Communication 1

CHAIRE DE CONSTRUCTIONS HYDRAULIQUES
Département de Génie Civil

Ecole Polytechnique Fédérale de Lausanne

FL

DISCHARGE MEASUREMENT STRUCTURES

W. H. Hager

Titulaire de la Chaire :

Prof. A. Sinniger

LAUSANNE 1986



Preface

ischarge messurement is as old as hydrasulices: indeed, the

rst hydrsuliclians have been attracted by Lhe qu

wmueh water is running in & conduil or

& channel. foday, fhe

gquant ity  of  flow determined with

large number of

different devices, each having 1ts particular adventage.

The purpese of the present imvestigation is to review ths most

impoertant discharge measurement silruciures used In current

sngineering applications. Cemputational detalls and descrip-

ons of experimental facilities are thereby largely ignored

in order to st surements

ss on the principles of discharge

ang provide insight in the governing ecquations, by which lhe

harge can be determined. This reviow may seTve &% a guide
to hydraulicians, since the fundamental thecry of eriticel
flew is develcnped in detail ae well as to the pracltitionesr,

Lo whom the procedure of evaluating discharge is expialined by

zgrams and illustreted by tvpnical examples.

is study has been supported by Fraof. Sinniger, Chair of
Hydreulic Corstructions, EPFL, Tne author would Tike Lo
acknowledge the review of the manuscript by PO Dy, K. Huller,
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YAW, ETH-Zidrich. Finslly, | Lo HMrs, M.,-L. Tanner for

Lyping the manuscript.
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Abstract

ihe discharge characteristics of the important discharge
measurement structures in civil engineerving aspplications are
presented. Using the theory of the critical flow conditions,
the governing relations for the upstream flow depth-discharge
relations are derived for weir and flume type devices. These
computations are based on the hydrostatic pressure snd uniform
velocity distribution concept; for fleows in which the stream-
line curvature benemgs significant, a more general, guasi two-
dimensional approach is presented. The results are aspplied teo
discharge measurement strucitures of which the geomstry is
slightly and wmoderately varied. For rapidly varied channel
geometry, such as for thin plate weirs, a semi-empirical
approach is chosen. All results are represented graphically
and typical examples illustrate the computational procedure to
evaluate the discharge characteristics of thestructures dis-

russed.
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Resumé

teg caractéristiques du débit sont présentées pour les
structures de jaugeage dans le domaine du génie civil. Les
relations entre la hauteur d'eau & 1l'amont de la structure et
le débit pour les déversoirs et les cansux bype Venturi sont
déteramindes en tenant complte de la condition d'dcculement cri-
tigue. Ces caleculs se basent sur les hypothéses de répartition
hydrostatique des pressions et uniforme des vitesses; pour les
écoulements dont la courbure des lignes de courants est impor-
tante, wuwne approche quasi bidimensionnelle est choisie. Les
résulisats qui en découlent s'appliquent 3 des structures od le
changement longitudinal de la géoméirie est faible ou modéré.
Pour des structures & changement rapide de la géométrie, comme
par exemple les déversoirs & mince créte, une approche semi-
empirique est préférde. Tous les résultats sonit représentéds
préts & l'application; la marche & suivre du calcul pour les
structures de jaugeage discutées est illustrée par des exem-

ples types.




Iusammenfassung

Die Durchfluss-Charakteristika der wichtigsten Abflussmess-
anlegen des Ingenieurwesens werden vorgestellt. Aufgrund der
kritischen Abflussthecrie sind die grundlegenden Beziehungen
zwischen Oberwassertiefe und Durchfluss filir Wehre und Venturi-
kandle abgeleitet. Diegse Berechnungen basieren auf der Annshme
hydrostatischer Druck- und upiformer Geschwindigkeits-
Verteilungen; Abfliisse, bei denen der Einfluss der Sirom-
linienkrimmung entscheidend ist, werder unter Zuhilfenashme
gines quasi-zweidimensionalen VYerfahrens vorgestelit. Die sich
ergebenden Resultate lassen sdich auf Durehfluss-Messanlagen
anwenden, deren Kanalgeometrie schwachen und mittleren Lings-
gnderungen wunterliegt. fidr abrupt é&ndernde Kanalgeometrie,
beiapielsweise dinnwandige Messwehren, wird eine  halb-
empirische Berechnungsmethode verfolgl. Alle Resultate sind
anwendungsbezogen darqestelits typische Beispiele zeigen den
Berechnungsweg zur Ermittlung der Durchfluss-Eigenschaft der

diskutierfen Bauwerke auf.
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i. INTRODUCT ION

flaw of water is closely related to enerprgy production,
drinking water consumphbion and waisr flow iIn sewers, among
cthers, Evidently it is not only important to know that wabter
is available but #lse how much water iz flowing. Therefore,
discharge measurement is as old as the firsi channels designed
in antiguity., Some well-known devices are the sso-called "water
clocks?, or discharge measurement orifices. For larger guan-
tities, these must be replaced by more appropriate devices;

some of the most important will be discussed herein.

Discharge may be messured by a large veriety of metheds,
awing to the precision desired and the installations avail-
able. High precision for low znd moderate discharge provide
so-called Thomson triangular thin plate weirs, while the dilu-
tion method is recommended rather for small stresms with low
reguirements regarding the precisien. Also, differentiation
must be made beiween digcharge measurement for flows with
steady and non-stesdy flow cenditions, the labter of which

encounter problems noi completely sclved.

ihe present review aims to introduce the discharge measurement
astructures widely wused in €ivil &Engineering applicstions.
Particular stress is focussed on & rational derivation of the
geverning flow equations and the resulting expressions for
discharge in terms of typical flow quantibies and the geomeiry
of the structure. Considerations are restricted to steady flow
conditions. Furthermore, the present review accounts for dis-
charge of water up from certain minimum limits regarding flow
depth and velocity, se that effects of surface tension and

visrosity may be overlooked.

in section 2, ithe general one-dimensional flow eguations =are
sresented, and it will! be demonsirated that the so~called-
s=ritical flow condition can appear only if additicnal requirve-
ments are ssatisfied. In particular either the cress-sscticnal
area myst have & local minimum, or the bottom geometry 1is
characterized by =2 lecal maximom (the case with spatially

varied discharge not being considered}. Evidently, the first

of the respective cases corresponds to so-valled discharge




measurement flumes, while the second type is reflected by
weirs, Owing te the many situstions in which discharge mea-
surement must be evaluated, both Flumes and weirs exist in a
rumerous variety of geometricel types. It is beyond the scope
of this review to deal with all of these; therefore, recourse
te only the main structures is made. In section 3, devices
which show gradually varied channel geometry are distcussed,.
These include so-called lang-throated flumes (Khafagi-flomes)
and hydrofoil weirs. It is found that the clsssical critical
Flow theory fits well with observaticns, and thet discharge
may be determined on s rational basis,

in section &4, weirs having ryapidly varying geomwelry such as
thin plate weirs are investigated. It is demonstrated thsat
these may be tresated by the same procedure as for gradually
varied channel geometry if apprepriate modifications of the
flow configuration are sccounted for. This section desls in
particular with thin plate weirs being either contracted or of

full width, and V-naotch weirs with triesngular cross-ssction.

Section 5 then treats the intermediate structures having
moderately varied channel geomeiry such as broad-crested welirs
and Fflumes of tithe Parshall type. Also discussed are the
WES-Standard spillwsys coften found in dam constructien and

serving for extremely high dischsarge.

Nate that sections 3 to % relate to so-called generalized
critical flow conditions, by which discharge may be evaluated
form a single gauge tecording., Particular attention is devoted
te the mechanics of flow and not se mucn to constructive
details, which may be consulted in a lsrqe numsber of adapied
texbooks {6], {&6}, Neither, details of how measuring must

proceed nor how instrumentation should lock are dealt with.

Section 6 applies to the structures considered in the preceed-
ing chapters, but analysis is restricted to the wmodular limit,
e.g. the tailwater submergence criteria, by which results may
st iil be regarded as confidential wusing free flowing condi-
tions. These investigstions have a more qualitative character
since submerged flow conditions are generally not recommended

far dischsrge measurements.

in section 7, finally, miscellanesuy discharge measurement
structures such as free overfalls, orifices and gates are
demcribed. Again, these are not treated in detail owing to the

rere application in practice.

