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1 Convolution algebras

1.1 Cellular algebras

A cellular algebra is an algebra A with

a basis {ad; | N€ A, S,T € AM}
an involutive antihomomrphism T A— A, and
a partial order <ond

such that
(a) (ag7)* = af,
(b) If A(< ) = span-{algp | p < A}
then
aayy = Z A)‘(a)QTagT mod A(< \), for all a € A.
QeA

Applying the involution * to (b) and using (a) gives that

ayga* = Z A/\(a)QSa%Q mod A(< M), for all a € A.
QeAX

1.2 The decomposition theorem

“right” one. The “right” one comes from the

The concept of a cellular algebra is not really the
structure of a convolution algebra whenever the decomposition theorem holds [CG, 8.6.9].
Let M be a smooth G-variety and let N be a G-variety with finitely many G-orbits such

that the orbit decomposition is an algebraic stratification of IV,

N:|_| Gy, and w: M — N
%)
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is a G-equivariant projective morphism. Let Cp; be the constant perverse sheaf on M. The
decomposition theorem [CG, 8.4.12] says that

wly = P L) @ICMNi=@ L) ®IC?,  where LX) = L)),
€2 AEN i€
A=(p,x)EM

1y is the derived functor of sheaf theoretic direct image, A runs over the indexes of the intersec-
tion cohomology complexes IC*, L()) are finite dimensional vector spaces, and = indicates an
equality up to shifts in the derived category.

Let x € N and define

Z=MxnyM={(mi,m2) € M x M| pu(my) =p(msa)} and M, = p~(z).

There are commutative diagrams

Z=MxyM - MxM M, - M
Jlm mez and lu lu
N=Na» 2 NxN (zr} = N

which (via base change) provide isomorphisms

H.(Z) = Hompyz,,)(Cz,,, (Cz,[#])")
= Hom ps(7,,) (152CN ' Cary xary [ma + ma) [—+])
= Hom p(n)(Ch, (1112) 5 Caty s [ma + ma — *])
= Hom py () (Civ, A (11 X p12)«(Cary B Cagy)[ma + mg — )
= Hom po(y (Crv, A ((111)+Ciry B (112)+Cas, ) [ + ma — #])
= Ethi&ﬂ;2_*((M1)*CM1a (p2)+Chs),

H.(M;) = Hompe(rr, ) (Car,» (Car, [¥])) = Hompo(pg,y (1 Cray, ((¢"Car) [%])Y)
= Hom po () (Cay» = (' Car[2m]) [—#]) = Hompo () (Cay ptCaa[m — ])
= H™ *(iypCar),
and
H*(My) = Hompy(pg,)(Car, s Car, [¥]) = Hompsag, ) (1" Cay, Car, [%])
= Hom po((4})(Cyay, #xCars, [¥]) = Hompo(141) (Cay, e Coy [4])
= Hom pp 1,1y (Cay, tpmCar[+]) = Hompo (121 (Cyay, ippsCar [* — m])
(i pCo).
1.3 Convolution algebras

Let u: M — N be a proper map. The convolution algebra is

A = Exthy oy (1eCa, 11:Car) = @D Ext* (11.Car, 112Cor ),
kEZ



where
Exty xy(A, B) = Hompux)(A, BIK]),

with product given by the Yoneda product
Ext’l))b

Ay, Ag) @ Bxt?, | (Ag, Ag) — Ext?r? (A1, As)

(N)( (N)( (N)

which arises from the composition map
Hom po (A1, A2[p]) ® Hom po (Az[p], As[p +q]) — Hom po ) (A1, Aslp + q])

and the identification

Hom po( vy (A2, As[g]) = Hompeny (A2[p], Aslp + q])-

Then the decomposition theorem for 14Cps induces a decomposition of A. Since the intersection
cohomology complexes ICy are the simple objects in the category of perverse sheaves,

Ext%b(N)(IC”\, IC*) = 6,,C, and Ext%b(N)(IC”\, ICH) =0, for k € Zy,

and the decomposition of A simplifies to

A= P Ende(L)P | @ Home(L(N). L(n) ®( D Ext’Bb(N)(IC”\,IC“)>

AeM A\ ueEM keZo

In this context there is a good theory of projective, standard and simple modules, and their
decomposition matrices satisfy a BGG reciprocity. View elements of A as sums

Z Z c;‘féa}]}’é where cf‘;)@ €C, and af‘jé? € @Ext%b(]v) (ICA, ICH).
Al Pel(N),Qel(w) k>0
The algebra A is completely controlled by the multiplication in
Ext*(IC,IC)  where IC =5 IC*
AeM
an algebra which has all one dimensional simple modules. The radical of A is
Rad(A) = €D Home(L(A), L(n)) @ ( P Exthyy, (1C, I(Ju)>
A\ peM k€Zx>o
and the nonzero
L(\) are the simple A-modules.
1.4 Projective modules

Let e* be a minimal idempotent in @®,, End(L(x)). Then

P(\) = 4Ae* = L) P | D L(w) @ Exthy, , (IC*, 1CY)

k>0
n



is the projective cover of the simple A-module L(\). Define an A-module filtration
P(\) D p()\>(1) ) p()\)(Q) ...

by
PN™ = €D L(u) ® Extl yy (IC*, IC).

k>m
1

Then
L)) = P()\)/P()\)(l) and gr(P()\)) is a semisimple A-module.

