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ABSTRACT. This paper is the second of a series devoted to the study of the rank of Jo(q)
(the Jacobian of the modular curve Xo(q)), from the analytic point of view stemming from
the Birch and Swinnerton-Dyer conjecture, which is tantamount to the study, on average,
of the order of vanishing at the central critical point of the L-functions of primitive weight
two forms f of level ¢ (¢ prime). We prove that, for a large proportion of such forms, the
associated L function vanishes at order exactly one at the critical point. From the work
of Gross-Zagier, this implies a strong lower bound for the geometric rank of Jo(q).
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1. INTRODUCTION

Let ¢ be a prime number, and consider the abelian variety Jy(g), the Jacobian of the
modular curve Xo(q). It is defined over Q, of dimension dim Jy(q) ~ ¢/12. Eichler and
Shimura [Sh] have shown that its Hasse-Weil L-function is given by

(11) L(']O(Q)as) - H L(fv 8)
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where the product is over the finite set S2(q)* (|S2(q)*| = dim Jy(q)) of primitive weight 2
forms f of level ¢, and the L-functions are normalized so that Re(s) = 1/2 is the critical
line.

According to the Birch and Swinnerton-Dyer conjecture, one should have then

rank Jy(q) = Z ords—1/2L(f,s)
feSa(g)*

and it is expected that
1
rank Jo(q) ~ 5 dim Jy(q)

based on heuristics concerning the zeros of L-functions.
In [KM1] we used the factorization (1.1)) to obtain the upper bound

rank Jo(q) < C'dim Jy(q)

for some absolute (and effectively computable, see [KM2]) constant C' > 0, on the Birch and
Swinnerton-Dyer conjecture. This was proved by bounding from above the average order
of vanishing of the L-functions at s = 1/2.

Here we consider the dual problem of non-vanishing of L(f,1/2). More precisely we look
at forms f with order of vanishing exactly one. We prove

Theorem 1. Let e > 0 be any positive real number. For q large enough (in terms of €), we
have

[(F € Saa)” | DU1/2) =0, L7 1/2) 0} > (3 — <) ISa(a)"]

By work of Gross and Zagier |GZ], the product
11zrs)
f

over the forms f with L(f,1/2) =0, L'(f,1/2) # 0, is the L-function of a quotient of Jy(q)
with rank exactly equal to its dimension. Thus we have the following corollary:

Corollary 1. Let € > 0 be any positive real number. For q large enough (in terms of €),
we have

1
rank Jo(q) > <5—Z — 5) dim Jy(q).
Since 19/54 = 0.35..., this is quite close to the conjectured value.

The method used here works equally well for the non-vanishing of L(f,1/2) itself. We
indicate briefly how they lead (more easily) to the

Theorem 2. Let € > 0 be any positive real number. For q large enough (in terms of €), we

have
* 1 *
{F € Sala)” | LF.1/2) # 0} > (5 —<)ISa(a)"]

This result is weaker, however, than what Iwaniec and Sarnak [IS] have obtained in the
course of their work on the Landau-Siegel zero. Indeed, their more advanced techniques
can be used to improve the constant 19/54 to 7/16.

Remarks. (1) Independently, and using different methods, VanderKam [VdK] has ob-
tained the same non-vanishing results, except for a smaller numerical value of the proportion

achieved.
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(2) Luo, Iwaniec and Sarnak [ILS] have proved (assuming the Generalized Riemann
Hypothesis) that

Y ordeypL(fys) < (¢4 0(1))]S2(g)"]
f€S2(a)*
for some (explicit) ¢ < 1; this is of great significance for the conjectures and heuristics of
Katz and Sarnak [KS].

We now give the precise statement of the main result.

Theorem 3. For any 0 < A < 1/4 and any prime q large enough (depending on A only),
we have

1 1
1.2 1> (11— ———— dim J .
(12) 2 >5( (7 2ap dm S0
feS2(g)*
L(f,1/2)=0,L'(f,1/2)#0
In particular, letting A — 1/4, Theorem (1] follows.

Since the set of f such that L(f,s) has a simple zero at the critical point is contained
in the set of odd forms, we have proved that for at least 70 percent of the odd forms, the
order of L(f) at the critical point is exactly one.

Remark. Coincidentally, Soundararajan [Soul, has shown that the proportion of qua-
dratic twists of a given quadratic Dirichlet character x for which L(x ® ¢, 1/2) # 0 satisfies
the same lower bound, when the length of the mollifier is suitably parameterized. This is
explained in part by the heuristics of Katz and Sarnak [KS]. Less clear is the coincidence of
those proportions with that obtained by Conrey, Ghosh and Gonek [CGG| for the number
of simple zeros of the Riemann £ function on the critical line.

Acknowledgments. This paper was begun at the Number Theory Conference in honor
of Andrzej Schinzel, and we wish to take this opportunity to thank again the organizers for
their efforts in making this an agreeable and successful meeting.

We also wish to thank H. Iwaniec and P. Sarnak for showing us some of their ongoing
work [IS]. Also we thank the referee for carefully reading the most delicate parts of our
arguments and pointing out some inaccuracies.

Notations. For any ¢ > 1 we will write ¢, for the trivial Dirichlet character modulo g.

All summations over f will be implicitly over f € Sy(¢)*, with other conditions explicitly
indicated in the summation indices.

We write log, x := loglog x.

Finally we make the following convention concerning the use of Vinogradov’s and Lan-
dau’s symbol <, O( ): the constants implied by these notations are meant to be absolute.
In case there are other parameters involved, say €, A, we (usually) indicate the dependency
of the constants by the subscript notations <. A,O;a( ). The reader is encouraged to
show good will towards analytic number theorists and interpret such inequalities in the
most reasonable way (provided it is correct and proves the result which is sought...)

2. NON-VANISHING IN HARMONIC AVERAGE

As in [KMI], we proceed by working first with the “harmonic” average
h
> !
fe5S2(9)”
L(f,1/2)=0,L'(f,1/2)#0
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where we write . .
2}; = 2

for any family oy of complex numbers. We then derive the corresponding result for the
“natural” average
>

feSa(q)*
L(f71/2):07 L/(f’1/2)7é0

2.1. The principle. As in previous investigations of such questions ([Du], [Iw], [KMI]...),
the theorem will follow, by an application of Cauchy’s inequality, from a comparison of a
lower bound for a sum

Z M(f)L'(f,1/2)
L(f,1/2)=0
and an upper bound for

M= S ML 1/2)P

L(f1/2)=0
for certain suitable complex numbers M (f) (the “mollifier”). Indeed we have directly
h 1/2
M, < ( 3 1) M2

L(f,1/2)=0, L'(f,1/2)#0
so that
h M?2
2.1 1>—1
21 RS
L(f,1/2)=0, L' (f,1/2)7#0

We will follow this plan, except that in order to achieve the best possible numerical
proportion, we will seek asymptotics for M7 and Ms. It will be noticed that if the mollifier
is ignored (take M (f) = 1), a factor logq is lost in the final estimate.

In the case of the special values themselves, we consider of course

JeSa(q)*
h
Ny = ) IM(f)L(f,1/2)f
feS2(a)*

and compare.

2.2. The gamma factor effect. For f € Ss(q )* we write its Fourier expansion
= As(n)n'/Ze(nz)
n>1
and its L-function
s) =Y A =] (1= A(p)p™* +elp)p™>)"
n>1 p

putting, as mentioned, the center of the critical strip at 1/2.
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The functional equation is written in terms of the completed L-function

ML) = (L) T+ 3)2089),

namely

(2.2) A(f,s) = efA(f.1— 5)

and the sign e of the functional equation is (see [Miy] for instance)

(2:3) er =a"?Ap(q) = £1.
A form is said to be even (resp. odd) if ef = 1 (resp. €y = —1). By the functional
equation, this is the same parity as that of the order of L(f) at s = 1/2. We will write
1+¢ 1-¢
+ I - _ f
el e

so f — g;f f is the projection of the space of primitive forms onto the space of even forms,
and correspondingly for the odd ones. In particular, we have

(E}t)2 = ejjf.
Since the “Gamma factor”
ﬂ)s 1
= (YA -
v(s) (27r (s+3)

doesn’t vanish at 1/2, the order of L(f) at s = 1/2 is the same as that of A(f). If f is even,
the vanishing of A’(f,1/2) thus implies that

(2.4) L(f,1/2) =0 = L'(f,1/2) = 0.

