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Résumé

Cette these est consacrée a la théorie ergodique des applications de 'intervalle dites mono-
tones continues par morceaux. Le codage est une méthode classique pour étudier ces ap-
plications. Gréce au codage, on obtient un systéme dynamique symbolique qui est presque
isomorphe au systeme dynamique initial. Le principe du codage est intimement lié & celui
du développement des nombres réels.

Nous commencons par définir le codage dans une optique proche de celle des dévelop-
pements des nombres réels; cette optique est celle adoptée par Rényi et Parry dans leurs
articles concernant les développements des nombres. Puis nous présentons les travaux
de Hofbauer qui abordent les liens entre les propriétés ergodiques d’une application de
I'intervalle monotone continue par morceaux et celles du systéme dynamique symbolique
correspondant. Nous montrons qu’il y a une bijection entre les ensembles de mesures
d’entropie maximale de ces deux systemes dynamiques.

Nous appliquons ces résultats a 1’étude de deux familles d’applications particulieres:
d’une part les applications Ti, g(z) := Bz + a mod 1, d’autre part celles que nous ap-
pellerons des (-transformations généralisées. Pour la famille d’applications T,, g, nous
décrivons en détail la famille de systemes dynamiques symboliques obtenus grace au
codage. Puis nous abordons la question de la normalité des orbites pour les applica-
tions T}, g. Finalement nous étudions les B-transformations généralisées: nous montrons
que la plupart d’entre elles ont une unique mesure d’entropie maximale, puis nous étudions
également la normalité des orbites pour ces applications.

Mots-clés: applications de I'intervalle, dynamique symbolique, développement des nom-
bres, entropie topologique, diagramme de Markov, nombres normaux.

Abstract

This thesis is devoted to the ergodic theory of the piecewise monotone continuous maps
of the interval. The coding is a classical approach for these maps. Thanks to the coding,
we get a symbolic dynamical system which is almost isomorphic to the initial dynamical
system. The principle of the coding is very similar to the one of expansion of real numbers.

We first define the coding in a perspective similar to the one of the expansions of
real numbers; this perspective was already adopted by Rényi and Parry in their papers
about the expansions of numbers. Then we present the theory of Hofbauer about the links
between the ergodic properties of a piecewise monotone continuous map of the interval
and the corresponding symbolic dynamical system. We prove that there is a bijection
between the sets of measures of maximal entropy of these two dynamical systems.

We apply these results to the study of two families of maps: first the maps T, g(x) :=
Bx+a mod 1, then the maps we will call generalized G-transformations. For the family of
maps T, g, we describe in detail the family of symbolic dynamical systems obtained by the
coding. Then we turn to the question of normality of the orbits for the maps T, 3. Finally
we study the generalized g-transformations: we prove that most of them have a a unique
measure of maximal entropy, then we also study the normality of the orbits for theses maps.

Key words: maps of the interval, symbolic dynamic, expansion of numbers, topological
entropy, Markov diagram, normal numbers.
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is strongly connected, if M|c = {M; ;}; jec is irreducible. A communicating class is
a maximal subset of C C V, which is strongly connected. Given a non-irreducible matrix
M, we can decompose V into communicating classes. We get a family {C;}; of disjoint
subsets of V. In general |J;C; # V, because if M3, = 0 for all n > 1, then j does not
belong to any communicating class. The decomposition in communicating class is useful,
because by Lemma 3.1, any ergodic invariant measure p € M (X, 0) is concentrated on
a communicating class. Thus the first step is to decompose V into communicating classes
{C;}i. The number of communicating classes can be finite or countable.

Consider a communicating class C; and denote by M; := M]|c, the corresponding
adjacency matrix. Notice that C; can be finite or countable, thus we must use the theory
of countable Markov shifts. The following proposition is a compilation of results found in
[K], in particular see Proposition 7.2.13.

Proposition 5.14. Let M = {M; ;}; jev be an irreducible matriz and
S ={w eV My, w,,, =1Vi€ZL}.

Suppose M is a finite matriz, then (Xpr,0) has a unique maximal measure.

Suppose M is a countable matriz. If (Xpr,0) has a maximal measure, then it is unique.
In both cases, the mazimal measure (if it exists) is a Markov measure p given by

7 )\éj ’

M(M) = pwopwo,wlpwl,w2 s Pwn72,wn71 )

pi=4tri Py =DM

where X is the spectral radius of M, £ and r are the unique left and right eigenvectors for
A, they are normalized such that ¢ -r = 1. This measure has measure-theoretical entropy

log A.

Theorem 5.15. Let T be a piecewise monotone continuous map such that the p-expansion
is valid and the measurable dynamical system ([0, 1], T) has positive topological entropy. Let
M denote the adjacency matrix of the corresponding Markov diagram (or a simplification
of this graph). Then ([0,1],T) has as many mazximal measures as M has communicating
classes of maximal spectral radius.

Proof: By Theorem 5.13, we know that there is a one-to-one correspondence between the
maximal measures on ([0,1],7) and on (X,7,0). The ergodic measures are concentrated
on communicating classes. By Proposition 5.14, ([0,1],7") has at most as many maximal
measures as M has communicating classes of maximal spectral radius.

Take a communicating class C of maximal spectral radius and define

e ::{QGEMZU)Z'GCVZ.EZ},
and (recall that ¢ : ¥p\N — X/ is invertible)
Y= 1 (Ze) C Br.

In other words, ¥ is the shift space formed by the labels of walks on the Markov diagram
remaining in C. This implies

Y= ﬂ <U{n[w] cw € LX), |w] =2n+ 1}) :

n>0

o4



Since the cylinders are closed sets and the union over words of length 2n 4+ 1 is finite, ¥
is closed as an intersection of closed sets. Since Y7 is compact, ¥ is compact. Finally
(3,0) has at least one maximal measure, since it is an expansive homeomorphism and
the entropy map hp(p) is upper semi-continuous (see Theorem 8.2 in [W]). But 1 is
an isomorphism modulo small sets between ¥ and ¢, thus Y¢ has exactly one maximal
measure. U
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Chapter 6

Two maps of constant slope

Here begins the part of this thesis which contains most of the original results. In this
chapter, we study in detail two particular families of piecewise monotone continuous maps.
The first one is Tj, g(z) := Bz + o mod 1. This map was introduced by Parry in [P2] as a
generalization of the -transformation studied by Rényi in [R] and Parry in [P1]. The shift
space Y, g associated to this map is characterized by only two really important virtual
itineraries. Thus we introduce the corresponding family of shift spaces

S(w,v):={z X u=xo"z2vVn>0},

described by two virtual itineraries v and v. First we introduce an algorithm, based on
the p-expansion, to compute the topological entropy of ¥ (u,v). Then we study an inverse
problem: given two sequences u,v € X7, we want to find a, 3 such that the map Top
admits v and v as virtual itineraries. This question was entirely solved in [P1] when a = 0.
It is much more complicated in the general case a € [0, 1).

The second part of this chapter is devoted to the generalized (-transformations studied
by Goéra in [G]. These maps are generalization of f-transformations. They also have a
unique virtual itinerary, but they involve decreasing laps. Notice that the tent maps belong
to the generalized [-transformations. Goéra has already constructed the unique invariant
measure absolutely continuous with respect to Lebesgue measure. In almost all cases, we
prove that this measure is the unique measure of maximal entropy.

6.1 The map Sxr+ a mod 1

We consider in detail the map of Example A, ie T, g(x) = Sz + o mod 1 (see Sections
2.2 and 4.2). We recall some facts we have already presented. Every time we need the
validity of the coding, it is mentioned explicitly. Since all laps of T, g are increasing, < is
the lexicographic order; this is true in the whole Section 6.1. The number of symbols is
k = [B + «a]. Define

vi=F+a—-k+1€(0,1].

It is convenient to define this parameter, because o and « play symmetric roles. The set
So ={ao,...,ax} is given by

a0 =0, a;=2—2 forj=1,....0k—1 and ap=1. (6.1)
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The coding map corresponding to T, g is denoted by i®8. The representation maps
©P o, B+ a] — [0,1] and %P : [0, k] — [0, 1] are given by
T —«

o™ (@) = 3 (6.2)

and

0 fo<z<a
P (e) =552 fa<z<fB+a (6.3)
1 iff+a<az<l.

There are two important virtual itineraries (z € X)

ut = = 1imi""ﬁ(x) and v®? =M= hmia’ﬁ(m)-
z|0 zT1

All virtual itineraries can be expressed with the help of u®? and v®”?
v =juP for j=1,...,k—1 and v/ =ju*’ forj=0,....k—2.
If the p-expansion is valid, the virtual itineraries satisfy
u®? < o"u®P < v®P  and u®P® < o"v®P < v*P wn >0. (6.4)
If the p-expansion is valid, the shift space obtained by the coding is
Yo = 1%0(X )—{wGE+ u®? < 0"z < "’ ¥n > 0}, (6.5)
Formula 2.13 applied to T, g gives

oM O‘ﬂ—hmlaﬁ(Tn (z)) and Jnva’ﬁ—hml ’6(Tng( ). (6.6)
) zT0 ’

For commodity, we define the orbits of 0 and 1 under T, g as (the limits are taken with
z € X)

() 71;{8,’?”» () and Ty 4(1) 71;?1171”/8( x) Yn>0. (6.7)

Notice that T} 5(0) <1 and T} 5(1) > 0 for all n > 0, since all laps of T} ; are increasing.
From Theorem 2.12, Formula (6.6) and Theorem 2.15, we deduce that (z € X)

7 (0" uP) = Lo P (1T 5())) = limTZZ’,ﬁ(ﬂf) =T173(0) Vn >0, (6.8)
agég@(gnyaﬂ) - 2%¢gﬁ(ia’ﬁ(]ﬁﬁ($») = lwl%IllT ,5( x) = (;Lﬂ(l) Vn >0. (6.9)

In particular, these equations applied to n = 0 and n = 1 give
Pl (W) =0, 3 (ou’) =a and (™) = 1, gl (ov™) =~.  (6.10)

These equations point out that u®? and v®? are B*P-expansions of 0 and 1. Notice

that 3% (w) = 0 implies that $%°(cw) < a. There are many sequences w such that

@oéﬂ(i) = 0, but only few of them satisfy @ ’B(O'M) = «. For example, with w = 0°°, we

o7



get 22 (w) = % (cw) = 0. As we will see later, u®? is the greatest sequence w such

that $%° (w) = 0. Similar remarks are true for v®.
In view of (6.4) and (6.5), we give the following definition. Let u,v € ¥ be such that
ug=0,v9=k—1and

u=oc"u<v and u=o"v

PN

v Vn>0. (6.11)
Then we set

Y(u,v) = {QEZz cu <oz <vVn>0}. (6.12)
Comparing (6.4) and (6.11), notice that we relax the strict inequalities as in Chapter 4.

We work in this manner in order to include borderline cases inherited from T,, g-maps.

6.1.1 The set of p*’-expansion of 0 and 1

Equations (6.10) show that u®? and v®® are B*’-expansions of 0 and 1. Because of
the presence of discontinuities in the map 7, g, there may be other pairs of sequences
u, v verifying (6.10) and (6.11). One of the keys of our work on the map T, 5 is a good
description of these pairs. This is the contents of Propositions 6.2, 6.3 and 6.4. We also
take into consideration the borderline cases & =1 and v = 0. When a@ =1 or v = 0 the
dynamical system Ty, g is defined using formula (2.10). The orbits of 0 and 1 are defined as
before. For example, if o = 1 it is the same dynamical system as T g, but with different
symbols for the coding of the orbits. The orbit of 0 is coded by u"? = 1°°. Similarly,
if ¥ = 0 the orbit of 1 is coded by v®# = (k — 2)>°. We always assume that o € [0, 1],
v € [0,1] and 5 > 1.

Lemma 6.1. Fiz y € [0,1]\Sy. The equation
y =0 +1), jeh, tel01]
has a unique solution. If y <y’ € [0,1]\So, then the solutions of the equations
y=2"(j+1) and y = (' +1)
are such that either j = j' and To g(y') — Tap(y) = By —y) orj <j'.
Proof: It is sufficient to use (2.10) and T, g(y) ¢ {0,1}:
g S = y=e"(+1) = 177 + Tuply) = j+1.
For the second statement, we use %apo"ﬂ(s) = % O

Proposition 6.2. Let 0 < o < 1 and assume that the p-expansion is valid. The following
assertions are equivalent.

1. There is a unique solution in Ez (u= ga’ﬁ) of the equations
72 (w) =0 and 7% (ou)=a. (6.13)

2. The orbit of 0 is not periodic or x = 0 is a fized point of T, 3.

3. go"ﬁ s not periodic or Qa’ﬁ = 0°,

o8



Proposition 6.3. Let 0 < v < 1 and assume that the p-expansion is valid. The following
assertions are equivalent.

1. There is a unique solution in E; (v= QO‘”B) of the equations
73 (w) =1 and %’ (ov) =~. (6.14)
2. The orbit of 1 is not periodic or x =1 is a fized point of T, 3.

3. v®P is not periodic or v = (k — 1)

Proof: We prove Proposition 6.2. Assume 1. The validity of the (p-expansion implies
that u®? is a solution of (6.13). If & = 0, then u®? = 0% is the only solution of (6.13)
since x # 0% implies p ’ﬁ(i) > 0 and z = 0 is a fixed point of Ty g. Let 0 < av < 1. Using
Lemma 6.1 we deduce that ug = 0 and

@ =Top5(0) = 957 (ur + 957 (0°w)).

Ifa=aj,j=1,...,k—1, then (6.13) has at least two solutions, which are 0j(c?u®?) with
2% (02u®P) = T2(0) = 0 (see (6.8)), and 0(j — 1)v™*? with goa’g( @B} = 1. Therefore, by
our hypothesis we have o ¢ {a1,...,a5_1}, u1 = uf 8 and 2% (a2u™P) = T2(0) € (0,1).
Iterating this argument we conclude that 1 = 2.

Assume 2. If £ = 0 is a fixed point, then o = 0 and u%% = 0. If the orbit of 0 is not
periodic, (6.6) and the validity of the yp-expansion imply

n, B _ li o, " li s, B _ a’ﬂ.
o"u lim 1 (T3 5(z)) = lim 1 () =u

Assume 3. From (6.8) and the validity of the g-expansion we get
25 (0" u™") = T2 5(0) > 95’ (u™?) = 0,

so that the orbit of 0 is not periodic. The orbit of 0 is not periodic if and only if T, 6(0) ¢
{ai,...,ax_1} for all n > 1. Using Lemma 6.1, we conclude that (6.13) has a unique
solution. O

Propositions 6.2 and 6.3 give necessary and sufficient conditions for the existence and
uniqueness of the solution of Equations (6.13) and (6.14). In the following discussion
we consider the case when there are several solutions. All results are summarized in
Proposition 6.4. We assume the validity of the p-expansion.