£i1 resylts regarding the evaluation of discharge are pre-
zented either by formulae or, if nseded, by diagrams. E£xamples
illustrate the computational procedure and facilitate applica-
tion of the resulis fo problems.
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2. CRITICAL FLOW CONDITION IN  THE LIGHT OF TELASSICAL
HYDRAULTCS

7.1. fGoverning equaiicns

the simplest approach describing flows in open chaansls smears
sver variations of the velocity components in the transverse
directions and considers the longitudinal axis as the main
Flaw directien. Thus the resulting flow theory is refered to
as gne-dimensional. fvidently, this procedure holds only for
Fiows with a predeminant flow dirvection and must be modified

as soon as transverse components become significant,

iet V¥ and h be the average velocity and the average flow depih
st a certan locatien x and at a certain time t. To the lowest
order of approximation, wuniferm velocity and hydrostatic
pressure distributions may be assumed for which the de Saint-
venant equations apply. In rectangular channels these may he

expressed as [34]

ah Bbg
= 1
ot ax P {13
1BV ¥R oh o o (2)
g of g dx A%

in which g=Vh is discharge per unit width, p is Isteral in- or
outfiow, g gravitational acceleration, S, bottom slope and
5¢ frictionsl slope. Egs. (1,2} simplify considerably when
restricting considerations to steady flow conditions {for
which a/8t=0), the result being

q = qp + [pd¥ (3)
%
2
id———(2+h+£—-w) = -5¢ . {4}
dx

£qs. {1) and (3} corvespond to the continuity equation, while
Eqs. {2) and (4) are the momentum equaticns in the longitu-
dipal direction. Note that z=zz{(x} describes the channel bottom
profile mesured from an arbitvary but fixed reference level,
gnd that dz/dx=-5;.

For flows witheut lateral in- or outflows, term p{x)}®0. This

is the ususl case in open channel flow except for locatione



with junctions, with side-channel spillways (latersl inflow)
or distributien channels {(lateral outflows), whiéh will not be

congiderad.

Equations (3} and (4} msy further be developed by rewriting

the continuity equation as
@ = VA SR S - 3

in which @ is discharge and A is crnss:sg:?igggi_zarea,
Inserting this into the bracket of (4) results in. :

H o= ho+ [
z + h + oA

in which H is ithe enerqgy head., Evidently, this -exﬁrgssian
states that relative flow energy in a particualr.crossesecbion
is composed of the vertical elevation of the channel bottom
plus the flow depth plus the velocity head. Iﬂserting this
inte Eq. {4) then yields

L (7}
expressing that the longitudinal change of energy head W
eguals te the friction slope (note that this “in anly ﬁfﬁe for
flows without local energy losses, as may appearliﬁ heﬁds or
sudden enlargemente of cross-section). For steady flow condi-
tions, A will be in general a function of bath.fluwgﬂehth-h
and location x, thus AsA{x,h) and dA/dx=3A/8x+(dA/30)dh/dx.
When differentiating Eq. (6} with respect to. x and inserting
it into (7), the general equation of ane*dinenéiohgl. flow

profiles becomes

§p-5 sty 22
dh 07 VAT ax
22 . . (8)
tfx _ Q¢ aA
gA® Bh .

This first order differential equation must be solved subject

to one boundary condition. Before investigating it in more

detail, let us look closely at its main mathematical proper-

ties. Extrema of the surface profile scrour for dh/dx=8, thus
g? aa

Sq-Sft—g = 0, . (9]
gAd ax

NG

i

m%ﬁﬂ%{»mﬁwi@\

i

~d

while vertical tangents are where dh/dx+=, thus

2
3A
—“;gi ah - 1T, (10}

provided £qs. (9) and (10} ds nat hold gimuitaneously. As wil}
be shown below, it is convenient to express the left hand side
ef £q. (10} by

=
[

Fi- {11}

uw
-3
w;w
Tie

and it is easy teo identify F as the Froude number. This corre-
sponds to the transition between sub- and supercritical flow
states. It yields minimum relative energy head for fixed dis-
charge

QZ

He = h +
2gA2

(12

in  which HezH-z, or maximum discharge Q Ffor fixed energy
head He [7]. Evidently, the eritical flow condition is of
major imporitsnce in open channel flows, since it characterizes
the transitionazl flow state hetween sub- and gupercritical
fFlow, and yields s unigue depth-discharge relaticen. Nolte,how-
ever, that far flows with almost parallel streamlines, as
asgsumed above, the condition dh/dx+= viglates the basic
assumptions. Therefore, and proof can be given for this fact
{17], critical flow state can only be achieved when equations

(9} and (10) are simultanecusiy satisfied.

2.2. Location of critical flow

Ensuing developments might be demonstrated for arbitrary
cross-sections. However, & siraight-forward procedure results

fer the rectangular cross-section with

A = Bh {13}

in which B=B(x} is the channel width,

€ritical flow conditians may apply to the transitions from
sub- to supercritical as well as Ffrom super- to subcritical

flow states. However, as already noted, Sy almost vanishes

e e



for the first rcase, while it becomes significant in the second
variant. Moreover, flow in the vicinity of e transiticn from
supet- to gubsriticael flow states is rapidly varied, the

result teing a sc-called hydraulic jump.

It usually consist of twos distinctly diffsrent flow zones, =a
more or less Fully turbulent lower layer and & separsted uppear
fiow zene [18}. This particular phenomenan cannot be adequa-
tely described with equstions {6} and (7} and will be excluded
in what follows.

It can be demonstrated that the above statement concerning the
head losses for flows from F <1 ts F >1 can be neglected with
respect to other basic sssumptions [17]. Therefore, the energy
head H in £q. (&) remains esgentially independent of x.
Inserting £q. (13} and differentiating it with respect to x,
(y*=d{}/dx, results in
2 4
Q BI Q h‘
H' = z' + h' = ey = Pgee = [, {14}
gB h qB“h
The eritical flow conditien in the rectangular channel is
given by F =1, thus
92 N
gy = 1 . (15
gB“h
as is essily evaluated with the sid of E£q. {11). Eg. {14] may
he expressed ss

2 2
. 878" . q
h (1-§§§gg} = 0 . {16}

It is seen that F =1 corresponds to the necessary critical
flow condition, while z'=0%87/(gB%k?} represents the suffi-
cient critical flow condition. A particular cmmbinatiun.of the
latter is z'=0 and 8#'z0 simultsneouslys which is of major
practicel importance is chenanels with variable diecharge §.
The critieal flow cendition, therefore, may prevail for fiows
with F =1 (accoerding to £Eq. {11} for arbitrery vross-seciional
shape} at

- @ local extremum of the bottom geometry (z°=0) and/or

« @ local extremum of the cross-sectional area (B'=0).

The aforementiored two conditions for the appearance of
critical flow do not suffice [Z%E. Figure 1 shows poseible

channel geomelries with gpatially variable

cross-sectional area, F(x},
variable bottom geometry, zix}! and

spatially varied discharge 8{x).
Critical flow conditions appear
- far F =1, corresponding te & minimum of relative head Ha

fer fixed discharge, or to s maximum of discharge § for

fixed relative head,

- in channel with lsecal maximum of the bottom prefile

a
zt={i, z"<0) and prismstic ecross-seciion A,

—n

- in a channel with s local minimum of channel width {B'=0,

B8">0) and & siraight, almost horizontal bottom profile,

. in & channel with spatislly varied discharge; eritical Fflow
conditions are &t the beginning {end} of locasl outflow
{(inflow), for which Q'=0 and G"<0,

Fvidently, these basic types of critical flow locations may be
combined with each other, the results then modify accoardingly.
A typical combinsiion discussed in more detail below are locsl
channel ronstricticns having =@ negatively curved hottom

necmetry. It seems clear that the respective extrems gf the

i B

a)

<y
I
:

il

b

Figure 1 : a) FPossible locations of critical points a; A
Venturi: channsl, B weir, C distribution channel, D
side-~chaennzl spillway and b} logalticns where sither
z'z23, ‘20 or J'=0, bub where sufficient critical
conditions asre not satisfied.
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functions z{x} and B(x} are situsted at the same location x,

the so-called eritical point xq.