;From this we deduce an easy but very important proposition.

Proposition 1. Let (ay) be any family of complex numbers. Then

(2.5) Zh apL(f,1/2) = Zh erapL!(f,1/2).
f

L(f,1/2)=0

The point of this formula, which applies to the sums of type M; and My above, is that
an average over f in the restricted subset where L(f,1/2) = 0 (the “non-rank 0” set) is
written as an average over all f, for which suitable analytic summation formulae may apply,
at the cost of inserting ¢ which is much the same as A¢(q) (see (2.3)). We may notice at
this point that this is special to the order 1 case: sums of the type

h
> ayL"(f,1/2)
L(f,1/2)=L'(f,1/2)=0

— which one would like to study for estimating the (conjectural) dimension of the quotients
of Jy(q) of normalized rank 2 — do not readily lend themselves to such an easy simplification.



6 E. KOWALSKI AND P. MICHEL

2.3. Computing M;. By the proposition, we have

h
My =) e M(f)L'(f,1/2).
f
To make the sum manageable, we choose M (f) of the shape
M(f) =Y amAs(m)m= '/
m<M

for real numbers (z,,) (and a parameter M > 0) which we will try to choose to optimize
the resulting bound (2.1). If m > M, we will write, for convenience, x,, = 0. Now we only
impose that the x,, be supported on squarefree integers and satisfy

(2.6) T < (r(m)(log gm))”

for some absolute constant A > 0. We write M = ¢*, and will assume 0 < A < 1.
First we express L'(f,1/2) as a rapidly convergent series using contour integration and
the functional equation: we consider the integral

1 d
I=o /A(f,s F1/2G() 5
@

where G is a polynomial of degree N (large enough, N = 2 works already) satisfying

(2.7) G(—s) =G(s), and G(0) =1

(2.8) G(-N)=...=G(-1)=0.
Notice that from the first of these, we obtain also

(2.9) G'(0) =0, G®(0) = 0.

Shifting the contour to Re(s) = —1, applying the functional equation, gives
A(f,s+1/2)G(s)

g2

25/?[ = Res;—g

and this, from (2.9)), (2.7)
2e, 1 = N (f,1/2)
whence, multiplying through by £
B B q 1/2
o (%) L'(,1/2).

Expanding now L(f) as a Dirichlet series in I we get after some simplifications

(2.10) erL(f,1/2) = 27 ; )\f(l)ll/ZV(f/gl)
with
(2.11) Vi) = 5 / T(s+ 1)G(s)y—5§.

(3/2)
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;From this we obtain at once

(2.12) M, = lzn;xm(zm)—lﬂv(f/gz) x A_(l,m)

where

h
A _(l,m) =2 erA(As(m).
f
As can be expected, A_ is a close relative to the Kronecker delta-symbol (in certain
ranges).

Lemma 1. Let € > 0 be any positive real number. Then for 1 > 1 and 1 < m < q, it holds
l 1/2+e€
A_(l,m) = 5(1,m) + 0((m)q)

where § is the Kronecker symbol.

Proof. We have, by (12.3))

h h h
D A DAr(m) =3 ApDAp(m) 'Y Ap(@)Ap(DAF(m)
f f f

and moreover A¢(q)A¢(1) = A¢(lg) for any I. We now apply Petersson’s formula and classical
bounds for Kloosterman sums and Bessel functions, supplemented in the second term by
the remarks that for m < ¢ we have lg # m, and the Kloosterman sum S(m,lq;q) is a
Ramanujan sum, from which a factor ¢*/? is saved when estimating sums S(m, lg; cq) for
(c,q) = 1, those for g | ¢ being easily treated. All this is explained in more details in the
next section, where a more refined analysis of the remainder term is required for the second
moment. (Il

To conclude the analysis of Mj, we estimate V' (by shifting the contour to the left, or
right):
V(y)=—logy —v+0(y"),y =0
Viz1 V() =0y), y— +oo
(v = —T"(1) being Euler’s constant); then from (2.12)), the lemma, and those estimates, we
obtain the next proposition.
Proposition 2. Let M = ¢ with A < 1/2, define § by
log § = — log 2~
0gq = —10g — —17,
Vi
then, for some absolute constant ¢ > 0
x . _
(2.13) My= )" —log(¢/m)+O(g™).
m
m<M

In the following, when we write an error term of the form O(g~°), it is implied that ¢ > 0,
and the value of ¢ may change from line to line.
In the case of the first moment N; of special values, we consider similarly the integral

A(frs+1 /2)G(s)%

(2)

2im
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and derive

T, e
(2.14) Ni= ) “2+0()

m<M
for some ¢ = ¢(A) > 0if A < 1/2. We only need the estimate
h
D2 Hm)As(n) = 3(m.n) + Oc((mn)!/**2g™5/%)
fESa(g)*

(see below (2.21])).

2.4. Computing My. We now wish to get an expression for M, as a quadratic form in the
Tm. A new phenomenon appears, however, at the point where we would like to appeal to
lemma [l as the remainder term in the Petersson formula (the series of Kloosterman sums)
can’t be ignored, and has to be analyzed to yield a contribution to the main term.

2.4.1. Expressing L'(f,1/2)? for f odd. We consider this time

J= i /A(f,s + 1/2)20(3%

(2)

and proceed to evaluate it as before. From

L(f,8)* = ¢(25) Y 7(n)Ap(n)n~*

n>1
it follows
Va _1/2 dm?ny A(f, s +1/2)2G(s)
2 X 5 ;Af(n)T(n)n W<7q ) = Ress—o 3
with
1 9 _gds
(2.15) W) =5 [ GO+ 2T ()2 C )y
s s

(1/2)
For our purpose, W is basically a ‘cut-off’ function. Indeed, we have the following
Lemma 2. The function W satisfies

(2.16) y WU (y) < log(y + 1/y)%, for alli>j >0

(2.17) Vi >1, W(y) = 0;(y™).

Moreover, there exists a polynomial P, independent of q, of degree at most 2, such that for
y—0

(2.18) W (y) = ——(logy)* + P(logy) + O(q~ " (logy)* + y™).

1
12
Proof. The first two inequalities are obtained by the usual contour shifts and differentiating
under the integral sign. As for the last, we write

G(S)F(S)ch(l + 28)y75 + O(yN)

again by shifting, and simply compute the residue. ]

W (y) = Ress=o
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Remark The polynomial P can be explicitly computed. However its exact value is of no
importance in what follows, the only relevant fact being that its degree is < 2.
Now if f is odd, we have A(f,1/2) =0 and then we find that

2

d
A5+ /2% =2x gﬂ(f, 1/2)?

s=0

so, evaluating the residue, we derive for f odd

(2.19) L'(£,1/2)* =23 M) _1/2W<47T n)

n>1 q

2.4.2. Applying Petersson’s formula. Working towards incorporating the mollifier, we fix
some 0 < A < 1,1 <m<¢®, and consider the following average over f:

h
(2.20) X(m)= Y e (m)L'(f,1/2)
feS2(g)*
From (2.19)) and (2.3), we have
h _ 473n
X(m) = 327 (0= a2 @)As(m) Y- rmAs(mn 2w ().
f n>1
For any [ and Iy, Petersson’s formula is

Zh Af(ll))‘f(b) =0(l1,12) — T (l1,12)
f

where

2
T, 1) = "7 DS (0 )

r>1

4m/lily )
qr /)’

The trivial bound for this, from Weil’s bound for Kloosterman sums and J;(z) < z, is

(l1l2)1/2+e

(2.21) T (1, 12) <o T

Since ¢ is the level, Af(q)A\f(n) = A¢(ng) for all n, and moreover gn # m since (m, q) = 1,
therefore we get

X(m)=XT(m)+ X (m)
with

X*(m) = T\(/T%) (47r m) ;\(ﬁ (477 n>‘7<n’m>7

471'2n
~(m) 1/22 \/» )j(qn,m)

n>1 q
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2.4.3. Treatment of X (m). Using the trivial bound and (N = 2 is enough)
the second term is seen to be

<. m1/2+eq—1/2(log g)*
and by we infer
(2.22) X*(m) = 1127\(/"7%) <log %)3 + T(\/%)POog %) + Os(m
with @ defined by log @ = log ;4.

