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A theoretical model of wavelength modulation spectroscopy that uses a laser diode on a Lorentzian
absorption line is presented. This theory describes the general case of a current-modulated semicon-
ductor laser, for which a combined intensity and frequency modulation with an arbitrary phase shift
occurs. On the basis of this model, the effect of several modulation parameters on the detected signals
is evaluated. Experimental signals measured on an absorption line of CO2 by use of a 2-�m distributed-
feedback laser are also presented and validate this analysis. These experimental results agree with the
calculated signals, confirming the relevance of the model. © 2003 Optical Society of America
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1. Introduction

Wavelength modulation spectroscopy �WMS� is a
widely used technique for trace-gas detection by use
of semiconductor lasers in the mid-infrared1–7 and
near infrared.8–13 This method takes advantage of
several properties of semiconductor lasers, such as
their tunability and modulation capabilities, to per-
form absorbance measurements in the 10�5–10�6

range.13 These performances correspond to detec-
tion limits in the parts per 106 range for many sub-
stances in the near infrared �CO, CO2, H2O, CH4,
NH3, C2H2, etc.�. The detection limit is still im-
proved by 2 or 3 orders of magnitude in the mid-
infrared. WMS was originally developed by use of
lead-salt laser diodes emitting in the mid-infrared.1–4

It was then applied to optical communication lasers
in the near infrared8–13 and more recently to the
novel quantum-cascade lasers in the mid-infrared5–7

and using visible laser diodes.14 WMS is based on
the modulation of the light emitted by a laser that is
slowly tuned through an absorption feature of the
species to be detected. The interaction of the mod-
ulated light with the absorption line leads to the gen-
eration of signals at different harmonics of the
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Federal Lausanne, CH-1015, Lausanne, Switzerland. The e-mail
address of S. Schilt is stephane.schilt@epfl.ch.

Received 6 February 2003; revised manuscript received 5 July
2003.

0003-6935�03�336728-11$15.00�0
© 2003 Optical Society of America
6728 APPLIED OPTICS � Vol. 42, No. 33 � 20 November 2003
modulation frequency. The signal at a given har-
monic can be measured with lock-in detection and is
directly proportional to the absorption. An impor-
tant advantage of this technique is to shift the detec-
tion to higher frequencies, at which the laser excess
noise �1�f noise� is reduced.

In a semiconductor laser, a light modulation can be
easily performed by modulation of the injection cur-
rent. This produces a combined frequency modula-
tion �FM� and intensity modulation �IM� of the
emitted light, with a phase difference between the
two modulations. The IM–FM phase shift depends
on the laser structure and modulation frequency, but
typical values in distributed-feedback �DFB� lasers
decrease from 0 at low frequencies to �� at high
frequencies.15 In WMS the detected signals are
mainly due to the FM of the laser emission, whereas
IM, often referred as residual amplitude modulation
in the literature,2 is an unwanted effect that distorts
the signals. This distortion also depends on the
IM–FM phase shift, so that this parameter should be
known precisely for a detailed and accurate descrip-
tion of the WMS signals. Whereas the combined
IM–FM of laser diodes was well known experimen-
tally for a long time,15,16 its contribution to the WMS
signals was difficult to take into account theoreti-
cally. Theoretical models of WMS have been inves-
tigated by several authors, including Arndt,17 Reid
and Labrie,18 and Supplee et al.19 Their descrip-
tions did not take into account the associated inten-
sity modulation of the laser but treated only pure FM.
The first model taking into account a simultaneous
FM and IM was proposed by Philippe and Hanson,20

who numerically calculated the 1f and 2f signals by



using a Fourier decomposition of a Voigt profile.
Only recently a generalized and analytical theory of
WMS was presented by Kluczynski et al. In a series
of papers21–24 they developed a complete theory of
WMS based on Fourier decomposition of the detected
signals. Their model considers the effect of a FM
and an associated power modulation. This latter ef-
fect includes both the residual amplitude modulation
of the laser and background signals produced by mul-
tiple reflections in the optical system �etalon effects�.
Their theory is even capable of handling more com-
plicated situations such as nonlinear IM effects and
WMS with frequency-doubled light.23,24 Indepen-
dently of their research and using a slightly different
formalism, we have also developed a theoretical
model of WMS in the general case of a combined
IM–FM with an arbitrary phase shift. The descrip-
tion that we present in this paper uses Arndt’s for-
malism17 and generalizes it to take into account the
IM of the laser. Analytical expressions for the WMS
signals at the first three harmonics are obtained, and
the distortion produced by the IM and the IM–FM
phase shift in comparison with the case of pure FM is
highlighted. In this description the case of a Lorent-
zian line-shape function is considered. Although
this can be considered restrictive at first sight, we are
mainly interested in applications of WMS in standard
environmental conditions, i.e., at ambient tempera-
ture and atmospheric pressure. In such conditions
the general Voigt line shape is strongly dominated by
the Lorentzian contribution �pressure broadening�,
whereas the Gaussian �Doppler� contribution can be
neglected. The lines are consequently well approx-
imated by a Lorentzian profile, and our model applies
to the case of trace-gas detection at atmospheric pres-
sure. The results of this theoretical model are com-
pared with experimental measurements performed
on an absorption line of CO2 by use of a DFB laser
emitting at 2 �m. The effect of several parameters
on the harmonic signals is considered, and an excel-
lent agreement is obtained between experimental
and theoretical signals, validating the developed
model.