Thus the multiplicity of the simple A-module L(x) in a composition series of P()\) is

[P(N) : L(p)] = dim (Ext*(ICq,y, ICor ) = Y _ dim(Ext}, y (IC*, IC)).
k>0

1.5 Standard and costandard modules

Let A = (¢, x),
z € 0%, and let iz: {x} — N De the injection.

Then i;u*c v is the stalk of pu.Cyr at x and the Yoneda product makes

AP = H*(i'Cpr) = Home({x})(C,i;u*CM[*]) = Hom py () (i1 C[—+], uCar), and
V¥ = B (15Cu) = H* (L}, i511,Car) = Homp (s (D, s Cay [4]) = Hom pogar (i hCl—#], 1.Ca),

into right A-modules. The action of an element a € Ext*(11.Cpr, p1+Car) = Hom po vy (1+Ca s p15Caa [K])
sends

H*({z}, ippCar) — H* ({2}, ippuCar).

A G-equivariant local system is a G-equivariant locally constant sheaf. The orbit O¥ can
be identified with G/G, where G, is the stabilizer of z. mo(0%,z) = G, /G, where G2 is the
connected component of the identity in G). There is a homomorphism 7; (0%, x) — mo(0%, ) =
G, /GS and the representations of 71 (0%, x) on the fibers £, of G-equivariant local systems £
are exactly the pullbacks of finite dimensional representations of C' = G, /G5 to (0%, z). In
this way the irreducible G-equivariant local systems on Q¥ can be indexed by (some of the)
irreducible representations of G, /G% [CG, Lemma 8.4.11]. There is an action of C' = G, /GS on
A% which commutes with the action of A. Similar arguments apply to V¥. As (A, C') bimodules,

A?=PAex)®x and V= V(p,x)@x
xeC xe€

and the standard and costandard A-modules are
AN =A(p,x) and V(A = V(p,x).

Using the decomposition theorem

AN) = H*(ixCu)x = €D L(w) @ H (i, 1C*),,



where the subscript x denotes the y-isotypic component. Define a filtration

AN DAY DANP Do by =P P L) @ HI(iLICH),.

jzm ¢

Then A(X)™ is an A-module and gr(A()))) is a semisimple A-module. This (and a similar
argument for V(X)) show that the multiplicity of the simple A-module L(u) in composition
series of A(A) and V()) are

AN : L(p)] =) _dim(B*(i,I1C*),)  and  [V(A): L(p)] = > dim(H*(i3IC"),).
k k
Define the standard KL-polynomial and the costandard KL-polynomial of A to be
P)\

Ztkdlm Hk(z ICH),) and PY (t Ztkdlm Hk(z ICH),),

pult "

respectively. Then 777 says that
[AN) : L(w)] = P,(1)  and  [V(A): L(w)] = P§,(1).

These identities are analogues of the original Kazhdan-Lusztig conjecture describing the multi-
plicities of simple g-modules in Verma modules.

1.6 The contravariant form

Note that there is a canonical homomorphism
AN)2V(N)

coming from applying the functor H* to the composition

(iz )1 (7':6) psCor — psCar — (i)« (iz)* pCas,

where the two maps arise from the canonical adjoint functor maps. Use the map c) to define a
bilinear form on A(X) by

() AN R@AN) — C
m1 ® mo —  my Nex(me)

Then
LX) = A(N)/Rad((, ).

1.7 Contragradient modules

There is an involutive antiautomorphism ‘: A — A on A (coming from switching the two factors
in Z=M xy M). If M is an A-module the contragredient module is

M* = Homc¢ (M, C) with (ayp)(m) = 1p(al(m)), fora € A, € M*, and m € M.

Then
V(A) 2 AN



1.8 Reciprocity
If A\ = (¢, p) define

dy = dime(0%),  and assume that  Ext™ %™ (70% 10%) =0, for all odd k.