1/2 e

q

&)

2.4.4. Treatment of X~ (m). The contribution, in J(gn,m), of those r for which (r,¢q) > 1
(so ¢ | ) is also found to be O((mn)Y/2*t¢g=5/2) and in toto this gives

(2.23) <em"* g log g)*.
It remains to study

T T(n T jmn mn
LD ()

T, = ’I’ZZI

For (r,q) = 1, the Kloosterman sum S(m, gn; qr) factorizes
S(m, qn; qr) = S(mg, n;7)S(0,m; q) = —=S(mg,n;r)

since S(0,m;¢q) is a Ramanujan sum with ¢ prime, and (m,q) = 1.
Fix R > 0, to be chosen later (but such that log R < logq). In the previous expression
we estimate the tail of the series for » > R:

27 1 7(n) 7 4t [mn 47°n m'/2+¢(log ¢)*

224) - Y -y T )T (28 [T () — o 08 )

(224) st \/ﬁs(mq’n’rm(r q) ( q ) O—fm )
(ra)=t

and reduce the study of X~ (m) to that of the remaining part, say X’'(m).

2.4.5. Extraction of the main term. We denote by X, the inner sum in (the weighted)
X'(m):

X, =— ; T(\/TT%)S(mq,n;r)Jl (4% man)W(Mjn)f(n)

For technical reasons (which only occur because the weight is 2), we have fixed a C°
function ¢ : R — [0, 1] which satisfies
E(z)=0,0<x<1/2, {x)=1,z>1
and attached the weight £(n) to the summation in n, without changing the value of X, of

course.
Now we open the Kloosterman sum

Smz.mir) = Y o( Mt
dmod r

and take the summation over d outside. For each d, Jutila’s extension ([Jut], theorem 1.7)
of the Voronoi summation formula can be applied.
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Proposition 3. (Jutila). Let t : RT — C be a C* function which vanishes in the
neighborhood of 0 and is rapidly decreasing at infinity. Then for ¢ > 1 and d coprime with
¢, we have

Z T(m)e(d—m>t(m) _ 2 /0+oo (log \f? + Y)t(z)dx

c

_2i T(h)e(—dh) /O+Oo}/b(4ﬂ\c/%)t(:r)dx

Cc

+% T(h)e(dh) /0+OO Ko<4mc/%>t($)dx

This yields

@)= ~250m.0ir) [ 0w L) (/5w (¢

2 dx
e NG
(2.26) +277r S (h)S(hg —m, 0;7) /;Oo 1/0(4”\:%) 7y (477r \/?)W(@jx)&(x)jg

h>1
4 Amv/hx me Ay dx
(2.27) —T’;T(h)S(hq—i-m,O;r)/o Ko () (— 7)W( ; )§(x>ﬁ

We reserve for later consideration the last two sums (see section [2.4.6)), and proceed to
immediately remove £ from the first, which we can do with an error which is at most

%Z;S(m,O;TN/gl \(mgfﬂ)h@ ”Z“Q)W(L”r ‘T) < \7(1ogq)
r<R

by ([2.16)) and simply J;(z) < 1.
We are therefore studying

_iL/T(; 2 :QS(m 0; 7“)/000 (log\{? +7)J1<477T T)W(Zh;x)jl/a%
(rg)=1
_ \/7 dx
_ _272 SmOr/ (105 2% 1) 1y (2 W (¢ "

(ra)=
r2
by the change of variable z — Fqy

Using ([2.15)), this is equal to

% (—=2)ZE(1 4 25)¢,(1 + 25)s7'T(5)>G(s) L(s)ds,

(1/2)

(2.28)

with

Z S(m,0;7)r™%,

r<R
(rg)=1
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+00 T
L(s) = /0 (log g + ) J1(2vma)z 5 2 d,

Both Z® and L can be computed.
Lemma 3. We have for Re( ) =0>1

ZR lzdl s )Rl 0)
dlm

Proof. By the formula giving the Ramanujan sum (the star meaning ‘prime to ¢’)

ZRs) = Y > du(h)

r<R d|(m,r)
= S aS uf)(fd)
dlm  fd<R
= Sefaro((7) )
= G(s)) _d"* + O(r(m)R')
djm

Lemma 4. Recall that log Q = log 1% For all s with 1/4 < Re(s) < 1, we have

~

L(s) = —gm* 20 ()0(s) " (log & 427+ 01 +5) + 01— 9))

where ¢ =T"/T.
Proof. The following formula is valid for —2 < Re(s) < —1/2 (see [G-R] 6.561.14):

+o00 s s\ —1
2.29 / ::/ J Sde =2°T'(1+ = )T'(1 — =
N e
and putting y = 2/mx in L(s) gives
_ 1. Q
_AS.,s—1/2( il N 1
L(s) =4°m ((2logm+’y)£( 2s) +0( 23)).
From we deduce
(s)=2r(1+ 2)r(1-2)" Lo(1+2) 4 Lp(1-2
f(s)_2r(1+2)r<1 2) (log2+21/1<1+2>+21/)<1 2))
and the result follows. O

This allows us to replace ZE(1 + 2s) in (2.28)) by o_a5(m)¢,(1 + 25)~1, up to an error
which is bounded by O(7(m)(log ¢)R~1). Denote by X”(m) the resulting expression.
The lemmas show that the integrand in X" (m) is

F(s) = m™ 257G m)D(s)0(—s) (log 2 + 25 +6(1+ ) +6(1 — 5))

where 7, is the arithmetic function defined by

ns(m) =y (%)8

ab=m
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Thus, the integrand is seen to be an odd function of s, which is moreover holomorphic
in the strip |Re(s)| < 1, except for a triple pole at s = 0, and decreases exponentially in
vertical strips. Shifting the contour to Re(s) = —1/2 and changing then s into —s allows
us to conclude that

1
X"(m) = 5R685=0F(5)-

Around s = 0, the following expansions hold:

ns(m) = 7(m) + ET(m)SZ +0(s?)

2
Gls) =1+ %G”(O)SZ +O(s%)
sTID(s)I(—s) = —51—3 + 72—:”(1) +O(s)

A~ A~

log% + 27+ (1 +s) + (1 —s) =log % +4"(0)s* + O(s*)

where T is the arithmetic function defined by

T(m) = Z (log%)g.

ab=m
Combining those, we obtain
1 _ 1T(m)/ Q T(m)  Q
5R€SSZOF(8) = —ZW (10g E) + aﬁ (10g E),
where we have set ) &)
— (A2 _TN _ o
a=3(¥ -1 - 5= - v'(0).

If we now take R = ¢2, we infer from (2.23)), (2.24)), and lemmas |§| and [§| of section m
an approximate formula for X~ (m).
Proposition 4. Let 0 < A <1 and1l <m < qA. For any e >0
_ 17(m) Q 7(m) Q m'/?2 1
Xom) = =3~ (o) + a2 (lor 0) + 0o (F-+ 2))
(m) 1 m ogm—i-a\/m ogm—i—A,eq q+\/§
This together with (2.22)) yields an approximate formula for X (m).