Suppose first that the orbit of 1 is not periodic and that the orbit of 0 is periodic,
with minimal period p := min{n > 1:775(0) = 0} > 1 (thecase p=1 <= a=01is
already treated in Proposition 6.2). Hence 0 <y < 1 and 0 < o < 1. Let u be a solution
of Equations (6.13) and suppose furthermore that w is a @-expansion of 1 such that

Vn:u=<o"u<w with 7%°(w)=1, %% (ow)="7.
By Lemma 6.1 we conclude that
uj = u?’ﬁ and Tizl(O) =P (), j=1,...,p—2.
Since T7, 5(0) = 0, we have Tg:gl(O) € {a1,...,ai_1} and the equation
T8 5(0) = 95 (wp—1 + 9% (07w))
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has two solutions. Either u,_1 = up 1 and Pog (Jp@) = 0or up—1 = u;"_ﬁl — 1 and

@g‘éﬂ(opg) = 1. Let a be the prefix of u®? of length p and &’ the word of length p obtained
by changing the last letter of a into! up’ﬂ 1. We have ¢’ < a. If up—1 = u ’Bl, then we
can again determine uniquely the next p — 1 letters u;. The condition u < ¢"u for n =p
implies that we have ugp_1 = ug’_l so that, by iteration, we get the solution u = u®? for

the equations (6.13). If u,—1 = u;"_ﬁl — 1, then
1 =720 (cPu) =7 ﬁ(up +7 5(0”*1@)) )

When @2‘55 (0Pu) = 1, by our hypothesis on u we also have @if (oP*lu) = ~. By Proposi-
tion 6.3 the equations

72l (0Pu) =1 and B’ (0" ') =4

have a unique solution, since we assume that the orbit of 1 is not periodic. The solution

is oPuy = Qa’ﬁ, so that u = d'v®? < u®P is also a solution of (6.13). In that case there

is no other solution for (6.13). The borderline case a = 1 corresponds to the periodic

orbit of the fixed point 0, u'# = 1°°. Notice that sy (ou'?) # 1. We can also consider

Doo Ls -expansions of 0 with ug = 0 and B Ls (ou) = 1. Our hypothesis on u implies that
”6(0 u) = 7. Hence, u = 0v'# = a/v*# < 4P is a solution of (6.13).

We can treat similarly the case when u®P is not periodic, but v®*? is periodic. When
both u®? and v®? are periodic, we have more solutions, but the discussion is similar.
Assume that u®# has (minimal) period p > 1 and v*# has (minimal) period ¢ > 1. Define
a, a’ as before, b as the prefix of length g of v, and b’ as the word of length ¢ obtained
by changing the last letter of b into v 1 + 1. When 0 <a<1land0<~vy<1, oneshows
as above that the elements u # u®B and v # v®P which are 77 o -expansions of 0 and 1
are of the form

u=dbt"ba” - ,n; >0 and v="0a™db™ -+, m; >0.

The integers n; and m; must be such that (6.11) is verified. The largest solution of (6.13)
is u®? and the smallest one is a’v®?.
For all § > 1 and « € [0,1] such that the y-expansion is valid, define (recall that

k=1[8+al)
Dop = {(u,v) € T} x T} : the pair (u,v) satisfies (6.11), (6.13) and (6.14)} .

In particular, (u®?,v*?%) € D, p for all a, B such that the p-expansion is valid. The next
proposition collects all results from Proposition 6.2 to here.

Proposition 6.4. Let § > 1 and « € [0, 1] be such that the p-expansion is valid.
1. If a =0, then u™® = 0. Moreover

(a) if v € (0,1) is such that v’ is not periodic, then Dy 5 = {(u®?, v*P)}.

(b) if v € (0 1) is such that v®® has (minimal) period q, then defining b =
Ulg—2) (Vg + 1), we have Do g = {(u?,0™F), (w™?, Yu?)}.

(c) if v =0, then Do = {(u™?, (k — u*7)}.

1ug;ﬁl > 1. ufj’fl =0 if and only if p=1 and o = 0.

60



(d) if y =1, then Do g = {(u®?, (k — 1)>)}.
2. If vy =1, then v™8 = (k — 1)>®. Moreover
(a) if a € (0,1) is such that u™P is not periodic, then Dy = {(u®?,v*F)}.
(b) if a € (0,1) is such that u®® has (minimal) period p, then defining a' =
g o (up’y — 1), we have Do, = {(u™’, 07, (d'v™7,v%7)}.
() if o =1, then Do g = {00, v9)}.

3. Ifa € (0,1) and v € (0,1) are such that

(a) u™” and v®? are both non periodic, then Dy g = {(u®?, v*?)}.

(b) u®P is not periodic and v®” has (minimal) period q, then defining b’ as before,
we have Do g = {(u™?,v*7), (w7, 0'u")}.

(¢) u™P has (minimal) period p and v*? is not periodic, then defining a’ as before,
we have Dy g = {(u®P,v*0), (d'v*P, v*P)}.
75

(d) u™b has (minimal) period p and v®® has (minimal) period q, then (a = u[ o)

b= 7[ q) a and t/ are defined as before)
u®? = max{u : v s.t. (u,v) € Dy} =a™
s = min{u : Jv s.t. (u,v) € Dy g} =a'(b)™
and

P = min{v : Ju s.t. (u,v) € Dapg} = b,
P = max{v: Ju s.t. (u,v) € Do} =b(a)®

STEIS

The cases la, 1b and 1d were considered by Parry in [P1]. Notice that the cases 2a,
2b and 2c¢ are symmetric formulations of cases la, 1b and lc. Similarly the cases 3b and
3c are symmetric. Notice also that, except for the case 3d, (u®?®, v*?) is the unique pair
(u,v) € D, g satistying the strict inequalities (6.4).

6.1.2 An algorithm to find («, 5) with respect to the virtual itineraries

Given a pair (u,v) satisfying ug = 0, vo = k—1 and (6.11), we look for («a, 3) such that the
equations (6.13) and (6.14) are satisfied. In particular, we are interested in the existence
and the uniqueness of the solution of this problem. To this end, we describe an algorithm,
which assigns to a pair of strings (u, v), satisfying weaker hypotheses than (6.11), a pair of
real numbers (@, 3) € [0,1] x [1,00). At the end of the algorithm, there is a condition to
check. If this condition is true, then the pair (@, 3) is the solution we are looking for. The
uniqueness needs a result we prove later, but it is stated in Section 6.1.2 for consistency.

We tacitly assume that for all the pairs (o, 3) one has e € [0,1], 3 > 1 and [B+ «a] €
[k —1,k]. In particular, 8 > k — 2 and the map g*” verifies

0<@*(t) <1 Vte(l,k—1).

Recall that v = o+ 8 — k + 1 and notice that our assumptions imply that 0 <~ < 1.
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0.61 -

0.2r b

Figure 6.1: The graph of 3*” with k=3, a = 0.3, §=2.05 and o + 8 = 2 + v = 2.35.

Definition 6.5. The map *° dominates the map 37 if P (t) > 77 (t) for all

t € [0, k] and there exists s € [0, k] such that 3% (s) > 7% (s).

Lemma 6.6. If 3*° dominates 7, then, for all x € =1, @3‘5’8@) > @%’B/ (z). If
0<P(@) <1 or 0<PL (@) <1,

then the inequality is strict.

Proof: If 3®7 dominates 3* ', then, by our implicit assumptions on (ar, B), we get by
inspection of the graphs that

vt >t ) > () ittt e (a,d +0) = (a4 B) U (o], o + ),
otherwise *#(t) > g% ('). Therefore, for all n. > 1,
7@ 2 2 ().
Suppose that 0 < $%°(z) < 1. Then zo + %" (02) € (o, + B) and
75 (@) = 7™ (wo + 28 (0z)) > 7 (w0 + 9L (0m) = 9L (@)
Similar proof for 0 < Gg‘;’ﬁ/ (z) < 1. O

Lemma 6.7. Let a =o' € [0,1] and 1 < 3 < 3. Then, forz € T,

_18-81
<5

Lety=+"€[0,1,0<d <a<1and f > 1. Then,forgeE;,

0 < 7% (2) - 7% (z)

o — o

-1

0<% (2) — 75 (@) <
The map B — @&ﬁ(g) is continuous at = 1.
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Proof: Let a =o' €[0,1] and 1 < 8 < 3. For ¢,t € [0,k],

t—t| |8-0
AR

because the maximum of [a*? (£) — g*#(t)| is taken at a + 3. By induction

P () =7 ()] < [P (1) =7 ()] + [ (1) — M0 (1)] <

n
‘@%ﬁ/(mm s 73:71—1) - @%ﬁ(x(b s 71'71—1)‘ < ‘5 - ﬁ/’ Z(ﬁ/)_J

Jj=1

Since 3’ > 1 the sum is convergent. This proves the first statement. The second statement
is proved similarly using

e () = e ()] < [P0 () 2 ()] + [P () - 2 (#)] <

which is valid for vy =" € [0,1] and 0 < o/ < o < 1. We prove the last statement. Given
€ > 0 there exists n*

—a,l —a,
P (2) 2 P35 () —e.
Since 3 — @, ”8(7) is continuous, there exists 3 so that for 1 < 8 < [/,

290 (2) > 27 () > %M z) — ¢ Vn > n*.

Hence
75! (2) — 2e <P (2) <L (2).

Corollary 6.8. Given x and 0 < o* <1, let

gor(7) =24 P () with B(y)=y—a* +k—1.

For k > 3 the map go~ is continuous and non-increasing on [0,1]. If 0 < ga=(70) < 1, then
the map is strictly decreasing in a neighborhood of vo. If k = 2 then the same statements
hold on [a*,1].

Corollary 6.9. Given z and 0 < v* <1, let
hoe(a) =225 (2)  with Bla) =7 —a+k—1.

For k > 3 the map h++ is continuous and non-increasing on [0,1]. If0 < hy«(ag) < 1, then
the map is strictly decreasing in a neighborhood of . If k = 2 then the same statements
hold on [0,~%).

Proposition 6.10. Let k > 2, u,v € E$ verifying ug = 0 and vg = k — 1 and
ou=v and u=ov.

If k =2 we also assume that ou < ov. Then there exist @ € [0,1] and 3 € [1,00) so that
5 e [0,1]. If 8 > 1, then

2 (ow) =a and PL(0v) =7.
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Proof: We consider separately the cases v = 0> and ou = (k — 1) (i.e. u; = k—1 for
all j > 1). If ov = 0, then u = 0> and v = (k — 1)0®; we set @ := 0 and B := k — 1
7 =0). If ou=(k—1), then v = (k—1)>® and u = 0(k — 1)*°; we set @ := 1 and
B :=k.

From now on we assume that 0° < ov and ou < (k — 1)*. Set o := 0 and [y := k.
We consider in detail the case k = 2, so that we also assume that ou < ow.
Step 1. Set a1 := ag and solve the equation

@ﬁ.‘ol’ﬁ(ay) =0+a;—k+1.
There exists a unique solution, 31, such that &k — 1 < 51 < k. Indeed, the map

Goy(7) = gy (7) =7 with ga,(7) :== 72 D (0v) and B(7) =~ — a1 +k — 1

is continuous and strictly decreasing on [a1, 1] (see Corollary 6.8). If v = (k — 1)°°, then
Gqa, (1) =0 and we set 31 := k and we have v; = 1. If ov # (k — 1), then there exists a
smallest j > 1 so that v; < (k — 2). Therefore ?2F(5iy) < 1 and

R (ov) =B (vr, . v + PR K (07w)) < 1,
so that Ga, (1) < 0. On the other hand, since ov # 0°°, 33" (ov) > 0, so that Gq, (0) >

0. There exists a unique 71 € (0,1) with G, (1) = 0. Define 1 := 3(71) = y1—a1 +k—1.
Step 2. Solve in [0,71) the equation

@géﬁ(a)(gﬂ) =a with fla)=m—-a+k-1=pF+a—a.

If ou = 0, then set @ := 0 and 3 := 3;. Let ou # 0. There exists a smallest j > 1 such
that w; > 1. This implies that oL (07u) > 0 and consequently

@ggﬁ(al)( ) 80?1 = (uh...,uj—l +¢géﬂl(o—]ﬂ)) >0.

Since ou = ov,
0 < P (ou) < P (ow) =m .
We have y; = 1 only in the case cv = (k — 1)*°; in that case we also have pog ’ﬂl( u) < 1.
By Corollary 6.9, for any a > a1 we have cpal”g You) > Pad fla )( ou). Therefore, the map
H, (a):=hy(a) —a with h,(a):= 228 (gy)

is continuous and strictly decreasing on [0, 1), Hy, (a1) > 0 and lim,q,, H, (o) < 0. There
exists a unique o € (a1, 71) such that Hy, (o) = 0. Set B := y1—p+k—1=a1+F1—e
and v2 := g + B2 — k+ 1 = ;1. Since ay € [0,71), we have 32 > 1. Hence

ap<as<y, and 1< <1 and 7o =1"1. (6.15)

If ov = (k—1)®, 72 = 1 and we set @ := a3 and (3 := (3.
Step 3. From now on ou # 0°° and ov # (k — 1)*°. Set a3 := ag and solve in [ag, 1] the
equation

22PN (gv) =~ with B(y):=v—as+k—1.

By Lemma 6.6 (k = 2),

= 1 —as,l —
P 09)(ov) = 982! (o) 2 P32 (ow) > P52 (0u) = az,
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since 0 < ag < 1. On the other hand by Corollary 6.9,
aggﬂ(’h)(aw — ¢¢£,1+v17a3 (o) < agg,l+vlfa1(ay) — @gé’ﬁl(ay) =, (6.16)

since 0 < 1 < 1. Therefore, the map G, is continuous and strictly decreasing on [as, 1],
Gas(ag) > 0 and Go,(71) < 0. There exists a unique 3 € (ag,y1) such that G, (y3) = 0.
Set B3 :=~3 —as+k—1,so that 83 <y —as+k —1= 5. Hence

ag=ay and 1<f3<fy and 0<~y3<y<l1. (6.17)
Step 4. Solve in [0,~3) the equation
79 (gu) =a with fla)=y—a+k—1=L34+a3—a.
By Lemma 6.6
g3 0s) (ou) = P57 (ou) > B (ou) = B2 (ou) = as, (6.18)
since 0 < ag < 1. On the other hand,
0 < P (ow) = 5% ow) < PN (o) =5 < 1.

By Corollary 6.9
73D (ow) <22 (ow) Vo € (a3, 7).

Therefore, the map
H, (a) :=hy(a) —a with A (a) = 228 (gy)

is continuous and strictly decreasing on [a3,73), H,y,(a3) > 0 and limggy, Hyy (o) < 0.
There exists a unique ay € (as,7v3). Set B4 == y3 —ag +k —1 = ag + O3 — ay and
Y4 :=aq4+ By — k+1=3. Hence

ag<ag<v3 and 1<fB4<pfPB3 and ~y4=1"3. (6.19)

Repeating steps 3 and 4 we get two monotone sequences {a,} and {3,}. We set @ :=
limy, o0 @p, and B := limy,_o0 On.
We consider briefly the changes which occur when k£ > 3. Step 1 remains the same.
In step 2 we solve the equation H,, (a) = 0 on [0, 1) instead of [0,71). The proof that
H, (1) > 0 remains the same. We prove that lim,t; H, (a) < 0. Corollary 6.9 implies
that
71 =509 (00) = PR A (00) > P2 () Vo> ay.