2.3, Hesd-discharge relation

So far investigations have concerned the definition of the
Froude number {see £q. {11}], and the necessary loeations for
critical flow conditions have beerr anslysed., Thig secticon
yields reslations between discharge and resulting head {or
critical flow depth) for varicus typical cross-seetions. Note
that F =1 according to Eg. (11} represents a unique relation
between the Fiow depth h {since AzA(h)) and the discharge 4.

Cross-sections often found ip hydraulic practice are shown in
figure 2, fer which the critical flow cendition will be in-
vestigated. In particulsr, the trapezoidal {(of which trian-
gular and rec%anéular profiiés are specisl cases}, the
U-shaped, and the circular cross-sections will bHe anslysed.
Two major aspects are of importance: i) relation between dis-
charge and criticsel flow depth and ii} relation between disw
charge and resulting enerqy head.

F— b —1 e D e

g

A N
a) m Y

Figure ¥ : Gecmetry of considered cross-sections a) symme-
trical trapezoidal, b} U~shaped and ¢} circular.

Trapezoidal cross-section

A symmetrical trapezoidal cross-section consists of the
channel hottom having width b and two side-walls sleped t:m.

The relation between flow depth and the cross-sectional area

is

A = bh + mh? {173
thus
3
®F b o+ 2Zmh . (18)

Inserting this into the critical flow condition (18) results

in

. 3T -

G2 (b+2mh}

e 193
g{bh+mh?) (19

Fer non-rectangulsr and non-trisngular channels this may

further be developed by introducing the scalings

3n2
h
ge2 = 22, oMb (20)
gb b
the result being 3
w2 _ fy{1ey)} ;
ar? = St . (z1)

The relative energy head H with respect to the channel bottom
is

H =2 h o+

{22)
2gA?

ary, when inserting the non-dimensional parameters {20) and

with Y=mH/b
gx?

it 23
T 2y (Tey 312 (23)

Fgs. {21) and {(23) are shown in figure 3¢ it allowe immediate
determination of either 0, h or H, provided the geometrical
parameters m and b and either § or b are specified. Note that,

upen elimination of Q¥ in Egs. (21) and {23},

{345y}
Y = 5 Toy . {24}
Thia is a relation hetween critical flow depth and correspond-

ing energy head.

1.8 T T T
r omH mh
b b
a5k -
l/mi
gbs a
0 1 L 1
o 05 1 15 2

Figure 3 : Relation between dischearge §, critical flow depth h
and critical hesd H in symmetrical trapezeidal
cross«~seckion, with base width b and slope of
lateral side-walls %:m.
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The rectengular cross-section may simply be investigated using
£q. (19). By setting m=z0, the resuli becomes

b= (Q%/(gp?)yt/3® (25)

and, fram £q. (2Z),
H = 3h/2z2 {26}

thus, by elimination of h

¢ = (53 2hvgn’ . (273
The triangular cress-section, in contrast, may be analysed
from £g. (19) by setting b=0, whence

h

i

{20%/(gn?y)i/s (28)
and
H = 5h/&4 (293

which is independent of m. Further, it is simple to show that

H

H

18 5
ZSmJZgH 5 (30}

The circular cross-section

In the circular profile it is convenient to express the
relation between the crass-sectional area and the flow depth
with the nalf central angle a« (see Figure 2). The result is

h = D{l-cose)/2 , (313
A =z D2{e-sinacosal/é . (323

from which
3A/Bh = Dsina . (33}

Ingserting ihis into the criticel flow condition (10} yields

g {a-sinagcosa)’ N
R e e (343
g0° Bhsing T

this is expressed as 0/7/g0° as @ function of (h/D) using £q.
{31), see figure &,

The relation between discharge and the critical energy head is

computed using Eq. {22)

- 13 -

H

.
_h o, __{u//g0%)

h {

— H 35)
D b 2{a-sinacosa) k

he

upon elimination of t
{34}

non~dimensional discharge form fgq.

a-sinqoosa
8sina

% + . {36)

Tl=

This is also included in figure 4.

1.5

0.5
/gD’

i |

i
4] 0.25 0.5 Q.75 1

G

Figure &4 : Relabion between relative discharge, critical flow
depth and critical hesd in partly Filled circular
profile.

The U-~shaped profile

The U-shaped profile is composed of a circulsr partion at its
lewer and & rectangular portion at its upper part. The latter
has width D ({diameter of Lhe circle, see figure 2} and

crosg-aectional area

A= Db e DI (37)
thus
aA/dh = D . {38}

Ingerting into the critical flow condition (10) gives

q? h med.3 hoo1 ‘ .
= (oo 22 252, (39)
e A ’

Thisg is plotted in figure 5, and it is neted that the transi-

tion between cireular and U-shaped profiles occcours for Q//gﬁsz
(n/8)% %:0.246. Evidently, flow will be in the circular
partion of the l-shaped profile whenever non-dimersioconal dis-
charge is lower than this value, and figure 4 musi be applied.




1
h/D ]
«/YgD?
05 . : '
025 05 0715 1 125

figure 5 : Relation between non-dimensienal discharge, cri-
tical flow depth and critical energy head in U-
shaped profile.

Caemputation of critical head is straighforward, the resull

being
Ho_hofa/vgd*)? (40)
L L Y }
b b Z(h ﬁ«ﬂ)z
4 8

which, upon inserting £q. (39}, way aleo be written as

Hogh s (a1

this is also plotted in figure 5. For fixed discharge Q/Jggg;
critieal Fflow depth becomes larger in the U-shaped profile
than in the circular profile, while this is vice verss
regarding the critical energy head H/D. Naote that the eritical
flow depth in circular channels is defined with E£q. {34) for
0<Qf/ggg<m; from the practical peint of view one can set for
h/B=%1 whenever foq05>1.5.

2.4, Discussion of resulls

The previous investigation alms atl determining the discharge-
head relations for criticael flow conditions. 1t has been
observed that discharge G depends sclely on the eritical flow
depth {or on the corresponding critical head H} and on ihe
channel geometry &t the critical peint, In particular, the
longitudinal shape in the vicinity of the critical cross-
secticn was noi necessary to be specified. For a fixed cri-
tiecal cross-sectien, for instance, it does not matter if it

helonged to a local channel caonrstriction or te a local bottom

§
?g
|
=
|

- 15 -

elevation according Lo this approach. Evidently, two channels
with such particular channel geomebries yield different heads

H, but these effects are neglected in the elementary approach.

it seems appropriate to discuss in more detail the limitations
of the classical critical flow ecenditen (380} in order to link
the various possibilities of eritiecal flow. It is convenient
te consider a prismatic, rectangular channel! having constant
discharge g per unit width, Lquation (6) then may be written
as

H=zz+h = “Si“ (az;

2gh? 7

For flows with a transitien from sub- to supercriticsl flow
staie the energy head H remains =ssentially constant, thus
Hliﬁ with 121 as i-th derivative with respect te the

longitudinal coordinate x. The first derivetives of Eg. (42}

become
qzha
HY = z'+h*-5§7~ (=6} (a3}
2h" 3 2h;2
HY = z"+h”-3E§—+mﬂ—§;“ (=0} , (a4}
g g

_qzh:‘+9q2h‘h"_12q2h‘3
gh~ gh“ ghs

H*' 2 zFieh"! (=0 . {a%)
Inserting into Lthese the critical flow condition g°/{gh’ =1
results in

z' = 0, {46}

*

3hrd

z B

4 =0 K {47}

L, Shrpe 1203
h e

z"t =0 . (a8}
From Eq. {46) it is fagain) seen thai eritical flwo appears at
an exiremum of the channel bottom gecmebtry: Eg. (47} vields

the inclination of the surface profile at the critical paint

R o= ~f-hz" /3 (49}

from which it is observed that z" must be negative {corres-
pending to a lecal maximum of the channel bottom geometry} in

grder for h' to be real. fhe positive root sign in Eqg. (497
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may be shown te carrespond to the {unreal) transition from
super~ to subcritical f{low states. Inserting Eq. (49} into

£q. (48}, the second derivative at the critical point obtains

2
AR = w%{h~%;L+4hz"} . {50}

It is noted that nhh" depends not only on the curvature on the
channel bottem at the critical peoint, but that variaticns of
curvature are also toc be considered in the vieinity ef the

critival point.

