. 21, 650-664.

Guillemin, V. and S. Sternberg [1980] The moment map and collective motion, Ann. of Phys.
1278, 220-253.

36



Holm, D.D. and B.A. Kuperschmidt [1983] Poisson brackets and clebsch representations for mag-
netohydrodynamics, multifluid plasmas, and elasticity. Physica D 6, 347-363.

Holmes, P.J. and J.E. Marsden [1983] Horseshoes and Arnold Diffusion for Hamiltonian systems
on Lie Groups. Ind. Univ. Math. J. 32, 273-310.

Kaufman, A.N.; SSW. McDonald and S.M. Omohundro [1982] Poisson Structures for coherent and
Incoherent Waves, with Applications to Ponderomotive Effects in Fluids. (preprint).

Kostant, B. [1970] Quantization and unitary representations. Springer Lect. Notes in Math. 570,
177-306.

Kupershmidt, B. [1982] Discrete Lax Equations and Differential-Difference Equations (preprint).
Lie, S. [1890] Theorie der Transformationsgruppen, Zweiter Abschnitt. Teubner, Leipzig.

Marle, C.M. [1976] Symplectic manifolds, dynamical groups and Hamiltonian mechanics, in Differ-
ential Geometry and Relativity, M. Cahen and M. Flato (eds.), D. Reidel, Boston.

Marsden, J.E. [1976] Well-posedness of the equations of a nonhomogeneous perfect fluid, Comm.
P.D.E., 1, 215-230.

Marsden, J.E. and T.J.R. Hughes [1983] Mathematical Foundations of Elasticity. Prentice-Hall,
Redwood City, Calif.

Marsden, J.E., T.S. Ratiu and A. Weinstein [1984a] Semi-direct products and reduction in mechan-
ics, Trans. Am. Math. Soc. 281, 147-177.

Marsden, J.E. and A. Weinstein [1974] Reduction of symplectic manifolds with symmetry, Rep.
Math. Phys. 5, 121-130.

Marsden, J.E. and A. Weinstein [1982] The Hamiltonian structure of the Maxwell-Vlasov equations,
Physica D 4, 394-406.

Marsden, J.E. and A. Weinstein [1983] Coadjoint orbits, vortices and Clebsch variables for incom-
pressible fluids, Physica D 7, 305-323.

Meyer, K.R. [1973] Symmetries and integrals in mechanics, in Dynamical Systems, M. Peixoto
(ed.), Academic Press, 259-273.

Morrison, P.J. [1980] The Maxwell-Vlasiv Equations as a Continuous Hamiltonian System. Phys.
Lett. 80A, 383-396.

Morrison, P.J. [1980] Possion Brackets for Fluids and Plasmas, in Mathematical Methods in Hy-
drodynamics and Integrability in Related Dynamical Systems. AIP Conf. Proc. 88, La Jolla,
M. Tabor (Ed.).

Morrison, P.J. and J.M. Greene [1980] Noncanonical Hamiltonian Density Formulation of Hydro-
dynamics and Ideal Magnetohydrodynamics. Phys. Rev. Letters 45, 790-794.

Pauli, W. [1933] General Principles of Quantum Mechanics. Reprinted in English translation by
Springer [1981].

Ratiu, T.S. [1982] Euler-Poisson equations on Lie algebras and the N-dimensional heavy rigid body,
Am. J. Math. 104, 409-448, 1337.

Ratiu, T.S. and R. Schmid [1981] The Differentiable Structure of Three Remarkable Diffeomorphism
Groups. Math. Zeit. 177, 81-100.

37



Souriau, J.M. [1970] Structure des Systemes Dynamiques. Dunod, Paris.

Spencer, R.G. [1982] The Hamiltonian Structure of Multi-species Fluid Electrodynamics, in Math-
ematical Methods in Hydrodynamics and Integrability in Related Dynamical Systems. AIP
Conf. Proc. 88, La Jolla, M. Tabor (Ed.).

Spencer, R.G. and A.N. Kaufman [1982] Hamiltonian structure of two-fluid plasma dynamics. Phys.
Rev. A 25, 2437-2439.

Vinogradov, A.M. and B.A. Kuperschmidt [1977] The structures of Hamiltonian mechanics. Russ.
Math. Surv. 32, 177-243.

Weinstein, A. [1983] The local structure of Poisson manifolds, J. of Diff. Geom., 18, 523-557.

38



