SIMULTANEOUS NON-VANISHING OF TWISTS OF AUTOMORPHIC

L-FUNCTIONS
P. MICHEL AND J. VANDERKAM

ABSTRACT. Given three distinct primitive complex characters xi, x2, X3 satisfying some
technical conditions, we prove that the triple product of twisted L-functions L(f.x1,1/2)
L(f.x2,1/2) L(f.x3,1/2) does not vanish for a positive proportion of weight 2 primitive
forms for T'y(q), when ¢ goes to infinity through the set of prime numbers. This result,
together with some variants, implies the existence of quotients of Jy(gq) of large dimension
satisfying the Birch-Swinnerton-Dyer conjecture over cyclic number fields of degree less
than 5.
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In recent years, questions about non-vanishing of automorphic L-functions at their crit-
ical point have received considerable attention [BFH, [Dul, [Lull MM, TS|, PS]. One reason
for this is their connections with topics such as the Phillips-Sarnak deformation theory of
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Maass forms, the conjecture of Birch and Swinnerton-Dyer, and the theory of liftings of
automorphic forms.

This work deals with the non-vanishing for central values of L functions attached to the
family S5(q) of primitive Hecke eigenforms forms of weight 2, for the group I'y(q) with
trivial nebentypus. In this context, the proportion of non-vanishing for the central value of
a single L function was investigated first by Duke in [Dul; subsequently, using mollification
techniques, his results were improved by E. Kowalski and the authors in [KM2] V1, [KMVT]
to yield a large positive proportion of non-vanishing central values.

In their seminal paper [[S] on the Landau-Siegel zero problem, Iwaniec and Sarnak
demonstrated the importance of establishing, for a positive proportion of primitive forms,
the simultaneous non-vanishing of central values of L functions of primitive forms twisted
by two different characters. They solved this problem (ineffectively) for the case when the
first character is trivial and the second is real. In [KMV2], using mollification of fourth
moments, the question of simultaneous non-vanishing for the first character trivial and the
second arbitrary was solved. The present work extends the methods of [KMV?2] to treat
simultaneous non-vanishing for central values of L functions with three twists and discuss
applications connected to the Birch-Swinnerton-Dyer conjecture for Jy(q).

A primitive form f € S;(q) admits a Fourier expansion at infinity

f(z) =) Vars(n)e(n2),

with Af(1) = 1. The Fourier coefficients \/nAs(n) are real algebraic integers. For x a
primitive Dirichlet character of modulus D, the twist of f by x, namely

=Y x(n)vnAs(n)e(nz),

n>1

is a cuspidal modular form of level ¢D? and nebentypus x?. If D is coprime with ¢ (which
we henceforth assume), f.y is a primitive form. The associated L-function is

Ae(n)x(n Ar()x() | eap)x*(p) -
L) = SO0 MO | )

— n p p p
where ¢, is the trivial character modulo ¢. This has analytic continuation to the whole
complex plane and satisfies the functional equation [Li]
G(x)
G(x)

where G(x) is the Gauss sum, €y = £1, and

A(fx.s) = (¢D*)*2(2m)*T(s + 5)L(f.x. 5)-

When ¢ is squarefree, [Li

(1.2) er = ma)vars(a).



SIMULTANEOUS NON-VANISHING OF TWISTS OF AUTOMORPHIC L-FUNCTIONS 3

Let x1, x2, x3 be three distinct primitive characters of moduli Dy, Dy, D3 respectively. In
this paper we consider the simultaneous non-vanishing of the central value

when the level ¢ is prime.

Theorem 1.1. There exists an effective positive constant ¢ satisfying: for any xi, X2, X3
three distinct primitive characters whose conductors Dy, Dy, D3 are squarefree, and such
that X3, X3, X3 remain primitive with the same moduli, we have

{f € S3(a), L(fx, %)L(f-X% %)L(f-X& %) # 0} = c[S5(q)|
for all sufficiently large primes q, where the requisite size of q depends only on Dy, Dy, Ds.

As is now standard, this is proved through mollification techniques, combined with esti-
mates for the twisted fourth moments of L(f.x;,1/2). Bounds on moments of this sort are
analyzed thoroughly in [DFI2], and indeed we adopt their methods to control the largest
remainder terms. However, for mollification we also need the asymptotics of these mo-
ments. When y; is the trivial character these asymptotics were computed for the first time
in [KMV2], and the bulk of the present paper is spent obtaining the necessary variant when
X; is non trivial. There is no significant distinction in the handling of the remainder terms
in this case, but the asymptotics are considerably more intricate (since the Eisenstein series
arising from y ® X has square level). The two assumptions on x in Theorem are there
to simplify the calculations, not because we expect the results to be false in other settings.
For the applications we have in mind (see below) the assumptions do not cause us any
significant difficulties.

In the course of the proof we obtain the following precise asymptotic for the fourth
moment:

Proposition 1.2. Let x be a complex primitive character of squarefree conductor D > 1,
such that x? is primitive. If q is prime, then

2 ﬁ'w X 1/2)| = Py(log(qD?/47%)) + 2Re(x()Cy) + O-p(q~/'2)
fesz(a) ’

where Cy, is a constant depending on x only and P, (X) is a polynomial of degree 4, whose
coefficients depend only on x, with leading coefficient

1 (1-1/p)® 2 12
iz Ly 105 D8

This should be compared with Corollary 1.3 of [KMV2] which treated the case of the
trivial character and where the degree of the corresponding polynomial is 6. The difference
in degrees is explained by the fact that the family {L(f.x, s)} fes;(q) is predicted to admit an
“unitary” symmetry (in the terminology of [KS]) when y is complex, and an “orthogonal”
symmetry when y is trivial and f is restricted to “even forms”. In both cases our compu-
tations fit well with the predictions of by Conrey-Farmer [CE] and Keating-Snaith [KeSn]
using random matrix models. Note that C, and the coefficients of P, can be explicitly
computed.
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1.1. Arithmetic applications. These investigations on simultaneous non-vanishing were
motivated by the recent progress made towards the Birch-Swinnerton-Dyer conjecture for
quotients of Jy(¢) (the Jacobian of the modular curve X((g)) over abelian number fields.
Let K be an abelian extension of Q. By the Kronecker-Weber Theorem, K is a sub-
field of some cyclotomic extension Q(exp(27i/D)). Identifying Gal(Q(exp(27i/D))) with
(Z/DZ)*, there exists a subgroup Gal(K') of the Dirichlet characters of modulus D (which
is identified with the group of characters of Gal(K')) such that the Dedekind L-function of
the field K takes the form

1
e | R e oL § 0
peSpec(Ok) K/Q xeGal( )

where Y is the underlying primitive character of x. For f € S;(q), by successive applications
of the cyclic base change theory (due to Saito, Shintani and Langlands [Lal) there is an
automorphic form fx over GLs(Ak) called the base change lift of f from Q to K whose
associated L function is given by

Lifk,s)= ] LU

xEGal(K)
Hence Theorem [I.1] implies the following

Corollary 1.3. There exists an effective positive constant c satisfying: let K be a Galois
extension of degree 5 unramified at 5, then for any sufficiently large prime q (depending on

K)

{f € 83(a), L(fx.3) # 0} = c|S3(q)l.

The condition that 5 is unramified insures that the conductor of any x € Gal(K) is

square-free. The corollary fits with the following results proven in [KMV?2]:
Theorem. There exists an effective positive constant ¢ satisfying: let K be a Galois exten-
sion of degree 2 or 3, then for any sufficiently large prime q (depending on K)

{f € S5(q), L(fx.3) # 0} = c[S5(q)l,
if K is quadratic and xx(—q) = 1 (here x is the Kronecker symbol of K ) or if K is cubic.
If K is quadratic and xx(—q) = —1 then

1F € S3la). ord_i Lific.s) = 1| > elSi(a)l

Note that we have said nothing so far about extensions of degree 4. The following variant
of Theorem [I.1], along with its corollary, takes care of the case of cyclic extensions:

Theorem 1.4. There exists an effective positive constant ¢ satisfying: let xo a real charac-
ter and x3 a complex character of squarefree conductors Do, D3 such that X2D3 s primitive,
then

{f € 55(q), xa(=q) =1, OrdS:%L(f, S)L(f-x2, 8)L(f-x3,8) = O} = ¢[S3(q)]

{f € 55(q), xo(—q) = —1, Ords:%L(f, 8)L(f.x2,8)L(f-x3,8) = 1}| = ¢[S5(q)]
for all sufficiently large primes q (depending on Do, Ds).
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Corollary 1.5. There exists an effective positive constant c¢ satisfying: let K be a cyclic
extension of degree 4 unramified at 2 and such that K is unramified over its (unique)
quadratic subfield K'. Let xx be the Kronecker symbol associated to K', then for any q
prime large enough (depending on K)

{f €830, xx(—q)=1, ord %L<fK73) = 0} = |53 (q)]-

{f € 5:2(q), xr(—q)=—1, Ol“dSZ%L(fK,S) = 1} = ¢|S3(q)]-

We will not give the proof of Theorem here as it turns out to be easier in many
aspects than that of Theorem [I.1} however we shortly discuss how this variant is obtained
in Section [l
Remark. The remaining degree four case is that of the biquadratic field. By our methods
this would require precise asymptotics for the twisted sixth moments of L(f.x, 1/2), which
are beyond the reach of current techniques.

Combining these results with the work of Gross, Zagier, Kolyvagin, Logachev, and Kato,
|GZ, Ko, KL, Rul, [Sc] we obtain the following.

Theorem 1.6. Let K be a cyclic extention of Q of degree at most five such that 2 (respec-

tively 5) is unramified if [K : Q] = 4 (respectively 5). If K is quartic assume also that K

is unramified over its unique quadratic subfield. There exists an absolute positive constant

¢ such that for q a sufficiently large prime (depending on K ), Jo(q) admits a quotient J of
dimension dim J > cdim Jy(q), whose group of K-rational points satisfies the weak Birch—

Swinnerton-Dyer conjecture. More precisely, denote by Jx the K-rational abelian variety

obtained from J by extension of scalars to K, and by L(Jk,s) the associated L-function.

Then

dim J if K contains K', quadratic, with xr/(—q) = —1,

0 else.

rankyz J(K) = ords_1 L(Jk, s) = {

Our paper is organized as follows: after introducing some notation and definitions in
Section 2, we show in Section [3|how Theorem [I.1] and its variant [I.4]implies the Corollaries
1.3 1.5 and In Section [4] we explain how the proof of Theorem reduces to the
estimate of (mollified) third and fourth moments. The triple moment is computed in
Sections [f] and [6] The computation of the fourth moment is handled in Sections [7}, [§ and
O In Section [7, we isolate the main terms and compute the easiest ones, the so-called
“diagonal” and “off-diagonal” terms. In Sections [§ and [0] we compute the third main term
(which, lacking a better term, we call “off-off-diagonal”); this is by far the most difficult
and technical portion of the paper. The key is that, as in [KMV2], the off-off-diagonal term
is defined by a double integral whose integrand is an odd function of both variables (s,t
say); hence by contour shift, the OOD term equals the residue of the integrand at s =¢ =0
(see and (9.10)). Let us emphasize that without this rather delicate property, it is
not possible to mollify properly the OOD portion. The mollification (and the completion
of the proof of Theorem is sketched in Section most of the techniques being those
of [KMV2] Sections 5 to 7. In Section [L1] we discuss the proof of Theorem [1.4 We end
with a series an appendices dealing with some general forms of the Poisson formula and
the study of various exponential sums encountered in this paper.
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2. NOTATION AND FORMULAE

We refer the reader to [KMV2] for background on modular forms. In addition to the
formulae mentioned above, we will also use the multiplicative relation for the coefficients
of Hecke eigenforms in S;(q):

mn
(2.1) A(m)Ap(n) = > gg(d)A (=5 )
d|(m,n)
Mobius inversion then gives the inverse equation
m n
22) A(mn) = 3 el du(@Ar(CA(5)
d|(m,n)

where ¢4 is the trivial character modulo g.
The fundamental formula of this paper is Petersson’s trace formula, which we now review.
Let By(g) be an orthogonal basis of Sg( ) Then

Yr(m)iy(n)
(2.3) f; ) f f) = O + A(m, n)
with
A(m.n) = —27 Z S(mcn ;C) <47T\/_)
c=0(q)
c>0

and _
S(m,n;c) = Z e(mx——l—nx)‘
z(c),(z,c)=1
Note that the identity is independent of the choice of the basis By(q); since in this
paper ¢ is prime, there are no “oldforms” and Sj;(¢) is an orthogonal basis of S3(¢). In
particular we have
(2.4) 155 (q)] = dim Sy(q) = ﬁ +0(1)

To simplify later discussions, we introduce some notation. Given an Euler product
L(s) =TI, Ly(s) and an integer A, let La(s) = [, Ly(s) and LA (s5) = [T a)=1 Lp(s)-
To avoid confusion, the Ath power of L(s) will be noted L(s)”. Given an integer h and
a character x of modulus D, we let G(x,h) = >_,p) x(z)e(hz/D) denote the Gauss sum
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and let G(x) denote G(x,1). When the modulus of x is not clear from the context (for
example if y is induced from a character of lower level) we use the more precise notation
G(x,h; D). We let x denote the unique primitive character inducing x. If D =[], p®, we
factor x() into x(*) := [[,p Xp(*) where X, are characters of modulus p®