Since ou < v and [(aq) = 1,
227 (ou) < 70 (v + %7 (o)) <P (v + 2%V (0w)) < 1.
Instead of (6.15) we have
a1 <ag<1l and 1< fa<f; and -~y =11.

Estimate (6.16) is still valid in step 3 with & > 3. Hence Gqa,(71) < 0. We solve the
equation Ggy(y) =0 on [0,v1]. We have

P3P0 (ou) = 252 (ou) = as.
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By Corollary 6.8 we get
P20 (ou) > P2 P (ou) =y Yy <1

Since u = ow,

7200 (gv) > 58O (g + 72O (gw)) > 722800 (wg + 57O (ou)) > 0.
Estimate (6.18) is still valid in step 4 so that H,,(a3) > 0. Corollary 6.9 implies that

3 = 5B (ov) = 7537 (0v) > P (ov) Vo> ag.

Therefore

aggﬁ(“?’)(m) < @a,ﬁ(a) (’Uo + Qgéﬁ(a)(gy)) < @asﬁ(as) (vo + @Séﬁ(a) (ay)) <1.
Instead of (6.19) we have

as<ag <1 and 1<By4<pf3 and ~y4=13.
Assume that 3 > 1. Then 1 < 3 < 3, for all n. We have
gorP(ov) = n, modd

and
7P (gu) = oy, meven.

Let y=a+ 3 —k+ 1. For n odd, let 8% :=7% — a;, + k — 1; using Lemma 6.7 we get

2% (0v) — 7] < [8%" (0w) — B3P (ow)| + [@537" (ov) — P (aw)] + [yn — 7]
1 . _
< j(ma - an’ + |/8 - ﬁnD + |’7n - 'Y‘ )

I

since 3, = B+ @ — . Letting n go to infinity, we get @&B (ow) = 7. Similarly we prove

75 (ov) =@. O

Corollary 6.11. Suppose that (u,v), respectively (u',v"), verify the hypotheses of Propo-
sition 6.10 with k > 2, respectively with k' > 2. If k > k', u < v/ and v’ < v, then F <8
and & > a.

Proof: We consider the case k = k', whence ov’ < ov. From the proof of Proposition
6.10 we get v} <71 and o) > 1. Suppose that 7; < v; and o > a; for j =1,...,n. If
n is even, then o], , = o, and apy1 = o, We prove that 7], | < y,41. We have

7a{rb+1 7/6(7;L+1)(O_Q/) S Egé“’ﬂ(%ﬂ)(ay) S ¢g<21+17ﬂ('7;+1)(

/ /
Tnt1 = Pod oV) = Yntl > Vi1 -

If n is odd, then v, ; =7, and Yp41 = Yn. We prove that o, | > ay,41. We have

R Ggonﬂﬂ(anﬂ)(aﬂ) < @S“gntl»ﬂ(arH»l)(o-ﬂl) — ¢%+17vn+1*an+1+k*1)(gu’)

Q1,1 —Cnt1+k—1) / /
<P " (ou) = aji1 > any -

We state a uniqueness result. The proof uses Theorem 6.16.
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Proposition 6.12. Let k > 2, u,v € ZZ’, ug =0 and vo = k — 1, and assume that (6.11)
holds. Then there is at most one solution (a, 3) € [0,1] x [1,00) for the equations

22 (ou)=a and P2 (0v) = 7.

Proof: Assume that there are two solutions (a1, 81) and (ag, 82) with 51 < fa. If ag > vy,
then

az — a1 = P2 (ou) — P87 (ou) <0,

which is impossible. Therefore as < aq. If §1 = (2, then
0> ay — a1 =P (ou) — P53 (ow) > 0,

which implies s = «a3. Therefore we assume that as < a7 and 81 < . However,
Theorem 6.16 implies that

logy 81 = hiop(E(u, v), 0) = log, f2

which is impossible. |

6.1.3 The topological entropy of X(u,v)

The key of this section is a good description of the graph G(u,v) defined in Example A
at the end of Chapter 4. We recall in details the construction of G(u,v). Set uw = u,
0¥l =y and

w=juVj=1,....k—1 and o/ =juVj=0,...,k—2. (6.20)

Then S({u/,v/}) = %(u,v). Let G’ = (V', &', L') denote the Markov diagram of X ({u/, v7}).
Using the relations (6.20), we define an equivalence relation on quadruples by

(p,a;q,b) ~1 (', dsq,b) < [0Pa,0%] = [o”d,07V].

The graph G(u,v) = (V, &, L) is the simplification of G’ corresponding to this equivalence
relation. The next proposition summarizes the structure of the graph G(u,v). Given a
word w € L(X(u,v)), let u(w) denote the longest suffix of w which is a prefix of u and
v(w) denote the longest suffix of w which is a prefix of v.

Proposition 6.13. The vertices of the graph G(u,v) are quadruples (p,u; q,v) with p,q >
0. The root is the vertex (0,u;0,v). There are k — 2 edges labeled by j for j=1,...,k—2
going from the root to the root. The edge starting at the root and labeled by O terminates
at the vertex (1,u;0,v); the edge starting at the root and labeled by k — 1 terminate at the
vertex (0,u;1,v). Let ¢ = (p,u;q,v) be a vertex of G(u,v) withp > 1 or q > 1, ie ¢ is not
the root. If ¢ has only one successor ¢, ie u, = vq, then c 8= (p+Luqg+1,v). Ifc
has at least two successors, ie up < vq, then

¢ (p+1,u0,0),
¢ B (0,u;q+ 1,0),

PER (0,u;0,v) Vu, < j <.
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Moreover, if p > q and ¢ has at least two successors, then the path on G(u,v), starting at
the root and labeled by Ujo,q) terminates at the vertex (t,u;q,v) for some t < q; this last
vertez has at least two successors, one of them is (0,u;q+1;v). If p < q and ¢ has at least
two successors, then the path on G(u,v), starting at the root and labeled by U,y terminates
at the vertex (p,u; s,v) for some s < p; this last vertex has at least two successors, one of
them is (p+ 1,u;0,v).

Let w € L(X(u,v)) and set p = |u(w)| and ¢ = |v(w)|. Then the path on G(u,v), starting
at the root and labeled by w, terminates at the verter (p,u;q,v).

Proof: The proof is immediate. It is a compilation of Lemmas 4.3, 4.5, 4.7 and Corollary
4.8. Each time we get a vertex (p,u/;,-) in the Markov diagram of X({w/,v/}) with p > 1
and j # 0, we replace this vertex by (p —1,u;-,) in G(u,v); each time we get a vertex
(-,:;¢,v7) in the Markov diagram of ¥({u’,v7}) with ¢ > 1 and j # k — 1, we replace this
vertex by (-,+;¢ — 1,v) in G(u,v). O

The upper level of ¢ = (p,u; q,v) is max{p, ¢} and the lower level of ¢ is min{p, ¢}. It
is still true that the upper level of a vertex is the length of the shortest path from the
root to this vertex. Notice also that there are only two vertices in V,, for all n > 1. This
remark allows us to index the vertices of G(u,v) by the set of words (recall that the index
of a vertex c is the labels of the shortest path from the root to c)

{e} U U Ao} U (J{vom}-
n>1 n>1
The vertices labeled by the prefixes of u form the upper branch of the graph, the vertices
labeled by the prefixes of v form the lower branch. We also recall a fundamental property
of the Markov diagram. By Lemma 4.3, if a path on G(u,v) starts at the root and
terminates at the vertex (p,u;q,v) with p,q > 1, then the last but one visited vertex is
(p—1,u;qg—1,v). Set r = min{p, q}; repeating this step r times, we conclude that, r steps
before the end of the path, the path visits the vertex (p — r,u;q — r,v) .

/'
N,

(k-1)b f0a
—---—»o—»o— ------ —>o—>o—---‘---—>o—>o

RN

—-- —»o—»o— ------

Figure 6.2: The beginning of the graph G(u,v).

A typical situation is sketched in Figure 6.2. All the edges starting at the root, except
for the edges labeled by 0 and k — 1, terminate at the root. Let do be the vertex indexed
by w = (k — 1)bf0a. Define d; as the last vertex before dz, where there are at least two
outgoing edges; it is indexed by (k — 1)b. Since d; has at least two successors, f > 0.
Notice that the f-successor of d; is a vertex d' = (0,u;-,-) and d’ has only one successor
by hypothesis. Since ug = 0, the outgoing edge at d’ is labeled by 0. Set p = |a| + 1 and
q = la| + |b] + 3. By Corollary 4.8, u(w) = Oa and v(w) = w. Thus the vertex da is

dy = (p,u; q,0) -
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do has at least two successors, thus e < ¢/. Moreover the e-successor of dy is the vertex

c1 = (p+1,u;-,-). Let c3 be a vertex of the upper line such that c3 LA ds and let ¢y the last
vertex before cs, where there is at least two outgoing edges. The shortest path from co to
c3 must be indexed by f'(k — 1)bf0a and €’ < ¢’. Moreover €’ > e, since by inequalities
(6.11), Oae... =u < o"u = 0ae” ... for n well chosen.

We give now the setting of the next lemma and the next proposition, which are an
adaptation of Lemmas 2 and 3 in [H4]. They form the main result of that paper, where
Hofbauer gives a proof of the uniqueness of the measure of maximal entropy for the map
Th- Let k > 2 and a, b be two non periodic words, ie there is no word z such that a = 2"
for some n > 2 and similarly with b. Set p = |a| and ¢ = |b|. Suppose that either p > 2
and ag = 0 or ¢ = 1 is a word of length 1; similarly either ¢ > 2 and by = k—1orb=k—2
is a word of length 1. Define @' = ay,_1y(ap-1 + 1) and b = by ,_1)(bg—1 — 1). Then we
set

u=a>, u=db*, v=>0° and T="0a”.

Suppose further that the pairs (u,v) and (@, 0) satisfy (6.11). These hypotheses correspond
to the settings of Proposition 6.4, in particular cases lc, 2¢ and 3d.

Lemma 6.14. In the above settings, the vertices of the graph G(u,v) are indexed by the
words

{e} U J{apm v o

Let r = |v(app-1))| and c1 denote the vertex indexed by ay,_1y. If up—1 < vy, then the
edge, starting at c1 and labeled by u,—1, terminates at the root. If up,—1 = v, then the
edge, starting at c1 and labeled by up—1, terminates at the vertex indexed by vy .- Ifk =2,
then up—1 = vy.

Let s = |u(by 4—1))| and di denote the vertex indexed by by 41y If us < vg—1, then the
edge, starting at di and labeled by vy—1, terminates at the root. If us = vq—1, then the
edge, starting at di and labeled by vg—1, terminates at the vertex indexed by uy - If k=2,
then us = vg—1.

Proof: Up to the vertex indexed by prefixes of u of length less than p, the structure of
the graph is typical and described in Proposition 6.13. Indeed p is the minimal period of
u, thus there cannot be supplementary identifications. Now consider the vertex g; indexed
by Ujpp—1); 1t 18 the quadruple (p — 1,u;m — 1,v) with m < p. The situation is illustrated
in Figure 6.3. If u,_1 < vy,—1, the successors of g; are given by

[ u;0,0) ~1 (0,150,0) if j = up1,
g1=(p—1,u,m—1,0) % (0,u0,v) if up—1 < j < vm-1,

(0,u;m, ) if j = vp1.

All these successors already exist in G(u,v). If up_1 = vy,—1, the only successor of g; is
given by

g =p-Lum-1v) "= (p,uymuv) ~1 (0,um,v).
In this later case, we prove that the vertex ¢’ indexed by Ulo,m) 18 the quadruple (0, u; m, v).
By the fundamental property of the Markov diagram, Up—mp—1) = Yjo,m—1)- By hypoth-
esis, up—1 = vm—1. By Proposition 6.13, the vertex ¢’ is (¢,u;m,v) for some 0 < ¢t < m.
Suppose that ¢ > 0; it means that wjg ;) = U,y ). Thus w,_; ) = ypy). Since oPu = u,
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we conclude that o?7'u = w and this contradicts the hypothesis that p is the minimal
period of u. Thus the only successor of g; is identical to ¢’. Finally notice that u,—; > 0.
Indeed, if p = 1, then ug = 1 by hypothesis. Suppose p > 2 and w,_1 = 0, then by
inequalities (6.11),

u=0o"lu=0u=<0(cu) =u.

This implies 0?~'u = w, but this contradicts the minimality of p. If k = 2, 0 < up—1 <
Um—1 < vg = 1, thus u,_1 = v;,,—1. Similarly, we consider the vertices labeled by prefixes
of v. O

Proposition 6.15. In the above setting, if hiop(X(u,v),0) > 0, then hiop(X(u,v),0) =
htop(z(@7i)70)’

Proof: Let M (resp. M) denote the adjacency matrix of the graph G(u, v) (resp. G(&,)).
By Formula 4.4, we must compute the spectral radius p(M) and p(M), thus we compare
G(u,v) and G(&,v). The graph G(u,v) is described in Lemma 6.14. We consider now the
graph G(@, ). Up to the vertices of upper level p—1, the graph is the same as G(u, v) since
the virtual itineraries are the same. Consider the vertex g; indexed by @[04}—1) = U0 p-1)}
as before, it is the quadruple (p — 1,4%;m — 1,9) with m < p. Since @p—1 + 1 = up—1, the
successors of g; are

) (pvgv O,Q) ~1 (O7booa O’QIQOO) lf] = ﬂp—lv
g =p-1am—-12) > (0,40,0) if Gy 1 < < Om_1,
(0, ;m, ?) if j = 1.

Comparing the outgoing edges at ¢; in the two graphs, we conclude that all edges which are
present in G(u, v) are also present in G(@, ©). There is only one additional edge leaving g; in
G(u,v). It is labeled by @,_1 and it terminates at the vertex (p, @; 0,2) ~1 (0,5°;0,b'a™).
Similarly we consider the vertex h; indexed by vy ,_1) = Ujg 4—1) In the two graphs. There
is only one additional edge starting at hy in G(@, ). It is labeled by 0,—1 and terminates
at the vertex (0,a;0,0%) ~1 (0,a’5°°;0,a>).

Consider the vertex go = (p,%;0,2) ~1 (0,b°;0,0'a*>) indexed by Ty p) in G(w,0).
Since bo,g—1) = Q’[O,q_l), there is only one path of length ¢ — 1 starting at go. It is labeled
by bjg 41y and terminates at the vertex (p+q—1,%9—1,0) ~1 (0,040 0, (bg + 1)a>).
This last vertex has two outgoing edges

N b o o

(p+q—1,49—1,0) = (p+¢,4;0,0) ~1 (p,;0,0),
bo+1

(p+q—1,05q—1,8) > (0,i;q,7).

The first one is the vertex go indexed by @[pr), the second one is the vertex ho indexed by
jo,q)- Similarly, we consider all paths starting at hy. The graph G (4, 9) is also finite. The
graph G(u,v) is a subgraph of G(@, ©). The supplementary part of G(@,?) is a communicat-
ing class; let G denote the subgraph G (i, 7)\G(u, v). The situation is illustrated in Figure
6.3. The spectral spectral radius of M is the maximum between the spectral radius of M
and the spectral radius of the adjacency matrix of G (see Lemma 4.4.3 in [LM]). Using
Theorem 4.9, we compute easily the characteristic polynomial of the adjacency matrix of
G. The rome is {go, ho} and the characteristic polynomial is

)\P+q — NP\ = /\q()\p —\P7q _ 1).
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Figure 6.3: The graph G(@,v). The box indicates the subgraph G(u,v). The labels are
e=up_1,€ =e+1, f=by_1and f'=f—1.