Proposition 5. Set P, = P+ aX. Then for 0 < A <1/2, and 1 <m < q®, we have for
any € >0,

A~ ~ ~

¥ = ) - )+ T s

‘)
7 )

For later use, we record a few properties of the function 7.
Lemma 5. Let 79 be defined for i > 0 by

7O (m) = Z (logd)®.
dm

Then we have

(2.30) T(m) = 47® (m) — 2(log m)7M (m).
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Moreover, T satisfies
(2.31) T(mima) = 7(m1)T (m2) + 7(m2)T(mq)
for (my,mg) = 1.

Proof. The first formula is immediate, and the second follows from

Z <10g %) = 0.

ab=m

0

2.4.6. Estimation of the integrals. We still have to vindicate our contention that the two
expressions involving the Bessel functions Yy and Kq in and are of smaller
order of magnitude (in our situation) than the main term isolated in the previous section.
We will denote by Y (m) and K (m) their respective contributions to X (m).

Lemma 6. For all € > 0, we have

qeml/Q

K(m) <,

Proof. Because Ky has exponential decay at infinity and £ cuts off the small values of x,
this is easy. We have

_ o Z* LS () S (ha + m, 0; 1) k(h)

h>1

and k(h) is the integral involving the Ko function, for which we have, employing the bound

Ko(y) <y~ /?2e7

i) = [ () (0 ()

+o<> m r2y? r2y?
= N = d
sz/ Jl( hqy)W(4qh)£(167r2h) y
“+00
< ;\/>(logq)3/ yl/ze*ydy
q N
< gy logge ¥

so that
K(m) < \F(IOgQ)SZ T(hh)e"zg Z () th'—‘r m)
h>1 <R
< f(logq) ; (h) (Zq—l—m) _T\/ﬁ < qe\/m

0

The case of Y (m) is slightly more complicated because Y is an oscillating function. We
will use the following lemma which is quite standard.
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Lemma 7. Let v > 0 be a real number, J > 0 an integer. If f is a compactly supported
C®™ function, and 3 > 0 is a real number such that f is supported on [Y,2Y] and satisfies

Y [Iy) < 1+ pYY
for 0 <j < J, then for any o > 1

+oo
Yolay)f(y)dy < (

14 68Y\/
Y.
1+ aY)

Proof. One could write the asymptotic development of Yy to show the oscillating behavior

and integrate by parts, but it is cleaner (and amounts to the same thing) to make use of
the recurrence formula

0

@Yo () =y"Y,a(y)
to get, integrating by part also

+o00 1 0o
[ vien o= [ Vo< + @+ 0! )y
Let g(y) = —f'(y) + (v + 1) f(y)/y; it is immediate that g satisfies
g0 (y) < (1+BYYT for 0<j<J—1

so that by iterating this procedure we obtain

+00 1 [t
/ Yi(ay) f(y)dy = — 41 (0y)h(y)dy,
0 a“ Jo

where the function A is such that
y'h(y) <s (14 pY)’

and therefore the result follows by using Y, 1 j(y) <y, 1. O
Lemma 8. For A <1, m < ¢®, and any € > 0, we have
. m!/? 1

Y(m) <<A7€ q < + \/a)
Proof. We write

4% 1
(2.32) Y(m)=—Y > 7(h)S(hg—m,0;r)y(h)

\/a r<R " h
with

Foo 4 he At [mx 42 dx

2. h) = Y — ] — —.
(2:33) v = [ (T4 (T (T et

Note that hqg # m since m < ¢, so the Ramanujan sum never degenerates to the trivial
sum S(0,0;7) = r — 1 but is always much smaller.
We make a smooth dyadic partition of unity, so

£=> &
k=1

where each £ is a C*° function with compact support in a dyadic interval [Xj, 2X}] that
satisfies

(2.34) 21¢9)(z) < 1, for all j > 0,
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the implied constants depending on j alone (in particular, they are uniform in k).

We study each & individually, but we keep writing & instead of &, and accordingly we
use X rather than X.

By the change of variable 2r—1\/z = y, the integral is

~+o00 2.2 ,.2 2,.2

(2.35) y(h)=r Yo(2rnVh)Jy (277\/Tx>W(7r i >§<rj )dx,

0 q

so we define the function f by
2,.2,.2 2,2

oo 2 (P )e( ).

This is a C* function compactly supported in the dyadic interval [p, 2p], with

X
(2.36) p= 2\/7?_
We first treat the case
1/2< X < ¢,

(which involves < log g terms) and for this quote from the bound
W (z) < (logq)?, for all j >0,
valid for 1/q < = < 2¢%. This, together with , the recurrence relation
(@] (@) = 2"y (2)

and some elementary manipulations with inequalities, yields
o J
o fO)(x) < (1 + 4/ Tx) (log q)?, for all j > 0.
q

fm
Thus, we are in a position to apply the preceding lemma to f with o = 27vh, 8 = 21,/ —
q

and Y = p. Unfortunately, this is inefficient for certain ranges of X, r and/or h, and it will
be necessary to split into other cases.
What the lemma implies is, for any integer J > 0

J
(-5
(2.37) y(h) <y TPW(IOgQ)3~

Consider first the case p > 2, or r < v/ X: applying 1} with J > 3 (to win convergence
in h) yields a contribution in ([2.32)) which is therefore

B e )

r<vX
logq 3 * T(r m\J * T
<, | )(Z pﬁ< 7>+ S Q)
Vit Wl S '
r<\/% \/%Sr<\/}
54+J
<y WBDTT (g 072, gince m/q < ¢!

Vi
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at which point, since A < 1, we can choose J large enough so that 1+ J(A —1)/2 <0 to
conclude that this part is
(2.38) <A €

Vi

On the other hand, for p < 1, we split the summation in h in the following way

2= 2 )

h>1 h<p=204K) B> p—2(1+k)

where £ > 0 will be chosen (sufficiently small) a little later.
For the first sum, we come back to (2.33)), using again J;(z) < z, Yo(z) < 1+ |log z| to

derive first the bound ¥
m
h —(logq)®.
y(h) < \Er(ogq)

Then, since |S(hq —m, 0;7)[ < 34 ng—m.) @

71‘2 *
4¢a T %2 3" 7(h)S(hg - m,0:r)y(h)

VX<r<r  h<pm204w)

(logg)® <=+ 1 X [m
< V4 Z r? Z T(h)d(hqzmr)dT 4

VX<r<R  h<pT20+6)

(2.39) < Y (logq)*x > 1) Z* > %

hS(R2/X)VR o <p< g dl(hg—m.r)

“[5

(exchanging the order of summation), where § = (2 + 2x)~!. We transform the inner sum
over d and r and estimate

1 1 ~1,-20
g 2 @ <X
dlhg=m — \/Xno<dr<R d|hg—m
< T(hq _ m)X_lh_l—i_H/(l—’%).
Then ([2.39) is estimated to be

< \/qm(logQ)?’X >, Z% >

3
h<(R2/X)1Hr dlhg—m  \/Xho<dr<R "
< @(log q)>X Z 7(h)7(hg — m)X ~ 'R~ 1R/ (+R)
q hS(R2/X)1+m
(2.40) < quR%, for all € > 0.

For the second sum, applying (2.37)) for J > 3 entails
y(h) < VXp~'h™ 7P (log ¢)*

and so as above
*

Lf/ra 3 7’% S° 7(h)S(hg —m, 057)y(h)

VX<r<R  h>p720+r)
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*

<y \/\;(logwg > 7% >ooorhy D dp

VX<r<rR  h>p20FR) d|(hg—m,r)
x(1=J)/2
<j —— (log q)3ZT(h)h*J/2 Z 4’71 Z P2
va h>1 dlhg—m rd<v/Xh?
(where 6 = (2 + 2x)~! as before)
1 3

(2.41) < (log g) Z 7(h)7(hq — m)th/2+0(Jf1)

V4 h>1

We choose k = €/4, then J large enough so that J(# — 1/2) — 6 > 1 (in addition to the
previous condition that 1 + J(A —1)/2 < 0), so that the series over h in (2.41]) converges
absolutely. Then ([2.40) and (2.41)) together are

< qe(ml/Q N i)
5€ :
q V4

Finally, we return to the case X > ¢ which remains. We appeal to (2.17) (for j = 2),
and again use elementary estimations to prove that for X > ¢ the function f satisfies the

better bound '
2 fU)(z) < (1 + /%)JqQ(m:)_‘l.