Because ( . will be used for essentially all averaging over forms in this paper, it will
be convenient to introduce the the following notation for the weighted average of forms:

> a= 3 4w<f,f>'

£€835(q) fess(q)

3. DERIVATION OF THE ARITHMETIC APPLICATIONS

In this section we show how Theorem and its variant, Theorem [[.4] imply [1.3]
and Theorem [1.6] For K a cyclic extension of degree at most five we let Gal(K) denote its

Galois group over Q and Gal(K) its character group. Let x be the generator of Gal(K).
Then for f € 55(q),

L(f, 3)L(f-x: ) L(f-x* 5) # 0 = L(f, 5) L(fX. 5) L(FX* 5) # 0,

and, since 1, x, x2, %, and X2 cover all of Gm) we have
(fKaQ H LfX?Q)?'éO

xGGal(K )
Thus Theorem [I.1] implies Corollary [1.3] and smnlarly Theorem [I.4] implies Corollary [T.5]
Our starting point in the derivation of Theorem is the work of Shimura [Shl on the
arithmeticity of central values of L functions: for any o € Gal(Q), f € S;(q), and character
X
L(fx1/2) £0 6 L(7x7,1/2) £0.
When Y is real, it follows from |GZ] that

ord 1L(fx,s)=1<ord 1L(f7.x%,s) =1

_1 1
8—2 sS=

[\

(here by L(f.x,s) we really mean L(f.x,s), the L-function of the twist by the primitive
underlying character). From this it follows that

H L(fx,1/2) £0 & H L(f7.X7,1/2) £ 0 & H L(f7.x,1/2) # 0

XEGal( ) XEGal(K) xEGal(K)

since o stabilizes Gﬁ(?(). More precisely, if x has order d and o(exp(27i/d)) = exp(2mia/d)
for (a,d) =1 then x7 = x“. It follows that

(3.1) II LUx1/2#0e vxeGal(K), [  L(f7x1/2)#0
XEGal(K) fre{fe, oeGal(Q)}

Let Ay denote the subquotient of Jy(g) associated to f by Shimura theory. This is an
abelian variety of dimension 2d;. Let Aff = Resg/qAyf/k be the restriction from Kto
Q of the extension of scalars of Ay to K this is an abelian variety over Q of dimension
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(deg K)(dim Af). The set of rational points A¥(Q) is naturally isomorphic as a Z-module
to the set of K-rational points of Ay; in particular there is an action of Gal(K) on Aff (Q)

and a natural decomposition of Aff (Q) ® C into x eigencomponents for y € Gal(K),

AfQec= P “AfQeoy

—_—

x€Gal(K)

By the work of Katd[] (see [Rul [Sc] and the discussion in Section 5 of [Me]),

11 L(f7.x,1/2) # 0 implies that dim(A}(Q) ® C)* =0.
fre{fe, 0eGal(Q)}

hence
(3.2) L(fx,3) # 0 implies that rankA;(K) = 0.

If K contains a quadratic field K’ such that x(—q) = —1 then L(f,1)L(fxx,3) =
L(fk,3) = 0, soif we assume that ord1 L(fr, s) = 1 when either L(f, 3) # 0 or L(f.xx", %) +
2

—

0, and that L(f.x,1) # 0 for all the other x € Gal(K), then this argument continues to

—

hold and for all y € Gal(K) with one exception the corresponding y-eigencomponent is
zero-dimensional. Suppose that the exception is the trivial character: ord 1 L(f,s) = 1;
=3

then from the [GZl, Kol [KL], rankA;(Q) = ord 1L(Ay,s) = dy, hence in this case
=3

(3.3) ordS:%L(fK, s) = 1 implies that rankA;(K) = dy.

The same argument holds in the case ord 1 L(f.xx+,$) = 1 with a minor difficulty: one

5=3
needs instead to consider the product Ay x Ay, ., where Ay, , is the subquotient of
Jo(q(condx)?) corresponding to the twisted form f.xgx € Si(q(condxx:)?). From the
hypotheses ord1 L(f.xx+,s) = 1, L(f,3) # 0 we have rankA; x Ay, = ds.,, = dy.

2
To conclude the derivation of Theorem we consider, for K cyclic of degree at most
five, the quotient
J=1[4,
f

where f ranges through a set of representatives of Gal(Q)-orbits of f € S5(¢) such that the

order of L(fk,s) at s = % is 1 or 0, depending on whether K does or does not contain a

quadratic subfield K’ such that xx/(—¢) = —1. From and J(K) has the expected
rank. The condition that K is unramified at 2 or 5 if deg K’ = 4 or 5 respectively insures
that the conductors of the characters of Gal(K') are coprime with their order and hence
are squarefree, so, from Corollaries and we have for ¢ a sufficiently large prime

dim J > 2¢|S5(q)| = 2cdim Jy(q).

1f y is real, one uses the work of Gross-Zagier and Kolyvagin-Logachev instead.
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4. PRINCIPLE OF THE PROOF OF NON-VANISHING

The basic idea of the proof is that for any numbers Li(f), L2(f), Ls(f) one has by
Holder’s inequality

(Z Li(f (f)) <O D DOY LY LN D L)

f€85(a) f€S35(q) fess(a) fe85(a) f€85(a)
LiL2 L3 (f)7#0
We take L;(f) = Ml(f)L(sz, 3) where M;(f) is a “mollifier” chosen so that
Li(f)[*
> co+o(1) and ILi(/)] < ¢ +o(1)

3 Li(f)L2(f)Ls(f)
e IS )| s 192(0)]

where cg, ¢1, ¢o, c3 are positive. In the following sections we will show that
(4.1)

| Z Ly(f)Lo(f)Ls(f)| = (co + o(1))(log ¢)* and Z < (¢ + o(1))(log )™,
fesz(a) fesz(a)
for i =1,2,3, with 4kg = ki + ko + k3 so that
% 1 "
< .
C1C2C3 " O( ) Z

fess(q)
L1 LaL3(f)#0

To finish the proof of Theorem we must still replace the weight 1/47(f, f) by the
“natural” weight 1/]5;5(¢)|. This can be done using the axiomatic system of [KM2] and
[KMV?2] with no loss in the size of the constants, but since we do not care about the size of
the constants, it is enough to use the inequality (already used by Luo in [Lu2], in a similar
context)

h h 1
> 1< Y DY) mw
£€53(q) £€83(q) fe83(q) ’
L1L2L3(f)7£0 Ly L2L3(f)7£0

and the upper bound due to E. Royer [Rol:

Lemma 4.1. There exists an absolute constant C such that, for q a sufficiently large prime,

h ]_ _
2 wgp SOt

fess(9)

5. THE THIRD MOMENT

5.1. Expression of the central values as rapidily converging series. Let x be a
primitive character of conductor D, and let ¢, = —x(—¢)G(x)/G(X). Take f € S;(q) with
(¢, D) = 1. Then from (|1.1)) and a contour shift we have

(5.1) L(fx3) = Z /\f(Zl)/);(mv(ql/T;D) ey Z A]0(7?1)/);(71)v<ql/ZD)

n
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where p
1 _sas
Vo) = 5 [ L1+ s)(2m)
(3)
If x is real then
aD ., Ar(n n
(5.2) (\/2_—7r) PA(fxsg) = (1 —exey) Z ;:1(/2) V(ql/QD)'

n
For x1, x2 two primitive characters of respective moduli Dy, Dy, and (¢, D1Dy) = 1, we
denote by

Xl*Xz Z X1 nl X2 nz

ning=n

their Dirichlet convolution. By ({2.1} , we get
L(fx1,8)L(f X2, 8) = L'(2s, x1x2 Z/\f )X1x2(n)n

so that
A(n)xixxa(n) n
(f X1, 2) (f X2, 2) ; nl/2 WXIXQ(M)

(5.3) Ar(n)X *Xa(n) n

T Exi€x2 ; 12 WX1X2(qD1D2>

- P(f X1X2) +5x15x2p(f YlYZ)
say, with

1 _.ds
Wiax(y) = 7 /F(l +8)2 L (1 + 25, x1x2) (47%y) e

(3)
Shifting the line of integration, we infer that

(5.4) yVI(y), y W, (y) < (1+y) " logy]

X1X2

for all j > 0 and all A > 0, the implied constant depending on j, A, D, Dy only (the
| log y| factor appearing if and only if x1 = X,). On the other hand, if we shift the line to
Fes = —1/2 we have (if x1 # X5)

(5.5) Wiixs () = L(x1x2,1) + Op, b, (91/2)-

5.2. Mollification. Let yq, x2, x3 be distinct primitive Dirichlet characters of conductors
Dy, Do, D3, and let g be a large prime with (¢, D1D2D3) = 1. Since L(f.X, 2) L(f.x, 2)
we may also assume that x; # X, for i # j. For each f € Sj(q) and x; i = 1,2,3 we
associate a mollifier M;(f) of the form
As(£)
Mi(f) =Y w0

(<L
(£,9)=1
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where L := ¢® for some fixed A < 1 and the ;(¢) are complex numbers satisfying x;(¢) < ¢
for all € > 0, the implied constant depending on &, Dy, Dy, D3 only. To simplify the
notations to come we note that (2.1 lets us write

<L’
(t.q)=1

with L' = ¢** and the (/) satisfying the same bound. To be precise, we have

(5.6) W):ZZ% S S m(dl)ea(ds)rs(d'ts).

d,d’ L3ly=0 L1 lo=L3d’

In view of (5.1) and (j5.3)), it suffices to estimate the sums

PM (i xexs) = 3 PU X PO ) M)
f

and
h

PM®(x1, X2, X3) := Z erP(f, xax2) P(f,X5) M (f)
f

and to take an appropriate linear combination involving the conjugates of x1, xo. We make
an additionial reduction by writing P(f, x3)M(f) in the form

51 PUaM() = Y 3 SRy g 5 ),
tn (d,q)=1 n

Note that, in view of (5.4)) and the bound on z(¢),

€ n —
(5.8) y(n) < g (1+ m) 4

for all e, A > 0 the implied constant depending on e, A, and DD, Ds5.

5.3. Evaluation of PM (x1, X2, X3). Since ¢ is prime, we have By(q) = S5(¢) and Peters-
son’s formula provides a decomposition of PM (x1, x2, x3) into the sum of a diagonal term,

y(m)xixxa(m) m
5.9 Wiy (——
( ) Z X1X (qDlDQ)
and a non-diagonal term,
(5.10)
ND _ ol X1¥X2(m m . y(n) . 4m\/mn
PM = 2 Z Z ml/2 WXIXQ(M) /2 S(m,n;e)Ji( - )-

¢>0,c=0(q)

Now we appeal to the large sieve inequality of [DFI2]:
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Proposition 5.1. Let k > 2 be an integer. For n a smooth function supported in [C,2C]
such that 1 <; C~ for all i > 0, set

Jia

S(n,cﬁ; c) 471'\/%>77(C)'

A, (n, 0) = 2mi~* Z
c=0(q)

c>0

Then for any sequences of complex numbers x,,, Yn,
VLN, _ L N
D 2w (lm) e O )20+ 1 eyl

with any € > 0 the implied constant depending on € and k only.

Introducing a smooth partition of unity on the variables ¢, m,n and using Proposition

along with (5.4)) and (5.8)), we find that the expression (5.9) is dominated by ¢=~(1=64)/8
for all € > 0 the implied constant depending on e, D1, Dy, Ds.

Remark. It is possible to avoid the use of Proposition [5.1} a rather deep result, through
elementary methods (see [V2], for example) with no loss in the quality of the estimate.
Here we prefer to get the desired result as quickly as possible.

We thus have (using (5.5))

> P P M) = 3 ey gy () o),
f dtn
5.11) — Ll 1) Y SNy EE ) o)

d.ln

as long as A < 1/6, the implied constant depending on Dy, Do, D3, A.
Before going to the evaluation of the more difficult term PM®(x1, x2,X3), we show that
we are finished calculating the third moment if any of the characters, say xi, is real. By

.3,

1+¢,,6
since both sides vanish if ey = —¢,,, so
1+ey6 —
L(foxas DI DL X 5) = =22 L o, DL xe, DIPUXs) + 08 PUL ).

But, since both sides are zero unless €y = ¢,,, we have (1+¢crey,)ey,er = (L4164, )ExsExa -
Thus

L(f-Xh %)L(fx% %)L(fX?n %) = L(th %)L(fX% %)(P(fv X3) + €X1€X3P(fa Y3))a
and both terms can be evaluated by (/5.11).
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6. EVALUATION OF PM¢(x1, X2, Xs3)

Note that, by appropriate labelling of characters, we may assume that xjy2(—1) = 1.
We define y(n) by

61)  PUx)M) = 3 G S Ay gy 5 ),
tn (d,q)=1 n

We have

Xrxx2(m)y(n) m "
PM*(x1, X25 X3) \/_Z WWX1XQ<QD1D2)Z Ar(gm)As(n)

We use Petersson’s formula to break this into a “diagonal” term,

_ o xaxxe(m)y(gm) m
; m WX1X2<QD1D2>7

and a “non-diagonal” term,

- X1%X m . y(n) 41 /gmn
—2mV/4q Z 122 1m12/2 X1X2(qD D2) 172 S(gm,n;c) i (———).

