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Erich 5. Weibel
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A method is proposed in which a plasma is confined by an
alternating magnetic field. The plasma is field free except
in 2 thin boundary layer. No diffusion takes place since
this boundary is periodically reconstituted by the field,
maintaining the penetration depth at the fixed value C/CJP.
The confining field heats at the same time both electrons
and iona, at high temperatures preferentially the latter.
This heating is very efficient. About half of the total
applied power is absorbed by the plasma, the rest being
copper losses. The technical feasibility is examined and

numerical examples are given.
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alternating magmetic fields
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1) Introduction

A survey of conventional methods of plasma heating and confinement
shows that progress has been limited during the past four years.

It appears that temperatures and confinement times have reached a
ceiling. The confinement times reported at the Conference on
Plasma Physics at Salzburg 1961 are of the order of 10 to 20 usec
for high density devices and 30 to 50 psec for low density devices.
Compared to the values presented at the Geneva Conference 1958,

the new ones have hardly doubled. The serious nature of the
difficulties encountered in the present programmes designed to
achieve fusion finds a dramatic expression in the ratio of energy
applied to the plasma to the energy converted to heat. This ratio
is never less than fifty and appears to be increasing with new
machines. In view of this fact it appears unrealistic to hope

to achieve an eventual success by pursuing further the conventional

approach to the thermonuclear problem.

In all conventional methods magnetic fields and plasma are delibe-
rately mixed to achieve stable configurations. These configurations
are, however, at best macroscopically stable. The trapped fields
favour density gradients and anisotropic velocity distributions,
both of which lead to microinstabilities 1) 2) 3). These in turn
cause plasma loss by enhanced diffusion or enhanced scattering

into loss angles. Sometimes (in pinches) the original macrosco-
pically stable field configuration is altered by enhanced diffusion

into an unstable one 4).

The difficulties pmentioned are avoided in the proposed method by
using a magnetic field which changes direction periodically and

thereby reconstitutes continuously the desired configuration.
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Such a field penetrates the plasma to a finite depth only, which
is independent of time. Hence no diffusion of the plasma through
the field takes place. The depth of penetration depends on the
density, the temperature of the plasma and the applied frequency.
As the temperature rises, the thickness of the boundary layer
decreases until it has reached a limiting value which equals the
wave length of light at the plasma frequency (section 3). This
is a very small length, it is equal to the thickness of the
thinnest possible boundary of an ideal ¢ollision free plasma

confined by a static magnetic field.

4 thin boundary layer brings a number of advantages. First, no
cyclotron radiation is emitted from the bulk of the plasma. This
ig important since cyclotron radiation represents a serious loss
mechanism, which influences profoundly the energy balance of a
thermonuclear reactor 5). Second, the interior of the plasma
being field free, and thus force free has an isotropic velocity
distribution. Hence no instability of any type can develop in the
interior. Third, concerning macroscopic instabilities, the boundary
can be considered as sharp which permits easily the selection of
stable plasma field configurations (section 2). Moreover such a
configuration will be maintained because the boundary remains thin

(no diffusion).

No analysis exists of the microscopic stability of the boundary
layer itself and at present the difficulties of such an analysis
seem overwhelming. However qualitative arguments indicate that

no instabilities are likely to occur.

These arguments can be summarized as follows : For the cool plasma

in which the boundary is collision controlled microinstabilities
merely increase the resistivity which causes the boundary layer to

be somewhat thicker. Even if the boundary layer were turbulent the
apparent resistivity would not increase by a large factor, so that
the thin boundary is maintained. For the hot plasma, in which the
boundéry is inertia contrqlled (section 3) each particle spends but

a fraction of a plasma oscillation period in the layer as it comes
from and returns to the interior of the plasma. Hence no cooperative

effects can develop in the boundary layer.



The plasma is heated by two mechanisms : One of these is simply
ohmic heating (section 4) of the electrons. The other affects the
ions and is due to the periodic motion of the boundary under the
influence of the confining field which applies a pressure of the
form cost{wt) (section 5). As luck would have it the ion heating
mechanism becomes much more important at high temperatures, where

the transfer of heat from electrons to ions is slow.