The lemma admits then an immediate generalization to the effect that

y(h) < <1+[p) :

3
P g X2 (log q)
in addition to the bound in .
Since X > ¢2, the quantity Saved is
2
q 1
X2 < X~

which is more than sufficient to allow for the sum over the dyadic values of X involved to
converge, and proves that all the previous bounds where (2.37) was used remain valid. The
only place where this is not the case is the inequality but this part of the sum is
void for VX > R and the former estimate works in the larger interval X < RZ. O

2.4.7. A formula for the second moment. The definition of M yields

1 X(mim
wm=3 3 XOmime) o .

mimsa

Proposition 6. Assume M = ¢™ with A < 1/4. Then

1 1 _
(2.42) My = 5 Moy — 7 Mo + My + O(q)
where
T(mima) Q \3
(2.43) My, = Z D iy Tom Toma (108 m1m2>

mi,m2
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A~

1 T(mim
(2.44) Myp=> .3 Tomms) o oms (1og&)
b bml . mi1Mmsy mi1msy
(2.45) My = Z S T2 p 1oy 2,
m17m2 mi1Mmsy mi11me9

Proof. We apply proposition [5| with R = ¢. The first three terms give exactly the three
quadratic forms Ma;, My and Ms. Moreover, using ([2.6)), the error term is dominated, for
any € > 0, by

—1/2+€

2
q Z xm’ « M2q~1/2+2

m<M

If A < 1/4, we can take e small enough so that this is O(¢~¢) for some ¢ > 0. O

Our strategy is now to write Ms; as a linear combination of easily diagonalized quadratic
forms; the simplest in shape, say II, is chosen and we are able to select x,, to optimize the
value of II with respect to M. Then the remaining terms in My, are evaluated, and so is
M>so. Both are of the same order of magnitude, so our choice may not be perfectly optimal.
On the other hand, with our specific choice of x,,, we finally prove that M3 gives a smaller
contribution, namely that

(2.46) My =0 ( Mo )

logq/"

The second moment Ny of central values L(f,1/2) is much simpler to handle: no detailed
analysis of the remainder term in the Petersson formula is needed, - being sufficient to
evaluate Ny asymptotically for M = ¢, A < 1/4. This is because the sign of the functional
equation is always +1 for L(f,s)? and no contamination by e occurs. Considering the
integral

o [ L +1/27G(7
247 ’ s
(2
one finds that

L(f,1/2)? = 22 Af U<47T2”)
n>1

with
= 2% /Cq(l + 25)G(s)*T'(s + 1)2y—s§.

This test function decays faster than any polynomial as y — +o0o and satisfies

ela)
q

Uy) = ——logy + C, + O(y'/?)

as y — 0. Here C, = ¢y + O(q 'logq) for some explicitly computable, but unimportant,
absolute constant cy. Then computations similar to that leading to the main term in My
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(but simpler) yield the expression

(2.47) Z > rlmims) $bm1xbm2(10g © )+O(q’c)

mimso mims

mi,m2

for some ¢ = ¢(A) > 0, for A < 1/4.
The optimization of No proceeds in a way similar as that of Ms. We let Noy denote the
quadratic form which is the main term of Ns.

2.5. The preferred quadratic form I. Separating m; and ms in (2.48)) by means of the

formula m m
T(mimeg) = Z u(a)7'<71)7'<72)
al(mi,mz2)
we get, o
Q 3
(248) M21 — Z Z mlz;nz 77:)/13”/5;712) xabmlxabm2 (log m)

We define the followmg arithmetic functions

)(1
(2.49) Z ma)loga)® oy 93
ab k

(2.50) h(m) = 7).

Then expanding the logarithm in (2.48) and rearranging, we see that My is a linear
combination of the quadratic forms H(t u,v,w) in the x,,’s defined by

(2.51)  TI(t,u,v,w) = (log Q)* Z Z h(m1)h(mz)(log m1)”(log m2)" Tim, Thms
k my,ma

where t, u, v and w are non-negative integers such that t + u+v +w = 3E|
We further restrict our attention to II(u,v,w) := II(0, u, v, w); again it will be seen that
for the chosen (z,)

t
(2.52) I(t,u,v,w) = O(H(O,u,v,w)%é?)

which justifies this restriction. Accordingly we write v for v, for which we have the formula

(2.53) v(k) = 90}5’;), for k < M.

The part of the expansion of Mas; involving those II(u,v,w) is then (using the obvious
symmetry II(u,v,w) = II(u,w,v)) denoted by ma;:
(2.54) may = T1(3,0,0) — 6I1(2,1,0) + 6TI(1, 1, 1) + 6II(1, 2,0) — 6I1(0, 1,2) — 2I1(0,0, 3).
Finally, we choose the one quadratic form II := TI(3,0,0) as reference: we will choose

(zm) to optimize II and evaluate afterwards the other II(w,v,w), for this choice, before
doing the same with Mas.

1 Actually, M3 is also such a linear combination with the difference that either ¢ + v + v + w < 2. This

will explain .
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Similarly, for Na, we have by ([2.47)
(2.55) Ny =11I(1,0,0) — 211(0, 1, 0) + 211(1, 0, 0,0)

(and the last term will be of smaller order of magnitude).

2.5.1. Optimizing I1. Making the linear change of variable
Yk = Z h(m)zkm
m

we have the immediate diagonalization

(2.56) M= (logQ)* > v(k)y}.
k

Conversely, let g be the Dirichlet convolution inverse of h, then

(2.57) T = Zg(k‘)ykm
k
;From this we express the linear fornﬂ in in terms of yg
T ] .

(2.58) M, = Em: E’” log % = %J(k)yk

where

ik =Y ala) 2L

ab=k

Lemma 9. For any integer k > 1 we have

Proof. We have
> gk)E* = ((s+1)7?
k>1
and therefore
SikET = s+ 17 x ((logd)¢(s+1) + (s + 1)
k>1
= (log@)¢(s + 1)~ = () (s +1)
whence the result. OJ

By Cauchy’s inequality, the best choice to optimize II with respect to M is

JR) _ kp(k) (o
(2.59) P e I Dk
0, ifk>M

and x,, is given by (2.57)), from which (and the lemma) the conditions required in section
2.3 are immediately verified.

We now compute the various terms in (2.54) to apply the estimate (2.1)). E|

2Strictly speaking, the main term of the linear form, but we will keep the same notation.
3Since j(k) is about (logk)/k and v is about k™', it is already quite clear that we will get a positive
(harmonic) proportion if M = ¢® with A > 0.
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Lemma 10. With the previous notations and hypothesis, with M = ¢*, we have

A2 A 1
M, = (logq)3 X A(? + 5 + Z) + O((logq)Q);

2

I = (log q)° x A(A—Jr A + 1) +O((log q)°).

4
Proof. By the choice of (yi), we have

- 2 2
(log Q)M =M, = ]V((k]g) > () (log k)
k k

whence the result follows, by partial summation, from

M =log K + O(1).
k<K

2.5.2. Estimation of II(u,v,w). For the other quadratic forms, we write

I(u,v,w) = (log Q)" " v(k)y"y"
k

where

) =3 h(m)(logm)iyn.

m

We can express y,ii) in terms of (yx) using the higher Von Mangoldt function A;, which

is defined by the Dirichlet convolution

A’i = p* (lOg)Z,

so that (logm)’ Z Ai(a). (From this, and the fact that the z,,’s are supported on
ab=m
squarefree integers, we derive
(2.60) = > h(ON(Oye.
<Mk

We state the properties of A; which we will use.

A1 = A, the usual Van-Mangoldt function.
A; is supported on integers having at most ¢ distinct prime factors.
If m =p;...p;, for distinct primes py,. .., p;, then

A;(m) =il(logp1) ... (logp;).