C
¢>0,c=0(q

By and the diagonal term is < ¢°(1 + ¢'=62)/2)=4 for all £, A > 0 and is thus
negligible as long as A < 1/6. Thus we need only consider the non-diagonal term. Note
first that the contribution from when n is divisible by ¢ is < ¢°(1 + ¢(1=64)/2)=4 for all
g, A > 0, and can thus also be ignored. Thus we may assume that (n,q) = 1. We note
that S(gm,n;c) = 0 unless ¢ divides ¢ exactly once, in which case, writing ¢ = ¢¢’ with
(c,q) = 1, we have

S(gm,n;c) = S(m,qn; ¢)S(0,n; q) = —S(m,gn; ).
Thus

+Err.

par = 20 W) S sl Snaelyy m L dr/oa

= ml/2 c X1X2(qD1D2

S
3»—-
5

(n,q)=1 (c,g)=1 m

By Weil’s bound for Kloosterman sums and the inequality J;(x) < = we can ignore the

contribution from large ¢, say ¢ > C for C' = ¢'°°. To simplify computations, we multiply

the expression by 7(m), where n(z) is smooth, vanishing near the origin, and equal to one
n [1,400). Note that the sum is unchanged by this step.

6.1. Application of Poisson’s Formula. We now write S(m,qn;c) as a sum of expo-
nentials e((am + agn)/c) and apply Proposition for the function

x )Jl(llm/cxn/q).

qD1 Dy

n(@) F(z) = n(@)z™ Wyl
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We can then write PM*® = PM;, .., + PM;, + Err with

main

G(x2)L(1, x1X2) y(n) ¢ G(xz2,qn;c) [
PM:,,., = 27 P X1<_)—/ n(x)F(x)dx
mazn 1/2 2
Vi (=1 " ¢<C,Dalc Dy ¢ 0
(c,q)=1
G(x1)L(1, X1 x2) y(n) c G(xi,qn;e) [
por R 57 BRSSP,
¢ (n,q):l ch,Dl\c 1 0
(c,q):l

where G(x2,qn;c) = Za(c) (a.0)=1 X2(a)e(agn/c) and

8 472 R(my,ma,qn;c) [ mymeT
Py =Ty s s | @ Py )dr
1

\/a (n,q)= c<C mi1,m2 CC1C2 C1Co
(c:q)=1
XQ( ]- m1,m2,—§n;c) /oo T
87 n(x)F(x)Ko(4r dr,
NG (an) —p Z mZ;n [ () F ) Kofam, [T
(c.q)=

where R(mq,ms,n;c) is the exponential sum defined in (B.1). Using Lemma we see
that

2 _ 0
PMe <t el IR = am )] [ yayrevatan, [ o
(n.g)=1 e<C m>1 ¢ 0 c1Co
(e,9)=1
2 e )

- ywn cica/c®)n + qm, ¢ prrge
D I R e IECLELAEN R

(n,g)=1 e<C m>1 0 1Co

(e,9)=1

the implied constant depending only on Dy, Dy. We bound these terms by the methods
of [KM2] 2.4.6 which gives that the inner sums over the variable ¢,m are bounded by
< ¢ 2n'/2. Note in particular the singularity for n = gm(cica/c?)™" = gm/(D1Ds), but
from , as long as 1/2 + 3A < 1, it gives a negligable contribution. The net result is
that PM;, is bounded by

¢ 1 Z |y |<<qe—1/2+3A7

(n,q)=

which is admissible as long as A < 1/6.

6.2. Evaluation of PM;, ... Now we evaluate the two terms of PM ;.. First we remove
the function n(z) from the integral at a cost < ¢~V/2+32 (using that J;(z) < ), and we
extend the summation to ¢ > C at a negligible cost. Next we make the change of variable

Y= jﬁrgg 22, In the definition of W, ,, as an inverse Mellin transform we shift the line of
integration to o = 1/4, switch this integral with the z-integral and the ¢ sum (everything

is absolutely convergent) and use the identity

~ —2s 7. _ o1 =)
/0 Ji(y)y " dy =2 T 1s)
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We obtain finally that the first of the two terms of PM?®

main

(6.2)
G(xe) y(n) 1 (q) Dy |, ds
S 3L [ T 9P L0 (1 250 201+ 29 )
" (1/4)
where G
,qn;cD
Z(S) — Xl(c) (X2 ((]:s 2)‘
(e:)=1
We have
_ aqn auﬁn
G(x2,qn;¢Ds) = ) xo(a =D nlwhxa(u) Y xela)e(~—7~)
a(cDs) ulc a(cD2) 2
(a,0)=1
c an/(c/u) _
=D nu)xau)— Y xa(@)e(——5 =) = Glx2)x=(0) > X fule/e)xalc/e).
ule a(D2) ef=n
c/uln ele

We obtain that

Z(s)= Y xi(eXa(f)e' "L (x1x2, 5) "

ef=n
(e,q)=1

Note that we can drop the condition (e, q) = 1 at an admissible cost since ¢|e implies that
q|n, and we have already ruled out that case. Finally, up to an admissible remainder term,

(6.2) equals
G*(x2)x2(q) _ y(n)
TL(L X1X2) ; TF(Xh X2 1)
where
1 ds
(63) F(X17X27n) = % F<1_8) 1+S fZ:Xl XQ f> -
(1/4) =

So, up to a remainder dominated by < ¢¢= /234

G2 G2
Zy |: X2 :(Q(Q)L(17XIXQ)F(XhX27n)—i_wL(l?XIXQ)F(XQaXl?n) :

This finishes our computation of PM¢(x1, X2, X3)-

6.3. End of the computation. We now combine the sums to calculate

S L0 DI e DerPUL X M)
f

=S P PUTIM) + e S PULTT)er P T M),
! f
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At this point, it is sufficient to compute

(6.4) {GQ(X;)—?Q@L(L X1X2)F(x1, x2,n) + G%XB—WL(LKM) > Flxe Xl:”)]
FEx1€x2 {GQ(YE—WL(LYQ(?)F(YUYz»n) + Cﬂ(yb—wl/(la X1X2) Z F(YQ»YDR)] :

By shifting the s contour in (6.3) to 0 = —1/4 we get a simple pole at s = 0. Making the
change of variable s — —s, we have

F(X17X2>n) + F(YQ?YD”) = Xl*YQ(n)

Using the hypothesis x1x2(—1) = 1 and the identity €,,&,, = x1X2(¢) g&ig ggig, we find
that (6.4]) equals

G*(x2)x2(g - Cx(@) ;g ~ -
65 FRD 0 g + S 1 o)

Thus we have proved the following.

Theorem 6.1. Let x1, X2, X3 be three distinct primitive characters of conductor Dy, Dy, D3
such that x1x2(—1) = 1. Then for any A < 1/6,
h
Z H L(wa %)Ml(f) - PM(X17 X2, X3) + €X16X2PM(Y17Y2’ X3>

+e3PM*(x1, X2, X3) + €3PM® (X2, X1, X3) + 0(1)
the implied constant depending on only on Dy, Dy, D3, A, where

x(dl)x1%x2(fn)xs(dn) dn
. PM L(1
(6.7) (X1, X2, x3) = L(1, x1x2 ZM”Z Jin Vi izp,)
and
(6.8)
. _ GZ(X )x2(q x(dl)x1%Ys (In) X5 (dn) dn
PM (X17X27X3) D 1 X1X2 ZZ din V<q1/2D3>

d,lmn

7. THE FOURTH MOMENT

In this section and the following, x is a complex primitive character of conductor D,
such that y? is also primitive of conductor D > 1. We wish to calculate asymptotics for
the fourth moment

h
> Lo DM
We start by calculating a precise asymptotic expansion for the twisted fourth moment
h
(7.1) My(€):= > |L(fx, 1/2)1"Ap(0).
fess(a)

We can assume in what follows that ¢ is coprime with ¢D.
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Proposition 7.1. Let x be a non-trivial complex character of conductor D squarefree, we
assume also that x? is also primitive. For any prime q, and any { < q coprime with qD,
an any € > 0 we have

M4(€) — MD<€) —I—MOD(@ + MOOD(@ +OE’D(qs(€3/4q71/l2 +€17/8q71/4 +€q71/6))

where MP(0) + MOP(¢) is defined in and MOOP () is defined in (8.14).

This proposition is a variant of Theorem 1.2 of [KMV2] and is proved in essentially the
same way. Since the analysis of the error terms is exactly the same as in [DFI2, [KMV?2]
(because D is fixed) we will almost entirely skip it to concentrate on the evaluation of the
main terms. In particular when we refer to an expression as being an “admissible error
term” we mean that the contribution of this expression to the whole M4(¢) can be bounded
by OE,D(qs(€3/4q71/12 + 617/8q71/4 + €q71/6)).

To simplify notation we define the twisted divisor function

7(n) = x*X(n) = Y x(a)x(b)

it satisfies
n n

m m
(12)  rlmn() = Y epldrd ), nmn) = 37 ep@udn(n(5)
d|(m,n) d|(m,n)
Let G(s) be a real even polynomial such that G(0) = 1 and G vanishes at order at least 2
at s = 1,2, 3 (this simplifies some technical aspects of the computation). We have

L@ 1/2P =23 P W ()
with W(y) = QLM/G(S)FQQ + ) (1 4+ 28)(4W2y)_s%
We have by (21) Y
;d v - a1/2> X<b>;TX(($T),;T/<2n)W( o7 Zg; Z Ap(m)As(acn).

Using ([2.3)), we split this into
My(€) = MP(0) + MNP (¢)

T (aen)ty(n) __  aen adn
dze 1/2 — a1/2 Tx(b)z X(ae)l/ZXn W(qu)W(qDQ)u

szVD __2212 x(b)
/ bd\/_

de=

<3 - ZTX (ngQ)W(Zg;)S(m,aen;c)JkI(M—vzemn).

with

c= Oq) m,n
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We have by
7, (en)7, (dn) dn
& - % W),

Before evaluating MYP(f), we make a smooth dyadic partition of unity on the variables
x and n by introducing (as with the third moment) 7(x), which vanishes near the origin
and is one on [1,4+00). We decompose 7 as

r) =y nu(z)

M3>1

a sum of smooth functions 7y, which are compactly supported on [M/2,2M] with deriva-
tives satisfying 29\ (x) <, 1 for any j. We set
1 x adn
W W
T I 2L
and we use the generic notation Fy; y(z,n) or F(z,n) to designate a function of the form

Fyn (@) = nu()nn (n) D@, n).

(7.4) D(z,n) :=

We thus have
MiVD :_22 d1/2 x(b>
/ ab=d \/_

de=

4m\/aemn

C

(7.5) X Z Z ZTX n)Fy n(m,n)S(m, aen; c)Jy ( ).

M,N ¢=0(g

We note that we can remove the contributions from M + N > ¢'* and then from ¢ > C
(where C' = min(q"/%, ¢>3M"/?)) at an admissible cost, using (5.4) and Proposition[5.1] We
apply Proposition [A and get

C;Tx(m)F(m,n)S(m,aen;c) = 5D|62§Re(x(%)G(X,aen;c)G(X)L(l,;ﬁ)) /OOOF(x,n)d:L'

(7.6) +Zx(2111) ZT(m, TFaen; ) (m,n)
+

m2=1

where

FE(y,n) == —2r /0 " Plan)y(4r Y ””:e”)Ki(zm [gy] ),

K~ (x) == —2nYy(x), KT (x) := 4K (z),
T(m,n;c) = Z R(my, mg,n;c)

mima=m
and
N c nx o miry + Mars r1rox
R(ml,mg,n,c)—m z(:) 6(7) %:DDX(ﬁ)X(Tz)@( e, D] + - )
x(c r1,72([C,
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is the sum studied in Section of the Appendix. The contribution of the first term can
be shown negligible in exactly the same way as in [DFT2] p. 229 or [KMV2] 3.3, the only
adjustment being powers of D to consider, so we will not cover it in detail here. This leaves
the sum over m, which we break into two cases.