Systematic derivatives of H may be computed in the manner
demonslrated above. A general approsch is due to Hager {22},
and derivetives for arbitrary cross-sections are coemputed up
tg the third order. Our essential assumption for the critieal
fiow condition {11) corresponds to an analysis of flow under
parallel streamiines ({hydrostatic pressure and uniform velo-
city distributicrns in thes transverse direction). Evidently,
this can only be true in a prismatic channel., However, accord-
ing to Egs. (49,50), critical Flow condition appears only in a
channel with variable bottom geometry, {or variable cross-
section, or variasble discharge}. Consequently, streamlines
will never be strictly parallel in the vicinity of a critical

point.

Te the lowest order of approximation, figures 3 ko 5 hold for
relatively slightly curved channel geomebtries (the resulting
flows are ssid to be shallow). For flows with moderately or
even strongly curved streamlines, appropriate modifications
must include the channel geometry in the viecinity of the
critical paint. As an order of approximation, one should apply
the above results only for flows in which the absolute valyes
of hi?, nehd, hERE'/RL are smaller than 1/2.
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3. GRABUALLY VARIED CHANNEL GEOGMETRY

3.1. Scope of investigation

This section analyses discharge measurement structures to
which the preceeding results apply. These are often found in
hydraulic practice and consist either of weir type structures,
ar flumes having a leocal constrictiaon in ecross-sectiecn, or
combinations of the twe. It is cenvenient to analyse the two
structures separately and investigate the corresponding main

fiow characteristies.

3.2. Flumes

& flume is a structure in which the fluid is controllied by a
lacal consiriction and discharge can be evaluated from =
single flow depth reading. By restricting considerations on
structures having continuous, gradually varied channel geo-
metry, one may distinghuish between configurations as shown in
figure 6. Cross-sections can be arbitrary, but are choosen the
simplest in order to avoid design difficelties. The plot
refers to rectangular cross-sectiens; also found are tri-
angular, trapezoidal and U-shaped channel geometries, of which
the particular advantages will be discussed.

a) b} ¢}

Figure 6 : Typical geometries of continuous Venturi flume;
plar view {abave} and longitudinal section {below};
a} horizontal bottom profile, b) weir hottom type
and ¢) sloped bottom type.

The channel bottom of the flume is either of constant slaope
{figure &a}, or of weir type with the weir crest at the
contracted cross-section {figure 6b) or, finally, consists of

& constant up- and downsitream slope bubt hasving a markedly
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slaped Flume cutiet (figure 6c¢}. The advantage of the confi-
gureticn a) is its small loss in head and its good performance
for sediment loaden fluids. These particular advantages are
valid only for small downstream submergence. All oiher ceees

should be designed accarding to figures 6b) end o).

Channsls in which discharge is subject te small variatien may
ke designed with & trectanguar cross-section. The headedig-
charge relation is given by esquation {27) in which b corres-
ponds to the contracted channel width and H to the critical
energy head at the critical point. Let B>b be the upstream
width; neglecting the frictional leosses betwesn the upstream
zone and the critical point {whieh is well satisfied when the
bottom slope is within 0.1 to 1t %), H remains approximately

constant when measured from the channel botfow. Consequently

e e (51}
H =z h, + = +
€ F Yl @ " 9qaZ

in which indices "c" and "o" refer to the critical and up-
stteam sections, respectively. With A4=8h, and Ag=bh,,
this hecomes

Y

g {s2)
298°h3

H = hg

Upstream velocity V,=G/(Bhg) is much smeller than the

sritical velocity. Therefore, it is appropriate to set
2,372 ERE g’ 372 (2537 2 /gn® (4 362 ) (53)

= (=} bY ghg (14— w (23 by 1

¢ 3 EERRE Y IN ) 3 O T agnthg

in which second order terms are omitted. This is = gquadratic

equation for the unknown Q; its relevant solution is

0 7 B2 Bh? 1/é 2. 3/2,,.2b°
= Y3/ 2(3 {11 } o= (=) {1+=—=1} {(54)
bYghl 2 [ 9821 3 98

in which series expansiens are carried to the second order of

approximatison. The final result then may be written as

———— 2
q = (%)nghgu%} ) (55)
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The rtight hand gide of Eq. (33} vcontsins only mesasurable
quantities {ehannel gsometry rectanquler, upstresm widih, B,
width at critical peint b, upstream flow depth hg) and may
directly be applied to compute resulting discharge Q. In
contrast, Egq. {27) depends on the initislly unknewn critical
energy head,

Figure 7 shows an evaluation of Eq. (55). Also indicated in
the figure is Lthe exsel correction factor computed from Eg.
{53%}1, and it is observed ithat Eg. (55} holds if bB/B<0.6 {less
than 2% deviation}. This accuracy is in general sufficient
when regarding the basic assumptions of the present approach,
ag well as the precision of the fiume finishing and, finally,
the precision of the gauge reading.

12p @

-

b/B
1 L
0 0.25 G5 01 1

1

Figure 7 : Effect of upstream velocity head on discharge.up-
stream flow depth relation; f{+s°) £q. (55}, e}
Eg.{53)y; 0¥%={2/3)%/%bvgh3.

don-rectangular cross-sections

The procedure as presented above is applicvsble, in principle,
to arbitrary cross-sectional qgeomeiry. However, computations
pecome unwieldy for non-rectangular flumes and a morve suilable
method of computation will be developed.

The velocity in the approsching channel is much smeller than
the critiecal velecity {velocity at the critical -cross-szc-
tien). Therefore, it is appropriate {in & Ffirst iterastien] to
set hg=H; inserting H in the correspoending head-discharge

relation yields discharge &5 {(which is slightly teo small).
#¥ith known upstream cress-sectisn Ag{hgl, corresponding vel-

seity V,=05/4, and resulting head H1=hG+Y§/{2g} are computed.
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The second iterative process starts with Hj {fFirst iteration)
and vields Q3. This ususlly corresponds to dischsrge vithin

the limits of the overall accuracy.

fonsider a flume with a rectangulst upstream channel having
width B=z1.5 m: in the viecinity of the criticsl point, cross-
sections alter gradually to a trapezoidal cross-section with
widin bzD.5 m and msD.%5. Whst is the resulting discharge-
upstream head relatien for a# channel of eonstant bottom siape
$,=0.3% and & roughness coefficient K=80 according to the
Manning-Strickler formula 7 Are Lhere particularities with

respect to submerged flow conditions 7

As is seen from figure B maximum flow depth in the trapezoidal
partisn of the cross-secbtion is he=1.0 m. With mh/bz1 figure
4 yields Q/me/{gh®}=1.64, so that @=2.57 m*/s. Further, fros
figure 4, wH/b21.33, from which H=1.33 m. It is essy to
demonsirate that corresponding upstresm flow depth becomes
hy=1.23 m (Hg=1.23+2.572/(19.62-1.5%+1.23%)=1.33 m].

L= Rl
/{Tiwmfykj“rwm, t’//xl

figure 8 : Plan view, transverse and longitudinal sections of
Flume with trapeszoidal cyitical crose-section and
rectangular  approaching chennel. Dimensions in
{em).

{et” us ecampute wupstream flow depth for 8=1.0 w3/a. With
/ml/{gb®YB=0.64, Figure 4 yieids mH/b=0.82, thus Hx0.82 m. The
upstresm flow depth may be shown to be hg=3.78 m. Ffurther

evalustion of same typicas! peinta of the discherge-upstream

- 2%

Filow depth relation allows figure % to be drawn. For measured
upstream flow depth h, this plot yields resulting discharge
Q. The present, simplified approach should be in 8 #5% limit
of precision, provided that the radius of curvature is relati-
vely large {in order that no separation from the side-walls
ceedrs, one should choose RX3b/2), Evidently, figure 4 vields
discharge only up te (=2.57 ¥/, Far targer discharge, the
composed trapezoidal-rectanguler cross-section hss fo0  be
congidered., This vyields resulis in analogy to the t-shaped
cross-section.