As the temperature rises the applied field amplitude must be

increased to maintain the pressure balance. At some temperature,
depending on plasma density and geometry, the pressure becomesg too
large to be balanced by practically obtainable fields. It will

then be necessary to slowly switch on a quasi static field to take

up the excess pressure. A number of possible combinations of fast

and slow alternating fields exist, which will keep the plasma confined
and heated without allowing field penetration. Since the heating

rate depends in detail on the arrangement, it will not be calculated

here for these mixed caseas.

Since the feasibility of the proposed method has been questioned
repeatedly, special attention is given to the power and voltage

requirements (section 6).

Compared to the very high rate of heating, the losses by heat
conduction (section 9) and by bremsstrahlung are unimportant during
the heating. Hadiation by impurities may change this situation, it

has however not been considered.

This report presents the results of calculations of the heating
and confinement assuming that the temperature of the plasma is
uniform. For high temperatures this is a reasonable assumption
since the heat conductivity is high. At low temperatures gradients
will be present in the plasma since it is heated in the boundary

layer only. In this range of temperature the results are estimates

only.

They suffice however to give the data which are necessary for

planning an experiment.



Most aspects of the problem have been treated only summarily and
will require deeper understanding. Further theoretical work should

concentrate on the following problems :

4) The equations of motion and heat transfer for the plasma cylinder
should be integrated numerically using the two fluid equations
and the simple approximations for the boundary layer given here,

ag well as the usual transport coefficients.

B) The boundary layer must be investigated in detail :
a) the macrcscopic motion according to fluid dynamics,
b) the velocity distribution based on Bolzmann's equation,
¢) transport coefficients for rapidly alternating and for

large amplitude fields.

2. Stable plasma field configurations

Since the boundary layer is very thin in comparison with the
dimensions of the plasma, it can be considered as sharp. It has
been chown previously 6) for a special case that stability is
assured if two cornditions are satisfied. First, the field must
provide on the average a positive restoring force fer any surface

deformation. Second the applied freguency must satisfy

2 [£0eT) (1)

w= g M,

where a is a linear dimension of fhe plasma and A& is a number
estimated to be not larger than ten. This second condition is
necessary to avoid any destabilizing effect due tc the oscillating
part of the confining force. It appears reasonable to asaume thant
the same conditions suffice for other geometries. The frequency
18‘3‘*’(2-"7 is plotted on Fig. 5 for a = .05 m . &= 10 against

T =T, =Ty.

Two examples of configurations which sati;;fy the first condition
are the cusp T) and the toroidal plas o with combined @ -nd ¢
fieldas ©).



Fig. la, 1lb, le, show cusped fields schematically, which can be
excited by one turn coils. Pig. 14 shows an arrangenment for the
production of a highly symmetrical cusped field, which can be
excited in push pull from two coaxial lires. Compared to current
experiments with cusped fields, the particle losses will be

substantially reduced due to the small depth of penetration.

Pig. 2a, 2b, show schematically the arrangement for the production

of a toroidal plasma. The conducting shell which surrounds it is
slotted in twe directions to pernmit the apvlication of many oscillators
for tne excitation of the 2 and 9 fields. It should bhe noted that

no voltage larger than Vz or Vq appears anywhere even though the
oscillators appear to be connected in serieg. Fig. 2¢ shows a chain

of cusps arranged in a torus which requires only one sel of cscilla-
tors ( Bt) and is suitable for the swifch over to a guasi siatic

field at high temperatures, without change in geometry.

To maintain the pressure balance it is necessary that the leld

amplitude rises with the temperature according to

B = 4, Bt T)0 (2)

which renuires the programmation of the field strength. Feedback

may be necessary but the problems attending it shall not be considered

here.

3

If the frequency @ is to satisfy (1) it would also have to be pro-
grammed. In the calculations that follow, it has always been assumed
that (1) is satisfied, that ies that the frequency is programmed. The

corresponding curves on all graphs are chown in solid lines.

