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Abstract

This report describes a new method to determine the equivalent heat transfer coef-
ficients in CICC’s with parallel cooling channels, i.e. the radial heat transfer coefficient
between helium flow in the cable bundle and in the central spiral, and the azimuthal heat
transfer coefficient between subcables in the bundle. The method is based on the Fourier
analysis of the steady state temperature traces during a heat step experiment after cali-
bration of the thermometers. The equations for the average temperature distributions in
the cable are solved analytically and the values of the equivalent transverse heat trans-
fer coefficients are obtained as the best fit of the experimental temperature distributions.
We show the results of the method by application to a short length sample experiment in
the SULTAN test facility using an ITER-type CICC. The special instrumentation includes
thermometers to measure the temperature in the center of the conductor and at 6 loca-
tions equally spaced in angle around the periphery of the conductor jacket, at 3 cross
sections along the sample length. Heathers of different geometry allows generating a
variety of heat slugs.
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1 Introduction

A superconducting sample, referred to as the ”Low Cost Joint” (LCJ), was developed at
CRPP with the specific aim to investigate the thermal hydraulic properties of its conductor
[1, 2]. The LCJ conductor is an ITER1-type dual channel cable–in–conduit conductor (CICC).
In this particular type of conductor the coolant flows in parallel in the central channel (sub-
script H for hole) and in the annular bundle region (subscript B) (Fig. 1 and 2). The LCJ
sample was tested in the CRPP SULTAN Facility in 2005. The main goal was to assess the
transverse heat transfer coefficients, namely the azimuthal heat transfer coefficient between
subcables in the bundle (hBB) and the radial heat transfer coefficient between bundle and
central channel (hBH ).

We describe here the special instrumentation of the LCJ sample [3] that has been used to
derive hBB and hBH using a different approach than the one used to analyze another dual
channel CICC also tested in SULTAN (ITER PFIS sample) [4]. The results of this analysis
provide reliable scaling indications and typical values of the transverse heat transfer coef-
ficients in spite of the presence of heater and thermometer in the LCJ central channel as
described below.

Experimental set–up, experiments, calibration, measurement analysis, results, discussion,
and conclusions are described in the next Sections [5]. Details of the theory, i.e. analytical
solution, the Fourier analysis and the porous media analogy, are given in Appendix A, B
and C, respectively [6]. Lists of Symbols, Tables and Figures are shown at the end.

1International Thermonuclear Experimental Reactor.



4 CRPP/SC/CM/2006/01

Figure 1: Cross section of the Low Cost Joint conductor.
 

 

Figure 2: Schematic build up of the Low Cost Joint conductor, with details of the central
spiral.
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2 Experimental set-up

2.1 Conductor and sample layout

The LCJ cable–in–conduit conductor was manufactured in the Russian Federation2. It in-
cludes 864 NbTi strands of 0.73mm diameter. The cabling pattern is (1+9)x4x4x6 and the
twist pitch of the last stage (right helix) is Llast = 350mm. The diameter of the segregated
copper core is 1.45mm. The outer diameters of conductor and cable space are 39.50mm and
35.95mm, respectively. The central channel is a spiral whose inner and outer diameter are
9.40mm and 11.40mm, respectively. The 2mm thick jacket is made of 316LN stainless steel.
After compaction, the void fraction in the bundle (vfB) is 38.31%. The conductor has outer
cable wraps (stainless steel, 0.1mm thick) and no subcable wraps. Geometric parameters of
the LCJ conductor and other data derived for this analysis are listed in Table 1.

The LCJ sample consists of two conductor ”legs” of ≈ 3.5m in vertical orientation. Electrical
and hydraulic connections of the two conductors is provided by the hairpin joint at the
bottom of the sample. The overlap joint is included on the left leg. The direction of the
helium flow is from bottom to top (Fig. 3).

2.2 Instrumentation

Only the right leg of the sample has the special instrumentation for thermal hydraulic (TH)
measurements [3]. This consists of thermometers distributed on three sensor rings (R1, R2
and R3) at three different locations along the sample axis, i.e. X1 =1350mm, X2 =1850mm,
and X3 =2330mm, where X is the coordinate from the sample inlet. Each location includes
a total of 7 temperature sensors (Fig. 3):

• Six Cernox sensors are evenly spaced along the circumference of the conductor jacket.
The notation for the respective temperature is Tij , where i is the index for the 3 rings
and j the index for the 6 sensors. Each sensor monitors the temperature of one sub-
cable along its twist pitch. For example, the sensor T11 and T21 are located at azimuth
angles φ1 = 0° and φ2 = 154°, where φ2−φ1 = 360°/((X2−X1)/Llast). The sensors are
nested on a special supporting ring which is tightened to the jacket (Fig. 4). Thermal
contact between sensor and jacket is obtained by Apiezon N grease.

• One Cernox sensor is located in the helium, inside the central channel (Ti7), at the same
cross section as the three rings.

A mass flow sensor near the helium outlet and a thermometer at the helium inlet (T0) are
also part the TH instrumentation.

2VNIINM–Moscow for the strands, VNIIKP–Podolosk for cabling and jacketing.
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2.3 Heaters

Heat deposition into the conductor is provided by 5 resistive heaters of different size, located
at different positions along the sample length (Fig. 3), which allow generating a variety of
heat slugs.

• Heaters in helium. This group includes the main helium heater H0 located upstream
and far away from the sample inlet, and the heater H7, which is inserted in the central
channel (X = 1280mm) (Fig. 6).

• Heaters wrapped on the full conductor jacket circumference, providing uniform heat
deposition in the azimuthal direction. This group includes the annular heaters H3
(X = 520mm) and H9 (X = 1280mm).

• Heater distributed only on a limited part of the conductor jacket providing localized
heat deposition, i.e. H8 at X=1210mm.



CRPP/SC/CM/2006/01 7

Table 1: Geometric parameters used for the thermal hydraulic analysis of the LCJ sample.
The data in the first part of the Table are from the specifications ([1], [2]), those in the second
part are deduced.

Description Symbol Value Unit
Conductor outer diameter dcon 39.50 mm
Cable space diameter dcs 35.95 mm
Strand diameter dst 0.73 mm
Number of strands nst 864 –
Cabling parameter cosθ 0.96 –
Spiral inner diameter dinsp 9.40 mm
Spiral outer diameter doutsp 11.40 mm
Spiral perforation pspiral 25 %
Wrap thickness tow 0.10 mm
Total helium in bundle ABtot 349.7665 mm2

Helium in central channel (hole) AH 69.3978 mm2

Hydraulic diameter of bundle DB 0.7494 mm
Hydraulic diameter of hole (1) DH 11.40 mm
Wetted perimeter bundle/bundle (2) pBB 12.2750 mm
Total wetted perimeter bundle/hole (2) pBHtot 35.8141 mm
Void fraction of bundle vfB 38.3104 %
Notes:
(1) DH = doutsp
(2) Calculated from geometric values: pBB = (dcs − doutsp)/2 and pBHtot = π doutsp
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Figure 3: Schematic experimental set–up of the LCJ sample in SULTAN. Helium enters the
sample from the bottom, is heated up by 5 resistive heaters (H0, H3, H7, H8, H9) and the
warm front propagates along the sample length towards the outlet at the top. Only the right
leg is used for the thermal hydraulic measurements. The 21 temperature sensors (T11 −
T17 . . . T31 − T37) at three rings along the sample (R1, R2 and R3) are shown. The area near
the heaters H7, H8 and H9 is enlarged for clarity. The distance between the heater H0 and
the sample inlet is not to scale. The mass flow rate sensor near the sample outlet is not
shown. The thermometer T28, clamped on sample (not at R2) and used to monitor the cool
down, is not shown.
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Figure 4: Sensor ring applied on the LCJ conductor.