Db(N)
Then

[P(N) : L(w)] = > dimExt}y,  (IC*, IC*)
k

= ZdimE th*Q j&;* “acr 1cm

dx+d,+k
_Z 1¥dimExtp, b (107, 1CH)

!
= (=%t N " X(0,igICY ®inICy)
(@)

1)%etdy ZX ( Z[Hk X oICY) :

a,k

0,a,8 ¢

a,B k

= Z M. 2 Ly (Z x(0,a* ® ﬂ)) [Mi : Ly]
(0)

= ZPM DapPyp(1)

— (PDP )

where

1

3

(1)
(2) x denotes the Euler characteristic,
(3) P is the matrix (Pyo(1)), and

(4)

4) D is the matrix (3 g x(0,a* ® 3)).
This identity is the “BGG reciprocity” for the algebra A.

1.9 The category D°(N)
The category Comp®(Sh(N)) is the cateogry of all finite complexes

A:(O—>A_m—>A_m+1—>~--—>An_1—>An—>O),

)% Z bin(ICy) : ]ﬂ)

gL

=D x <© > HFip(ICy) : o Z[Hfib(fcw) : 5]5)
=> ) dimHF (i, ICy) (Z x(0, a* éﬁ)) > dimH (i ICy,)
(@) ¢

the third equality follows from the vanishing of Ext groups in odd degrees,

m,n € Z>>07



of sheaves on N with morphisms being morphisms of complexes which commute with the dif-
ferentials. The jth cohomology sheaf of A is

ker(AJ — AJTh)

m(Ai-1 — A7)’

H/(A) =

A morphism in Comp?(Sh(N)) is a quasi-isomorphism if it induces isomorphisms on cohomology.
The category D?(Sh(N)) is the category Comp®(Sh(N)) with additional morphisms obtained
by formally inverting all quasi-isomorphisms.
Assume that N is a G-variety with a finite number of orbits such that the G-orbit decom-
position
N = |_| (0 is an algebraic stratification of X.

A constructible sheaf is a sheaf that is locally constant on strata of N. A constructible complex
is a complex such that all of its cohomology sheaves are constructible.

The derived category of bounded constructible complexes of sheaves on N is the full subcate-
gory D(N) of D*(Sh(N)) consisting of constructible complexes. Full means that the morphisms
in DY(N) are the same as those in D?(Sh(N)).

The shift functor [i]: D*(N) — D°(N) is the functor that shifts all complexes by 4.

The Verdier duality functor V: D*(N) — D°(N) is defined by requiring

Hom po(py (A1, A2[i]) = Home(N)(A*(AlﬁAg)[—i], Cn[2dim¢ N]), for all i € Z, where
A: N — N x N is the diagonal map.

The Verdier duality functor satisfies the properties

(AV)Y = A, (A[i])Y = AV[—i], and Hom po(ny (A1, A2) = Hom sy (Ay, AY).
Define
EXt b(X)(Al,AQ) Home )(Al,AQ[ ])
HF(A) = HF (X, A) = Hom pe(x)(Cx, A[k]), the hypercohomology of A € DP(N),

HF(N) = Hom po 3y (C, Cn[K]), the cohomology of N,
Hy(N) = Homps(ny (Cn, (Cn[E])Y), the Borel-Moore homology of N,
Dx = CY, the dualizing complex,

respectively. The Yoneda product

EXt]Z)b (Al, Ag) X EXt(lZ)b

) (A2, A3) — Extiit ) (A1, 43)

(N) (N)
is given by
Hom py () (A1, A2[p]) x Hom py(ny (Az2[p], Aslp + g]) — Hom pe(ny (A1, As[p +q]),

using the canonical identification Hom ps () (A2, As[g]) = Homps ) (A2[p, Aslp + q]).
If f: X - Y is a morphism define

f+ = derived functor of sheaf theoretic direct image,

f* = derived functor of sheaf theoretic inverse image,



flfA=(frAY)Y, for Ae DY), and  fid = (f.AY)Y, for A € D’(X).

Then
Hom pox)(f* A1, A2) = Home(y)(Al,f*Ag), and

Hom s x) (Az, ' A1) = Hom py(y (fidz, Ar).
If f: X - Z and g: Y — Z define The base change formula is

Xxzy
lm lg G f A= (m)em A, for Ae DV(X),
f
X - Z

where X xzY ={(z,y) e X xY | f(z) =9(y)}.
The category of perverse sheaves on X is a full subcategory of D(X) which is abelian. The
simple objects in the category of perverse sheaves are the intersection cohomology complexes

ICy indexed by pairs o= (0,x),

where O is a G-orbit on X and y is an irreducible local system on X. By 777, the local systems x
on O can be identified with (some of the) representations of the component group Zg(x)/Zg(x)°
where x is a point in Q. If X is smooth the constant perverse sheaf Cx on X is given by

Cx|y, = Cx,[dimeXi],

on the irreducible components of X. Since the intersection cohomology complexes ICy are the
simple objects of the category of perverse sheaves,

Exthny(ICs, ICy) = C- 04y and  Extiy (104, 1Cy) =0, if k> 0.
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