2 H T
h,{m)
1 s e
Q(m¥s)
0 i 1

0 1 2 3

Figure 9 : Dischasrge-upstream flow depth relstien for flume
studied in example, see alsc figure 8.

the asympitotic flow depth in the spproaching and the
downstream channel is given by the wniform flow conditign,
Using Manning-Strickler’s formula

4 = KYSoRE A {56)

in which K is roughness coefficient, S5 channel bettom slope
and Rp hydraulic radius the reletion G{h) can be determined.
Figure 10 shows an evaluation for 5,=0.3% and K=80 alf3/s.

Faor fixed discharge § figure 4 yields the corresponding cri-
tical energy head H. Assuming negligible hesd locsses along the
flume, previcus computestions allow the wpstream flow depth
hp to be computed. Further, the {supercriticel} downstream
Flow depth h, {ehannel width B=1.5 m} can be computed using
Bernoulli's egquation. The dotted curve in figure 10 shows the
corresponding relation with B. It is noted that this curve

lies always below the uniform flow curve. Finally, with known

E
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flow depth hy For given discharge 4, it is possible to compute
the corresponding Froude number Fg:&z/{gﬁzha). The sequent
flow depth hg is related to h, by Belanger's farmula

hg = h,(¥1+8 F§-1)/2 {s7)

which allows the determination of Lthe curve hg{Q), also
plotted in figure 10 as dsshed curve. Naote that this is always
higher than the uniform flow depth-discharge curve. Conse-
guently the Flume is never submerged from the downstream zone

in the present particular case.

1 ‘ B
-~
™ n
il 7
£,
1] o Iun%h)

Figure 10 : Evaluation of downstreasm submergence effects on
discharge wmeasurement flumes { } uniform flow
curve, (+°+) supercritical downstream flow depth
and {---) ssquent flow depth.

Previcus investigations hold fer flumes of arbiltrary geometry,
provided streamlines are nearly parallel (and more or less
norizontal). It may be shown that effects of curved and sloped
streamlines pley only a subordinated role on the discharge
characteristics of cutrently used flumes {ZZE, Conssquently,
tha present approach  will suffice in most practical

applications.

3.3. Heirs

Weir -like structures with costinuous, slightly curved bottom
qaohe%ry are rarely found as discharge measurement structures.
However, as will be shown below, it is convenient to investi-
gate their mast important Flow characteristics. The analysis

will be resiricted to the rectangular, prismatic channel.
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kesuming parallel streamlines the fundamental discharge-hesd
relation is given by Eq. (29). Accounting for the transverse
variation of the streamline slope and curvature, fLg. (&) is
transformed into

32

2
vz -htgt-z? 58
Toh ; (s8)

H = z+h+

2{}+2hh“;h*2
sriginaliy duye to Matthew [35] and rederived from first
principles by Hager and Hutter [20]. Relations for the trans-
verse pressure and velocity distributicens are discussed in
detail. Primes in Eq. {58) denote differentiation with respect
to the longitudinal coordinate x, and it is observed that Egs.
(58) and {6) become identical for parsliel (h"=zz":z0) and hori-
zental {h'=z'z0} streamlines. Note that Eq. (58) correspends
only to s first order moedel. Therefoare its validity is res-

tricted on slightly sloped and curved streamlines.

Critical flow econdition implies dH/dx=0, whence [22]

2 7
q° BA Zhh"-h! hh*'a .1
2 = {1 PR ARV TU. T ) A S I :’59)
gh” dh 3 33A/ 8h ;

in which z=20 corresponds to the channel battom elevabtion at
the eritical point. For parallel, herizontal streamlines Eqg.
(39) simplifies to Eq. {10).

First order derivatives at the critical peint have been
computed in Eqgs. (49} and {58}. Inserting these and ihe third
order derivative into Egq. {59) yields {22]

Q= (5% Fovgn 122 (60)

in which W=zH/R with R. as radius of curvature of the channel
bottom prefile at the critical peint., Evidently, our zeroth
erder solution (27) emerges for H/R+0 {shallow water Fflow

conditions).

It is possible, in principle to extend the above considera-
tions to higher order approximations, but computations then
become lengithy. Therefore, recourse to experimenis is more

favorabhle, from which the relaticn

A

T s i S s
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G = {%03/2b/§H3{€+ (61}

results [22]. This has been derived for parabolic and circular
weirs with essentially constant curvature at the weir crest
zone. 1t must be expected from further reaching analysis that
effects of third an higher nrder terms regarding chaanel
bottom geometry influence discharge characterisiies Ffor W>1.
These particular effecis will be discussed in detail below.
Figure 11 shows the evaluaticn of equation (61} in analogy to
figure 7 for flumes, inccrporating the (measurablie) upstream
flow depth hy instead of H. Note that the upstream weir
height is denoted by w, and that
2

—b (e2)
2g{hg+w)

H_:i"|0+

links hg and H with discharge per unit width g=R/b. g thus

is given by
q = cd<§>3!3.fgng (63)
in which Cg4 is the discharge coefficient. Evidentiy, Cy=1

for hg/w+0 and ﬁa/R+m. Comparing figure 11 with observe-

Lions if is Found that the sgreement is (&) 2%, f22].

1.5

1.25

Figure 1t : Discharge coefficient Cg for circular welirs in
rectangular, prismatic channel as s functien of
relative weir crest curvature hy/R and relative
weir height hg/w.
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4. RAPIDLY VARIED CHANNEL GEOMETRY

4.1, Descripiion of flow

Completely different 1in geometry ars discharge messurement
structures gensrating rapidly varied flow conditions, Amang
these, mention might be made of thin plate weirs and orifices,
However, the resulting flows may alsc be cemputed wusing the
criticel flow conditicne. In centrast to the graduslly varied
channel geometry, the jet nappes spring loose from the channel
boundary; figure 12 compares flumes and weirs baving the two
corresponding channel gecmetries, and it is cheerved that
separation from the leading edges cccurs. New bounding stream-
lines divide the potential flow zone from the separation zane
in the flume, end weter flow from surrvounding aivr for a Fully
aerated, sharp crested weir. However tLhe qualitetive flow
behaviaur of both graduslly snd rapidly varied channel geo-
metries is similar, yet the contractien of the latter is con-
sidersbly higher. Yherefore, discharge over the first struc~
turee is larger than for the second, provided the hydraulice

paramelters are ciherwise identical.

|

Eﬁ% e “:'—_l\

Figure 12 @ Flow in flume {left} and over s weir (right) with
gradually varied {(top) and rapidly varied {bottom}
channel geometry. Flows in raplidly varied channel
geomeiry separsie from the bounding channel
geomelry.

The previously discussed discharge~head relations remain valid
if the width of the contrected cross-section and the corre-

sponding  streamline curvatures are  known. Uwing to the
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significant streamiine curvature at the critical point {(now at
the contracted cross-section with respect to the bounding
streamlines) the =analysis becemes involved. Conssquently,

recourse to opbservations is a useful approach.

Ensuing censiderations are restricted to weir flow. The cop-
responding flow characteristics in flumes [a] are of limited
practical aepplication. Ffurther informations are given by
vallentine [57], Ramamurthy et al., [44] and Hager and Dupraz
f231.

4.2. Rectangular sharp crested weir

Gwing tao the simple geametry the thin plate weir in recti-
angular channels is one of the oldest discharge measurement
structure. A first systematic investigatisn into the overall
flow behaviour is due teo Poleny in the 18th century, the

resull being the discharge-head relation
q = %pizghg (64}

in which u is the corresponding discharge coefficient. Assum-
ing nearly parallel streamlines results in p=1/¥/3=0.577. 0Ob-
servations of Poleni indicated that p=0.64%, and it was only
Baussinesg L7], who gave physical reasons for the deviation of
some 10%. In an elegant approach, it is shown that the stream-
line curvature plays the significant role in flews over thin
plate weirs, and that the augmentation of the discharge

coefficient must primarily be attributed to this effect.
The result of Boussinesq may be expressed as [13]

b= 0.651(1-8.3910) (65)
in which i is the angle of the thin plate weir with respect te
the vertical, see figure 13. Eq. {(6%) is only valid for w/h»?
w being the weir height.