Figure 5: Details of one half of the sensor ring with 3 Cernox sensors.
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Figure 6: Helium heater H7 (left) and thermometer T17 (right) which are included in the
central spiral.
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3 Experiments and calibration

3.1 Experiments

All thermal hydraulic measurements are performed at zero SULTAN background magnetic
field (BSULTAN ) and zero current in the sample (ILCJ ). The helium initial conditions at the
sample inlet are: 4.5K and 1.0MPa. The total helium mass flow rate (ṁ) is adjusted in the
range between 2g/s and 8g/s at the sample outlet on the SULTAN facility side. All runs
are listed in Table 2. Each TH measurement includes two heating procedures performed in
sequence:

• After stable thermal hydraulic conditions are reached, the selected heater is switched
on for a first time step until the helium outlet temperature has reached steady state
condition at t = tend. This analysis deals only with the first heating, i.e. steady state
temperature evolution.

• After the heater is switched off and the temperatures have reached the new steady
state conditions, the same heater is fired a second time for a duration of 3s. This proce-
dure is then repeated two more times for 10s and 30s. The second heating procedure,
i.e. transient temperature evolution, is not part of this analysis.

The results of a typical TH measurement (run LCJH280907, heater H8, ṁ = 8g/s), including
steady state and transient evolutions, are shown as an example in Fig. 7; details of the first
heating step deposition are shown in Fig. 8. In this run, as well as in all other runs, it can
be observed that all sensors on the jacket give signals which are characterized by offsets of
different size. This is due to inadequate thermalisation of the sensor leads because of the
severe space restrictions.

3.2 Calibration

Special runs were used to calibrate the thermometers on the jacket, i.e. to offset the effect
of poor thermalisation of the sensor leads. They were performed at the end of each of the
three days of TH measurements, i.e. 27, 28 and 29 September 2005 (Table 2). The operating
conditions are: BSULTAN = 0, ILCJ = 0, ṁ = 4g/s (the mass flow rate is irrelevant for
the calibration of the thermometers). After steady state conditions are reached, the helium
heater H0 is fired in cascade five times, with steps of approximately the same duration. The
raw measurements of a typical calibration run (LCJH280911) are shown in Fig. 9.

The heater H0 heats up the helium upstream of the inlet and therefore provides by defini-
tion uniform temperature everywhere along the sample, i.e. Ti7 = Tij for all i and j. The
helium temperatures T17, T27 and T37 can be used as reliable reference to rescale all other
signals using a linear fit. The relationship between raw temperature measurements (Tijraw),
the reference temperature in the central channel (Ti7), and the corresponding calibrated tem-
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peratures (Tijcal) is:

Ti7 = Tijcal = p1 + p2 Tijraw (1)

where the coefficients p1 and p2 were obtained by least square fitting. An example of this
linear fit (run LCJH280911, ring R1) is shown in Fig. 10.

The raw temperatures of all TH runs are calibrated with the above procedure, using the
parameters p1 and p2, i.e one pair per day, ring and sensor. The error after re-scaling is <
50mK, as shown in the example of the typical run LCJH280907 (Fig. 12).
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Table 2: Summary of thermal hydraulic runs (TH) and calibration runs of the LCJ sample.
All runs are performed at BSULTAN = 0 and ILCJ = 0. The helium initial conditions at the
sample inlet are: 4.5K and 1.0MPa. The runs LCJH270907, LCJH280911 LCJH290909 were
used to calibrate all TH measurements of the same day. The results of heater H3 at 4 g/s
and 6 g/s are not consistent with the other results of the measurement set and therefore
have been rejected in this report.

Type Heater Run/Filename* ṁ (g/s) tend (s)
TH H0 LCJH270901 2 380.66

LCJH270902 4 294.50
LCJH270903 6 212.49
LCJH270904 8 185.26

TH H3 LCJH280902 2 285.41
LCJH270905 8 192.28

TH H7 LCJH280903 2 268.38
LCJH280904 4 165.23
LCJH280905 6 171.25
LCJH280906 8 127.18

TH H8 LCJH280910 2 259.37
LCJH280909 4 247.35
LCJH280908 6 185.26
LCJH280907 8 153.22

TH H9 LCJH290901 2 364.52
LCJH290902 4 252.36
LCJH290903 6 197.28
LCJH290904 8 209.30

Calibration H0 LCJH270907 4 –
LCJH280911 4 –
LCJH290909 4 –

Note:
* First 4 digits in Run/Filename is date, e.g. 27=day, 09=month.
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Figure 7: Example of a typical TH measurement before the temperature calibration, i.e. run
LCJH280907, ṁ = 8g/s, heater H8. Both the steady state (first step) and transient heating
are shown. The time history of the heating current is shown in the upper–left plot. The time
history of the raw temperatures in the rings R1, R2 and R3 are shown in the remaining three
plots. The signal T28 (lower left plot) is included for completeness but is not used in this
analysis.
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Figure 8: Example of a typical TH measurement before the temperature calibration, i.e. run
LCJH280907, ṁ = 8g/s, heater H8. Only the steady state (first step) heating is shown. The
time history of the heating current is shown in the upper–left plot. The time history of the
raw temperatures in the rings R1, R2 and R3 are shown in the remaining three plots. The
signal T28 (lower left plot) is included for completeness but is not used in this analysis.



16 CRPP/SC/CM/2006/01

! "!! #!!! #"!!
!$

!#%"

!#

!!%"

!

!%"
&'()$*!+##

,-./0123

)
/
4
5-
6
7
08
9
::
/
6
50
1;
3

)!

! "!! #!!! #"!!
<

=

*

#!

#$

,-./0123

,
/
.
>
/
:4
59
:/
01
?
3

,##
,#$
,#@
,#<
,#"
,#=
,#A

! "!! #!!! #"!!
<

"

=

A

*

+

,-./0123

,
/
.
>
/
:4
59
:/
01
?
3

,$#
,$$
,$@
,$<
,$"
,$=
,$A
,$*

! "!! #!!! #"!!
<

"

=

A

*

+

,-./0123

,
/
.
>
/
:4
59
:/
01
?
3

,@#
,@$
,@@
,@<
,@"
,@=
,@A

Figure 9: Example of a typical calibration run, i.e. LCJH280911, 28 September 2005. The time
history of the heating current is shown in the upper–left plot. The time history of the raw
temperatures at the rings R1, R2 and R3 are shown in the remaining three plots. The signal
T28 (lower left plot) is included for completeness but is not used in this analysis.
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Figure 10: Calculation of the calibration parameters. Example in the sensor ring R1 of the
run LCJH280911 (28 September 2005). In abscissa of each plot is the raw measurement (e.g.
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Figure 11: Result of the temperature calibration in the run LCJH280911 (28 September 2005).
The time history of the heating current is shown in the upper–left plot. The time history
of the calibrated temperatures at the rings R1, R2 and R3 are shown in the remaining three
plots. The signal T17∗, T27∗ and T37∗ are the raw measurements.
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Figure 12: Result of calibration for the the typical run LCJH280907 (ṁ = 8g/s, heater H8),
showing only the steady state part of the measurement (first heating step). The time history
of the heating current is shown in the upper–left plot. The time history of the calibrated
temperatures at the sensor rings R1, R2 and R3 are shown in the remaining three plots. The
signal T17∗, T27∗ and T37∗ are the raw measurements. The error after re-scaling is < 50mK.
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4 Measurement analysis

In a previous thermal hydraulic analysis of the ITER PFIS sample, also tested in SULTAN, we
used the characteristic response time to assess hBH ; the sample had only one sensor per ring
and there was not enough information to calibrate the thermometers and quantify the offset
at steady state [4]. Here the transfer heat transfer coefficients are assessed by a steady state
analysis. This is possible because in the LCJ sample there are enough thermometers along
the jacket circumference and along the sample axis so that they can be reliably calibrated, as
discussed above.

The steady state temperature distribution along the azimuth angle φ is given by

∆Tij = Tijcal(t = tend)− Tijcal(t = 0) (2)

where the difference with the initial condition, rather than the steady state value, is used to
eliminate the effect of the residual, albeit small, calibration error. The distribution ∆Tij a
periodic function of the angle φ, as shown in the example (run LCJH280907) of Fig. 13.