If p1 and po are distinct primes, then
Ai(p1) = (logp1)*

A3(p1p2) = 3(log p1)(log p2)(log p1p2).
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All of these are well known and (or) easy to prove from the recurrence relation
Ai—l—l = (10g>AZ + A xA;.

In we are thus actually dealing with a sum over squarefree ¢ having at most ¢
prime factors, and ¢ < 3. We separate the sum into the parts with a fixed number of prime
factors, which produces multiple (at most triple) sums over primes (of Mertens type since
h(f) = 270~ for such ¢ with w(¢) = j prime factors).

The subsum with ¢ distinct prime factors is, by the above

k¢
i |
24 Z w(kl)(log ghkt) ——— 050
<M/k
w(l)=i
- ku(k) (logp1) ... (logpi) . -k
= (=2)4!— log Gkp1 ...p;) + O((logq)' ——
p1..pi<M/k
(p1---pirk)=1
o kp(k) (logp1) . . . (log p;) . ; k
= (=2)4!|—2 log gkpy ...p;) + O((logq)*(lo —
Pp1<...<p;
p1..pi<M/k
(k) (logpy) ... (logp;) . : k
= (=2)'—— log Gkp1 ...p;) + O((logq)*(lo —
2" m;pi S (logdkpr..pi) + O((log )'( g2Q)¢(k))
p1..pi<M/k

the error term arising from neglecting the smaller contribution from the primes dividing &
and replacing ¢(p)~! by p~! using the fact that

5 Joen) o

;From Mertens’s formula, the last sum is equal, up to O((log q)i), to the integral

R R M 7 . M 1+1
/ w0, y>0 (ogdk+yi+...+y)dy = (loqu)(log?) / d:ﬂH(log?) /xlda:
y1+...+y; <(log M/k) S S

Here S; = {(z1,...,2;) | ©; > 0,21 + ... + z; < 1} is the standard i-simplex. By
induction, one gets immediately

1 1
/ dr = =, / ridr = —
S; Z! S (’L + 1)'

7

so this contribution to the sum (2.60) can be written as

(—2)"u(k)
(i+1)!

(2.61) (108 51) (tog 47 M'k) + O((1og ) (108 )

)
p(k)”
This is enough to give y,(gl); for y,(f) there is an additional sum over primes which, by
similar computations, is
ku(k 1 2
_9 (k) Z (logp)
o(k) p

] k
p<M/K (log gkp) + O((log ¢) (logy q)2m)
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k(R s, MN2 ko
— _gm (log ?) (log G M?k) + O((log q)QW),
(3)

and for g, there are two other sums, first

o hulk) > (logp)g(loqup)+0((logq)(10g2<J)3i)

o) A p ?(k)
Tku(k) /. MN\3, k.
6otk <log ?) (log ¢*M>k) + O((log q)gw)’

and finally

ku(k lo lo lo . k
" :((k)) pgz | gplm)(pjfl)( gm)(loquplpz)+O((10g‘1)2(logﬂ)2¢(7€))

p1p2<M/k

o) g 10w MOBP) (100 g1 ) 1 O((log ) logs P

o(k) o p1p2 o(k)
Clkuk) . MNS k
— 5Tl{)(log ?) (log ¢*M?k) + O((log q)3@).

From all this we conclude:

Lemma 11. Fori=1, 2, 3, we have

iy _  kp(k) o MNGg i k
2.62 =c¢——|log— ) (log¢g*"™ " M*k) 4+ O((log q)'(logy q¢) —~
62w =a 5 (lo ) Cog )+ 0((t0g 0)'(1og> 4) . 75)
with
1
(2.63) C1 = —1, Co = —-, C3 =0.

3
It is now easy to finish the computation of the quadratic form mo; for our choice of yy.
Lemma 12. With notations as in lemma[10

2
I1(2,1,0) = —(log q)% x AZ((% + A)2 - A(% +A) + %) + O((logq)5log2 q)

4.1 1 A?
M(1,1,1) = (log q)° x A3(§(§ +A)7 - A +4)+ ?) +0((log 0)° logs q)

1 1 1 A?
I1(1,2,0) = g(log q)® x Ag((i + A)2 - A(i + A) + ?> + O((log q)® log, q)

2

1 3,1 1 A
1(0,1,2) = —5 (log g)° x A4(§(§ +A) A +HA) + ?) +0((log g)° log3 q)

11(0,0,3) = O((log q)° log3 q)
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Proof. All are similar, so take for instance I1(0, 1, 2); from the previous lemma

2
1(0,1,2) = —é 3 ’ﬁ(kk)) (log %)3(1ogq3M2k)(1ogq2Mk) +0((log q)°(log, 9)*)
k<M

and the sum, by summation by parts again, is — up to O((log q)5) — the same as the integral

M MN3 s o -2 dx oetl 5 5
/ (log ;) (log ¢°M=z)(log ¢ Mw); =/ y°(3log gM — y)(2log GM — y)dy
1 0

from which the result follows, since moreover log ¢ = log \/q + O(1). |

2.5.3. Diagonalization of Mas. Recall that

. 1 T(’mlmQ) Q
Mag = ; g Z W$bm1xbm2 (10g m1m2>'

mi,m2

Using the multiplicative property of T' (see lemmal5]), and the fact that (z,,) is supported
on squarefree integers, we compute

1 7(a?)
Mz = ) 1D~
b a (m1,m2)=1

1 T(a?
D2

A~

Z M'ZL‘abml Tabms (IOg L)

mime a?mimo

~

Z wxabml Tabms (IOg L)

2
o (mima)=1 mi11ms9 a“mimsy
1 7(a?) 7(m1)T (mz2) Q
=2 Z EZ a? Z mims Labma Labmy (10g a2m1m2>
b a (m1,m2):1

1 T(a2) T(m1)T(ms) Q
§ 7 § abm abm 1 )
! —~ b a? Z mymg oo Tab 2<Og a’mims

(m1,m2)=1

1 (@) = p(0)7(0)* ¢~ 7(m1)T(ma) “
- 9 Z 5 Z 2 Z 52 Z Wxabénu Tabdmo (log m>
b a 4

m1,ma
1 ¢ 7(0?) ¢ 1(9)7(8)T(6) 7(m1)7(ma) Q
2 7 - —— ———  Y4abom aoom 1 S
! zb: b Za: o za: 3 mlz,;m mamy ot Tabims ( o8 a252m1m2)
1 ¢ T(a?) 5~ #(0)7(5)° 7(m1)7(ms) Q

! Zb: b Za: a? ch: 6 mlzr:nz mymy o fabima (log a252m1m2)'

Let mgo denote the part of the first term arising by using
log L = log — 2log ad;
a?62mymsy myme

this will be the main contribution: all the other terms can be directly estimated and shown
to be of order of magnitude at most (log ¢)° log, q.
We have

A~

Moy = 2 Z V(k) Z Mmkmlmkﬂlz (log &>
k

mim mim
m1,ma 17762 17782
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since, for squarefree k
1 p(d)r(6)*r(a®) 1 ( 4 3
Sy BRI R ST (-2 7> = v (k).
k Z ad k 1;[ P + P v(k)
The treatment is now similar to that of moq: define

T(m
2L = z,(co) = Z in )xkzm

and
M(a,b,¢) = (log Q)" >_ v(k)yy 2"
k
then
(2.64) Moy = 2(ﬁ(1, 0,0) — I1(0,1,0) — II(0, 0, 1)).