7.1. Evaluation of the off-diagonal term. We first consider the special case m =
(%)%en (the “off-diagonal” term), specifically its contribution to the “+” part of the

sum in ([7.6)). For notational convenience, we let D3 = D/(c, D), so that

(7.7)
MPP () Z d1/2 Z ula Z Z ZTX(n) (aenD3, aen; c) (Dgaen n).
c<C

From (B.4)), we see that T'(aenD2, aen;c) = 0 unless D3 = 1, so D|c. Combining (B.4)
with (B.3]), we find that
T(aen,aen;c) = Tx(aen)¢>(D Yu(Dy),
1

where D is the largest divisor of (D, ¢) such that (Dy,¢/Dy) = 1. As in [KMV2] 3.5, we
can drop the constrains ¢ < C and M + N < ¢'*° at an admissible cost. At this point
(7.7)) is almost exactly identical to the off-diagonal terms studied in [KMV2], Section 3.6,
the only difference being the replacement of 7 by 7, and ¢(c) by ¢(c/D1)u(Dy). Thus we
may follow the steps of that paper precisely, using the calculation

3 o(5;)mD1)  ¢(q) pi-2s ¢(2s)

Atz gl C@D) (1 + 25)¢P)(1 — 2s)’

gD|c
and the functional equation
C(25)D(s) = 7 Y2¢(1 — 25)T(1/2 — s).

to get an off-diagonal term of

)
Z YL Ha Z T"(Zemw(%ﬁ)% / G(s)r2(1_s>“D(Q)C<D>(1_zs)<47;g§”>sd—;.

ab=d (3)

We make the change of variable s’ = —s, then shift the resulting contour to the right up to
Res’ = 3, passing a pole at ' = 0. After rearranging the a, b, e sums and combining with
the the diagonal term 1) we obtain that

P Ty (dn) TX en) o dn G(s)I*(1 + 5)(¢D*)°
MP(0)+MOP (1) = J 61/2 Z Z W(qD2)ResS:0 ren)s ¢ (1+25)
(7.9) U% 5 Tx(dn:x(en) W(chz)w*(q%)

de={ n
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up to and admissible error term with
1
W) = 5 [ GOITHL+ 5) (14 25) -
v

(3)
Shifting the contour to Res = ¢ gives W*(y) <. (yq)°¢~!, so this second sum is negligible.

ds

#C(D)(l + 25))(4%23/)*3?

8. THE OFF-OFF DIAGONAL TERM

The “off-off diagonal” term, which we denote M 9P ({), is the contribution from M~ (¢)
when m # DZaen. As in [KMV?2], its evaluation is by far the most difficult and technical.
We start with a notational adjustment: to any ¢ > 0 we associate the decomposition
D = Dy D, and the divisor D3|Ds uniquely defined by the properties

Cc = C/Dl, (C/, D1D3) = ]_, (DQ/D3)2|C/.
Note that this is slightly different than the decomposition in Appendix B, we have adjusted
it because here the only important distinction is between primes dividing ¢ once and di-
viding it any other number of times. There is no change in the meaning of D3, but what

we now call Ds is called Dy D3 in the appendix.
We first write MO9P(¢) as a sum over M and N of terms of the form

MOOD —27 7 (D)
Z 1/2 b g \/— Tx

X Z Z X(F) Z Z T (m, Faen; c)F]\j/ELN(m, n).
c=0( q) h#0 m+D2aen=h

Using equation (B.4]), we see that the off-off-diagonal term is provided by the sum over
a,c,e, M, and N of

(81) xps(=1) Y x(=v) Y r(hic)x

ve{£1} h£0

[ Z X, (Mm1) XD, (m2) 7y (n) R(m1, ma, —vaen; D1>F1\i4,N(m1m27n>
mima +1/D§ aen=h
with

mart + mare + D3(rirex + nT
R(my, ma, n; D) = Z Z XD, (11)Xp, (r2)e(—— 22 i) s(rrs ))
1

x(Dl) r1,r2(D1)
Since q|c, we can decompose 7(h; ) as

r(hid)y = > ulg)d + D plg)” = r"(hid) +r(h, ).

gc'=c,(¢,9)=1 gc’'=c'.qlg
CIIIh c//|h
One can show, exactly as in [KMV?2] 4.4, that the r°(h; ¢) portion contributes an admissible
error term so in the expression (8.1)) we may replace r(h, ) by ™ (h; ). We compute now
the sum over the my, mg, n variables. The treatment of remainder terms and the choice of
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parameters in what is to come is the same as in [DFI2] and we refer to that paper (and also to
[DETI]). We apply the §-symbol method [DFTI] to detect the condition m;msy+ D3aen = h,
giving

Z - Z Dil ) e(_fh) Z* XDl(h)YDl(m)e(ﬁlgzlx) X

m1m2+uD§aen=h 1<r<2R d(r) r1,r2,2(D1)

(8:2) > X, (ma)xp, (ma)e(

mi,m2

miry -+ Moty dm1m2
D1 * T ) %
2 d z v
ZTX(n)e(VDgae(— — —)n)EY(myma,n)
» T D1
where R is chosen depending on M, N and
EY(z,y) = F"(x,y) A (x + vD2aey — h).

Now we perform Poisson summation using Proposition of Appendix [Al we obtain
(8.3)

Ev(L+s,1+t)(Iy 1, N\(IIy x(v),  ._ .
> ) - = Resimio v DG (3_2+§([ 1) ) 5+ 52U+ 1) ) + Brr

mi,mz,n

where

Ev(l+s,141t) = // EY(z,y)x*y'dxdy,
0
1

_ r181 + rase  dsis
]0 = I()(da T17T2) = [7“, D]Q Z XDQ(Sl)XD2(82)6< : 1D1 22 + ; 2>
s1,s2([r,D])
Iy =Ihda) = 3 Xsx(s2)e(Diae(’ — 2 )siso)
— ) = S € ae(— — —
0 o\a, [r, D2 X(81)X\S2 39N T D, 152
s1,82([r,D])
_ _ 1 _ 7151 + 1282 d81$2 I’ S1
I~ =1 = _—
R I Y e S 1)
1 d x I’ S1
I~ =11"(d,x) = Y D2age(= — — _—
4n) =g 3 Tkl - S (- Fi75)
Ss1,82((T,

and I, [I" are defined similarly with —%’([TS—%}) The portion called “Err” is the sum of 8
more terms (see (A.2)) involving sums of the (discrete) Fourier transforms of the functions

8171 + SaT9 n dsi 2

(s1,82) = Xp, (51) XD, (s52)€( D, . )
(51:52) = Xlsx(s2)elw D5 = 7 )sisa),

ZNote that in order to factor out the term x(v) we have (implicitly) made the changes of variables
sh =wsy for I1- and s} = vsy for ITT, so that these expressions are now independent of v.
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weighted by certain Bessel transforms of E¥. Summing back over the variables d,ry,ry,
one obtains sums of Kloosterman sums to which one applies Weil’s bound. The details
work precisely as in |[DEI2], so we skip the rather tedious calculations involved. This
shows, as in [DFI2] p.229-231, that Err contributes an admissible remainder term to the
fourth moment, so that the main term comes from the contribution of the pole at s =t =1
of the Hurwitz zeta functions.

8.1. Computation of Iy(d,ry,72). Since x* is primitive, either x7, is non-trivial or Dy =
1. Summing over s, we see that Io(d,r1,79) is zero unless Dy = 1 and D|r. In this case the
sum becomes
dr'rirs

o)

1 181 + 128 dsis
(84) Io(d,rlﬂ“z):ﬁ Z 6( ! lD 2 2—|— 172

s1,82(r)

with r =r'D.

8.2. Computation of I/y(d,z). Summing over sy, then over s;, we find that 1 is zero
unless D;||r and X2D1 is trivial. The same holds for Dy and XQDQ, so, since xp is assumed
non-trivial, we have

(8.5) IIy(d,z) =0

8.3. Computation of I~ (d,ry,r2). Once again, the sum is zero unless D|r and (D, /D) =
1. Let r = Dr’. Decomposing s, as sy = sh + Dt, with 0 <t <1/, we get s = 0(r’') and

_ Xp, (") — Dor'r151 + Darasy + dsysg I’
I=(d,ry,m2) = ﬁ > Xy (s1)x0,(52)e( o) ) _F(E)
s1,52(D)

The s, sum is now a Gauss sum equalling

DlYDQ (Eldsl)G(XDQ)(SlefaDQT‘Q (Dl) ?

SO
_ XD (DldT,) _9 7“,7“181 F/ S1
I~ (d 42t ) Lol (24 ).
hri) =g Gle) 3 bl (5 (p)
S1
SlE_EDQT'Q(Dl)

Since —dDyry is coprime with Dy, the exponential term is constant, and we can detect the
congruence through multiplicative characters ¢ of modulus D, namely

. I s
> IR ERE
s1(D) w(D 1<s1<D
S1 EfaDQTQ(Dl)

Using (A.9)) we obtain

(8.6)
XD (D dr') 1T D2d G(xp,)
]’ 2 2
(d,ry,7m2) = D, e(— ) ) o(D;

Z $(—dDara)Res,—o D L(¥XD,, 1 + 5).
D)

The same holds for I7(d,r1,73) except that x and Y exchange places.
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8.4. Computation of 77 (d, z). Summing over s, shows that the sum is zero unless Ds||r,
and more generally we see that the sum is zero unless every prime factor of (r, D) divides
r exactly once. Thus we may factor r into r = r/(r, D) with (', D) = 1. Summing over
Sy = sh + Dt with 0 <t < 1’ gives zero unless s; = 0 modulo ’/(ae, '), so

11~ (d’ 33) = W (I; /))Y(Sl)X(Sz)ﬁ’(Dg (a:,eT/) ( (Dcfr) _7;_?)5132) <_FF,<D(;; 7./) ))

SQ(D)

The s, sum now equals

D
p2_9¢
S0 D o)

note that this is zero unless D3 = 1, so D|c. Using (|A.9)),

X(%(d%—Dﬂ/f)) »
s GRILOC, D).

Again, the same applies for 11~ (d, z) except that x and Y exchange places.

. /= . = g ae D
D2T $)81,D) - X(D (d(D,T)

3 (CL@, 7"/) - DQT/E)Sl)G(X);

(8.7) IT"(d,z) = (ae,r")

8.5. Computation of the cross-terms. Next we need to compute

1 * —dh * _ r1T9XL
A(h,c;r) = EZ e(—) > X (r)Xp, (r2)el 102 Vo(d, 1,7 Zni (d,z)
d(r) ri,r2,2(D1)
—dh * _ r1rT
B(h,c;r) D Z Z XDy (1) Xp, (r2)e( lDi )Zfi(d,rl,rg)ZHi(d,x).
d(r) r1,r2,2(D1) + +

By Section [8.4] these terms are zero unless D3 = 1, and that ¢ only affects A(h,c;r) and
B(h, ¢;r) through the decomposition of D into D; and Ds.

8.5.1. Computation of A(h,c;r). As seen in Section , A(h,c;r) is zero unless Dy = D
and D|r, so the sum over 71,73 is

> a0y

r1,m2(D)
since x? is non trivial. So A(h,c;r) = 0.
8.5.2. Computation of B(h,c;r). By Section 8.3 B(h,¢;r) is zero unless r = Dr’ with

(r',D) = 1. For notational purposes, we let r(1) := ry, r(—=1) := 19, so that for ,&' €

{_17 1}7

5 ﬁ /d
Ia(d,m,m):—xm( ur'd)

’I“IDQ

'Dsd
G, Je(— 2 22 Z¢ — Dyilr(2) Rese—o D* L35, 1+5),

XEI((Q(Z?IIIV (d - D2T,§))

r

118 (d, z) = (ae, 1) G )L(x*,1).
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Thus we can define

(8.8) B(h,c¢;r) = Z B¥='(h,c;7),

!

with
/ 1 * —dh * riToX /
B= (h,C; T) = FZ 6( r ) Z XDl(Tl)XDl(TQ)e( 1D2 )I€<d7 70177‘2)11E <d7 I)
d(T) 7’1,7’2,CE(D1) !
Xo, (D1 )X (25 G (X5, ) G () L(X*, 1) 1 _ ,
_ : —Dy)Res,_oD*L(x% 1
7”2/(@€77’/) QO(D1> Z w( 2) €55=0 (77DXD2 + S)

¥(D1)

XZ I ) A= D) Y ) (e

r1,r2(D1)

I(Dl)
The r; and ry sums give

Z X1 (11)Xp, (r2) ¥ (r(e) e(
r1,m2(D1)

rira(x — T/DQC_Z)
D,

) = by, (DG (X5, )X, (& — 1 Do),

/

XD, ()X, (D)X (e )G (X)) G (X ) L(x*, 1) L(x*, 1)
r2/(ae, r’)
3 o= (o x5 @ (@) (o — Do),

d(r)
z(D1)

B (h,c;r) =

We next compute the sum over d and z. It factors over moduli into the product S(r')S(D1)S(D>)
of 3 sums. We let d = Dy Dsd' + ' D1dsy + 1’ Dady, so the first sum is

and the third sum is

o * dah e+’ e+e’ / e+e’
S(Dy) = X (")) 6(—5 XD, (d2D1) = X5, (Dir')G(XD, i Da).
2

d(D2)
The second sum is more complicated:

SO = 3 =By s (' Do) (@)X (' Dy — 1'Dy).

D
di,x(D1) !