4.1 Fourier analysis

As discussed in Appendix A, the azimuthal temperature distribution ∆Tij has several modes
(eigenvectors) with associated characteristic length (eigenvalues). We apply the Fourier
transform method to analyze the measurements (details are given in Appendix B):

fi = fFFT (∆Tij) (3)

The first Fourier coefficient (A1i) corresponds to the average temperature variation in the
bundle, and the module of the second coefficient (absA2i) is proportional to the temperature
difference among subcables in the bundle. For uniform heating the main mode excited will
be a uniform temperature change in the cable, i.e. the first component of the Fourier trans-
form. In the case of a localised heating (and in particular the heater H8), on the other hand,
all modes are excited and we expect that the temperature distribution decays with a cor-
responding series of characteristic lengths. Given the analogy of eigenvectors and Fourier
components discussed in Appendix A, we focus in the following analysis only on the first
periodic component, i.e. the second coefficient of the Fourier transform, that shows a strong
response in the runs analysed. This gives an additional benefit of filtering high frequency
oscillations in the azimuthal temperature distribution, and thus providing a more stable
quantity for the evaluation of the experimental results.

For the localized heater H8 (run LCJH280907), measurements and the reconstructed function

freci = A1i + A2i cos φ−B2isinφ (4)

are shown as a function of φ in Fig. 14. The modules of the Fourier coefficients, shown in
the same Figure, have approximately the same order of magnitude at the sensor ring R1.
This implies a strong non uniformity of temperature at this ring. This behavior is attenuated
downstream in the axial direction due to heat exchange.
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Comparing the Fourier coefficients when using the other heaters. i.e. Fig. 15 (heater H0),
Fig. 16 (H3), Fig. 17 (H7) and Fig. 18 (H9), at the same mass flow rate (e.g. 8g/s), the
components of order > 1 are negligible for all heaters except for the local heater H8. The
temperature in the bundle is uniform; this confirms that the helium velocity in all subcables
is approximately the same, as expected in a conductor without subcable wraps. A special
case is represented by the helium heater H7 at the ring R1: here the first coefficient is negligi-
ble since the heat redistribute even in the short distance between heater and sensors (70mm).

Qualitatively, all these results are in agreement the expected behavior. The dependence of
the thermal hydraulic behavior on the mass flow rate is discussed below.

4.2 Axial temperature distribution

We analyse the following quantities along the sample axis:

• A1i−∆Ti7, i.e. the difference between the average temperature variation in the bundle
and in the central channel, where ∆Ti7 = Ti7(t = tend)− Ti7(t = 0), and

• absA2i.

A new coordinate system is used whose origin coincides with the location of each heater
(X∗). In the special case of the heater H0 the origin is assumed to be at the sample inlet
since the distance from this location to the actual heater is not relevant for the analysis.

At all mass flow rates the distribution of A1i − ∆Ti7 with X∗ is flat when the heaters H0
and H3 are used (Fig. 19). The helium temperature in bundle and central channel is always
uniform when using H0, and it becomes uniform when using H3 because the distance of ≈
0.5m is sufficient to redistribute the deposited heat. The variable A1i − ∆Ti7 decays along
X∗ in case of the heaters H8 and H9 since TB > TH , and increases for H7 since TH > TB .
Finally, temperature difference and characteristic length are proportional to the increasing
mass flow rate since the helium velocity also increases, as discussed below. The distribution
along X∗ of absA2i is shown at all mass flow rates in Fig. 20. As already mentioned, only
the local heater H8 has a non flat distribution in X∗, and this is independent of the mass
flow rate. Also in this case temperature difference and characteristic length are proportional
with ṁ. All these qualitative results are in agreement with the expected results.

The exponents kBH and kBB are derived through exponential fits:

A1i −∆Ti7 = a e−kHB X∗ (5)
absA2i = b e−kBB X∗ (6)

Their inverse values are the characteristic lengths ΛBH = 1/kBH and ΛBB = 1/kBB . For
the local heater H8, ΛBH varies in the range between 0.24m at 2 g/s and 0.47m at 8 g/s,
and ΛBB varies between 0.33m (2g/s) and 0.51m (8g/s). For the annular heater H9 the
characteristic lengths are shorter than for H8, e.g. ΛBH varies between 0.17m (2g/s) and
0.32m (8g/s). Finally, for the heater in the central spiral H7 the characteristic lengths are:
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ΛBH varies between 0.26m (2g/s) and 0.38m (8g/s). All kHB and kHB results are listed in
Table 3, and two detailed examples are shown in Fig. 21 and Fig. 22.

4.3 Flow splitting

In order to calculate the transversal heat transfer coefficients, the mass flow in the bundle
ṁB and in the hole ṁH are needed. The measurements provide, however, only the total
mass flow rate ṁ. Therefore, the flow splitting in the two channels is assessed using an
iterative algorithm.

The friction factors coefficients in the bundle area (Katheder correlation [7]) and in the cen-
tral channel (Showa spiral correlation [8]), are:

fKatheder = (1/vfB
0.72)(0.051 + 19.5/ReB

0.88) (7)
fShowa = 0.3024 Re−0.0707

H (8)

where ReB and ReH are the respective Reynolds numbers. In this analysis we use a cor-
rection factor for the correlation of the bundle fB = 0.7 fKatheder, as assessed by pressure
drop measurements of a similar dual channel CICC with no subcable wraps [9]. Due to the
presence of heater (H7) and thermometers (T17, T27 and T37), the flow in the central channel
is perturbed and the friction is larger than in the case without instrumentation. Therefore,
we do not include the correction factor (= 0.5) suggested by measurements in the mentioned
pressure drop experiment [10], i.e. in this analysis we use fH = fShowa. The uncertainty on
the flow repartition due to the uncertainty on the friction factors is assessed in a sensitivity
study discussed below.

At all investigated ṁ the mass flow in the central channel is smaller than the mass flow in
the bundle. The ratio ṁH/ṁB is a function of ṁ, e.g. is 0.89 at 2g/s and 0.68 at 8g/s. The
flow velocity in the hole vH is 0.1m/s at 2g/s and 0.3m/s at 8g/s: the ratio vH/vB is 4.5 at
2g/s and 3.5 at 8g/s (Fig. 23).
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Figure 13: Results of run LCJH280907 (ṁ = 8g/s, heater H8) after the temperature cal-
ibration. The distribution of the calibrated temperatures (sensor ring R1, R2 and R3) is
shown along the azimuth, i.e. the jacket circumference, at the end of the first heating step
tend =153.22s. In particular, the quantity in ordinate (DT*) is the difference between the
calibrated temperature and its initial value. The temperatures in the central channel are:
T17 = 0.0203K, T27 = 0.2979K and T37 = 0.4607K (not a function of the azimuth angle).
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Figure 14: Results of run LCJH280907 (ṁ = 8g/s, heater H8) after application of the Fast
Fourier Transform (FFT). All results are at tend = 153.22s. Left plots: the distribution of the
calibrated temperatures is shown along the azimuth, i.e. the jacket circumference. In partic-
ular, the quantity in ordinate (DT*) is the difference between the calibrated temperature and
its initial value. The reconstructed function (FFT1 = freci) is shown on the same plot. Right
plots: the module of the coefficients of the FFT (see Appendix B). The results are shown at
the sensor rings R1, R2 and R3.
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Figure 15: Results of run LCJH270904 (ṁ = 8g/s, heater H0) after application of the Fast
Fourier Transform (FFT). All results are at tend = 185s. The description of the plots is given
in Fig. 14.
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Figure 16: Results of run LCJH270905 (ṁ = 8g/s, heater H3) after application of the Fast
Fourier Transform (FFT). All results are at tend = 192s. The description of the plots is given
in Fig. 14.
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Figure 17: Results of run LCJH280906 (ṁ = 8g/s, heater H7) after application of the Fast
Fourier Transform (FFT). All results are at tend = 127s. The description of the plots is given
in Fig. 14.
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Figure 18: Results of run LCJH290904 (ṁ = 8g/s, heater H9) after application of the Fast
Fourier Transform (FFT). All results are at tend = 209s. The description of the plots is given
in Fig. 14.
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Figure 19: Summary of results of Fourier analysis. Axial temperature distribution A1i−∆Ti7