2. Theoretical Description of the Basis
of Wavelength Modulation Spectroscopy

Although they are basically identical, the trace-gas
detection methods that use current-modulated semi-
conductor lasers are generally separated into two cat-
egories, wavelength modulation �WM� and FM
techniques, depending on the order of magnitude of
the modulation frequency in comparison with the
width of the considered absorption feature. Theo-
retical descriptions of these methods are also based
on strongly different formalisms.

FM techniques are characterized by a modulation
frequency f that is much higher than the half-width of
the absorption feature ��line� f �� ��line� and a small
FM amplitude �� ��� 		 ��line�. These techniques,
pioneered by Bjorklund,25 have been described theo-
retically in detail by several authors.25–28 These
theoretical models describe the first- �and sometimes

also the second-� harmonic signal by considering the
interaction of the modulated electric field of the laser
with an absorption line. The absorption line is de-
scribed by a transfer function taking into account
both the absorption of the sample and its associated
dispersion �a dispersion is always associated with an
absorption through the Kramers–Kronig relations�.
Owing to the low number of sidebands present in the
electric field spectrum, the signals at the first two
harmonics can be determined by summation of the
contributions of all sidebands after their interaction
with the absorbant–dispersive sample. In this for-
malism the effect of the residual amplitude modula-
tion of the laser is easily taken into account with an
arbitrary IM–FM phase shift. Whereas both the ab-
sorption and the dispersion of the sample generally
contribute to the detected signals, it has been shown
that, for some particular values of the detection
phase, a signal due only to the absorption �or the
dispersion� can be obtained.29

On the other hand, WM techniques are character-
ized by a modulation frequency that is much smaller
than the half-width of the absorption profile � f 		
��line�. Near atmospheric pressure, the absorption
lines usually extend over several gigahertz,30 making
WM techniques easier to implement than FM tech-
niques; WM techniques are particularly well adapted
to these conditions. Although WM techniques can
be described in principle by the same formalism as
FM techniques, the calculation of the various har-
monic signals is extremely tedious owing to the high
number of sidebands in the laser spectrum over
which the summation has to be performed. For the
modulation frequencies generally used in WMS
�some kilohertz or some tens of kilohertz� and for
gases at atmospheric pressure, this number is of the
order of 105–106.21 Thus WMS descriptions are
preferably based on an intensity representation of the
optical wave, so that no phase information is taken
into account. Only the absorption of the sample is
considered, and the effect of the associated dispersion
is neglected. This commonly considered assumption
is justified when one looks at Fig. 1, which shows the
amplitudes of the absorption signal s1,abs at the first
harmonic �1f absorption signal� and the 1f dispersion
signal s1,disp as a function of the normalized modula-
tion frequency xm 
 f���line. Whereas these two
signals are of comparable amplitude when xm �� 1,

Fig. 1. Amplitude of the 1f absorption and dispersion signals as a
function of the normalized modulation frequency xm 
 f���line. A
pure FM is considered with a FM index � 
 ���f 
 1.
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the dispersion signal decreases much more rapidly
than the absorption component for xm 		 1. In that
case, their ratio is given approximately by the follow-
ing expression:

s1,abs

s1,disp
� 0.9xm

�1. (1)

The modulation frequencies used in WMS are gen-
erally between some kilohertz and some tens of kilo-
hertz, whereas the FM amplitude �� is of the same
order of magnitude as the width of the analyzed ab-
sorption feature, i.e., several gigahertz at atmo-
spheric pressure. In this case, the normalized
modulation frequency is extremely small �xm �
10�5–10�6�, and, according to expression �1�, the dis-
persion signal becomes totally negligible in compari-
son with those produced by the absorption of the
sample. Consequently, only the absorption of the
sample must be taken into account, and a model in
amplitude is not necessary. A description in inten-
sity is sufficient in this case and is commonly used to
determine the WMS signals. This description is
based on the instantaneous laser frequency