Making the variable change 2’ = xd; lets us factor this into a Jacobi sum over z and a
Gauss sum over dy, giving

S(Dy) = x5 (="' Do) G(X5 i D) I (X5, X5
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Combining the various sums thus yields
N (1T, (D)X (2220 G ) G ) L, DL 1)
r2/(ae, ")

r(hi X, (D) GG b D, ™ (Dar) GG, b D) (X! X5,

B< (h,c;r) =

D (e GG D st
r2/(ae, ") Dy XDy )

The two cases € = +¢’ contribute in slightly different ways. If e = &, then

(8.9)

B=(h,e;r) = J(Xp, Xp = )™ (r)x"(

ae

2 r(h;r')

)G(YE)ZG(XZSa h; D)L(X2€7 1) W

(ae,r')?
However, if ¢ = —¢', then J (x5, x5° ) = u(D1), s0
r(h;r)

ae

(8.10) BT (h,¢;r) = (D)X () [LOG, DI

(ae, 1)
8.6. The main off-off-diagonal term. Since A(h, ¢;r) vanishes,

SN = BrQ, )X () Bh, ;1) + Err

mi,ma,n

where Err is admissible and v € {£1}. Following [DFII] p.215, we have

Ev(1,1) = // FY(z,9)A(x + vD3aey — h)dzdy = / F¥(h — vD2aey,y)dy + Err,
0 0

since A, approxiamate well the Dirac distribution. Hence
(8.11) Z Z B(h,c;r) / FY(h — vD2aey,y)dy + Err,
mi,ma,n 0

where in both equations Err is an admissible error term. Collecting all the terms (ie.
summing over M, N), we find that the main off-off diagonal term is given by

OOD
(8.12) M 1) = 1/2 al/sz(b)
de=/ b=
Z S 2 )Bhen) [VE(h) + Vo (R)]
c= OqD)C r=0(D) h#0
e<gt (D,r/D)=1

with A = 100, say, and

VA = =25 [ [ bisanpar (1n X E I g 4 0y Dl oy,
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where D is defined by (7.4)) Since r™(h;c’)B(h,c;7) is even in h, we can replace h by its
absolute value, as in [KMV2], with the effect of replacing [V (h) 4+ V= (h)] by (compare

[KMV?2] (35))
19 o o2 [ W W
8 [_%YO(M#) —2W5y>1%(4ﬂy)+45y<1l(0(4w hx(cl - y))] drdy.

One can show, exactly as in [KMV?2] 4.1, that we may, up to an admissible error term,
drop the constraint ¢ < ¢ and replace n(z) and n(2) by 1. Following [KMV2] 4.1-4.3,
but with slightly simpler calculations because there are no logarithms, we find that ( -

equals

16( ~l2 (¢D) (¢D) t 1-2sps—t
—_ CYP(1 + 25)C7 (1 + 2t)( )e  *°h
(27” (1.7) J(0.6) d

X G(s)G(OT(1+5)T(1 — $)T(1 +HT(1 1) cos<7rt+TS)r(t + ) cos(r

(gD?)**
(4r2)"

— 5 dsdt
't — .
T(t )™

Plugging this into (8.12) we obtain, up to an admissible error term,

(8.14) MO9P(¢) = 511/2 2P /”)/06 ¢aP) (1+25)C(‘1D)(1+2t)L(€,s,t)(q(fW2))s+t
% G(s)G(T (1 + $)T(1 — $)T(1 + (1 — 1) COS(WHTS)F(IS 4 8) cos(m—)r(t — s)d;dt
where
(8.15)
L, s,t) = x(~1) Z@Tx(b)(éy Z(:)CMS S ST W (hid)B(h, )
abe= c=0(¢D r=0(D) h>1

(D,r/D)=1
and B(h,r;c) is given by and (8.10). This concludes the proof of Proposition [7.1]

9. COMPUTATION OF MY9P ()

We next need to evaluate M99P(¢). The largest remaining step is to compute the formal
L series L({,s,t) and its contribution to the off-off-diagonal term. Up to the symmetry
X — X it is enough to compute LT* (¢, s,t) and L™ (¢, s,t), defined as in (8.15)) but with

Bt (h,c;r) and B~t(h,c;r) instead of B(h,c;r).

9.1. Computation of LT+ ({,s,t). We want to factor LTT(¢,s,t) over relatively prime

moduli as much as possible. We set

h=n'h" (h,D)=1, h'|D®; ¢c=cD, =c"D\D;D', D'|D5°, (¢",D) =1; r=7'D, (+',D) =

so that
r"(h;d) = r™(Wh";"D3D") = r™(1'; ")r(h'; D3D')

L,
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GEPLOG

Bt (h,c;r) = x( T

——=>J(Xp,, Xb,)G(X*,h"; D)
Hence we have

L++<€,8,t) _ G(Y)2L<X27 1>2 (X(_1> Z M Z hs~ t h DQDI)G<X2,h; D))

D2 D1D2D/)1+2s
D1Do= h|D°°
D/‘DOO
(a) (ae,r))(ae, ) "y r(hyr)r™(h;c)
(Y B Z 3 > RS
abe=t c= O(q h>1
—\2 2 1)\2

(91) — G(X) L(X ) 1) LD—H_(E, s, t)L(D),++(£7 s, f})

D2

/ . . .
where the Y means sum over integers coprime with D.

9.1.1. Computation of L'P)++(¢,s,t). We follow [KMV2], (43) through (45): using (8.2)
we have (setting A = ae)

1 _ " oulg
LB 5,1) = 7 D (D) A Ca(1 +2t) " X (A) g1(+2)s
Ab=¢ (g9,.9)=1
"1 ()Xt (v) X (A, vw)) (A, vw) =" X2 (R
3 3 HO i A ) g X
¢=0(q) v w c,w|h

The g sum is (@”)(1 + 2s)~!. We separate variables using the identity

Z f(e,w) Z g(h) = Z p(u) Z f(uze, uzw) Zg(cwu%h).

c,wlh

We factor the resulting ¢ and h sums to obtain (compare with [KMV2] (43))
YZ(Q)L(YQ,t + S)L(YQJ'- B S) 1

D, _ 2 -1
LY (L, 5,t) = 125 ;4 T (D) A% Ca(1 + 2) " x(A) X
o (1) ) o XA wown)) (A, wowe)
Z plttts Z itz ZX (w) wltt—s
v (u,g)=1 w

Next we factor u = ujuy with uy|A, (us, A) = 1, replace A by uj A, sum over uy, and write
u1b = B to obtain

X(OX*(q)L(X*,t + s)L(X*,t — s)
q5+t<(qD)(1 + 25)¢aD) (1 + 2t)

D I T

AB=/ T w

LPHH(,s,t) =
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We factor v = v1vy as we did for u, replacing A by Avs, so the v; sum equals L 4, (x*, 2) L(x*,2)~*
We combine the product zw into a single variable w, and use the relation

S X (A w) (A w) f(Aw) = EX(E)Le(x*,1)" Zf (EA, Bw),

Aw

together with

> g o(Ew = St S D 0B, o

Ew
to end up with

X(@)L(x* 1+t + s)L(x*, 1+t — s)L(X*,t + s)L(x*,t — s)
¢t L(x*, 2)¢P) (1 + 25)C@P) (1 + 2t)

LPHH(0,s,t) =

(9.2) X&f) Z AQtLA( 2 1) 1Et02SE(sEI) M(Q)EL(Q(G)LaE(XQa 1>_1LaAE(X4a2)'
aAEL

9.1.2. Computation of L5 (¢, s,t). Since x? is primitive, (h; D3D")G(x?, h; D) is zero un-
less h = 1 and D3D’ = 1, so that D; = D. This simplifies calculations con31derab1y, leaving
us with

TXp xIGOP) _ 0 GOPP

(93) LB+<£7 S, t) - X(_l) D1+2s G(X)2 )

9.1.3. Computation of the off-off diagonal term I. Using (8.14]) (9.1)), (9.2), and (9.3)) we
see that the contribution of L** (¢, s,t) to MP9P({) is

OOD,++(p\ _ YQ(‘D G(X2)2 L(XQa 1>2
M0 =" 00T Tid,2)

D
L 1+t+s)L(x* 1+t —s)L(X*, t + s)L(X*, t —
O T LR LR L )

16
X X

X G(s)G()T(1+ s)I'(1 = s)I'(1+ )1 —¢) COS(WHTS>F(t +5) cos(wFTS)F(t —3)

dsdt
st

&f) Z A2tLA(X2,1)lEtUng)M(a)§2<a>L (X )" 1LaAE<X 2)
aAEL

Since x? is primitive and x*(—1) = 1, L(X?, s) satisfies the asymmetric functional equation

22 )" cos(s /D) LT 5) = GIRILC, 1~ 5).
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Applying this twice we obtain

X'(q) D* L(x*1)?
(V2 G(x)* L(x4,2)

4 9 .
XW/(M) (0_6)G@)G(t)]l[ruj:s)mﬂ)i LR £t 4+s)

==

(9_4) MOOD,++(£> —

x(¢) 2t 2 vo1 0t 02s(F) N(G)XQ(G) 2 1\—1 4 o dsdt
AAEA E A“'L N E L DL 2)——
X — a alx1) s a ar(X", 1) arr(X"52) ot

Let ®(s,t, ) be the multiplicative function

1 09s(F) 1(a)x?(a _
(I)(S,t;f) _ E Z AQtLA(XQ, 1)—1Et ZE(’S ) :u( );C ( >LaE(X27 1) 1LaAE(X4a 2)
aAEL

One can check (compare with [KMV2] 4.3.1) that ®(s,¢;¢) is an even function is both s
and t: obviously we may assume that ¢ = p® for some prime p /D. Evenness in s is
obvious, but evenness in t requires a case-by-case breakdown of whether p divides each of
the variables. More precisely we rewrite

®<S,t;€) — Z <é>tLA<X2,1)1O-28(E> M(G)XZ(G)LCLE<X2;1)71LaAE(X472)-

ac Es a
acAE=¢

and we split the sum according to three cases which are even in s and t¢:
e If p|E, we have
oos(E) 1 ( A ) ¢ 9 \_1 9 \—1
E E — | L )™'L 1)~
B A(X ) ) B(X ) )

Es xX2(p)
El'=t L+ p  AB=('
E>1

e If £ =1, and either A = ¢ or ac = ¢, we have

1 2 AN

tl xX*(p) +€_t<1 B 1 sz(p) )= 1 Jr><2(10)'

+55 p(1+57) 1+57

e If £ =1, and p|A and p|ac, we have
%) | x*(p)
1 AN? f(a)x*(a) 2 o1 LT Xp T Ayt
14 X@ Z (E) Z a Lol )7 = 14+ X@ Z (E)
p AB={/p? ac=Bp P AB={/p?

From (9.4)) it follows that the integrand in MY9P*++(/) is an odd function of s and t.
Thus, by shifting the contours in s and ¢, we find that MP9P*+({) equals one-fourth of
the residue at s =t = 0 of the integrand (since the polynomial G(s) vanishes at s = £1,
the I" factors contribute no poles). The same holds for L~ (s, ¢; ¢) with x exchanged for %,
thus

D?  L(x*,1)° x*(¢) (1)

(9.5 MO =X G0y L, )
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with

(9.6) °(0) = Y Lalx™, 1)1T(E)M[@LE(X%, 1) Laap(x™,2).
aAE|l

9.2. Computation of L~ (¢, s,t). Next we compute

E s =D DE Y M (S Y s

abe={ c¢=0(¢D)

Z Zhs brm(h; ) (D1)X(ae)X((a6,T"))2r(h; 7;1()74),(;6”/).

(D,r)=1 h>1

The calculation is again done by factoring over primes and grouping those primes into three
disjoint sets: those dividing D, those dividing ¢, and those dividing neither. The last set
requires exactly the same computations as were done in [KMV?2], except slightly simpler
since there are no logarithms involved, and we wind up with

(1) U1+ 26) 1P (1 4+ 20) 1P ) TP k5 + )Gt 4 5).
+

The product over primes dividing ¢ is similar both to the calculations of the previous sec-
tion and to those of [KMV2]. Introducing the same variables to account for the divisibility
conditions on h and the various common divisors, we wind up with

(I-p ')A —-p )1 -p?
(9'8) X(E) ]1;!: (1 _ p—l—t—s)(l _ p—17t+s)(1 _ p—t—s)(l _ p7t+s)

02 (E)X(E)? p(a)x(a)®
Es

x% Z AL, (D) E! Lap(x*, 1) Caar(2).

aFEA|L
Let W(s,t;¢) be the multiplicative function of ¢ given on the second line of (9.8). Once
again, one can check that W(s,t;¢) is even in both s and ¢. From and (9.8)), the
contribution from all primes not dividing D is now
x(0)

(99) qs+t

@) (1 4 25)~Le@P) (1 4 26)71¢P)(2 HC (145 +t)C Pt +5)U(s,t; 0).

It thus remains to calculate the contribution from primes dividing D. Since (D,{) = 1,
several things simplify, and we are left with

u(Dy) o
> CH;S >~ h*tr(hid)r(h; D)/D,
D|c|D>® h|Doo

where ¢ = ¢/D, D1Dy = D with Dy = (D, ). Again, this sum factors over primes. The
important distinction is whether a given prime divides ¢ exactly once (in which case it
divides D), or more than once (in which case it divides D5). The first case yields

1+s—t _ 1

—2 25 s— t) —2—28p —
;p r(phip) = —p e P

—1—s+t
—1—s—t 1— p

1— ps—t

)
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while the second yields

_ sp o \1—Dp
y prE s Zp’( Il = (- pT) =

s—t
k>2 1>2k—1 p

—1—s+t —2s5—2t
p

1_ps t’

Combining the terms, we have

Cagg (L =p ' (A — pT i)
(1=p) (1 =p=7)
From this last equation and we obtain that the full product is

- __x( X(=DIL(x* D ( (P (A £s+1)¢(t+s) ,
L +<£,5,t> = (qD2)5+tC(qD)(1+28)<(qD)(1+2t CD H C(D ].:tS—t) \II(S t,g)

Again, Lt~ is the same except with y and Y switched.