along the coordinate X∗, at all mass flow rates (e.g. on the top–left plot are the results at
2g/s). The bottom–left plot shows also the exponential fit (dashed line) for the heater H8
and H7 (details in Fig. 21 and 22). The results of heater H3 at 4 g/s and 6 g/s are not
consistent with the other results of the measurement set and therefore have been rejected in
this report.
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Figure 20: Summary of results of Fourier analysis. Axial temperature distribution absA2i

along the coordinate X∗, at all mass flow rates (e.g. on the top–left plot are the results at
2g/s). The bottom–left plot shows also the exponential fit (dashed line) for the heater H8
(details in Fig. 21).
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along the coordinate X∗. Heater H8 at 8g/s (run LCJH280907). Left plot: measurement,
fit and parameters a (left) and kBH (right) are shown. Right plot: measurement, fit and
parameters b (left) and kBB (right) are shown.
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Figure 22: Example of exponential fit of the temperature distribution A1i −∆Ti7 along the
coordinate X∗. Heater H7 at 8g/s (run LCJH280906). Measurements, fit and parameters a
(left) and kBH (right) are shown.
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Figure 23: Results of flow splitting in the bundle (B) and hole (H) . Velocity and mass flow
rate, as well as their ratios, are shown as a function of the total mass flow rate. The nominal
friction factors are used, i.e. fB = 0.7 fKatheder and fH = fShowa.



CRPP/SC/CM/2006/01 33

5 Discussion

In the experiment the temperature is measured in the center of the conductor (central hole),
and at N = 6 locations equally spaced in angle around the perifery. We model the heat
transport assuming that this takes place in N parallel cooling channels, located under the
thermometers in the cable bundle, and in the central hole (Fig. 24). We assume steady
state conditions, incompressible flow, negligible transverse flow, and constant thermophys-
ical and transport properties. Under these assumptions the only relevant terms in the heat
balances are longitudinal heat convection and mutual heat exchange. The balances can be
written as a set of equations for the temperature in the parallel cooling channels. A detailed
description of the method used here for the assessment of the azimuthal and radial heat
transfer coeffients is given in Appendix A.

5.1 Azimuthal heat transfer coefficient

The azimuthal heat transfer coefficient between subcables in the bundle, derived from Eq.
(73) in Appendix A, is

hBB =
AB ρ Cp vB kBB

2 pBB
− pBH hBH

2 pBB
(9)

where Cp is the helium specific heat at constant pressure, ρ the helium density, AB = ABtot/6
is helium cross section of one subcable and pBB is the wetted perimeter between subcables,
assumed to be (dcs − doutsp)/2 (Table 1).

The azimuthal coefficient hBB varies between 20W/m2/K at 2g/s to 120W/m2/K at 8g/s.
These values are considerably smaller than the radial coefficient hBH , e.g. typically an order
of magnitude at 2g/s and a factor 3 in the range 4–8g/s (Table 3 and Fig. 25). As discussed
above, only the measurements of the local heater H8 can be used to asses hBB .

5.2 Radial heat transfer coefficient

The radial heat transfer coefficient between bundle and central channel, derived from Eq.
(72) in Appendix A, is

hBH =
kBH

pBH

1
1

AB ρ Cp vB
+ 6

AH ρ Cp vH

(10)

which is equivalent to

hBH =
ṁB ṁH Cp

ṁ pBHtot ΛBH
(11)

as in [11]. AH is helium cross section of the central spiral, pBH = pBHtot/6 is the wetted
perimeter between bundle and central channel for one subcable, and pBHtot is assumed to
be the outer circumference of the central spiral (= 35.81mm, Table 1).
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The radial coefficient hBH varies between 200W/m2/K at 2g/s to 400–550W/m2/K at 8g/s
and depends on the heater used (see Table 3 and Fig. 26). A comparison with the results of
the ITER PFIS conductor is discussed below, at the end of the Section Interpretation.

5.3 Sensitivity analysis

A sensitivity analysis is performed to quantify the effect of the uncertainty on the friction
factors on the transverse heat transfer coefficients. The range of the correction factors inves-
tigated is: 0.7–1.2 for fB (nominal value = 0.7) and 0.5–1.5 for fH (nominal value = 1.0).

• At the nominal fH , the ratios vH/vB and ṁH/ṁB increase (quasi linearly proportional)
with the increasing friction in the bundle. For example, in the range 4–8g/s the veloc-
ity ratio is 3 and the mass flow rate ratio is 0.6 at fB = 0.5, and the same ratios are
5 and 1 at fB = 1.2, respectively. The resulting radial coefficient hBH increases by
< 10%, and the azimuthal coefficient hBB decreases by 40% (Fig. 27).

• At the nominal fB and for increasing friction in the central spiral, the above results are
qualitatively inversed, i.e. decrease of the radial coefficient by < 10% and an increase
of azimuthal coefficient by almost a factor 2 (Fig. 28).

For a consistent use of the friction factor correlations the hydraulic diameter of the hole DH

is assumed to be the outer diameter of the spiral . If DH is assumed to be the inner rather
than the outer diameter of the spiral, pBHtot = 29.53mm and hBH linearly increases by ≈
20%. The same change does not have an effect on the flow repartition between bundle and
hole.

The error bars of hBB (Fig. 25) and hBH (Fig. 26) are indicative of the above uncertainties.

5.4 Interpretation

To interpret the results shown in Figs. 25 and 26 we use the results reported in Appendix C.
As discussed there, the tortuosity of the helium flow results in an effective transverse ther-
mal conductivity k⊥ that can be significantly larger than that of stagnant helium. Given the
value of thermal conductivity, that can be estimated using any of the three theories discussed
in the Appendix, it is possible to compute an approximate value of the thermal resistance
between bundle channels, and the corresponding heat transfer coefficient:

hBB =
k⊥
d

(12)

where d is the spacing between channels, which on average is:

d ≈ π

12
(dcs + Dout) (13)
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The values of hBB resulting from the various approximations to k⊥ discussed in the Ap-
pendix C have a large scattering among the prediction of the various models. This is due to
the large variability in the porous media for which the correlations have been established.
Nonetheless, we see that there is a very good coherence between the measured results, in-
creasing linearly with the massflow, and the expected linear dependency. In practice, we
find that the empirical fit to the effective conductivity reported by Nield and Bejan [13] fits
best the measured transverse heat transfer hBB when the coefficient CT = 0.119 (Fig. 25).

As for the heat transfer between the bundle channels and the cooling hole, we have applied a
simple representation of heat transfer through the free-flow interface and through the spiral,
as follows:

hBH ≈
pspiral

1

heff
B

+ 1

heff
H

+
1− pspiral

1

heff
B

+ tspiral

kspiral
+ 1

heff
H

(14)

where pspiral is the perforation of the spiral, tspiral its thickness and kspiral its thermal con-
ductivity. The two heat transfer coefficients heff

B and heff
H are the effective heat transfer

coefficient from the helium in the cable bundle and in the cooling hole at the hole-bundle
interface. We estimate heff

B using the Dittus-Boelter correlation corrected for the increased
thermal conductivity of helium owing to thermal dispersion, i.e.:

heff
B = 0.023 Re0.8

B Pr1/3 k⊥
DB

(15)

where Pr is the Prandtl number. For heff
H we use the results of Long [19] that demonstrated

that the heat transfer coefficient in a pipe lined with a spiral is typically 2 to 5 times higher
than that in a smooth pipe:

heff
H = hextra 0.023 Re0.8

H Pr1/3 k

DH
(16)

The results are reported in Fig. 26, demonstrating a reasonable agreement with the mea-
sured data using hextra in the range 2. . .5, which is consistent with the experimental finding
of Long.