Preguency programning may be difficult to achieve practically; fortu-

nately it is not necessary since it suffices that

w > &L 4%(725*772
> - (3)

oL

<

Thus may fix the frequency for the highest temperature T to be

attained. This can be taken into account by meking the substitution



A= ci'“ —_—
T (4)

in all formulas that follow.

On the various grapns the curves corresponding to this choice with
1 =2106° , 5 = .05 m &= 10, giving £ = 2.7 Mc are traced with

dotted lines.

3. The boundary layer

The structure of a plane boundary layer will be examined. All
quantities shall depend only on x and t. The magnetic field is

chosen parallel to z while E and j will be parallel to y. Thus

é—-B— 1 O-i'-t- c-—l‘wB
= dx Hed v

-

where

s en

A m,(iw + 't’;‘)
and *

3¢
T = 93 ‘E'; W\:z (‘B-TQ,) *
e Qal\ etn

We require equilibrium of the plasma with the time averaged force
& -

Since the differentiation and averaging can be interchanged (6) is

equivalent to
b 2\
o [&(TJT.-)V' + —f/:.(B)c] (6)

Two limiting cases will be considered.

*)Subsequently the factor 93/Q5/\ was set equal to 8.



a) Q)ZL<<( This is the low temperature, low frequency and high
density case. The boundary is'"collision-controlied'. One obtains
L Y O
e'n L

8“3 -.fwfk.G'B R ?: mc

which has the solution
R= 8B MP[(-H-O /-2‘- HeCw X + iwf]
-~ (-

since ¢ is independent of n and hence of x. The physical field is

given by the real part
Cw
- Po6 w )cn(wc + /’f-‘-‘-—- x)
B=8 w\o( J——{—- x 2
Substituting this expression into (6) one obtains

ns=n, (l— exp(—l‘q&.c‘w x)), X >o

nwW = o0 x <0

’

(7)

where

no = B [4p, B(TT)

This result is shown in Fig. 3a. The boundary layer has the depth

32.
§= /2 = B i:(a]:.)l
= an ®

and which is the ordinary skin depth. According to (7) the density
drops to zero at a finite distance. In reality this is not so,
since with the density approaching zero the inequality 607;~<<(

no longer holds. This brings us to the case

b) QJ?;_>) |l In this case the boundary layer is controlled by
the inertia of the electrons. One has

_dB Mo 0 €

-

dox. iWm,




and hence

dle ﬂgQ}K E

ol x* "M

which has the solution
E(x,t) = E O e

.wt

N )
- a E‘L‘) e

3 ( X, t) z 30‘” ".u

To obtain the force on the plasma the real parts of B and are

again required. E;(*) can be chosen real as equation (9) will show.

E w0
B’ x - e

: o
o M W
. et
v = E (%) Adw wt
m, W °

The magnetic time averaged force becomes now

i T
< . B ) = — en i E‘l.
Jf ¢ ‘tm‘w’- Ax '“)

Substituting this expression into (6) yields after integration
T
e E, Lo
Gmw® KT +T)

The equation for E&(l) now becomes

n= n, wp[~

. v 2 E" %)
E' = Mo&V. [— e —- ] E ()
® m, oxe mwt R(T.+TY)] °

The last two equations describe a boundary of thickness

S: cl We (9)

Me
é= //u.e" . (10)

In contrast to the collision controlled case the density decays

Qor

exponentially (Fig. 3b). It is interesting to note that according
to (10) § is just the width of the thinnest boundary for a collision
free plasma confined by a static magnetic field 8).



The solutions given for the boundary layer are only approximate
since the oscillating part of the confining pressure has been
neglected. In reality the boundary will execute a periodic motion.
An approximate (linearized) solution of %this motion has been given

earlier, but the problenm remains essentianlly unsolved.

In FPig. 7 the skin -epth é) according to (8) and {1C) is plotted as

a function of temperature zssuming Te = T4 = T, for a2 plasma of
density n = 1021 nK‘ . If the frequency is programnned according to (1)
with a = .05 m and ok = 10 then the solid line io obtained. For
fixed frequency accerding to {(4) with Tm = 2fuﬂ3°Kmhe dashed line

results.

