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Résumé

Cette these est consacrée a la théorie ergodique des applications de 'intervalle dites mono-
tones continues par morceaux. Le codage est une méthode classique pour étudier ces ap-
plications. Gréce au codage, on obtient un systéme dynamique symbolique qui est presque
isomorphe au systeme dynamique initial. Le principe du codage est intimement lié & celui
du développement des nombres réels.

Nous commencons par définir le codage dans une optique proche de celle des dévelop-
pements des nombres réels; cette optique est celle adoptée par Rényi et Parry dans leurs
articles concernant les développements des nombres. Puis nous présentons les travaux
de Hofbauer qui abordent les liens entre les propriétés ergodiques d’une application de
I'intervalle monotone continue par morceaux et celles du systéme dynamique symbolique
correspondant. Nous montrons qu’il y a une bijection entre les ensembles de mesures
d’entropie maximale de ces deux systemes dynamiques.

Nous appliquons ces résultats a 1’étude de deux familles d’applications particulieres:
d’une part les applications Ti, g(z) := Bz + a mod 1, d’autre part celles que nous ap-
pellerons des (-transformations généralisées. Pour la famille d’applications T,, g, nous
décrivons en détail la famille de systemes dynamiques symboliques obtenus grace au
codage. Puis nous abordons la question de la normalité des orbites pour les applica-
tions T}, g. Finalement nous étudions les B-transformations généralisées: nous montrons
que la plupart d’entre elles ont une unique mesure d’entropie maximale, puis nous étudions
également la normalité des orbites pour ces applications.

Mots-clés: applications de I'intervalle, dynamique symbolique, développement des nom-
bres, entropie topologique, diagramme de Markov, nombres normaux.

Abstract

This thesis is devoted to the ergodic theory of the piecewise monotone continuous maps
of the interval. The coding is a classical approach for these maps. Thanks to the coding,
we get a symbolic dynamical system which is almost isomorphic to the initial dynamical
system. The principle of the coding is very similar to the one of expansion of real numbers.

We first define the coding in a perspective similar to the one of the expansions of
real numbers; this perspective was already adopted by Rényi and Parry in their papers
about the expansions of numbers. Then we present the theory of Hofbauer about the links
between the ergodic properties of a piecewise monotone continuous map of the interval
and the corresponding symbolic dynamical system. We prove that there is a bijection
between the sets of measures of maximal entropy of these two dynamical systems.

We apply these results to the study of two families of maps: first the maps T, g(x) :=
Bx+a mod 1, then the maps we will call generalized G-transformations. For the family of
maps T, g, we describe in detail the family of symbolic dynamical systems obtained by the
coding. Then we turn to the question of normality of the orbits for the maps T, 3. Finally
we study the generalized g-transformations: we prove that most of them have a a unique
measure of maximal entropy, then we also study the normality of the orbits for theses maps.

Key words: maps of the interval, symbolic dynamic, expansion of numbers, topological
entropy, Markov diagram, normal numbers.
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Chapter 1

Introduction

1.1 Generalities

The framework of this thesis is the ergodic theory of piecewise monotone continuous maps
of the interval. We recall briefly the underlying concepts. A discrete time dynamical
system is a pair (X, T). The set X is the phase space and its elements correspond to the
possible states of the system. T is a map from X to X; it describes the time evolution of
the system. If the system is in state x € X at time 0, then it is in state Tz € X at time
1, in state T2z at time 2 and so on. This justifies the name of discrete time dynamical
system. If the map T is invertible, the evolution can be extended to negative time in the
same manner: the state at time n is 7"z for all n € Z.

Often the phase space X is endowed with a particular structure and the map T pre-
serves this structure. For example, (X, u) is a measure space and 7' is a measure-preserving
transformation, ie u(7~'A) = u(A) for all measurable sets A. The ergodic theory is the
field which studies the measure-preserving transformations. Some notions in this field are
known beyond the area of dynamical systems: the question of the ergodicity of an invariant
measure or Poincaré’s recursion Theorem. We give another example of preserved struc-
ture: (X,7) is a topological space and T is a continuous map. The topological dynamics
deals with continuous transformations.

The piecewise monotone continuous maps are particular examples of discrete time
dynamical systems. The state space X is the compact interval [0,1] C R. Moreover,
there exists a countable partition of [0,1] in intervals such that the map T restricted on
each interval of the partition is a monotone continuous map. We do not require that T
is continuous on the whole interval [0, 1], thus the topological structure is not preserved.
Fortunately, there is another structure on [0, 1] which is very useful: the order <. The
piecewise monotonicity of T preserves partially the order structure and this allows to
control the orbits of points. Although this family has been extensively studied, there are
still many questions to investigate. Many familiar examples belong to this family, among
them:

1. The logistic maps  — pux(1—z), where u € [0,4] is a parameter. For u large enough,
the behavior of the orbits is very complex, because the map is expanding on an area
of the phase space and contracting on another area. The period-doubling cascade of
this map is famous.

2. The tent maps x — min{fz, f(1—x)}, where § € [0, 2] is a parameter. It is a typical
example of a unimodal map (a unimodal map is a continuous map with one hill);



indeed many unimodal maps are conjugated to a tent map.

3. The intervals exchange maps, where the intervals of the partition are simply per-
muted. They are examples of piecewise isometries.

4. The map x — 1/ mod 1, which is very important for continued fractions.

5. The maps = — [z mod 1, where 5 € (1,00) is a parameter. It plays a central role
in expansion of numbers in non-integer basis.

6. The maps = — = 4+ z® mod 1 where o € (1,00) is a parameter; these maps are
typical examples for the intermittency.

The piecewise monotone continuous maps are one of the families of discrete time dynamical
systems considered in this thesis.

The second family which we consider is the class of shift maps. Let A be a finite (or
sometimes countable) set endowed with the discrete topology and consider the product
spaces ¥y = AZ or ¥ = A%+. We denote by o the left shift map. Let ¥ be a o-invariant
subset of ¥, or 3. The pair (3, 0) is a discrete time dynamical system. It is reversible
if ¥ is a subset of ¥, and irreversible if ¥ is a subset of X;". Notice that the complexity
of the dynamics comes from the state space ¥, the map o being very easy to understand.

In 1957, Rényi published his fundamental paper [R], where he showed that there is a
strong link between the piecewise monotone continuous maps and the shift maps: these two
families of discrete time dynamical systems are linked by the expansions of real numbers.
We present this link with the help of the decimal expansion of real numbers: in this
case, the representation function is ¢(t) = t/10. A number x € [0, 1) is represented by a
sequence of digits ig, i1,... such that

. . . i[) il i2
r=p(lo+ (i1 +e(iz+...))) = E—FTOQ-FW—F... .
If we truncate this expansion of x, we can define a sequence of remainders rg,r1,... such
that
— (i L o _to o deet T
x=p(ig+ (A1 + -+ e(in_1+70))) 10 + 102 +- 4 10 + o

It is easy to check that the digits are elements of {0,1,...,9}, the remainders satisfy
rn € [0,1) and the sequences of remainders can be constructed by ro = = and

n+1 = 107, mod 1.

Now the link between the piecewise monotone continuous maps and the shift maps ap-
pears. The map T : [0,1] — [0,1] given by T'(z) := 10 z mod 1 is a piecewise monotone
continuous map. The space ¥ := {0,1,...,9}%+ is a shift space. Moreover the two
discrete time dynamical systems ([0, 1],7") and (X,0) are almost isomorphic. The map
x +— i(z) = (ipiy ... ) is called the coding map. The coding map is almost an isomorphism,
because some numbers can have two decimal expansions: for example, 0.399999... = 0.4.
There are countably many such numbers and the coding map is an isomorphism outside
this problematic set. Notice that the Lebesgue measure on [0, 1] is an ergodic T-invariant
measure. Using Birkhoff’s Ergodic Theorem, we get Borel’s Theorem about normal num-
bers. For Lebesgue almost all numbers in x € [0,1), the following property holds: any



finite sequence of digits appears in x with a frequency 10", where n is the length of the
sequence.

In his paper, Rényi generalized this analysis to a wide family of expansions of numbers.
Given a representation function ¢, we can define a piecewise monotone continuous map
T :[0,1] — [0,1] by T = ¢! mod 1 and a shift space ¥ as the closure of the set of
codings of points € [0,1). Under a good hypothesis about the representation map ¢
(roughly speaking, all numbers must have an expansion), the coding map is almost an
isomorphism between the two dynamical systems ([0, 1],7") and (X,0). In this case, we
say the the expansion is valid.

At the end of his paper, Rényi studied the expansion in non-integer basis. The repre-
sentation function is ¢(t) = t/F with § € (1,00) and the piecewise monotone continuous
map is T'(x) = Sz mod 1; the map T is called a S-transformation. When £ is an integer g,
we recover the g-adic expansion, but when ( is not an integer, we get a new expansion with
particular properties. For example, the set ¥ is no more a product space or the Lebesgue
measure is no more T-invariant. In 1960, Parry published in [P1] an explicit formula of
the density of a T-invariant measure equivalent to Lebesgue measure. This formula allows
to compute the frequencies of sequences of digits appearing in the expansion of Lebesgue
almost all numbers z € [0, 1).

There are natural generalizations of the expansion in non-integer basis. One of them
was introduced by Parry in [P2]: the representation map is ¢(t) = (t — «)/f and the
corresponding piecewise monotone continuous map is T'(z) = B+« mod 1. If § > 1
or if # = 1 and « is not a rational, this expansion is valid. Parry gave an expression
of the density of a T-invariant measure absolutely continuous with respect to Lebesgue
measure. This expansion is a non trivial generalization of the expansion in non integer
basis, some properties are really different. For example, the unique T-invariant measure
absolutely continuous with respect to Lebesgue measure (the one constructed by Parry) is
not equivalent to Lebesgue measure for some parameters «a, 3. When Parry published his
paper, he did not know if this measure was positive (this fact has been proved by Halfin
in [Ha]). The family of piecewise monotone continuous maps 7'(x) = S+« mod 1 is one
of the two families of dynamical systems particularly studied in this thesis. The second
one is the family of generalized [-transformations. The maps Sx mod 1 are piecewise
increasing, where the generalized [-transformations may be decreasing on some intervals
of continuity. This family of maps was recently studied by Géra in [G] in a point of view
very similar to the one of Parry in [P2].

This thesis has two main directions of research. The first one is a good description
of the sets X obtained by the coding for the maps Sz + a mod 1 and the generalized 3-
transformations. The second one is the study of the normality of the expansion of number
in the sense of Borel. There is an important difference between the point of view of Borel
and our one: Borel fixed the expansion (the dyadic expansion) and he computed the size
of the set of normal numbers; whereas we consider a family of expansions described by a
parameter, we fix € [0,1) and we consider the set of parameters for which z is normal.

1.2 Contents of this thesis

In Chapter 2, we present the general theory of p-expansions. It is presented with the
point of view adopted by Parry in [P2]. Most of the results are already known, but the
proofs are personal. Moreover, Theorems 2.11 and 2.12 are original. These theorems give
necessary and sufficient conditions for the p-expansion to be valid, in term of surjectivity



or continuity of the map @.,. The concepts are illustrated by two examples that will come
back all along this thesis. The first one (Example A) is the map T, g(z) := B+« mod 1.
The second one (Example B) is the generalized (-transformation; this map is obtained
from a f-transformation by replacing some increasing laps by decreasing laps (a lap of T’
is a map obtained by restricting 7" on an interval of monotonicity and continuity).

Chapter 3 is a classical subject of ergodic theory. We present the measure-theoretical
entropy and the topological entropy in a very common way, except for Proposition 3.6.

Chapter 4 introduces a sometimes tedious, but necessary tool for the study of the
shift spaces obtained by coding: the Markov diagram. This graph was constructed by
Hofbauer in [H3] following an idea of Takahashi in [T]. It allows one to construct an
almost isomorphism between the shift space obtained by coding and a countable Markov
shift. The aim of Hofbauer was the study of the measure of maximal entropy, however the
Markov diagram is also used for other purposes. There are many variations in the definition
of this graph, because the authors often adapt the graph to the situation considered. We
do our own choice with its advantages and its disadvantages: first we present a very general
definition suitable for the abstract works (see in particular Chapter 5), then we modify a
bit the graph to be more suitable for the particular situations considered. This adaptation
is the aim of Section 4.2.

In Chapter 5, we present the works of Hofbauer in [H3]. The aim is to show that the
set of measures of maximal entropy for a piecewise monotone continuous map is in 1-to-1
correspondence with the set of measures of maximal entropy of a countable Markov shift.
This proof is based on the Markov diagram. The presentation follows strictly the one of
Hofbauer, but the proofs are brought up to date. We emphasize that we found no recent
presentation of these results, although they are 30 years old.

Almost all new results of this thesis are presented in Chapters 6 and 7. The contents of
the first part of Chapter 6 is an article submitted in April 2008 to the journal Nonlinearity.
The second part of this chapter is at the moment not submitted. The contents of Chapter
7 has been submitted in May 2008 to the journal Ergodic Theory & Dynamical Systems.

In Chapter 6, we study in detail two particular piecewise monotone continuous maps.
The first one is T, g(x) := fr+o mod 1. Let 7*P denote the corresponding ¢-expansion.
We first study the set of expansions of 0 and 1, the main results are summarized in
Proposition 6.4. Then we present an algorithm that allows to compute the topological
entropy of shift spaces ¥(u, v), which have the same structure as the shift spaces obtained
by coding with the map T}, 3. The algorithm is defined in Proposition 6.10 and we show in
Theorem 6.16 that the algorithm gives the topological entropy of the shift ¥(u,v). Finally
we consider the inverse problem: given the coding of 0 and 1, can we find parameters
(cr, B) such that the coding of 0 and 1 are the given sequences? This problem is easy for
the (-transformations, but far from being trivial in our case. Theorems 6.20 and 6.21
summarize our results.

The second part of Chapter 6 is devoted to the generalized (-transformations. In
Theorem 6.23, we give sufficient conditions (that are fulfilled by most of the generalized
[-transformations) for the uniqueness of the measure of maximal entropy.

In Chapter 7, we discuss the question of normality. A point z is normal with respect
to y, if the sequence of empirical measures {1 Z;:ol 6z o T}, converges (in the weak*-
topology) to p as the time tends to oco. First we consider the normality for the map
To 5. We work with € [0,1] fixed and we look to the normality with respect to the
parameters (a, 3). In Theorem 7.8, we prove that, for all € [0, 1], the orbit is normal
with respect to the measure of maximal entropy for almost all parameters («, ) (with



respect to 2-dimensional Lebesgue measure). However we construct a family of disjoint
analytic curves that fill the plane («, ) such that, along a given curve, the point x is normal
with respect to the measure of maximal entropy for at most one pair of parameters (a, (3).
This amazing result is Theorem 7.10. Finally we consider the normality for the generalized
[-transformations. As before, we fix z € [0, 1] and study the normality with respect to the
parameter 5. In Theorem 7.13, we prove that the orbit of x is normal with respect to the
measure of maximal entropy for all parameters 3, except for 3 too small in a particular
class of generalized (-transformations.

10



Chapter 2
Coding and p-expansion

In 1957, Rényi published his fundamental paper [R] about the representation of real num-
bers. In this work, he showed that the sequence of remainders is governed by a discrete
time dynamical system on the interval [0, 1], namely a piecewise monotone continuous map.
Using this remark, Rényi was able to study some ergodic properties for a given expansion
of numbers. He also gave sufficient conditions for a map to generate valid representations
of numbers. Finally he studied the particular example of expansions in non integer basis.
These last two questions make the main lines of this chapter, where we present general
results about the representations of real numbers. The representations of real numbers
are generalizations of the decimal expansion. Some representations are especially studied,
like the representation in continued fractions, the g-adic expansions or the expansions in
non integer basis. Our presentation does not include the continued fractions, because we
restrict ourself to the representation with a finite set of digits. On the other hand, we
include the theory of expansions with non monotone maps. The structure of the chapter
is inspired by the paper of Parry [P2], where he developed the ideas of Rényi in a very
general point of view.

The chapter begins with a section where we introduce notations and properties of shift
spaces that we need in this thesis. Then we turn to the theory of expansion of numbers.
A representation function ¢ is a bijective map from a compact subinterval of R to [0, 1].
The idea of Rényi is to represent ro € [0,1) as

ro = (1o +71),

where ig and r; are uniquely determined by the prescriptions ig is an integer and r; €
[0,1). Then r; is again represented as

r1 = (i1 +712).
Continuing in this way, we construct two sequences {iy, }n>0 and {ry}n>0. For all n > 0,

i is an integer and r, € [0,1). The sequence {i,},>¢ is called the coding of 9. The
sequence {7y }n>0 is governed by the formula

Tne1 =@ 1(r,) mod 1.

Let us denote 7' := ¢~! mod 1. The map T is a piecewise monotone continuous map of

the interval. We want to define a map ¢, on the sequences of digits which is the inverse
of the coding map. In view of the construction of the coding map, an idea to construct
Poo 18

Poo(Wo, w1, W2, ...) = (wy + p(wr + p(wz +...))).

11



This map sends a sequence of digits on a real number in [0,1]. If x = oo (wp, wy,...),
then we call {wy, }n>0 a p-expansion of z. The formal construction of the map ¢o is more
complicated, because one has to take a limit n — oo; an important part of Section 2.2
is devoted to the existence of this limit. The @-expansion is valid, if for all o € [0, 1),
the coding of rg is a p-expansion of x. In the last part of Section 2.2, we are looking for
conditions for the validity of the y-expansion. One of the main results presented in [P2]
is that the (p-expansion is valid, if and only if the coding is injective. In Theorem 2.11,
we prove that the @p-expansion is valid, if and only if the ¢-expansion is surjective. In
Theorem 2.12, we link the validity of the p-expansion with the continuity of the map pqo.

Although most of the results of Section 2.2 are known, some of them are original, in
particular Theorems 2.11 and 2.12. The presentation is illustrated with two examples
which are generalizations of expansions in non integer basis. The first one was introduced
by Parry in [P2], the representation function ¢ is

T —

p(r) = 3

The second one, called generalized (3-expansion, was recently described by Géra in [G] and
it includes non-monotone representation functions.

2.1 Shift spaces

We introduce the basic notations and definitions that will be used in the whole thesis.
We follow the book of Lind and Marcus [LM] as much as possible. The sets N, Z and Z
denote

N={1,2,...}, Zy={0}UN and Z={...,—-1,0,1,...}.

Consider a finite or countable alphabet A endowed with the discrete topology. The
elements of A are called symbols and we often choose the digits 0,1,2.... In particular,
we write Ag := {0,1,...,k — 1} for the alphabet of k-symbols. We define the full semi-
infinite A-shift ¥ := A%+ and the full bi-infinite A-shift ¥, := AZ. These two shifts
are endowed with the product topology. We write E;: = Ej'k for the full semi-infinite
k-shift and ¥j := ¥,, for the full bi-infinite k-shift; by Tychonoft’s theorem, these two
sets are compact. An element of X, or E: is a sequence. We will use underlined letters
like u, v, 2, ... to denote sequences. A sequence z € ¥ (resp. z € ¥,) will be defined by
all of its coordinates z; with i € Z, (resp. i € Z). If we need an explicit notation, we
will write the coordinates without separation, for example

Z = ...Z_120%21%2 " € X}

A word over A is a finite string of elements of A, including the string with no symbol,
called the empty word and denoted by . The set of all words over A is denoted by A*.
As for sequences, we use underlined letters for words and we write a word as a string of
symbols without separation. The length of a word u is the number of symbols it contains,
it is denoted |u|. We have |¢| = 0. The concatenation of two words u and v is the word
2z := u v formed by the string of symbols of u followed by the string of symbols of v. If
n > 1, let u™ denote the concatenation of n copies of u and set u° :=¢. In ZI, a word u
can be concatenated with a sequence z and they form the sequence z := u z. Likewise, if
u is a word, we define the sequence z ;= u*® =uuwu--- € Ej. For z € ZI andi <j€Zy,
we will denote the word formed by the coordinates of z from i to j by Z[i ] = ZiZigl - - 2

12



If © > j, we define 2[5, to be €. Similarly, if ¢ < j € Z,, then Z[ij) = ZiZitl .- Zj—1 and

if ¢ > 7, then 25 = € We define similary Z(i 4] and Z(i5)- We use also the notation

Zlio0) = ZiZit1Zi42 - - - - Of course, we have analogous definitions for z € X, with i,j € Z.
For w a word on A of length n and m > 0, we define the cylinder in X

m[ﬂ] = {5 € ZI : g[m,ern) = Q}

The family {,,[w] : w € A*,m € Z,} is a base for the topology on ¥, . The topology is
metrizable, the following metric is compatible with the topology: let 3 > 1, then

0 if w=1w

B min{n=0: wnFwil  otherwise. (2.1)

dg(w,w') := {

Similarly, for w a word on A of length n and m € Z, we define the cylinder in ¥, by

m[@] = {é €Yy Zlm,m4n) = M} .

As before, the family {,,[w] : w € A*,m € Z} is a base for the topology on ¥, and this
topology is metrizable. We define the left shift map o : ¥ — % by 2 := o(w) with
z; = wiyq for all ¢ € Z,. The left shift on Ej is continuous and surjective. Similarly, we
define the left shift map o : ¥y — X5 by z := o(w) with z; = w41 for all i € Z. The left
shift on X, is continuous and bijective. We use the same notations for the left shift or the
cylinders on ¥} and on ¥, but the context will always clarify which object is used.

On ZZ, we define a total order denoted by <. Given a map s: Ay — {+1,—1}, define
amap ¢ : Ay — {+1,—1} by

5(w) = {s(wo)s(wl) - s(wp—1) ?f@ = Wowy . . . Wp—1
+1 ifw=e.

Let z # 2’ € ) and n =min{j > 0: z; # 2’;}. Then we define the total order by
Tn <y, if 6(zp ) = +1

/
" 2.2
Ty > 1y, if 6(zp ) = —1. (2:2)

<17 = {

As usual we write z < 2/, if and only if z < 2’ or x = 2. When s(j) = +1 for all j € Ag,
this order is the lexicographic order.

A shift space is a closed subset ¥ C ¥ (or ¥ C %) such that o(X) C . It is
endowed with the induced topology. In particular, for all £ € N, a shift space ¥ C E,‘: (or
¥ C ¥j) is compact. Let ¥ be a shift space, the language of ¥ is

LX) ={wehA":3z€X,i,j €Zs.t. wzé[i,j]}-

2.2 Piecewise monotone continuous maps

We turn to the question of the expansion of real numbers. We first define a family of
piecewise monotone continuous maps, then we define the representation function and the
coding map. Notice that, in the papers of Rényi [R] or Parry [P2], the authors first
choose a representation function, then they define the corresponding coding map and
piecewise monotone continuous map; this choice is justified, because the underlying idea
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of Rényi and Parry is the expansion of numbers. We are mainly interested by the piecewise
monotone continuous map; thus we first choose this map, then we define the corresponding
representation function and the coding map. This approach is also the one of Hofbauer in
[H3]. We consider the class of piecewise monotone continuous maps of the interval in the
following setting.

Definition 2.1. A map T : [0,1] — [0,1] is piecewise monotone continuous, if there
exist k > 2 and 0 = ag < a1 < --- < a = 1 such that, for all j € Ay, the map f; =
T\(aj,a;.1) i monotone and continuous. We set Ij := (aj,aj+1) and J; := f;(1;) C [0,1].
The maps f; : I; — J; are the laps of T'. For a piecewise monotone continuous map T,
define Xy :=[0,1], So :={ao,...,ax} and for alln >1

Xn =X 1\Sn-1, Spi={xe X, :T(x)€ Sp_1}.
Finally we set S :=J,,50 S and X 1= Xo\S.

In all this thesis, we reserve the letter k£ to denote the number of laps of the piecewise
monotone continuous map considered or the number of symbol of a shift space. The values
of T on Sy are not very important and we do not need to define T' on this set for this
chapter. However, if limgyq; fj—1(7) = limg|q; fj(x) for some j = 1,...,k — 1, then we
define T'(a;) by continuity. We will see later that when all maps f; are increasing, there is
a convenient way to define T on Sp. When necessary, we also denote by f; the continuous
extension of the map on the closure 7]- of I;.

Henceforth E: is endowed with the total order defined by (2.2), where the map s :
Ay — {+1,—1} is given by

() +1 if f; is increasing
s(j) =
J —1 if f; is decreasing.

We define a map ¢ on the disjoint union

k—1
dom ¢ := Uj+JjCR,
j=0
by setting
o(z) = f;l(t) ifr=j+tandte J;. (2.3)

The map ¢ is continuous, injective and has range X;. On X7, the inverse map is
o Nz)=7+T(z) ifxel;.
For each j € A such that f; is increasing, we define ®’ on j + [0,1] (using the extension
of f; on [a;,a;41]) by
a; ife=j+tandt< fj(a;)
7 (x) := fj_l(t) ifr=j+tandtec J; (2.4)
aji1 ifex=j+tandt > fi(a;).
For each j € Ay, such that f; is decreasing, we define %’ on j + [0, 1] by
aji1 ifex=j+tandt < fj(a;)
@ (z) = [Nt ifz=j+tandteJ; (2.5)
aj ifz=j+tandt> fi(a;).
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It is convenient below to consider the family of maps @j as a single map defined on
[0, k], which is denoted by ¥ and called the representation function. In order to avoid
ambiguities at integers, where the map may be multi-valued, we always write a point of
[, j+1asxz=j+t,te]0,1], so that
P(x) =9 +1) =P ().
We define the coding map i : X — Eg by

1(:6') = io(l’)il(;{:) ... with in(.%') =7 = Tn(JZ) S Ij .
For any x € X and any n > 0,

cp’l(T"(x)) =ip(x) + T”H(az) and i(T"(x)) = o"i(z). (2.6)
Let z € £ and t € [0, 1]; we set

P1(20 +1) =¥(20 + 1)
and for all n > 2

G20,y 2n—1+1t) =0,_1(20, - 2n—2+ P(2n—1+1)).

For all n > 1 and all m > 1, we have

Prtm (2055 Zngm—1+1) = Pp(20,- -, 2n—1 + @y (20 - - -, Zngm—1 + 1)) - (2.7)

The map t — ©,,(20, - - -, zn—1+t) is increasing if §(z[y ,,)) = +1 and decreasing if §(z( ,)) =
—1. It is convenient to write ,,(z) for ©, (20, .., 2n—1).
Example A. Let § > 1 and o € [0,1) and set k = [+ «]. The set Sy = {aog,...,ar} is
defined by

ag=0, aj:;a for 1 <j<k-1, ap =1.

g
For all j € Ag, the map f; is given by f;j(z) = Sz + a — j. The corresponding piecewise

monotone continuous map is denoted by T, g. It was introduced by Parry in [P2]; hence-
forth we denote simply this map by T, g(z) = Sz + o mod 1. The corresponding coding
map is denoted by i*# and the representation function *° : [0, k] — [0,1] is given by

0 Hfo<z<a«a

7P (z) = 5 fas<z<f+a

1 fft+a<ax<l.
Example B. Let k£ > 2, fix a map s : Ay — {+1,—1} and choose 5 € (k — 1,k]. The set
Sp is given by

aj:l for j € A, ap =1.
6
For all j € Ag, the map f; is defined by

fyle) = {ﬁ“’ A S (2.)
L= (Br—j) if s(j) = 1.

The corresponding piecewise monotone continuous map is denoted T and called a gen-

eralized [-transformation; it was introduced by Géra in [G]. The corresponding coding

map is denoted by i”. In Figure 2.1, we plot T and the corresponding map @ with k = 3,

{5()}; = (1,—1,-1) and 8 = 2.6. Remark that T and i” depend on the map s, however

we do not write this dependence explicitly.
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Figure 2.1: On the left, the map Tj; on the right the corresponding .

2.2.1 Validity of the ¢p-expansion

We have defined the piecewise monotone continuous map 7', the corresponding repre-
sentation function ¥ and the coding map i. We now discuss about the validity of the
representation of numbers with the map .

Definition 2.2. The real number s € [0,1] has a p-expansion x € E: if the following
limit exists,
s = lim p,(z) = @(mo +o(z1+ ... )) = Poo(z) .

n—oo
The @-expansion is well-defined if for all z € X}, limy, 00 P, (z) = P (z) emists.
The @-expansion is valid if for all z € X, i(x) is a p-expansion of x.

If the y-expansion is valid, then for z € X, using (2.6), (2.7) and the continuity of the
maps @/,
z = lim g, (i(z))
n—oo

- n}i_r%o%(io(x)’ oy ino1(@) + B, (1n(2), . - dingm—1(2))) (2.9)

= B,(1i0(2), .., in-1(2) + P (1(T"2)) .
The elementary fact of the p-expansion is

a,b € [0,1] and zg < z(, € Ay, = P(z0 +a) <P(zy +b). (2.10)
We begin with two lemmas on the p-code.

Lemma 2.3. The map i is =-order-preserving on X: x <y € X implies i(z) = i(y).

Proof: Let z < y. Either ip(z) < ig(y), or ip(x) = ig(y); in the latter case, the strict
monotonicity of fj ) implies

pHz) = do(@) +T(2) <™ (y) = 0(y) + T(y) if 6(i0(x)) = +1
pHz) = do(@) +T(2) > ¢ (y) = 10(y) + T(y) if 6(i0(x)) = —1.
Repeating this argument we get i(z) < i(y). O

Lemma 2.4. The p-code i : X — Z;f 15 conlinuous.
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Proof: Let z € X and {z"} C X such that lim, 2™ = z. Let jo = io(x). There is ng

such that for n > ng, 2™ € I, and ig(2") = ig(x) = jo. Let ji := i1(z); we can choose

ni so large that for n > ny T'(x,) € I;. Hence ig(z") = jo and ii(z™) = ji for all

n > ny. By induction we can find an increasing sequence {n,,} such that n > n,, implies

ij(x) =1ij(2") for all j =0,...,m. O
The next lemmas give the essential properties of the map .