Let \* denote the largest root of this polynomial; notice that \* < 2. To prove the
Proposition, it is sufficient to show that p(M) is larger than or equal to A*.

If k£ > 4, there are k — 2 loops of length 1 at the root, thus p(M) > k—2 > 2 > \*.
If the path starting at the root and labeled by a ends at the root, which could happen
only for £ > 3 (see Lemma 6.14), then there is a subgraph of G consisting of two cycles
passing trough the root, one of length p or of length ¢ and another one of length 1. This
also implies that p(M) > A*. Similarly, if the path starting at the root and labeled by b
ends at the root, then p(M) > A\*. It remains the case, k < 3, the path starting at the
root and labeled by a does not end at the root and the path starting at root an labeled
by b does not end at the root.

Let H be a communicating class of G(u,v) whose adjacency matrix has spectral radius
strictly greater than 1 (H exists by hypothesis). If the root is a vertex of H, which happens
only if k¥ = 3, then we conclude as above that p(M) > \*. Hence, we assume that the
root is not a vertex of H. The vertices of H are indexed by prefixes of ajg,_1) and bjg ;_1).
From here, we use recursively the most important properties of the graph G(u,v), which
are emphasized in Figure 6.2 and its comments. Let ¢; € H be the first (ie most on the
left) vertex of the upper branch and dy € H the first vertex of the lower branch. Since
‘H is a communicating class, there are edges starting in H and terminating at ¢; and dj.
Let co € H be the first vertex in the upper branch, which has at least two outgoing edges
(in fact, it has two edges, because the root is not in H). Similarly, let do € H be the first
vertex of the lower branch, which has two outgoing edges. We claim that there is an edge
from ¢y to d; and from ds to c¢;.

Suppose it is not the case: for example, there is no edge from ¢y to dy. Let ¢3 € H be
the first vertex in the upper branch such that there is an edge from c3 to d;. We define by
induction two finite sequences of vertices {e;} and {f;}. The vertex e; is the last vertex
before c3 in the upper branch, having two outgoing edges. Then denote by fi the vertex
of the lower branch where terminates an edge starting at e;. The vertex f; is the vertex
immediately before f{ in the lower branch; it has two outgoing edges. Then denote by e}
the vertex of the upper branch where terminates an edge starting at fi. The vertex e is
the vertex immediately before €/ in the upper branch; it has two outgoing edges. Continue
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in this manner until f; = dg or e, = ¢;. We prove that the sequences are finite. H is a
communicating class, thus e; and f; are in H. Moreover the upper level (ie the length of
the shortest path from the root to the vertex) of f; is strictly smaller than the upper level
of e;; similarly the upper level of e;41 is strictly smaller than the upper level of f;. Finally,
J! = d; is impossible, because this contradicts the definition of ¢3. Suppose the sequences
end under condition f,, = da. The situation is illustrated in Figure 6.4.

X h zt... X h Lo X h z t-1
—[1,r-1) —

O PP O T @ O—— PGP O—— - - —5O—P @
n 1

SRR |

Figure 6.4: The beginning of the graph G(u,v).

Let zh be the word which indexes the vertex ¢; and zt be the word which indexes
di. Set r = |zh| and s = |zt|. Since d; is the first vertex in H of the lower branch,
Uy rgs) = 2L Since there is an edge from ds to c1, z is a suffix of the word which indexes
dy and b/ = h + 1 (otherwise there is a third edge from dy to the root). This implies that
x is a suffix of the word which indexes the vertex e, and the outgoing edges at e, are
labeled by h and h'. By induction, z is a suffix of the word which indexes the vertex ey
and the outgoing edges at e; are labeled by h and h'. For the same reasons, z is a suffix
of the word which indexes the vertex c3 and the outgoing edges at cs are labeled by t and
t — 1. Thus there exists m such that c™u = zhz(t —1)... < zhzt... = u; this contradicts
the inequalities (2.16). Similarly, we consider the case where the sequences {e;} and {f;}
end under condition e; = ¢1; this situation is also absurd. Thus there is an edge from co
to di and an edge from ds to c1.

Since the spectral radius of the communicating class H is strictly greater than 1, there
exists at least one edge from some other vertex of H to ¢; or dy, say c¢;. Let d3 be the
vertex where starts this additional edge terminating at ¢;. Then there are two cycles in ‘H
rooted at c1: one follows the upper branch from ¢; to co, then it follows the lower branch
from d; to do, then it goes back to ci1; the other one follows the upper branch from ¢; to
c2, then the lower branch from dy to ds, then it goes back to ¢;. By Proposition 6.13, the
first cycle has length r 4 s, the second cycle has length r + s 4+ w where w is the length of
the path following the lower branch from ds to d3. Moreover r+s < p and r+s+w < q.
The situation, in particular the length of the different paths, is illustrated in Figure 6.5.
Using Theorem 4.9 with {c1,d1} as a rome, we show that p(M) > A\*. O

Theorem 6.16. Let k£ > 2 and letQEE; andQEE; such that ug =0, vg =k —1 and
u=oc'u=v Vn>0 and u=xoc"v=v VYn>0.

If k = 2 we also assume that ou =< ov. Let @ and B be the two real numbers defined by
the algorithm of Proposition 6.10. Then

htop(z(ﬁa Q)a U) = logﬁ .

If k=2 and ov < ou, then hyop(X(u,v),0) = 0.
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Figure 6.5: The graph G(@,v) with the length of the paths.

Proof: Let 3 > 1. By Propositions 6.4 and 6.10 we have

From Proposition 6.15 we get

hiop(Z (W™, 059), 0) = hyop(S(@™?, 0%7), 7) = log B.

= )=

Let lim, o, = @ and lim, 3, = = 1. We have a,, < 1 and 3, > 1 (see proof of

Proposition 6.10). Let
u" =@ and  o" = P

By Proposition 6.4,
P <y <ot

By monotonicity,
P2 (ou!) <P (0n!) = 1 =2 = PR (00?).

Therefore v! < v? (v) = v2) and by Proposition 6.4,
0 0

By monotonicity,

PP (0u) = ag = ag = 222 (0u?) < B2 (0u?).

Therefore u® < u? and
ud <u and 0303 < =< 23'

Iterating this argument we conclude that
u" <=y and v =".

These inequalities imply

htop(E(u,v),0) < hiop(E(u",v"),0) =log B — 0 for n — co.
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Finally let £ = 2 and ov < ou. If ou = (1)*°, then v; = 0 for a single value of j, so
that hiop(X(u,v),0) = 0. Suppose that ou # (1)*° and fix any § > 1. The function o —
@8‘0’5 (ow) is continuous and decreasing since *# dominates @“/’ﬁ if @ < /. There exists
a € (0,1) such that @&;ﬁ(o—g) =a. Ifyy < yg’ﬁ, then v < v®# and X (u,v) C B(u, v*%),
whence hiop(X(u,v),0) <logf. If vy = yg"ﬁ =1, then

72 (0v) <22 (ou) = a < v = % (0u™”).
The map @&ﬁ is continuous and non-decreasing on E; so that ov < ov®P , whence v < v®P
and hiop(X(u, v),0) <log 3. Since § > 1 is arbitrary, hiop(X(u,v),0) = 0. O
6.1.4 The inverse problem

In this section we solve the inverse problem for Sz + a mod 1, namely the question we
address is the following: given two sequences u and v verifying

u=<oc'u<v and u<oc"v=<v VYn>0, (6.21)
can we find « € [0,1) and 5 € (1,00) so that u = u®P and v = v®0?
Lemma 6.17. Let a € [0,1) and 3 > 1 be such that the p*°-expansion is valid.
Suppose that Eg‘éﬁ(g) =0, @&ﬁ(ag) =« and u < oc"u for allm > 0. Then
u=u*" = % (c"u) <1 ¥n>0.
Similarly, suppose that Eg‘éﬁ(y) =1, Eg‘g,ﬁ(ay) =~ and c™v < v for alln > 0. Then
v=0v" = (") >0 VYn>0.

Proof: We prove only the first statement. Suppose that v = u®?. Then by (6.8),
238 (0™) = 17 5(0) < 1for all n > 0. On the other hand, suppose that 23 (0mu) < 1
for all n > 0. If u®P is not periodic, then by Proposition 6.2, u®? is the unique sequence

satisfying 2% (z) = 0 and $%° (02) = «, thus u = u®?. If u*® has minimal period p, then

by Lemma 6.1, Uop—1) = gﬁ)’g_l). We have two choices for u,_1. Either u,_1 = u;"_ﬁl —1

and @3‘55 (6Pu) =1 or up—1 = ug’_l and @&;ﬁ (0Pu) = 0. The first choice is impossible by

Q,

hypothesis. Thus Ujop) = Ypg ’f} ) Repeating the argument, we conclude that u = u®?. O

Proposition 6.18. Suppose that the @-expansion is valid. Let u be a solution of (6.13)
and v a solution of (6.14). If (6.21) holds, then

wP =y = Y >0:7%(0") <1 <= Yn>0:3%%(c") >0 <= v¥’ =0.
Proof: The gp-expansion is valid, so that (6.8) is true,
¥ > 0: 5%’ (0" u™%) = T2 5(0) < 1.

Lemma 6.17 implies
u=u"’ = Yn>0:3%(c"u) <1.

Similarly
v=0v¥ — Vn> 0:@‘;‘56(0"9) >0.



Let 2 < 2/, z, 2’ € ¥(u,v). Let £ := min{m > 0: x,, # x},}. Then
72 (2) =% (@) = P70 M2) =1 and P (0"'2) = 0.
Indeed,

a,f B(O,E-i-lg))

90[.4.1 (x(]v ey XTp—1,Tp + @2‘5 ,ﬁ( £+1£/))

:E?fl(xo,.. S To_1,Tp+ P

Therefore 2, = z+1, 3%° (0 2) = 1 and $%° (6+12’) = 0. Suppose that 3% (6"u) = 1,
and apply the above result to ¢"u and v to get the existence of m with pog a8 (c™Mv) =0. 0

Definition 6.19. Let u € 2$ with ug = 0 and w = o™u for alln > 0. Define the sequence
u € Z: as
u :=sup{c"u:n>0}.

For all u € Z;f with ug = 0 and v < o™ for all n > 0, we have
c'u<u VYn>0.
Indeed there exists a sequence {n;}; so that 4 = lim; c™u. By continuity

o™i = lim o™y < 1.
Jj—00

We explain the ideas developed in Theorems 6.20 and 6.21. Fix u € Ez with ug = 0
and v < o"u. Choose v € E,‘: such that v9 = k — 1 and (6.21) holds. By equations
(6.10), the only possible pair (, ) such that u = u®? and v = v®? is the pair (@, §)
constructed by the algorithm of Proposition 6.10. By Proposition 6.18, a necessary and
sufficient condition for u = v®” and v = QE’B is

2% (0"u) <1 Vn>0.

For our fixed u, we construct in Theorem 6.20 a critical [3 such that this equation is true
for all 3 > ﬁ and false for all § < ﬁ This critical ﬂ is constructed using u. In Theorem
6.21, we find a critical sequence u, such that the algorlthm applied to v = u, gives § > B
Example. We consider the strings ' = (01)*° and v/ = (110)*°. One can prove that
v =u®P and v/ = v*? where f is the largest root of

-z —-1=0
and a = (1 + 3)~!. With the notations of Proposition 6.4 we have
a=01 ¢ =00 b=110 b =111.

Let
= (00110111)>° = (a'bb")*>®

We have
@ = (11100110)® = (Ha'b)™ .

By definition 7% (cu) = a. We have

) 2u =V (a)™

From Proposition 6.4 and Proposition 6.15, we conclude that log 8 = hiop(2X(u, ), 0).
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Theorem 6.20. Let k > 2 and let u € Z; and v € E;, such that ug =0, vg =k —1 and
(6.212 holds. If k = 2 we also assume that ou < ov. Set log 8 := hiop(X(u,u),0). Let @
and 3 be defined by the algorithm of Proposition 6.10. Then

1. If B < B, then u = u™® and v = v&P,
2. Ifﬁ =3>1 and gaﬁ and gaﬁ are not both periodic, then u = gaﬁ and v = QE’B.
3. ]fﬁ =03>1 and QE’B and QE’B are both periodic, then u # QE’B and v # QE’B.

Proof: Let 3 < (. Suppose that u # gaﬁ or v # v™5. By Proposition 6.18 u # u™? and
v # v™P, and there exists n such that %’ (0"u) = 1. Hence %’ (@) = 1. If 5 > 0, then

uy = v9 = k — 1 whence ou < ov, so that @ ’*8( u) = 7. By Propositions 6.4 and 6.15 we
deduce that

log//B\: htop(z(@7 @)7 U) = htop(z(ﬂa Q)?O-) = 10gg7

a contradiction. If 7 = 0, either uy = k — 1 and @a’ﬁ( u) =7, and we get a contradiction

as above, or Uy = k — 2 and @ ’5( u) = 1. In the latter case, since ou =< u, we conclude

that u; = k — 2 and cpoo (JQQ) = 1. Using 0"u <u we get u = (k —2)*° = v ’ﬂ, so that
htop(2(u, @), 0) = htop(X(u,v), 0), a contradiction.

We prove 2. Suppose for example that g?ﬂ is not periodic. This implies that @ < 1, so
that Proposition 6.2 implies that u = u®P. We conclude using Proposition 6.18. Similar
proof if v®? is not periodic. B B B B
We prove 3. By Proposition 6.18, u = u®% or v = v®? if and only if u = v®# and v = ™7,
Suppose u = u®?, then u is periodic so that @ = oPu for some p. This implies that

7% (00) < 727 (@) = §5 (0Pu) < 1.

by Proposition 6.18. Let uy = % — 1. We can apply the algorithm of Proposition 6.10 to
the pair (u,u) and get two real numbers & and (3 (if k = 2, using # > 1 and Theorem 6.16,

we have ou < ou). Theorem 6.16 implies ﬂ 6, whence ﬂ 3. The map o — Pag o0 (o

g (ou) — « is strictly decreasing, whence there
75(

w) is
continuous and decreasing, so that a — ©J

exists a unique solution to the equatlon %) u) — a = 0, which is @ = a. Therefore

@oéﬁ (o) < 1 and we must have k = k, whence
Pow)=a+B—k+1=p%(0v).
P (o) = @ o (o
But this implies @&B(@) =1, a contradiction. O

Theorem 6.21. Let k > 2 and let u € Zz and v € Z,j, such that up = 0, vo = k — 1
and (6.21) holds. If k = 2 we also assume that cu < ov. Let @ and 3 be defined by the
algorithm of Proposition 6.10. If hiop(X(u, ), 0) > 1, then there ezists u, = u such that

@
@l

u, <v = u=u"

4

a

S
]

)
)

nd
nd

S
I
@l

u, =v = u£u"’ a
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Proof: As in the proof of Theorem 6.20 we define k and, by the algorithm of Proposition
6.10 applied to the pair (u,u), two real numbers a and $. By Theorem 6.16, log f =
hiop(X(u, w), o). We set

{Uf’ﬁ if gaﬁ is periodic

v®P if 9P is not periodic.