The radial heat transfer coefficient hBH of the ITER PFIS conductor was assessed between
2g/s to 8g/s to be in the range 150–550W/m2/K in the conductor without subcable wraps,
and 75–240W/m2/K in the conductor with subcable wraps [4]. These values are of the same
order of magnitude of the results of the LCJ conductor. In fact, hBH is dominated by the
presence of the central spiral, and the spirals of the PFIS and LCJ conductors are very similar,
i.e. outer/inner diameter is 12/10 mm and 11.4/9.4 mm, respectively, and the perforation is
0.25 for both.
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Table 3: Summary of results, i.e. exponent of Eq. (4) and Eq. (5) and transverse heat transfer
coefficients in Eq. (8) and Eq. (10), using the nominal friction factors, i.e. fB = 0.7 fKatheder

and fH = fShowa.

Heater ṁ kHB kBB hHB hBB

(g/s) (1/m) (1/m) (W/m2K) (W/m2K)
H7 2 3.8318 – 175.24 –

4 3.6747 – 330.76 –
6 3.0550 – 408.23 –
8 2.6130 – 462.55 –

H8 2 4.1754 2.9847 190.96 40.62
4 2.2417 2.4128 201.77 119.16
6 2.1467 2.0954 286.86 214.25
8 2.1334 1.9439 377.65 313.97

H9 2 4.2958 – 196.47 –
4 3.9421 – 354.83 –
6 3.6002 – 481.09 –
8 3.1501 – 557.63 –
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hBB

hBH

Figure 24: Schematic model of the conductor with central channel (hole) and N = 6 parallel
cooling channels (bundle). The radial heat transfer coefficient between bundle and hole is
hBH , and the azimuthal heat transfer coefficient between subcables in the bundle is hBB .
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Figure 25: Azimuthal heat transfer coefficient between subcables in the bundle, as a func-
tion of the total mass flow rate (heater H8). The nominal friction factors are used, i.e.
fB = 0.7 fKatheder and fH = fShowa. The fit of the experimental data using the Nield-Bejan
expression with the coefficient CT = 0.119 is also shown (see Eq. 97 in Appendix C).
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Figure 26: Radial heat transfer coefficient between bundle and hole, as a function of the
total mass flow rate (heater H7, H8 and H9). The nominal friction factors are used, i.e.
fB = 0.7 fKatheder and fH = fShowa. The results of the Long expression are also shown in
the range of hextra between 2 and 5 (see Eq. 16). The results of the PFIS conductor are also
included for comparison (PFIS-NW without subcable wraps, PFIS-W with subcable wraps)
[4].
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Figure 27: Results of the sensitivity analysis. The nominal friction factor in the central spiral
is used (fH = fShowa). The ratio of velocity vH/vB , the ratio of mass flow rate ṁH/ṁB ,
the radial heat transfer coefficient hBH and the azimuthal heat transfer coefficient hBB are
plotted as a function of the correction of the friction factor in the bundle. The heating is
provided by the heater H8.
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Figure 28: Results of the sensitivity analysis. The nominal friction factor in the bundle is
used (fB = 0.7 fKatheder). The ratio of velocity vH/vB , the ratio of mass flow rate ṁH/ṁB ,
the radial heat transfer coefficient hBH and the azimuthal heat transfer coefficient hBB are
plotted as a function of the correction of the friction factor in the hole. The heating is pro-
vided by the heater H8.



42 CRPP/SC/CM/2006/01

6 Conclusions

An ITER–type dual channel CICC, referred to as the ”Low Cost Joint” conductor, has been
tested in SULTAN in 2005 with the main goal to asses its transverse heat transfer coefficients,
namely the azimuthal heat transfer coefficient between subcables in the bundle, and the
radial heat transfer coefficient between bundle and central channel. The main conclusions
of the study which has focused on this experiment are the following:

• The special instrumentation of the sample has allowed the precise measurement of the
local temperatures as well as the calibration to obtain reliable steady state values.

• The analytical solution for heat exchange among parallel pipes in a system with an
arbitrary number of channels has allowed to derive the transverse heat transfer coeffi-
cients.

• The results can be explained if the CICC is considered as a porous medium. This
hypothesis is consistent with previous findings, e.g. Katheder and Long.

• The applied method provides a simple and powerful means to extrapolate and predict
transverse heat transfer coefficients of cables.

This study integrates and concludes the work started with the ITER PFIS conductor [?].
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Appendix A

Analytical solution

In the experiment the temperature is measured in the center of the conductor (central hole),
and at N locations equally spaced in angle around the perifery. We model the heat trans-
port assuming that this takes place in N parallel cooling channels, located under the ther-
mometers in the cable bundle, and in the central hole. We assume steady state conditions,
incompressible flow, negligible transverse flow, and constant thermophysical and transport
properties. Under these assumptions the only relevant terms in the heat balances are longi-
tudinal heat convection and mutual heat exchange. The balances can be written as a set of
equations for the temperature in the parallel cooling channels:

AB ρ Cp vB
∂Ti

∂x
= pBB hBB (Ti−1 − Ti) + pBB hBB (Ti+1 − Ti) + pBH hBH (TH − Ti) (17)

for i = 1 . . . N , and

AH ρ Cp vH
∂TH

∂x
=

N∑
i=1

pBHhBH (Ti − TH) (18)

Cp is the helium specific heat at constant pressure, ρ the helium density, AB and AH are
the helium cross section in bundle and hole, vB and vH are the helium velocity in bundle
and hole, pBB is the wetted perimeter between subcables in the bundle, pBH is the wetted
perimeter between bundle and hole for one subcable, hBB is the azimuthal heat transfer
coefficient between subcables in the bundle and hBH is the radial heat transfer coefficient
between bundle and hole, Ti is the temperature in the ith subcable, TH is the hole tempera-
ture, and x is the coordinate along the pipes.

The boundary conditions are of a temperature step in the bundle cooling channel under a
thermometer, and uniform temperature everywhere else:

Ti (0) =
{

T0 + ∆T for i = 1
T0 for 2 ≤ i ≤ N

(19)

TH (0) = T0 (20)

To arrive at an analytical solution, we write the equation as follows:

∂Ti

∂x
=

pBB hBB

AB ρ Cp vB
(Ti−1 − Ti) +

pBB hBB

AB ρ Cp vB
(Ti+1 − Ti) +

pBH hBH

AB ρ Cp vB
(TH − Ti) (21)
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for i = 1 . . . N , and

∂TH

∂x
=

N∑
i=1

pBH hBH

AH ρ Cp vH
(Ti − TH) (22)

We introduce the parameters:

α =
pBB hBB

AB ρ Cp vB
(23)

β =
pBH hBH

AB ρ Cp vB
(24)

γ =
pBH hBH

AH ρ Cp vH
(25)

and substitute above:

∂Ti

∂x
+ α (Ti − Ti−1)− α (Ti+1 − Ti) + β (Ti − TH) = 0 (26)

for i = 1 . . . N , and

∂TH

∂x
−

N∑
i=1

γ (Ti − TH) = 0 (27)

Average temperature equations bundle-hole coupling

We now focus first on the average temperature of the cable bundle, given by:

T̄ =
1
N

N∑
i=1

Ti (28)

An equation for the average temperature can be obtained adding all equations for the single
bundle channels, i.e. sum all the Eqs. (26)

∂T̄

∂x
+ βT̄ − βTH = 0 (29)

that contains only the average bundle temperature and the hole temperature. We note in Eq.
(27) that we can also write:

∂TH

∂x
−NγT̄ + NγTH = 0 (30)
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Equations (29) and (30) form a closed system of ODEs, with initial conditions known from
Eqs. (19) and (20):

T̄ (0) = T0 + ∆T/N
TH (0) = T0

(31)

We can write the system of equations for the average and hole temperature as follows:

∂

∂x

(
T̄
TH

)
+
(

β −β
−Nγ Nγ

)(
T̄
TH

)
= 0 (32)

which can be solved using the general formalism discussed below.