��t� � �0 � �� cos��t � 
�, (2)

where �0 is the optical carrier frequency, �� is its
maximum deviation, � 
 2�f is the modulation an-
gular frequency, and 
 is the phase shift between the
IM and the FM. In previous descriptions of WM or
FM techniques, this phase shift was often introduced
in the IM rather than in the FM of the laser.21,22,26–28

We prefer to introduce it in the FM, as it describes
more precisely the experimental conditions. Indeed,
when the laser injection current i is modulated at an
angular frequency �,

i�t� � i0 � �i cos �t, (3)

the light intensity I is simultaneously modulated:

I�t� � I0 � �I cos �t, (4)

whereas the modulation of the light frequency is
phase shifted according to expression �2�. A nega-
tive sign is chosen in the expression of the instanta-
neous laser frequency �Eq. �2�� to obtain a zero phase
shift at low modulation frequencies.

In WMS the instantaneous laser frequency inter-
acts with an absorption feature and is converted into
an IM, which is measured with a photodetector. In
addition, the laser frequency is slowly scanned
through the absorption line at an angular frequency
� of some hertz, and the signal at a given harmonic
nf �n 
 1, 2, . . .� of the modulation frequency is mea-
sured with lock-in detection.

The theoretical model we have developed is based
on Arndt’s description17 for the case of pure FM,
briefly outlined in Appendix A. The effects of IM
was added to this model to extend it to the more
general case of a combined IM–FM. This allowed us
to explain the distortion of the signal in comparison

with the case of pure FM and particularly the effect of
the IM–FM phase shift.

3. Analytical Representation for a Combined Intensity
Modulation–Frequency Modulation

In the general case of a combined IM–FM, the IM is
taken into account by introduction of a linear varia-
tion of the incident optical power as a function of the
frequency:

I0� x� � I0� p��linex � 1�. (5)

In this expression, I0 is the optical power at the line
center, and the slope p describes the laser power
variation as a function of the optical frequency �in
inverse centimeters�. This coefficient is negative in
the case of a DFB laser as the optical power decreases
with the laser frequency but can be positive in other
types of laser. The light transmitted through a
weakly absorbing sample is given by

t� x� � I0� x�exp��a� x�� � I0� x��1 � a� x��

� I0� p��linex � 1��1 � a� x��. (6)

The efficiency of the FM depends on the modulation
frequency,15 so that the p coefficient takes a different
value when either the sine modulation at the angular
frequency � or the low-frequency ramp used to scan
the laser line through the absorption feature is con-
sidered. Two different coefficients p� and p� are
therefore introduced to describe the laser optical
power variation. The first one is related to the mod-
ulation frequency �, and the second is related to the
low-frequency ramp at �. For the Lorentzian line-
shape function given by Eq. �A8� in Appendix A, the
detected signal is described by

sIM–FM� x� � I0� p���linex0 � p���linem cos �t � 1�

� �1 �
a0

1 � � x0 � m cos��t � 
��2� .

(7)

Following a procedure similar to those proposed by
Arndt in his model for pure FM, a new expression of
the signal is obtained, in which the contribution of
the different harmonics clearly appears:

sIM–FM� x� � I0��
n
0

�

snp� x�cos n�t

� �
n
0

�

snq� x�sin n�t� . (8)

The main steps of this development are given in Ap-
pendix B. The amplitudes of the in-phase and
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quadrature terms at the frequency n� are, respec-
tively, given by

snp�x� � I��x�cos n
sn� x� � p���line

m
2 ��n

2
� �n � 1	

� cos n
sn�1� x� � p���line

m
2 �� 2

�n�1
	

� cos��n � 1�
�sn�1� x� � ��n � 1�cos��n

� 1�
�sn�1� x�� , (9a)

snq�x� � I��x�sin n
sn� x� � p���line

m
2 ��n

2
� �n � 1	

� sin n
sn�1� x� � p���line

m
2 �� 2

�n�1
	

� sin��n � 1�
�sn�1� x� � ��n � 1�sin��n

� 1�
�sn�1� x�� , (9b)

where

I�� x� � p���linex � 1. (10)

The functions sn�x� within Eqs. �9� correspond to the
case of pure FM and are given by the expressions �A9�
and �A11�. The signals at the first three harmonics
are given for a combined IM–FM by

These general expressions for a combined IM–FM col-
lapse to Arndt’s pure FM results when no IM is con-
sidered. For pure FM, we have p� 
 p� 
 0 and I� 

1, which leads to snp�x� 
 cos n
sn�x� and snq�x� 
 sin
n
sn�x�.