Lemma 2.5. Let x € X;. Then there exist y;(z) and y|(z) in [0,1], such that y;(z) <
y(z); y1(x) and y|(z) are the only possible cluster points of the sequence {@,(x)}n.
Let x € X and set x := i(z). Then

azo < yp(z) <2 <y (2) < Azt -
If the p-expansion is valid, then each y € X has a unique p-expansion,
Yy="0x(z) e X —= z=1i(y).

Proof: Consider the map
t—@,(xoy. .., Tp_1+1).

Suppose that § @[O,n)) = —1. Then it is decreasing, and for any m
¢n+m(x07"‘7$n+m—l) - @n(x(b"')xn—l +¢m($na---7xn+m—l))
S @n(x07"')xn—l)‘

In particular the subsequence {@,(z)}, of all n such that 6(zjy ) = —1 is decreasing with
limit y (). If the subsequence is finite, then y(z) is the last point of the subsequence. If
there is no n such that 6(z,)) = —1, we set y| () := ago+1. Similarly, the subsequence
{@n()}n of all n such that d(zy,)) = 1 is increasing with limit y;(z) < y;(z). When
there is no n such that 6(zp,,)) = 1, we set y;(z) := ag,. Since any $,,(z) appears in one
of these sequences, there are at most two cluster points for {@,,(z) }n.
Let z € X; x = o(¢ () and by (2.6)
z = p(iole) +T(x)) = p(io(z) + (0™ (T2))) = p(io(x) + p(ir(z) + T?z)) = - -
= p(i0@) + 9l (2) -+ plin1(2) + T"))) (2.11)

By monotonicity

(z € X and §(ifn)(2)) = —1) = Gulipm(z)) >z,
and

(e X and 0(ip,)(z) =1) = @,(ijpm () <z.

The inequalities of Lemma 2.5 follow from these equations and B(ig(x) +1) € [agy, Azy+1]-
Suppose that the p-expansion is valid and that P (z) = y € X. We prove that
z = i(y). By hypothesis y € I,; using (2.11) and the fact that I, is open, we can write

y =00+ @z +B(x2+...)) = ¢(xo + P(x1 + Pa2+...))) -

This implies that

¢ Hy) = 10(y) + Ty = 20 + Bla1 + (w2 +...)).

Since Ty € X, we can iterate this argument. O
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Lemma 2.6. Let z,2' € E; and x < /. Then any cluster point of {,(z)}n is smaller
then any cluster point of {@,,(z'}n. In particular, if the p-expansion is well-defined, then
Do 18 Order-preserving.

Proof: Let z < 2’ with z; =1, j =0,. — 1 and z,, # «,,. We have
¢m+n(£) = @m(‘roa T B @n(gml)) .
By (2.10), if 6(2jo,)) = 1, then x,,, < 27, and for any n > 1, £ > 1,

m+1 ))

IN

m+1£/)) .

Gn(0™z) =61 (@m + B,y (0 Be(0™') =7y (), + @1 (0 ;

if 6(z(o,m)) = —1, then xp, > z7, and

v

")) > (0™) =y (2, + B (0™ )).

Therefore, in both cases, for any n > 1, £ > 1,

@n(amz) = @1 ($m + @n—l(a

(Pm—i-n( ) < Som-‘rf( )
L

Lemma 2.7. Let x € Z;: and Tg = j.

1) Let §(j) = 1 and yi(z) € I; be a cluster point of {p,(x)}. Then f;(y1(z)) > yi(oz)
if yr(z) = aj, fi(y1(2)) <yrloz) if yr(z) = ajr1 and fi(y1(z)) = y1(oz) otherwise. The
same conclusions hold when y|(x) is a cluster point of {gon(ac)}

2) Let 6(j) = —1 and y;(z) € I; be a cluster point of {@,(z)}. Then f;(y;(z)) <y (oz)

F1(2) = g, f(v () = v1(ow) if yy(2) = a1 and £ (y;(@)) = () otheruise. The
same conclusions hold when y|(x) is a cluster point of {@, ()

}-
Proof: Set f;j(I;) := [aj,B;]. Suppose for example that 6(j) = —1 and that ny is the
subsequence of all m such that §(z,,)) = 1. Since 6(j) = —1 the sequence {p,, _1(0z)}x
is decreasing. Hence by continuity

yi(z) = lim @, (z) = B +lim @, 1 (0z)) = P(j + vy (o)) .

If yi(z) = aj, then f;(a;) = B; <y (oz); if y1(z) = aj41, then fi(aj41) = a; >y (ox); if
a;j < yT(g) < Qj+1, then

i+ 5i(w(@) = o (oG +1im Py, (o)) =+, (0w).

Similar proofs for the other cases. O

Lemma 2.8. Let x € Z+

1) If {®,, ()} has two clusterpomts y1(z) and y (z), and ify € (yT(g),yl(g)), theny € X,
i(y) = z and y has no p-expansion.

Let x € X and set x :=i(z).

2) If lim, @, (z) = y1(z) and if y € (y1(x),x), theny € X, i(y) = x and y has no ¢-
expansion.

3) If lim, @, (z) = y|(z) and if y € (z,y,(z)), then y € X, i(y) = x and y has no
(p-expPansion.
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Proof: Suppose that y;(z) <y < y|(z). Then y € I, and ip(y) = xp. From Lemma 2.3
yr(oz) < Ty <y (oz) if §(xp) =1,

and
yi(oz) > Ty > yp(oz) if 6(zo) = —1.

Iterating this argument we prove that 7"y € I, and i,(y) = z,, for all n > 1. Suppose
that y has a g-expansion, y = @, (z’). If 2’ < z, then by Lemma 2.6 3(2) < y;(z) and if
x < 2/, then by Lemma 2.6 y|(z) < $(z), which leads to a contradiction. Similar proofs
in cases 2 and 3. O

Lemma 2.9. Let ' € Eg and x € X. Then
y(@)<zr = 2/ <i(x) and z<y(@) = i(z) =22

Proof: Suppose that y|(z') < = and y () is a cluster point. Either z{, < ig(z) or
xy = io(z) and by Lemma 2.7

y (o) < Tz if §(z() =1,

or
yp(oz') > Ta  if 6(xf) = —1.

Since y| (o) or y;(oz’) is a cluster point we can repeat the argument and conclude that

2/ <i(x). If y;(2) is not a cluster point, then we use the cluster point y;(z') < y,(z’) for

the argument. O
The next theorem is due to Parry in [P2].

Theorem 2.10. A p-expansion is valid if and only if the p-code i is injective on X.

Proof: Suppose that the p-expansion is valid. If x # z, then

z=p(io(z) +P(ir(z) +...) # 2(i0(2) + B(i1(2) +...)) = 2,

and therefore i(x) # i(z). Conversely, assume that x # z implies i(z) # i(z). Let z € X,
2z = i(x), and suppose for example that y;(z) < y|(z) are two cluster points. Then by
Lemma 2.8 any y such that y;(z) < y < y|(z) is in X and i(y) = z, contradicting the
hypothesis. Therefore z := lim,, §,,(z) exists. If z # x, then we get again a contradiction
using Lemma 2.8. O

Theorem 2.10 states that the validity of the p-expansion is equivalent to the injectivity
of the map i defined on X. One can also state that the validity of the ¢-expansion is
equivalent to the surjectivity of the map .

Theorem 2.11. A p-ezpansion is valid if and only if P : Eg — [0, 1] is well-defined on
E;{f and surjective.

Proof: Suppose that the ¢-expansion is valid. Let z € ¥} and suppose that {%,,(z)},
has two different accumulation points y; < y;. By Lemma 2.8 we get a contradiction.
Thus P, (z) is well-defined for any z € X}

To prove the surjectivity of @, it is sufficient to consider s € S. The argument is a
variant of the proof of Lemma 2.8. Let 2’ be a string such that for any n > 1

far 00 fur(s) € Ly,
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We use here the extension of f; to I;; we have a choice for z, whenever f,; o---o0 fay (s) €

n

So. Suppose that p.(2') < s and that B (z') < 2z < s. Since s, P, (z)
z € Iy and therefore i(z) = x. Moreover,

Bool02) < Tz < fyy(s) if 6(xp) =1

or
fay (8) <Tz < Po (o) if §(xp) = —1.

Iterating the argument we get z € X and i(z) = 2/, contradicting the validity of the
p-expansion. Similarly we exclude the possibility that @, (z') > s, thus proving the
surjectivity of the map p.

Suppose that @, : ;7 — [0, 1] is well-defined and surjective. Let z € X and z = i(z).
Suppose that © < @ (x). By Lemma 2.8 any z, such that x < z < @ (z), does not have a
wp-expansion. This contradicts the hypothesis that p is surjective. Similarly we exclude
the possibility that z > (). O

In the next theorem, we present the links between the validity of the ¢-expansion and
the continuity of the map .

Theorem 2.12. A ¢-expansion is valid if and only if Bo : I — [0,1] is well-defined,
continuous and there exist x+ with oo (z7) =1 and 2~ with g (z~) = 0.

Proof: Suppose that the p-expansion is valid. By Theorem 2.11 @ is well-defined and
surjective so that there exist z* and = with g (z7) = 1 and p (=) = 0. Suppose that
2" | z and set y 1= P (2), Tn = Poo(2™). By Lemma 2.6 the sequence {z,,} is monotone
decreasing; let x := lim, x,,. Suppose that y < x and y < z < z. Since y < z < x, for
any n > 1 and lim, 2" = z, we prove, as in the beginning of the proof of Lemma 2.8, that
z € X. The validity of the ¢-expansion implies that z = ¢, (i(2)). By Lemma 2.9

z<i(z) <z".

Since these inequalities are valid for any z, with y < z < z, the validity of p-expansion
implies that we have strict inequalities, 2 < i(z) < z™. This contradicts the hypothesis
that lim,, ..o 2" = x. A similar argument holds in the case z" 7 x. Hence

lim z"
n—oo

=z = lim §(z") = Puo(2) -
n—00

Conversely, suppose that @ : Ez — [0, 1] is well-defined and continuous. Then, given
§>0and z € ¥, In so that

0 <sup{@y(z):af=2;7=0,...,n—1} —inf{@(2') 1 2y =2; j =0,...,n -1} <4.

We set

2" i=ax0-xpaiz” and 2T =g apoizt.

For any « € X we have the identity (2.11),

z=¢(io(x) + p(i1(2) + ... + e(in-1 4+ T"2))) = ¢,(10(2),. .., in-1(z) + T"z).
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If 0(ip(z) -+ -in—1(x)) =1, then

Poo(z™7) Pn(io(®),. . in-1(z) +Pos(z))
= Puliofz),. . in-1(2))
< Puplio(®), ... in—1(z) + T")
< Palio(@),. .. in-a(z) +1)
= B,(10(2),. . in-1(2) + Puo(zT)) =1 Poo (™).

If 5(ip(x)---ip—1(x)) = —1, then the inequalities are reversed. Letting n going to infinity,

we get P (i(z)) = . O
Notice that when the map fy is increasing, then we can take z= = (0,0,...).

Theorem 2.13. A necessary and sufficient condition for a @-expansion to be valid is
that S is dense in [0,1]. A sufficient condition is that the derivative of ¢(t) exists and

supy |¢'(¢)] < 1.

This is a theorem of Parry in [P2]; it is a corollary of Theorem 2.10.

2.2.2 The structure of i(X)

In this section, we study the structure of the space i(X) C Ez. The main result is Theorem
2.15. In particular, it shows, under the hypothesis of the validity of the p-expansion, that
the coding map is an isomorphism between (X,T) and (1(X), o).

For each j € A; we define (the limits are taken with € X and they exist by the
monotonicity of the coding map)

W =limi(z) and o' := lim i(z). (2.12)
Tla; zTaji1

The strings u! and v7 are called virtual itineraries. Notice that v/ < u/t! since vé <

]-‘rl
Uy -

0"/ = o™ (lim i(z)) = lim ¢"i(z) = lim i(T"x) (xr e X). (2.13)
zlaj zla; zlaj
The next proposition give a sufficient condition for a sequence to be the coding of
some z € X. When k£ = 2 and the map 7T is continuous, it is a classical result (see for
example Theorem I1.3.8 of Collet-Eckmann in [CE]). Notice that the proof of Collet-
Eckmann requires the continuity of 7" on [0, 1]. Our proof is different and does not need
the continuity.

Proposition 2.14. Suppose that 2’ € S} verifies u® n < oz’ < v for allm > 0. Then
there exists x € X such that i(x) = 2’

Notice that we do not assume that the p-expansion is valid or that the map @, is well-
defined.
Proof: If y;(z') < y(a') are two cluster points, then this follows from Lemma 2.8.
Therefore, assume that lim, @, (z) exists. Either there exists m > 1 so that y;(c™z') <
y|(c™z') are two cluster points, or lim,, @, (c™z’) exists for all m > 1.

In the first case, there exists z,, € X,

yr(0™z') <z <y (c™2') and  i(zy,) =oM2'.
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Let
Zm—1 = P(x, | + Zm) .

We show that a,s < zm-1 < ay 4. This implies that z,, € int(dom ¢) so that

¢ (zm-1) = Ty + Tzm1 = Ty + 2m -

Suppose that §(z],_ ;) =1 and ay: = 2zm-1. Then for any y € X, y > a,s _, we have
Ty > zp. Therefore, by Lemma 2.3, i(Ty) * i(zm) = 0™a’; i9(y) = «,_; when y is close
to a, ., s0 that

lim i(y) = uFm1 = oMy

=
ylaz;n

which is a contradiction. Similarly we exclude the cases (z},_;) = land ay 11 = Zm-1,
6(r7,—1) = —land ap = zm—1, 6(25,_1) = —1 and apr |1 = 2p—1. Iterating this
argument we get the existence of zp € X with i(z9) = 2’

In the second case, lim,, p,, (c™2’) exists for all m > 1. Let z := lim,, p,,(2’). Suppose
that :z:6 = 7, so that wl <z <. By Lemma 2.3 and definition of w? and v’ there exist
21, z2 € I such that

n<x<z and o < i(z1) <2’ < i(22) <,

Therefore a; < z < ajy1, io(z) = 2, and Tz = P (oz’) (Lemma 2.7). Iterating this
argument we get 2’ = i(x). O

The next theorem collects well known results (see for example the publication of Bowen
[B3] for the point 1 and the paper of Hofbauer [H3]).

Theorem 2.15. Suppose that the p-expansion is valid. Then
1. 2:={i(z) ez e X} ={z €T} 1 u™ <oz <v™ Vn>0}.

2. The map i : X — X is bijective, p,0i =1id and i o g, = id.
Both maps i and @, are order-preserving.

3. 0(X)CX and o (ox) =Tp(z) if x € 2.

4. If z € SF\X, then there exist m € Z. and j € Ay, such that 5 (c™z) = a;.

5. Vn>0,Vj €A : g“gl < o"ul < Q“% ifé(g%---g{l_l) =1 and g“gl < o < yv%
if 6(up - up_y) = —1.

6. V/n>0,Vj € Ay : Qui; < o™l < y“gb if 5@6 . -gihl) = —1 and Qui; < o™l < y”%
if O(ug - -uy ) =1,

Proof: Let x € X. Clearly, by monotonicity,
uin (@) < o"i(x) < i@ v e Z, .

Suppose that there exist # € X and n such that o”i(z) = v'*(®). Since i,(z) = 10(T"x),
we can assume, without restricting the generality, that n = 0 and ig(x) = j. Therefore
z € (aj,aj41), and for all y € X, such that x < y < aj4+1, we have by Lemma 2.3 that
i(y) = i(x) = v/. By Theorem 2.10 this contradicts the hypothesis that the p-expansion
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is valid. The other case, 0"i(z) = u'»(®) is treated similarly. This proves half of the first
statement. The second half is a consequence of Proposition 2.14. The second statement
also follows, as well as the third, since T'(X) C X.

Let z € Eﬁ\E and m € Zy be the smallest integer such that one of the conditions
defining ¥ is not verified. Then either ¢z < u*™, or ¢z = v*™. The map P, is
continuous (Theorem 2.12). Hence, for any j € Ag,

Poo(W) =a; and P(v)) =aji1.
Let o™z < v*™. Since v*"~! < o™z,

Uy = Poo (07" 1) < Poo(0™z) < Poo(u™™) = a,

The other case is treated in the same way. From definition (2.12) Qui < oMl < g“zl.
Suppose that (u)---u),_;) = 1 and o™/ = V¥, By continuity of the ¢-code there
exists € X such that > a; and ix(z) = uj, k = 0,...,n. Let a; < y < z. Since

5(@6 . -gfl_l) =1, T™y < T"z and consequently

lim i(T"y) = ol < i(T"z) < y“gl )

ylaj
Hence o™i(z) = v™, which is a contradiction. The other cases are treated similarly. [
Example A (continuation). We consider the piecewise monotone continuous map
Top(z) == pr+a mod 1 with 5> 1 and a € [0,1). By Theorem 2.13, the corresponding
p-expansion is valid, if and only if 3 > 1 or § = 1 and « is an irrational number. Henceforth
we assume that the yp-expansion is valid. Since all laps of T, g are increasing, the order
= is the lexicographic order. From the 2k virtual itineraries, only two of them are really

important. Indeed setting u®? := u° and v®# := v*~1, we have

Ww=ju® forj=1,....k—1, /=4 forj=0,....k—2. (2.14)

This is because limg|q; To,s(z) = 0 for j = 1,...,k — 1 and limg1a;,, Tas(z) = 1 for
j=0,...,k—2. Together with point 1 of Theorem 2.15, this implies

Sap=19(X)={z e o} : uP < oz < v*P ¥n > 0}. (2.15)

Indeed take z € ¥, 3 and m > 0. If x,, = 0, then w = uf < oMz, If 2, > 0, then
u'm = gu®P < o™z, since u®P < o™tz We work similarly with the v7. Likewise by
points 5 and 6 of Theorem 2.15, we have

u®P < o"u®P < v®P  and u®P < o"v®P < v*P wn >0. (2.16)

The map $*° being particulary simple, there is an explicit expression for Eg‘éﬁ on X, 3.

Suppose > 1 and let z € X and z = i%?(2); by (2.10), we have for all n > 1,

To—a 1
z = o™ (20 + Tap(x)) = 5 T 5%0“’[3 (21 + T2 p(2))
Tg—Qo T —«Q 1
==t t @wﬁ(:@ + T3 4(2)) = ...
n—1

Tj— 1, .
:Zﬁ‘i‘@ a,ﬁ(x)-

Jj=0
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Since ToTzL,B(x) € [0,1] and 8 > 1, we find taking the limit n — oo

i) —a
Jj=0
Since the map aﬁf is continuous, we can extend this formula on X, 3. Thus
Tj—«
72l (@) =) S VZ€Tags. (2.17)
Jj=0

Example B (continuation). Let k£ > 2 and fix the map s : Ay, — {—1,1} and ( €
(k—1, k]. Define T as before in Example B (see (2.8)). By Theorem 2.13, the corresponding
p-expansion is valid. From the 2k virtual itineraries, only one of them is really important.
We set 7 = v*~1 := lim,y; i(z) with z € X. Then for all j € A

jﬂﬁ if limg g, T'(z) =1,

u =< jon?  if lim, o, T(2) = 0 and lim, o T'(z) = 1, (2.18)
J0% if limg|q; T(z) = 0 and lim, o T'(z) = 0.
Similarly for all j =0,...,k—2
gn® i limgy,,,, T(x) =1,
v = q0n° if limgpq,,, T(x) = 0 and lim, o T'(z) =1, (2.19)
§0°° if limgpa, , T(z) = 0 and limg o T'(z) = 0.
As in Example A, we can prove that
Y:=10(X)={z e Xl 0"z = Qﬂ Vn > 0}. (2.20)
Moreover the virtual itinerary satisfies
o™’ <’ v¥n>0. (2.21)
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Chapter 3

Entropy

In this chapter, we define the notion of measure-theoretical entropy and topological en-
tropy. The measure-theoretical entropy was introduced by Kolmogorov in 1958. It is the
most used invariant under measure preserving isomorphism between dynamical systems.
The topological entropy was introduced by Adler, Konheim and McAndrew [AKM] in 1965
as an invariant of topological conjugacy. Later Bowen gave in [B1] another equivalent defi-
nition in the framework of metric spaces. This definition is historically important, because
it leads to a very elegant proof of the variational principle by Misiurewicz. The variational
principle is a strong result, linking the measure-theoretical entropy (defined using only a
measurable space) and the topological entropy (defined using only a topological space):
the supremum of measure-theoretical entropy over all T-invariant measures is equal to the
topological entropy of T

This chapter has two parts: first we define the measure-theoretical entropy, then the
topological entropy and we present the variational principle. The definitions are given in
a general framework, but we discuss particulary the dynamical systems considered in this
thesis: the shift maps and the piecewise monotone continuous maps. As general references,
we use the book of Bauer [Ba] for the measure theory and the book of Walters [W] for the
ergodic theory.

3.1 Measure theoretical entropy

3.1.1 Measurable dynamical systems

Consider a compact metric space (X,d) and denote by B the Borel o-algebra on X.
Let C(X) be the set of continuous functions f : X — R and M (X) be the set of Borel
probability measures on X. The set M (X) is convex. For x € X, we denote by d, € M (X)
the Dirac mass at x. The set M (X) is endowed with the weak*-topology, ie the coarsest
topology on M (X) such that the mappings

u—>/fdu

are continuous for all f € C'(X). This topology is metrizable and has a countable basis.
The set M (X) endowed with the weak*-topology is compact.

Suppose that T : X — X is a measurable map. The triple (X,B,T) is called a
compact measurable dynamical system. Let M (X,T) C M(X) denote the subset of
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T-invariant measures
peMX,T) < peM(X)and p(T7*A) = u(A) YA € B.

M(X,T) is a convex closed subset of M(X), the extremal points of M (X,T) are the
ergodic measures.

Lemma 3.1. Let (X,B,T) be a measurable dynamical system and p € M (X, T). Suppose
A C X and B = X\A are non empty subsets of X such that T(B) C B (or equivalently
T-'A c A). Then p((N,>o T ™A) U B) = 1. Suppose further that pu is ergodic, then
My T7"A) =1 or u(B) = 1.

Proof: Define C := ANT~!B. Then T-"CNT™C = () for all n # m € Z,. Indeed,
suppose that T~"C' N C # for some n > 1. For z € T™"C'NC, we have T"z € C C A and
Ty =TV Y (Tx) e T""'B C B, but AN B = (). Thus T~"C N C = () and we prove the
claim, applying 7~ on this equality. Now let p € M(X,T). We prove that u(C) = 0.
Suppose that u(7-"C) = u(C) > 0. Since all T~"C are pairwise disjoint, we conclude
that p(X) = oo, a contraction. Thus p(((,>q7 "A4) UB) = 1 for all p € M(X,T).
Finally 7-'A C A implies that T~ 50T "A) = N5 T "A. If u is ergodic, then
(s T "A) =0or 1. - - O

3.1.2 The entropy map hr(u)

Suppose that (X, B,T) is a compact measurable dynamical system. Let «, 5 be two finite
Borel partitions of X and define their join (which is also a finite Borel partition of X) by

aVpB:={ANB:A€ca,BEepj}.
For n > 0 and « a finite Borel partition, define the finite Borel partition
T "a:={T""A:Aca}

and
n—1

\/ T7a:=aVvTlav...vT "Hq.
§=0
Definition 3.2. Let p € M(X,T). For a finite Borel partition «, define
H(p, o) := = > p(A) log u(A) .
Aca

The base of the logarithms does not matter, we will use natural logarithms. Moreover
0log 0 must be interpreted as 0.
The entropy of n with respect to « is

1 n—1 )
— T —J
hT(M,Oé) T nILn;O n H(N’? \/ T Oé),
j=0
and the measure-theoretical entropy of i is
hr(p) = sup hr(p, o),
(63

where the supremum ranges over all finite Borel partitions. A measure of maximal
entropy or a maximal measure is a measure p € M(X,T) such that

ho(p) = sup{hr(v) :v e M(X,T)}.
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Notice that the limit involved in the definition of hr(u) exists by a classical argument of
subadditivity. We recall a well known property of the measure-theoretical entropy: the
entropy map u +— hp(u) is affine, ie for p,v € M(X,T) and p € [0, 1], we have

hr(pu + (1 = p)v) = phr(p) + (1 = p)hr(v).

Therefore, if the set of measures of maximal entropy is not empty, then it is a convex
subset of M(X,T).

In concrete cases, there is a difficulty in the computation of the measure-theoretical
entropy: we must calculate hr(u, o) for all finite partitions a and then take the supremum.
Fortunately there exist finite partitions « such that hr(u, a) = hr(a). The next theorem
treats this point. The hypothesis are not minimal but sufficient for our work (see Theorem
4.17 and 4.18 in [W]).

Theorem 3.3. Suppose that (X,B,T) is a compact measurable dynamical system. Let
uw € M(X,T) and o be a finite Borel partition of X. If B is the smallest o-algebra
containing \/7_o T'a for all n > 1, then hy(p, ) = hy ().

Suppose further that T is invertible and T~ is measurable. If B is the smallest o-algebra
containing \/___ T '« for all n > 1, then hr(u,a) = hp(u).

i=—n

We apply this theorem to shift spaces. Let 3 C Eg be a shift space, p € M (X, 0) and
consider the partition a = {o[j] : j € Ax}, then hy(u, @) = ho(p). A similar statement is
true for bi-infinite shifts. The proof is obvious, a cylinder of length n being an element
of \/?;01 T~*«a. We can also consider the case of piecewise monotone continuous maps.
Let T': [0,1] — [0, 1] be a piecewise monotone continuous map such that the ¢-expansion
is valid. If p € M([0,1],T) and o = {I; : j € Ag}, then hp(p) = hr(p, o). Indeed by
Theorem 2.13, the validity of the p-expansion implies that S is dense in [0, 1]. Thus any
open [ interval is the union of all intervals J such that J C I and J € V?;ol T~ for some

n > 1. So a o-algebra containing \/?:01 T« for all n > 1 contains all open intervals. The
Borel g-algebra is the smallest such o-algebra.

3.2 Topological entropy

There are several definitions of the topological entropy. The original one dates from 1965
and is due to Adler, Konheim and McAndrew in [AKM], it is formulated for a contin-
uous map on a compact topological space. In 1971, Bowen formulated in [B1] a new,
but equivalent definition, for a continuous map on a compact metric space; we denote
this topological entropy by hiop(E,T). In 1973, he gave in [B2] a third definition of the
topological entropy for a continuous map on a metric space; we denote this topological
entropy by hiop(E,T). This last definition is important, because it applies for non com-
pact subsets of a compact metric space; but hyop(E,T) = KOP(E,T), if Fis a compact
metric space and T': E — E is a continuous map. The nuance between hop(E,T") and
htop(E,T) is detailed by Pesin in [Pe]: in that book, hiop(E,T) is called topological en-
tropy and VOP(E, T) is called upper capacity topological entropy. There are similarities in
the definition of hop(E,T) and the one of the Hausdorff dimension. Likewise, there are
similarities between hiop(E,T) and the box dimension. We will use htop(E, T') in Chapter
7 to obtain upper bound of the Hausdorff dimension of some non-compact subsets of X.
m(E, T') is mainly used to compute the topological entropy of £ = X, in particular for
piecewise monotone continuous maps.
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Let (X, d) be a compact metric space and T : X — X a continuous map. Let B, (x,¢)
denote Bowen’s ball defined by

Bu(z,e) :={ye X :d(TV2,T7y) <¢, j=0,1,...,n— 1} = ﬂT 1(B(Tiz,¢)) ,
7=0

where B(y, ) is the open ball in (X, d). We give Bowen’s definition of topological entropy.

Definition 3.4. Let E C X be such that T(E) C E, n > 1, > 0 andt > 0. Let
Gn(E,T,¢) denotes the family of finite or countable covers of E by sets of the form By, (z,€)
with x € X and m > n. Set

Cn(E,T,e,t) :=inf Z e C €GB, T,e)
B (z,e)eC

We define an outer measure by

C(E,T,e,t) = lim C,(E,T,e,t).

n—oo

The topological entropy of E is defined by

hiop(E,T,¢) :=inf{t > 0: C(E,T,e,t) = 0},
htop(Ea T) = hr% htop(Ea T, 8) .
E—>
It is easy to check that the limits involved in the definition exist. Indeed G, (E,T,¢€) C
Gm(E,T,¢e) for all n > m, so the first sequence is increasing. Moreover if { By,  (z;,¢) :
j € J} € Go(E,T,¢), then for all 6 > ¢, the set {By,;(z,6) : j € J} is a cover of E. So

the last sequence is increasing. We now give another definition of the topological entropy
that we denote by hiop(E,T).

Definition 3.5. Let E C X be such that T(E) C E, n>1ande > 0. A set K C X is
an (n,e)-spanning set for E, if

Ec | Bu(z,e).
zeK

Let r,(E,T,¢) denote the smallest cardinality of an (n,e)-spanning set for E. The topo-
logical entropy of E is the growth rate of rn(E,T,¢€).

— 1
hiop(E, T, €) := limsup — logr, (E, T, ¢) ,

n—oo

Frop(B,T) := lim fugp(E, T ).

First, remark that r,(F,T,¢) is well defined. Indeed,

{ﬂTZB )iz € X}

is an open cover of X, thus there exists a finite subset K C X such that
{ﬂ T 'B(T cx € K}
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is a cover of X. It is easy to see that K is an (n, e)-cover of X and of any £ C X. Secondly,
since an (n,€)-spanning set for E' is an (n, d)-spanning set for E for all § > ¢, r,(E, T, ¢)
and hiop(E, T, €) are non-increasing functions of € and the last limit exists, however it may
be infinite.

We see immediately the similarity of hiop(E) with the Hausdorff dimension and Aop (E)
with the upper box dimension. As proved in Proposition 7.1 of [Ma], using lim inf instead
of limsup, we recover the same value of topological entropy after the limit ¢ — 0. As
in case of the Hausdorff dimension, we see immediately that, for all € > 0, we have
hiop(E,€) < hiop(E,€), since {By(z,€) : # € K} € Gy(E,¢) if K is an (n,)-spanning
set. When E is compact and T continuous, hiop(E,T) = hiop(E,T). Indeed, Bowen
proved in [B2] that his definition of Ay, (E, T) is equivalent to the original definition using
open covers. The equivalence of hiop(FE,T) with the definition of Adler, Konheim and
McAndrew can be found in chapter 7 of [W]. As remarked by Mané in [Mal, the definition
of htop(E,T) does not require the continuity of 7', but only the compactness of (X, d).
In particular, we will use the second definition of the topological entropy when T is a
piecewise monotone continuous map.