It is sufﬁcientito show that u, < v implies B> E (see Theorem 6.20 point 2). Suppose
the contrary, § = 3. Then

1=25"@) < 7% (v).
We have $%°(v) = 1 and for a > @, @‘;g (v) < 1 (see Lemma 6.6). Therefore @ < @. On
the other hand, applying Corollary 6.11 we get & > @& so that & = @ and k = k. From
Propositions 6.3 or 6.4, we get v < u,, a contradiction.
Suppose that u, >~ v. We have u = v < u,, whence hiop(3(u, u), 0) = hiop(E(w, u,), 0)
and therefore 3 = B As above we show that @ = a. Notice that if u® &5 is not periodic,

then by Proposition 6.2 u® a8 — =u. If® &8 is not periodic, then by Proposition 6.3 v® a8 — =.

’6

If v* a8 is periodic, then inequalities (6.21) imply that we must have vy’ < v. Therefore

we may have u, > v and inequalities (6.21) only if gaﬁ and v® &8 are periodic. Suppose
that it is the case. If u is not periodic, then using Proposition 6.18 the second statement

is true. If u is periodic, then u = oPu for some p, whence agf (u) = 1; by Proposition
6.18, u # u®P. O

6.2 Generalized (-transformations
We consider the map of Example B. We recall briefly some facts we have already presented.

Fix k > 2, p € (k—1,k] and a map s : Ay, — {1,—1}. We often write the map s(j) as a
vector with k coordinates. The set Sy is given by

J .
= forj€hg, ap,=1.
B

The generalized S-transformation T is defined by

aj; =

Ty(a) = Bx —j if z € I; and s(j) = +1,
7 1—(Bz—j) ifzel;and s(j) = —1.

Notice that T3 depends on the map s, however we do not write this dependence explicitly
in T as well as in all the notations which follow. The corresponding coding map is if
and the representation function is @”. There is only one important virtual itinerary

B .— 1im iP )
n’ ;?111 (x)

All other virtual itineraries can be expressed with the help of n° (see (2.18) and (2.19)).
The shift space obtained by the coding is

S5 :=1A(X) ={z e S} 10"z < n® vn > 0}. (6.22)
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Moreover the virtual itinerary Qﬁ satisfies

o’ <n® Yn>0. (6.23)

Notice that 3 +— Qﬁ is a strictly increasing map. Indeed, consider 3 < ' € (k— 1, k], then

hiop(Xg,0) =log f < log 3 = hiop(Xpr,0) .

Moreover by (6.22), we have
Qjﬁ' <= EQCEE,,

thus Qﬁ < n?. Finally notice that, if s = (1,—1) or s = (—1,—1), then Qﬁ = 10....
Indeed, in both cases T3(1) =2 — 3 and a1 = % Moreover for € (1,2], we have

2—5<; — [2-28+1=(B-1)2>0.

This remark must be compared to Lemma II.2.1 in [CE], where the situation is considered
in a combinatorial point of view.

Before studying in detail some properties of the generalized S-transformations, we must
introduce the tent map, which is an extensively studied particular case of the generalized
[-transformations (see for example [DGP], [CE] or [MS]). Let ¢ = 1/2, § € (1,2] and
define the tent map gz : [0,1] — [0,1] by

(z) = Bx ifr <e,
I = B(l—x) ifz>c.

The map gg is continuous and it is a member of the family of unimodal maps. Let
cn = cn(B) = gj(c) for all n > 1. The non-wandering set €2(gg) of gg is included in

Q(gs) C {0} Ulez, ]

If 3 € (v2,2], then Q(gs) is exactly this set. The interval [co,c1] is called the core of
the tent map gg. The non trivial dynamic is concentrated on the core. Finally we recall
the concept of renormalization in the special case of the tent map (see [MS]). Suppose
that 8 € (2(2_m),2(2_m+1)] for some m > 1. Then, there are m intervals Jp,...,J,, with
disjoint interior such that:

1. gg(Ji) = Jipa foralli =1,...,m — 1 and gg(Jp) = J1,

2. for all i = 1,...,m, the map gg”L]i is conjugated to the map ggm by an affine map
from J; onto [0, 1].

In other words, all asymptotic properties of the tent maps can be established for 8 €
(v/2,2], then extended on 8 € (1,2] using the renormalization. This concludes our brief
reminder about the tent map.

As we will see in this section, the different results about generalized G-transformations
are easier established when 3 > 2. Thus we will often consider separately the cases k > 3
(ie § > 2) and k = 2. This latter case splits in four cases:

1. If s = (41,+1): this case, corresponding to the g-transformations x — Sz mod 1,
is the easiest.
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2. If s = (41, —1): this case corresponds to a tent map of slope . Indeed the map Tp
is conjugated (by an affine map preserving the orientation) to gglo.c,)- All results we
prove are known for the tent maps. The structure of the proofs is often the same:
we prove a result for all 3 € (v/2,2] and then extend this result on 3 € (1,2] thanks
to the renormalization.

3. If s = (=1, +1): this case also corresponds to a tent map of slope . Indeed the map
T is conjugated (by an affine map changing the orientation) to gglic,.c,- We never
consider this case, because it is conjugated to the case s = (+1, —1) restricted to a
well-chosen interval.

4. If s = (—1,—1): this case is the most difficult. The techniques used for the cases 2
and 3 often work for all 8 € (0, 2] with By > 1; but contrary to the tent map case,
we cannot use the renormalization to extend the proofs on 5 € (1, 2].

In a recent paper [G], Géra studied the generalized (-transformations; his approach
is very similar to the one of Parry’s papers [P1] and [P2]. By the general theorem of
Lasota and Yorke, we know that all generalized 3-transformations 73 admit a Tg-invariant
probability measure which is absolutely continuous with respect to Lebesgue measure.
For all generalized (-transformations Tj3, Géra constructed the density (with respect to
Lebesgue measure) of a Tz-invariant probability measure pg and he proved that pg is the
unique measure absolutely continuous with respect to Lebesgue measure.

6.2.1 Uniqueness of the maximal measure

We prove that the map T3 has a unique measure of maximal entropy in almost all cases.
The only gap is k = 2 and s(j) = (—1, —1), where the uniqueness of the maximal measure
is proved only for 3 € (\‘?ﬁ, 2]. We use the method presented in chapter 5 and in particular
Theorem 5.15. Thus the order =< being fixed, we choose 1 € Eg such that

o'n=n Vn >0,

and we study the graph G(n) defined in Example B at the end of chapter 4. Recall the
relations (4.9) and (4.10), expressing all virtual itineraries v/ and v/ with the help of 7.
With these notations

E({gj,yj}) ={z € E,‘: cu' 2o v Vn >0} ={z € EZ‘ co"z XnVn >0} = -

We denote by G(X({u/,v7})) the Markov diagram of % ({u’,v7}). Recall also that ~q is
an equivalence relation on the quadruples defined by

(p,a;0,0) ~1 (), d5d V) = [oPa,0%] = [o"'d,0"V].
We define a second equivalence relation on the vertices of G(3({u/,v7})) by

c=(p,a;q,b) ~o ¢ = (1, d; ¢\ V) <= (p,a;¢,b) ~1 (,d';¢, V) and
all incoming edges at ¢ and ¢’ carry the same label .

The graph G(n) is the simplification of the Markov diagram according to the equivalence
relation ~s. Finally, recall that we write

0=u =limi’(z) and =" =1limi’(x).
210 — zT1
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If s(0) = 1, then 0 = 0°°; if s(0) = —1, then 0 = On.

For Section 6.2.1, we modify slightly the notation so that it is better suited for the
study of G(n). Notice that the root of G(X({u’/,v’})) is the quadruple (0,0;0,7). The
other vertices of G(X({u?,v’})) are of the type (p,a;q,b) with p,¢ > 1 and a,b € UUV.
We consider three cases:

L. If a ¢ {0,n} and 0 = 0%, then (p,a;¢,b) ~1 (p — 1,d’;¢,b) with o’ € {0,7}. But
71 being the maximal element of Y({u’,v'}), we have o' = 0; thus (p,a;q,b) ~1
(0,0;9,b).

2. If a ¢ {0,n} and 0 = On, then (p,a;q,b) ~1 (p — 1,d’;¢,b) with @’ € {0,n}. But
7 being the maximal element of Y({u?,v7}), we have @’ = 0; thus (p,a;q,b) ~1

3. If b ¢ {u®, v}, then (p,a;q,b) ~1 (p,a;q — 1,b') with &' € {0,n}. But 0 being the
minimal element of ¥ ({u/,v7}), we have b/ = 7n; thus (p,a;q,b) ~1 (p,a;q —1,7).

Looking at the three cases, we see that for all vertices ¢ = (p,a;q,b) of G(B({u/,v7})),
there is a quadruple (p',a’;¢’,n) ~1 (p,a;q,b) with p',¢" > 0, &’ € {0,n} and, if ¢’ =
0, then p’ = 0. We are now able to define our new notation. This notation has two
main characteristics. First it contains a supplementary information, the label of all edges
incoming at a vertex; this is useful to deal with the equivalence relation ~s. Secondly
there is a precise rule to choose between all equivalent (for ~1) notations of a quadruple.
Henceforth, the root of G(X({u’,v7})) is denoted by (R;0,0,0,7) (recall that there is no
incoming edge at the root); the symbol R is an exceptional symbol identifying the root. A
vertex ¢ = (p, a; q,b) of G(X({w’,v7})) (except for the root) is denoted by (ap_1;p',d';¢',n)
with p’,d’, ¢’ defined by: B

1. (plvgl;q/7ﬂ) ~1 (p7Q7Q7b)7
2. p',¢" >0, p,q are minimal, o’ € {0,n} and p’ =0 if o’ = 0.

Notice that this notation is well-defined: since c is not the root, p > 1. Moreover, there
exist unique p',¢’, o’ satisfying the requests. We get G(n) by identifying the vertices of
G(X({u?,v7})) having the same (new) notation. As before, we use an unordered notation

(4sp,a;q,b) if oPa < o9,
(p;iq,bsp,a) if oPa - 0%

(j;p,a;q,b) :{

The next proposition gives the main properties of the graph G(n).

Proposition 6.22. The root of G(n) is the verter (R;0,0;0,7). All other vertices of G(n)
are of the type (j;p,a;q,m) with j € Ak, p,q > 0, a € {0,n}; moreover, p = 0 if a = 0.
The root has k successors. For all 0 < j < k — 2, the j-successor of the root is the vertex
(7;0,0;0,m). The k — 1-successor of the root is the vertex (k —1;0,0;1,n) if s(k—1) =1,
it is the vertex (k—1;1,1m;0,n) if s(k —1) = —1. Let c = (j;p,a;q,m) be a vertex of G(n),
except for the root. If ¢ has gnly one successor ¢, ie a, = 14, then a a

(ap;p+1,a;9+ 1) ifa
c— ¢ =14 (ap;0,0;q+1,7) if
(apiq+1,1;0,n) if

and s(0) = +1,
and s(0) = —1.

IS]
I

YR
0
0

[S]
I
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If ¢ has at least two successors, ie a, < 14, then

o (14:0,05q+1,m) if s(ng) = +1,
(Ngiq+1,1m;0,m)  if s(ng) = —1,

¢ L (4;0,0,0,) Va, <j <.

Proof: We apply Lemmas 4.3, 4.5, the equivalence relation ~5 and our convention of
notation. |

If s=(1,—1) or s = (—1,—1), we already noticed that % = 10.... In Figure 6.6, we
draw the beginning of the graphs G(n) in both cases. a

0 0

O Q)

(0:#;0) (0:#;0)

Figure 6.6: The beginning of G(n). On the left, the case s = (1, —1) and n = 10.. .; on the
right, the case s = (—1,—1) and = 10.... The notation (j;p;q) stands for the vertex
(451,15 ,m) and the notation (j;#;¢q) for the vertex (j;0,0;q,7).

Theorem 6.23. Let k > 2, s : Ay, — {1,—1} and § € (k — 1,k] and consider the
corresponding generalized [(-transformation Tg. If s # (—1,—1), then Tz has a unique
measure of maximal entropy. If s = (—1,—1) and § > /2, then Tjs has a unique measure
of mazimal entropy.

Proof: Let n = n°. By Theorem 5.15, we must show that G(n) has a unique communi-
cating class of maximal spectral radius. Let ¢ = (j;p,a;q,n) be a vertex of G(n). Let ||
denote the length of the corresponding interval in [0, 1], ie

el = P2 (0%1) — Po (0P a)].
By the monotonicity of the map z +— i%(z), we have that 2 € X N [@ﬁo(apg)@?o(aqg)]
implies 1°(z) € [0Pa, 09b]. Now we distinguish the cases.

1. If B > 2, we prove that all vertices of G(n) without the root are a communicating
class. Let V denote the set of vertices indexed by j for j < k — 1. From any vertex
of V', we can reach in one step all successors of the root. If we prove that there is a
path from each vertex ¢ to a vertex of V', we are done. Let ¢y be a vertex of G(n).
If ¢y has n > 3 successors, then by Lemma 6.22, n— 2 of them are in V. Otherwise if
co has one successor, define ¢; as this successor; if ¢y has two successors, define ¢; as
the one such that |c;| is maximal. Since the slope of T is £/3, we have |ci| > §|Co|.
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If ¢; has at least three successors, then at least one of them is in V. Otherwise define
¢y as the successor of ¢; such that |cg| is maximal. Continuing in this manner, we
find a vertex ¢, such that 3
n
eal = () leol

Since 3/2 > 1 and |¢,| < 1, this sequence is finite and there is a path from ¢ to V.

2. If s = (1,1), this is the [-transformation and it is well-know that it has a unique
measure of maximal entropy (see [T] and [H1]). By the way, it is easy to see that
all vertices of G(n) except for the root form a communicating class.

3. If s = (1,—1). The beginning of the graph is drawn in Figure 6.6 Suppose first that
B € (v/2,2]. Let V be the set of all vertices of G(1) except for the root and the
vertex indexed by the word 0. We prove that V is stljongly connected. Let v € V be
the vertex indexed by the word 1; we have v = (1;1,7;0,7n). There is a path from v
to ¢ for all ¢ € V. Consider a vertex cg € V. Define a se&uence {¢i}i by induction:
¢; is the successor of ¢;—1 such that |¢;| is maximal. We claim that there exists n
such that ¢, and ¢,1 have both two successors. If not, then for all m > 1,

5 g2y
eam| = - leamozl =+ = () leol

But $%2/2 > 1 and |ea;,m| < 1, thus we have a contradiction. Now suppose that
cn = (j;p,m;q,m) (notice that the case (5;0,0;¢q,n) is impossible, because v = 0n
and u' = fn). “We consider separately the cases p < ¢ and p > ¢. In both cases,
there is a path of length 2 from ¢, to the vertex (1;1,7m;0,7n) (see Figure 6.7). Thus
V is strongly connected. Either V is a communicating class or we must add the
vertex indexed by the word 0 to obtain a communicating class. In both cases, there
is a unique communicating class of maximal spectral radius, thus by Theorem 5.15
a unique measure of maximal entropy. Using the renormalization, we extend this
result to all 5 € (1, 2].