9.2.1. Computation of the off-off-diagonal term II. Putting this back in (8.14)) and using
the functional equation

Ltxs)(t£s)  ((I—(t£s))
(2m)tEs ~ 2cos(m(t £ 5)/2)
we find that the contribution of B~ is

_ JL(x2, 1)
MOOD—+(py — 4 X x(=1 | / /
©) CD(2)(2mi)2 Jun Jos 61/2 5,t;0)

O J BCETNNCEDN | FSATES 1) —
+

+,+

dsdt

and since the whole integrand is now evidently odd in s and ¢ we have

(9.10) MOOP—(¢) —ResSZtZOX(_IC)J;(é)’l)I iffgxy(s,t;e)

X %Hr(l + $)I'(1 it)HC(D)(l +s54t).

9.3. Computation of the “pure” fourth moment. We now analyze the case ¢ =1 in
greater detail. From Proposition [7.1] we have for all £ > 0

M4(1) — MD(l) +MOD(1) + Q%e(MOODJFJF(l) _'_MOOD7+(1)) +O€’D(q71/12+e)_

where MP(1) + MOP(1) is given by the first term of (7.9), and the other terms are given
by 1) 1} Shifting the t-contour in the integral defining W( 5) to Ret = —1/2 we

see that, up to an admissible remainder term, MP (1) + M9P(1) equals
21 ?(1 D2\ s+t 2

st nl-i-s-‘rt :
n>1

Resg—i—o4

T2
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Since

Z Ty (n)? _ L3 1+s+t)L(X% 1+ s+ t)C(D)(l Csat)?
et nlts+t C(D)(Q + 25 + Qt)

we see that MP (1) + M9P(1) is a polynomial in log(¢D?/47?) whose highest degree term
is given by

G T2(1)Co() L0 P () e op o=, o0,
¢P)(2) st(s +t)?2s2t 12¢(2) D (1+1/p) 42’

From (9.10]), 2ReM?9P~*(1) is a constant depending on x only, while from (9.5)), 2Re MOOP++(1) =

2Re(x?(q) G?XQ 7 LL((X; 4’12))6 ). This concludes the proof of Proposition .

4

Resg—i—o

10. MOLLIFICATION

In this section we evaluate the mollified moments, using the asymptotics already calcu-
lated. Following the notation of [KMV?2], Section 5, we introduce the following conventions:

o For 7 = (21,29, 23,24) € C* we use v(s,t,Z,£) for any arithmetic function of the
form

v(s,t,2,0) = [[(1+ = (5,1, %.p))
ple b
with |f(s,t,Z,p)| = O(p**) uniformly for s,¢, 7 in the domain s, ¢, Rez; > —1/4.
e We use 7(s, t,2) to denote any Euler product of the form

7wma=Ha+§mmzm

p

absolutely convergent and bounded (together with its low partial derivatives) for Z
in the domain Rez; > —1/4.

e Our notations are “generic” in the sense that the exact value of v(s,t, 2, m) or
n(s,t,Z) may change from line to line.

The idea is that factors of this nature appear naturally in mollified moments but do not
affect the degrees of any poles at the origin, so we can ignore them unless we need to
compute the exact values of the residues. Their main advantage is that any Euler product
that occurs below will be considered as a factor of type 7(s,t, 2) times a product of degree
one Euler products. In the event that we would want to know the proportion of non-
vanishing precisely, we would want to be very careful with the exact value of such functions
(especially at the origin, where we will be evaluating everything), but since the goal of this
paper is merely to prove the existence of such a constant, we can afford to be a little bit
less precise.

The mollifiers we use will have the following form: for R > 1 fixed (independent of
X1, X2, X3) let Pg be the product of primes less than R. We set

0 if (¢, Pg) # 1
(10.1) xx(@Z{ x(Op(0)P(log(¢/L)) els(e; Y
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with L = ¢ for some fixed small A. We take

Py (x) 1 ..z
() = — e —
2mi J (3 "

a degree-(n — 1) polynomial on (—o0, 0) which is zero identically on [0, co).
10.1. The third moment. We use Theorem (6.1). Suppose first that all three char-
acters are complex. The leading term of the mollified third moment will come from

PM (x1, x2,Xx3), the other three PM-type terms contributing lower powers of logg. In
order to cover all four terms at once, we consider the general expression

x(dl)xa*x xg({n)xc(dn dn
PM(xa, x5, xc) = L(1,xax8) ) (2 dZ,E Jel )V(q1/2D3)’
diln

where x4, xB, and x¢ are distinct non-conjugate characters to be determined later.

Using ((10.1]) we see that

xa * xB({n)xc(dn)
10.2 PM 1
(10.2) (x4, X8, Xxc) = L(1, xaxs ; e
Z Do D> xaldilt)xo(dibs)xs(dsls)(dily)p(dils) p(dsls)
dl,d3 3364 dl 0162=d3l4

// // ['(1+s) q"*D3\° LAzt ds dzydzydzy
(27rz')4 dn d’f1+z2d§3€?€§2€§3 s 21ty

Since the only important issue is the presence of poles, it is enough to assume that d,dsdén
is square-free—all other terms can be collapsed into n functions. Thus, given a prime p, it
is enough to consider the contributions to first order when it divides each of d, ¢, n, d; and
dz. Some straightforward analysis gives

XX’ S S
PM(xa, x5, xc) = gAmB // // (148)¢*/2D31(s, 21, 22, 23) L(xaxe, 148) L(xzxc, 145)

(10.3)
L2428 [(xyxe, 1 4 21 + 20) L(x1Xx3, 1 + 21 + 23) L(Xx2X3, 1 + 22 + 23) dS dz1dzodzs

H?Zl L(xixa, 1+ 2)L(xixB, 1 + 2) L(XxiXc, 1 + 2 + 5) s 2 zyta®
for some 1(s, 21, 22, 23). Now we evaluate by shifting contours to the left. Since we are
assuming ¢ to be much larger than L, we can first shift s to Rs = —1/10 and each z; to

Rz = 1/10, and bound the resulting contour integral by ¢~'/2°L3/1% which is small enough
to ignore. The only pole we cross in the process is at s = 0, and it is a simple pole since
X4, XB, and ¢ are distinct and non-conjugate. Thus we have, up to negligible error,

L , 1)L , 1)L , 1 ozt
(10.4) PM(xa,XxBsXC) = (xaxs, 1) (?;72)03 JLxzxe, 1) ///L 1R (21, 29, 23)
L(xix2, 1+ 21 + 22) L(x1x3, L + 21 + 23) L(xaX3, 1 + 22 + 23) dz1dzodz3

niy  n2 n3 '’

H?:1 L(xixa, 1+ zi)L(xixs, 1 + zi) L(xixc, 1 + 2i) 21 2y %3
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Now we shift the z contours to the left, one at a time. Were we to assume the Riemann
Hypothesis for these L-functions, this would be simple, we could shift each to Rez; = —1/10
without hitting any poles. However, as discussed in detail in [KMV2], we don’t need the
Riemann Hypothesis to bound the resulting contour integrals if we just shift to a contour
lying to the right of all the zeros of the various L-functions. Since non-vanishing of these
L-functions has been proved in small ranges of the critical strip, this is enough (again, see
[KMV?2] 5.3 for a detailed discussion of how to bound the contour integrals). Thus all we
have left is the residues at z; = 29 = 23 = 0, and it is here that we need to be more careful
about poles. For reasons discussed while analyzing the fourth moment, we will always be
taking n; = 4.

Suppose first that the characters are all complex. If all of the L-functions in the denom-
inator come from non-trivial characters, then all the poles are degree 4, and the leading
term goes as (log L)°. However, if (for example) x4 = X7, the 2; pole is only a triple
pole, so the lead term goes at most as (log L)®. Thus the largest term in when all
of the characters are complex is the one coming from PM (1, x2, x3), not from any of the
conjugates, and that main term is

7(0,0,0)
Hz 1L<X7,7 )

It remains to see that (0,0, 0) is bounded away from zero for all choice of characters. Had
we written 7(z1, 29, z3) out explicitly, it would have been an Euler product over primes not
dividing Pg of terms of the form

(10.5) PM(x1, X2, X3) = (log L)°.

L+ p 2 f(X1, X25 X3, D5 21, 22, 23),

with f bounded, times some non-zero factors from primes dividing Pr (namely, certain
factors from the ¢ and L-functions). The latter is a finite product of non-zero terms, each
of which is between 1 — p~! and 1 + p~!, and the former’s logarithm’s absolute value is
dominated by cg > p~? for some constant cg, and thus it also cannot be zero. Thus 7(0, 0, 0)
is bounded away from zero by a constant depending only on R, not on the characters or
their conductors. In practice, it turns out to be enough to take Pr =2 x 3 x 5 X 7, but for
the sake of the proof it is enough to show that it exists.

If any of the characters are real, this isn’t quite right, since then L(x? 1) is infinite.
Everything we have derived through is still correct, so it is just a matter of evaluating
the degree of the various poles (in particular, so long as the characters are distinct we get
no poles from the shift of the s contour, so log ¢ never appears in the formula). As we
have just seen, if any of the characters are complex then we only get contributions to the
main term from those PM’s in which they appear unconjugated. Thus in the remaining
analysis, we can assume that y4 = x; and so forth.

Now suppose for a moment that y; is real but y, and x3 are complex. Then ((10.4))
becomes

(10.6) P — L(x1x2,1)L(x1x3, 1) L(x2x3, 1 ///Lzl+22+23 n(z1, 22, 23)
' (2mi)3 Cp, (1 + 21)
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L(x1x2,1+ 21 + 22) L(xaxs, 1 + 21 + 2z3) L(x2X3, 1 + 22 + 23) dzi1dzadzs

L(xix2, 1+ z1)L(x1x3, 1 + 21) H?:2 L(xix1,1+ z)L(xix2, 1 + zi) L(xixs, 1 + 2i) Zi 2523

The 2z and z3 contours can be shifted as before, giving the same powers of log L, and the
21 contour can also be shifted, and also gives only a triple pole, since the (p, (1 + z;)7*
provides a zero. Thus we wind up with a main term of

¢(D1)/ Dy
L(x3, D) L(x3, 1)

Similarly, we will always get a main term of the form

-1
(10.8) 1(0,0,0) H oD (H L2, 1 ) (log L)+,

Xi#1

(10.7) PM =n(0,0,0) (log L)®.

where there are r real characters and ¢ complex characters. Since we are only concerned
with the existence of such a constant, not its precise value, this is enough.

10.2. The fourth moment. We now assume that y is complex, of squarefree level D > 1,
such that x? is still primitive. We wish to compute (and bound)

(10.9) M) = S 1L 2) M)

fess(q)

where the coefficients of M, (f) are defined by ([10.1). Using (2.2) (and (¢,¢D) = 1) we
have

1 _ S
M (I = @) /(2)4 LOC 1+ a1+ )L 1+ =t+a) [ (P0+az+2)n@)
1<J
()£, 20

> Eﬁi?wm( > x<m1m3>x<m2m4>“(m”‘ifmi”??’li‘(m@)Li‘f?

mi my’msimy Z

f=mima X
m3myq

Thus [M,(f)|* = S A (0)z(0)¢~1/? with x(¢) only supported on £ < L*, (¢,qDPg) = 1.
Shifting the z; contours to Rez; = /4 shows that x(¢) <. ¢¢ for any £ > 0. Proposition

implies that

M) = Y g%x(é)[MD(ﬁ)+MOD(£)+MOOD(€) +op(1)
1<LA
(£,qD)=1

so long as L < ¢%/%9=9 for some fixed 6.
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10.3. The diagonal and off-diagonal terms. We recall from ([7.9)) that the diagonal and
off-diagonal terms take the following form:

o(q) 4

MP(0)+MOP(0) = Res,—g——rb —
(0)+ (£) Res_oqgl/gzm. o

G(s)G(HT2(1+8)T2(14+4)¢ P (14-25)¢9P) (14-2¢)

7, (dn)7, (en) qD s+td
X Z dset Z nltstt 471'2 ) St‘

n>1
We have
S 1 3 Ty (dn)my(en) 1 p(a)7y(b) T T (adn)7(n)
dset n1+8+t o ds a1+5+2tbt nl-l—s-‘rt
de=/ n>1 abd=¢ n>1

ey = x (™)1 (") + X (@) (%) — x(p*)X ("),

7. (adn)t, (n (D)(s)2L(x2%, s)L(X?, s s 2 s
o) _ GOPLOCOTS) ] (1 )y - S

so that, using the identity 7, (p

et ns ¢(P)(2s) e (p(2s)
a>0
Hence
4
MP(0)+MOP(£) = Res,—o ;’;(52 5 / G(8)G(HT2(1+8)T2(14+4)¢ P (14-25)¢ 9P (14-21)
T J(2)
(D) 1 27,(12
" CPY 1+ s+1)2L(x% 1+ s+ t)L(X?, 1—|—s—|—t)\1](8 . g)( )s+tdt
C(D)(2 + 25 + 2t) 472 st
with
(10.10)
/ 1 pu(a)y (b) Gl +s+1)L,(% 1+ s +1)
\\J . = PN IXNTT « (] —
(5. t:0) bdﬂﬁﬁﬁﬁ%tILGup>+x@>< ACE e E—)
abd= p%||a
a>0

One can show that U’(0,0,¢) = ¥(0,0,¢) where ¥(0,0,¢) is the multiplicative function
defined in Section [9.2] (see (9.8))), this is important for the problem of computing an explicit
lower bound for the proportion of non-vanishing.