In praciice, the usual case consists of a vertiecal thian plate
weir with width b sgual to up- and downstresm channel widths.
Detailed and precise observations of several Investigators
1ead to the formuise given in Table I [171.
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+i

Figure 13 : Sharp crested, full-width rectangular weir with
deviated angle i from the vertical. The lower jet
surface is Ffully aerated.

ALl discharge coefficients except that of Kindsvater and
Carter contain three different terms : 1} a constant having
value of roughly 0.610, ii} e term acceunting Ffor surface
tension effects being propertissal te 1/h {(h in {m]}; Sar-
ginson {SB}, in a semi-empirical approach derives u in terms
of the Weber number we:Yhzfc in which y is specific weight of
the fluld end ¢ surface tension and 1ii) a term accounting for
the wvelocity of appresch, invelving ithe geemetrical ratio
h/v.

[

Bazin (1888) b= 8.6075 (1402078 g sy 2y (66}
s Ptw °

Rehbock (1913)  » = 0.605001+ 20002 30900, 1380) (67)

X . . 3.801 h o2

SIA {1924) W= ﬂ.6338{2+H§ET§5€E}{1+D.S{E;;d ¥ {683

Kindsvater _ 1

farter {z?%?) uo= g.asz&{1+ec125;} (69}

. ~ 2.33 f
Sarginson {1972} g = 5,6?38{1+_W;—+ﬂ.?22W} (1o

f

Tabie 1 : Discharge coefficients p according te Eqg. {64} For
thin plate, fully aerated, prismatic reectangular
weirgy ail lengths in (m), for details see toxt.

Kindsvater and Carter's discharge coefficient is related to

the discharge formulas

g = wighl , hg = h+B.9(mm} {71}

by which surface tension effects are included.
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A widely accepted relstion For the discharge coefficient is

the second version of Rehbock's formulsa [49} published in 19Z%
G = 6.4023/2g(n+0.0011)° (1401352} (72)

in which h is te be inserted in {m) ang the ratic h/w should
be smaller than 0.5. The precision is between 0.7 to 0.2%,
arovided that the thin plate weir geoametry is properly
designed and the nappe fully aersted. Figure 14 gives details

of the weir crest finishing for srbitrary thin plate weirs.

Figure T4 : Details of sharp-crested geometry for thin plate
WElrs.

A mare general case of the aforementioned full-width aerated
welr {weir width b equal to channel width) is the
sa-called contracted this plats weir, having width b and
channel width B¥b, see Ffigure 13. Extensive tests of the
discharge ccefficient is due to SIA [53]; their result may be

expressed as

.- 781 a2, 6.25-5.19B% .. w, B L2
wo= B.578{1+0. 06468 557 h+0.016;}{?+0'55 (g 3

, 735

in which 8=5/8<% but B»0.3. This relation for p accerding to
Fa. {64) conoists of four terms, one having again the basic
value of sabout 0.6, a second accoun?inq for effscts of the
approach velacity, & third for effects of surface tension
{insert h in m), and = farth for the effect of § on discharge
q. HMote that fgs. (73) and {68) become identicsl for
full-width weirs, f=1.

(ther fermulme have been proposed by Kindsveter and Carter

[29} and Bazin {3], put differences between the respective

Figure 1% : Rectangular sharp~.crested weir with contracted
weir width b in a rectangular channel of width B.

discharges are narmally insignificant. Note that the following
basic requirements must be fulfilled when applving such
formulae; i) B-b»4h, ii} h/w<0.5, iii) h/b»0.5, iv}! w»8.30 m,
v} 0.025/8»h»G.80 m, vi} H»0.30 m. Violating zny of these

requirements may lead to serious errvrors in discharge.

4.3, Venotech sharp-crested weir

& ¥Y-shaeped notch in & vertical thin plate placed perpendicular
to the sides and bottom of a straight, normally rectangular
channel is refered tc as e ¥-nobteh sharp-crested weir. It is
cne of the most precise discharge measurement devices suitable

far a wide range eof discharge.

A8 & head-discharge relation, one uses the modified eguation
(30)

g = ?g'tan(B/Z)JZth y heg = hg+lmm {74

in which wm=ten{6/2} and hgy*H is upstream flow depth. This
relation is accredited to Thomson, and V-potch weirs are also
denoted ass Themson-weirs. Accerding to Egq. (303 thelsi$charge
coefficient u=6/5/5=0.537. By dimensicnal analysis, it may be
demonetreted that azu{h/w,w/B,8) in which B is upstream
chennel widih [6]. For fully contracted V-notch weirs (h/w<
0.4, w/B<D.2) one has solely p=p(8). Table II gives the corre-
sponding relation for typiecal values of &, and it is noted

tnpt B(E=270% Jepmin=0.577.
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Table I1 : Discharge coefficients p asccording to £q. (74} as a
function of the angle 8.

Partially contracted V.-noteh weirs underlie the geometrical
conditions Hh/w<t1.?2. h/BsB.4&, 0.05<h<D.60 m, w»0.10 m and
B»0.60 m. Boih, appreach velocity and channel width effects
then become important. Figure 16 shows the resulting discharge
coefficient as a function of h/w and w/B for the 90° V.netch
welir {6]. It is to be noted that the upstream channel should

be rectangular or of nearly rectangular shape.

Usually, one will choose the angle ¢ as a fraction of 8=90%,
The ™“Associastion frasngaise de normalisation® [6} srovides
fables for discharge in (2%/s) in terms of the head hg in
{mm)} For V-notch weirs having 90°/4 {8=28.4%), 90°/2 (8=53.8%)
and 908°/1 (0=%0°). These allow an accurate determination of
relatively low discharge (D.21<Q<124 %/s} with sccuracy better

than 1%.
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Figure 16 : V-notch sharp-crested weir, a} definition of
channel geometry, D) discharge coefficient p Ffor
partially contracted flow conditions as = function
of h/w and w/B [6].

Further informatiens on V-notch sharp-crested weirs are due to
Lenz [33] who investigates effects of viscosily and surface

tension on ithe discharge cosfficieni. Ramponi [&5} analyses

T

ihe effescts of the upstream channel on the flow character-
jaties, and De Coursey and Blanchard f10] study the flow

cherecteristics over large trianqular weirs.

Further types of sharp-crested weirs are the Cipoletti-weir
having trapezoidal cross-section [36], the circular sharp-
crested weir and so-called proportiomal weirs. The latter's
shape is such that the relation between discharge and upstresm
head is tinear. All of these discharge measurement structures
are rarely applied and will not be described here. Reference
ts made to more detailed investigations such as these of Bos
[61, ar Rsc {44}, Finally, Gentilini [15] summarizes the
knowledge on weir flow with sharp weit crests for various weir

types.




5 . MODERATELY YARIED CHANNEL GEOMETRY

5.1. Intreduction

niacharge measurement structures with moderately varied
channel geometry are intermediaste between gradually and
rapidly varied channel geometry. tpplications include weirs
snd flumes, and we will discuss both of these flow Lypes. The
Flgw at the critical ecross-section is partly separated frem
the channel bottam andfor the side walls. From the hydraulie
point of view, the separation complicates the predictien of
the dischsrge-head relation., However, the gecmeiry of these
structuress is simple {normally of oenly a polygonisl system of
poundszries). Consider, for instsnce, the broasd-crested weir in
a prismatic channel having weir height w and upstream flow
depth h. Its counterpart is the airfoil-shaped weir having a
reletively coemplex chanrmel bottom geemetry z{x} but leading to
nan-separated flow conditions (see figure 17). Evidently it is
simpler te construct the hroad-crested weir but it will be
mere difficult teo predict discherge § Frem upstream Tlow depth

reading.

Figure 17 : Weirs of equal height w in a rectangular channel
having identical flow conditions, o) broad-crested
weir with sepsration zones at the upstream leading
esdge and b} airfail weir having gradually varied
bottom geometry and no separation zenes. Under
cqual discharge, the upsitream flow depih is higher
{an) in csse 2} than in bJ.