In the case of small modulation amplitudes �m 		
1�, the signal at the nth harmonic is no longer sim-
ply proportional to the nth derivative of the line-
shape function sn, as in the case of pure FM, but
derivatives of lower �sn�1� and upper �sn�1� orders
are present, too. However, when p� 
 p� 
 p and

 
 0, the signals correspond to the successive
derivatives of the function t�x� given in expression
�6�, which represents a Lorentzian line-shape func-
tion on a linear background. In all other cases, the
WMS signals are no longer directly proportional to
the derivatives of the function t�x�. Lock-in detec-
tion allows us not only to measure the in-phase and
quadrature signals but also an arbitrary interme-
diate detection phase �n, i.e., the signals in
cos�n�t � �n�. The signal at the nth harmonic and
at the detection phase �n is given by

sn,�� x� � I0�snp� x�cos �n � snq� x�sin �n�. (12)

4. Analysis of the Theoretical Model

The WMS signals obtained in the general case of a
combined IM–FM and a Lorentzian line-shape func-
tion have been calculated from expressions �11�, �12�,
and �A11� of our theoretical model. The effect of
several parameters on these signals is presented.
An analysis of the WMS signals obtained in the case
of a pure FM has already been reported in several
papers.17–19,22 It is well known that the signal at the
nth harmonic of the modulation frequency coincides

Fig. 2. Theoretical WMS signals at the first three harmonics,
showing the derivativelike form of the signals. A pure FM is
considered with m 
 0.1. The maximum sn,max and the amplitude
sn,ampl of the signals are defined for each harmonic.


s1p� x� � I�� x�cos 
s1� x� � p���line

m
2

� �2s0� x� � cos 2
s2� x��

s1q� x� � I�� x�sin 
s1� x� � p���line

m
2

� �sin 2
s2� x��

,


s2p� x� � I�� x�cos 2
s2� x� � p���line

m
2

� �cos 
s1� x� � cos 3
s3� x��

s2q� x� � I�� x�sin 2
s2� x� � p���line

m
2

� �sin 
s1� x� � sin 3
s3� x��

,


s3p� x� � I�� x�cos 3
s3� x� � p���line

m
2

� �cos 2
s2� x� � cos 4
s4� x��

s3q� x� � I�� x�sin 3
s3� x� � p���line

m
2

� �sin 2
s2� x� � sin 4
s4� x��

.

�11a�

�11b�

�11c�
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with the nth derivative of the absorption line when m
		 1, whereas a distortion appears when this condi-
tion is no longer fulfilled. The maximum �sn,max�
and the amplitude �sn,ampl� of the signal at frequency
nf, which are defined in Fig. 2, depend on the modu-
lation index m. Two optimal values for m at each
harmonic can be obtained, for which either sn,max�m�
or sn,ampl�m� is maximal. These values are denoted
as mn,max

opt and mn,ampl
opt. In the case of a pure

FM, the values of mn,max
opt are 2.00, 2.20, 3.59, and

4.12 for the first four harmonics, in agreement with
values reported in the literature.22 For a pure FM,
the values of mn,ampl

opt are identical to those of
mn,max

opt for odd n, as the signals are exactly anti-
symmetric in this case. However, for even values of
n, the values of mn,ampl

opt are different from mn,max
opt

and are, respectively, 3.09 and 4.85 for n 
 2 and 4.

A. Effect of the Intensity Modulation

In the case of a combined IM–FM, p� � p� and 
 �
0. This produces a distortion of the signals, which
no longer represent exactly the derivatives of the
absorption line, even in the case of small modulation
indices. This distortion is manifested in particular
through an asymmetry at all the harmonics and
through an offset in the first harmonic signal. The
signals’ asymmetry increases with p� and also de-
pends on the IM–FM phase shift 
 and on the detec-
tion phase �n. The optimal values of the
modulation index for which the signals reach their
maximum �mn,max

opt� also depend on the IM param-
eters. Depending on these parameters, the situa-
tion can be strongly different from the well-known
case of pure FM previously described. Figure 3 il-

lustrates an example in the case in which p� 
 �1
�1�cm�1�, p� 
 �2 �1�cm�1�, and 
 