Inserting , we find that the contribution of the diagonal and off-diagonal terms to
the fourth moment takes the form

1
MPoP /Rs / £, 2)C(s)GHOT2(1 + $)T2(1 + £
() = i es =)t o (s, t, 2)G(s)GT(1 + s)I7(1 +1)
LOx* 14 21+ 23) L(X?, 1+ 20 + 24) L(X*, 1 + 5 + ) L(X*, 1 + 5 + 1)
H?:l LAY 14 s+ 2) L2V 1+t + 2)
C(D)(l +3+t)2§(D)(1+25)C(QD)(1—|—2t) qD2)5+tL2dgﬁ
[, ¢+ s+ 2) D1+t +2) An2’ 2 st

I[I P0+z+2)

i<j
(4,5)#(1,3),(2,4)
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We shift the z contours to Rez; = 1/4 and the t-contour to Ret = —1/4, passing a pole at
t = 0. The resulting integral is bounded by < Lg~/* which is admissible. Thus we have

MPOD b 2/ 4 )th(s, £ 2 G(s)GOT(1 + )1 + 1)

L<>< ’1+21+Z3>L<x 1+Z2+Z4)L(X2,1+$+t)L(Y2>1+s+t)
[T LY L s+ 2) L0V 1+t + )
M Patas S ’(1 s+ 2P 1+ 25)¢P (1 + 20) LdZ
i<j H?:1 (DO +s5+2)P(1+t+2z) 27
() A13).2.)

As in [KMV?2] 5.3, everything can be evaluated by shifting the z; contours just past the line
Rz; = 0, the only important contribution coming from the following 5 sequences of poles

(251 :0,2’2:0,2’3:0 24:()),

(10.11)

(zl - Oa Z9 = —TR3,R%4 = Z3,R3 = 0)7

(21 = —29,23 = 22,20 = 0,24 = 0)7

(21 = —22,23 = 0,24 = 29,20 = 0),

(21 = —23,20 = 0,24 = 23,23 = 0).
All other sequences contribute lower powers of logq, so long as n > 4. The important
question is what power of log . ~ logq comes out of this calculation. This is simply a
matter of counting poles: the ( functions in the numerator contribute eight poles, those in
the denominator remove eight, and the combined powers of s, t, and z; contribute 4n + 2.

Thus the leading power of log g or log L will be (log ¢)**~*. Thus, taking n = 4, the fourth
moment is dominated by (log ¢)'? times a constant of the form

CL(X2’ 1)L(y27 1)L(X27 1)L(X 1)CD(1)4<D(1)2<D<1)§D(1)) — c
[Timy LD L3, 1) [T Co(Mén(1) 1L DI
where ¢ is bounded from above independent of x. Recall, (10.5)), that the main term of the

third moment was proportional to (log ¢)? times a constant of the form ¢’/ L(x2, 1) L(x3, 1) L(x3, 1)
when all the characters are complex.

10.4. The off-off-diagonal terms. Using (9.5 and , we have
C(OuD)G(x*)GR)’L(x*1)° 1
10.12 MOOD,JrJr _ X (Q)M( ) /
(10.12) ) L(x, 2) D2 @2ri)* Jope g
L(X* 1+ 21 + 23)L(X%, 1+ 29 + 24) H
[LOC 1+ 20) L% 1+ 23)¢P (1 + 22)¢P) (1 + 25)]

?)

L7d?
(D 2
(PN 2+ 2)

X
i<j

(1.5)#(1,3),(2,4)

Again, all we need is bounds in terms of powers of log L arising from poles in the z variables,

since there are no powers of log ¢ coming from the s or ¢ residues. The numerator gives

four ¢ functions, the denominator eight, so when combined with the powers of z; there are

a total of 4n — 4 poles in four variables, giving a leading term of (log L)**~8 = (log L)® for
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n = 4. Note that this is a lower power than we got from the diagonal and off-diagonal
terms.

Next we consider the +— term, which from (9.10) is

00D, +~ X(=DILOE D
(10.13) M (x) = (D(2)  (2mi) //(2

G(t)
Res; 1—on(s, t, 2) S) HF (1+s)l 1:|:t)H§(D)(1:I:s:|:t)
g

" L(X,1+21+Z3)L(X,1+22+Z4)
L2 1+ 221+ 232 t) LA 1+ 2+ s)L(X*, 1+ 24 £ s
+
Hi<j¢(1,3),(2,4) (D1 + 2+ zj) L7dZ
[ILC(l4+2E£s)C(14+23£8) (1420 £t)((1+24£2) 2"

Using the same arguments, it is enough to count the factors of log L arising from taking
the various s, t, z poles, which is 4n — 4. Thus for n = 4 the off-off diagonal terms produce
a main term proportional to (log L)'* times a constant of the form -5

Remark. It is instructive to note that althought the off-off-diagonal terms are the most
complicated of the main terms, they contribute less: for the untwisted fourth moment of
Proposition [1.2] the contribution of these terms is by 4 powers of log¢ smaller than that
of the diagonal terms. For the mollified fourth moment, setting L = ¢ we see that the
diagonal and off-diagonal terms contribute by (essentially) ~ log' ¢, while the MPOP++
terms contribute by < A®log® ¢ which is negligeable, and MP°P~+ by ~ A'?log!'? ¢ which
althought contributing, becomes smaller for smaller A (note that for Theoremwe cannot
take A arbitrarly small in view of the third moment). Note also that, the discrepancy in the
contributions of the M°°P~+ and the MP9P*+ terms can be guessed already by looking

at and (8.10)): in there is an oscillating factor G(x?, h; D) which is not present
in (8.10))

10.5. Conclusion of the proof of Theorem 1.1. Thus, under the assumption that all
the characters are complex, we have shown that that there exist mollifiers M;(f) such that

(10.14)

\Zh L s DML oxa DML i DM ()] > (co + 0(1)) 0% L)’
!

[T L0, D)

and

W\ 4 (e 4o (logg)*?
Zf | (fX’HQ) Z(f)| <<Z+ (1))|L(X171)|4
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where ¢y, ¢; are absolute constants, ¢y > 0, and L = ¢® for some positive fixed A. This
proves that

h 4 A4
(10.15) Yooz S L o),

C1C2C3

FL(fxi,5)#0
i=1,23

and we conclude the proof as explained in Section [d Suppose now that x; is the trivial

character but ys and y3 are complex: from ((10.7)), we have
1 (log L)®
\Z L(S DML x2, HIM(F)L(F s DMa()] 2 (o + 0(1))

|L(X27 )L(Xga 1)| .

The necessary upper bound on the fourth moment for the trivial character is provided by
[KMV2], Theorem 1.4, which gives (with our present choice of mollifier)

SO DM < (e +o(1) (log 0)*.
f

Since 4 x 8 = 8 + 12 4 12, we still have ((10.15]).

11. VARIANT FOR REAL CHARACTERS

Finally, we discuss the variant, Theorem [I.4 Recall that this involves the case in which
X1 is trivial, ys is real, and x3 is complex. We assume also that Dy, D3 are squarefree
and that x32 is primitive. For ¢ prime such that yo(—q) = 1, the first case of Theorem
follows from the inequality

h 4 h h h
(11.1) (Z Ll,z(f)Ls(f)> <O Y 0 P 1L,
fess(a) f€Si(q) NS C)) f€S5(a)
Li12(f)L3(f)#0

where Lia(f) = My(f)Ma(f)L(f, HL(f-x2,2) and La(f) = Ms(f)L(fxs, ). The only
remaining question is to evaluate the second moment
h
D (LU DL X2 5)) A (0)
!

This calculation winds up being quite similar to the one we have already done, but avoids
many of the pitfalls that we have encountered above because now 1 % xa(n) represents
the coefficients of an Eisenstein series of square-free level (for example, it is instructive
to compare the calculations of Appendix which is used here with those of Appendix
B.1). The remainder terms have exactly the same size as before, and the main term,
gets contributions from the diagonal, off-diagonal, and off-off-diagonal which gives that
the averages of |L12(f)|* goes as (log¢)®, which is precisely the correct power to make
the proportion of non-vanishing triple products go as a constant : recall that the lefthand
side of goes as (log L)™4, and the last factor of the righthand side goes as (log ¢)'%.
Rather than reproduce all the calculations here and lengthen this paper even further, we
merely present the asymptotics for the case ¢ = 1, which has independent interest. The
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average (using the harmonic weights) of the square of the kth derivative of A(f, %)A( fxa2, %)
is the sum of an error term of the usual size, plus two main terms MPOP + MOOP  where

APoD _ / / I'(1+17) 2L(X271+2t)(£

gk+1tk+1 42

) (F(s.t) + X(—q)F(—s,t))dsdt,

where

gD (14 s+ )P (1 +s+t)L(xa, 1 + s+ 1)?

F(s,t) = G(s)T'(1 4 5)*L(x2, 1 + 25)(+—)*

472 L(x2,2+ 25+ 2t) ’
and
MO0D _ /f' 2L (X2, 1 [[.T(1£s)(1£1)
o 27rz thA1 gh+1

[(Cp(llitﬂ) * gD(f) sst >HC (1 (s +1))L(xa, 1 £ (s = 1))

D—s+t Ds—t
+
(p(1—s+1t) (p(l+s—1t)

+ x(—¢) ( ) HL()@, 1+ (s+1)C(1+(s—1t))| dsdt.
+

Notice that in both cases, the parity of the integrands is odd precisely when the relevant
derivative can be non-zero, that is, when x(—¢q) = 1 for even k and when y(—¢q) = —1
for odd k. Thus these expressions can be evaluated by taking residues at s = 0 and then
t = 0 in the usual fashion. In particular, for £ = 0 and x(—¢q) = 1, the asymptotics go as
P,,(log q), where P,, is a quadratic polynomial with coefficients depending on ys.

APPENDIX A. SUMMATION FORMULAE

In this section we derive a Poisson-like summation formula for the convolution of two
distinct primitive Dirichlet characters. These results are standard but we couldn’t find them
in the existing literature with the required degree of generality. Our methods essentially
follow those of [J] but there are other ways to obtain this formula. We first start with a
very general proposition obtained by double application of Poisson summation.

Proposition A.1. Given cij,co > 1 two integers and G a complex valued function on

(Z/c1Z) x (Z]csZ). Let

(A.1) H(my,my) Z Z (r1,72)e mlrl + m2r2)7

C1 C2

ri(c1) ra(c2)

denote its discrete Fourier transform, and assume that H(—my, —mgy) = vH(my, mg) for
some v € {£1}. Let F(z) be a smooth function on (0,00), vanishing in a neighborhood of
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0, such that F and all its derivatives have rapid decay at oo. Then

(A.2)
F(1+s)/H(0,0) 1, _
Z G(my,ma)F(mymsy) = Resszl( ( 1+Z( ( 5 ) +—-(H + H+))
s c1C9) s S
v o MM
+ — H(my,m / F(x)J"(4m dx
1 o
+ — H(my, —ms) / F(z)KY (4r, |20 gy
C1C2 e >1 0 C1C2

=Y Y G (-53),

ri(e1) ra(e2)
F/ T2
Ht = (2
Z Z G(TMTQ)( F(62)>7
ri(e1) ra(c2)
JH(x) = —27Yy(x); J ™ (x) = 2miJy(x); K*(x) = 4Ky (z); K (x) =0.

Proof. We rewrite the sum as

Z G(ml,mg)F(mlmg): ZZ G(T17T2> Z Z F(mlmg).

mi,ma2 ri(c1), ra(c2) M1=71 M2=rg

Taking the Mellin transform of F' and using the Hurwitz zeta function ((s,a) = Z(m +
m2>1
«)~*, this becomes

(A.3) Z Z G(Tlar2)2im/ﬁ’(3) L C(S,E)C(s, E)als.

(Cl CQ)S C1 Co

r1=17ro=1 3)

We shift the contour to the left, crossing over poles at s = 1, then use the functional
equation of ((s,a) to convert to convergent sums.

A.1. The poles at s = 1. If s is near 1,

1 I

The portion of (A.3]) coming from the pole is thus

(A-4) > 2 Glriro)Res,1F(s) (61;)5 ((S —1 1?2 s i 1<I%(Z_1) * I%C_z))) ‘

ri=1re=1

giving the first term in (A.2]).