Lemma 13. We have

log £)A (¢
2e =2 Z (g HAE) ge) ()yke
(<M/k

() - Z WZM-F Z W

Zk =
(<M/k 0<M/k

Yke-

Proof. For the first one, (2.57)) implies

= ( > Tfnmg(n)>yke

l mn=>~{

and the Dirichlet generating series for the coefficient of ¢ is L(s 4+ 1) where
L(s)=¢(s) 2 T(n)n*.
;From the first part of lemma [5, we get
> T(r)n™ =4¢¢" = 2(¢¢") = 2(¢¢" = (¢)?)
SO
L(s) = 2(¢'¢7H)".
As to z,(cl), write

logm = Z A(a)

ab=m

and use again the multiplicative property of T
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2.5.4. Ewvaluation of mgz. The mollifier was defined by (2.59)).
Lemma 14. We have

1ku(k M2 k k
2 = —3L;L((k))(log ?) (log ¢° M?k) + O((log Q)QM) =y + O(m(log q)*logy q)
d
v (1) k 3
2, = O(cp(k‘) (log q) )
Proof. We will be brief : on the one hand
ku(k) (logp)*, . k 3
= -2 log gkp + O 1
2 ) p<%/k og Gkp + ((p(k)(OgZQ) )
k:,u(k) log M /k . k )
= 27 log gk)dy + O (——(1
o0 /0 y(y + log Gk)dy + (So(k)(ogq) )
B 1 ku(k) M2 ) k
- —§W<og ?> (logq3M2k) +O(g0(k:) (logq)2)

and on the other hand the two contributions to z,gl) are respectively (using the previous

computation)

1 ku(k) Z 2logp
p

3 o(k)

”(zf)) (10 %)30% M40 (— < (loga)’)

M2 1k
log — ) (log @>M?p) = =
<gp><g ) 6 o o(k)

p<M/k

and (this is the same as one of the sums considered in y,(:)))

oo p)3
e Py 2B g i) = — 6 14 (106 57 ) o #0184+ (o))
(Il
(From this (referring to lemma [12)), we obtain
1(1,0,0) = —(log@) > v(k)uwyy’ +O((logq)®)
k
(2.65) = -II(1,2,0) + O((log q)°)
1(0,1,0) = — Z V(k)y,gl)y,gQ) + O((log q)5)
k
(2.66) = -T11(0,1,2) + O((log ¢)°)

11(0,0,1) = O((logq)®).

2.5.5. The case of Na. For No and N, the situation is much simpler. Recall the decompo-
sition (2.55)). We have

11(1,0,0) = Y v(k)y;

k
where y;. is as before, and

M= j(k)yk
k
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with j(k) = u(k)/k. Hence we select
_ (k) _ kp(k)

Cwv(k) (k)
for k < M, to optimize II(1,0,0) with respect to N;. We then have
I1(1,0,0) = (log M)(log Q) + O(1), Ny =logM + O(1) = Alogq+ O(1).

Moreover I1(0,1,0) = > V(k‘)yky,(cl) and proceeding as before we evaluate y,gl), namely

(1) kp(k) (M

=—-2——(log — k/o(k)1 :

w =270 (log ) + O/ (k) oy )

Finally we find I1(0,1,0) = 2(log M)? by summation by parts, and
Ny = A(1 +2A)(log ¢)? + O((log q) log, q).

Hence

Ny 142A log q
Letting A — 1/4 we obtain the harmonic analogue of Theorem

2.6. Conclusion. To summarize our computations, consider the two polynomials in the
variable A:

(2.67) My(A) = A(— o+

(268 MA) = —M(A)+ 1A ((F+ A - AG+A)+ o

2 19
2.69 _ 26,25,54,19
(2.69) o7 T3T T T3 T

then it follows from lemma [10} that for A < 1/2
My = Mi(A)(log g)° + O((log 9)?)

and from (2.42), (2.48), (2.44), (2.54)), lemma [12] (2.64), (2.65), (2.66) (and the computa-
tions to check (|2.46)) and consequences of the previous estimations E[) that for A < 1/4, we
have

My = M>(A)(log q)° + O((log ¢)° log, q).
Now, partial fraction decomposition yields
Mi(A)? 1 ( - 1 )

My(A) — 2 1+ 2A)3

4 Count the number of logarithms and estimate directly.
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Hence the harmonic analogue of Theorem [3 follows, in the more precise form

h 1 1 log, q
2. 125(1_(1+2A)3)+O<1ogq>'
L(f,1/2)=0,L'(f,1/2)7#0

3. NON-VANISHING IN NATURAL AVERAGE
We consider now the first and second moments for the natural average

Mp= Y M(f)L'(f1/2),
L(f,1/2)=0

Mp= S MO 1/2)P
L(f,1/2)=0

29

To get from the harmonic averages to the natural average, we use the method of [KMI].

For z > 1, let

A (d?
we(z) == Z J:i(ﬂ )

di?<zx

(a partial sum of the value of the symmetric square L-function of f at s = 1). Applying

Proposition 2 of [KM]], it follows that for x = ¢°, € > 0 being small enough, we have

q h

M=t S @M 1/2)+ 0l ),
L(f,1/2)=0

Mg =L S G @IMEG /2P + 0l ),
L(f,1/2)=0

for some ¢ = ¢(¢).
To check the conditions of [KMIl, Prop. 2], we use the growth condition
Tm < (7(m)log qm)?
together with the estimates

(ﬁlf) < (logq)qg™!

L'(f,1/2) < ¢"*(logq)?

to obtain the individual bounds, and with Propositions [2[ and |§| for the average bounds (see

[Kowl, Lemma 43] for more details).

We write
h

M= Y wp@)M)I(f1/2)

L(f,1/2)=0

b= 3w @ MDL(f1/2)
L(#1/2)=0
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3.1. Computing the first moment. Using the formula

A(mAs(@) = 37 ey (

r|(m,d?)

md2>,

we get, for M = ¢® with A < 1/2,
Tm 1 ~ —c
m<M di?<z r|(d?,m)

We remove the constraint di? < z at the cost of an admissible error term (that is, O(q~°)).
Since m is square-free, r|d? < r|d and we get, setting d’' = d/r,

W= o) Y S og ) — 210g ) + O(a)

m<M d’
61 = @ Y ) o gmy 1 ac2)c() YD L o,
m<M m<M

3.2. Computing M,. We have
~ Thmi Lom d2m1m2
M:Z > e N Y x(Ta)
ml,m2<M m di2<z r|(d?,m1mz2) r

By proposition |5, the second moment decomposes in way similar to (2.42): for M = ¢*,
A<1/4

(3.2) M, = ﬁMm - me + M3+ O(q)
where
~ 1 1 T(myimad? /7?) Q’PQ 3
B3) Mn=3 7 > m > O r  ay a, (los )
b di?<z m1,m2<M r|(d2,mimz)

2 /2 372
B Tm=Y1 3 Aoy R (o)
b

mim mimeod?
di2<z m1,m2 r|(d2,mims) 12 12

d? /r2? Q2
(35) Nt = Z D D B AR L

dl2<x m1,mz2 r|(d?,mim2)

(compare with (2.44)), (2.45))). Asin [KMT], 4.5], we drop the constraint dI? < x in (3.3)),(3.4),
(3.5) at the cost of an error term which is O(q~°).

As before, the strategy is now to optimize the quadratic form Moy with respect to the
linear form (3.1)). For this, we shall need properties of some “quasi-multiplicative” arithmetic
functions. For a more detailed treatment, see [Kow, 6.2].
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3.2.1. Some quasi-multiplicative functions. During the transformation process of Ma we
will meet expressions of the following type, where r stands for a divisor of mima:

T(d?/r k . 7(d?/r
> T o)t = (1 (o) with g6 = Y T
d>1 d>1
d?=0 mod r d?=0 mod r

(k is an integer).
This Dirichlet series is computed in [KMI Lemma 13] (it is the case § = 0), and is the
product of a constant and a multiplicative function x(J, r):

¢(2+20)° 2
o0.1) = S g 0. wen =] p2+25 || Fperent

plr pllr

For an integer k > 0, let £ (r) := (%(5,1"))5;’20 be the k-th derivative of 6 — k(4,r) at
9 = 0. By Leibniz’s rule, the series (g(d, r))((skz)o is a linear combination of the k) (r), for
K < k.