4. OQhmic dissipation

To calculate the ohmic dissipation in the boundary layer we shall
further sinmplify tﬁe problem by taking n to be constent inside the
plasma and zero ouiside. This introduces but a swall crror and
permits the two cases (FQT;)z\) to be handied at once. Seliing

B’ B —QX+Jut

-

one finds

(3
T b)p

[ +Jw)

and

B3 j=l{,3

Hence the =verage power dissipated in a surface of the plasma of

area S Lecomes

T

(A

H

sgfze,,gﬁa«

Q (30 S

LA e _' (v (~—-—‘- ! . -~ -y
;2 wr"e{-J““wa‘) -+ Jl"\[\l)s.‘) ]

]
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In the two lirniting cases one obtains

’Pzﬁ-J = RS

B we Te

B.S ()

P = =
< Mo “ W T,

(12)

In these expressions B, is the field amplitude and g:the average

power. This power is delivered to the electromns.

5. Ion heatiing

Since the confining pressure
T 2 T

T B crmwt = *Ba(li-cnzw)
depends on time, the plasma boundary cannot remain stationary.
Large amplitude pressure waves are generated at the surface and
propagated into the plasma. A% present no complete trestment of
these waves exists. However in the high temperature limit, where
the mean free path of the ions is long A DDA there exists a small
amplitude theory 6). It relates the pressure increment at the plasma

surface to its displacement & as follows :

— A
"St"’['/is- ;P ...zg— K, (o, %"]iwi (13)

P = '&T. w we= (&T‘ /M;)"" (14)

A
In this expression K is the Fourier transform of the function
K,(0,8) defined in the paper cited above 6). This Fourier transform

has been computed numerically for values of @aw{u up to 14. It
turns out that it is negligeable in comparison with the first term
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for values of awfU larger than 8. Equation (1) requires

Qw = o = |O
“u

so that (13) simplifies to
Y .
—3‘0 = ‘ji’ 5 wi (15)

This corresponds physically to the pressure due to particles which
have been struck once by the moving surface. The pressure pulse due
to the reflected particles is already sufficiently spread out so that
it gives only rise to an increased average pressure, which is conpen-

sated by the rising average field pressure.

From equation (15) one obtains immediately the power delivered to

the ions
P = R 4 (~iwt 8p) S
and since
S\oz Bl/“/“,,
one finds

([?:./‘““fa)t S

o (16)
(Wl.‘ hT.) ‘n

*la

[t

i)

J

which is valid for XWd .

Strictly speaking equation (13) should be used only for small
pressure amplitudes. However it is reasonable to expect that the
dependence of P; on the temperatures as given by (16) remains valid

for large amplitudes.

6. Peasibility : Voltage amplitudes and power requirements

As will be shown in this section the voltage and power required to
reduce the proposed method to practice are very large, but they are

not beyond the present state of the art.

To calculate voltage and power, we choose for simplicity the cylin-
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drical geometry (Fig. 4), which will give results that are applicable
to the other cases with only minor modifications. A conducting shell
surrounds the plasma at the radius b and carries the currents that
produce the confining fields. This shell is subdivided into sections
by two sets of orthogonal slots, each section having the length \(a-«
and the width §(m+&.), The driving voltages are applied to the slots
as indicated in Fig. 4. Thus for a total length L of the plasma the
nunber N of oscillators which is required will be (L.I Xa)~(‘21'l§$)-‘2. .
In what follows the power and voltage are calculated per oscillator.
The total power to be applied to a device is N times larger. But

the voltage that appears anywhere on the device never exceeds that

of a single oscillator.

The results will be applied to a standard example, which corresponds
to a device that could be experimentally tested in the laboratory.

Its characteristics are :

Plasma radius a = ,05mnm
Length 2V = .31 m
Radius of shell b =a +h = .08 m
Density n =101 53

Frequency multiplier A =10
Sections: p = § = 2%

With ? = ¥ - 2% only one longitudinal slot is used which means
one ¥ and one ¥ oscillator per 31.4 ecm. For a toroidal device
this means still a considerable number of power sources. Thus it
appears more practical for a first experiment to use the cusped

geometry (Fig. la, b, d) which requires just two oscillators. For
these our calculations are applicable with only slight changes in

the numerical factors.