() +O(s —1).
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A.2. The shifted integral. We recall the functional equation (see [Da])

2T(1 — 8) = sin 27( ma—|—3/4)
C(S,OJ) - 27‘(‘ 1-s mzzzl ml s

Thus upon shifting the contour in (A.3]) to Res = —2 and replacing s with 1 — s, we have
the following contour integral:

(A.5) EZ ZG rT) 5o Z/ (bs)ﬂs)%%)s > m;m;

ri=1ro=1 () mi,ma2

1 S miTry maTo S miTry ™moTo mir, moTo miry ™moTo
e(—= +e(s — - +e - +e(— + ds.
4 ( ( 2 C1 Co ) (2 C1 Co ) ( C1 Cy ) ( C1 Co )

Note that H(—my,—ms) = vH(my,ms), so the contour integral’s contribution to (A.3) is
(A. 6)
cic
ey Z 2mi / = - )7 (¢ (s)H (ma,ma) + (14 v) H(m, —ms)) ds,

AT2myme
e (3)

with, ¢*(s) = 2cos(ws), and ¢ (s) = —2isin(ws). We then shift the integration contour to
Res = 1/8, open the Mellin transform F'(1 — s) and use the formulas (see [EMOT] Vol 1.
7.3 (17),(19),(23)), valid for 0 < o < 1/4,

1
o [ Py s = 2K0(2v/), / [2(s) cos(ms)a—*ds = —Yo(2/7)
i 27i
(o) (o)
1
2—/ )sin(ws)z*ds = wJo(2y/).
(o)
This completes the proof of Proposition [A.1] O

A.3. Convolution of Dirichlet characters. We apply Proposition[A.1]to the case G(mq, ms) =
X1(m1)x2(ms) for x; and yo two primitive Dirichlet characters.

Proposition A.2. Given x1,x2 distinct primitive Dirichlet characters of conductors D,
and Do, respectively. Let F(x) be a smooth function on (0,00), vanishing in a neighborhood
of 0, such that F' and all its derivatives have rapid decay at co. Given ¢ a positive integer,
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and a coprime with c,

am ODse c . _ o
> malmle("T F(m) = (0006 L) [ Fd
m>1 0
5D1\c C __ _ &
(A7 s 2 R @O LX) [ P
0
x1xz2(—1) /O" N MMy
e H ; F(x)J*(4 —)d
+ e le;M (@, my,ma; ) i () J* (4m . )dx
x2(—1) /°° + M1 Mo
- H(— : F(x)K—(4 d
+ C1Co m;w ( CL,mth,C) 0 (I) ( ™ C1Co ) T
where = = x1x2(—1), c1 = [¢, D1], ¢2 = [¢, D2,
arireo

mir maTs
+

e(

C1 Cy C

(A.8) H(a,mi,mac) = > > xalri)xa(ra)e );

ri(c1) ra(e2)
JH(z) = —27Yy(x), J7(z) = 2midy(x), K*(z) = 4Ky (), K~ (z) =0.
Proof. This is immediate from Proposition and the following two lemmas. O

Lemma A.3. If x1 and x2 are primitive characters modulo Dy and Dy, respectively, and
(a,c) =1, then if x1 = x2 and D1lc,

le,D1] [¢,D2]

> 3 a2 = @6 0n A2

ri=1 ro=1
but otherwise the sum is zero.
Proof. 1f ¢; := [D1,c] > ¢, we may write r; = ¢s; + t1, with 1 <#; < cand 0 < 1 < ¢q/c,

and the s; sum takes the form Z x1(cs1 +1r1) = 0 since x; is primitive modulo D;. Thus

we have ¢; = ¢, and by symmetry we also have ¢, = ¢, so D; and Dy must both divide c.
We now write r; = Dysy + t1, with 1 <¢; < Dy and 0 < s; < ¢/ Dy, so that the s; sum is

arys; Dy c
Z 6( ) = _5C/D1\7"2-

C D1
s1<c/D1
Thus the complete sum is

c oD c asst
a2ty

— t — .

D; ; 21X1( 1)X2(52D1)€( D, )

1=1s2=

This vanishes unless (D, ¢/D;) = 1, which is to say D,|D;. Since the original expression
was symmetric in Dy and Dy, we must also have D1|Ds, so Dy = D,. The t; sum is then

> e = Tilas)Gla),
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leaving us with the expression

Dy
c c
D_1X2(D1 X1(a)G(x1) 21 x2(s2)X1(82),
So=
which is zero unless x; = xo2. U

Lemma A.4. With notation as above,
ariro IV 1y c .
= D > xalr)xalra)e( )= (=) = 0pyjccix1(5-)Xa2(a) G (x2) L1, x1X2)
i c I' ¢ D,
r1(c1),r2(C2

if X1 35 X2, and

p(D1) 5T (@)G00) (1og(Dy) 47+ ¥(Dy))

71,72

if X1 = X2, where W(Dy) =Y, OER.

Proof. We perform the r5 sum first, and in a manner similar to the previous proof we obtain
that the sum is zero unless Ds|c in which case we are left with

D1Dy/(¢,D1)

c . I >
EG(X2)X1(D2>X2(G) ; XiXz(8) T (m)
. o Ta) 1 o
We now use the identity (obtained using — T(a) =5 +7+ ; E+a E>
o (CD 1+s
(A.9) > X() <_F(C_D>> =resso— L0 1+ 9).

1<r<eD

Thus if x1 # x2 the sum is

¢ DD, c o
D, G — L(1
Bs 0y, C V(g R (@ L1 )

the desired result, and similarly if y; = yo». -

APPENDIX B. AN EXPONENTIAL SUM

In this section we study the average of the exponential sum H(a,m, mo;c) defined
in (A.8)). Recall that i, x2 are primitive characters of conductor D, D;. We again let
c1 = [¢, D1] and ¢o = [¢, Ds]. We study the average

(B.1)  R(my,ma,n;c): = ¢ Z*Q(E)H(a,ml,mg;c)

_ < na mir maTg arira
= oo Z Z X1(ri)xz(rz)e( + + ).

C C C
a(c) ri(er) ! 2
ra(c2)
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Lemma B.1. e
’R(ml, Mo, N; C)\ < (D1D2)3(%” — mima, c).

Proof. For p a fixed prime number, we define the exponents dy, dy, k, k1, ke by p® || Dy,p®|| D,
P*|le, p*||er, p*2||ca. We set ¢, = ¢/p*, with ¢;, and ¢y, defined analogously. Let y;, de-
note the p-primary component of y;. By the Chinese Remainder Theorem we can factor
R(my, mg, n;c) over primes to get local sums (after some changes of variable) of the form

_2 —
e * o C1pCapCp N mir mMaT9 arire
pk h kQZ 6( = ;kp ) Z XLP(TI)Q( pkl ) Z X27P(T2)e( pk2 + pk )

a(p®) r1(p*1) r2(p*2)

Since the context is now clear, we henceforth write y; instead of x;,. We also set D, :=
C1pCap/Ch. If k < dy + dy the sum is trivially bounded by p3ditd2) 5o we may assume that
k > di + ds, so that ky = ks = k and D, = cica/c?. We now break into cases.

B.0.1. The case p [fD1D5. This is the generic case; the sum takes the form

sz D na Z €<7r;lkrl) Z e((mg —l—grl)m)’

o) ") (o) P

yielding the Ramanujan sum

Z* e (Dpyn —mymg)a

) < (Dpn — myma, p¥).

e
a(p*) b
B.0.2. The case p Dy, p|Dy. We have
D
_kZ na Z X1 7‘1 m1r1 e mz —i—am 7’2)
e ra(pk

_ Z D n — mlmg)a

Yx1(—ams) < pdl/Q(Dpn — myma, p*),

a(p®
since this is a Gauss sum.

B.0.3. The case p|Dy and p|Dy. We have
_ D na m T me + ary)r
S )X e 3 xa(ra)e(L22 A1)

a(p”) r1(p* r2(p*)

The ro sum equals

me + ary
Xo(— 5z —

k—d
p 2

)

Since k — dy > dy we may replace x1(r1) by x1(—m2a) and the sum equals

pk_dQG(XQ)(Spk*dQ [(ma+ari)

* (Dyn —mimgy)a mi8;

p%*drkerG(Xz)Xl(_mﬁZ e~ pk Pax:(a) Z Xa(sn)e( p2 )

a(pk) s1(p?2)

< p(d1+d2)/2(Dpn — myma, p).
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U

B.1. The case y; = X,. We now restrict to the particular case x; =X, = x, with D, the
conductor of x, square-free. We also suppose that (n, D) = 1, which will always be the
case in our applications. We have

mir1 + Mots 179

R(mla ma, N; C) - C D . N2 Z Z X(TI)X(TQ)G( [C, D] + C )

z(c) r1,72([¢,D])

C () — miTy + MaTs 172X + NT
e DERe D) 2 XX ),

z,r1,r2([c,D])
(z,eD)=1

We factor the sum over primes, setting D = D;DsD3 and ¢ = Djcacs with (c3, D) = 1,
Dille, p|Dy = p?|ca, (c3, D) = 1. Then [¢, D] = c3D1cyD3. We have

R(m17 mo, 1 C) = R(m17 ma, n; C3)R<m1a ma, N CQ)R(mb mao, DI)R(mla mao, 1] D3)

where (after some simple changes of variable)

Z Z m1r1+m27’2+D3(7’1r2x+n§))

C3

R(my, ma,n;c3)

x(C3) r1,72(c3)

miry -+ mer
R(ma, ma,n; Ds) = Z Z X3 (1) X, (r2)e(— 1D — )
aC(D3) r1 T’Q(D3) 3
miry + mory + D3(r17ox + 1)
R(my, ma, n;cy) Z Z XD (71)Xp, (r2)e( - )
fE(CQ) r1,72(c2)

mqry + mery + Ds(rirex +nT

R(my,mg,n; Dy) = Z Z XDy (11)Xp, (12)e( — =2 D s(r1r2 ))
1

z(D1) r1,72(D1)

To evaluate the first sum, we sum first over r, getting

R(my, my,n; c3) = r(mymy — Dan; c3) = r(mimy — (D/(c, D))*n; c3).
The second sum can also be evaluated by doing the r; sum first, getting
(B.2) R(muy,ma,n; D) = Xp,(—1)Xp, (m1)xps(m2).-

The third and fourth sums are slightly more complex. Since they are multiplicative in their
modulus, we can factor over primes, reducing to the evaluation of

miry + mare + Dsa(rirex +nx
R(m17m27n p Z Z Xp 1 Xp TQ) ( pa ( ))

z(p) m1,72(P%)
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B.1.1. The third sum (o > 1). First note that if p|myma, then R(my,ma,n;p*) = 0, as
can be seen by summing over r; if p|m;. Thus we may assume that p fmi;ms, so we get
R(my, ma,n;p%) = X, (m1)xp(me)r(1, 1, mmgn; p®)
Next we set ry = z1 + py; with x1 < p 1, mod(pa_l). Summing over y; we get 1 + rox =
0(p™~1). Letting 1 + mox = 2zp®~!, we sum over x;, then over z, getting Gauss sums, and
finally over x, getting
R(my, ma,n; p*) = X,(m1)xp(ma)r(myims — Din; p*).
B.1.2. The fourth sum (o =1). Note that if p|mima,
2 - 2 .
X°(ma2)X,(mame — nD3)G(X,) ifplmi
R(my,mg,n;p) =<2 P B
(1ma; mz, i p) {Xz(ml)Xp(m1m2 - nD§>G(X;2)) ifplms
When (p, myms) = 1 we have R(my, ma,n;p) = X,(m1)X,(m2)R(1, 1, nmymy; p) and some
simple computations then give
R(my, ma,n;p) = xp(—1)X,(m1)xp(m2) Y Xp((1 + nD3mamaz))xp(1 + ).
z(p)

An interesting case occurs when mymgy = nD%, in which case

(B.3) R(mq, ma,n;p) = =X, (m1)xp(ma).
This is the source of the “off-diagonal” term in the main text.
To summarize, we have
(B4) R(mu,ma,n;c) = Xp,(=1)r(mime — D3n; ¢')Xp,p, (1) XDy 0y (M) R(ma, ma, 15 Dy)
where the variables are defined by

D = D1D2D3, cC = ClDl; (Cla D1D3) = ]-7 Dg|cl'

B.2. The case y; = 1. Finally, we consider the case when y; is trivial, so D; = 1 and
lc, D1] = ¢. To simplify notation, we use x rather than y, to denote the non-trivial
character. We wish to sum

1 * na miry + ariTe  Mals
R(mi,mg,n;c) = Z e(?) Z x(ra)e( c + [ D])
a(c) r1(c) 7
TQ([CvD])

Performing the r; sum gives
c *ona MaT2
[C D] Z 6(?) Z 6m1+ar250(c)X(7’2)6( [C D] )
’ a(c) r2([e,D]) ’

Since D is squarefree, we can write [¢, D] = ¢Dsy, with Dy = D/(c, D) and (Dq,c) = 1.
We factor x = x1x2 such that the conductor of x5 is Dy. We split ry over relatively prime
moduli as 79 = sy¢ + s9 D5 to make the sum

*

1 na meS moS
FQZ 6(?) Z Z5m1+aD25250(C)X1(SQDQ)X2(510)6( 521 + 2 2).

a(c) 51<D3 s3(c) ¢
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Note that the sy sum only contributes one term, s, = —myaDsy. The s sum is a Gauss
sum, so the entire expression is
G(x2) * (n—mymoDy)a

D) (—m) 3 e )x1(@).

a(c)

C
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