 �90°. In this
example the curves of sn,max�m� and sn,ampl�m� are
similar to the case of pure FM for only small values of
m. For higher values, a strong difference between
both cases is observed. Whereas the curves at all
the harmonics present the same general behavior in
the case of pure FM �they reach a maximum and then
decrease monotonously�, the situation is different in
the IM–FM case considered here. For example, the
curve of s1,max�m� increases monotonously and does
not present any maximum �at least until m 
 15�.
Furthermore, the curves s1,max�m�, s3,ampl�m�, and
s4,ampl�m� present a first maximum, then decrease,
and finally rise again up to values that can be larger
than the first maximum �this is the case for s3,ampl�m�
and s4,ampl�m�, for example�. This behavior results
from the fact that for high values of m, the WMS
signals become strongly distorted in comparison with
the case of pure FM, as can be seen in Fig. 3�c�, which
compares the WMS signals obtained for the combined
IM–FM with those of pure FM. If we restrict the
first part of the curves sn,max�m� and sn,ampl�m� �i.e.,
before they increase again�, the optimum values of m
for each harmonic can be compared between the cases
of pure FM and IM–FM with different characteristic
values of the IM parameters �p�, p�, and 
�. This
comparison is shown in Fig. 4. For the even har-
monics, indexes mn,max

opt that maximize the signals
are almost not modified from the case of pure FM, at
least for realistic values of the modulation parame-
ters. In contrast, they strongly vary in the odd har-
monics owing to the asymmetry produced by IM. In
this case, the index mn,ampl

opt that maximizes the

Fig. 3. Evolution of �a� the maximum and �b� the amplitude of the WMS signals at the harmonics n 
 1 to n 
 4 as a function of the
modulation index m. Solid curves represent the case of IM–FM with p� 
 �1 �1�cm�1�, p� 
 �2 �1�cm�1�, and 
 
 �90°, whereas the
dashed curves represent the case of pure FM. Optimal values of m are indicated by squares in the case of pure FM and by circles for
IM–FM. �c� Corresponding WMS signals at the first four harmonics for m 
 2 and m 
 10. Solid curves correspond to the case of IM–FM,
and dashed curves to pure FM.
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total amplitude of the signals is, however, constant
when the IM increases.

B. Effect of the Detection Phase

The detection phase �n acts on both the amplitude of
the signals and their symmetry. The signals at all
the harmonics are generally asymmetric in the pres-
ence of a nonzero phase shift 
. However, there is
for every harmonic a value of the detection phase for
which the signal is totally symmetric �for even n� or
antisymmetric �for odd n� with regard to the line
center.

The signal magnitude varies periodically with the
detection phase �n, as shown in Fig. 5. At the nth
harmonic, the maximal and minimal amplitudes are
reached, respectively, for the detection phases

�n,max � n
 � k�, (13a)

�n,min � n
 � �2k � 1���2. (13b)

For these values, the WMS signals are determined by
the introduction of Eqs. �13a� and �13b� into Eqs. �12�,

�9a�, and �9b�. The corresponding signals are given
by

sn,�max
� x� � I�� x�sn� x� � p���line

m
2 ��n

2
� �n � 1	

� sn�1� x�

� p���line

m
2

cos 
�� 2
�n�1

	sn�1� x�

� ��n � 1�sn�1� x�� , (14a)

sn,�min
� x� � p���line

m
2

sin 
�� 2
�n�1

	sn�1� x�

� ��n � 1�sn�1� x�� . (14b)

The maximal signal at the nth harmonic brings in the
nth derivative of the absorption line �sn� and also the
lower-order �sn�1� and upper-order �sn�1� derivatives.
For small modulation indices, it is dominated by the
first and third terms of Eq. �14a�, and the signal is
mostly like an nth derivative of the absorption line,
with an asymmetry due to the �n � 1�th derivative
resulting from the modulation intensity. In con-
trast, the minimal signal at the nth harmonic does
not bring in the nth derivative of the absorption line
�sn� but only the lower-order �sn�1� and upper-order
�sn�1� derivatives. For small modulation indices, it
does not look like an nth derivative but rather as an
�n � 1�th derivative. Furthermore, this signal is
perfectly symmetric with regard to the line center for
odd n and antisymmetric for even n.

5. Comparison with Experimental Results

Experimental WMS signals have been measured
with a DFB laser with emission frequency corre-
sponding to an absorption line of CO2 at � 
 2004 nm
�R16 line�. The measurements have been performed
at atmospheric pressure, at which the absorption line
is well approximated by a Lorentzian line-shape func-
tion, as shown in Fig. 6. Table 1 gives the line pa-
rameters obtained experimentally and according to
the HITRAN database.30 The experimental setup

Fig. 4. Optimal values of the modulation index m for which the
WMS signals reach �a� their maximum and �b� their maximal
amplitude at the different harmonics of the modulation frequency.
These values are obtained for the IM parameters shown in �c�.
For some sets of parameters, curves sn,max�m� or sn,ampl�m� may
present more than one maximum. In such cases, only the first
value is considered. For the parameter set 8, the curve s1,max�m�
does not present any maximum in the range 0 	 m 	 15 �see also
Fig. 3�a��, so there is no point associated with this condition for n 

1 in �a�.