To determine voltage and power we return to Pig. 4. For the excita-

tion of the B& field one slot represents the inductance

L 4 , [ask) ~
L=pm. 3 “"%(T) T e Xl
B B
To produce the field amplitude Ii? a current amplitude

Ii‘: %3?
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is required which in turn gives rise +to a voltage amplitude

Vl= IiLco = %a,a.w B?

Analogously the voltage for the generation of the 1%'fie1d becones

V‘f = pe.aw ‘Be

Substituting ew from the stsbility condition (1) and B from the

pressure balance equation (2) gives for the voltage amplitudes
' z
(v, V) = 20k, 8) % & &(TT) Wb -

Setting Ty, = Ty = T one obtains

-1

(\{f ) Vi) = (x. 5) o |08 10 TV\”‘&, (18)

To minimize the voltage at fixed T and n one can decrease Y and P s
that is increase the number of oscillators per length a of the device.
Practical considerations limit the number of oscillators for a given
plasma radius a. However since V does not depend on the radius a

it is in principle possible to decrease the voliage by increasing a
and keeping ’,a, the distance between feeding slots constant., The
distance between the plasma and the conducting shell, h, should also
be kept at a minimum. Finally the voltage is proportional to A which
fixes the frequency according to the stability condition (1). It is
not yet clear what the minimum value for o{ is. Tp be on the safe
side ® = 10 has been used in the numerical example illustrated in

the various graphs.

The graph of Fig. 5 represents the voltage as a function of T for

the standard example as described in the beginning of this section.

In this case the amplitude of 100 kV is reached for T = 1.5 106'4(.
If 100 kV are considered to be the maximum amplitude then one would
have to begin superimposing a quasi static field at this temperature.
At this temperature also the boundary layer has attained the smallest

possible depth as seen from Fig. 7.
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The reactive power P, which gives a measure of the circulating

energy and of the 4 of the system becomes

Pt VD = 42 4py wtR/T)™ nab (19)
?rz S.05 10 %R Y T“‘na& (20)

A plot of Pr against temperature is shown in Fig. 6 for the standard

example.

The power delivered to electrons and ions is obtained from
equations (11), (12) and (15) by substituting

x
S: ﬁ‘(q
Thus one obtains *)

Electron heating for Ld?;’<<l

R g (2] e ROTIE
< e‘:‘l P m‘- (&.(_t)u‘
Electron heating for (4)?¢ ¢
AT T
e rLl2 (22)
= ‘ti"l pY e n't ot

(BT

Ion heating

~
-u L (T, +T.) "na}_ (23)
T.

< QJWp%

These powers are plotted against T on Pig. 6 for the standard

example and setting Ty = Ty = T.

T, = .20 o & gsxT et @TxY) (24)

*) Phe factor 93/25/\ was set equal to 8 in all equations.
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-2 Ay Wit ( )
= 3,12 10 { : LT, 22\
T R D (25)
-th ;‘ T’f& a‘-

*
The transition temperature.r is defined by the equality of the two

limiting expressions for Pe

* 2 "v _et
* ~¢ (ha\a
T = o0s 1o (T) (28)

For the standard example one obtains the transition temperature

T5- 1.5 100 oK,

Furthermore the copper losses need to be known. They are

u Yo -V
,PQ. 2“ {\1*° eaﬂ'c—r) ™, " 0& 33‘(&(1‘*‘ )‘l) (29)

‘2

]

» U1LL

or
3:

f: = 8.5 19 (30)
The copper losses also are plotted on Fig. 6. This figure indicates
that the combined power dissipated in the device up to the temperature
T = ],O6 SK never exceeds 25 MW. While this power is large it is
only required during a few microseconds, since the total energy of
the plasma

é_E‘ (QU' )na.

(31)
is only 62 joules at T = 100 °K.