We discuss the particular case of shift spaces. Let X C Z; be a shift space and g > 1.
(X,dg,0) is a compact continuous dynamical system. For € € (0,1), choose m > 0 such
that 7™ < e < 7™F! then for all w € ¥ and n > 1

Bn(wu 5) = U[Q[O,ner)] :

If 2z # 2/ are two words of length n+m in £L(X), then [z] N [2/] = 0. Thus r,(X%, 0,¢) is the
cardinality of words of length n + m in £(X); in particular r, (3, 0, ¢) is independent of ¢
for € small enough. Finally

— 1
hiop(E,0) = hiop(E,0) = nlirglo Elog Hw e L(X) : |w| =n}|. (3.1)

We apply this remark to compute the topological entropy of a shift space obtained by
the coding of a piecewise monotone continuous map with constant slope. A proof of this
result is given by Misiurewicz and Szlenk in [MS], but our proof is different and inspired
by Theorem 2 in [R].

Proposition 3.6. Let T be a piecewise monotone continuous map. Suppose further that T’
is differentiable on X1 and that there exists 3 > 1 such that |T'(z)| = 3 for all x € [0,1]\Sp.
Then hiop(X4, 0) = log 3 where 1 = 1(X) is the shift space obtained by coding.

Proof: Set S, = [{w € L(X}) : |w| = n}|. S, is also the number of laps of T™ (the
map 7T° is interpreted as the identity and it has one lap). Clearly |d%T"(a:)] = (", thus a
lap of T™ has length at most 67" and S, > #". We now want an upper estimate of .S,,.
Suppose first that § > 2 and set § = min{a;11 —a; : j =0,...,k — 1} where the a; are
the boundaries of laps of T. Take a lap I of 7"~! and denote by J1, ..., J,, the laps of T
contained in I. The laps Js,..., Jyu—1 (when they exist) have length at least 657 ". Since
all laps of T™ are disjoint two by two,

(Sn — 28,_1)08 " < 1.

This is true for all n > 1 and we deduce that

Sp <O+ 28,1 <5TIAT 2671 425, 0) < - <
3 B gn (5/2)714-1 -1 1 ﬁn—‘rl
< 1/an n—1 . ny _ 2 < Z )
SO ) = e T S5 52
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Thus if 8 > 2, then
1
hiop(XF,0) = lim —log S, = log 3.

n—oo N

If 8 € (1,2], then choose m such that /™ > 2 and consider 7" instead of T'. We have

1 1
hiop (X5, 0) = nhi& P log [{laps of (T™)"}| = p. log /™ =log 3.

L
Finally we recall the variational principle. It is a fundamental relationship between
the measure-theoretical entropy and the topological entropy (see [W]).

Theorem 3.7. Let (X,d,T) be a compact continuous dynamical system, then

sup{hr(u) : p € M(X,T)} = hop(X, T) .
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Chapter 4

Graph representations of shift
spaces

In this chapter, we want to study compact shift spaces using labeled oriented graphs.
Such a graph represents a shift space %, if the set of labels of finite paths on this graph is
exactly £(X). For a given shift space ¥, there are many graphs representing ¥. A general
theory about representation of shift by graphs can be found in Chapters 2 and 3 of [LM].
Notice that the construction of a graph representing a shift ¥ is essentially based on the
set L£(X), so it works with semi-infinite shifts as well as with bi-infinite shifts.

First we define the follower set graph of a shift space X; this graph is the minimal
graph representing ¥ and having a vertex v such that, for all words w in £(X), there is
a path labeled by w starting at v. This graph is interesting, because it is the smallest
graph having these properties. It has a disadvantage: its structure depends heavily on 3.
Let T be a piecewise monotone continuous map and consider the shift space obtained by
coding X7, := i(X). Due to the specific structure of this shift space (see Theorem 2.15),
we construct a graph representing Z; with particular properties: the Markov diagram.
This graph is convenient, because it has general properties independent of the map T,
but it is in general too complex for a detailed analysis. Finally we introduce the notion of
simplification of a graph. This idea is useful for the study of shift spaces E% obtained with
particular maps T'. We get a not too complex graph which inherits the main properties
of the Markov diagram. The follower set graph is defined in [LM]. The definition of the
Markov diagram is due to Hofbauer in [H3|, a more recent presentation can be found in
[BB].

Definition 4.1. A labeled oriented graph is a triple G = (V,E, L) where
1. V is the set of vertices.

2. £ is the set of edges. An edge e € £ starts at a vertex i(e) € V and terminates at a
vertez t(e) € V.

3. L: & — A is the labeling function.

A path on G is a finite sequence E = epeq . ..em—1 of edges such that t(e;) = i(ejy1) for
all0 <i<m—2. A walk on G is semi-infinite (or bi-infinite) sequence E = egpey ... (or
E = ...e_jepeq ... ) such that t(e;) = i(e;11) for alli € Zy (or alli € Z). The labeling
function induces a map on paths or walks: let E = egey . ..emn—1 be a path, then the labels
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of E are
ﬁ(E) = E(eo)[,(el) . E(em_l) € A" s

and similarly for walks. A labeled oriented graph G is a presentation of ¥ if
L(X)=L{E: E is a path on G}) .

The graph G is simple, if for all ¢, € V, there is at most one edge e € &€ such that
i(e) = c and t(e) = . The graph G is right-resolving, if for all c € V and all j € A,
there is at most one edge e € € such that i(e) = ¢ and L(e) = j.

If G is simple, then a path or a walk can be defined by the sequence of visited vertices:
for example, given a path {e;}o<j<m, the sequence {c;}o<j<m, defined by ¢; = i(e;) for
0 <j < mand ¢, = t(en—1), represents the same path. If G is right-resolving, a path
or a semi-infinite walk can be defined by the initial vertex and the labels of the path or
the walk: for example, given a path {e;}o<j<m, then (i(eg), {L£(€ej)}o<j<m) represents the
same path.

We begin by the definition of the follower set graph (see [LM]).

Definition 4.2. Let ¥ C E; be a shift space. For all w € L(X), we define the follower
set! of w as
Fo={ze¥:wzei}.

The follower set graph is the labeled oriented graph G = (V,&, L) whose set of vertices
18

Vi={Fp:weL(X)}.

For all w € L(X) and all j € A, such that wj € L(X), there is an edge labeled by j from
Fw to Fyj. The verter F. = X is called the root.

Notice that the set of vertices V can be a finite as well as infinite (but countable)
depending on ¥. By construction, for all w € £(X) and all z € F,, there is a walk
starting at the vertex F,, labeled by z. In particular, for all € 3, there is walk labeled
by z starting at the root.

4.1 The Markov diagram

The Markov diagram is a variant of the follower set graph for shift spaces > having a
particular structure (typically the shift spaces m obtained by coding). The construction
of this graph is more complicated, but its global structure does not depend on .. Consider
two different words w,w’ € ¥ such that F, = Fyy. In the follower set graph, the paths
starting at the root and labeled by w or w’ end at the same vertex. In the Markov diagram,
this does not always hold; the end vertices of the two paths are determined systematically
according to Lemma 4.3.

We consider a shift space in the following settings. Let k& > 2 and fix a map s : Ay —
{—1,+1}. Define an order < on X} by (2.2). Choose 2k virtual itineraries u/,v’ € ¥,

j € A. We suppose further that, for all j € Ax, we have ué = vg = j and
g“i < oMl < y“% Vn >0, (4.1)

j , j
' < o™ <™ Vn>0.

1Our definition slightly differs from the one of Lind and Marcus. Our definition is suitable for semi-
infinite shifts, whereas the one of Lind and Marcus is better for bi-infinite shifts.
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We define a shift space X({u/,v/}) by

S({u,v7}) = {z € T} 1 u™ < 0"z <™ VYn >0}, (4.2)

Of course, this construction is motivated by the structure of the space ¥ = i(X) (see
Theorem 2.15). Notice that in points 5 and 6 of Theorem 2.15, there are some strict
inequalities. For this chapter, we replace them by non-strict inequalities; this will be useful
later. We define U := (J;¢,, {w'} and V := Ujena, {v7}. We use the classical notation for
the interval in X({u’,v’}) with respect to the order <

When the boundaries are not ordered, we use the notation (a, b)
(a,b) := [min{a, b}, max{a, b}].

Lemma 4.3. Let p,q € Z4 and a,b € U UV be such that oPa X c%b and consider the
interval ¢y = [oPa, 0] C S({u’,v’}). For all j € Ay such that a, < j < by, the set
{w € c1:wy =3} is not empty and ¢z == o({w € ¢1 : wo = j}) is given by

<Up+1Q, O'Q+1b> if ap = Jj= bq
cy = <Up_|j1Q, O"Qj> if ap = Jj< bq
(ou!, ov?) if ap < j < by
(0w, 091h) if ap < j = by.

Proof: There exists w € ¢; with wg = j for all a, < j < by, take for instance oPa for
J = ap and u for ap < j < bg. Then the four cases are very similar, we prove only the
second one. If a, = j < by, then

co=0c({w € c1:wy = j}) =o([oPa, 0% N [w/,v7]) = o([oPa,v’]) = (cPa, ov’).

Indeed, we have uw/ = u® < oPg and v/ = j... < by... = 0%b. The last step is true,
because all sequences in [0Pa, v/] begin with the same symbol. O

This lemma reflects the structure given by the order < on the interval [0,1]. First
notice that in all cases, the set ¢o is again an interval of the type [aplg’ , aq/b’]. This remark
is the key of Definition 4.4. Secondly notice that we write ¢y as an unordered interval
for simplicity, but the order of the boundaries is easily deduced from s(j). Finally notice
that, when s(j) = +1 for all j € Ay (< is the lexicographic order), then the map o never
inverses the order and we can use ordered intervals [, -] instead of (-,-) in Lemma 4.3. In
particular, if ¢; = [0Pa,09b] is such that ¢ € U and b € V and ¢ = [ap,g’,aqlbl], then
o eUandd €V.

In the next definition, we use quadruples (p, a;q,b) with p,q € Z; and a,b € UU V.
To better understand the definition, it is useful to know that the quadruple (p,a;q,b)
represents the interval [0Pa, 0%b]. We also use an unordered notation for the quadruples

(p,a;q,b) if oPa < o9b,
(p,a;q,b) := .
(¢, b;p,a) if oPa > ob.

In particular, the notation (p, a; q,b) represents the interval (oPa, c%b).
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Definition 4.4. Consider a quadruple ¢; = (p,a;q,b) where p,q € Zy and a,b € UUV
are such that oPa = o9b. Then for all j € Ay such that a, < j < by, co is a j-successor
(or simply a successor) of c1, where co is the quadruple defined by

(p+1,a;9g+1,b) ifa,=j=Dby,
(p+1,a;1,07) if ap = j < by,
(1,u7;1,07) if ap < j < bg,
(1,u7;q+1,b) if ap < j = by.

Cy =

The Markov diagram is a labeled oriented graph G(X({w’,v})) = (V,& E) whose ver-
tices are quadruples (p,a;q,b). It is the smallest graph such that (0, u ,0 HYeV and
if e €V and cy is a successor of ¢, then co € V. Moreover there is an edge labeled by j
from ¢1 to co, if and only if ¢z is a j-successor of c1. The vertex (0,u’;0,v81) is called
the root.

If c = (p,a;q,b) € V, then the upper level of ¢ is max{p, q} and the lower level of c is
min{p, q}. A vertex c € V is indexed by the labels of the shortest path from the root to c.

We begin with several remarks about the Markov diagram:

1. The construction of the Markov diagram might seem very abstract. As said before,
it is better understood when we know that the quadruple (p, a; q,v) represents the
intervals [0Pa; 0%b]. The definition of the j-successor of a vertex is justified by Lemma
4.3. Moreover by Lemma 4.3, the following property holds: let w € £(X) and define
¢ = (p,a;q,b) as the vertex where terminates the path starting at the root and
labeled by w; then F,, = [0Pa, 0%b]. We choose the notation as quadruple, instead of
interval, to avoid unexpected identifications of the vertices: suppose that oPa = o
for some p # p' or a # d; then [oPa, 0] = [0”'d’, 09b] as subintervals of X({u’, v7}),
but (p,a;q,b) # (p',ad;q,b) as quadruples.

2. By the definition of successors, at a given vertex ci, there are at most k& outgoing
edges; each of these edges carries a different label and terminates at a different
vertex. Thus the Markov diagram is simple and right-resolving. In particular, we
will often choose the alternative representations of a path or walk by a sequence of
vertices or by the vertex where we start and a sequence of labels.

3. The successors of a vertex of upper level n have upper level less than or equal to
n+ 1. As we will show in Lemma 4.5, the upper level of a vertex is the length of
the shortest path from the root to this vertex. On the other hand, for a vertex co of
upper level n > 1, there exists a unique vertex ¢y of upper level n — 1 such that co
is a successor of ¢1. In particular, for all ¢ € V, there is a unique shortest path from
the root to ¢, thus there is a unique index for each vertex.

4. Given a vertex ¢ € V, all edges terminating at c¢ carry the same label. Indeed given
a vertex ¢ = (p,a;q,b) € V (except for the root where there is no incoming edge),
then by the definition of successors, a,—1 = by—1 and all edges ending at c carry the
label a;,_1.

5. If c = (p,a;q,b) is a vertex with lower level greater than or equal to 2, then there is
only one incoming edge at c, it starts at the vertex (p — 1,a;¢ — 1,b).
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Lemma 4.5. Let a € UUYV and p > 1. The vertex c indexed by Ao p) U the quadruple
c¢={(p,a;q,b) for somebe UUV and1<q<p.

Suppose further that g < p and ¢ has n > 2 successors. Then the vertex ¢’ indexed by b[O,q)
is the quadruple ¢ = (p',d’;q,b) for some d' e UUV and 1 <p' < q. Moreover ¢ has at

least n successors and the by-successor of ¢ and the by-successor of ¢ is the same vertex.

Proof: The word qy ) is the prefix of length p of a virtual itinerary. By the definition
of successor, we see immediately that the vertex indexed by such a prefix is of the type
¢ = (p,a;q,b) for some be UUV and 1 < ¢q < p.

For the second statement, bjy ) is again a prefix of length ¢ of a virtual itinerary, thus
d=(p,d;q,b) for some d' e UUV and 1 <p’ <gq. If ¢ > 2, then by remark 5 following
Definition 4.4, there is only one ingoing edge at ¢; moreover this edge starts at vertex
cq—1=(p—1,a;q —1,b) and is labeled a,—1 = by—1. Again if ¢ — 1 > 2, there is only one
ingoing edge at c¢,—1; this edge starts at vertex c,—2 = (p — 2,a;¢ — 2,b) and is labeled by
ap—2 = bg—2. We continue in this manner until we get a vertex ¢; = (p—q+1,a;1,b). We
define also ¢y as the vertex indexed by gy ;,_,) and ¢, = ¢. We have constructed a sequence
of vertices {¢;}o<j<q such that ¢; is indexed by [0 p—q+j): Cj+1 18 a bj-successor of ¢; and,
for 0 < j < g, the vertex ¢; = (p — q + j,a; j,b) has only one successor. Define ¢, as the
root. By the definition of successors and (4.1), there is an edge labeled by by starting at
c. Define ¢} as the bg-successor of ¢. Using ¢; = (p — ¢ + 1,a;1,b),¢; = (1,u’;1,v%,
ap—qg+1 = b1 and (4.1), we see that there is an edge labeled by by starting at ¢j. Define
¢y as the bi-successor of ¢}. Continuing in this manner, we define a sequence of vertices
{c}}o<j<q such that ¢} is indexed by by ;), there is an edge labeled by b; starting at ¢
and ¢ = ¢. Since by , is the prefix of some virtual itinerary, we see that ¢’ = (p',a’; ¢, b)
for some ¢/ € UUV and some 1 < p/ < ¢q. Moreover, using always (4.1), we get that ¢/
has j-successor for j € Ap such that ¢ has a j-successor. By hypothesis, ¢ has at least two
successors, thus ¢ has at least two successors and

c=(p,a;q,b) b (1,d";q+1,b)

b
d={p,d;q,b) = (1,d";q+1,b),

where o € {ng,yb‘I} according to the situation. We see that the by-successors of ¢ and ¢
are the same quadruple. O

We are now able to describe the structure of the Markov diagram. For all n > 0, let
VYV, CV be the subset of vertices having upper level n. Since a vertex in V,, has successors
of upper level smaller than or equal to n + 1, we construct the Markov diagram starting
with Vy; we add all vertices of V1, then all vertices of Vo and so on. The only vertex in Vg
is the root (0,u";0,v*~1). There are k vertices in V; given by (1,u/;1,07) for all j € A.
Take a vertex ¢ € V,, for n > 1.

1. If the upper level of c is equal to its lower level and ¢ has one successor ¢/, then ¢/
has upper and lower level n + 1.

2. If the upper level of ¢ is equal to its lower level and ¢ has at least two successors,
then two of the successors have upper level n 4+ 1 and lower level strictly smaller, all
others are in V.

3. If ¢ has upper level n and lower level m with m < n and ¢ has one successor ¢, then
c has upper level n + 1 and lower level m + 1.
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4. If ¢ has upper level n and lower level m with m < n and ¢ has at least two successors,
one of the successors has upper level n+ 1 and lower level 1, another has upper level
m ~+ 1 and lower level 1, all others are in V. Moreover by Lemma 4.5, the vertex of
upper level m + 1 < n already exists in the graph.

We deduce that Vo] =1, |Vi| = k and |V,,| < 2k for all n > 2.

We will always draw the Markov diagram using the following conventions: the vertices
are organized such that all vertices in the same column have the same upper level; the
columns are sorted such that the upper level increases from the left to the right; horizon-
tally, the graph is presented as a tree, the first branch corresponding to the path labeled
by 4°, the second branch to the path labeled by ©v°, the third to ! and so on. In Figure
4.1, we give an example with k& = 2, the order < defined by §(0) = +1 and 6(1) = —1 and
the virtual itineraries begin by

w’ =0110... 2 =0101...
w' =1101... ol =1011...

1
(L,u® 1L, v’) —p(2,Vv° 2,u°)

V
(0, u®; 0,v?) O
AN

(2,u*; 1, u) —p (3,
- - 0

A
(4, vt 1,ut)
N

Figure 4.1: An example of a Markov diagram.

(2,11; 1,\:") T}(Z,l‘); 3,v?h) _>1 (4, v 1, U ) aaaan

Finally we consider the case where the order < is the lexicographic order, ie s(j) = +1
for all j € Ag. In this case, the Markov diagram is simpler, because, if zy = xy), then

z =2 < oz =<ox.

In particular, if (p,a;q,b) is a vertex of the Markov diagram, then ¢ € U and v € V' (see
the remark following Lemma 4.3).

Lemma 4.6. Suppose that < is the lezicographic order and choose w € L({u/,v’}). Sup-
pose that Wipg = Qfo a—p] and Wigr] = % r—dl for somep < q <r € Z4 andi,j € Ag.

Then Wy = @fo,r—p}' A similar statement is true with v instead of w.

Proof: We prove the first statement. First notice that i = w, and j = w, = ué,p. Using
(4.2) and @fo,qu) = Wy q)» We have

weL({w,v'}) = v 20w = o1 < olw.
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From (4.1), we deduce that v/ < g9~ Pu’, thus

_.J i
Wig,r] = Yo,r—q] = Ulg—p,r—p] = Wig,p) -

We work similarly with v. a

In other words, if w € X({u’,v7}) contains a prefix of u’ (resp. v') and a prefix of u/
(resp. v7), then these two prefixes are either disjoint or one contains the other. Indeed in
Lemma 4.6, we suppose that the tow prefixes are not disjoint (they have a common symbol
wq) and we prove that the first one contains the second one. This property accounts for the
following construction: let w € L£(X({u’,v7})), the u-parsing of w is the decomposition
of w = a'a®...a" in longest prefixes of some u/. The word a' is the longest prefix of w
which is a prefix of u®°. If w = a!, the u-parsing of w is terminated. Otherwise, let w’ be
the word defined by w = a'w’. The word a? is the longest prefix of w’ which is a prefix of
gwé and so on. Similarly we define the v-parsing of w as the decomposition of w in longest
prefixes of v7.

Lemma 4.7. Suppose that < is the lexicographic order and choose w € L(X({u?,v7})) a
non empty word. Define the u-parsing of w = a'...a" and the v-parsing of w = b*...b™.
Setting i = ag, p = |a"|, j = b and q¢ = |b™|, then the end vertex of the path starting at
the root and labeled by w is (p,i;q,7).

Proof: We establish only the two first elements of the quadruple, the other ones are
proved similarly. This is done by induction. If w is a word of length 1, then the u-parsing
is trivial: ¢ = wg and p = 1. The edge starting at the root and labeled by wg terminates
at the vertex (1,u"°;-,-), thus it is true. Now suppose it true for all words of length n
and consider the word wj of length n+ 1. Let w = a' ...a" be the u-parsing of w and set
i=af and p = |a"|. If j = u;',, then the u-parsing of wj is a' .. .g"flgl[b’p]. The vertex

reached by the path labeled by wj is the j-successor of (p,u’;-, -)

(p,u’s ) L (p+1,u'5-,-),

by (4.1) and j = u;. Ifj> u;, then the u-parsing of wj is al.. .gnug. The vertex reached
by the path labeled by wj is the j-successor of (p,u';-, ")

(pu's-, ) & (1,073,
because j > u;. O

Corollary 4.8. Suppose that < is the lexicographic order and choose w € L(X({u’,v7}))
a non-empty word. Let a be the longest suffix of w which is a prefiz of some v/ and b
be the longest suffiz of w which is a prefiz of some vI. Setting i = ag, p = |al, j = bo
and q = |b|, then the path starting at the root and labeled by w terminates at the vertex
(p,334,7)-

Proof: Let w = a'...a" the u-parsing of w. One has only to show that ¢” = a. By

definition of a, the word a™ cannot be longer than a. Suppose it is strictly shorter, then
the word @™ ! terminates inside the word a. By Lemma 4.6, a" ! is contained in a.
But ¢" la” # a, since by construction a1 is a longest prefix of some u/. Thus a" 2
terminates inside a. Carrying on like that, we conclude that a contains strictly w, which
is absurd. We work similarly with the v-parsing. O
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For the natural construction of the w-parsing of w, we must read w from the left
to the right and define the words a/ by induction. This corollary shows that, if < is the
lexicographic order, we can construct the u-parsing from the right to the left. In particular,
when we want to determine the end vertex of a path starting at the root and labeled by
w, we may scan w from the end looking for the longest suffix of w which is prefix of some
u’ (or of some v7).

4.1.1 Computation of the topological entropy with the Markov diagram

Let G = (V,€) be an oriented graph. The adjacency matrix of G is the matrix M =
{M; ;}i jev where M; ; is defined by

M, ;=|{ee&:ile) =1i,t(e) =j}. (4.3)

Suppose that G is a finite labeled oriented graph which is a presentation of a shift space
>, then

htOp(Z> o) =logp(M), (4.4)

where p(M) is the spectral radius of M. This is a classical result (see Theorem 4.4.4 in
M),

We now report a useful result for the computation of the spectral radius; it is Theorem
1.7 in [BGMY]. We use that theorem in the proof of Proposition 6.15. If G = (V,€) is a
finite oriented graph, a rome is a subset R C V such that for all ¢ € R, all walks on G
eventually visit R. Equivalently, R is a rome if the subgraph formed by vertices in V\R
contains no loop. Let i, j be two vertices of a rome R; a simple path from ¢ to j is a path
on G such that all visited vertices between 7 and j are in V\R. If R is a rome and r € R,
define a rome matrix A(r) = {A;;(r)}ijer by

Aylr) = St

™
where the sum runs over all simple paths 7 from i to j and |r| is the length of the path 7.

Theorem 4.9. Let G = (V,€) be a finite oriented graph, M the adjacency matriz of G
and R CV a rome. The characteristic polynomial of M 1is

det(M — AI) = (—A)™ det(A(A) — AI),
where m = |V| — |R|.
Notice that det(A(X) — AI) is not a characteristic polynomial of the matrix A()), since

A()\) depends on A.
We recall the formula (3.1), which allows to compute the topological entropy of ¥ ({u/,v7})

o 1 o
hop(B({1',07}),0) = lim —log|[{w € L(E({w, 2'})) : [w] = n}.
By a classical argument of subadditivity (see for example Theorem 4.9 in [W]), we get

hop(S({t, 27}), o) = inf % log [{w € L(S({/,v'})) : [w| =n}.
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By construction, there is a 1-to-1 correspondence between the set of words of length n in
L(X({w/,v7})) and the set of paths on the Markov diagram having length n and starting
at the root. This motivates the following definition: let G be a rooted oriented graph; we
define

?,(G) = |{paths on G having length n and starting at the root}|.

Thus we get

hop(S({1,27}), ) = lim = 1og (,(G) = nf ~ log (,(0). (4.5)

The next proposition shows that the topological entropy is upper semi-continuous with
respect to the set of virtual itineraries {u’,v7}.

Proposition 4.10. Let {u/,v'} be a set of virtual itineraries satisfying (4.1). For all
§ > 0, there exists Ly such that for all L > Lg, the following holds: let {@/, %’} be a set
of wvirtual itineraries satisfying (4.1); suppose further that u?, @ have a common prefix of
length L and v?, %7 have a common prefix of length L, for all j € A,. Then

hop(S({Z,27}), ) < huop(B({e!,v7}),0) +..

Proof: Given X({u/,v/}) and § > 0, choose L(§) such that

1 o

I log 01,(G) < hiop(E({w’,07}),0)+6 VL > L(6),
where G is the Markov diagram of ¥({u/,v’}). Choose L > L(4) and let {@, 97} be a set
of virtual itineraries as above. Denote by G the Markov diagram of X({@’,7’}). Notice
that up to vertices of upper level L, the graph G and G are the same. Moreover the paths

on G (resp. G) of length L starting at the root visit only vertices of upper level at most
L. By (4.5), we get

hop (S, 7}),) < 7108 04(G) = 7 108 L1(G) < haop(S({a,27}), ) +3.

4.2 Simplification of graphs

As emphasized before, the vertices of the Markov diagram are quadruples, but they repre-
sent subintervals of 3 ({u’,v7}). We need this technicality to avoid unexpected identifica-
tions and to keep the general properties of the graph independently of the shift 3 ({u/,v7}).
But there may be simpler graphs which are presentations of 3({u/,v’}). In this section,
we study how to define a simpler graph that inherits most of the properties of the Markov
diagram.

Definition 4.11. Let G = (V,&, L) be a right-resolving graph. Let ~ be an equivalence
relation on V such that

J J
c1 ~cy and ¢y = o = 3¢ such that ¢} = ¢ and ca ~ . (4.6)

The graph G' = (V', &', L) is a simplification of G, where G’ is defined by
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1. V' :=V/ ~ is the quotient set,

2. & and L' are defined by

[e1] 4, [ca] == V| € [e1],3c, € [ea] such that ¢ 4 .

Notice that, in (4.6), there exists a unique vertex ¢}, such that ¢} EN c, since G is
right-resolving. The property (4.6) implies that £ and L are well-defined.

Lemma 4.12. Let G = (V,&,L) be a right-resolving labeled oriented graph and G' =
V', &', L) the simplification of G generated by the equivalence relation ~. For all ¢y € V,
the labels of paths on G starting at ¢ are identical to the labels of paths on G’ starting at
[c1]. Moreover if a path on G starting at ¢c1 € V terminates at the vertex ca € V, the path
on G' defined by the same labels and starting at [c1] terminates at [ca).

Proof: The proof is inductive. By Definition 4.11, the two statements are true for the
paths of length 1. Suppose they are true for the paths of length n and consider a path
labeled by w j of length n + 1. After n steps on G, we reach a vertex ¢’ € V and after
n steps on G, we reach the vertex [¢]. Then applying Definition 4.11, ¢ < ¢, implies
(] 2 [eal. O

By this last lemma, we deduce immediately that, if G is a presentation of ¥ and G’ is
a simplification of G, then G’ is a presentation of ¥. Notice that a simplification of G is
right-resolving. But the simplification of a simple right-resolving graph is in general no
more simple. In the case of the Markov diagram G (which is simple and right-resolving),
we will be interested in simplifications G’ remaining simple. Recall that, for the Markov
diagram, all incoming edges at a vertex ¢ € V carry the same label. A way to keep G’
simple is to require that, if ¢ ~ ¢/, then all incoming edges at ¢ and ¢’ carry the same label
a. Indeed since G’ is right-resolving, there is at most one edge starting at ¢ and labeled
by a, thus G’ is simple. Finally we define the root of a simplification: if ¢ is the root G,
then the root of G’ is the vertex [c].

In the case of the Markov diagram, we can define an equivalence relation on quadruples
by

(p,a;q,b) ~1 (a3, b)) < [0Pa,0%] = [o”d’,a7V]. (4.7)

This equivalence relation satisfies (4.6). Indeed let ¢ = (p,a;q,b) and ¢ = (p/,d’;¢', V') be
two different vertices in V such that ¢ ~ ¢. Suppose that d € V and j € A, are such that

¢ % d. Then
ap < j<by = a;,, <5< b;/ <= there exists d’ such that ¢ % d’.

Moreover the construction of d’ from ¢ depends only on 6”'a’ and ¢?¥', thus d ~ d'.