%.%2. Broad-crested weirs

Consider a rectangular prismstie channel in which & square
stone of length L, width b snd neight w is placed {szee figure
18}. Evidently, flow cvannct follow fhis bottem gecmetry bol
will create two dead-water zones, one of which is located st

the upstresm side of the broad-crested weirs having over-

w;@yzwxm%wé;em%&g_.&www@g@wﬁm@wm@%%&\%@W@%’KWB&W@:\_;%We&k_»s;:«ff_;_&\s\fs;&\m3,&2&%<;_@5\%9&5‘&\:&}ﬁzaiiiswﬁéwﬁﬁwmmﬁm@f{@xm;m«@f;ﬁ%;{(«_&\k\%\%&@*’/_z_//{z&a_««%if«&’&«\“_<.
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pressure when compared with the hydrostatiec pressure distri-
bution; while the second is at the leading upstream edge of
the weir, the resulting separation zone having underpressure
whten compared with the hydrostetic pressure distribution. A
third separation zone, not discussed in connection with eri-

tical flow conditioens, is located st the downsireasm end of the
wWeir.

i ﬁr -
Figure 18 : Flow pattern of broad-crested weir in prismstic,
rectanguiar channel. Note that leading upstresm
edge is sharp, and that @& and O denste zones
of separation with positive and negative pressurs

defects with respect te the hydrestabic pressure
distribution, respectively.

in the past, a large number of researchers have refered flow
over brosd-crested weirs as 8 perfect example in which the
classical theory of critical flow may be applied. The suppori-
ing argument weas thst streamlines ars nearly paraliel slong
the weir crest zone, provided thes weir length, L, is suffi-
ciently long. It is zeen from Tigute 18, however, that stream-
liries are cansiderably sloped and curved al the critical flow
zone f{zens at which the separation thickness has & maximum).
Therefore, the above arqument becomes invalid, and digcharge
characteristics must be sought subject to the effective flow
pehaviour [37].

Severas]l linvestigators have attempted to describe the head-
discharge relation for broad-crested weirs [12], [27], [581,
but ne solutien accounts Ffor the relatively complex flow
phenomena. Therefore, recourse to experiments is necessary.

From Lq. {27} it is reasonable to express dischsrge as

G = CgbvzgH® {73)
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in whirch Cgq is related discharge coefficient. For strictly
parallel streamlines Cg=(27333/ 220,385,

By dimensional enalysis, Raa and Muralidhar {477 find thet [g4
must be a function of the relative approaching flow depths
hp/l and hy/w. However, as is indicated by experiments, the
sfFfect of the latter parameter is usually insignificent, such
that CgzCglhg/L) alone. Evidently, parvameter hy/w accounts for
the upstream velocity head by which hy, and Hehg+02/{2an?(h 4
wi?} are related. Figure 19 shows the functionsl relation for
g4 according to Reo and Huralidhar’s data. Also pletted are
results of Bszin [3], UsSes [56], and Keutner [27]. It is ob-
served that Rao and Muralidhar's curve lies considerably above

all athers, and that these lstter may be expressed as f17]

Z

e L2 HAL (763
9{14+2")

Cq = G.42{1-

which is plotted ass solid curve in figure 19.
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Figure 19 : Discharge coefficient C4 according tao Egq. (753

far broad-crested rectangular welr; ohaervations
sccording to (- —) Rao and Muralidhar fa7d, €=°-}
uses [s6], (-+=) Bazin [3], (---) Keutnsr [27] and
(e} Eg. (761,

Rac and Muralidhsy {&7} distinguish betwesn four different
flow types over a brosd-crested weir, depending on the rela-
tive length of the weir crest hg/L, see figure 20. Weirs
with 0<hg/L<0.1 are refered to as very long weirs for which

£ 1 e I
standing surface unduletions sre observed. In region 2 (0.1«

ha/L<0.35%) the flow is over truely brosd-cresied weirs and
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the sireamlines are nearly parvaliel at the downstream zone of
the weir. Weirs are narrow-crested for 0.35<hg/L<1.5 to 1.9.
Finally, sharp-crested weire as discussed in section 4 result
foer hg/L¥1.5 to 1.9 [47]. Inserting f£+e in eguaticn (76)
yields Cg=0.42=24/3%, which is an average value found in
Table 1.

Figure 20 : Yypical surface profiles over broadecrested rect-
angular weirs as @ function of relative weir crest
lsngth hg/L: &} very long weir, 0<hg/L<6.1, b}
broad-crested weir, 0.1¢hgy/L<0.35, ¢} narrow-
crested weir, 0.35<hy/L<1.3 teo 1.9 and d) sharp-
crested weir for hy/L>1.5 to 1.9.

In constrast to the above described broad-crested weir with
sharp upstream corner, ithe streamlined broead-crested weir is
rounded with radius of curvature R>0 at the wupstream corner,
see Ffigure 21. This weir type is extensively described by
Harrison [26] and #Hall [25]. vet, there have not Bbeen
accamplished systematic observations which allow an accurate

predietion aof the discharge coafficient.

[ ———

e e

Figure 21 : Brosd-crested weir with rounded upstream corner,

Let R* be the radius of bottom curvature for which the bottom
streamiipe noc longuer separates from the weir surface. Evi-
dently, welrs with R»R¥ may be compuited wusing the results
ehtained in section 3, while the others are intermediate cases
between these and broad-cresgted weirs with R=0. From Keubtner's

observations [27] it may be noted thzt R* is of arder hg.
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the effect of the upstresm slepe i on discharge charascter-
igtirs has been investigated by Bretschnelder {8]. His obser-~
vaetions include slopes 1:1, 1t:1.5 and 1:2 but only small rela-
tive weir length hy/L<08.25. Discharge coefficients Oy are
pletted in figure 22, and it ls found that the effect of the
clope 1 on the discharge coefficient is nearly insignificant.
aversge values are Cg4(i=zt:1)=0.346, €4 (i=1:1.5)s 0.362,
and £g{i=1:2)=0.354. Also included as open circles and
gguares are data for which effects of surface tension become
significant; finally, equation (76} has been plotted as solid
curve. 1t is observed that the discharge coefficient may
slightly be augmenied (some 5 to 10%) when the upstream weirp

pottem is sloped instead of vertical.
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Figure 22 : Discharge coefficient £y with respest ko Eqg.
{751 for upstream sloped, broad-crested weirs in
prismatic, rectangular channel sccording to Bret-
schneider [8] for (@) i=1:1, (#) i=1:1.5 and (@)
i=1:2; open signs denote data in which effects of
surface tension becomes significant, and the solid
curve carresponds to Eg. {76},

5.3, 1The WES-Standard spilliway

Thin plate weirs, being one of the most precise discharge
measurement structure suffer frem the fact of their statie
stability. Whenever discharge is larger than several fasfs5
sreferably weirs  having sufficiently larqge longitudinal
sxtension arve choosen. The simplest of such weirs, the broad-
crested weir, exhibits distinct separation zonesy further, the
discharge roefficient is relstively smell. Therefore, the
weirs crest zons must be designed such that these twe major

disadvantages are rsmoved.
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The simplest idea regarding the pressure distribution on the
spillway bottom is to cepy the lower jet surface of a fully
asrated thin plate weir, see figure 23. Detailed observation
of the lower jet zene is due to Scimeni [52]; it. wes found
that the largest vertical and horizentsl displacement from the
weir crest is 0.11H and 9.23#, respectively, in which H is the
head an the vertical thin plate weir. Figure 23b) shows the
eguivalent hottom geometry to a vertical thin plate weir for
which the origin is situated at the weir crest. Evidently,
flow characteristics will be identical if H=0.B9H; in particu~

lar, the botitom pressure on the spillway then is atsospheric.

0.25H
oo

b

Figure 23 : a) vertical thin plate weir with Ffully aerated
lower jet surface gfd 5} equivalent spillway with
correspoending head H<LH but wiw,

Spillways af which the bottom geometry correspondes to the
lower jet surface of =a Ffully aerated thin plate weir are
refered to as standard-shaped weir. The energy head, for which
the two weirs become identical regarding the flow character-

istics, is refered to as design head Hp.