While the attainment of thermonuclear temperatures by direct extra-
polation of this method seems very difficult it will be possible by
suiteble combination of alternating and guasi static fields. This
will be treated in a subsequent report. The important feature of

the proposed method is the production of an uniformly heated plasma
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at some 10° - 107 °K which is free of trapped fields-and has the

thinnest possible boundary layer.

T. Heating tine

To estimate the heating tine we shall assume that the plasma is
izothermal. This is of course not true since for a low temperature
plasma the heat conduction is low while at high temperatures the
equilibration time between ions and electrons is very long. Never-

theless the calculation gives an estimate of the heating time. Thus

dw Pd—P;

L T .
leads to
- L3
o1 < é ?J t (Q‘Cu_f) (32)
RES & v
where
L "q |“r ..3',
c < £ S (M R < ¢
¢T3 e \m; (33)
=y Y, -
LS l T ot i
=il ™Mo« (34)

In Fig. 8, the heating time is plotted according to (32) as a function
cf T. (The pole of the tangent has no influence in the interval
shown). Thus while the power level is very high, the heating time

is very short.

8. Beeat conduction and mean free path

The extent to which the electron and ion temperatures can be considered
unifornm can be estimated from a consideration of the time constant
for thermal conduction. In the field free interior the coefficient

e
of thermal conducticn iskT so that for electrons

& T
-3
- hm: = 862 lo N (35)
Cce kT i T:’u,
< <
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and for ioms
'}
tci = (mg (wm )t tce

and the mean free path which is the same for both electrons and ions

2% ] L
A= ‘Tvil“? Z:(il') = 293 TwW (36)

The particles can be considered as isothermal if t.,_<< CQT) ’ equ.g}?).

For electrons in our example this is the case if T > 8 to' °K
The ions can be considered isothermal when A» a which is true for

T »109°K . Both A and &, are plotted in Fig. 7 and 8 respecti-
vely.

9. No trapped magnetic field

The gquestion arises whether any magnetic field can become trapped
in the interior of the plasma. As the temperature increases and

the skin depths decreases rapidly some field might be left behind.

If M is the wave length of the field inside the plasma then at most

a layer of thickness K/Z could contain a trapped unidirectional field.
The time constant for the diffusion of such a field is t = [*oc'lez)l
since A equals 2W times the skin depth & one obtains t = W/§ .

That is the "trapped" field disappears in about three periods.

The time constant for the diffusion of an externally applied quasi

static field shall slso be given. It is

ot wt'T

T
E,= p,ccax « &9 ¢
€= M ot (37)
- 3/)_
- lés lol T &

(38)

which is plotted in Fig. 8. Hence if after heating by an alternating
field to 2 106°K the plasma iz confined by a static field, it would

have g life time of about 10 ms.
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10. Energy losses

In comparison with the rate of heating and for the temperature
range considered here (104°K - 2106 °K ) losses by radiation are

negligible.

Losses by thermal conduction shall be considered because they may be
important. The thermal conductivity across a magnetic field is

given 9) approximately by

K e
Kg = —— ™ (39)
L+ @, T)HY
where
sty X kT
Kg = -

Qn mle ey
No theory exists at present which gives the thermal conductivity in
a rapidly oscillating magnetic field. The dependence of this conduc-
tivity on B is however of crucial impcertance. For it is the inhibition
of the heat flux by the magnetic field which makes it possible to
maintain the high temperature gradients between the wall and the
plasma. Using the average value of B in (39) (for lack of a better
theory) one notices that in the tenuous plasma between boundary layer

and wall the conductivity reduces to

’ Yy < 7 Y LS

Y m.t ¢ w

= L1s (16 GNA = i/&""h = 23 10—
e, BY&RT)™ T

(40)

K

Q

Thus in the important heat insulating region Kﬂ. depends fortunately
on temperature as T‘l/z instead of T5/2 and on the density as VEZ

If Xy according to (40) is correct for alternating fields then heat
conduction can be neglected as a loss mechanism during the heating
phase. However, it is important to note that the theory of heat con-
duction must be reviewed for the present case of oscillating magnetie

field.
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