The simplification of the Markov diagram corresponding to this equivalence relation is
the follower set graph (see [LM]). In concrete case, c = (p,a;¢;b) and ¢ = (p/,d’;¢,b") can
be equivalent, only if there are supplementary relations between the virtual itineraries; for
example, oPa = o' a’ for some p # p’ or a # &'. In such a case, it is possible to construct
directly the simplification. As before we begin with the root. Then we add the successors
of the root. If some of them are equivalent to the root, we do not draw these vertices, but
bring back the corresponding edges at the root. The set V| is formed by the vertices of
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V1 which are not equivalent to the root. Then we construct the successors of all vertices
in V| and we draw only the vertices which are not equivalent to the root or to a vertex in
Vi; these vertices belong to V). We continue in this manner. Notice that the location in
G’ of the vertex [c] is the location in G of the vertex ¢ € [¢] with smallest upper level. We
illustrate the construction of simplifications of Markov diagrams by two examples.

Example A (continuation). Suppose that the order < is the lexicographic order and
there are two sequences u = u° and v = v*~1 such that

w=juforallj=1,....,k—1 and v/ =jvforall j=0,...,k—2.

Thus, for all p > 1, we have oPu/ = Py for all j =1,...,k — 1 and oPv?! = oP 1y for
j=0,...,k—2. It is easy to check that

Z({gj,yj}) ={z € EZ‘ cu =o'z <vVn >0} = X(u,v). (4.8)

These hypotheses correspond to the case of the shift space ¥, g (see (2.14) and (2.15)).
Consider the equivalence relation on quadruples ~; defined in (4.7). The simplifi-
cation of the Markov diagram corresponding to this equivalence relation is denoted by
G(u,v), it will be studied in detail in section 6.1.3. Notice that the root of G(X({u/,v7}))
is the vertex (0,u;0,v). Since the order is the lexicographic order, all other vertices of
G(X({u?,v7})) are of the type (p,a;q,b) with p,¢ > 1, a € U and v € V. Suppose
that a # u°, then (p,a;q,b) ~ (p — 1,u;q,b). Similarly, suppose that b # v*~!, then
(p,a;q,b) ~ (p,a;q — 1,v). Hence in all equivalence classes, there is a quadruple of the
type (p, u; ¢, v) with p,q > 0. We choose to represent an equivalence class by a quadruple of
the type (p, u; q,v) in this class. In Figure 4.2, we present an example of the graph G(u, v),

(1:0) 2 (21) . (3;0) — 4. (4:0)
0 * /
1

/2
1(‘/4(0;0)4/0

2

\ 4
(0;1)2—>(0;2) 5 » (1;3) - p(2:;4)

Figure 4.2: The beginning of the graph G(u,v) for k = 3, w = 0210... and v = 2202.. ..
The notation (p; q) stands for the quadruple (p,u;q,v).

when k& = 3, the beginning of the virtual itineraries are w = 0210... and v = 2202....
The root is the vertex (0,u;0,v). Consider the path starting at the root and labeled by
the word 1. In G(X({u/,v’})), it terminates at vertex (1,u';1,v') ~; (0,%;0,v). Hence
in G(u,v), it terminates at the vertex (0,u;0,v), ie the root. Similarly consider the path
starting at the root and labeled by the word 22. In G(X({u/,v7})), it terminates at the
vertex (1,u?;2,v%) ~1 (0,1;2,v). Hence in G(u,v), it terminates at vertex (0,u;2,v). We
consider in this manner all paths starting at the root to get the graph G(u,v).
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Example B (continuation). Let k¥ > 2, fix a map s : A, — {1, —1}. The order on E:
is defined by (2.2). Suppose that there is a sequence 1 = vF~1 such that for all j € A,

j0> if s(j) = +1 and s(0) = +1,
u = Jon if s(j) = 41 and s(0) = —1, (4.9)
gn i s(j) = -1,

and for all j =0,...,k—2

Jn if s(j) = +1,
v = j0> if s(j) = —1 and s(0) = +1, (4.10)
jOn if s(j) = —1 and s(0) = —1.

It is easy to check that
S{w/,v'}) ={z X} 10"z 2 VYn>0}:= .

These settings correspond to the case of Example B (see (2.18), (2.19) and (2.20)).
Consider the equivalence relation on vertices given by

c=(p,a;q,b) ~ ' =,d;qd,b) <= (p,a;q,b) ~1 (v, d;¢, V) and

all incoming edges at ¢ and ¢ carry the same label .

We emphasize that ~; is an equivalence relation on quadruples, we do not need the
graph E({gj ,vd }) to define ~1. Whereas ~9 is an equivalence relation on vertices of
Y({w/,v7}), because we need the graph to define ~3. We require the second condition to
get a simplification, which is a simple graph. The simplification of the Markov diagram
corresponding to ~s is denoted by G(n). For commodity, we denote 0 = u°. Notice that
0 = 0% or 0 = On, depending on the sign of s(0). An example is presented in Figure 4.2

0 1
0
1 v 0
c— e D
1
2 1
2
v /\
® > e »>o——Ppo——pe
2 2

Figure 4.3: The beginning of the graph G(7) for a generalized §-shift with k = 3, s(j) =
(1,—1,—1) and y = 21122. . .

for k =3, s(j) = (1, -1, —1) and n = 21122..... In this case,

0

u’ =0, glzlﬂ, g2:2ﬂ, Q():Oﬁ, vl =10.



We work as in Example A. The root is the vertex (0,0;0,7). Consider the path starting
at the root and labeled by the word 1. In G(X({u/,0v7})), it terminates at the vertex
(1,v%;1,u'). Although we have (1,v';1,u') ~1 (0,0;0,7), this vertex is not equivalent
to the root, because of the second condition in the definition of ~5. Thus we draw a
new vertex in the graph G(n). Similarly, consider the path starting at the root and
labeled by the word 2. In G(X({w/,17})), it terminates at vertex (1,v%;1,u?), which is
not equivalent to the root; thus we draw a new vertex in G(n). Consider the path starting
at the root and labeled by the word 12. In G(X({u/,v7})), it terminates at the vertex
(2,ut; 1,u2%) ~1 (1,92 1,4?); moreover the incoming edges at these two vertices carry the
label 2. Thus (2,u';1,u?) ~o (1,v%1,4?) and we draw an edge labeled by 2 from the
vertex indexed by 1 to the vertex indexed by 2. We continue in this manner with all paths

to get G(n).
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Chapter 5

Maximal measures for piecewise
monotone continuous maps

The aim of this chapter is to present the content of Hofbauer’s articles [H3] and [H5].
In these papers, the author studied the sets of measures of maximal entropy of piecewise
monotone continuous maps. The fundamental idea is the isomorphism modulo small
sets. A small set is a negligible set for all measures of maximal entropy. If two dynamical
systems are isomorphic after removing small sets, then there is a one-to-one correspondence
between their sets of maximal measures. Hofbauer proved that a piecewise monotone
continuous map 1 with positive topological entropy such that the (p-expansion is valid
is isomorphic modulo small sets to a countable Markov shift. Thus to describe the set
of maximal measures of T', we can look for the maximal measures of a shift space. We
begin with the presentation of the isomorphism modulo small sets in a general framework.
Then we prove the results of Hofbauer in several steps. Finally we discuss the particular
case of piecewise monotone continuous maps such that |7”(x)| is constant; in this case, all
measures of maximal entropy are absolutely continuous with respect to Lebesgue measure.

5.1 Isomorphisms modulo small set

Consider a compact measurable dynamical system (X, B,T). The next notion we want to
introduce is the isomorphism modulo small sets. We need a preliminary result.

Lemma 5.1. Let (X,B,T) be a measurable dynamical system and Y C X such that
T(Y)CY. Setting By :=BNY ={BNY : B € B}, then (Y,By,T|y) is a measurable
dynamical system.

Proof: We prove that (Y, By) is a measurable space: Y = X NY € By; let A’ € By, ie
there exists A € B with A’ = ANY, then

VA =Y\(ANY)=Y\A = (X\A)NY € By;

let A] € By, ie there exists A; € B with A, = A, NY, then

4 =(A:nY)=(A4)NY € By.

2
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It remains to prove that 7" := T'|y is measurable: let A’ € By, ie there exists A € B with
A= ANY, then

(T A)={zecY :T'(2)cA}y={xecY : :T(zx)c A}
={2eX:T(x)c A}nY =T"1(A)NY.

The second equality is true, because T'(z) € Y for allz € Y. O

Definition 5.2. Let (X,B,T) be a measurable dynamical system with positive topological
entropy. A small set is a set N € B such that T"'N C N and for all measures ji €
M(X,T)of mazimal entropy, we have pu(N) = 0.

Two measurable dynamical systems (X1, B1,T1) and (X2, Ba, Ts) are isomorphic, if there
exists an invertible map 1 : X1 — Xo such that 1, v~ are measurable maps and Ty o1 =
poly.

Two measurable dynamical systems having positive topological entropy (X1,B1,T1) and
(X2, Bs,Ts) are isomorphic modulo small sets, if there exist two small sets Ny C X7,
Ny C Xy such that (X1,B},T]) and (X3,B5,T3) are isomorphic, where X] := X;\N;,
B, :=B;,NX, and T := Ti|X§‘

Notice that (X!, B, T}) are measurable dynamical systems. Indeed, T, '(N;) C N; implies

Ti(Xi\N;) C T{(X\T; H(N:)) = Ti(T; M (X\T; (V) = To(T;H(X\Ny)) € X3\ .

Using Lemma 5.1, we have that (X, B},T}) is a measurable dynamical system. The next

lemmas and corollary give sufficient conditions for a set to be small.

Lemma 5.3. Let (X,B,T) be a measurable dynamical system with positive topological
entropy. If N C X is such that T"*N C N and for allv € M(X,T)

I/(N) =1 = hT(I/) =0,
then N s a small set.

Proof: Let u € M(X,T) be a measure of maximal entropy. By hypothesis, hr(u) > 0
and so pu(N) < 1. Suppose a := u(N) > 0 and define two measures vy, € M (X) by

1 1

vi(A) = —p(ANN) and 1n(4) = li,u(A\N) VAe B,

e -«
such that the support of v is in N, the support of v is outside N and p = avy + (1 —a)ve.
Since T~'N C N, these two measures are T-invariant. But from the affinity of the entropy
map

hT(M) = ahT(Vl) + (1 - a)hT(VQ) = (1 - a)hT(Vg) < hT(I/Q) R
contradicting the hypothesis that p is a measure of maximal entropy, thus p(N)=0. O
Corollary 5.4. Let (X,d,T) be a compact continuous dynamical system with positive

topological entropy. If N C X is a closed subset such that T"'N = N and hiop(N) = 0,
then N is small.

Proof: N is closed, thus compact and TN C N. So (N,d,T|y) is a compact continuous
dynamical system. Applying the variational principle, we deduce that hp(u) = 0 for all
we M(X,T) such that u(N) = 1. O
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Lemma 5.5. Let (X,B,T) be a measurable dynamical system with positive entropy. Let
N be a countable set such that T"'N C N, then N is a small set.

Proof: Let p € M(X,T) be a measure of maximal entropy. For all z € X, u({z}) = 0.
Indeed, suppose the contrary: there exists z € X such that o := p({z}) > 0. Using the
T-invariance of u, we have for all n > 1

p({T"z}) = p(T™"{T"z}) > p({z}) > 0.
Since p is a probability, there exists p > 1 such that TPz = x. Define

1
11— pao

1
1P
Vv = E Z OTiz and Vo (1 — pavy)
j=0

such that p = pavy + (1 — pa)ve (pa < 1, otherwise hp(u) = 0). By construction, vy, vs €
M(X,T) and hr(v1) = 0. Using the affinity of the map hr(-), we have (hp(v1) = 0)
hr(p) = pahr(v1) + (1 — pa)hr(v2) < hr(ve),

this contradicts the fact that p is a measure of maximal entropy. Thus pu({z}) = 0 for all
x € X. From the o-additivity, we conclude that p(N) = 0. O
If two measurable dynamical systems (X1, B1,71) and (Xo, Ba, T5) are isomorphic, then
there is a bijection between M (X1,7T1) and M (X2, Ts). Indeed, let ¢ : X3 — X2 be an
isomorphism and define the map ¢* : M (X;,T1) — M(X2,T2) by
= ot

This map is well defined, since 1 is measurable. Moreover, it is bijective since the map
(= 1)* given by p — (¥ ~1)*p := pop (also well defined) is the inverse map. We consider
now the case of an isomorphism modulo small sets.

Theorem 5.6. Let (X1, B1,T1) and (X2, B2, Tz) be two measurable dynamical systems with
positive entropy, N1 C X1, No C X two small sets and i : X} := X1\N1 — X} := Xo\ N
an isomorphism. Then the map x : M(X1,Th) — M (X2, Ts) defined by

(x(1))(B) == pu(v~"(B\N2))  VB€ By,

is a bijection between the mazximal measures in M (X1,T1) and the maximal measures in
M (X2,T5). Moreover hr, () = hy,(x (1)) for all mazimal measures p € M(X;,Th).

Proof: Define a map w : M (X2,T») — M(X;,T1) by
(0() (A) = p(BAN)  VAEB;.
If w € M(Xy,T1) is a maximal measure, then pu(Ny) = 0 and

(wox(m)(A) = p (67 (WA\ND\N2) ) = u(A\N) = u(4) VA€ By,

Thus w is an inverse on the left of x for all maximal measures. Similarly we prove that w is
an inverse on the right for all maximal measure, thus y is a bijection between the subsets
of maximal measures of M (X;,T1) and M (X2, T3). Finally, consider a maximal measure
w € M(Xy,Ty). By definition, u(N7) = 0 and by construction of x, x(u)(N2) = 0. For a
Borel partition a of X, define o/ = ¢ ~ta = {1p)"1A: A € a}. We have

H(u, O/) = H(p,a).

This is true for all Borel partition «, thus the last statement follows. d
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5.2 Maximal measures for piecewise monotone continuous
maps

To simplify the notation of this section, when we consider a measurable dynamical system
(X,B,T), we will omit the o-algebra and write (X, 7). The interval [0, 1] will always be
endowed with the Borel o-algebra; the different shift spaces considered are always endowed
with the o-algebra generated by the cylinders. We consider the measurable dynamical
system ([0,1],7), where T is a piecewise monotone continuous map of the interval (see
Definition 2.1). Suppose that ([0,1],7) has positive entropy and the corresponding -
expansion is valid. We show that the set of maximal measures of (][0, 1],7") is in bijection
with the set of maximal measures for a dynamical system (X, o), where X,/ is a Markov
shift on a countable alphabet and o is the left-shift map. This program was achieved
by Hofbauer in [H3]. We split the discussion into three steps. The first one is to show
that the coding map i is an isomorphism modulo small set from ([0,1],7) to (XF,0),
where E} = W and o is the left shift map. To study the shift space ¥, we use the
Markov diagram: there is a bijection between E; and the infinite paths on the Markov
diagram starting at the root. Thus we define EL as the set of infinite sequences of
vertices corresponding to a walk on the graph and beginning at the root. Unfortunately
the bijection from (X}, o) to (X7,, o) is not an isomorphism, since in particular £3; is not
o-invariant. Thus we change over from E; to X, the bi-infinite extension of EJTF defined
by
Yr={w € Zg 1 Wi o0) € SivVnezZ}.

The second step is to show that there is a bijection k between the sets of o-invariant
measures on Z% and Y7 and this bijection leaves the measure theoretic entropy invariant.
Now we define ¥ as the set of bi-infinite sequences on the Markov diagram. The third
step is to show that there is an isomorphism modulo small sets ¢ between (Xr,0) and
(X, 0). For this last step, we consider only the case where all laps f; are increasing. The
general case is treated by Hofbauer in [H5|, we briefly sketch the ideas developed in this

paper.

5.2.1 The isomorphism i

Let T : [0,1] — [0, 1] be a piecewise monotone continuous map of the interval and define
with the same notations as in the previous chapter

Sh=1i(X)={z e} :u" 20"z < v*™ Vn>0}.
Then (X7, o) is a measurable dynamical system, since o is continuous and o(X7) C I7.

Proposition 5.7. Suppose that ([0,1],T) has positive entropy and the corresponding -
expansion is valid. Then ([0,1],T) and (ZJ:F,J) are isomorphic modulo small sets.

Proof: From Definition 2.1, the set S is countable and 7718 C S, hence it is a small set
for ([0, 1], T) by Lemma 5.5. On the other hand,

z € E;\i(X) = In >0 and j € A, such that 0"z = «’ or o™z = v,

hence ¥7\i(X) is countable and small for (X7, 0). Since the p-expansion is valid, i is
bijective, continuous and admits a continuous inverse map ... Moreover from Theorem
2.15,00i=1i0T on X. O
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Notice that (E’TL,J) is a compact continuous dynamical system. So using the last
proposition and the variational principle, we obtain

sup{hr (1) : p € M([0,1], T)} = sup{ho (1) : p € M(S7,0)} = heop(X7,0) -

As emphasized before, the definition of hiop(E,T) does not need the continuity of T'. In
particular, the entropy htop([0,1],T) is well-defined. This quantity is studied in chapter 9
of [BB], in particular it is proved in Theorem 9.4.1 that

m([oa 1]7T) = htop(z¥7 J) .

Thus we may formulate a variational principle for the piecewise monotone continuous
maps. Let T be a piecewise monotone continuous map such that the p-expansion is well-
defined, then

sup{hr() - p € M([0, 1], T)} = Fraop ([0, 1], ) .
The case hiop([0,1],T) = 0 is easily treated separately.

5.2.2 Bijection between c-invariant measures on ¥ and Yt

Given the semi-infinite shift space Z; , we construct its natural extension X defined
by

S = {w € A}t wp, oy € XF Vn € Z}. (5.1)
We are interested in maximal measures of E;, but we can work with X7, because there is a
bijection between the sets of o-invariant measures on a semi-infinite shift and on its natural

extension. Moreover this bijection leaves the measure-theoretical entropy invariant. This
result is the content of the next proposition.

Proposition 5.8. Let ¥ C E; be a shift space and ¥ C Xy defined by
Yi={w € Xy : W) ext vneZ}.

There exists an invertible map x : M(3,0) — M(XT,0) such that he(p) = ho (k1)) for
al pe M(X,0).
Proof: The main idea of this proof is that the family of cylinders sets is a semi-algebra
generating both o-algebras on 1 and ¥. Let (notice that £(XF) = £L(37))

C:={nlw]: we L(X}),n € Z+},

C = {uw:weLEr),neZ}.
The family C is a semi-algebra generating the Borel o-algebra on ¥ and C’ is a semi-
algebra generating the Borel o-algebra on 3. In this proof, we use the same notation for
cylinders in ¥ and X% and it is only the context which indicates in which space we work.
Let € M(X,0) and define 7 : C — [0, 1] by

7(nlw]) = plofw]) .

Then 7 is o-additive, ie for a finite or countable family of disjoint subsets E; € C, we
have 7(U; Ei) = >, 7(E;). Indeed, let J C N, {w’/};c; and w be words in £(X}.) and
{n?}jes C Z4+, n € Z4 be such that

U nJ [QJ] = n[@] and nt [wz] My [QJ] =0 Vi 7é J-
Jje€J
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Since the cylinders are open and closed subsets of Y7, the set ,,[w] is compact and {,,; [w’] :
j € J} is an open cover of ,[w]. There exists a finite subset J’ C J such that {,,;[w’] : j €
J'} is an open cover of ,[w]. But the cylinders ,,;[w’] are disjoint two by two, thus J = J’
and J is finite. Choose N € Z, such that N +n > 0 and N 4+ n; > 0 for all j € J, then,
using the o-invariance of u several times,

T(nlw]) = plolw]) = (o™ N+ o)) = ple™ ufw)) = po™ | ')
jeJ
= p({J wlw’) = pGulw’) =D po’]) = ().

JjeJ jeJ JjeJ jeJ

Since 7 is o-additive on the algebra C, there exists a unique probability measure on the
o-algebra of cylinders extending 7 (see [Pa] or Theorem 0.3 in [W]). Define x(u) as the
unique extension of 7 on the o-algebra of cylinders in 7.
We prove that x is bijective constructing an inverse map. Let v € M (X1, o) and define
7' :C" —[0,1] by

™ (n[w]) = v(o[w]).

As before, we can prove that 7’ is o-additive. We define a map mapping v to the unique
extension of 7/ on the o-algebra of cylinders in 3. Since the weight of cylinders is always
the same, it is easy to see that this map is the inverse map of .
Finally, the invariance of the measure theoretic entropy under x follows from the Kolmogorov-
Sinai Theorem (Theorem 4.17 in [W]). We have h, (1) = ho(p, o) where « is any finite
Borel partition of ¥ or ©* with cylinder sets, but the corresponding cylinders have the
same weight under p or k(p). O
We deduce immediately from this Proposition that x is a one-to-one between the
subsets of maximal measures in M (X,0) and M (X", o). In particular, we can study the
maximal measure on (X, ) instead of (X7, ) and we will do this with 7.

5.2.3 The isomorphism v

The last step is to construct an isomorphism modulo small sets between the shift space of
bi-infinite walks on the Markov diagram and the shift space 7. There is a natural way
to map a bi-infinite walk on the Markov diagram to an element of ¥p: one simply has to
take the labels of the walk. The inverse map is more complicated: we do not know where
to start the walk. This section is devoted to the construction of this map and the study
of its properties.

First, we define a map 1 on X except for an exceptional subset N and show that )
is an isomorphism. Then we show that N is a small set. The construction of ¢ on X7\N
requires that all laps of T" are increasing. We consider only this case, the general case will
be treated differently.

Let G = (V, &, L) be the Markov diagram associated to E}“ and denote by O the root
of the graph. Since the Markov diagram is simple, we choose to describe paths on G by
sequences of vertices. Denote by M = {M; ;}; jcy the adjacency matrix of G defined by
(4.3). Define X as the set of bi-infinite paths on G

Y= {ME EV:sz‘,wi+1 =1Vi GZ}

One constructs ¥ (w) by the following procedure: fix n and define a walk starting at
the root and labeled by wy, ), then take the limit n — —oo; if all coordinates are
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eventually constant, then ¢ (w) is this limit. Explicitly let w € Xp. For all n € Z, define

a sequence 2" = zpzp 2,40, with 27 € V for all j > n by z; = O and 2" is the
walk labeled by wy, ). If for all j € Z, the limit z; := lim,_, o 2] exists, then define
Y(w) :=z=...2_12021 ... € Y. Unfortunately, there is a set where this limit does not

exist. For all @ € U UV, we define the sets
Ng={w € Xr:Ime€Zst. VK <m,In < K s.t. Wy, 1) = Aom—n)} > (5.2)

and

N= |J N,

acUUV

Lemma 5.9. For w € ¥7\N, the limit involved in the definition of ¥ (w) ewists.

Proof: By Corollary 4.8, when we want to know at which vertex terminates a path on
the Markov diagram starting at the root and labeled by a word z € L(Xr), one needs to
construct the longest suffix of z which is a prefix of some «/ and similarly with v/. Let
w € Xp\N and m € Z. Since w ¢ N = (J,cyuy Na, for each a € U UV there exists K,
such that for each n < K, we have wy, ;) # 4[on—n)- Let K :=ming K,. For each | < K,
define r; > [ by

Wy = Ufgy, oy ARd wpy F Ul

Set R :=max{r; : | < K}. R exists and R < m, since by construction of K, r; < m for all
[<K. Foralln < Randalla € U, Wiy, R =+ @[, R—n]- For n < K, this is true by definition
of R; for n > K, this is true by Lemma 4.6. Denote by {2z"} the sequence constructed
in the definition of ¢. Then by Lemma 4.7, 2} = (1,u"%;-,-) for all n < R. Moreover
using the construction of successors as in Lemma 4.3, the lower boundary of intervals z;* is
constant for all n < R and ¢ > R. In particular, the lower boundary of 2}, is constant for
all n < R. Similarly, we construct a R’ considering the v, such that the upper boundary
of 2z is constant for all n < R’. Since m € Z is arbitrary, this completes the proof. O

Lemma 5.10. The map v : Xp\N — X is a homeomorphism.

Proof: Define a map 7 : X))y — Xy applying the walk on the Markov diagram z € ¥,
to the sequence of labels of z, ie w = m(z) if and only if for all n € Z, we have L(e) = wy,
with e the unique edge such that i(e) = z, and t(e) = z,4+1. We see immediately that
mo(w) =w for all w € X, thus ¢ is injective. For the surjectivity, choose z € ¥ and
define w = 7(z). One shows as in Lemma 5.9 that ¢)(w) = z. Since z € ¥); is arbitrary,
we conclude that 7 =1~

We prove the continuity of ¥ and 7 using the cylinders as a base of neighborhoods. For
P let w € ¥p\N and z = ¥(w). Let ,,[z] C s be a cylinder containing z. Since w ¢ N,
there exists K < m such that for all j < K, we have

Wiy # Qom—jy VA EUUV.

As in Lemma 5.9, we prove that 1 (x[Wix miz)]) C mlz]. Thus ¢ is continuous. For m,
the proof is trivial. O

Lemma 5.11. Suppose that the measurable dynamical system (X7, 0) has positive topo-
logical entropy, then the subset N C Xp is a small set.
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Proof: In view of Definition 5.2, any finite or countable union of small sets is still a small
set, thus it is enough to prove that N, is a small set for alla €c UUV. Fixac UUV
and consider N,. The proof is decomposed in several steps. First we construct a subset
N/ C N, such that p(N,\N/) = 0. Then we show that (N/, o) is conjugated to some shift
(X', ). Finally we show that hiep (X', o) is arbitrarily small.

Defining

Ap = {w €Xp:VN <m,dn < N s.t. Win,m) = Q[O,mfn)}7

we see directly from formula (5.2) that Ny = |U,,cz Am. From the definition of A, we
deduce that A, 1 C A, and 07 'A,,, = A;,.1. Now consider a measure u € M (3, 0),
then

p(Na) = (| Am) = (| (Am\Ams1) U [ Am)

meZ meZ MEZ
= Z (A \Am+1) + m Ap) = n( m Ap) .-
mEZ meEZ MEZ

Indeed the o-invariance of u implies

/’L(Am\Am—‘rl) = N(Am) - N(Am—i-l) = /Jf(Am) - M(UilAm) =0.

Thus it remains to prove that Né is a small set, where

Né = ﬂ Ap={w € X :Vm € Z,YN < m,3In < N s.t. Zinm) = Q[O’m_n)}.
mezZ

Fix K € N and take w € N/!. There exist in w prefixes of a starting arbitrarily far
on the left and ending arbitrarily far on the right. Thus we will construct inductively a
sequence of prefixes of a found in the sequence w such that: the first one has length at
least K; given a prefix, the next one is constructed such that it overlaps the previous one
by at least K symbols on the left and on the right. Precisely, for w € Y7 and n € Z,
define

Un(w) := sup{t = 0 : w4y = o)} € Zy U {00} .

Now fix w € Né and define two sequences {b;}i>0 C Z and {¢;}i>0 C Z in the following
way
bp := max{n < 0:¢,(w) > K} and cy:=by+ lp,(w),

and inductively for all ¢ > 0

Bt e max{n <b;— K :n+/{l,(w)>c+ K} if¢ < oo
R max{n < b; — K : {,(w) = oo} if ¢; = o0

and

{bi+1 + Ebi-&-l (w) if ¢ < o0
Cit+1 =

if ¢; = 0.

By definition, b; — b;41 > K and if ¢; < 00, ¢g — by > K and c¢;4+1 — ¢; > K. The situation
is illustrated in Figure 5.2.3. Define a map x : N, — X3 by z = x(w) where
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1 if 3t € Z such that b; =1
zi =« 2 if 3t € Z such that ¢; =i
0 otherwise.
This map is well-defined, since the b; # cy for all ¢, € Z. Let w € N, then z = x(w)
satisfies
VieZl,z; #0 = 24 =0 Vi=1,... . K -1, (5.3)
Vi €l,z; =2 = Zi+t7é1 Vi>1,
VN € N,di < —N such that z; = 1.
We now check that y is invertible, continuous and has a continuous inverse. Let
¥ = {z € B3 : z satisfy (5.3), (5.4) and (5.5)} .

Define a map ¢ : ¥’ — Xp by z — w := ((z) where w is given by the following procedure:
for all ¢ € Z, read z backward from 4 until one finds the first ¢ <4 such that z; # 0 (such
a t exists by (5.5)).

1. If zZt = 1, then w[t,i] == Q[O,i—t]'
2. If z; = 2, then read z backward until one finds the first ¢ < ¢ such that zx = 1 and
there are on more symbols 1 than symbols 2 in 2y ;) (such a ¢ exists, since by (5.5)

there are symbols 1 arbitrarily far on the left and, reading backward, after a symbol
1 there is no symbol 2 by (5.4)). Then wy ; = ajg;_y)-

It is easy to check that w = ¢ o x(w) for all w € N/, thus x : N, — x(N]) is invertible.
The maps x and ¢ are continuous. We use the cylinders as basis of neighborhoods: let
w € N! and z = y(w). Choose n € Z and z € L(33) such that z € ,[z]. Choose i € Z
such that b; < n and ¢; > n + |z|. Then the cylinder 5, [Q[bm +|£|)] is mapped by x inside
the cylinder ,[z], thus x is continuous. For ( we proceed similarly.

Finally we calculate the topological entropy of (¥, o). Consider the shift space
Y= {z € B3 : z satisfy (5.3)}.

We compute easily that hiop(X”,0) = K ~llog3. Since y is a continuous isomorphism
X : Ny — x(Ng) € ¥ C ¥, we have

1
htop(Néa U) = htop(X(Né)a J) S htop(E”»J) = ? 10g3 .

prefix of a

prefix of a

A
v

prefix of a
—>
: : : : : : >
bz bl bo ¢y ¢, €.
— P — > — P —>
at least K at least K at least K at least K at least K

Figure 5.1: Construction of b; and c¢;.
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Since K is arbitrary, hiop(NN,) = 0 and from Lemma 5.3 we conclude that N/ is a small
set. N - |

Thus ¢ : X7 — X is an isomorphism modulo small sets, when all laps of T are
increasing. The general case is considered by Hofbauer in [H5]. In this paper, the author
proves the following result. Let p : [0, 1] — [0, 1] be defined by

{295 if z < 1/2

PO=9y o, if 2 > 1/2.