Local temperature differences bundle-bundle coupling

To obtain the single temperatures in the bundle channels, we define the temperature differ-
ence:

∆Ti = Ti − T̄ (33)

and we subtract the equation for the average temperature, Eq. (29), from the equation for
the individual bundle channels, Eq. (26), obtaining:

∂∆Ti

∂x
+−α∆Ti−1 + (2α + β) ∆Ti − α∆Ti+1 = 0 (34)

that has initial conditions:

∆Ti (0) =
{

N−1
N ∆T for i = 1
− 1

N ∆T for 2 ≤ i ≤ N
(35)

The system of Eqs. (34) can be written as follows:

∂

∂x


∆T1

∆T2

∆T3
...

∆TN

+


2α + β −α 0 · · · −α
−α 2α + β −α · · · 0
0 −α 2α + β · · · 0
...

...
...

. . . 0
−α 0 0 · · · 2α + β




∆T1

∆T2

∆T3
...

∆TN

 = 0 (36)

that we solve with the formalism discussed below. We remark here that the matrix of coef-
ficients in Eq. (36) is symmetric and circulant.

General solution method

To find a solution we represent the system of Eqs. (32) and (36) as follows:
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∂y

∂x
+ Ay = 0 (37)

y (0) = y0 (38)

where y and A are a vector and a matrix respectively, of dimension M. We indicate with Λ
the matrix of eigenvalues of A, and with Y the matrix of eigenvectors, such that:

AY = ΛY (39)

If we indicate with λk a diagonal element of the matrix Λ and with yk a column of the matrix
Y , then the general solution to the system of homogeneous ODE is:

y =
M∑

k=1

ckyke
−λkx (40)

where the ck are the integration constant that need to be determined based on the initial con-
dition Eqs. (38–38), and can be interpreted as the amplitudes of each mode. Below we proceed
to the solution of the average and hole temperature, and of the temperature differences.

Solution for the average bundle and hole temperature

The vector y is given by:

y =
(

T̄
TH

)
(41)

the matrix A is given by:

A =
(

β −β
−Nγ Nγ

)
(42)

and the initial conditions y0 are:

y0 =
(

T0 + ∆T/N
T0

)
(43)

The eigenvalues and eigenvectors of the matrix A are:

Λ =
(

0 0
0 Nγ + β

)
(44)
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Y =
(

1 1
1 −Nγ/β

)
(45)

Following Eq. (40), the solution can be hence written:

y = c1 + c2

(
1

−Nγ
β

)
e−(β+Nγ)x (46)

To satisfy Eq. (43) to the initial conditions, the constants must have values:

c1 = T0 +
Nγ
β

1 + Nγ
β

∆T

N
(47)

c2 =
1

1 + Nγ
β

∆T

N
(48)

The general result contains two modes. The first is a constant, and representes the asymp-
totic temperature of the system (i.e. the exit temperature after an infinite length). The second
mode is a non-symmetric temperature difference and has eigenvalue:

λ2 = Nγ + β (49)

This is the inverse of the characteristic length for the average temperature distribution,
which is not affected by the temperature differences among the single subcable channels
in the bundle.

Solution for the local temperature differences

In the case of the bundle channels, the vector y is given by:

y =


∆T1

∆T2

∆T3
...

∆TN

 (50)

the matrix A is given by:

A =


2α + β −α 0 · · · −α
−α 2α + β −α · · · 0
0 −α 2α + β · · · 0
...

...
...

. . . 0
−α 0 0 · · · 2α + β

 (51)
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and the initial conditions y0 are:

y0 =


N−1

N ∆T

−∆T
N

−∆T
N
...

−∆T
N

 (52)

The matrix A is sparse, symmetric and circulant. The eigenvectors are the discrete Fourier
transform of same dimension, while the eigenvalues are the associated frequencies. For the
specific form of matrix A, we distinguish two cases, i.e. an even and an odd value of N , as
follows:

N even

p =
N

2
(53)

λk = 2α

(
1− cos

π(k − p)
p

)
+ β (54)

with k = 1 . . . N

yT
N/2−q =

√
2
N

[
sin 2πq N−1

N sin 2πq N−2
N · · · sin 2πq 1

N 0
]

(55)

yT
N/2 =

√
2
N

[
1 1 · · · 1 1

]
(56)

yT
N/2+q =

√
2
N

[
cos 2πq N−1

N cos 2πq N−2
N · · · cos 2πq 1

N 1
]

(57)

yT
N =

√
2
N

[
1 −1 · · · 1 −1

]
(58)

with q = 1 . . . p− 1

N odd

p =
N − 1

2
(59)

λk = 2α

(
1− cos

2π(k − p)
2p + 1

)
+ β (60)

with k = 1 . . . N
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yT
(N+1)/2−q =

√
2
N

[
sin 2πq N−1

N sin 2πq N−2
N · · · sin 2πq 1

N 0
]

(61)

yT
(N+1)/2 =

√
2
N

[
1 1 · · · 1 1

]
(62)

yT
(N+1)/2+q =

√
2
N

[
cos 2πq N−1

N cos 2πq N−2
N · · · cos 2πq 1

N 1
]

(63)

with q = 1 . . . p

At this point the general solution of the system of ODEs is a matter of simple, but tedious
algebra.

We simplify further the discussion assuming that N is even (in our case N = 6 channels
under the external thermometers), and we hence only deal with the eigenvalues and eigen-
vectors given by Eqs. (53–58). At this point it is interesting to examine the eigenvalues
and the eigenvectors, each of them representing a characteristic length and a mode in the tem-
perature difference evolution. The eigenvalues form an ordered series spanning the range
(α + β . . . 4α + β). In the case N = 6 we obtain the following values:

λ1 = 3α + β (64)
λ2 = 2α + β (65)
λ3 = α + β (66)
λ4 = 2α + β (67)
λ5 = 3α + β (68)
λ6 = 4α + β (69)

where we remark that apart for the smallest and the largest, all other values are paired, and
correspond to the eigenvectors obtained from odd or even functions. We have plotted in
Fig. 29 the corresponding sequence of eigenvectors. The mode with the lowest eigenvalue
(longest decay length) is uniform, while the other eigenvectors are pairs functions with 1
or 2 periods with increasing eigenvalues. The last eigenvector, with the highest eigenvalue,
also has the highest periodicity.

We see here the evident analogy between the eigenvectors and the sin and cos functions that
form the basis of a Fourier decomposition of the temperature differences over the number N
of parallel channels. Indeed, it can be shown that the eigenvectors with a given eigenvalue
have non-zero projection only on the Fourier components (sin and cos functions) that have
the same period. This is very relevant to the analysis of the results measured, where we
have performed Fourier analysis to derive the first order component of the temperature
differences. According to the discussion above, this mode corresponds to the two coincident
eigenvalues:

λ2 = λ4 = 2α + β (70)
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whose value is the inverse of the characteristic length of the evolution of the first Fourier
component of the temperature differences.

For what regards the general solution of the ODE, the amplitudes of the eigenmodes can be
obtained analytically, as done for the case of average temperatures. In practice the treatment
is rather lengthy, and we prefer to limit ourselves to saying that the values of the integration
constants are obtained solving the system:

Y c = y0 (71)

where Y is the matrix of eigenvectors obtained composing the column vectors specified in
Eqs. (62–63), y0 is the column vector of the initial values, as given in Eq. (52), and c is the
column vectors of the integration constants ck. The above result is general, and applies to
any number of channels N . We also remark that the solution for the temperature differences
cannot contain a uniform temperature increase with respect to the average temperature.
This means that the eigenmode of order N/2, i.e. the one with the lowest eigenvalue, must
necessarily have zero amplitude in the general solution, and a zero integration constant cN/2.

We show below an example of analytical solution obtained using the above method.

Example of analytical solution

The above equations have been solved for the parameters reported in Tab. 4, which are rel-
evant to the study performed here. We compare there the analytical solution to a numerical
integration used as benchmark. As expected the two agree perfectly.

The series of eigenvalues is reported in the inset for reference.