- -

-, \\
(0;p+1;0) {(1;1;0)

~ 7’
~ o . -

0 1

(13pi0) ———(1:0+1;0) ———(0;+2:0)

- -

- ~

AY
(1;9+1;0) {(1;1;0)
1 1

(isp;a) _0>(0;p+1;0) T>(0;|0+2;0)

Figure 6.7: On the top, the case p < ¢; on the bottom, the case p > ¢. The notation
(45 p; q) stands for the vertex (j;p,n;¢,n).
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4. If s = (—1,1). This case is conjugated to the case s = (1,—1) restricted to an
appropriate interval, thus there is also a unique measure of maximal entropy.

5. If s = (—1,—1), the proof is very similar to the case s = (1,—1). The beginning
of the graph is drawn in Figure 6.6. Suppose 3 € (v/2,2]. Let V be the set all
vertices of G(n) except for the root and the vertex indexed by the word 0. We prove
that V is strongly connected. Let v € V be the vertex indexed by the word 1; we
have v = (1;1,7;0,n). There is a path from v to ¢ for all ¢ € V. Consider a vertex
co € V. As in case s = (1,—1), there is a path from ¢y to a vertex ¢, such that
¢n, has two successors and one of them, called ¢,+1, has also two successors. There
are three cases to consider: ¢, = (j;0,0;¢,7n), ¢, = (j;p,1;¢,n) with p > ¢ and
cn = (J;p,m;q,m) with p < g. The first one is trivial. We illustrate the other cases
in Figure 6.8. Since there is a path from the vertex (0;0,0;0,7m) to (1;1,7;0,n), V
is strongly connected. Either V is a communicating class or we must add the vertex
labeled by the word 0 to have a communicating class. In both cases, there is a unique
communicating class with maximal spectral radius.

- -

(0;#:;p+1) {(1:1;0) Y
~ 7

~ o . -

0 1

(i:p;q) —lp(l;q+1;0) T>(0;#;q+2)

- =~
~

(1;9+1;0) ! (0;#;0)

\\ ’/
N‘ X)

(isp;a) _0>(0;#;p+1) T>(1;|0+2;0)

Figure 6.8: If 8 € (v/2,2]. On the top, the case p < ¢; on the bottom, the case p > q.
The notation (j; p; q) stands for the vertex (j;p,n;¢,n) and the notation (j; #;q) for the
vertex (3;0,0;¢,7).

If B € (/2,V?2], let V' be the set V without the vertex indexed by the word 1. Let
v € V' be the vertex indexed by 10; we have v = (0;0,0;2,7n). Arguing as before,
we prove that V' is strongly connected. There is a path from v’ to all vertices
in V. Let ¢y € V', there exists a path from ¢y to ¢, and two vertices c¢pi1, Cri2
such that ¢, — cp+1 — cnt2. Moreover two vertices between ¢y, cpy1,cpnto have
two successors. If ¢,41 is one of them, we recover the case treated in Figure 6.8.
Otherwise we consider the three cases ¢, = (5;0,0;¢,m), ¢n = (j;p,1;9,m) with
p > qand ¢, = (jip,m;q,n) with p < ¢q. The first one is trivial. We illustrate
the other cases in Figu;e 6.9. Since there is a path from the vertex (1;1,7;0,7) to
(0;0,0;2,7), V' is strongly connected. As before, there is a unique commﬁnicgting
class with maximal spectral radius.

g
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(0;#;p+1)

0

(j:p:q) T>(1;q+1:0) T>(1;1:q+2) —0>(0:q+3;0)

/’_-~\\
{(1;1;0)
~

(1;,9+1;0)

e
~

1

1

(;p;q) — (0;#;|o+1)—>0 (0;p+2;0) — (0;#:p+3)

Figure 6.9: If 8 € (/2,v/2]. On the top, the case p < ¢; on the bottom, the case p > q.
The notation (j;p; q) stands for the vertex (j;p,n;¢,n) and the notation (j; #;q) for the
vertex (j;0,0;¢,7).
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Chapter 7

Normality

This chapter is devoted to the study of the normality for the maps 7, g3 and the gener-
alized [-transformations. The word ”"normal” has several meanings. We use this word
in the sense which was used by Borel when he spoke of normal number. Let (X,T) be a
measurable dynamical system and consider an ergodic measure u € M(X,T). Roughly
speaking, a point z € X is u-normal, if the frequency of times when the orbit of = visits
any set A tends to p(A). We will make precise this definition using the weak*-topology.
By the Birkhoff Ergodic Theorem, we know that u-almost all points z € X are py-normal.
We only consider piecewise monotone continuous maps with X = [0,1]. In particular,
if v is equivalent to Lebesgue measure, then Lebesgue almost all points are py-normal.
However given a point x € [0, 1], it is often very hard to answer the question: is the point
2 p-normal or not? Our approach consists to fix x € [0,1] and a family of expansions
described by a parameter k € K. Then we estimate the size of the set of parameters
k € K for which x is ps-normal, where pu, is the unique measure of maximal entropy.
First we consider the family of maps T, 3. Let pog € M([0,1],7,,3) denote the
measure of maximal entropy. In Theorem 7.8, we prove that, for any = € [0, 1], the
point z is ji g-normal for Lebesgue almost all parameters («, 3). To this end, we prove
in Theorem 7.6 an intermediate result: for all z € [0,1] and all a € [0,1) (except for
z = a = 0), the point z is 4 g-normal for Lebesgue almost all 3. In Theorem 7.10, we
prove a result that seems to be paradoxical: the plane of parameters («, ) is filled by
disjoint analytic curves along which the orbit of x = 0 is at most at one point ji, g-normal.
Finally we consider the case of generalized [-transformations Ts. Let pg € M([0,1],73)
denote the measure of maximal entropy. In Theorem 7.13, we prove that the point x =1
is pg-normal for almost all 3. As in Theorem 6.23, there is a gap for s = (=1, —1) and
(B too small. The proofs of Theorems 7.6 and 7.13 are very similar. They are inspired by
a paper of Schmeling [S]. In that paper, Schmeling considered the S-transformations Sz
mod 1 and he proved that the point & = 1 is p1g-normal for almost all 3 (ug is the measure
of maximal entropy). Finally, notice that we recover a result of Bruin in [Br|, where he
proved that the turning point of a tent map gg is pg-normal for almost all 5 (as usual,
s is the measure of maximal entropy). Indeed, the tent map is a particular generalized
(B-transformation and Theorem 7.13 is a generalization of Bruin’s results.
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7.1 Definitions

Let (X,d,T) be a compact measurable dynamical system (for the definitions, see Section
3.1.1). Recall that the set of Borel probability measures M (X) is endowed with the weak*-
topology; in particular, M(X) and M (X,T) are compact. For all z € X and all n > 1,
the empirical measure of order n at x is

n—1
1 .
Enl@) i= Y 0T € M(X),

1=0

where 0, is the Dirac mass at z. Let Vp(x) C M(X,T) denote the set of all cluster points
of {&,(x)}n>1 in the weak*-topology.

Definition 7.1. Let up € M(X,T) be an ergodic measure and x € X. The orbit of x under
T is p-normal, if Vp(x) = {u}, ie for all continuous f € C(X), we have

n—1
nlingoigf(Ti$) = /fdu.

To estimate the size of sets, we use the Hausdorff dimension and the topological en-
tropy. We recall the definition of the Hausdorff dimension dimy E; one has to compare
this definition to the one of the topological entropy hiop(E,T) (see Definition 3.4). The
similarity of these two definitions is the key of Lemma 7.2, which links hyop(E,T) and
dimg F for the shift spaces. Let (X, d) be a metric space and £ C X. Let D.(E) be the
set of all finite or countable covers of F with sets of diameter smaller than €. For all s > 0,
define

H.(E,s):=inf{» (diamB)*:C € D(E)}.
BeC
The s-Hausdorff outer measure of F is H(E,s) := lim._,g H.(E, s). The Hausdorff
dimension of F is

dimy F :=inf{s > 0: H(E,s) =0}.
The next lemma can be found in [Fu].

Lemma 7.2. For 8 > 1, consider the dynamical system (E;,dg,o) (the metric dg is
defined by (2.1)). Let E C X} be such that o(E) C E, then

htop(E, 0)
log3
Proof: Let ¢ € (0,1),5s > 0,n > 0 and C € G,(F,0,¢). Since diam B, (z,¢) < ef~m*! <

e+ for all B,,(z,¢) € C, C is a cover of E with sets of diameter smaller than e3-"*1.
Moreover

dimyg F <

3" diam (By(x,€))Pe0 < (eB)F8 Y ™.

B (z,e)eC B (z,e)eC

Thus H(E, 1025) < (Eﬁ)@C’n(E, 0,¢,5) with § = 37!, Taking the limit n — oo, we
obtain

H(E, @) < (e0)" P C(E,0,¢,5).
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If s > hiop(E,0,¢), then H(E, i775) = 0 and 35 > dimy E. This is true for all s >
hiop(E, 0, €), thus

htop(EyaaE) < htop(E7a)
log 3 ~— logp

dimg F <

O
The next lemma is a classical result about the Hausdorfl dimension, it is Proposition
2.3 in [F]. The proof is very similar to the one of the previous lemma.

Lemma 7.3. Let (X,d), (X', d") be two metric spaces and p : X — X' be an a-Holder
continuous map with o € (0,1]. Let E € X, then
dimyg F

dimp p(E) < :
(6%

Finally we report Theorem 4.1 from [PS]. This theorem is used to estimate the topo-
logical entropy of sets we are interested in.

Theorem 7.4. Let (X,d,T) be a compact continuous dynamical system and FF C M(X,T)
be a closed subset. Define

E={zxeX :Vp(zx)NF #0}.

Then

hiop(E,T) < sup hr(v).
veF

7.2 Normality for the map Sxr + a mod 1

In this section, we study the normality for the map T, 3 = Sz +a mod 1 with 8 > 1 and
a € [0,1). Notice that the set S, where T, 5 is not well-defined, depends on the parameters
a, 3. We want to work with x € [0,1] fixed and «, § varying. This could be a problem,
because T, g(x) may be not defined for a big subset of the set of parameters. Since all
laps of Ty, g are increasing, there is a convenient way to modify the definitions of the map
T, s and the coding i®P8_ in such a way that T, is well defined for all € [0,1). Until
here, the map T, 3 was defined on X; = [0,1]\:Sp and 17 5 was defined on X = [0,1]\S
for all n > 0. Henceforth, we extend the definition of T}, g3 on [0,1) by right-continuity.
We summarize the modifications. The set Sy remains unchanged, the intervals I; are now
defined as I := [a;,a;j11) for all j € Ag. The maps f; : I; — [0,1) are always given by

filx) =pz+a—7j,

and the map T, 5 : [0,1) — [0,1) is defined by Ty |7, = f;. Defined in this manner, the
map Ty g is right-continuous. The coding map i%f . 0,1) — Ez is defined using the
intervals I;

1%9(2) = 1§ (2)i0P () ... with 19%(z) = j <= T 4(2) € L.

As in Lemma 2.4, we can prove that i®? is right-continuous on [0,1). The map P -

[0, k] — [0, 1] remains unchanged; in particular, the map ng : E;f — [0,1] is continuous
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by Theorem 2.12. Using the right-continuity of i*# and the continuity of @&ﬁ , we check
that the point 2 of Theorem 2.15 becomes
T75(z) = 7%  00™ 0 i%F(z) VY €[0,1). (7.1)
The definition of the virtual itineraries u®” and v*? remains unchanged. It is easy to
check that u®® = i%6(0), 1*9([0,1)) = X, and the inequalities (6.4) remain true.
Finally, notice that it is also possible to extend the definitions of 7, g and i%# on (0,1]
by left-continuity. In this case, we define the intervals I; := (a;, aj+1] and (7.1) is true for
all z € (0,1].
In [P2], Parry constructed a measure po g € M([0,1],Tq 3), which is absolutely con-
tinuous with respect to Lebesgue measure. Its density is (A is the Lebesgue measure on

[0,1])

d 1 Lecrn 1) = Lacrm (0)
hap(@) i= =22 ( > —f .

= @)= No.3 gn+t ’ 7-2)

n>0

with N, 3 the normalization factor. In [Ha], Halfin proved that h, g(z) is nonnegative
for all z € [0,1]. By Formula (3.6), the topological entropy of the dynamical system
(Xa,0) is log 8. Hofbauer showed in [H4] that it has a unique measure of maximal
entropy fia,g € M(X4,3,0) (Proposition 6.15 is a big part of this proof). By Proposition
5.7, the dynamical system ([0,1], T, g) has a unique measure of maximal entropy given
by fia,p © (¢§f )~!. Finally, Hofbauer proved in [H2] that fi, s o (@3‘55 )~1 is absolutely

continuous with respect to Lebesgue measure. Since the measures p, g and fiq go (@8‘55 )t
have both strictly positive densities at 0 and 1, they are equal

Ma,p = ,aoz,ﬁ o (@géﬁ)_l .
7.2.1 Normality in the whole plane («a, ()

We give a lemma which shows that for given x and «, there is exponential separation
between the orbits of z under the two different dynamical systems T, g, and T, g, .

Lemma 7.5. Let z € [0,1), a € [0,1) and 1 < 31 < Ba. Define l = min{n > 0: il (x) #
i2(x)} with i7(z) = i%% for j =1,2. If x # 0, then

o

By — B < 22550
X

If t =0 and o # 0, then
e
B— < gyt

Proof: Let 6 := (B3 — 1 > 0. We prove by induction that for all m > 1, i[l0 m) (x) =

i2 . (z) implies
[0,m) .
T3 () = 11" () = By o,

where T; =T, g,. For m =1,

To(z) — Th(z) = fox + a — ig(z) — (Biz + o — ij(z)) = 6.
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Suppose that this is true for m, then i[10,m+1) = 1[207m+1) implies

T (@) = T (@) = BoT3" (2) + a — ify(2) — (BT (2) + @ — i, (2))
= Bo(T3" (x) — 17" (x)) + 617" () = 336z .
—m—+1

On the other hand, 1 > T§*(z) — T{"(x) > By '6x. Thus § < ’BQT for all m such that
i[lo,m) = i[207m)' If x =0, then T (x) = T>(z) = o and we can apply the first statement to
y=a>0. L

Now we can state our first theorem and its corollary about the normality of orbits
under T;, 3. The proof of the theorem is inspired by the proof of Theorem C in [S], where
the case z = 1 and o = 0 is considered. The 1-dimensional Lebesgue measure is denoted
by A.

Theorem 7.6. Let x € [0,1) and a € [0,1) except for (x,a) = (0,0). Then the set
(B> 1: the orbit of i%%(x) under o is fin g-normal}

has full Lebesgue measure.

Corollary 7.7. Let x € [0,1) and o € [0,1) except for (x,a) = (0,0). Then the set
{8 > 1: the orbit of x under T, g is f1q,g-nOTmMal}

has full Lebesgue measure.
If oo =0, then the orbit of x = 0 under Ty, g is never ji, g-normal.