Given a piecewise monotone continuous map 17 with &k laps, another piecewise monotone
continuous map Ty with 2k increasing laps is constructed such that po Ty, = Ty op
everywhere T5 is well-defined. Thus 75 is a 2-to-1 factor of T7. Then studying in parallel
the Markov diagram of T} and 7%, it is proved that there is a 2-to-1 mapping from Ny C X1,
on Ni C Xq,. Finally it is deduced that N is also a null set.

We conclude Section 5.2.3 by a proposition collecting the results of Lemmas 5.9, 5.10
and 5.11.

Proposition 5.12. Suppose (¥1,0) has positive topological entropy. Then (X7,0) and
(Xa1,0) are isomorphic modulo small sets.

Finally we discuss what happens when we use a simplification of the Markov diagram.
Let G = (V,&, L) be the Markov diagram of X1 and ¢’ = (V',&’, L) be a simplification
of G associated to the equivalence relation ~. Let O be the root of G’. Suppose further
that G’ is a simple graph, so we may use sequences of vertices to define paths. We want
to define a map ¥ : Xp — Xyr. The idea to define 1 is exactly the same: we construct
a sequence of paths starting at O’ at coordinate n and let n go to —oo. The exceptional
set where this process does not converge is a subset of N. Indeed suppose w € X7\ N and
let m:V — V' be the projection corresponding to ~, ie w(c) = [¢]. If 2™ is the sequence
appearing in the definition of 1, then 7(z})m(2y,;)... is the sequence appearing in the
definition of ¢’. In particular, if for m € Z the sequence {z"'},, is ultimately constant,
then {7 (z")}, is also ultimately constant. Thus the map ¢’ is well defined on X7\ N. In
this thesis, we will often choose to work with a simplification of the Markov diagram and
use the result of this section.

5.2.4 Maximal measure for countable Markov shifts

Compiling the results of Propositions 5.7, 5.8 and 5.12, we state the main theorem of this
chapter.

Theorem 5.13. Let T be a piecewise monotone continuous map such that the p-expansion
is valid and the measurable dynamical system ([0, 1], T) has positive topological entropy. Let
Y u denote the set of bi-infinite walks on the associated Markov diagram (or a simplification
of this graph). Then there is a one-to-one correspondence between the sets of maximal
measures for ([0,1],T) and for (X7, 0).

Instead of studying the maximal measures on ([0,1],7"), we can study the maximal
measures on (X7, 0), a Markov shift on a countable alphabet. The fundamental works
on this topic are those of Vere-Jones in [VJ1] and [VJ2]. The books of Seneta [Se] and
Kitchens [K] are good references.

Consider the adjacency matrix M = {M; ;}; jey of the Markov diagram. The matrix
M is irreducible, if for all 4, j € V, there exists n > 1 such that M;"; > 0. A subset C C V
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is strongly connected, if M|c = {M; ;}; jec is irreducible. A communicating class is
a maximal subset of C C V, which is strongly connected. Given a non-irreducible matrix
M, we can decompose V into communicating classes. We get a family {C;}; of disjoint
subsets of V. In general |J;C; # V, because if M3, = 0 for all n > 1, then j does not
belong to any communicating class. The decomposition in communicating class is useful,
because by Lemma 3.1, any ergodic invariant measure p € M (X, 0) is concentrated on
a communicating class. Thus the first step is to decompose V into communicating classes
{C;}i. The number of communicating classes can be finite or countable.

Consider a communicating class C; and denote by M; := M]|c, the corresponding
adjacency matrix. Notice that C; can be finite or countable, thus we must use the theory
of countable Markov shifts. The following proposition is a compilation of results found in
[K], in particular see Proposition 7.2.13.

Proposition 5.14. Let M = {M; ;}; jev be an irreducible matriz and
S ={w eV My, w,,, =1Vi€ZL}.

Suppose M is a finite matriz, then (Xpr,0) has a unique maximal measure.

Suppose M is a countable matriz. If (Xpr,0) has a maximal measure, then it is unique.
In both cases, the mazimal measure (if it exists) is a Markov measure p given by

7 )\éj ’

M(M) = pwopwo,wlpwl,w2 s Pwn72,wn71 )

pi=4tri Py =DM

where X is the spectral radius of M, £ and r are the unique left and right eigenvectors for
A, they are normalized such that ¢ -r = 1. This measure has measure-theoretical entropy

log A.

Theorem 5.15. Let T be a piecewise monotone continuous map such that the p-expansion
is valid and the measurable dynamical system ([0, 1], T) has positive topological entropy. Let
M denote the adjacency matrix of the corresponding Markov diagram (or a simplification
of this graph). Then ([0,1],T) has as many mazximal measures as M has communicating
classes of maximal spectral radius.

Proof: By Theorem 5.13, we know that there is a one-to-one correspondence between the
maximal measures on ([0,1],7) and on (X,7,0). The ergodic measures are concentrated
on communicating classes. By Proposition 5.14, ([0,1],7") has at most as many maximal
measures as M has communicating classes of maximal spectral radius.

Take a communicating class C of maximal spectral radius and define

e ::{QGEMZU)Z'GCVZ.EZ},
and (recall that ¢ : ¥p\N — X/ is invertible)
Y= 1 (Ze) C Br.

In other words, ¥ is the shift space formed by the labels of walks on the Markov diagram
remaining in C. This implies

Y= ﬂ <U{n[w] cw € LX), |w] =2n+ 1}) :

n>0
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Since the cylinders are closed sets and the union over words of length 2n 4+ 1 is finite, ¥
is closed as an intersection of closed sets. Since Y7 is compact, ¥ is compact. Finally
(3,0) has at least one maximal measure, since it is an expansive homeomorphism and
the entropy map hp(p) is upper semi-continuous (see Theorem 8.2 in [W]). But 1 is
an isomorphism modulo small sets between ¥ and ¢, thus Y¢ has exactly one maximal
measure. U
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Chapter 6

Two maps of constant slope

Here begins the part of this thesis which contains most of the original results. In this
chapter, we study in detail two particular families of piecewise monotone continuous maps.
The first one is Tj, g(z) := Bz + o mod 1. This map was introduced by Parry in [P2] as a
generalization of the -transformation studied by Rényi in [R] and Parry in [P1]. The shift
space Y, g associated to this map is characterized by only two really important virtual
itineraries. Thus we introduce the corresponding family of shift spaces

S(w,v):={z X u=xo"z2vVn>0},

described by two virtual itineraries v and v. First we introduce an algorithm, based on
the p-expansion, to compute the topological entropy of ¥ (u,v). Then we study an inverse
problem: given two sequences u,v € X7, we want to find a, 3 such that the map Top
admits v and v as virtual itineraries. This question was entirely solved in [P1] when a = 0.
It is much more complicated in the general case a € [0, 1).

The second part of this chapter is devoted to the generalized (-transformations studied
by Goéra in [G]. These maps are generalization of f-transformations. They also have a
unique virtual itinerary, but they involve decreasing laps. Notice that the tent maps belong
to the generalized [-transformations. Goéra has already constructed the unique invariant
measure absolutely continuous with respect to Lebesgue measure. In almost all cases, we
prove that this measure is the unique measure of maximal entropy.

6.1 The map Sxr+ a mod 1

We consider in detail the map of Example A, ie T, g(x) = Sz + o mod 1 (see Sections
2.2 and 4.2). We recall some facts we have already presented. Every time we need the
validity of the coding, it is mentioned explicitly. Since all laps of T, g are increasing, < is
the lexicographic order; this is true in the whole Section 6.1. The number of symbols is
k = [B + «a]. Define

vi=F+a—-k+1€(0,1].

It is convenient to define this parameter, because o and « play symmetric roles. The set
So ={ao,...,ax} is given by

a0 =0, a;=2—2 forj=1,....0k—1 and ap=1. (6.1)
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The coding map corresponding to T, g is denoted by i®8. The representation maps
©P o, B+ a] — [0,1] and %P : [0, k] — [0, 1] are given by
T —«

o™ (@) = 3 (6.2)

and

0 fo<z<a
P (e) =552 fa<z<fB+a (6.3)
1 iff+a<az<l.

There are two important virtual itineraries (z € X)

ut = = 1imi""ﬁ(x) and v®? =M= hmia’ﬁ(m)-
z|0 zT1

All virtual itineraries can be expressed with the help of u®? and v®”?
v =juP for j=1,...,k—1 and v/ =ju*’ forj=0,....k—2.
If the p-expansion is valid, the virtual itineraries satisfy
u®? < o"u®P < v®P  and u®P® < o"v®P < v*P wn >0. (6.4)
If the p-expansion is valid, the shift space obtained by the coding is
Yo = 1%0(X )—{wGE+ u®? < 0"z < "’ ¥n > 0}, (6.5)
Formula 2.13 applied to T, g gives

oM O‘ﬂ—hmlaﬁ(Tn (z)) and Jnva’ﬁ—hml ’6(Tng( ). (6.6)
) zT0 ’

For commodity, we define the orbits of 0 and 1 under T, g as (the limits are taken with
z € X)

() 71;{8,’?”» () and Ty 4(1) 71;?1171”/8( x) Yn>0. (6.7)

Notice that T} 5(0) <1 and T} 5(1) > 0 for all n > 0, since all laps of T} ; are increasing.
From Theorem 2.12, Formula (6.6) and Theorem 2.15, we deduce that (z € X)

7 (0" uP) = Lo P (1T 5())) = limTZZ’,ﬁ(ﬂf) =T173(0) Vn >0, (6.8)
agég@(gnyaﬂ) - 2%¢gﬁ(ia’ﬁ(]ﬁﬁ($») = lwl%IllT ,5( x) = (;Lﬂ(l) Vn >0. (6.9)

In particular, these equations applied to n = 0 and n = 1 give
Pl (W) =0, 3 (ou’) =a and (™) = 1, gl (ov™) =~.  (6.10)

These equations point out that u®? and v®? are B*P-expansions of 0 and 1. Notice

that 3% (w) = 0 implies that $%°(cw) < a. There are many sequences w such that

@oéﬂ(i) = 0, but only few of them satisfy @ ’B(O'M) = «. For example, with w = 0°°, we
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get 22 (w) = % (cw) = 0. As we will see later, u®? is the greatest sequence w such

that $%° (w) = 0. Similar remarks are true for v®.
In view of (6.4) and (6.5), we give the following definition. Let u,v € ¥ be such that
ug=0,v9=k—1and

u=oc"u<v and u=o"v

PN

v Vn>0. (6.11)
Then we set

Y(u,v) = {QEZz cu <oz <vVn>0}. (6.12)
Comparing (6.4) and (6.11), notice that we relax the strict inequalities as in Chapter 4.

We work in this manner in order to include borderline cases inherited from T,, g-maps.

6.1.1 The set of p*’-expansion of 0 and 1

Equations (6.10) show that u®? and v®® are B*’-expansions of 0 and 1. Because of
the presence of discontinuities in the map 7, g, there may be other pairs of sequences
u, v verifying (6.10) and (6.11). One of the keys of our work on the map T, 5 is a good
description of these pairs. This is the contents of Propositions 6.2, 6.3 and 6.4. We also
take into consideration the borderline cases & =1 and v = 0. When a@ =1 or v = 0 the
dynamical system Ty, g is defined using formula (2.10). The orbits of 0 and 1 are defined as
before. For example, if o = 1 it is the same dynamical system as T g, but with different
symbols for the coding of the orbits. The orbit of 0 is coded by u"? = 1°°. Similarly,
if ¥ = 0 the orbit of 1 is coded by v®# = (k — 2)>°. We always assume that o € [0, 1],
v € [0,1] and 5 > 1.

Lemma 6.1. Fiz y € [0,1]\Sy. The equation
y =0 +1), jeh, tel01]
has a unique solution. If y <y’ € [0,1]\So, then the solutions of the equations
y=2"(j+1) and y = (' +1)
are such that either j = j' and To g(y') — Tap(y) = By —y) orj <j'.
Proof: It is sufficient to use (2.10) and T, g(y) ¢ {0,1}:
g S = y=e"(+1) = 177 + Tuply) = j+1.
For the second statement, we use %apo"ﬂ(s) = % O

Proposition 6.2. Let 0 < o < 1 and assume that the p-expansion is valid. The following
assertions are equivalent.

1. There is a unique solution in Ez (u= ga’ﬁ) of the equations
72 (w) =0 and 7% (ou)=a. (6.13)

2. The orbit of 0 is not periodic or x = 0 is a fized point of T, 3.

3. go"ﬁ s not periodic or Qa’ﬁ = 0°,
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Proposition 6.3. Let 0 < v < 1 and assume that the p-expansion is valid. The following
assertions are equivalent.

1. There is a unique solution in E; (v= QO‘”B) of the equations
73 (w) =1 and %’ (ov) =~. (6.14)
2. The orbit of 1 is not periodic or x =1 is a fized point of T, 3.

3. v®P is not periodic or v = (k — 1)

Proof: We prove Proposition 6.2. Assume 1. The validity of the (p-expansion implies
that u®? is a solution of (6.13). If & = 0, then u®? = 0% is the only solution of (6.13)
since x # 0% implies p ’ﬁ(i) > 0 and z = 0 is a fixed point of Ty g. Let 0 < av < 1. Using
Lemma 6.1 we deduce that ug = 0 and

@ =Top5(0) = 957 (ur + 957 (0°w)).

Ifa=aj,j=1,...,k—1, then (6.13) has at least two solutions, which are 0j(c?u®?) with
2% (02u®P) = T2(0) = 0 (see (6.8)), and 0(j — 1)v™*? with goa’g( @B} = 1. Therefore, by
our hypothesis we have o ¢ {a1,...,a5_1}, u1 = uf 8 and 2% (a2u™P) = T2(0) € (0,1).
Iterating this argument we conclude that 1 = 2.

Assume 2. If £ = 0 is a fixed point, then o = 0 and u%% = 0. If the orbit of 0 is not
periodic, (6.6) and the validity of the yp-expansion imply

n, B _ li o, " li s, B _ a’ﬂ.
o"u lim 1 (T3 5(z)) = lim 1 () =u

Assume 3. From (6.8) and the validity of the g-expansion we get
25 (0" u™") = T2 5(0) > 95’ (u™?) = 0,

so that the orbit of 0 is not periodic. The orbit of 0 is not periodic if and only if T, 6(0) ¢
{ai,...,ax_1} for all n > 1. Using Lemma 6.1, we conclude that (6.13) has a unique
solution. O

Propositions 6.2 and 6.3 give necessary and sufficient conditions for the existence and
uniqueness of the solution of Equations (6.13) and (6.14). In the following discussion
we consider the case when there are several solutions. All results are summarized in
Proposition 6.4. We assume the validity of the p-expansion.

Suppose first that the orbit of 1 is not periodic and that the orbit of 0 is periodic,
with minimal period p := min{n > 1:775(0) = 0} > 1 (thecase p=1 <= a=01is
already treated in Proposition 6.2). Hence 0 <y < 1 and 0 < o < 1. Let u be a solution
of Equations (6.13) and suppose furthermore that w is a @-expansion of 1 such that

Vn:u=<o"u<w with 7%°(w)=1, %% (ow)="7.
By Lemma 6.1 we conclude that
uj = u?’ﬁ and Tizl(O) =P (), j=1,...,p—2.
Since T7, 5(0) = 0, we have Tg:gl(O) € {a1,...,ai_1} and the equation
T8 5(0) = 95 (wp—1 + 9% (07w))
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has two solutions. Either u,_1 = up 1 and Pog (Jp@) = 0or up—1 = u;"_ﬁl — 1 and

@g‘éﬂ(opg) = 1. Let a be the prefix of u®? of length p and &’ the word of length p obtained
by changing the last letter of a into! up’ﬂ 1. We have ¢’ < a. If up—1 = u ’Bl, then we
can again determine uniquely the next p — 1 letters u;. The condition u < ¢"u for n =p
implies that we have ugp_1 = ug’_l so that, by iteration, we get the solution u = u®? for

the equations (6.13). If u,—1 = u;"_ﬁl — 1, then
1 =720 (cPu) =7 ﬁ(up +7 5(0”*1@)) )

When @2‘55 (0Pu) = 1, by our hypothesis on u we also have @if (oP*lu) = ~. By Proposi-
tion 6.3 the equations

72l (0Pu) =1 and B’ (0" ') =4

have a unique solution, since we assume that the orbit of 1 is not periodic. The solution

is oPuy = Qa’ﬁ, so that u = d'v®? < u®P is also a solution of (6.13). In that case there

is no other solution for (6.13). The borderline case a = 1 corresponds to the periodic

orbit of the fixed point 0, u'# = 1°°. Notice that sy (ou'?) # 1. We can also consider

Doo Ls -expansions of 0 with ug = 0 and B Ls (ou) = 1. Our hypothesis on u implies that
”6(0 u) = 7. Hence, u = 0v'# = a/v*# < 4P is a solution of (6.13).

We can treat similarly the case when u®P is not periodic, but v®*? is periodic. When
both u®? and v®? are periodic, we have more solutions, but the discussion is similar.
Assume that u®# has (minimal) period p > 1 and v*# has (minimal) period ¢ > 1. Define
a, a’ as before, b as the prefix of length g of v, and b’ as the word of length ¢ obtained
by changing the last letter of b into v 1 + 1. When 0 <a<1land0<~vy<1, oneshows
as above that the elements u # u®B and v # v®P which are 77 o -expansions of 0 and 1
are of the form

u=dbt"ba” - ,n; >0 and v="0a™db™ -+, m; >0.

The integers n; and m; must be such that (6.11) is verified. The largest solution of (6.13)
is u®? and the smallest one is a’v®?.
For all § > 1 and « € [0,1] such that the y-expansion is valid, define (recall that

k=1[8+al)
Dop = {(u,v) € T} x T} : the pair (u,v) satisfies (6.11), (6.13) and (6.14)} .

In particular, (u®?,v*?%) € D, p for all a, B such that the p-expansion is valid. The next
proposition collects all results from Proposition 6.2 to here.

Proposition 6.4. Let § > 1 and « € [0, 1] be such that the p-expansion is valid.
1. If a =0, then u™® = 0. Moreover

(a) if v € (0,1) is such that v’ is not periodic, then Dy 5 = {(u®?, v*P)}.

(b) if v € (0 1) is such that v®® has (minimal) period q, then defining b =
Ulg—2) (Vg + 1), we have Do g = {(u?,0™F), (w™?, Yu?)}.

(c) if v =0, then Do = {(u™?, (k — u*7)}.

1ug;ﬁl > 1. ufj’fl =0 if and only if p=1 and o = 0.
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(d) if y =1, then Do g = {(u®?, (k — 1)>)}.
2. If vy =1, then v™8 = (k — 1)>®. Moreover
(a) if a € (0,1) is such that u™P is not periodic, then Dy = {(u®?,v*F)}.
(b) if a € (0,1) is such that u®® has (minimal) period p, then defining a' =
g o (up’y — 1), we have Do, = {(u™’, 07, (d'v™7,v%7)}.
() if o =1, then Do g = {00, v9)}.

3. Ifa € (0,1) and v € (0,1) are such that

(a) u™” and v®? are both non periodic, then Dy g = {(u®?, v*?)}.

(b) u®P is not periodic and v®” has (minimal) period q, then defining b’ as before,
we have Do g = {(u™?,v*7), (w7, 0'u")}.

(¢) u™P has (minimal) period p and v*? is not periodic, then defining a’ as before,
we have Dy g = {(u®P,v*0), (d'v*P, v*P)}.
75

(d) u™b has (minimal) period p and v®® has (minimal) period q, then (a = u[ o)

b= 7[ q) a and t/ are defined as before)
u®? = max{u : v s.t. (u,v) € Dy} =a™
s = min{u : Jv s.t. (u,v) € Dy g} =a'(b)™
and

P = min{v : Ju s.t. (u,v) € Dapg} = b,
P = max{v: Ju s.t. (u,v) € Do} =b(a)®

STEIS

The cases la, 1b and 1d were considered by Parry in [P1]. Notice that the cases 2a,
2b and 2c¢ are symmetric formulations of cases la, 1b and lc. Similarly the cases 3b and
3c are symmetric. Notice also that, except for the case 3d, (u®?®, v*?) is the unique pair
(u,v) € D, g satistying the strict inequalities (6.4).

6.1.2 An algorithm to find («, 5) with respect to the virtual itineraries

Given a pair (u,v) satisfying ug = 0, vo = k—1 and (6.11), we look for («a, 3) such that the
equations (6.13) and (6.14) are satisfied. In particular, we are interested in the existence
and the uniqueness of the solution of this problem. To this end, we describe an algorithm,
which assigns to a pair of strings (u, v), satisfying weaker hypotheses than (6.11), a pair of
real numbers (@, 3) € [0,1] x [1,00). At the end of the algorithm, there is a condition to
check. If this condition is true, then the pair (@, 3) is the solution we are looking for. The
uniqueness needs a result we prove later, but it is stated in Section 6.1.2 for consistency.

We tacitly assume that for all the pairs (o, 3) one has e € [0,1], 3 > 1 and [B+ «a] €
[k —1,k]. In particular, 8 > k — 2 and the map g*” verifies

0<@*(t) <1 Vte(l,k—1).

Recall that v = o+ 8 — k + 1 and notice that our assumptions imply that 0 <~ < 1.
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Figure 6.1: The graph of 3*” with k=3, a = 0.3, §=2.05 and o + 8 = 2 + v = 2.35.

Definition 6.5. The map *° dominates the map 37 if P (t) > 77 (t) for all

t € [0, k] and there exists s € [0, k] such that 3% (s) > 7% (s).

Lemma 6.6. If 3*° dominates 7, then, for all x € =1, @3‘5’8@) > @%’B/ (z). If
0<P(@) <1 or 0<PL (@) <1,

then the inequality is strict.

Proof: If 3®7 dominates 3* ', then, by our implicit assumptions on (ar, B), we get by
inspection of the graphs that

vt >t ) > () ittt e (a,d +0) = (a4 B) U (o], o + ),
otherwise *#(t) > g% ('). Therefore, for all n. > 1,
7@ 2 2 ().
Suppose that 0 < $%°(z) < 1. Then zo + %" (02) € (o, + B) and
75 (@) = 7™ (wo + 28 (0z)) > 7 (w0 + 9L (0m) = 9L (@)
Similar proof for 0 < Gg‘;’ﬁ/ (z) < 1. O

Lemma 6.7. Let a =o' € [0,1] and 1 < 3 < 3. Then, forz € T,

_18-81
<5

Lety=+"€[0,1,0<d <a<1and f > 1. Then,forgeE;,

0 < 7% (2) - 7% (z)

o — o

-1

0<% (2) — 75 (@) <
The map B — @&ﬁ(g) is continuous at = 1.
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Proof: Let a =o' €[0,1] and 1 < 8 < 3. For ¢,t € [0,k],

t—t| |8-0
AR

because the maximum of [a*? (£) — g*#(t)| is taken at a + 3. By induction

P () =7 ()] < [P (1) =7 ()] + [ (1) — M0 (1)] <

n
‘@%ﬁ/(mm s 73:71—1) - @%ﬁ(x(b s 71'71—1)‘ < ‘5 - ﬁ/’ Z(ﬁ/)_J

Jj=1

Since 3’ > 1 the sum is convergent. This proves the first statement. The second statement
is proved similarly using

e () = e ()] < [P0 () 2 ()] + [P () - 2 (#)] <

which is valid for vy =" € [0,1] and 0 < o/ < o < 1. We prove the last statement. Given
€ > 0 there exists n*

—a,l —a,
P (2) 2 P35 () —e.
Since 3 — @, ”8(7) is continuous, there exists 3 so that for 1 < 8 < [/,

290 (2) > 27 () > %M z) — ¢ Vn > n*.

Hence
75! (2) — 2e <P (2) <L (2).

Corollary 6.8. Given x and 0 < o* <1, let

gor(7) =24 P () with B(y)=y—a* +k—1.

For k > 3 the map go~ is continuous and non-increasing on [0,1]. If 0 < ga=(70) < 1, then
the map is strictly decreasing in a neighborhood of vo. If k = 2 then the same statements
hold on [a*,1].

Corollary 6.9. Given z and 0 < v* <1, let
hoe(a) =225 (2)  with Bla) =7 —a+k—1.

For k > 3 the map h++ is continuous and non-increasing on [0,1]. If0 < hy«(ag) < 1, then
the map is strictly decreasing in a neighborhood of . If k = 2 then the same statements
hold on [0,~%).

Proposition 6.10. Let k > 2, u,v € E$ verifying ug = 0 and vg = k — 1 and
ou=v and u=ov.

If k =2 we also assume that ou < ov. Then there exist @ € [0,1] and 3 € [1,00) so that
5 e [0,1]. If 8 > 1, then

2 (ow) =a and PL(0v) =7.
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Proof: We consider separately the cases v = 0> and ou = (k — 1) (i.e. u; = k—1 for
all j > 1). If ov = 0, then u = 0> and v = (k — 1)0®; we set @ := 0 and B := k — 1
7 =0). If ou=(k—1), then v = (k—1)>® and u = 0(k — 1)*°; we set @ := 1 and
B :=k.

From now on we assume that 0° < ov and ou < (k — 1)*. Set o := 0 and [y := k.
We consider in detail the case k = 2, so that we also assume that ou < ow.
Step 1. Set a1 := ag and solve the equation

@ﬁ.‘ol’ﬁ(ay) =0+a;—k+1.
There exists a unique solution, 31, such that &k — 1 < 51 < k. Indeed, the map

Goy(7) = gy (7) =7 with ga,(7) :== 72 D (0v) and B(7) =~ — a1 +k — 1

is continuous and strictly decreasing on [a1, 1] (see Corollary 6.8). If v = (k — 1)°°, then
Gqa, (1) =0 and we set 31 := k and we have v; = 1. If ov # (k — 1), then there exists a
smallest j > 1 so that v; < (k — 2). Therefore ?2F(5iy) < 1 and

R (ov) =B (vr, . v + PR K (07w)) < 1,
so that Ga, (1) < 0. On the other hand, since ov # 0°°, 33" (ov) > 0, so that Gq, (0) >

0. There exists a unique 71 € (0,1) with G, (1) = 0. Define 1 := 3(71) = y1—a1 +k—1.
Step 2. Solve in [0,71) the equation

@géﬁ(a)(gﬂ) =a with fla)=m—-a+k-1=pF+a—a.

If ou = 0, then set @ := 0 and 3 := 3;. Let ou # 0. There exists a smallest j > 1 such
that w; > 1. This implies that oL (07u) > 0 and consequently

@ggﬁ(al)( ) 80?1 = (uh...,uj—l +¢géﬂl(o—]ﬂ)) >0.

Since ou = ov,
0 < P (ou) < P (ow) =m .
We have y; = 1 only in the case cv = (k — 1)*°; in that case we also have pog ’ﬂl( u) < 1.
By Corollary 6.9, for any a > a1 we have cpal”g You) > Pad fla )( ou). Therefore, the map
H, (a):=hy(a) —a with h,(a):= 228 (gy)

is continuous and strictly decreasing on [0, 1), Hy, (a1) > 0 and lim,q,, H, (o) < 0. There
exists a unique o € (a1, 71) such that Hy, (o) = 0. Set B := y1—p+k—1=a1+F1—e
and v2 := g + B2 — k+ 1 = ;1. Since ay € [0,71), we have 32 > 1. Hence

ap<as<y, and 1< <1 and 7o =1"1. (6.15)

If ov = (k—1)®, 72 = 1 and we set @ := a3 and (3 := (3.
Step 3. From now on ou # 0°° and ov # (k — 1)*°. Set a3 := ag and solve in [ag, 1] the
equation

22PN (gv) =~ with B(y):=v—as+k—1.

By Lemma 6.6 (k = 2),

= 1 —as,l —
P 09)(ov) = 982! (o) 2 P32 (ow) > P52 (0u) = az,
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since 0 < ag < 1. On the other hand by Corollary 6.9,
aggﬂ(’h)(aw — ¢¢£,1+v17a3 (o) < agg,l+vlfa1(ay) — @gé’ﬁl(ay) =, (6.16)

since 0 < 1 < 1. Therefore, the map G, is continuous and strictly decreasing on [as, 1],
Gas(ag) > 0 and Go,(71) < 0. There exists a unique 3 € (ag,y1) such that G, (y3) = 0.
Set B3 :=~3 —as+k—1,so that 83 <y —as+k —1= 5. Hence

ag=ay and 1<f3<fy and 0<~y3<y<l1. (6.17)
Step 4. Solve in [0,~3) the equation
79 (gu) =a with fla)=y—a+k—1=L34+a3—a.
By Lemma 6.6
g3 0s) (ou) = P57 (ou) > B (ou) = B2 (ou) = as, (6.18)
since 0 < ag < 1. On the other hand,
0 < P (ow) = 5% ow) < PN (o) =5 < 1.

By Corollary 6.9
73D (ow) <22 (ow) Vo € (a3, 7).

Therefore, the map
H, (a) :=hy(a) —a with A (a) = 228 (gy)

is continuous and strictly decreasing on [a3,73), H,y,(a3) > 0 and limggy, Hyy (o) < 0.
There exists a unique ay € (as,7v3). Set B4 == y3 —ag +k —1 = ag + O3 — ay and
Y4 :=aq4+ By — k+1=3. Hence

ag<ag<v3 and 1<fB4<pfPB3 and ~y4=1"3. (6.19)

Repeating steps 3 and 4 we get two monotone sequences {a,} and {3,}. We set @ :=
limy, o0 @p, and B := limy,_o0 On.
We consider briefly the changes which occur when k£ > 3. Step 1 remains the same.
In step 2 we solve the equation H,, (a) = 0 on [0, 1) instead of [0,71). The proof that
H, (1) > 0 remains the same. We prove that lim,t; H, (a) < 0. Corollary 6.9 implies
that
71 =509 (00) = PR A (00) > P2 () Vo> ay.

Since ou < v and [(aq) = 1,
227 (ou) < 70 (v + %7 (o)) <P (v + 2%V (0w)) < 1.
Instead of (6.15) we have
a1 <ag<1l and 1< fa<f; and -~y =11.