Summary

In summary, we have shown above that the average temperature difference between bundle
and hole varies along the length with an eigenvalue given by Eq. (49). In terms of the
original varibles, this corresponds to an inverse characteristic length:

λ̄ = kBH = pBH hBH

(
1

AB ρ Cp vB
+

N

AH ρ Cp vH

)
(72)

The temperature differences in the bundle can be expressed in terms of a sum of periodic
functions over the number of channels. Each frequency corresponds to a different eigen-
value. The eigenvalue for the first period is given by Eq. (70), and, in terms of the original
variables, corresponds to an inverse characteristic length:

λ∆ = kBB = 2
pBB hBB

AB ρ Cp vB
+

pBH hBH

AB ρ Cp vB
(73)
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Table 4: Parameters used for the analytical solution.

Description Symbol Value Unit
Total helium in bundle ABtot 300.0 mm2

Helium in central channel (hole) AH 100.0 mm2

Wetted perimeter bundle/bundle pBB 5.0 mm
Total wetted perimeter bundle/hole pBHtot 10.0 mm
Radial heat transfer coefficient hBH 400 W/m2K
Azimuthal heat transfer coefficient hBB 200 W/m2K
Helium velocity in bundle vB 0.1 m/s
Helium velocity in hole vH 0.5 m/s
Helium density ρ 100 kg/m3

Helium specific heat at const. pressure Cp 3000 J/kg/K
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Figure 29: Series of eigenvectors obtained analytically for the case N = 6, ordered by eigen-
value (from top-left to bottom-right). The two eigenvalues in the center are multiple, and
have two associated eigenvectors each.
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Figure 30: Comparison of analytical solution (symbol x–red) and numerical solution (sym-
bol dot–blue). The curve x–green is the average temperature of the bundle.
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Appendix B

Fourier Transform of the azimuthal temperature distribution

The Fast Fourier Transform of the azimuthal temperature distribution ∆Tij is:

fi = fFFT (∆Tij) (74)

There are N = 6 sensors on the ith ring, and therefore a total of 6 Fourier coefficients:

A1i = (1/N)Re(fi(1)) (75)
A2i = (2/N)Re(fi(2)) (76)
A3i = (2/N)Re(fi(3)) (77)
A4i = (1/N)Re(fi(4)) (78)
B2i = (2/N)Im(fi(2)) (79)
B3i = (2/N)Im(fi(3)) (80)

The inverse function and the reconstructed function are, respectively:

finvi = A1i + A2i cos φ + A3i cos 2φ + A4i cos 3φ−B2i sinφ−B3i sin 2φ (81)
freci = A1i + A2i cos φ−B2isinφ (82)

The modules of the Fourier coefficients are:

absA1i = A1i (83)
absA2i = (2/N) |fi(2)| (84)
absA3i = (2/N) |fi(3)| (85)
absA4i = (1/N) |fi(4)| (86)

Details are given in [12].
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Appendix C

Porous media analogy

To interpret the experimental data collected, we postulate an analogy between the flow in
the cable bundle of a CICC and the theory of mass, momentum and energy convection in
porous media [13]. The cabled strands form the packed solid phase that obstructs the free
flow in the channel. The pores are the interstices between strands, and the coolant flows
in the tortuous path connecting the interstices. The porosity ϕ, i.e. the ratio between the
fluid volume to the total volume, is identical to the void fraction of the cable. Finally, the
characteristic size of the porous media is the strand diameter.

A similar approach was followed by Long [19], who went into extensive details to obtain
friction factor and heat transfer correlations. In the following sections we limit to a review
of the basic assumptions and results that can be derived from a theory of convection in
porous media, restricting the discussion to the results that are relevant to forced convection
in CICC’s.

Pressure drop

The momentum balance of a fluid in a porous medium can be written in the following form,
using the Dupuit-Forcheimer modification to the Darcy’s equation for the gradient of pres-
sure [13]:

∇p = − µ

K
vϕ − cF

ρF

K1/2
|vϕ|vϕ (87)

where the first term is the low-speed linear drag relation established by Darcy, and the sec-
ond term, often referred to as Forcheimer term, was establishd in the form presented above
by Ward [18]. Above we indicate with vϕ the vector of seepage velocity, which is related to
the average fluid velocity v by:3

vϕ = ϕv (88)

ρF is the fluid density, cF is a dimensionless form-drag constant and K is the permeability
(assumed to be isotropic). In the case of particle or fiber beds, the permeability K is given

3In the discussion we need to use three concepts of fluid velocity, corresponding to three different scales of
volumes. At the first level, at a microscopic scale much larger than the molecular length, we can define the
intrinsic velocity of the fluid V, that can be different from point to point within a pore. This is the velocity that
describes the 3-D flow field in the pores, and within a pore. The equations of flow are generally written for an
average fluid velocity, v, that is obtained averaging the intrinsic velocity V over a representative elementary
volume of fluid VF that excludes the solid phase, and whose size is large enough to produce a values indepen-
dent on the volume itself. In practice VF must be larger than the pore size, but smaller than the length scale
of the macroscopic flow domain. The balances of mass, momentum and energy require finally dealing with
averages over a volume V of size comparable to VF , but including both fluid and solid phases. The result of this
averaging process produces fluid quantity, including the seepage velocity vϕ, that are weighted by the porosity
ϕ.
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by the following expression, attributed to Carman-Kozeny:

K =
D2

pϕ
3

180 (1− ϕ)2
(89)

where Dp is the characteristic size of the solid phase, e.g. the particle diameter in a bed
of packed spheres. If we further consider only a single component of the flow (e.g. the x
direction), the momentum balance can be written as:

∂p

∂x
= − µ

K
vϕ − cF

ρF

K1/2
|vϕ| vϕ (90)

where µ is the fluid viscosity. To derive results applicable for the pressure drop in CICC’s,
we wish to collect the terms in the above expression to produce the relation commonly used
for the pressure drop, i.e. involving a friction factor f :

∂p

∂x
= −2

f

Dh
ρF |v| v (91)

where Dh is the hydraulic diameter. Comparing the two expressions above, we obtain:

f =
cF Dh

2ϕ2K1/2
+

Dh

2ϕK

µ

ρF |v|
(92)

which can be also written in the following form:

f = a (ϕ) +
b (ϕ)
Re

(93)

We remark that the above expression resembles closely the friction factor fit produced by
Katheder [7] using as a starting point correlations for pressure drop in beds of glass spheres.

Thermal dispersion

A peculiarity of forced convection in porous media is that the heat transfer within the fluid
and from the fluid to the solid is strongly affected by mixing of the fluid. This is a direct
consequence of the tortuous flow path in the porous medium. Mixing is caused by the
particular structure of the flow paths, with blocked or confined channels, by recirculation
and eddy effects at flow restrictions. Furthermore, macroscopic mixing takes place at the
interstitial (pore) scale.

To elucidate this process, we can picture fluid elements starting at a distance from each
other, and flowing in different channels. Because of the tortuosity of the channels, the fluid
elements will not remain at the same distance apart along the flow path. The net effect is a
two-ways macroscopic transport of mass that promotes mixing of fluid over distances much
larger than the molecular length. In the presence of temperature gradients, this effect also
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results in heat transfer that, depending on the flow conditions, can be largely in excess of
molecular diffusion. In the literature this phenomenon is referred to as thermal dispersion,
and is characterised by an effective thermal conductivity.

An accurate description of thermal dispersion is a complex mathematical and physical mat-
ter. We consider here the case of isotropic medium and 1-D flow, and we limit ourselves
to simple approximations for the effective longitudinal and transverse thermal conductivity
that are obtained for beds of uniform spheres.

A suitable expression for the effective longitudinal conductivity, i.e. in the direction of the
flow, is [13]:

k// = (1− ϕ) kS + ϕ
2B

π
Pe//kF (94)

Above, kF and kS is the thermal conductivity in fluid and solid, respectively, B is a constant
(empirically B = 1.75) and the longitudinal Peclet number is defined as:

Pe// =
vϕDp

αF (1− ϕ)
(95)

where αF is the thermal diffusivity of the fluid:

αF =
kF

ρF CpF
(96)

In the direction transverse to the flow, which is most relevant for the heat transfer experi-
ments discussed here, the effective thermal conductivity has been derived theoretically and
experimentally, leading to several expressions depending on the approach taken. The sim-
plest expression was obtained correlating experimental data:

k⊥ = kF CT Pe⊥ (97)

where CT is a constant (empirically, CT = 0.09 . . . 0.10).