Fig. 5. Normalized amplitude sn,ampl of the signals at the first
three harmonics as a function of the detection phase �n. The
considered parameters are m 
 1, p� 
 �1 �1�cm�1�, p� 
 �2
�1�cm�1�, and �a� 
 
 0 or �b� 
 
 �60 �degrees�. The phase
�n,max that maximizes the signal amplitude is indicated by a circle
for each harmonic.

Fig. 6. Absorption line R16 of CO2 measured with a DFB laser
emitting at 2004 nm. The laser frequency was measured with a
wavemeter with a resolution of 1 pm. Experimental points are
represented by circles, and the curve results from a fit of a Lorent-
zian distribution.
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used is shown in Fig. 7. The laser is temperature
stabilized and driven by a commercial laser driver.
It is sinusoidally modulated at a frequency f 

��2� 
 11 �kilohertz�, and a current ramp is applied
at F 
 ��2� 
 9.5 �hertz� in order to scan over the
absorption line. The laser beam is collimated by use
of an off-axis parabolic mirror and is divided into two
paths with a beam splitter. In the first arm the light
beam goes through a measurement cell of length L 

100 cm and is focused on an InGaAs photodetector.
The second part of the beam is focused on a reference
detector. Signals from both detectors are amplified
and subtracted, in such a way that they exactly can-
cel out when no absorbing substance is present in the
cell. The length of the two paths outside the cell is
equalized, so that the absorption due to atmospheric
CO2 is suppressed. This compensation technique
also decreases residual nonlinearities in the intensity
response and frequency response of the laser and
increases the signal-to-noise ratio of the WMS sig-
nals.

The WMS signals obtained experimentally on the
CO2 absorption line are compared with the theoreti-
cal signals given by the developed model �expressions
�11�, �12�, and �A11��. The laser modulation param-
eters have been determined experimentally by an
interferometric method that is described elsewhere.29

Their values are indicated in Table 2. The effect of
different parameters is evaluated and compared with
the theoretical predictions.

A. Effect of the Frequency Modulation

The WMS signal measured at the second harmonic
is shown in Fig. 8 as a function of the modulation
index m. The theoretical signals given by the
model for the same modulation parameters are also
represented. The agreement between theoretical
and experimental results is excellent, as shown by
the residuals reported in each case. However,
these residuals increase for higher values of m �m �
2�, so that the agreement between experimental
and theoretical values becomes slightly worse.
This is probably due to the nonlinear behavior of
the laser optical frequency as a function of the in-
jection current that is observed at large modulation
depths. Besides, the maximal signal at the second
harmonic is obtained for m 
 2.20, exactly as pre-
dicted by the model.

B. Effect of the Detection Phase

The variation of the WMS signal at the second har-
monic as a function of the detection phase �2 is illus-
trated in Fig. 9. The theoretical signals given by the
model for the same modulation parameters are also
shown. An excellent agreement is again obtained
between theoretical and experimental results, as
shown by the residuals. The minimal amplitude of
the 2f signal is obtained in this case for �2 
 44
�degrees�, which corresponds to �2,min 
 2
 � 90

Fig. 7. Experimental setup implementing the WMS technique.
OAP, off-axis parabolic mirror; BS, beam splitter; DET, detector.

Fig. 8. �a� Normalized 2f signal for different values of the modu-
lation index m. Both expermental measurements and theoretical
curves calculated from the model are represented, but they are
indistinguishable owing to their excellent agreement. �b� Maxi-
mum �s2,max� and amplitude �s2,ampl� of the 2f signal as a function
of the modulation index m. Circles are experimental measure-
ments, and curves are the results of the theoretical model.

Table 1. Comparison of the Line Parameters Obtained Experimentally and According to the HITRAN Database

Line Parameter Symbol Experiment Value HITRAN Value Unit

Central frequency �line 4989.971 4989.973 �cm�1�
Linewidth ��line 0.07324 0.07327 �cm�1�
Line intensity S 1.341 � 10�21 1.328 � 10�21 �cm�1��mol cm�2�

Table 2. Modulation Parameters of the DFB Laser
at f � 11 kHz and F � 9.5 Hz

Laser Parameter Symbol Value Unit

Modulation at F p� �1.05 �1�cm�1�
Modulation at f p� �2.007 �1�cm�1�
IM–FM phase shift at f 
 �23 �deg�
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�degrees� as predicted by expression �13b�. For this
value of the detection phase, the 2f signal looks like a
first derivative of the absorption line, in agreement
with Eq. �14b�.