Estimate (6.16) is still valid in step 3 with & > 3. Hence Gqa,(71) < 0. We solve the
equation Ggy(y) =0 on [0,v1]. We have

P3P0 (ou) = 252 (ou) = as.
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By Corollary 6.8 we get
P20 (ou) > P2 P (ou) =y Yy <1

Since u = ow,

7200 (gv) > 58O (g + 72O (gw)) > 722800 (wg + 57O (ou)) > 0.
Estimate (6.18) is still valid in step 4 so that H,,(a3) > 0. Corollary 6.9 implies that

3 = 5B (ov) = 7537 (0v) > P (ov) Vo> ag.

Therefore

aggﬁ(“?’)(m) < @a,ﬁ(a) (’Uo + Qgéﬁ(a)(gy)) < @asﬁ(as) (vo + @Séﬁ(a) (ay)) <1.
Instead of (6.19) we have

as<ag <1 and 1<By4<pf3 and ~y4=13.
Assume that 3 > 1. Then 1 < 3 < 3, for all n. We have
gorP(ov) = n, modd

and
7P (gu) = oy, meven.

Let y=a+ 3 —k+ 1. For n odd, let 8% :=7% — a;, + k — 1; using Lemma 6.7 we get

2% (0v) — 7] < [8%" (0w) — B3P (ow)| + [@537" (ov) — P (aw)] + [yn — 7]
1 . _
< j(ma - an’ + |/8 - ﬁnD + |’7n - 'Y‘ )

I

since 3, = B+ @ — . Letting n go to infinity, we get @&B (ow) = 7. Similarly we prove

75 (ov) =@. O

Corollary 6.11. Suppose that (u,v), respectively (u',v"), verify the hypotheses of Propo-
sition 6.10 with k > 2, respectively with k' > 2. If k > k', u < v/ and v’ < v, then F <8
and & > a.

Proof: We consider the case k = k', whence ov’ < ov. From the proof of Proposition
6.10 we get v} <71 and o) > 1. Suppose that 7; < v; and o > a; for j =1,...,n. If
n is even, then o], , = o, and apy1 = o, We prove that 7], | < y,41. We have

7a{rb+1 7/6(7;L+1)(O_Q/) S Egé“’ﬂ(%ﬂ)(ay) S ¢g<21+17ﬂ('7;+1)(

/ /
Tnt1 = Pod oV) = Yntl > Vi1 -

If n is odd, then v, ; =7, and Yp41 = Yn. We prove that o, | > ay,41. We have

R Ggonﬂﬂ(anﬂ)(aﬂ) < @S“gntl»ﬂ(arH»l)(o-ﬂl) — ¢%+17vn+1*an+1+k*1)(gu’)

Q1,1 —Cnt1+k—1) / /
<P " (ou) = aji1 > any -

We state a uniqueness result. The proof uses Theorem 6.16.
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Proposition 6.12. Let k > 2, u,v € ZZ’, ug =0 and vo = k — 1, and assume that (6.11)
holds. Then there is at most one solution (a, 3) € [0,1] x [1,00) for the equations

22 (ou)=a and P2 (0v) = 7.

Proof: Assume that there are two solutions (a1, 81) and (ag, 82) with 51 < fa. If ag > vy,
then

az — a1 = P2 (ou) — P87 (ou) <0,

which is impossible. Therefore as < aq. If §1 = (2, then
0> ay — a1 =P (ou) — P53 (ow) > 0,

which implies s = «a3. Therefore we assume that as < a7 and 81 < . However,
Theorem 6.16 implies that

logy 81 = hiop(E(u, v), 0) = log, f2

which is impossible. |

6.1.3 The topological entropy of X(u,v)

The key of this section is a good description of the graph G(u,v) defined in Example A
at the end of Chapter 4. We recall in details the construction of G(u,v). Set uw = u,
0¥l =y and

w=juVj=1,....k—1 and o/ =juVj=0,...,k—2. (6.20)

Then S({u/,v/}) = %(u,v). Let G’ = (V', &', L') denote the Markov diagram of X ({u/, v7}).
Using the relations (6.20), we define an equivalence relation on quadruples by

(p,a;q,b) ~1 (', dsq,b) < [0Pa,0%] = [o”d,07V].

The graph G(u,v) = (V, &, L) is the simplification of G’ corresponding to this equivalence
relation. The next proposition summarizes the structure of the graph G(u,v). Given a
word w € L(X(u,v)), let u(w) denote the longest suffix of w which is a prefix of u and
v(w) denote the longest suffix of w which is a prefix of v.

Proposition 6.13. The vertices of the graph G(u,v) are quadruples (p,u; q,v) with p,q >
0. The root is the vertex (0,u;0,v). There are k — 2 edges labeled by j for j=1,...,k—2
going from the root to the root. The edge starting at the root and labeled by O terminates
at the vertex (1,u;0,v); the edge starting at the root and labeled by k — 1 terminate at the
vertex (0,u;1,v). Let ¢ = (p,u;q,v) be a vertex of G(u,v) withp > 1 or q > 1, ie ¢ is not
the root. If ¢ has only one successor ¢, ie u, = vq, then c 8= (p+Luqg+1,v). Ifc
has at least two successors, ie up < vq, then

¢ (p+1,u0,0),
¢ B (0,u;q+ 1,0),

PER (0,u;0,v) Vu, < j <.
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Moreover, if p > q and ¢ has at least two successors, then the path on G(u,v), starting at
the root and labeled by Ujo,q) terminates at the vertex (t,u;q,v) for some t < q; this last
vertez has at least two successors, one of them is (0,u;q+1;v). If p < q and ¢ has at least
two successors, then the path on G(u,v), starting at the root and labeled by U,y terminates
at the vertex (p,u; s,v) for some s < p; this last vertex has at least two successors, one of
them is (p+ 1,u;0,v).

Let w € L(X(u,v)) and set p = |u(w)| and ¢ = |v(w)|. Then the path on G(u,v), starting
at the root and labeled by w, terminates at the verter (p,u;q,v).

Proof: The proof is immediate. It is a compilation of Lemmas 4.3, 4.5, 4.7 and Corollary
4.8. Each time we get a vertex (p,u/;,-) in the Markov diagram of X({w/,v/}) with p > 1
and j # 0, we replace this vertex by (p —1,u;-,) in G(u,v); each time we get a vertex
(-,:;¢,v7) in the Markov diagram of ¥({u’,v7}) with ¢ > 1 and j # k — 1, we replace this
vertex by (-,+;¢ — 1,v) in G(u,v). O

The upper level of ¢ = (p,u; q,v) is max{p, ¢} and the lower level of ¢ is min{p, ¢}. It
is still true that the upper level of a vertex is the length of the shortest path from the
root to this vertex. Notice also that there are only two vertices in V,, for all n > 1. This
remark allows us to index the vertices of G(u,v) by the set of words (recall that the index
of a vertex c is the labels of the shortest path from the root to c)

{e} U U Ao} U (J{vom}-
n>1 n>1
The vertices labeled by the prefixes of u form the upper branch of the graph, the vertices
labeled by the prefixes of v form the lower branch. We also recall a fundamental property
of the Markov diagram. By Lemma 4.3, if a path on G(u,v) starts at the root and
terminates at the vertex (p,u;q,v) with p,q > 1, then the last but one visited vertex is
(p—1,u;qg—1,v). Set r = min{p, q}; repeating this step r times, we conclude that, r steps
before the end of the path, the path visits the vertex (p — r,u;q — r,v) .

/'
N,

(k-1)b f0a
—---—»o—»o— ------ —>o—>o—---‘---—>o—>o

RN

—-- —»o—»o— ------

Figure 6.2: The beginning of the graph G(u,v).

A typical situation is sketched in Figure 6.2. All the edges starting at the root, except
for the edges labeled by 0 and k — 1, terminate at the root. Let do be the vertex indexed
by w = (k — 1)bf0a. Define d; as the last vertex before dz, where there are at least two
outgoing edges; it is indexed by (k — 1)b. Since d; has at least two successors, f > 0.
Notice that the f-successor of d; is a vertex d' = (0,u;-,-) and d’ has only one successor
by hypothesis. Since ug = 0, the outgoing edge at d’ is labeled by 0. Set p = |a| + 1 and
q = la| + |b] + 3. By Corollary 4.8, u(w) = Oa and v(w) = w. Thus the vertex da is

dy = (p,u; q,0) -
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do has at least two successors, thus e < ¢/. Moreover the e-successor of dy is the vertex

c1 = (p+1,u;-,-). Let c3 be a vertex of the upper line such that c3 LA ds and let ¢y the last
vertex before cs, where there is at least two outgoing edges. The shortest path from co to
c3 must be indexed by f'(k — 1)bf0a and €’ < ¢’. Moreover €’ > e, since by inequalities
(6.11), Oae... =u < o"u = 0ae” ... for n well chosen.

We give now the setting of the next lemma and the next proposition, which are an
adaptation of Lemmas 2 and 3 in [H4]. They form the main result of that paper, where
Hofbauer gives a proof of the uniqueness of the measure of maximal entropy for the map
Th- Let k > 2 and a, b be two non periodic words, ie there is no word z such that a = 2"
for some n > 2 and similarly with b. Set p = |a| and ¢ = |b|. Suppose that either p > 2
and ag = 0 or ¢ = 1 is a word of length 1; similarly either ¢ > 2 and by = k—1orb=k—2
is a word of length 1. Define @' = ay,_1y(ap-1 + 1) and b = by ,_1)(bg—1 — 1). Then we
set

u=a>, u=db*, v=>0° and T="0a”.

Suppose further that the pairs (u,v) and (@, 0) satisfy (6.11). These hypotheses correspond
to the settings of Proposition 6.4, in particular cases lc, 2¢ and 3d.

Lemma 6.14. In the above settings, the vertices of the graph G(u,v) are indexed by the
words

{e} U J{apm v o

Let r = |v(app-1))| and c1 denote the vertex indexed by ay,_1y. If up—1 < vy, then the
edge, starting at c1 and labeled by u,—1, terminates at the root. If up,—1 = v, then the
edge, starting at c1 and labeled by up—1, terminates at the vertex indexed by vy .- Ifk =2,
then up—1 = vy.

Let s = |u(by 4—1))| and di denote the vertex indexed by by 41y If us < vg—1, then the
edge, starting at di and labeled by vy—1, terminates at the root. If us = vq—1, then the
edge, starting at di and labeled by vg—1, terminates at the vertex indexed by uy - If k=2,
then us = vg—1.

Proof: Up to the vertex indexed by prefixes of u of length less than p, the structure of
the graph is typical and described in Proposition 6.13. Indeed p is the minimal period of
u, thus there cannot be supplementary identifications. Now consider the vertex g; indexed
by Ujpp—1); 1t 18 the quadruple (p — 1,u;m — 1,v) with m < p. The situation is illustrated
in Figure 6.3. If u,_1 < vy,—1, the successors of g; are given by

[ u;0,0) ~1 (0,150,0) if j = up1,
g1=(p—1,u,m—1,0) % (0,u0,v) if up—1 < j < vm-1,

(0,u;m, ) if j = vp1.

All these successors already exist in G(u,v). If up_1 = vy,—1, the only successor of g; is
given by

g =p-Lum-1v) "= (p,uymuv) ~1 (0,um,v).
In this later case, we prove that the vertex ¢’ indexed by Ulo,m) 18 the quadruple (0, u; m, v).
By the fundamental property of the Markov diagram, Up—mp—1) = Yjo,m—1)- By hypoth-
esis, up—1 = vm—1. By Proposition 6.13, the vertex ¢’ is (¢,u;m,v) for some 0 < ¢t < m.
Suppose that ¢ > 0; it means that wjg ;) = U,y ). Thus w,_; ) = ypy). Since oPu = u,
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we conclude that o?7'u = w and this contradicts the hypothesis that p is the minimal
period of u. Thus the only successor of g; is identical to ¢’. Finally notice that u,—; > 0.
Indeed, if p = 1, then ug = 1 by hypothesis. Suppose p > 2 and w,_1 = 0, then by
inequalities (6.11),

u=0o"lu=0u=<0(cu) =u.

This implies 0?~'u = w, but this contradicts the minimality of p. If k = 2, 0 < up—1 <
Um—1 < vg = 1, thus u,_1 = v;,,—1. Similarly, we consider the vertices labeled by prefixes
of v. O

Proposition 6.15. In the above setting, if hiop(X(u,v),0) > 0, then hiop(X(u,v),0) =
htop(z(@7i)70)’

Proof: Let M (resp. M) denote the adjacency matrix of the graph G(u, v) (resp. G(&,)).
By Formula 4.4, we must compute the spectral radius p(M) and p(M), thus we compare
G(u,v) and G(&,v). The graph G(u,v) is described in Lemma 6.14. We consider now the
graph G(@, ). Up to the vertices of upper level p—1, the graph is the same as G(u, v) since
the virtual itineraries are the same. Consider the vertex g; indexed by @[04}—1) = U0 p-1)}
as before, it is the quadruple (p — 1,4%;m — 1,9) with m < p. Since @p—1 + 1 = up—1, the
successors of g; are

) (pvgv O,Q) ~1 (O7booa O’QIQOO) lf] = ﬂp—lv
g =p-1am—-12) > (0,40,0) if Gy 1 < < Om_1,
(0, ;m, ?) if j = 1.

Comparing the outgoing edges at ¢; in the two graphs, we conclude that all edges which are
present in G(u, v) are also present in G(@, ©). There is only one additional edge leaving g; in
G(u,v). It is labeled by @,_1 and it terminates at the vertex (p, @; 0,2) ~1 (0,5°;0,b'a™).
Similarly we consider the vertex h; indexed by vy ,_1) = Ujg 4—1) In the two graphs. There
is only one additional edge starting at hy in G(@, ). It is labeled by 0,—1 and terminates
at the vertex (0,a;0,0%) ~1 (0,a’5°°;0,a>).

Consider the vertex go = (p,%;0,2) ~1 (0,b°;0,0'a*>) indexed by Ty p) in G(w,0).
Since bo,g—1) = Q’[O,q_l), there is only one path of length ¢ — 1 starting at go. It is labeled
by bjg 41y and terminates at the vertex (p+q—1,%9—1,0) ~1 (0,040 0, (bg + 1)a>).
This last vertex has two outgoing edges

N b o o

(p+q—1,49—1,0) = (p+¢,4;0,0) ~1 (p,;0,0),
bo+1

(p+q—1,05q—1,8) > (0,i;q,7).

The first one is the vertex go indexed by @[pr), the second one is the vertex ho indexed by
jo,q)- Similarly, we consider all paths starting at hy. The graph G (4, 9) is also finite. The
graph G(u,v) is a subgraph of G(@, ©). The supplementary part of G(@,?) is a communicat-
ing class; let G denote the subgraph G (i, 7)\G(u, v). The situation is illustrated in Figure
6.3. The spectral spectral radius of M is the maximum between the spectral radius of M
and the spectral radius of the adjacency matrix of G (see Lemma 4.4.3 in [LM]). Using
Theorem 4.9, we compute easily the characteristic polynomial of the adjacency matrix of
G. The rome is {go, ho} and the characteristic polynomial is

)\P+q — NP\ = /\q()\p —\P7q _ 1).
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1 O gl'.‘ 2

—[1,9-1)

Figure 6.3: The graph G(@,v). The box indicates the subgraph G(u,v). The labels are
e=up_1,€ =e+1, f=by_1and f'=f—1.

Let \* denote the largest root of this polynomial; notice that \* < 2. To prove the
Proposition, it is sufficient to show that p(M) is larger than or equal to A*.

If k£ > 4, there are k — 2 loops of length 1 at the root, thus p(M) > k—2 > 2 > \*.
If the path starting at the root and labeled by a ends at the root, which could happen
only for £ > 3 (see Lemma 6.14), then there is a subgraph of G consisting of two cycles
passing trough the root, one of length p or of length ¢ and another one of length 1. This
also implies that p(M) > A*. Similarly, if the path starting at the root and labeled by b
ends at the root, then p(M) > A\*. It remains the case, k < 3, the path starting at the
root and labeled by a does not end at the root and the path starting at root an labeled
by b does not end at the root.

Let H be a communicating class of G(u,v) whose adjacency matrix has spectral radius
strictly greater than 1 (H exists by hypothesis). If the root is a vertex of H, which happens
only if k¥ = 3, then we conclude as above that p(M) > \*. Hence, we assume that the
root is not a vertex of H. The vertices of H are indexed by prefixes of ajg,_1) and bjg ;_1).
From here, we use recursively the most important properties of the graph G(u,v), which
are emphasized in Figure 6.2 and its comments. Let ¢; € H be the first (ie most on the
left) vertex of the upper branch and dy € H the first vertex of the lower branch. Since
‘H is a communicating class, there are edges starting in H and terminating at ¢; and dj.
Let co € H be the first vertex in the upper branch, which has at least two outgoing edges
(in fact, it has two edges, because the root is not in H). Similarly, let do € H be the first
vertex of the lower branch, which has two outgoing edges. We claim that there is an edge
from ¢y to d; and from ds to c¢;.

Suppose it is not the case: for example, there is no edge from ¢y to dy. Let ¢3 € H be
the first vertex in the upper branch such that there is an edge from c3 to d;. We define by
induction two finite sequences of vertices {e;} and {f;}. The vertex e; is the last vertex
before c3 in the upper branch, having two outgoing edges. Then denote by fi the vertex
of the lower branch where terminates an edge starting at e;. The vertex f; is the vertex
immediately before f{ in the lower branch; it has two outgoing edges. Then denote by e}
the vertex of the upper branch where terminates an edge starting at fi. The vertex e is
the vertex immediately before €/ in the upper branch; it has two outgoing edges. Continue
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in this manner until f; = dg or e, = ¢;. We prove that the sequences are finite. H is a
communicating class, thus e; and f; are in H. Moreover the upper level (ie the length of
the shortest path from the root to the vertex) of f; is strictly smaller than the upper level
of e;; similarly the upper level of e;41 is strictly smaller than the upper level of f;. Finally,
J! = d; is impossible, because this contradicts the definition of ¢3. Suppose the sequences
end under condition f,, = da. The situation is illustrated in Figure 6.4.

X h zt... X h Lo X h z t-1
—[1,r-1) —

O PP O T @ O—— PGP O—— - - —5O—P @
n 1

SRR |

Figure 6.4: The beginning of the graph G(u,v).

Let zh be the word which indexes the vertex ¢; and zt be the word which indexes
di. Set r = |zh| and s = |zt|. Since d; is the first vertex in H of the lower branch,
Uy rgs) = 2L Since there is an edge from ds to c1, z is a suffix of the word which indexes
dy and b/ = h + 1 (otherwise there is a third edge from dy to the root). This implies that
x is a suffix of the word which indexes the vertex e, and the outgoing edges at e, are
labeled by h and h'. By induction, z is a suffix of the word which indexes the vertex ey
and the outgoing edges at e; are labeled by h and h'. For the same reasons, z is a suffix
of the word which indexes the vertex c3 and the outgoing edges at cs are labeled by t and
t — 1. Thus there exists m such that c™u = zhz(t —1)... < zhzt... = u; this contradicts
the inequalities (2.16). Similarly, we consider the case where the sequences {e;} and {f;}
end under condition e; = ¢1; this situation is also absurd. Thus there is an edge from co
to di and an edge from ds to c1.

Since the spectral radius of the communicating class H is strictly greater than 1, there
exists at least one edge from some other vertex of H to ¢; or dy, say c¢;. Let d3 be the
vertex where starts this additional edge terminating at ¢;. Then there are two cycles in ‘H
rooted at c1: one follows the upper branch from ¢; to co, then it follows the lower branch
from d; to do, then it goes back to ci1; the other one follows the upper branch from ¢; to
c2, then the lower branch from dy to ds, then it goes back to ¢;. By Proposition 6.13, the
first cycle has length r 4 s, the second cycle has length r + s 4+ w where w is the length of
the path following the lower branch from ds to d3. Moreover r+s < p and r+s+w < q.
The situation, in particular the length of the different paths, is illustrated in Figure 6.5.
Using Theorem 4.9 with {c1,d1} as a rome, we show that p(M) > A\*. O

Theorem 6.16. Let k£ > 2 and letQEE; andQEE; such that ug =0, vg =k —1 and
u=oc'u=v Vn>0 and u=xoc"v=v VYn>0.

If k = 2 we also assume that ou =< ov. Let @ and B be the two real numbers defined by
the algorithm of Proposition 6.10. Then

htop(z(ﬁa Q)a U) = logﬁ .

If k=2 and ov < ou, then hyop(X(u,v),0) = 0.

72



e CEEPEPEPEPEErD —>0
2 3 h2
o—--—»o—----—»o—--—»o—--—»owo
p-1

Figure 6.5: The graph G(@,v) with the length of the paths.

Proof: Let 3 > 1. By Propositions 6.4 and 6.10 we have

From Proposition 6.15 we get

hiop(Z (W™, 059), 0) = hyop(S(@™?, 0%7), 7) = log B.

= )=

Let lim, o, = @ and lim, 3, = = 1. We have a,, < 1 and 3, > 1 (see proof of

Proposition 6.10). Let
u" =@ and  o" = P

By Proposition 6.4,
P <y <ot

By monotonicity,
P2 (ou!) <P (0n!) = 1 =2 = PR (00?).

Therefore v! < v? (v) = v2) and by Proposition 6.4,
0 0

By monotonicity,

PP (0u) = ag = ag = 222 (0u?) < B2 (0u?).

Therefore u® < u? and
ud <u and 0303 < =< 23'

Iterating this argument we conclude that
u" <=y and v =".

These inequalities imply

htop(E(u,v),0) < hiop(E(u",v"),0) =log B — 0 for n — co.
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Finally let £ = 2 and ov < ou. If ou = (1)*°, then v; = 0 for a single value of j, so
that hiop(X(u,v),0) = 0. Suppose that ou # (1)*° and fix any § > 1. The function o —
@8‘0’5 (ow) is continuous and decreasing since *# dominates @“/’ﬁ if @ < /. There exists
a € (0,1) such that @&;ﬁ(o—g) =a. Ifyy < yg’ﬁ, then v < v®# and X (u,v) C B(u, v*%),
whence hiop(X(u,v),0) <logf. If vy = yg"ﬁ =1, then

72 (0v) <22 (ou) = a < v = % (0u™”).
The map @&ﬁ is continuous and non-decreasing on E; so that ov < ov®P , whence v < v®P
and hiop(X(u, v),0) <log 3. Since § > 1 is arbitrary, hiop(X(u,v),0) = 0. O
6.1.4 The inverse problem

In this section we solve the inverse problem for Sz + a mod 1, namely the question we
address is the following: given two sequences u and v verifying

u=<oc'u<v and u<oc"v=<v VYn>0, (6.21)
can we find « € [0,1) and 5 € (1,00) so that u = u®P and v = v®0?
Lemma 6.17. Let a € [0,1) and 3 > 1 be such that the p*°-expansion is valid.
Suppose that Eg‘éﬁ(g) =0, @&ﬁ(ag) =« and u < oc"u for allm > 0. Then
u=u*" = % (c"u) <1 ¥n>0.
Similarly, suppose that Eg‘éﬁ(y) =1, Eg‘g,ﬁ(ay) =~ and c™v < v for alln > 0. Then
v=0v" = (") >0 VYn>0.

Proof: We prove only the first statement. Suppose that v = u®?. Then by (6.8),
238 (0™) = 17 5(0) < 1for all n > 0. On the other hand, suppose that 23 (0mu) < 1
for all n > 0. If u®P is not periodic, then by Proposition 6.2, u®? is the unique sequence

satisfying 2% (z) = 0 and $%° (02) = «, thus u = u®?. If u*® has minimal period p, then

by Lemma 6.1, Uop—1) = gﬁ)’g_l). We have two choices for u,_1. Either u,_1 = u;"_ﬁl —1

and @3‘55 (6Pu) =1 or up—1 = ug’_l and @&;ﬁ (0Pu) = 0. The first choice is impossible by

Q,

hypothesis. Thus Ujop) = Ypg ’f} ) Repeating the argument, we conclude that u = u®?. O

Proposition 6.18. Suppose that the @-expansion is valid. Let u be a solution of (6.13)
and v a solution of (6.14). If (6.21) holds, then

wP =y = Y >0:7%(0") <1 <= Yn>0:3%%(c") >0 <= v¥’ =0.
Proof: The gp-expansion is valid, so that (6.8) is true,
¥ > 0: 5%’ (0" u™%) = T2 5(0) < 1.

Lemma 6.17 implies
u=u"’ = Yn>0:3%(c"u) <1.

Similarly
v=0v¥ — Vn> 0:@‘;‘56(0"9) >0.



Let 2 < 2/, z, 2’ € ¥(u,v). Let £ := min{m > 0: x,, # x},}. Then
72 (2) =% (@) = P70 M2) =1 and P (0"'2) = 0.
Indeed,

a,f B(O,E-i-lg))

90[.4.1 (x(]v ey XTp—1,Tp + @2‘5 ,ﬁ( £+1£/))

:E?fl(xo,.. S To_1,Tp+ P

Therefore 2, = z+1, 3%° (0 2) = 1 and $%° (6+12’) = 0. Suppose that 3% (6"u) = 1,
and apply the above result to ¢"u and v to get the existence of m with pog a8 (c™Mv) =0. 0

Definition 6.19. Let u € 2$ with ug = 0 and w = o™u for alln > 0. Define the sequence
u € Z: as
u :=sup{c"u:n>0}.

For all u € Z;f with ug = 0 and v < o™ for all n > 0, we have
c'u<u VYn>0.
Indeed there exists a sequence {n;}; so that 4 = lim; c™u. By continuity

o™i = lim o™y < 1.
Jj—00

We explain the ideas developed in Theorems 6.20 and 6.21. Fix u € Ez with ug = 0
and v < o"u. Choose v € E,‘: such that v9 = k — 1 and (6.21) holds. By equations
(6.10), the only possible pair (, ) such that u = u®? and v = v®? is the pair (@, §)
constructed by the algorithm of Proposition 6.10. By Proposition 6.18, a necessary and
sufficient condition for u = v®” and v = QE’B is

2% (0"u) <1 Vn>0.

For our fixed u, we construct in Theorem 6.20 a critical [3 such that this equation is true
for all 3 > ﬁ and false for all § < ﬁ This critical ﬂ is constructed using u. In Theorem
6.21, we find a critical sequence u, such that the algorlthm applied to v = u, gives § > B
Example. We consider the strings ' = (01)*° and v/ = (110)*°. One can prove that
v =u®P and v/ = v*? where f is the largest root of

-z —-1=0
and a = (1 + 3)~!. With the notations of Proposition 6.4 we have
a=01 ¢ =00 b=110 b =111.

Let
= (00110111)>° = (a'bb")*>®

We have
@ = (11100110)® = (Ha'b)™ .

By definition 7% (cu) = a. We have

) 2u =V (a)™

From Proposition 6.4 and Proposition 6.15, we conclude that log 8 = hiop(2X(u, ), 0).

75



Theorem 6.20. Let k > 2 and let u € Z; and v € E;, such that ug =0, vg =k —1 and
(6.212 holds. If k = 2 we also assume that ou < ov. Set log 8 := hiop(X(u,u),0). Let @
and 3 be defined by the algorithm of Proposition 6.10. Then

1. If B < B, then u = u™® and v = v&P,
2. Ifﬁ =3>1 and gaﬁ and gaﬁ are not both periodic, then u = gaﬁ and v = QE’B.
3. ]fﬁ =03>1 and QE’B and QE’B are both periodic, then u # QE’B and v # QE’B.

Proof: Let 3 < (. Suppose that u # gaﬁ or v # v™5. By Proposition 6.18 u # u™? and
v # v™P, and there exists n such that %’ (0"u) = 1. Hence %’ (@) = 1. If 5 > 0, then

uy = v9 = k — 1 whence ou < ov, so that @ ’*8( u) = 7. By Propositions 6.4 and 6.15 we
deduce that

log//B\: htop(z(@7 @)7 U) = htop(z(ﬂa Q)?O-) = 10gg7

a contradiction. If 7 = 0, either uy = k — 1 and @a’ﬁ( u) =7, and we get a contradiction

as above, or Uy = k — 2 and @ ’5( u) = 1. In the latter case, since ou =< u, we conclude

that u; = k — 2 and cpoo (JQQ) = 1. Using 0"u <u we get u = (k —2)*° = v ’ﬂ, so that
htop(2(u, @), 0) = htop(X(u,v), 0), a contradiction.

We prove 2. Suppose for example that g?ﬂ is not periodic. This implies that @ < 1, so
that Proposition 6.2 implies that u = u®P. We conclude using Proposition 6.18. Similar
proof if v®? is not periodic. B B B B
We prove 3. By Proposition 6.18, u = u®% or v = v®? if and only if u = v®# and v = ™7,
Suppose u = u®?, then u is periodic so that @ = oPu for some p. This implies that

7% (00) < 727 (@) = §5 (0Pu) < 1.

by Proposition 6.18. Let uy = % — 1. We can apply the algorithm of Proposition 6.10 to
the pair (u,u) and get two real numbers & and (3 (if k = 2, using # > 1 and Theorem 6.16,

we have ou < ou). Theorem 6.16 implies ﬂ 6, whence ﬂ 3. The map o — Pag o0 (o

g (ou) — « is strictly decreasing, whence there
75(

w) is
continuous and decreasing, so that a — ©J

exists a unique solution to the equatlon %) u) — a = 0, which is @ = a. Therefore

@oéﬁ (o) < 1 and we must have k = k, whence
Pow)=a+B—k+1=p%(0v).
P (o) = @ o (o
But this implies @&B(@) =1, a contradiction. O

Theorem 6.21. Let k > 2 and let u € Zz and v € Z,j, such that up = 0, vo = k — 1
and (6.21) holds. If k = 2 we also assume that cu < ov. Let @ and 3 be defined by the
algorithm of Proposition 6.10. If hiop(X(u, ), 0) > 1, then there ezists u, = u such that

@
@l

u, <v = u=u"

4

a

S
]

)
)

nd
nd

S
I
@l

u, =v = u£u"’ a
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Proof: As in the proof of Theorem 6.20 we define k and, by the algorithm of Proposition
6.10 applied to the pair (u,u), two real numbers a and $. By Theorem 6.16, log f =
hiop(X(u, w), o). We set

{Uf’ﬁ if gaﬁ is periodic

v®P if 9P is not periodic.