At high Reynolds number, Hsu et al. have provided a theoretical support for the above
expression, obtained by volume averaging of the flow and temperature deviations from
average [14]:

k⊥ = kF DT
1− ϕ

ϕ
Pe⊥ (98)

where the value of the constant DT is also determined experimentaly (a good value is DT =
0.04), and the transverse Peclet number is computed as:
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Pe⊥ =
vϕDp

αF
(99)

An alternative approach was followed by Ming et al. [16], using a fractal model to describe
the tortuosity of the flow in a porous medium. Defining the ratio of the straight distance
Ls travelled by a particle (the distance of a coherent macroscoptic motion) to the size of the
pore λmin (the smallest scale of the movement), and the fractal dimension of the tortuous
path δ (where 1 < δ < 2) they found that:

δ = 1 +
ln
(
1 +

√
1− ϕ

)
ln (Ls/λmin)

(100)

and that the effective transverse conductivity is given by:

k⊥ = kF ET
1
ϕ

[
δ

(
Ls

λmin

)δ−1

− 1

]
Pe⊥ (101)

where the constant ET is based on experimental data, and a value ET = 0.03 yields consis-
tent results to the work reported above.

Heat transfer coefficients

We can pursue the analogy to porous media flow to give estimates of the heat transfer coeffi-
cient. We distinguish here in particular two different heat transfer coefficients: the coefficient
hext characterizing the heat transfer from the boundary of the flow to the flow bulk, and the
coefficient hint characterizing the heat transfer from the solid phase to the fluid phase at the
pore level.

In general, as discussed in [13], both heat transfer coefficients can be obtained as from classi-
cal correlations, modified as follows to take into account the increased thermal conductivity
as resulting from thermal dispersion:

hporous

hfree
=

kF + k⊥
kF

(102)

where hporous indicates the heat transfer coefficient in the porous flow, and hfree is the heat
transfer coefficient as would be obtained in the same configuration, but considering free
flow under the same conditions.

In practice, for the external heat transfer coefficient, it is possible to use correlations of the
same type as used in an equivalent smooth tube, corrected by the ratio above. A suitable
correlation for a pipe of diameter D is [17]:

hextD

kF + k⊥
=
{

8 for laminar flow
0.023 Re0.8

D Pr0.4 for turbulent flow
(103)
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where the Reynolds number ReD is naturally referred to the pipe diameter.

The internal heat transfer, in addition to the above correction, also obeys specific correlations
that exhibit higher Nusselt number and stronger dependence on Reynods number than the
typical correlations used for flow in smooth tubes. Examples can be found in [15] for dif-
ferent geometries and porosity. In particular, the correlation for a bed of packed spheres of
diameter Dp is:

hextDp

kF + k⊥
= 0.093 Re1.04

Dp
Pr1/3 (104)

where we remark that in this case the Reynolds number ReDp is referred to the sphere di-
ameter.

Channeling and porosity variations

So far we have considered a uniform and unbounded medium. This is not appropriate in
the case of the superconducting cable considered. While the medium is indeed unbounded
in longitudinal direction, and can be considered unbounded along the perimeter (it is peri-
odic), it has two discontinuities in radial direction: the cooling channel at the inner radius
and the jacket at the outer radius. As discussed in [13] and [14], this results in a local change
of porosity which causes channeling effects (increased local massflow at the two boundaries)
and a modification of the mixing properties discussed above. This is important as it shows
the limit of the results discussed so far.

The effective porosity at a distance r from the boundary is described for convenience by an
exponential function of the form:

ϕ = ϕ∞

[
1 + C1e

−N1r
Dp

]
(105)

where C1 and N1 are suitable fitting constants, and ϕ∞ is the porosity in the homogeneous
portion of the porous medium, away from the boundary. With a value of C1 = 1.4 and
N1 = 5, as appropriate for packed beds, this means that the porosity at the wall is more
then double the nominal value, and the dimension affected is of the order of five times
the characteristic size of the solid phase. The flow in this region is much less constricted
(channeling), which explains the steep temperature gradients observed near the heated or
cooled wall of a packed column.

Following Hsu et al., [14], a modification of the local value of the porosity also leads to a
change in the effective transverse conductivity. A suitable expression for the local value of
the transverse conductivity is:

k⊥ = kF C2Pe⊥l

(
vlocal
ϕ

vϕ

)
(106)

where we have introduced a wall function:
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l = 1− e
−N2r

Dp (107)

and the ratio νlocal
ϕ

νϕ
of local to average seepage velocity. The fitting constants in this case have

values C2 = 0.12 and N2 = 1, which implies that the thermal conductivity is modified only
over a length of the same scale as the characteristic dimension of the solid phase.
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List of Symbols

All symbols used in the text and a selection of symbols used in Appendix A, B and C are
described here. The remaining symbols are described in the Appendices. The subscript B is
used for the bundle, the subscript H for the hole (central spiral).

Symbol Description (unit)
absA2i Module of 2nd Fourier coeff, i.e. difference av. temperature of subcables (K)

A1i 1st Fourier coefficient, i.e. average temperature of bundle (K)
ABtot Total helium cross section in bundle (mm2)

A Helium cross section (mm2)
BSULTAN SULTAN background magnetic field (T)

cosθ Cabling parameter (–)
Cp Helium specific heat at constant pressure (J/kg/K)
CT Fitting coefficient of effective conductivity in Nield–Bejan correlation (–)

d Spacing between channel (mm)
dcon Conductor outer diameter (mm)
dcs Cable space diameter (mm)
dst Strand diameter (mm)
D Hydraulic diameter (mm)

dinsp Spiral inner diameter (mm)
doutsp Spiral outer diameter (mm)

fKatheder Katheder correlation for friction factor of bundle (–)
fShowa Showa correlation for friction factor of central spiral (–)
finvi Fourier inverse function
freci Fourier reconstructed function
hBB Azimuthal heat transfer coefficient (W/m2/K)
hBH Radial heat transfer coefficient (W/m2/K)

hextra Correction factor for heat transfer coefficient according to Long (–)
ILCJ Sample current (A)

k Thermal conductivity (W/m/K)
k⊥ Effective transversal thermal conductivity (W/m/K)

kBB Exponential decay coefficient [difference between temperature of bundle
and central hole] (1/m)

kBH Exponential decay coefficient [temperature of subcables in bundle] (1/m)
kspiral Thermal conductivity of spiral (W/m/K)
Llast Twist pitch of last stage (mm)

ṁ Total mass flow rate (g/s)
nst Number of strands (–)
N Number of parallel channels (–)
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Symbol Description (unit)
p Fluid pressure (Pa)

pspiral Spiral perforation (–)
pBB Wetted perimeter subcable/subcable (mm)
pBH Wetted perimeter one subcable/hole (mm)

pBHtot Total wetted perimeter bundle/hole (mm)
Pr Prandtl number (–)
Re Reynolds number (–)

tend Time at steady-state condition after heat pulse (s)
tow Wrap thickness (mm)

tspiral Thickness of spiral (mm)
T Temperature (K)
T̄ Average temperature (K)

Tij Temperature at ith ring and jth sensor (K)
Tijcal Calibrated temperature at ith ring and jth sensor (K)

Tijraw Row temperature at ith ring and jth sensor (K)
v Helium velocity (m/s)

vfB Void fraction of bundle (–)
X Coordinate along sample with origin at sample inlet (m)

X∗ Coordinate along sample with origin at each heater (m)
∆Tij Steady state temperature distribution along azimuth (K)
∆Ti7 Steady state temperature in hole (K)
ΛBB Characteristic length subcable/subcable in the bundle (m)
ΛBH Characteristic length bundle/hole (m)

µ Helium viscosity (Ns/m2)
φ Azimuth angle (rad)
ϕ Porosity [Appendix C]
ρ Helium density (kg/m3)
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