C. Effect of the Intensity Modulation

The IM of the laser is characterized by the parame-
ters p�, p�, and 
. These values are specific to a
laser and are fixed for a given modulation frequency.
Their effect on the WMS signals can nevertheless be
analyzed experimentally when the modulation fre-
quency is changed. In this case the parameters p�

and 
 are simultaneously modified, as both of them
depend on the modulation frequency. It is therefore
not possible to evaluate their effect separately. The
WMS signal at the second harmonic is represented in
Fig. 10 for three different values of the parameters p�

and 
 and for m 
 1. The theoretical signals given
by the model for the same modulation parameters are

also shown, as well as the residuals. For the values
considered here, the effect of the parameter p� is
dominant in comparison with the phase shift 
.
The signal asymmetry is therefore relatively weak
when p� is small, and it strongly increases with this
parameter.

6. Discussion and Conclusion

An analytical expression of the signals generated in
wavelength modulation spectroscopy has been pro-
posed in the general case of a combined frequency
modulation and intensity modulation of a laser di-
ode. This model is based on Arndt’s description of
this technique and extends it to the case of a com-
bined IM–FM with an arbitrary phase shift 
,
which is the real condition when the injection cur-
rent of a laser diode is modulated. The developed
model considers the case of a Lorentzian absorption
line. It is consequently suitable for the case of
trace-gas detection at atmospheric pressure, at
which the Voigt line shape is well approximated by
a Lorentzian function.

The effect of several modulation parameters has
been analyzed from the theoretical expressions of
the WMS signals given by the model. The calcu-
lated signals have been compared with experimen-
tal WMS results measured on an absorption line of
CO2 by use of a 2-�m DFB laser. An excellent
agreement was obtained between experimental and
calculated signals, both on their shape and on their
evolution as a function of the modulation parame-
ters. These experimental results fully validate the
relevance of the developed theoretical model. This
description allows a better understanding of the
signals generated in WMS and gives useful infor-
mation for determining the optimal modulation
conditions for a laser in trace-gas detection appli-
cations. Another result from the presented theo-
retical model is the possibility of using the WMS
signals measured on a gas absorption line to deter-
mine experimentally the FM parameters of a laser
�FM index and IM–FM phase shift�. This issue
will be addressed in the future.

Appendix A: Arndt’s Model for Pure
Frequency Modulation

An absorption feature described by a line-shape func-
tion g�x� is considered, where

x � �� � �line����line (A1)

is the normalized frequency, �line is the center of the
absorption line, and ��line is the linewidth �half-
width at half-maximum�. For weak absorptions, the
light transmitted through the sample is given by the
Beer–Lambert law:

t0� x� � I0 exp��a� x�� � I0�1 � a� x��, (A2)

where I0 is the incident optical power and a�x� rep-
resents the absorbance of the sample, which is pro-

Fig. 9. �a� 2f signal for different values of the detection phase �2.
Both experimental measurements and theoretical curves are rep-
resented, but they are indistinguishable owing to their excellent
agreement. �b� Amplitude �s2,ampl� of the 2f signal as a function of
the detection phase. Circles are experimental measurements,
and the curve is the result of the theoretical model.

Fig. 10. Effect of the IM on the 2f signal. Experimental curves
�in gray� have been obtained for �a� f 
 400 Hz, �b� f 
 4 kHz, and
�c� f 
 40 kHz. Theoretical curves calculated from the model are
also represented, but they are indistinguishable from the measure-
ments, owing to their excellent agreement. All the signals were
obtained for m 
 1 and p� 
 �1.05 �1�cm�1�.
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portional to the path length L, the molecules’ density
N, and the absorption line strength S:

a� x� � LNSg� x�. (A3)

In the case of a pure FM, the normalized instanta-
neous frequency x can be written as a function of the
modulation index m 
 �����line,

x � x0 � m cos �t, (A4)

and the instantaneous signal detected after the sam-
ple is given by

s� x� � t0� x0 � m cos �t�. (A5)