It is sufﬁcientito show that u, < v implies B> E (see Theorem 6.20 point 2). Suppose
the contrary, § = 3. Then

1=25"@) < 7% (v).
We have $%°(v) = 1 and for a > @, @‘;g (v) < 1 (see Lemma 6.6). Therefore @ < @. On
the other hand, applying Corollary 6.11 we get & > @& so that & = @ and k = k. From
Propositions 6.3 or 6.4, we get v < u,, a contradiction.
Suppose that u, >~ v. We have u = v < u,, whence hiop(3(u, u), 0) = hiop(E(w, u,), 0)
and therefore 3 = B As above we show that @ = a. Notice that if u® &5 is not periodic,

then by Proposition 6.2 u® a8 — =u. If® &8 is not periodic, then by Proposition 6.3 v® a8 — =.

’6

If v* a8 is periodic, then inequalities (6.21) imply that we must have vy’ < v. Therefore

we may have u, > v and inequalities (6.21) only if gaﬁ and v® &8 are periodic. Suppose
that it is the case. If u is not periodic, then using Proposition 6.18 the second statement

is true. If u is periodic, then u = oPu for some p, whence agf (u) = 1; by Proposition
6.18, u # u®P. O

6.2 Generalized (-transformations
We consider the map of Example B. We recall briefly some facts we have already presented.

Fix k > 2, p € (k—1,k] and a map s : Ay, — {1,—1}. We often write the map s(j) as a
vector with k coordinates. The set Sy is given by

J .
= forj€hg, ap,=1.
B

The generalized S-transformation T is defined by

aj; =

Ty(a) = Bx —j if z € I; and s(j) = +1,
7 1—(Bz—j) ifzel;and s(j) = —1.

Notice that T3 depends on the map s, however we do not write this dependence explicitly
in T as well as in all the notations which follow. The corresponding coding map is if
and the representation function is @”. There is only one important virtual itinerary

B .— 1im iP )
n’ ;?111 (x)

All other virtual itineraries can be expressed with the help of n° (see (2.18) and (2.19)).
The shift space obtained by the coding is

S5 :=1A(X) ={z e S} 10"z < n® vn > 0}. (6.22)
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Moreover the virtual itinerary Qﬁ satisfies

o’ <n® Yn>0. (6.23)

Notice that 3 +— Qﬁ is a strictly increasing map. Indeed, consider 3 < ' € (k— 1, k], then

hiop(Xg,0) =log f < log 3 = hiop(Xpr,0) .

Moreover by (6.22), we have
Qjﬁ' <= EQCEE,,

thus Qﬁ < n?. Finally notice that, if s = (1,—1) or s = (—1,—1), then Qﬁ = 10....
Indeed, in both cases T3(1) =2 — 3 and a1 = % Moreover for € (1,2], we have

2—5<; — [2-28+1=(B-1)2>0.

This remark must be compared to Lemma II.2.1 in [CE], where the situation is considered
in a combinatorial point of view.

Before studying in detail some properties of the generalized S-transformations, we must
introduce the tent map, which is an extensively studied particular case of the generalized
[-transformations (see for example [DGP], [CE] or [MS]). Let ¢ = 1/2, § € (1,2] and
define the tent map gz : [0,1] — [0,1] by

(z) = Bx ifr <e,
I = B(l—x) ifz>c.

The map gg is continuous and it is a member of the family of unimodal maps. Let
cn = cn(B) = gj(c) for all n > 1. The non-wandering set €2(gg) of gg is included in

Q(gs) C {0} Ulez, ]

If 3 € (v2,2], then Q(gs) is exactly this set. The interval [co,c1] is called the core of
the tent map gg. The non trivial dynamic is concentrated on the core. Finally we recall
the concept of renormalization in the special case of the tent map (see [MS]). Suppose
that 8 € (2(2_m),2(2_m+1)] for some m > 1. Then, there are m intervals Jp,...,J,, with
disjoint interior such that:

1. gg(Ji) = Jipa foralli =1,...,m — 1 and gg(Jp) = J1,

2. for all i = 1,...,m, the map gg”L]i is conjugated to the map ggm by an affine map
from J; onto [0, 1].

In other words, all asymptotic properties of the tent maps can be established for 8 €
(v/2,2], then extended on 8 € (1,2] using the renormalization. This concludes our brief
reminder about the tent map.

As we will see in this section, the different results about generalized G-transformations
are easier established when 3 > 2. Thus we will often consider separately the cases k > 3
(ie § > 2) and k = 2. This latter case splits in four cases:

1. If s = (41,+1): this case, corresponding to the g-transformations x — Sz mod 1,
is the easiest.
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2. If s = (41, —1): this case corresponds to a tent map of slope . Indeed the map Tp
is conjugated (by an affine map preserving the orientation) to gglo.c,)- All results we
prove are known for the tent maps. The structure of the proofs is often the same:
we prove a result for all 3 € (v/2,2] and then extend this result on 3 € (1,2] thanks
to the renormalization.

3. If s = (=1, +1): this case also corresponds to a tent map of slope . Indeed the map
T is conjugated (by an affine map changing the orientation) to gglic,.c,- We never
consider this case, because it is conjugated to the case s = (+1, —1) restricted to a
well-chosen interval.

4. If s = (—1,—1): this case is the most difficult. The techniques used for the cases 2
and 3 often work for all 8 € (0, 2] with By > 1; but contrary to the tent map case,
we cannot use the renormalization to extend the proofs on 5 € (1, 2].

In a recent paper [G], Géra studied the generalized (-transformations; his approach
is very similar to the one of Parry’s papers [P1] and [P2]. By the general theorem of
Lasota and Yorke, we know that all generalized 3-transformations 73 admit a Tg-invariant
probability measure which is absolutely continuous with respect to Lebesgue measure.
For all generalized (-transformations Tj3, Géra constructed the density (with respect to
Lebesgue measure) of a Tz-invariant probability measure pg and he proved that pg is the
unique measure absolutely continuous with respect to Lebesgue measure.

6.2.1 Uniqueness of the maximal measure

We prove that the map T3 has a unique measure of maximal entropy in almost all cases.
The only gap is k = 2 and s(j) = (—1, —1), where the uniqueness of the maximal measure
is proved only for 3 € (\‘?ﬁ, 2]. We use the method presented in chapter 5 and in particular
Theorem 5.15. Thus the order =< being fixed, we choose 1 € Eg such that

o'n=n Vn >0,

and we study the graph G(n) defined in Example B at the end of chapter 4. Recall the
relations (4.9) and (4.10), expressing all virtual itineraries v/ and v/ with the help of 7.
With these notations

E({gj,yj}) ={z € E,‘: cu' 2o v Vn >0} ={z € EZ‘ co"z XnVn >0} = -

We denote by G(X({u/,v7})) the Markov diagram of % ({u’,v7}). Recall also that ~q is
an equivalence relation on the quadruples defined by

(p,a;0,0) ~1 (), d5d V) = [oPa,0%] = [o"'d,0"V].
We define a second equivalence relation on the vertices of G(3({u/,v7})) by

c=(p,a;q,b) ~o ¢ = (1, d; ¢\ V) <= (p,a;¢,b) ~1 (,d';¢, V) and
all incoming edges at ¢ and ¢’ carry the same label .

The graph G(n) is the simplification of the Markov diagram according to the equivalence
relation ~s. Finally, recall that we write

0=u =limi’(z) and =" =1limi’(x).
210 — zT1
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If s(0) = 1, then 0 = 0°°; if s(0) = —1, then 0 = On.

For Section 6.2.1, we modify slightly the notation so that it is better suited for the
study of G(n). Notice that the root of G(X({u’/,v’})) is the quadruple (0,0;0,7). The
other vertices of G(X({u?,v’})) are of the type (p,a;q,b) with p,¢ > 1 and a,b € UUV.
We consider three cases:

L. If a ¢ {0,n} and 0 = 0%, then (p,a;¢,b) ~1 (p — 1,d’;¢,b) with o’ € {0,7}. But
71 being the maximal element of Y({u’,v'}), we have o' = 0; thus (p,a;q,b) ~1
(0,0;9,b).

2. If a ¢ {0,n} and 0 = On, then (p,a;q,b) ~1 (p — 1,d’;¢,b) with @’ € {0,n}. But
7 being the maximal element of Y({u?,v7}), we have @’ = 0; thus (p,a;q,b) ~1

3. If b ¢ {u®, v}, then (p,a;q,b) ~1 (p,a;q — 1,b') with &' € {0,n}. But 0 being the
minimal element of ¥ ({u/,v7}), we have b/ = 7n; thus (p,a;q,b) ~1 (p,a;q —1,7).

Looking at the three cases, we see that for all vertices ¢ = (p,a;q,b) of G(B({u/,v7})),
there is a quadruple (p',a’;¢’,n) ~1 (p,a;q,b) with p',¢" > 0, &’ € {0,n} and, if ¢’ =
0, then p’ = 0. We are now able to define our new notation. This notation has two
main characteristics. First it contains a supplementary information, the label of all edges
incoming at a vertex; this is useful to deal with the equivalence relation ~s. Secondly
there is a precise rule to choose between all equivalent (for ~1) notations of a quadruple.
Henceforth, the root of G(X({u’,v7})) is denoted by (R;0,0,0,7) (recall that there is no
incoming edge at the root); the symbol R is an exceptional symbol identifying the root. A
vertex ¢ = (p, a; q,b) of G(X({w’,v7})) (except for the root) is denoted by (ap_1;p',d';¢',n)
with p’,d’, ¢’ defined by: B

1. (plvgl;q/7ﬂ) ~1 (p7Q7Q7b)7
2. p',¢" >0, p,q are minimal, o’ € {0,n} and p’ =0 if o’ = 0.

Notice that this notation is well-defined: since c is not the root, p > 1. Moreover, there
exist unique p',¢’, o’ satisfying the requests. We get G(n) by identifying the vertices of
G(X({u?,v7})) having the same (new) notation. As before, we use an unordered notation

(4sp,a;q,b) if oPa < o9,
(p;iq,bsp,a) if oPa - 0%

(j;p,a;q,b) :{

The next proposition gives the main properties of the graph G(n).

Proposition 6.22. The root of G(n) is the verter (R;0,0;0,7). All other vertices of G(n)
are of the type (j;p,a;q,m) with j € Ak, p,q > 0, a € {0,n}; moreover, p = 0 if a = 0.
The root has k successors. For all 0 < j < k — 2, the j-successor of the root is the vertex
(7;0,0;0,m). The k — 1-successor of the root is the vertex (k —1;0,0;1,n) if s(k—1) =1,
it is the vertex (k—1;1,1m;0,n) if s(k —1) = —1. Let c = (j;p,a;q,m) be a vertex of G(n),
except for the root. If ¢ has gnly one successor ¢, ie a, = 14, then a a

(ap;p+1,a;9+ 1) ifa
c— ¢ =14 (ap;0,0;q+1,7) if
(apiq+1,1;0,n) if

and s(0) = +1,
and s(0) = —1.

IS]
I

YR
0
0

[S]
I
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If ¢ has at least two successors, ie a, < 14, then

o (14:0,05q+1,m) if s(ng) = +1,
(Ngiq+1,1m;0,m)  if s(ng) = —1,

¢ L (4;0,0,0,) Va, <j <.

Proof: We apply Lemmas 4.3, 4.5, the equivalence relation ~5 and our convention of
notation. |

If s=(1,—1) or s = (—1,—1), we already noticed that % = 10.... In Figure 6.6, we
draw the beginning of the graphs G(n) in both cases. a

0 0

O Q)

(0:#;0) (0:#;0)

Figure 6.6: The beginning of G(n). On the left, the case s = (1, —1) and n = 10.. .; on the
right, the case s = (—1,—1) and = 10.... The notation (j;p;q) stands for the vertex
(451,15 ,m) and the notation (j;#;¢q) for the vertex (j;0,0;q,7).

Theorem 6.23. Let k > 2, s : Ay, — {1,—1} and § € (k — 1,k] and consider the
corresponding generalized [(-transformation Tg. If s # (—1,—1), then Tz has a unique
measure of maximal entropy. If s = (—1,—1) and § > /2, then Tjs has a unique measure
of mazimal entropy.

Proof: Let n = n°. By Theorem 5.15, we must show that G(n) has a unique communi-
cating class of maximal spectral radius. Let ¢ = (j;p,a;q,n) be a vertex of G(n). Let ||
denote the length of the corresponding interval in [0, 1], ie

el = P2 (0%1) — Po (0P a)].
By the monotonicity of the map z +— i%(z), we have that 2 € X N [@ﬁo(apg)@?o(aqg)]
implies 1°(z) € [0Pa, 09b]. Now we distinguish the cases.

1. If B > 2, we prove that all vertices of G(n) without the root are a communicating
class. Let V denote the set of vertices indexed by j for j < k — 1. From any vertex
of V', we can reach in one step all successors of the root. If we prove that there is a
path from each vertex ¢ to a vertex of V', we are done. Let ¢y be a vertex of G(n).
If ¢y has n > 3 successors, then by Lemma 6.22, n— 2 of them are in V. Otherwise if
co has one successor, define ¢; as this successor; if ¢y has two successors, define ¢; as
the one such that |c;| is maximal. Since the slope of T is £/3, we have |ci| > §|Co|.
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If ¢; has at least three successors, then at least one of them is in V. Otherwise define
¢y as the successor of ¢; such that |cg| is maximal. Continuing in this manner, we
find a vertex ¢, such that 3
n
eal = () leol

Since 3/2 > 1 and |¢,| < 1, this sequence is finite and there is a path from ¢ to V.

2. If s = (1,1), this is the [-transformation and it is well-know that it has a unique
measure of maximal entropy (see [T] and [H1]). By the way, it is easy to see that
all vertices of G(n) except for the root form a communicating class.

3. If s = (1,—1). The beginning of the graph is drawn in Figure 6.6 Suppose first that
B € (v/2,2]. Let V be the set of all vertices of G(1) except for the root and the
vertex indexed by the word 0. We prove that V is stljongly connected. Let v € V be
the vertex indexed by the word 1; we have v = (1;1,7;0,7n). There is a path from v
to ¢ for all ¢ € V. Consider a vertex cg € V. Define a se&uence {¢i}i by induction:
¢; is the successor of ¢;—1 such that |¢;| is maximal. We claim that there exists n
such that ¢, and ¢,1 have both two successors. If not, then for all m > 1,

5 g2y
eam| = - leamozl =+ = () leol

But $%2/2 > 1 and |ea;,m| < 1, thus we have a contradiction. Now suppose that
cn = (j;p,m;q,m) (notice that the case (5;0,0;¢q,n) is impossible, because v = 0n
and u' = fn). “We consider separately the cases p < ¢ and p > ¢. In both cases,
there is a path of length 2 from ¢, to the vertex (1;1,7m;0,7n) (see Figure 6.7). Thus
V is strongly connected. Either V is a communicating class or we must add the
vertex indexed by the word 0 to obtain a communicating class. In both cases, there
is a unique communicating class of maximal spectral radius, thus by Theorem 5.15
a unique measure of maximal entropy. Using the renormalization, we extend this
result to all 5 € (1, 2].

- -

-, \\
(0;p+1;0) {(1;1;0)

~ 7’
~ o . -

0 1

(13pi0) ———(1:0+1;0) ———(0;+2:0)

- -

- ~

AY
(1;9+1;0) {(1;1;0)
1 1

(isp;a) _0>(0;p+1;0) T>(0;|0+2;0)

Figure 6.7: On the top, the case p < ¢; on the bottom, the case p > ¢. The notation
(45 p; q) stands for the vertex (j;p,n;¢,n).
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4. If s = (—1,1). This case is conjugated to the case s = (1,—1) restricted to an
appropriate interval, thus there is also a unique measure of maximal entropy.

5. If s = (—1,—1), the proof is very similar to the case s = (1,—1). The beginning
of the graph is drawn in Figure 6.6. Suppose 3 € (v/2,2]. Let V be the set all
vertices of G(n) except for the root and the vertex indexed by the word 0. We prove
that V is strongly connected. Let v € V be the vertex indexed by the word 1; we
have v = (1;1,7;0,n). There is a path from v to ¢ for all ¢ € V. Consider a vertex
co € V. As in case s = (1,—1), there is a path from ¢y to a vertex ¢, such that
¢n, has two successors and one of them, called ¢,+1, has also two successors. There
are three cases to consider: ¢, = (j;0,0;¢,7n), ¢, = (j;p,1;¢,n) with p > ¢ and
cn = (J;p,m;q,m) with p < g. The first one is trivial. We illustrate the other cases
in Figure 6.8. Since there is a path from the vertex (0;0,0;0,7m) to (1;1,7;0,n), V
is strongly connected. Either V is a communicating class or we must add the vertex
labeled by the word 0 to have a communicating class. In both cases, there is a unique
communicating class with maximal spectral radius.

- -

(0;#:;p+1) {(1:1;0) Y
~ 7

~ o . -

0 1

(i:p;q) —lp(l;q+1;0) T>(0;#;q+2)

- =~
~

(1;9+1;0) ! (0;#;0)

\\ ’/
N‘ X)

(isp;a) _0>(0;#;p+1) T>(1;|0+2;0)

Figure 6.8: If 8 € (v/2,2]. On the top, the case p < ¢; on the bottom, the case p > q.
The notation (j; p; q) stands for the vertex (j;p,n;¢,n) and the notation (j; #;q) for the
vertex (3;0,0;¢,7).

If B € (/2,V?2], let V' be the set V without the vertex indexed by the word 1. Let
v € V' be the vertex indexed by 10; we have v = (0;0,0;2,7n). Arguing as before,
we prove that V' is strongly connected. There is a path from v’ to all vertices
in V. Let ¢y € V', there exists a path from ¢y to ¢, and two vertices c¢pi1, Cri2
such that ¢, — cp+1 — cnt2. Moreover two vertices between ¢y, cpy1,cpnto have
two successors. If ¢,41 is one of them, we recover the case treated in Figure 6.8.
Otherwise we consider the three cases ¢, = (5;0,0;¢,m), ¢n = (j;p,1;9,m) with
p > qand ¢, = (jip,m;q,n) with p < ¢q. The first one is trivial. We illustrate
the other cases in Figu;e 6.9. Since there is a path from the vertex (1;1,7;0,7) to
(0;0,0;2,7), V' is strongly connected. As before, there is a unique commﬁnicgting
class with maximal spectral radius.

g
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(0;#;p+1)

0

(j:p:q) T>(1;q+1:0) T>(1;1:q+2) —0>(0:q+3;0)

/’_-~\\
{(1;1;0)
~

(1;,9+1;0)

e
~

1

1

(;p;q) — (0;#;|o+1)—>0 (0;p+2;0) — (0;#:p+3)

Figure 6.9: If 8 € (/2,v/2]. On the top, the case p < ¢; on the bottom, the case p > q.
The notation (j;p; q) stands for the vertex (j;p,n;¢,n) and the notation (j; #;q) for the
vertex (j;0,0;¢,7).
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Chapter 7

Normality

This chapter is devoted to the study of the normality for the maps 7, g3 and the gener-
alized [-transformations. The word ”"normal” has several meanings. We use this word
in the sense which was used by Borel when he spoke of normal number. Let (X,T) be a
measurable dynamical system and consider an ergodic measure u € M(X,T). Roughly
speaking, a point z € X is u-normal, if the frequency of times when the orbit of = visits
any set A tends to p(A). We will make precise this definition using the weak*-topology.
By the Birkhoff Ergodic Theorem, we know that u-almost all points z € X are py-normal.
We only consider piecewise monotone continuous maps with X = [0,1]. In particular,
if v is equivalent to Lebesgue measure, then Lebesgue almost all points are py-normal.
However given a point x € [0, 1], it is often very hard to answer the question: is the point
2 p-normal or not? Our approach consists to fix x € [0,1] and a family of expansions
described by a parameter k € K. Then we estimate the size of the set of parameters
k € K for which x is ps-normal, where pu, is the unique measure of maximal entropy.
First we consider the family of maps T, 3. Let pog € M([0,1],7,,3) denote the
measure of maximal entropy. In Theorem 7.8, we prove that, for any = € [0, 1], the
point z is ji g-normal for Lebesgue almost all parameters («, 3). To this end, we prove
in Theorem 7.6 an intermediate result: for all z € [0,1] and all a € [0,1) (except for
z = a = 0), the point z is 4 g-normal for Lebesgue almost all 3. In Theorem 7.10, we
prove a result that seems to be paradoxical: the plane of parameters («, ) is filled by
disjoint analytic curves along which the orbit of x = 0 is at most at one point ji, g-normal.
Finally we consider the case of generalized [-transformations Ts. Let pg € M([0,1],73)
denote the measure of maximal entropy. In Theorem 7.13, we prove that the point x =1
is pg-normal for almost all 3. As in Theorem 6.23, there is a gap for s = (=1, —1) and
(B too small. The proofs of Theorems 7.6 and 7.13 are very similar. They are inspired by
a paper of Schmeling [S]. In that paper, Schmeling considered the S-transformations Sz
mod 1 and he proved that the point & = 1 is p1g-normal for almost all 3 (ug is the measure
of maximal entropy). Finally, notice that we recover a result of Bruin in [Br|, where he
proved that the turning point of a tent map gg is pg-normal for almost all 5 (as usual,
s is the measure of maximal entropy). Indeed, the tent map is a particular generalized
(B-transformation and Theorem 7.13 is a generalization of Bruin’s results.
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7.1 Definitions

Let (X,d,T) be a compact measurable dynamical system (for the definitions, see Section
3.1.1). Recall that the set of Borel probability measures M (X) is endowed with the weak*-
topology; in particular, M(X) and M (X,T) are compact. For all z € X and all n > 1,
the empirical measure of order n at x is

n—1
1 .
Enl@) i= Y 0T € M(X),

1=0

where 0, is the Dirac mass at z. Let Vp(x) C M(X,T) denote the set of all cluster points
of {&,(x)}n>1 in the weak*-topology.

Definition 7.1. Let up € M(X,T) be an ergodic measure and x € X. The orbit of x under
T is p-normal, if Vp(x) = {u}, ie for all continuous f € C(X), we have

n—1
nlingoigf(Ti$) = /fdu.

To estimate the size of sets, we use the Hausdorff dimension and the topological en-
tropy. We recall the definition of the Hausdorff dimension dimy E; one has to compare
this definition to the one of the topological entropy hiop(E,T) (see Definition 3.4). The
similarity of these two definitions is the key of Lemma 7.2, which links hyop(E,T) and
dimg F for the shift spaces. Let (X, d) be a metric space and £ C X. Let D.(E) be the
set of all finite or countable covers of F with sets of diameter smaller than €. For all s > 0,
define

H.(E,s):=inf{» (diamB)*:C € D(E)}.
BeC
The s-Hausdorff outer measure of F is H(E,s) := lim._,g H.(E, s). The Hausdorff
dimension of F is

dimy F :=inf{s > 0: H(E,s) =0}.
The next lemma can be found in [Fu].

Lemma 7.2. For 8 > 1, consider the dynamical system (E;,dg,o) (the metric dg is
defined by (2.1)). Let E C X} be such that o(E) C E, then

htop(E, 0)
log3
Proof: Let ¢ € (0,1),5s > 0,n > 0 and C € G,(F,0,¢). Since diam B, (z,¢) < ef~m*! <

e+ for all B,,(z,¢) € C, C is a cover of E with sets of diameter smaller than e3-"*1.
Moreover

dimyg F <

3" diam (By(x,€))Pe0 < (eB)F8 Y ™.

B (z,e)eC B (z,e)eC

Thus H(E, 1025) < (Eﬁ)@C’n(E, 0,¢,5) with § = 37!, Taking the limit n — oo, we
obtain

H(E, @) < (e0)" P C(E,0,¢,5).
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If s > hiop(E,0,¢), then H(E, i775) = 0 and 35 > dimy E. This is true for all s >
hiop(E, 0, €), thus

htop(EyaaE) < htop(E7a)
log 3 ~— logp

dimg F <

O
The next lemma is a classical result about the Hausdorfl dimension, it is Proposition
2.3 in [F]. The proof is very similar to the one of the previous lemma.

Lemma 7.3. Let (X,d), (X', d") be two metric spaces and p : X — X' be an a-Holder
continuous map with o € (0,1]. Let E € X, then
dimyg F

dimp p(E) < :
(6%

Finally we report Theorem 4.1 from [PS]. This theorem is used to estimate the topo-
logical entropy of sets we are interested in.

Theorem 7.4. Let (X,d,T) be a compact continuous dynamical system and FF C M(X,T)
be a closed subset. Define

E={zxeX :Vp(zx)NF #0}.

Then

hiop(E,T) < sup hr(v).
veF

7.2 Normality for the map Sxr + a mod 1

In this section, we study the normality for the map T, 3 = Sz +a mod 1 with 8 > 1 and
a € [0,1). Notice that the set S, where T, 5 is not well-defined, depends on the parameters
a, 3. We want to work with x € [0,1] fixed and «, § varying. This could be a problem,
because T, g(x) may be not defined for a big subset of the set of parameters. Since all
laps of Ty, g are increasing, there is a convenient way to modify the definitions of the map
T, s and the coding i®P8_ in such a way that T, is well defined for all € [0,1). Until
here, the map T, 3 was defined on X; = [0,1]\:Sp and 17 5 was defined on X = [0,1]\S
for all n > 0. Henceforth, we extend the definition of T}, g3 on [0,1) by right-continuity.
We summarize the modifications. The set Sy remains unchanged, the intervals I; are now
defined as I := [a;,a;j11) for all j € Ag. The maps f; : I; — [0,1) are always given by

filx) =pz+a—7j,

and the map T, 5 : [0,1) — [0,1) is defined by Ty |7, = f;. Defined in this manner, the
map Ty g is right-continuous. The coding map i%f . 0,1) — Ez is defined using the
intervals I;

1%9(2) = 1§ (2)i0P () ... with 19%(z) = j <= T 4(2) € L.

As in Lemma 2.4, we can prove that i®? is right-continuous on [0,1). The map P -

[0, k] — [0, 1] remains unchanged; in particular, the map ng : E;f — [0,1] is continuous
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by Theorem 2.12. Using the right-continuity of i*# and the continuity of @&ﬁ , we check
that the point 2 of Theorem 2.15 becomes
T75(z) = 7%  00™ 0 i%F(z) VY €[0,1). (7.1)
The definition of the virtual itineraries u®” and v*? remains unchanged. It is easy to
check that u®® = i%6(0), 1*9([0,1)) = X, and the inequalities (6.4) remain true.
Finally, notice that it is also possible to extend the definitions of 7, g and i%# on (0,1]
by left-continuity. In this case, we define the intervals I; := (a;, aj+1] and (7.1) is true for
all z € (0,1].
In [P2], Parry constructed a measure po g € M([0,1],Tq 3), which is absolutely con-
tinuous with respect to Lebesgue measure. Its density is (A is the Lebesgue measure on

[0,1])

d 1 Lecrn 1) = Lacrm (0)
hap(@) i= =22 ( > —f .

= @)= No.3 gn+t ’ 7-2)

n>0

with N, 3 the normalization factor. In [Ha], Halfin proved that h, g(z) is nonnegative
for all z € [0,1]. By Formula (3.6), the topological entropy of the dynamical system
(Xa,0) is log 8. Hofbauer showed in [H4] that it has a unique measure of maximal
entropy fia,g € M(X4,3,0) (Proposition 6.15 is a big part of this proof). By Proposition
5.7, the dynamical system ([0,1], T, g) has a unique measure of maximal entropy given
by fia,p © (¢§f )~!. Finally, Hofbauer proved in [H2] that fi, s o (@3‘55 )~1 is absolutely

continuous with respect to Lebesgue measure. Since the measures p, g and fiq go (@8‘55 )t
have both strictly positive densities at 0 and 1, they are equal

Ma,p = ,aoz,ﬁ o (@géﬁ)_l .
7.2.1 Normality in the whole plane («a, ()

We give a lemma which shows that for given x and «, there is exponential separation
between the orbits of z under the two different dynamical systems T, g, and T, g, .

Lemma 7.5. Let z € [0,1), a € [0,1) and 1 < 31 < Ba. Define l = min{n > 0: il (x) #
i2(x)} with i7(z) = i%% for j =1,2. If x # 0, then

o

By — B < 22550
X

If t =0 and o # 0, then
e
B— < gyt

Proof: Let 6 := (B3 — 1 > 0. We prove by induction that for all m > 1, i[l0 m) (x) =

i2 . (z) implies
[0,m) .
T3 () = 11" () = By o,

where T; =T, g,. For m =1,

To(z) — Th(z) = fox + a — ig(z) — (Biz + o — ij(z)) = 6.
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Suppose that this is true for m, then i[10,m+1) = 1[207m+1) implies

T (@) = T (@) = BoT3" (2) + a — ify(2) — (BT (2) + @ — i, (2))
= Bo(T3" (x) — 17" (x)) + 617" () = 336z .
—m—+1

On the other hand, 1 > T§*(z) — T{"(x) > By '6x. Thus § < ’BQT for all m such that
i[lo,m) = i[207m)' If x =0, then T (x) = T>(z) = o and we can apply the first statement to
y=a>0. L

Now we can state our first theorem and its corollary about the normality of orbits
under T;, 3. The proof of the theorem is inspired by the proof of Theorem C in [S], where
the case z = 1 and o = 0 is considered. The 1-dimensional Lebesgue measure is denoted
by A.

Theorem 7.6. Let x € [0,1) and a € [0,1) except for (x,a) = (0,0). Then the set
(B> 1: the orbit of i%%(x) under o is fin g-normal}

has full Lebesgue measure.

Corollary 7.7. Let x € [0,1) and o € [0,1) except for (x,a) = (0,0). Then the set
{8 > 1: the orbit of x under T, g is f1q,g-nOTmMal}

has full Lebesgue measure.
If oo =0, then the orbit of x = 0 under Ty, g is never ji, g-normal.