Notice that the theorem and its corollary may also be formulated for x € (0, 1] using
a left-continuous extensions of T, g and i*# on (0, 1].
Proof of the theorem: We briefly sketch the proof. It is sufficient to consider a finite
interval [3, 3], since there is a countable cover by such intervals. We use the uniqueness of
the measure of maximal entropy fia,g: for x € ¥, g not fi, g-normal, there exists v € V,(z)
such that hy(v) < he(fla,s) = log B. Therefore we cover the set of abnormal 3 in [3, 3] by
sets Qn, N € N, B

Qn = {6 €8,0] : {£.(%(x))}n clusters on v with hy(v) < (1 —1/N)log 3} .

We consider each 2y separately and cover them by appropriate intervals, which we gener-
ically denote by [f1, #2]. The main idea is to imbed {i®%(x) : 8 € [81, 2]} in a shift space
¥ = 3(u*,v*) with «* and v* well chosen. Writing D* C ¥* for the range of the imbed-
ding, we estimate the Hausdorff dimension of the subset of D* corresponding to points
i%0(z) which are not fi, g-normal. Then we estimate the coefficient of Hélder continuity
of the map p, defined as the inverse of the imbedding. This gives us an estimate of the
Hausdorff dimension of the non fi, g-normal points in the interval [51, (a].

To obtain uniform estimates, we restrict our proof to the interval [3, 3] with 1 < 8 <

B < oo. All shift spaces below are subshifts of ¥, with k = [a + 8]. Let Q := {3 €
[3,8] : i%F(z) is not fi, g-normal}. For 8 € Q, we have V(i (z)) # {fia,3}. Since fia g

is the unique T, g-invariant measure of maximal entropy log 3, there exist N € N and
v € V,(i%P(z)) such that h,(v) < (1 — 1/N)log 3. Setting

O = (B € [8.7) : v € V(1% (x)) s.t. ho(v) < (1 1/N) log 3},
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we have Q = (Jy>; Qnv. We will prove that dimy Qn < 1, so that A(Qx) = 0 for all
N >1. -

For N € N fixed, define ¢ := % > 0 and § := log (1 —{—5/5). Let 8 € [B,0].
Following Proposition 4.10, choose Lg such that

htOP(Zy’,y’a o) < htOP(Ea,ﬂa o) +4/2,

for all pairs (v, v) satisfying (6.11), QEO,Lg) = g[oé”/BLB) and QEO,L )= [0 L o) Choose gz € Q
such that log 3 — 6/2 < logqg < log 3. Let

a,B aﬁ/ _ ap
J(B: Lg,qp) = {0 € [ap, 0] : u OLﬁ) = U1 Vo) = Yoy -

This set is an interval, since the maps 3 u®?" and B v*%" are both monotone in-
creasing. Moreover 3 € J(3, Lg, qg). Notice also that the family {J(3, Lg,qg) : 5 € [3, ]}

is countable. Indeed the interval J(8, Lg,qg) is entirely characterized by u[oi ) 7[0’[2[3)
and gg. But there are only countably many triples in A} x A7 x Q. Thus {J(8, Lg,q3) : 5 €
[, 0]} is a countable cover of |3, §]. To prove that A(Q2y) = 0, it is sufficient to prove that
MQNNJ(B,Lg,q3)) = 0for all 8 € [3,3]. The interval J(83, Lg, gz) may be open, closed or
neither open nor closed. We need to ‘work on a closed interval, thus we prove an equivalent
result: for any closed interval [, B2] C J(5, Lg, qp), we have AX(Qn N [B1, B2]) =

Let v/ = g‘lﬁj and v/ = gaﬁj. Using (6.4) and the monotonicity of § +— u®P and
B — v*? we have

1

[\

< Vn >0,

VYn > 0.

=

LA TA
\@

b
A TA
|

b

S

Tyt
<o

\:Q

ul!

\ C

Hence the couple (u',v?) satisfies (6.11) and we set ¥* := X (u',v?) and

D*:={zeX*:36 €A, [ s.t. z =i (x)}.

We define a map p, : D* — [y, 3] by pu(2) = B <= i%P(z) = z. This map is well
defined: by definition of D*, for all z € D* there exists a 3 € [31, £2] such that z = 1%7(z);
moreover this 3 is unique, since by Lemma 7.5, § — i®0(z) is strictly increasing. On the
other hand, for all g € [31, B2], we have from (6.5)

ul < ua,ﬁ < O.niocﬁ(x) < Qa,ﬁ <02 Vn> 0,

whence 1%F(z) € %* and p, : D* — [B1, B2] is surjective. Let log By := hiop(X*, 0); then
by Proposition 4.10

log B« = hiop(E*,0) < hiop(Xa,8,0) +9/2 =log B+ /2.
By definition of ¢, we have log 8 — /2 < log g3 < log (1, thus log 3* < log 1 + ¢ and
B =P < Pui(e® —1) <e. (7.3)

Let us compute the coefficient of Holder continuity of p. : (D*,dg,) — [B1,32]. Let
z# 2 € D" and n =min{l > 0: z; # 2/}, then dg,(2,2') = ;™. By Lemma 7.5,

log 81

p4(2) = px(2)] < Cpu(2)™" < CB" = COldp, (2, 2))TosPx
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where

5 ifx#£0
c_ls if x #
5 ifx=0.

By equation (7.3) and the choice of e, we have

Slog B ﬂllogﬁl
B 51_2]\7 = O — 01 < w7 SN
= 1+ ———F b, = b1 <1 L

Gilogh = 2N 1

log B + 252 oN
log 31 ~ 2N -1

log 61 S log 31 > 1 1

log B« — logﬁl—l-% = 2N’

In last line, we use the concavity of the logarithm, so the first order Taylor development
is an upper estimate. Thus p, has Holder-exponent 1 — W
Define

Gy ={z€e X" : e V,(2)st. ho(v) < (1—1/N)log S} .
Let 3 € Qn N [B1, B2]. Then there exists v € V,(i®%(x)) such that

ho(v) < (1—=1/N)log 8 < (1 —1/N)log B

Since 1*%(z) € D* C ¥*, we have 1*%(z) € G%,. Using the surjectivity of p., we obtain
QN N[B1,B2) C p«(GyND*). We claim that hiop(Gly,0) < (1 —1/N)log 3. This implies,
using Lemmas 7.3 and 7.2,
dimg (Qx N [ﬂl,ﬁg]) < dimg p«(Gy N D¥)
_dimp Gy hop(GRo) _ 1-

T ol-gk T (1-5h)logB T 1— ok

Thus A(Qn N [B1,02]) =0
It remains to prove hiop (G, 0) < (1 —1/N)log fs. Recall that (see Definition 3.2)

he (v )—suphm H \/T TA),

where the supremum runs over all finite Borel partitions A. By Theorem 3.3, the partition
Ay :={[j] : j € Ax} is such that h,(v) = hy(v,.A1). Thus

he(v) = lim 1H(V, A,
non
where A,, = {[w] : w € L(X*),|w| = n}. Since the cylinders are both open and closed,

for all w € £L(X*), the map v — v([w]) is continuous in the weak*-topology (see Theorem
30.10 in [Ba]). Thus

vi— Hv, A,) = — Z v([w]) log v([w])

[w]€A,
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is continuous in the weak*-topology, as a finite sum of continuous functions. Moreover
LH(v, A,) is decreasing in n. For all m > 1, we set

1
Fi(m) = {v € M(S",0) - ~H(v, An) < (1~ 1/N) log 4.}
Giy(m) = {2 € % : Vy(2) N Fiy(m) £ 0}
Let z € GY, then there exists v € V,(z) such that ho(r) < (1 — +)logfB,. Since
LH(v,Ap) | ho(v), there exists m > 1 such that L H (v, Ay,) < (1 —1/N)log B, whence
v € F;;(m) and z € Gy(m). This implies Gy C U,,>; Gy (m). Since v — H(v, Ay) is
continuous, F};(m) is closed for all m > 1. Finally we obtain using Theorem 7.4

htop (G, 0) = sup hiop (G (m),0) <sup sup hy(v)
m m veF5 (m)

1
<sup sup —H(v, Ay)<(1-1/N)logp..
m veF} (m) m

O
Proof of the Corollary: Let ﬂ > 1 be such that the orbit of i%# ( ) under o is fiq g-

normal. Let f € C([0,1]), then fi%a 3 — R defined by fi=fo gooo is continuous, since

72 2F is continuous. Using piq,g := fla,3 © (90 ’ﬂ)

n—1
| flap= [ Fdias = i 3 flo's%(a)
[071] Za,ﬂ n—oo i=0

n—1
= lim Zf @ (o'1*0 (@) = lim Y f(T5 5()) -
=0

we have

The second equality comes from the fi, g-normality of the orbit of i%8(z) under o, the

last one is (7.1) which is true for all x € [0,1) with our convention for the extension of

T, and i%? on [0,1).

The last statement is trivial: if & = 0, then T 5(0) = 0 for all n > 0. O
The next step is to consider the question of j, g-normality in the whole plane (¢, 3)

instead of working with « fixed. Define R :=[0,1) x (1, c0).

Theorem 7.8. For all x € [0,1), the set
N(z) :== {(o, B) € R : the orbit of x under T, 3 is fiq,g-normal}
has full 2-dimensional Lebesque measure.

Proof: We only have to prove that N (z) is measurable and to apply Fubini’s Theorem
and Corollary 7.7. The first step is to prove that for all z € [0,1) and all n > 0, the maps
(o, B) = i%P(2) and (a, B) — 17 5(x) are measurable. First notice that for all n > 1

1

i 3 12(z) gt (7.4)
=0

8 — 1 ,

J

wp)=p0"r+a

The proof by induction is immediate. To prove that (a, 3) — i%(z) is measurable, it is
enough to prove that for all n > 0 and for all words w € A} of length n

{(c,8) € R: il (2) = w}
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is measurable, since the o-algebra on Z; is generated by the cylinders. This set is the
subset of R? such that

g>1,
0<a<,
wj<ﬁTOJ;ﬁ(:U)+a§wj+1 VO<j<n.

Using (7.4), this system of inequalities can be rewritten

81,
0<a<l,
o> Faks (SLywd ™ - @) vo<j<n,

a< % 1 +Zg:0wiﬂj_i —ﬂj+1x) VO<j<n.

From this, the measurability of i*# follows. If (a,f) — i®Pf(z) is measurable, then
by formula (7.4), (a,8) — T} 5(x) is clearly measurable for all n > 0. Then for all
f € C(]0,1]) and all n > 1, the map («, 3) — S, (f) = %Z?:_Ol (T;B(x)) is measurable
and consequently

{(a, B) : nlingo Sn(f) exists}

is a measurable set.
On the other hand, if f € C([0,1]), then (a, 3) — [ fdua,pg is measurable. Indeed

[t = [ fhosar

and in view of equation (7.2) and the measurability of («, 3) — Ty g(z), the map (a, §) —
ha,g is clearly measurable. Therefore

(@0 lim ,(1) = [ Fdos)

is measurable for all f € C([0,1]). Since [0,1] endowed with the euclidian metric is a
complete and separable metric space, there exists a countable subset { f, }men C C([0,1])
which is dense with respect to the uniform convergence (see Lemma 31.4 in [Bal]). Then
setting

Dy, :={(a,B) €R: nh—%lo Sn(fm) = /fmd:ua,ﬁ}v

we have N(z) = (,,eny Dm, whence it is a measurable set. O

7.2.2 Normality along particular curves

We have shown that for a given x € [0, 1), the orbit of  under Tj, 3 is jiq g-normal for
almost all (o, 3). The orbits of 0 and 1 are of particular interest (see equations (7.2)). Now
we show that through any point («y, Bp), there passes a curve defined by a = a(f3) such
that the orbit of 0 under T,(g) 5 IS fiq(g),s-normal for at most one 3. A trivial example of
such a curve is a = 0, since x = 0 is a fixed point. The idea is to consider curves along
which the coding of 0 is constant, ie to define () such that u®(#)# is constant.
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Define
U = {geEZ:EI (o, B) € R s.t. g:ga’ﬁ}.

We define an equivalence relation in R by
(@, 8) ~ (. 3) = u™? =u”F.

An equivalence class is denoted by [u] := {(o,3) € R : u®? = u}. The next lemma
describes [u].

Lemma 7.9. Let u € U and set

Then there exists 3, > 1 such that

[u] = {(a(8), ) : B € Ju}
with Jy, = (Bu, 00) or Jy = [Bu, 00).

Proof: If u = 0, then the statement is trivially true with o(3) = 0 and 3, = 1. Suppose
u # 0°°. First we prove that

(a’ﬂ) ~ (alvﬁ) == a=aqa,

then
(a,0) € [u] = (a(B),0) €] V6 >0.

Let (a,3) € [u]. Using (7.1), we have @3‘5’8(0@) = T, 5(0) = . Since the map o —
229 (ou) — a is continuous (Theorem 2.12) and strictly decreasing (Lemma 6.1), the first
statement is true. Let 3 > 3. By Corollary 6.8, we have that 7 (ou) > ¢ (ou).
Therefore there exists a unique o/ < « such that goa/’ﬁ, (cu) = o'. We prove that go‘lﬁ/ =u.
By Proposition 6.4, we have u < u P By Proposition 6.15, we have

htop(Z%ya/,@/ y O') = htop(Za’,ﬁ’, O’) = IOg ﬁ/ .
Since Xo 5 = X, 4o and 3’ > 3, we must have @8 < @F" Therefore

o"u < P < v >0
alvﬁ/ < O—nya/aﬁ, j Qalvﬁl Vn 2 O7

I
PN

I
IA
I

are the inequalities (6.21) for the pair (u,v®?). We can apply Proposition 6.10 and
Theorem 6.20 to this pair and get u = u®?". It remains to show that o/ = a(f').
Applying the formula (2.17) to u®?, we have for all (o, 3) € R

us?
O‘:(ﬁ_l)Zﬁgj‘H'

320

Since for all 3 > 3,, we have u € ¥, g, this completes the proof. O
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For each u € U, the equivalence class [u| defines an curve in R, which is strictly
monotone decreasing (except for u = 0°°),

W ={()a=(F-DY 45 fe L.

7>0

Since 3 > 1 and uj; < k — 1, the sum is uniformly bounded on any interval |3, c0) with
Bo > 1. Thus each curve is analytic. Moreover these curves are disjoint two by two and
their union is R.

Theorem 7.10. Let (o, 3) € R, u = u*? and define a(B) and 3, as in Lemma 7.9. Then
for all B> By, the orbit of x =0 under T g 5 is not pin(z),g-normal.

Proof: Let o € M(X],0) (with k large enough) be a cluster point of {€,(u)}n>1. By
Lemma 7.9, u*(®):# = y for any 8 > Bu. Therefore

ho(ﬁ) < htop(za(ﬁ),ﬁa 0) = loglg vﬁ > 5g

and 7 is not a measure of maximal entropy. Moreover i,(5)8 = fla(g),3 © (@&Sﬂ )8 )t
is the unique measure of maximal entropy for Ti,(g) 3. Thus vg := U o (@%ﬁ )8 =
M([0,1], T,(g),3) is not a measure of maximal entropy for all 8 > . O

Recall that
N(0) = {(c, B) € R : the orbit of 0 under T, g is jiq g-normal} .