Following Arndt’s model,17 the contribution at the
different harmonics can be extracted from this signal:

s� x� � �
n
0

�

sn� x�cos n�t,

with

sn� x� �
1

2�
��i�n�n �

��

�

dyJn�my�T0� y�exp�ixy�,

(A6)

where �0 
 1 and �n 
 2 for n � 1, Jn is the Bessel
function of order n, and T0�y� is the Fourier trans-
form of t0�x�:

T0� y� � �
��

�

dxt0� x�exp��ixy�. (A7)

The integral in expression �A7� can be evaluated an-
alytically for a Lorentzian line-shape function

g� x� �
1

���line

1
1 � x2 , (A8)

and the components of the signal at the nth harmonic
are given in this case, according to Arndt’s expres-
sion,17 by

sn� x� � I0(Jn�0� �
a0

2 ���i�n�n

�
���1 � ix�2 � m2 � �1 � ix��n

mn��1 � ix�2 � m2
� c.c.�) ,

(A9)

where c.c. is the complex conjugate and a0 represents
the absorbance at the line center:

a0 � a� x � 0� � LNS�����line�. (A10)

The signals at the first harmonics are given by

s0� x� � I0�1 � a0

�2
2

�r � X
r 	 , (A11a)

s1� x� � I0 a0� �2
m

�x�r � X � sign� x��r � X
r � ,

(A11b)

s2� x� � I0 a0��4
m2 �

�2
m2

�
�r � 1 � x2��r � X � 2�x� �r � X

r � ,

(A11c)

s3� x� �
�I0 a0

m3 �16x �
�2
r

� x3 � 3x�r � 1���r � X

�
�2
r

sign� x��1 � 3x2 � 3r��r � X� ,

(A11d)

where

X � 1 � x2 � m2, r � �X2 � 4x2. (A12)

Appendix B: Developments for a Combined Intensity
Modulation–Frequency Modulation

Expression �7� can be rearranged and separated into
two contributions:

sIM–FM� x� � g�1�� x0 � m cos��t � 
��

� g�2�� x0 � m cos��t � 
��, (B1)

where two functions g�1��x� and g�2��x� are introduced:

g�1�� x� � I0 p���linex�1 � a0

1
1 � x2	 � p���linext0� x�,

(B2a)

g�2�� x� � CI0�1 � a0

1
1 � x2	 � Ct0� x�, (B2b)

with

C � 1 � 2p���linem sin 
�2 sin��t � 
�2�

� � p� � p����linem cos �t, (B3)

and t0�x� represents the case of pure FM according to
expression �A2�. The Fourier transforms of g�1��x�
and g�2��x� are, respectively, given by

G�1�� y� � p���linei
dT0� y�

dy
, (B4a)

G�2�� y� � CT0� y�, (B4b)
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where T0�y� is the Fourier transform of t0�x�. Fol-
lowing a procedure similar to the case of pure FM, we
first calculate the Fourier transform of sIM–FM�x�:

SIM–FM� y� � � dxsIM–FM� x�exp��ixy�

� exp��imy cos��t � 
��

� �G�1�� y� � G�2�� y��. (B5)

Then the time-dependent term is expanded in a Tay-
lor series:

SIM–FM� y� �
G�1�� y� �

n
0

�

��i�n�n Jn�my�cos�n��t � 
��

� S�1�� y�

�
G�2��y� �

n
0

�

��i�n�n Jn�my�cos�n��t � 
��

� S�2�� y�

.

(B6)

The signals s�1��x� and s�2��x�, obtained by one’s tak-
ing the inverse Fourier transforms of S�1��y� and
S�2��y�, show the contributions at the different har-
monics of the modulation frequency:

s�1�� x� �
1

2� �
��

�

dyS�1�� y�exp�ixy�

� p���linei �
n
0

�

��i�n�n cos�n��t � 
��

�
1

2� �
��

�

dyJn�my�
dT0� y�

dy
exp�ixy�,

(B7a)

s�2�� x� �
1

2� �
��

�

dyS�2�� y�exp�ixy�

� C �
n
0

�

��i�n�n cos�n��t � 
��

�
1

2� �
��

�

dyJn�my�T0� y�exp�ixy�.

(B7b)

The integral within the expression of s�2��x� is similar
to the case of pure FM considered in Appendix A �see
Eq. �A6��, whereas an integration by parts must be
used for s�1��x�. Using trigonometric relations and
grouping the different terms appearing in the sum-
mations, we then obtained expressions for s�1��x� and
s�2��x�, in which terms in phase with the current mod-
ulation �in cos n�t� and in quadrature �in sin n�t� are
separated. Expressions �8�–�10� are finally obtained
for the detected signal sIM–FM�x� 
 s�1��x� � s�2��x� in
the case of a combined IM–FM.
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