Notice that the theorem and its corollary may also be formulated for x € (0, 1] using
a left-continuous extensions of T, g and i*# on (0, 1].
Proof of the theorem: We briefly sketch the proof. It is sufficient to consider a finite
interval [3, 3], since there is a countable cover by such intervals. We use the uniqueness of
the measure of maximal entropy fia,g: for x € ¥, g not fi, g-normal, there exists v € V,(z)
such that hy(v) < he(fla,s) = log B. Therefore we cover the set of abnormal 3 in [3, 3] by
sets Qn, N € N, B

Qn = {6 €8,0] : {£.(%(x))}n clusters on v with hy(v) < (1 —1/N)log 3} .

We consider each 2y separately and cover them by appropriate intervals, which we gener-
ically denote by [f1, #2]. The main idea is to imbed {i®%(x) : 8 € [81, 2]} in a shift space
¥ = 3(u*,v*) with «* and v* well chosen. Writing D* C ¥* for the range of the imbed-
ding, we estimate the Hausdorff dimension of the subset of D* corresponding to points
i%0(z) which are not fi, g-normal. Then we estimate the coefficient of Hélder continuity
of the map p, defined as the inverse of the imbedding. This gives us an estimate of the
Hausdorff dimension of the non fi, g-normal points in the interval [51, (a].

To obtain uniform estimates, we restrict our proof to the interval [3, 3] with 1 < 8 <

B < oo. All shift spaces below are subshifts of ¥, with k = [a + 8]. Let Q := {3 €
[3,8] : i%F(z) is not fi, g-normal}. For 8 € Q, we have V(i (z)) # {fia,3}. Since fia g

is the unique T, g-invariant measure of maximal entropy log 3, there exist N € N and
v € V,(i%P(z)) such that h,(v) < (1 — 1/N)log 3. Setting

O = (B € [8.7) : v € V(1% (x)) s.t. ho(v) < (1 1/N) log 3},
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we have Q = (Jy>; Qnv. We will prove that dimy Qn < 1, so that A(Qx) = 0 for all
N >1. -

For N € N fixed, define ¢ := % > 0 and § := log (1 —{—5/5). Let 8 € [B,0].
Following Proposition 4.10, choose Lg such that

htOP(Zy’,y’a o) < htOP(Ea,ﬂa o) +4/2,

for all pairs (v, v) satisfying (6.11), QEO,Lg) = g[oé”/BLB) and QEO,L )= [0 L o) Choose gz € Q
such that log 3 — 6/2 < logqg < log 3. Let

a,B aﬁ/ _ ap
J(B: Lg,qp) = {0 € [ap, 0] : u OLﬁ) = U1 Vo) = Yoy -

This set is an interval, since the maps 3 u®?" and B v*%" are both monotone in-
creasing. Moreover 3 € J(3, Lg, qg). Notice also that the family {J(3, Lg,qg) : 5 € [3, ]}

is countable. Indeed the interval J(8, Lg,qg) is entirely characterized by u[oi ) 7[0’[2[3)
and gg. But there are only countably many triples in A} x A7 x Q. Thus {J(8, Lg,q3) : 5 €
[, 0]} is a countable cover of |3, §]. To prove that A(Q2y) = 0, it is sufficient to prove that
MQNNJ(B,Lg,q3)) = 0for all 8 € [3,3]. The interval J(83, Lg, gz) may be open, closed or
neither open nor closed. We need to ‘work on a closed interval, thus we prove an equivalent
result: for any closed interval [, B2] C J(5, Lg, qp), we have AX(Qn N [B1, B2]) =

Let v/ = g‘lﬁj and v/ = gaﬁj. Using (6.4) and the monotonicity of § +— u®P and
B — v*? we have

1

[\

< Vn >0,

VYn > 0.

=

LA TA
\@

b
A TA
|

b

S

Tyt
<o

\:Q

ul!

\ C

Hence the couple (u',v?) satisfies (6.11) and we set ¥* := X (u',v?) and

D*:={zeX*:36 €A, [ s.t. z =i (x)}.

We define a map p, : D* — [y, 3] by pu(2) = B <= i%P(z) = z. This map is well
defined: by definition of D*, for all z € D* there exists a 3 € [31, £2] such that z = 1%7(z);
moreover this 3 is unique, since by Lemma 7.5, § — i®0(z) is strictly increasing. On the
other hand, for all g € [31, B2], we have from (6.5)

ul < ua,ﬁ < O.niocﬁ(x) < Qa,ﬁ <02 Vn> 0,

whence 1%F(z) € %* and p, : D* — [B1, B2] is surjective. Let log By := hiop(X*, 0); then
by Proposition 4.10

log B« = hiop(E*,0) < hiop(Xa,8,0) +9/2 =log B+ /2.
By definition of ¢, we have log 8 — /2 < log g3 < log (1, thus log 3* < log 1 + ¢ and
B =P < Pui(e® —1) <e. (7.3)

Let us compute the coefficient of Holder continuity of p. : (D*,dg,) — [B1,32]. Let
z# 2 € D" and n =min{l > 0: z; # 2/}, then dg,(2,2') = ;™. By Lemma 7.5,

log 81

p4(2) = px(2)] < Cpu(2)™" < CB" = COldp, (2, 2))TosPx
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where

5 ifx#£0
c_ls if x #
5 ifx=0.

By equation (7.3) and the choice of e, we have

Slog B ﬂllogﬁl
B 51_2]\7 = O — 01 < w7 SN
= 1+ ———F b, = b1 <1 L

Gilogh = 2N 1

log B + 252 oN
log 31 ~ 2N -1

log 61 S log 31 > 1 1

log B« — logﬁl—l-% = 2N’

In last line, we use the concavity of the logarithm, so the first order Taylor development
is an upper estimate. Thus p, has Holder-exponent 1 — W
Define

Gy ={z€e X" : e V,(2)st. ho(v) < (1—1/N)log S} .
Let 3 € Qn N [B1, B2]. Then there exists v € V,(i®%(x)) such that

ho(v) < (1—=1/N)log 8 < (1 —1/N)log B

Since 1*%(z) € D* C ¥*, we have 1*%(z) € G%,. Using the surjectivity of p., we obtain
QN N[B1,B2) C p«(GyND*). We claim that hiop(Gly,0) < (1 —1/N)log 3. This implies,
using Lemmas 7.3 and 7.2,
dimg (Qx N [ﬂl,ﬁg]) < dimg p«(Gy N D¥)
_dimp Gy hop(GRo) _ 1-

T ol-gk T (1-5h)logB T 1— ok

Thus A(Qn N [B1,02]) =0
It remains to prove hiop (G, 0) < (1 —1/N)log fs. Recall that (see Definition 3.2)

he (v )—suphm H \/T TA),

where the supremum runs over all finite Borel partitions A. By Theorem 3.3, the partition
Ay :={[j] : j € Ax} is such that h,(v) = hy(v,.A1). Thus

he(v) = lim 1H(V, A,
non
where A,, = {[w] : w € L(X*),|w| = n}. Since the cylinders are both open and closed,

for all w € £L(X*), the map v — v([w]) is continuous in the weak*-topology (see Theorem
30.10 in [Ba]). Thus

vi— Hv, A,) = — Z v([w]) log v([w])

[w]€A,
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is continuous in the weak*-topology, as a finite sum of continuous functions. Moreover
LH(v, A,) is decreasing in n. For all m > 1, we set

1
Fi(m) = {v € M(S",0) - ~H(v, An) < (1~ 1/N) log 4.}
Giy(m) = {2 € % : Vy(2) N Fiy(m) £ 0}
Let z € GY, then there exists v € V,(z) such that ho(r) < (1 — +)logfB,. Since
LH(v,Ap) | ho(v), there exists m > 1 such that L H (v, Ay,) < (1 —1/N)log B, whence
v € F;;(m) and z € Gy(m). This implies Gy C U,,>; Gy (m). Since v — H(v, Ay) is
continuous, F};(m) is closed for all m > 1. Finally we obtain using Theorem 7.4

htop (G, 0) = sup hiop (G (m),0) <sup sup hy(v)
m m veF5 (m)

1
<sup sup —H(v, Ay)<(1-1/N)logp..
m veF} (m) m

O
Proof of the Corollary: Let ﬂ > 1 be such that the orbit of i%# ( ) under o is fiq g-

normal. Let f € C([0,1]), then fi%a 3 — R defined by fi=fo gooo is continuous, since

72 2F is continuous. Using piq,g := fla,3 © (90 ’ﬂ)

n—1
| flap= [ Fdias = i 3 flo's%(a)
[071] Za,ﬂ n—oo i=0

n—1
= lim Zf @ (o'1*0 (@) = lim Y f(T5 5()) -
=0

we have

The second equality comes from the fi, g-normality of the orbit of i%8(z) under o, the

last one is (7.1) which is true for all x € [0,1) with our convention for the extension of

T, and i%? on [0,1).

The last statement is trivial: if & = 0, then T 5(0) = 0 for all n > 0. O
The next step is to consider the question of j, g-normality in the whole plane (¢, 3)

instead of working with « fixed. Define R :=[0,1) x (1, c0).

Theorem 7.8. For all x € [0,1), the set
N(z) :== {(o, B) € R : the orbit of x under T, 3 is fiq,g-normal}
has full 2-dimensional Lebesque measure.

Proof: We only have to prove that N (z) is measurable and to apply Fubini’s Theorem
and Corollary 7.7. The first step is to prove that for all z € [0,1) and all n > 0, the maps
(o, B) = i%P(2) and (a, B) — 17 5(x) are measurable. First notice that for all n > 1

1

i 3 12(z) gt (7.4)
=0

8 — 1 ,

J

wp)=p0"r+a

The proof by induction is immediate. To prove that (a, 3) — i%(z) is measurable, it is
enough to prove that for all n > 0 and for all words w € A} of length n

{(c,8) € R: il (2) = w}

92



is measurable, since the o-algebra on Z; is generated by the cylinders. This set is the
subset of R? such that

g>1,
0<a<,
wj<ﬁTOJ;ﬁ(:U)+a§wj+1 VO<j<n.

Using (7.4), this system of inequalities can be rewritten

81,
0<a<l,
o> Faks (SLywd ™ - @) vo<j<n,

a< % 1 +Zg:0wiﬂj_i —ﬂj+1x) VO<j<n.

From this, the measurability of i*# follows. If (a,f) — i®Pf(z) is measurable, then
by formula (7.4), (a,8) — T} 5(x) is clearly measurable for all n > 0. Then for all
f € C(]0,1]) and all n > 1, the map («, 3) — S, (f) = %Z?:_Ol (T;B(x)) is measurable
and consequently

{(a, B) : nlingo Sn(f) exists}

is a measurable set.
On the other hand, if f € C([0,1]), then (a, 3) — [ fdua,pg is measurable. Indeed

[t = [ fhosar

and in view of equation (7.2) and the measurability of («, 3) — Ty g(z), the map (a, §) —
ha,g is clearly measurable. Therefore

(@0 lim ,(1) = [ Fdos)

is measurable for all f € C([0,1]). Since [0,1] endowed with the euclidian metric is a
complete and separable metric space, there exists a countable subset { f, }men C C([0,1])
which is dense with respect to the uniform convergence (see Lemma 31.4 in [Bal]). Then
setting

Dy, :={(a,B) €R: nh—%lo Sn(fm) = /fmd:ua,ﬁ}v

we have N(z) = (,,eny Dm, whence it is a measurable set. O

7.2.2 Normality along particular curves

We have shown that for a given x € [0, 1), the orbit of  under Tj, 3 is jiq g-normal for
almost all (o, 3). The orbits of 0 and 1 are of particular interest (see equations (7.2)). Now
we show that through any point («y, Bp), there passes a curve defined by a = a(f3) such
that the orbit of 0 under T,(g) 5 IS fiq(g),s-normal for at most one 3. A trivial example of
such a curve is a = 0, since x = 0 is a fixed point. The idea is to consider curves along
which the coding of 0 is constant, ie to define () such that u®(#)# is constant.
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Define
U = {geEZ:EI (o, B) € R s.t. g:ga’ﬁ}.

We define an equivalence relation in R by
(@, 8) ~ (. 3) = u™? =u”F.

An equivalence class is denoted by [u] := {(o,3) € R : u®? = u}. The next lemma
describes [u].

Lemma 7.9. Let u € U and set

Then there exists 3, > 1 such that

[u] = {(a(8), ) : B € Ju}
with Jy, = (Bu, 00) or Jy = [Bu, 00).

Proof: If u = 0, then the statement is trivially true with o(3) = 0 and 3, = 1. Suppose
u # 0°°. First we prove that

(a’ﬂ) ~ (alvﬁ) == a=aqa,

then
(a,0) € [u] = (a(B),0) €] V6 >0.

Let (a,3) € [u]. Using (7.1), we have @3‘5’8(0@) = T, 5(0) = . Since the map o —
229 (ou) — a is continuous (Theorem 2.12) and strictly decreasing (Lemma 6.1), the first
statement is true. Let 3 > 3. By Corollary 6.8, we have that 7 (ou) > ¢ (ou).
Therefore there exists a unique o/ < « such that goa/’ﬁ, (cu) = o'. We prove that go‘lﬁ/ =u.
By Proposition 6.4, we have u < u P By Proposition 6.15, we have

htop(Z%ya/,@/ y O') = htop(Za’,ﬁ’, O’) = IOg ﬁ/ .
Since Xo 5 = X, 4o and 3’ > 3, we must have @8 < @F" Therefore

o"u < P < v >0
alvﬁ/ < O—nya/aﬁ, j Qalvﬁl Vn 2 O7

I
PN

I
IA
I

are the inequalities (6.21) for the pair (u,v®?). We can apply Proposition 6.10 and
Theorem 6.20 to this pair and get u = u®?". It remains to show that o/ = a(f').
Applying the formula (2.17) to u®?, we have for all (o, 3) € R

us?
O‘:(ﬁ_l)Zﬁgj‘H'

320

Since for all 3 > 3,, we have u € ¥, g, this completes the proof. O
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For each u € U, the equivalence class [u| defines an curve in R, which is strictly
monotone decreasing (except for u = 0°°),

W ={()a=(F-DY 45 fe L.

7>0

Since 3 > 1 and uj; < k — 1, the sum is uniformly bounded on any interval |3, c0) with
Bo > 1. Thus each curve is analytic. Moreover these curves are disjoint two by two and
their union is R.

Theorem 7.10. Let (o, 3) € R, u = u*? and define a(B) and 3, as in Lemma 7.9. Then
for all B> By, the orbit of x =0 under T g 5 is not pin(z),g-normal.

Proof: Let o € M(X],0) (with k large enough) be a cluster point of {€,(u)}n>1. By
Lemma 7.9, u*(®):# = y for any 8 > Bu. Therefore

ho(ﬁ) < htop(za(ﬁ),ﬁa 0) = loglg vﬁ > 5g

and 7 is not a measure of maximal entropy. Moreover i,(5)8 = fla(g),3 © (@&Sﬂ )8 )t
is the unique measure of maximal entropy for Ti,(g) 3. Thus vg := U o (@%ﬁ )8 =
M([0,1], T,(g),3) is not a measure of maximal entropy for all 8 > . O

Recall that
N(0) = {(c, B) € R : the orbit of 0 under T, g is jiq g-normal} .

By Theorem 7.8, N'(0) has full Lebesgue measure. On the other hand, by Theorem 7.10,
we can decompose R into a family of disjoint analytic curves such that each curve meets
N(0) in at most one point. This situation seems to be paradoxical, but it is very similar
to the one presented in [Mi] by Milnor following an idea of Katok.

Finally notice that, in Lemma 7.9, we construct curves along which the coding of x = 0
is constant. What happens when we consider z € [0,1]? From (2.17), it is possible to
show that for any = € [0, 1] and any z, we have

{(a, ) e R:i%(2) =z} C {(a, B) : v = x+zﬁ]+1
7>0
We can define J(z,z) € (1,00) as the unique set such that
{(a,p) e R:i%(z) =2} = {(a, f) : B € J(z,z) and o = (3 — 1)( x+253+1
3>0

Unfortunately, we have no proof that J(z,z) is an interval except if x =0 or z = 1.

7.3 Normality in generalized g-transformations

In this section, we consider the question of the normality in the generalized S-transformations
Ts. We work as before: x = 1 is fixed and we estimate the size of the subset of the pa-
rameters for which x is pg-normal. The structure of the proof is very similar. Since the
tent maps are a particular example of generalized (-transformations (they correspond to
k =2 and s = (1,—1)), we recover a result of Bruin in [Br]. Notice that the proofs are
very different.
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Contrarily to the case of T, 3, we consider only x = 1, because we do not have a proof
of the exponential separation of orbits for all z € [0, 1], but only for = 1. However, the
orbit of 1 is the most important orbit in this dynamical system. For example, it appears
explicitly in the density of the invariant measure pg (see [G]). The orbit of 1 is defined
by Tg(l) =1, T3(1) = v := limyy T3(z) and for all n > 2,

TH(1) =Ty '(y) ifyeX.

If v ¢ X, then the orbit of 1 is not well-defined. Remember that the set S = S(f3)
depends on the parameter 3. For the map T, 3, we solved this problem by an extension of
the definition of the orbit on [0, 1); this was possible, because all laps of T, g are increasing.
In this case, we will simply show that the set of 5 such that v ¢ X is countable, hence
negligible.

Lemma 7.11. For any family of generalized B-transformations defined by (sn)o<n<k, the
set {f € (k—1,k]:veS(B)} is countable.

Proof: For a fixed n > 1, we study the map 8 — Tg(’y). This map is well defined
everywhere in (k—1, k] except for finitely many points and it is continuous on each interval
where it is well defined. Indeed this is true for n = 1. Suppose it is true for n, then T’ ELH( 1)
is well defined and continuous wherever Tg(l) is well defined and continuous, except for
Tﬁn(l) € So(). By the induction hypothesis, there exists a finite family of disjoint open
intervals J; and continuous functions g; : J; — [0, 1] such that (k — 1, k]\(J; J;) is finite
and
Ty(x) = g:i(B) i BeJ;.

Then

{B € (k—1,k: T(1) is well defined and T§(1) € So(8)} = | J{B € Ji : 9:(8) = Iy

/Z:7j

=@

We claim that {5 € J; : g;(B) = %} has finitely many points. From the form of the map
T, it follows immediately that each g;(3) is a polynomial of degree n. Since 3 > 1,

aB) =2 =  pup) -j=0.

This polynomial equation has at most n + 1 roots. In fact, using the monotonicity of the
map [ +— Qﬂ , we can prove that this set has at most one point. The lemma follows, since
S(B) = Unzo Sn(B). O

Notice that, using the strict monotonicity of 3 — n?, we could prove that, for all i
and 7, the set {8 € J; : ¢i(B) = %} has at most one point. But the proof we gave here
is easily adapted to prove that, for all x € (0,1), the set {8 € (k — 1,k] : x € S(B)} is
countable. The next lemma is an equivalent of Lemma 7.5 in the case of the generalized
(B-transformations. It states the exponential separation of the orbits of x = 1 under two
maps T3, and Tjg,. Notice that we consider only x = 1, contrary to Lemma 7.5.

Lemma 7.12. Consider a family {Tg}g>1 of generalized B-transformations defined by a
sequence s = (Sp)o<n<k- Let k—1 < f1 < [y < k and ﬂj = Qﬁj for 7 = 1,2; define
[ :=min{n >0: Q}z # Qi}

If k > 3, for all By > 2, there exists K such that B1 > By implies

Bo— B < KBy
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If s = (+1,+1), then

Bo— 01 < kB

If s = (+1,-1) or (—1,41), then for all By > 1, there exists K such that 31 > [y implies
By — P < KBy

If s = (—1,—-1), then there exists By > 1 and K such that 1 > [y implies
By — B < KBy

The proof is very similar to the proof of Brucks and Misiurewicz for Proposition 1 of
[BM], see also Lemma 23 of Sands in [Sa].
Proof: Let 6 := (2 — /1 > 0 and denote T = T}, and i7 = i% for j = 1,2. Let
b1, b € [0,1] such that r := i{(b1) = i%(b2). We consider four cases according to the signs
of by — by and s,. If by — by > 0 and s, = 1, then

Ty(b2) — T1(br) = Poba — 1 — (Bib1 — 1) = Baby — (B2 — 0)b1 = Ba(bz — br).
It by — b, < 0 and s, — 1, then
T1(b1) — Ta(b2) = Prby — 7 — (Baba — 1) = (B2 — 0)b1 — Paby = Ba(b1 — b2) — 6.
It by — by > 0 and s, = —1, then
Ti(b1) = To(bz) =1 — (Bibr — 1) — [1 = (Baba — 1)] = Baba — (B2 — 6)br = Ba(b2 — b1).
If by — by < 0 and s, = —1, then
To(bg) — Ti(b1) =1 — (B2by — 1) — [L = (Bib1 — 1)] = (B2 — 0)b1 — Paba = Ba(br —ba) — 4.

In four cases, we have

[ T2(b2) — T1(b1)| > Balbz — b1 — 6.
Applying this formula n times, we find that i[lO ) (b1) = i[Q0 n)(bg) implies

)
730) 77001 = 5 (o2~ il = 5" ).

Consider the case k > 3. Set b; = T;(1) for i = 1,2; we have

1) 1)
bo — b1l =6 > > )
b2 = bi] Bo—17 Ba—1

Using |T5'(b2) — T7'(b1)| < 1, we conclude that for all Gy < 1 < (o, if ﬂ[lo n = ﬂ[20 ) then

Bo—1
0 <
~ Bo—2

For the case s = (+1,41), we can apply Lemma 7.5 with o = 0 and = = 1.
The case s = (+1,—1) and (—1,+1) are considered in Lemma 23 of [Sa].

52—71-‘1-1 .
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For the case s = (—1,—1): for a fixed n, we want to find [y such that for all Fy < 81 < o
such that (1, 82 belongs to the same interval of continuity of g — Tg(l)7 we have

5
Bo—1
Then setting b; = T;*(1), we conclude as in the case k& > 3. Formula (7.5) is true, if

[45T5 (1) > 5 for all B> fy. We have T(1) =2 — 8, T3(1) = 1 — (2 - 8) = (8 — 1)
and

T3 (1) =T ()] > (7.5)

T3(1) = {1 —B(B-1)? i (6-1)* <1/8,

2-p(B-1)* if (B-1)*>1/8.
Thus f573(1) = —36% + 43 — 1 and ]%Tg(l)\ =362 - 48+ 1 for all 3 € (1,2]. Then

T5(1)| > 511 —= 3B -T2 +58-2>0 < [>1.52818....
Thus the last claim is proved for Gy = 1.52818. Considering greater n, it is possible to
obtain smaller fy. This is illustrated in Figure 7.1, where we plot the graphs of T7(1)
and ]%Tg(lﬂ for n = 1,2,3,4,5. With n = 4, we get §y = 1.5; with n = 5, we get
Bo = 1.40796. . .. d
In the tent map case, the separation of orbits is proved for 8 € (v/2,2] and then
extended arbitrarily near ) = 1 using the renormalization. In the case s = (—1,—1),
there is no such argument and we are forced to increase n to obtain a lower bound (.
Now we turn to the question of normality for generalized g-transformations. The
structure of the proof is very similar to the proof of Theorem 7.6 and Corollary 7.7.

d
]

Theorem 7.13. Consider a family {T3}r—1<p<rk of generalized 3-transformations defined
by a sequence s = (sp)o<n<k- Let Bo be defined as in Lemma 7.12. Then the set

{B > Po : the orbit of Q/B under o is fig-normal}
has full \-measure.

Corollary 7.14. Consider a family {T3}g~1 of generalized B-transformations defined by
a sequence s = (sp)n>0. Let By be defined as in Lemma 7.12. Then the set

{8 > By : the orbit of 1 under Ty is pg-normal}
has full \-measure.
Proof of Theorem: Let
By :={f € (Bo,00) : 1 ¢ S(3)}.

From Lemma 7.11, this subset has full Lgbesgue measure. To obtain uniform estimates,
we restrict our proof to the interval |3, 5] with fp < 8 < f < oo. Let k := [3] and
Q:={B e, BN By : Qﬁ is not fig-normal}. As before, setting

Oy = {B€[8,B8NBy: e V,(n°) st. ho(v) < (1—1/N)logf},
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we have QQ = UNzl Qn. We prove that dimyg Qy < 1. For N € N fixed, define ¢ :=

g}fﬁ? > 0 and L such that ﬂﬁ),L) = Q[BOI’L) implies |3 — | < e (see Lemma 7.12). Consider

the family of subsets of 3, 3] of the following type

J(w) = {8 € (8.7 nf) ) = w},

where w is a word of length L. J(w) is either empty or it is an interval. We cover
the non-closed J(w) with countably many closed intervals if necessary. We prove that
AQn N [@hﬁg]) = 0 where 31 < 33 are such that ﬂ/[%l,[/) = ﬂ[ﬁ()?,L)'

Let / = Qﬁi. Let

D*:={z¢€ e 3B € |61, B2] N By s.t. g:gﬁ}.

Define p, : D* — [B1,B2] N By by pi(2) = B < 0’ = z. As before, from formula (6.22)
and strict monotonicity of 3 — 1, we deduce that p, is well defined and surjective. We
compute the coefficient of Holder continuity of p, : (D*, dg,) — |01, 02]. Let z # 2/ € D*
and n =min{l > 0: z; # 2}, then dg, (2,2') = 5, ™. By Lemma 7.12, there exists C' such
that

log 81

|p(2) = pu(2)] < Cpul(2) ™" < OB = C(dp, (2, 2)) =5 .
By the choice of L and e, we have

log 51 S1- L
log B« — 2N’

thus p, has Holder-exponent of continuity 1 — ﬁ Define
Gy ={z€e X" : e Vy(2)st. ho(v) < (1—1/N)log S} .

As before, we have Qn N [B1, 2] C p«(Gy N D*) and hiop(Gh,0) < (1 — 1/N)log fs.
Finally dimg(Qx N [B1,82]) < 1 and X\(Qy N [B1, B2]) = 0. L
Proof of the Corollary: The proof is similar to the proof of Corollary 7.7. Equation
(7.1) holds, since we work on By. O

7.4 Concluding remarks

We recall Theorem C of Schmeling’s paper [S]. Schmeling considers the family of -
transformations T3 := Bx mod 1; it corresponds to generalized [-transformations with
s(j) = +1 for all j € Ag. Schmeling’s Theorem asserts that for Lebesgue almost all 3 > 1,
the virtual itinerary ﬂﬂ is fig-normal. This theorem is a particular case of Theorem 7.6
(take @« = 0 and 2 = 1) and Theorem 7.13 (take s(j) = +1 for all j € Ag).

The global structure of the proofs of Theorems 7.6 and 7.13 is similar. The method is
inspired from the proof of Schmeling. In particular, the imbedding of the orbits i"(z) in a
well chosen shift space is an idea of Schmeling (x is a generic notation for the parameter:
k = (a, #) in Theorem 7.6 and k = 3 in Theorem 7.13). However, these theorems are non
trivial generalizations of Schmeling’s Theorem.

For the g-transformations as well as for the generalized (-transformations, there is
only one important virtual itinerary. Recall that X3 =X, 4, hiop(X8,0) = log f and

Qjﬂ' < EQCZEI.
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Thus the map G — Qﬁ is strictly monotone increasing and 3 < ' implies that ¥g C Yg.
Using this remark, the choice of the shift space where the orbits i”(x) are imbedded is
easy. We have

i%(z) € 85, VB < Ba,

and we choose to imbed the set {i’(z) : © € [B1,32]} in ¥p,. This choice is easy, but
above all the shift space ¥, is itself a generalized (3-shift.

For the maps Ty, g, the situation is slightly more complicated. By Lemma 7.5, we
know that the maps § — u®? and 3 — v®P are strictly monotone increasing (except for
B — u®? which is constant). Thus, for all a > 0, it is false that

ﬁlg/@Q = Zawglcza752’

and we cannot imbed the set {i%?(z) : # € [1, f2]} in the shift space Ya,,- Fortunately,
there exists a natural choice of this shift space. It is ¥* := X(u!, v?), because

{1%P(z): B € [B1, 3]} C X*.

Nevertheless this choice creates troubles. Indeed ¥X* # 3, g for some 8 € [31, f2]. When we
must compute the exponent of Holder-continuity, it is more complicated. In the previous
case, we have only to control the length of the interval [3;, F2]; this is done by Lemma 7.12.
In the case of T,, g, we control the length of the interval [, #2] by Lemma 7.5, but we must
also estimate the distance between (3 and (3., where [ is defined by log 5 = hiop(X*, 0);
this is done by Proposition 4.10.

It is interesting to notice that Y¥* is defined as L (u!,v?). In particular, we do not
prove that there exists a pair (ay, ;) such that ¥, =3, 5,. In fact, this is a corollary of
Theorem 6.21, but we do not need this fact. Notice that, in Theorem 7.6, we work with
a fixed and a, < a (if @ > 0). Thus we imbed the orbits in a really different dynamical
system. It could be a little bit surprising that we do not use the existence of (o, fB«) such
that X, = X, g,. Indeed, the shift spaces of the type X, g are a subfamily of the shift
spaces of the type ¥ (u,v), because

Ea,ﬂ _ E(ga’ﬁ,ga’ﬁ) )

But some ergodic properties are different: for example, Hofbauer proved in [H4] that a
shift space of the type X, g has a unique measure of maximal entropy, whereas he showed
that there exist shift spaces of the type ¥ (u,v) having two measures of maximal entropy.
Another non trivial adaptation of the proof of Schmeling is the estimate of hiop (G, 0).
In his estimate, Schmeling uses the fact that the measure of maximal entropy is equivalent
to Lebesgue measure and its density is uniformly bounded below and above. This is true
for the $-transformations. For the maps T, g, it is not true in general; the condition 5 > 2
is sufficient (for more details see [H6]). For the generalized (-transformations, it is not
true in general, but k > 3 is a sufficient condition. Our proof uses Theorem 7.4 to estimate
the topological entropy of the set G’%,; this adaption is necessary to cover all maps T, g.
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