In the next steps, we shall use the following two properties of «(*) (r): the bound

7(r)(log )"

(3.6) K (k) (r) <p —=—5—;

Hp\?’p2
and the quasi-multiplicativity

k: / 11

(3.7) for (r1,ra) =1, k¥ (ryry) = Z <k:’> £E) (r) F) (1),

k' k=

We will also encounter the arithmetic convolution fU) = px(Idxlog’). This last function
also enjoys quasi-multiplicative properties:

for (ri,me) =1, f9)(rire) = Z (j/) F9) ) £ (ry).
J+i"=
The following formula will be used to separate myms / r and d?/r.

59 S rlogrin(M8) = 3 s () (L),

r|(m,n) r|(m,n)

3.3. The preferred quadratic form II. Decompose log Q/mimaod? = log(Q/mlmg) +
logr? —logd? :=U +V + W, say. We have (U +V + W)3 = Dititk=3 ¢i j kU VIWE, and
My decomposes accordingly
My = ) cijudl*.
i+j+k=3

3.3.1. Decomposing Moy. Using the results of the preceding section and 1 , we decompose
M5 into pieces of the form

S5 2 e o ) X ()

ml,m T m1m2

where 17, j, k are integers satisfying 0 <i4,5,k, i +j+ k < 3.
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Note at this point (use the quasi-multiplicativity of f (@), k*) and the multiplicativity

of 7) that the convolution 7 f(j)/i(k) is quasi-multiplicative, in the following sense: for
(m,n) =1, 7% fOx® (mn) is a linear combination (with at most jk terms) of products
7% fUVRE) (m) x 7% fUDRE) (n) with j/ + 5" < j and K + k' < k.

Then my and mg decompose uniquely into my = m)ms, ma = mhms with (my, mb) =1,
and we further have (m/, mj, mg) = 1 since my, ma were assumed to be square-free. Define
hik by

) 1 .
W (m) = — 5 fORE (m);

then we see by quasi-multiplicativity that Ms; is a linear combination of the quadratic
forms

1 . . . i
)DL DR T T (T
b

mi,mo,ms mlQO%
(m1,m2)=1
with ¢ + j1 + k1 + j2 + ko + j3 + k3 < 3.
Finally, we detect the remaining condition (m1,mg2) = 1 using the M&bius function, and
obtain, after expanding the factor (log Q / mlmgmg)i, the decomposition of My, as a linear
combination of the quadratic forms

(39) MG = ST UNER) D i, gy B ()17 (o) (1og v )
k

. mimsa
with
i=(i1,13), j = (j1,J2, 73,71, J5), k = (k1, ko, k3, ka, k5),
i+ +i3+j+h+i3+ijatis+ki+ka+ks+kit+ks <3
and

Qi ... ks > 0.

More precisely, we have

~ 2) - 3 0,0),(0,0,0),(0,0,0 ~ i
M21 — i.((i) MQi( ’ )7( Il )1( "y )_|_ Z Z Ci,i7j7kM§il’J’k.
i<31i,jk

To ease the notations, set

M — Mgi(0,0),(0,0,0),(O,D,O)'

For the optimal choice of the vector (z,,), the main contribution to My will be seen to
come from M: for ¢ < 3 we will check that

JURPEE - log q
3.10 Nk — O<M72>.
( ) 21 Iqu

Let’s now concentrate on M.

3.4. Diagonalization of M. Opening the factor log(Q/m1m2)3, we have the decomposi-
tion

(3.11) M =1I(3,0,0) — 6I1(2,1,0) + 6II(1, 1,1) 4 6II(1, 2,0) — 6I1(0, 1, 2) — 211(0, 0, 3).
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3.4.1. Optimizing T1(3,0,0). Set h(m) = h%%(m), (k) := v(0:0):(0:0.0),000.0) (k) write § for

the convolution inverse of h, and set

(k) = g« EEIBID gy 5 ga) g 1
ab=k

) == 2 = 3 gty
ab=k

After some computations, it is found that for p prime we have

(1-X)(1+X)2

(3.12) ip) = —A@p™), withA=X Tt x2
_ v2)3
(3.13) ) = Bl wih B =

The next lemma is the analogue of Lemma [9}

Lemma 15. For all square-free integer k, we have
J(k) = jo(k)(log gk + O(1)).

Proof. We have
d_1(b)

jk) = jo(k)logd—(wZ:kg(a) 5 logh
— ol logd — 3 <ELds(p)i(k/p)
plk
o oeq_ 5 logpd-—1(p)
= k) (loxi 2 o) )

2
= jo(k) (logfi + glogpm)
plk

With our notations we have

11(3,0,0) = (log Q)* > " (k) > h(ma)h(m2)km, Thm, -
k

m1,ma<M

To diagonalize 1:1(3, 0,0) we make the — now classical — change of variable

(3.14) yi = Z B(m)ka, so that x,, = Zg(k)ykm and ﬁ(S,0,0) = (log Q)3 Z D(k)y,%
m k k

We now choose (y;) optimally to optimize II(3,0,0) with respect to M;:

(3.15) U = M(k)Qg((IZ)), for k < M.
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We immediately see that the corresponding (xm) satisfies condition ([2.6]), and (3.1)) gives

My = (27 ) iRy +2¢2)C(2) Y dolk)

k<M k<M

SR CDWICE ROy u<k>2ﬂ’f}{,§§’“)
k k

[\

= (27 ulk)? Jol)” (log?(gk) + O(log(gk))

=i v(k)
3 2
(3.16) = ?(24)) A(AB + % + 1>(log Q)% + O((log q)2).

In the last two lines, we have used lemma [15] and a partial summation exactly similar to
that performed in lemma [10| with the following variant

2Jo(k)* _ ¢(2) o
(3.17) k%:wu(k) 7O 4(4)1 g M + O(1)

which follows by computing the residue at s = 0 of the Dirichlet series

plk)?jo(k)? s _ 2p~ -+
kzzl TR 1;[ <1 T (- 1))

which has analytic continuation to Re(s) > —1.  Similarly, we have
- ¢(2), /A2 A 5
I1(3,0,0) = —<A( — 1 o((l .
(3,0,00 =z (5+3+ )(ogq)+ ((logq)®)

3.4.2. Estimation of ﬁ(u,v,w) We set
Zh )(logm)* :Ukm

The next lemma is the analogue of 1emma and its proof is exactly the same, using
lemma and the equality h(p) = % + O(p*Q).

Lemma 16. Fori=1, 2, 3, we have

@ _ . Jo(k) MNE g Jo(k) i
(3.18) Ykl = G (log . ) (log g™ M'k) +0(y(k) (log q)" log, q)
with
1
c =-1, 6225, c3 = 0.
Then, the computations of section hold verbatim and we get
- 2)5
(319) N = S35 M + 0 (05" oz 0

where by My, we mean the value of the quadratic form at the vector (z,,) in (3.14) and
(3.15)), and similarly for My and the vector in (2.57) and (2.59). Similarly, one can show,
with the same abuse of notation, that

5

(3.20) My = 7M22 + O((log Q)5 log, Q)
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and }
M3 = O((log q)5).

3.5. Contribution of the residual quadratic forms. We have to show is that the qua-
dratic forms M, “’Jk for i < 3 do not contribute to the main term. All the necessary
arguments were glven the preceding sections. After having computed, in terms of the y;’s,

new variables of the form
’]4’k4 = Zh“’k‘l )(log m) Zpm,

one can show by cumbersome but easy calculations that for the mollifier chosen in ([3.14))
and (3.15)), (3.10) holds for i < 3.

3.6. Conclusion. From (3.19), (3.20)), (3.16)), and (3.2]), we see that for A < 1/4 one has

(M7)? _ ¢(2) Mi(A)? logy q
Z = My ~ Ton2 Ms(A) +O(logq)’

f€S2(a)”
L(f,1/2)=0, L' (f,1/2)7#0

and Theorem [3] follows (in a more precise form) since we know that

¢(2)
—— = — =dim Jy O(1).
159 = L = dim Jo(g) + O(1)

In the case of the central critical values, we go from harmonic averages N1 and Ny to the
natural averages, and prove Theorem [2]in a similar way. All computations being simpler,
we omit the details.
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