By Theorem 7.8, N'(0) has full Lebesgue measure. On the other hand, by Theorem 7.10,
we can decompose R into a family of disjoint analytic curves such that each curve meets
N(0) in at most one point. This situation seems to be paradoxical, but it is very similar
to the one presented in [Mi] by Milnor following an idea of Katok.

Finally notice that, in Lemma 7.9, we construct curves along which the coding of x = 0
is constant. What happens when we consider z € [0,1]? From (2.17), it is possible to
show that for any = € [0, 1] and any z, we have

{(a, ) e R:i%(2) =z} C {(a, B) : v = x+zﬁ]+1
7>0
We can define J(z,z) € (1,00) as the unique set such that
{(a,p) e R:i%(z) =2} = {(a, f) : B € J(z,z) and o = (3 — 1)( x+253+1
3>0

Unfortunately, we have no proof that J(z,z) is an interval except if x =0 or z = 1.

7.3 Normality in generalized g-transformations

In this section, we consider the question of the normality in the generalized S-transformations
Ts. We work as before: x = 1 is fixed and we estimate the size of the subset of the pa-
rameters for which x is pg-normal. The structure of the proof is very similar. Since the
tent maps are a particular example of generalized (-transformations (they correspond to
k =2 and s = (1,—1)), we recover a result of Bruin in [Br]. Notice that the proofs are
very different.
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Contrarily to the case of T, 3, we consider only x = 1, because we do not have a proof
of the exponential separation of orbits for all z € [0, 1], but only for = 1. However, the
orbit of 1 is the most important orbit in this dynamical system. For example, it appears
explicitly in the density of the invariant measure pg (see [G]). The orbit of 1 is defined
by Tg(l) =1, T3(1) = v := limyy T3(z) and for all n > 2,

TH(1) =Ty '(y) ifyeX.

If v ¢ X, then the orbit of 1 is not well-defined. Remember that the set S = S(f3)
depends on the parameter 3. For the map T, 3, we solved this problem by an extension of
the definition of the orbit on [0, 1); this was possible, because all laps of T, g are increasing.
In this case, we will simply show that the set of 5 such that v ¢ X is countable, hence
negligible.

Lemma 7.11. For any family of generalized B-transformations defined by (sn)o<n<k, the
set {f € (k—1,k]:veS(B)} is countable.

Proof: For a fixed n > 1, we study the map 8 — Tg(’y). This map is well defined
everywhere in (k—1, k] except for finitely many points and it is continuous on each interval
where it is well defined. Indeed this is true for n = 1. Suppose it is true for n, then T’ ELH( 1)
is well defined and continuous wherever Tg(l) is well defined and continuous, except for
Tﬁn(l) € So(). By the induction hypothesis, there exists a finite family of disjoint open
intervals J; and continuous functions g; : J; — [0, 1] such that (k — 1, k]\(J; J;) is finite
and
Ty(x) = g:i(B) i BeJ;.

Then

{B € (k—1,k: T(1) is well defined and T§(1) € So(8)} = | J{B € Ji : 9:(8) = Iy

/Z:7j

=@

We claim that {5 € J; : g;(B) = %} has finitely many points. From the form of the map
T, it follows immediately that each g;(3) is a polynomial of degree n. Since 3 > 1,

aB) =2 =  pup) -j=0.

This polynomial equation has at most n + 1 roots. In fact, using the monotonicity of the
map [ +— Qﬂ , we can prove that this set has at most one point. The lemma follows, since
S(B) = Unzo Sn(B). O

Notice that, using the strict monotonicity of 3 — n?, we could prove that, for all i
and 7, the set {8 € J; : ¢i(B) = %} has at most one point. But the proof we gave here
is easily adapted to prove that, for all x € (0,1), the set {8 € (k — 1,k] : x € S(B)} is
countable. The next lemma is an equivalent of Lemma 7.5 in the case of the generalized
(B-transformations. It states the exponential separation of the orbits of x = 1 under two
maps T3, and Tjg,. Notice that we consider only x = 1, contrary to Lemma 7.5.

Lemma 7.12. Consider a family {Tg}g>1 of generalized B-transformations defined by a
sequence s = (Sp)o<n<k- Let k—1 < f1 < [y < k and ﬂj = Qﬁj for 7 = 1,2; define
[ :=min{n >0: Q}z # Qi}

If k > 3, for all By > 2, there exists K such that B1 > By implies

Bo— B < KBy
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If s = (+1,+1), then

Bo— 01 < kB

If s = (+1,-1) or (—1,41), then for all By > 1, there exists K such that 31 > [y implies
By — P < KBy

If s = (—1,—-1), then there exists By > 1 and K such that 1 > [y implies
By — B < KBy

The proof is very similar to the proof of Brucks and Misiurewicz for Proposition 1 of
[BM], see also Lemma 23 of Sands in [Sa].
Proof: Let 6 := (2 — /1 > 0 and denote T = T}, and i7 = i% for j = 1,2. Let
b1, b € [0,1] such that r := i{(b1) = i%(b2). We consider four cases according to the signs
of by — by and s,. If by — by > 0 and s, = 1, then

Ty(b2) — T1(br) = Poba — 1 — (Bib1 — 1) = Baby — (B2 — 0)b1 = Ba(bz — br).
It by — b, < 0 and s, — 1, then
T1(b1) — Ta(b2) = Prby — 7 — (Baba — 1) = (B2 — 0)b1 — Paby = Ba(b1 — b2) — 6.
It by — by > 0 and s, = —1, then
Ti(b1) = To(bz) =1 — (Bibr — 1) — [1 = (Baba — 1)] = Baba — (B2 — 6)br = Ba(b2 — b1).
If by — by < 0 and s, = —1, then
To(bg) — Ti(b1) =1 — (B2by — 1) — [L = (Bib1 — 1)] = (B2 — 0)b1 — Paba = Ba(br —ba) — 4.

In four cases, we have

[ T2(b2) — T1(b1)| > Balbz — b1 — 6.
Applying this formula n times, we find that i[lO ) (b1) = i[Q0 n)(bg) implies

)
730) 77001 = 5 (o2~ il = 5" ).

Consider the case k > 3. Set b; = T;(1) for i = 1,2; we have

1) 1)
bo — b1l =6 > > )
b2 = bi] Bo—17 Ba—1

Using |T5'(b2) — T7'(b1)| < 1, we conclude that for all Gy < 1 < (o, if ﬂ[lo n = ﬂ[20 ) then

Bo—1
0 <
~ Bo—2

For the case s = (+1,41), we can apply Lemma 7.5 with o = 0 and = = 1.
The case s = (+1,—1) and (—1,+1) are considered in Lemma 23 of [Sa].

52—71-‘1-1 .
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For the case s = (—1,—1): for a fixed n, we want to find [y such that for all Fy < 81 < o
such that (1, 82 belongs to the same interval of continuity of g — Tg(l)7 we have

5
Bo—1
Then setting b; = T;*(1), we conclude as in the case k& > 3. Formula (7.5) is true, if

[45T5 (1) > 5 for all B> fy. We have T(1) =2 — 8, T3(1) = 1 — (2 - 8) = (8 — 1)
and

T3 (1) =T ()] > (7.5)

T3(1) = {1 —B(B-1)? i (6-1)* <1/8,

2-p(B-1)* if (B-1)*>1/8.
Thus f573(1) = —36% + 43 — 1 and ]%Tg(l)\ =362 - 48+ 1 for all 3 € (1,2]. Then

T5(1)| > 511 —= 3B -T2 +58-2>0 < [>1.52818....
Thus the last claim is proved for Gy = 1.52818. Considering greater n, it is possible to
obtain smaller fy. This is illustrated in Figure 7.1, where we plot the graphs of T7(1)
and ]%Tg(lﬂ for n = 1,2,3,4,5. With n = 4, we get §y = 1.5; with n = 5, we get
Bo = 1.40796. . .. d
In the tent map case, the separation of orbits is proved for 8 € (v/2,2] and then
extended arbitrarily near ) = 1 using the renormalization. In the case s = (—1,—1),
there is no such argument and we are forced to increase n to obtain a lower bound (.
Now we turn to the question of normality for generalized g-transformations. The
structure of the proof is very similar to the proof of Theorem 7.6 and Corollary 7.7.

d
]

Theorem 7.13. Consider a family {T3}r—1<p<rk of generalized 3-transformations defined
by a sequence s = (sp)o<n<k- Let Bo be defined as in Lemma 7.12. Then the set

{B > Po : the orbit of Q/B under o is fig-normal}
has full \-measure.

Corollary 7.14. Consider a family {T3}g~1 of generalized B-transformations defined by
a sequence s = (sp)n>0. Let By be defined as in Lemma 7.12. Then the set

{8 > By : the orbit of 1 under Ty is pg-normal}
has full \-measure.
Proof of Theorem: Let
By :={f € (Bo,00) : 1 ¢ S(3)}.

From Lemma 7.11, this subset has full Lgbesgue measure. To obtain uniform estimates,
we restrict our proof to the interval |3, 5] with fp < 8 < f < oo. Let k := [3] and
Q:={B e, BN By : Qﬁ is not fig-normal}. As before, setting

Oy = {B€[8,B8NBy: e V,(n°) st. ho(v) < (1—1/N)logf},
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Figure 7.1: In the left column, we plot in red the

20
graphs of Tg(l) forn=1,...,5 and in
blue the critical point a; = % In the right column, we plot in red the graph of |%Tg(1)\
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we have QQ = UNzl Qn. We prove that dimyg Qy < 1. For N € N fixed, define ¢ :=

g}fﬁ? > 0 and L such that ﬂﬁ),L) = Q[BOI’L) implies |3 — | < e (see Lemma 7.12). Consider

the family of subsets of 3, 3] of the following type

J(w) = {8 € (8.7 nf) ) = w},

where w is a word of length L. J(w) is either empty or it is an interval. We cover
the non-closed J(w) with countably many closed intervals if necessary. We prove that
AQn N [@hﬁg]) = 0 where 31 < 33 are such that ﬂ/[%l,[/) = ﬂ[ﬁ()?,L)'

Let / = Qﬁi. Let

D*:={z¢€ e 3B € |61, B2] N By s.t. g:gﬁ}.

Define p, : D* — [B1,B2] N By by pi(2) = B < 0’ = z. As before, from formula (6.22)
and strict monotonicity of 3 — 1, we deduce that p, is well defined and surjective. We
compute the coefficient of Holder continuity of p, : (D*, dg,) — |01, 02]. Let z # 2/ € D*
and n =min{l > 0: z; # 2}, then dg, (2,2') = 5, ™. By Lemma 7.12, there exists C' such
that

log 81

|p(2) = pu(2)] < Cpul(2) ™" < OB = C(dp, (2, 2)) =5 .
By the choice of L and e, we have

log 51 S1- L
log B« — 2N’

thus p, has Holder-exponent of continuity 1 — ﬁ Define
Gy ={z€e X" : e Vy(2)st. ho(v) < (1—1/N)log S} .

As before, we have Qn N [B1, 2] C p«(Gy N D*) and hiop(Gh,0) < (1 — 1/N)log fs.
Finally dimg(Qx N [B1,82]) < 1 and X\(Qy N [B1, B2]) = 0. L
Proof of the Corollary: The proof is similar to the proof of Corollary 7.7. Equation
(7.1) holds, since we work on By. O

7.4 Concluding remarks

We recall Theorem C of Schmeling’s paper [S]. Schmeling considers the family of -
transformations T3 := Bx mod 1; it corresponds to generalized [-transformations with
s(j) = +1 for all j € Ag. Schmeling’s Theorem asserts that for Lebesgue almost all 3 > 1,
the virtual itinerary ﬂﬂ is fig-normal. This theorem is a particular case of Theorem 7.6
(take @« = 0 and 2 = 1) and Theorem 7.13 (take s(j) = +1 for all j € Ag).

The global structure of the proofs of Theorems 7.6 and 7.13 is similar. The method is
inspired from the proof of Schmeling. In particular, the imbedding of the orbits i"(z) in a
well chosen shift space is an idea of Schmeling (x is a generic notation for the parameter:
k = (a, #) in Theorem 7.6 and k = 3 in Theorem 7.13). However, these theorems are non
trivial generalizations of Schmeling’s Theorem.

For the g-transformations as well as for the generalized (-transformations, there is
only one important virtual itinerary. Recall that X3 =X, 4, hiop(X8,0) = log f and

Qjﬂ' < EQCZEI.
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Thus the map G — Qﬁ is strictly monotone increasing and 3 < ' implies that ¥g C Yg.
Using this remark, the choice of the shift space where the orbits i”(x) are imbedded is
easy. We have

i%(z) € 85, VB < Ba,

and we choose to imbed the set {i’(z) : © € [B1,32]} in ¥p,. This choice is easy, but
above all the shift space ¥, is itself a generalized (3-shift.

For the maps Ty, g, the situation is slightly more complicated. By Lemma 7.5, we
know that the maps § — u®? and 3 — v®P are strictly monotone increasing (except for
B — u®? which is constant). Thus, for all a > 0, it is false that

ﬁlg/@Q = Zawglcza752’

and we cannot imbed the set {i%?(z) : # € [1, f2]} in the shift space Ya,,- Fortunately,
there exists a natural choice of this shift space. It is ¥* := X(u!, v?), because

{1%P(z): B € [B1, 3]} C X*.

Nevertheless this choice creates troubles. Indeed ¥X* # 3, g for some 8 € [31, f2]. When we
must compute the exponent of Holder-continuity, it is more complicated. In the previous
case, we have only to control the length of the interval [3;, F2]; this is done by Lemma 7.12.
In the case of T,, g, we control the length of the interval [, #2] by Lemma 7.5, but we must
also estimate the distance between (3 and (3., where [ is defined by log 5 = hiop(X*, 0);
this is done by Proposition 4.10.

It is interesting to notice that Y¥* is defined as L (u!,v?). In particular, we do not
prove that there exists a pair (ay, ;) such that ¥, =3, 5,. In fact, this is a corollary of
Theorem 6.21, but we do not need this fact. Notice that, in Theorem 7.6, we work with
a fixed and a, < a (if @ > 0). Thus we imbed the orbits in a really different dynamical
system. It could be a little bit surprising that we do not use the existence of (o, fB«) such
that X, = X, g,. Indeed, the shift spaces of the type X, g are a subfamily of the shift
spaces of the type ¥ (u,v), because

Ea,ﬂ _ E(ga’ﬁ,ga’ﬁ) )

But some ergodic properties are different: for example, Hofbauer proved in [H4] that a
shift space of the type X, g has a unique measure of maximal entropy, whereas he showed
that there exist shift spaces of the type ¥ (u,v) having two measures of maximal entropy.
Another non trivial adaptation of the proof of Schmeling is the estimate of hiop (G, 0).
In his estimate, Schmeling uses the fact that the measure of maximal entropy is equivalent
to Lebesgue measure and its density is uniformly bounded below and above. This is true
for the $-transformations. For the maps T, g, it is not true in general; the condition 5 > 2
is sufficient (for more details see [H6]). For the generalized (-transformations, it is not
true in general, but k > 3 is a sufficient condition. Our proof uses Theorem 7.4 to estimate
the topological entropy of the set G’%,; this adaption is necessary to cover all maps T, g.
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