Let {x,z)={0,0) be the origin of a Cartesian coordinate system
at the weir crest of the standard spillway. The lower jet sur-
face {or the bottom gecmetry of the standard spillway} may

then be expressed by the non-dimensional parameters

X = x/Hp , I = z/Hp (77}
as

7= %x3-35 ., X >0 (78)
éﬂé

7 = 0.7zal%+0.273 -85 g as20040.273%-%2%0 126
-0.272X50

{79}

- 3% -

in which 7 is measured vertically downwards and X horizontally
in the flow direction. Egq. {(78) is due to Scimeni fs2], while
£5. (79) has been proposed by the US Army Engineers {56 ].
Figure 24 shows the non-dimensional bottom geometry of a

standard spillway according to Ega. {78) an (7%},

Tae discharge charscteristice of Standsrd spillways may be
investigated using £g. (75) in which HzH 1is the head on the
spillway measured from its crest. In what follows, the bars on
guantities refering to the standard spillway are dropped.
figure 25 is @ plot of observed discharge coefficients accord-
ing to Schirmer et al. [51] from which Cg(H/Hp=1)s0.454. Evi-
dently, Cg{H/Hp<1)<0.494, while Cg is larger for higher
relative head H/Hp.

-05 0 0.5 1
h 4

o {/ﬁ,ﬂ— T

05 z : :

Figure 24 : Non-dimensional bottom geometry Z{X) of a Standard
spillway.

For H/Hy+0, the asymptotic value Cdazf(B/fi is found as pre-
dgicted in Eg. (27}, if effects of surface tension are
excluded.
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Figure 25 : Dischargs coefficient {4 acecording to Eg. (733
for standard spillways =as & functien of non-
dimensional head H/Hg,
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Figure 24 : Non-dimensional pressure p,/(yH) at he crest of
a Standard spillway as a function of relative head
H/HD.

Spillway crest pressure p,; may be deiermined using Bernoul-
1i's equation. It is observed from figure 2&, in which Lhe
non-dimensional spillway crest pressute py/{yH) is plotted
as a function of relative head H/Hp that it decresses almost
linearly with increasing relative head H/Hp. This signi-

ficant low pressure may be of serious danger

« if flow is not completely plene, air c¢an entrain from the
side-walls of the spilliway (at the piers, for instance} and
create separasted flow conditioens, for which the bolttom
pressure becomes atmospherie. The result is a rapid sugmen-
tation of head,

w  BVEN for completely plane fiow conditions, since the
ynder-pressure can decrease sc far that vapor pressure is
reached, As a result, water boils locelly snd, when flowing
pack to zones of nearly sitmospheric pressure, the vapor
bubbles collapse instantaneously. This effect is refered to
a5 cavitation, see also [30]. Abecsssis [1] gives values
cf the absolute head H, for which cavitation danger begins

{see figure 27}.

Note thst cavitation does not only depend on the ratio H/Hp
but alse on the absolute head H (@), Therefore, it is possible
to design Standard spiliways with H/Hp=4, for instance, if H
remaing lower than H=0.4 m, but H/Hp should be smaller than
1.4 From figure 27, if H iz as high as H=I0Q m.

12 i ¢ I ¢ H{m}
4 6. 10 k] k] 22

rigure 27 : Zones of cavitation and without cavitation as a
function of relative and absolute head in meters
according to Abecassis [111

temas provides an extensive description of the longitudinal
wottom pressure, the surface prafiles, and the minimum
pressures st the spillway crest zone for various upstream weir

shapes [32].

$.46. Flumes

Flumes may either be long-throsted or throatless, the ficst of
which have been discussed in section 3. In contrast to these,
shroat less Flumes with broken plane transitions yield separa-
tion zenes as is shoawn in figure 28. A particular structure is
1he Parshall flume, which consists of a converging section
with a level! flpor, & throat section with a downward sloping

flgor, and & diverging section with an upward sloping floor.

o

I N

figure 28 : Flume with breken plspe transitions and resulling
separation zones {achematically).

in deviation from the generasl rule For long-throated flumes,
where the upstream head must e measured in the approaeh
chanrel, Parshall Flumes are caliibrated against s pilezometrice
nead hy, measured at @ prescribed locabion in the econverging
section. The Mdownstream® gplezemeiric head hy is measure in

the throat section, see figure Z9.
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figure 29 : Parshall flume dimensicons.

Parshall flumes were developed in wvarious sizes, the
dimensions of which are glven in tables [6]. Care must be
taken toe ceonstruct the flumes exaelly in accordance with the
structural dimensions given for each of the 22 possible
flumes, as they are not hydraulic scale models of each ather.
The range of discharge 1is between zero to 30 ®%/s. Relations
between discharge and head h, for free flow conditieons, and
additionally with by for submerged flow econditions are

tisted in tables [&]. The accuracy of discharge measurement
may be expected within %.

Hecently, & new type of modersately varied flume geemetry has
been proposed [Z4]. Instesd of positisning the latersl eon-
traction elements &t either side of the channel walls, they
gre inverted and inserted in the center of the flume. For
rectangular channels, the result then is 8 circular eylinder,
while circulsr cones resull feor traperocidel chanpels. This
wodified flume shape has certain advaentages over the conven-
ticnal vceonfigurstion; in pavticular, such an  element may
easily be inserted in any channal aof well defined sheape
{mobile d

nharge  meassursment  struckure) and  is  precise
regarding the finiahking.

6. Moduiar limits

gesulis derived in chapters 3 to 6 relate to free-flowing con-
ditions, for which discharge is preseribed only by the
ypstream zone. Evidently, this procedure must be modified
whenever the downstream level rises such that flow conditions
sre submerged at the critical point. Two particular quesliocos

arise in connection with these flow conditions :

_  what is the limiting downstream level for whieh flow condi-

tions are still free 7

. How must the discharge-upstresm head relabtion be modified

when downsbream level has risen above the limiting level 7

In context with discharge measuTement structures the secand
gquestion is rather insignificant. @One will usually pasitien
the structure such that either submerged flow conditions do
not appear, or that precisien of discharge measurement is not
accurate for such flow condifions. More interesting are the
downstream limit levels which assure s still scourate determi-

nation of discharage using free flowing approach.

Figure 30 ashows different stages of submergence in weir flow;
the corresponding phenomens appear for all other structures
discussed. For low downstream submergence & standing wave
train may be observed st the downstream zone of the weir, see
figure 20b), in which the amplitudes and wave lengths decrease
for moderate downstream submergence, see figure 30c}. For high
dowstream submergence, the surface profile becomes almost
horizontal. Also plotted in figure 30 is the bounding stream-~
line of the Flow, which separates the main Flow from the sep-
aration zone situsted below it. Note Lhat this curve hecomes
tpne flatter and the less curved, the higher the downstreanm

suhmergence is.

The preceseding description may be analysed uwsing Cgs. (427 to
(45y. tecally, ane msy sbill suppose that the eneragy head
remainas constant, thus H':H":ﬁiéﬂﬂ et zizfi dencte 2 point
of the hotbtom streamline at which z=0 {reference tevel), thus

HysHez snd dish'(i-92/(ck®}) frem Eq. (43}, Evidently H'=H"=0
(1-g%/(gh”} ] q



Figure 30 : Different typical stages of submergence for weir
flow, a} free overflow, b} low submergence with
standing waves, c)} moderate submergence with small
standing weve train and d) high submergence withw
out waves. Dashed curves correspond to the bound-
ing streamlines which divide the separstion zone
Frem the main flow zone.

at the point where z'=0. Therefore, the sbove condition is
fulfilled either for qugha {critical flew condition) or for
h'=z0 {"pseudo-eritical® flow condition}, As has been
demonstrated in section 2, the latter can only bhe fulfillaed
provided gZ#gn’. Inserting the condition h'=0 into fgs., {44}
and (45) results in

i
he = - 5, (80)

and

h%ll " - Z"' {81)

in which the conditicns H =0 have teen sccounted Ffor. A
local soluticn of the surface profile then may be expressed by

the Taylor series

.2 3
h(x} - hi _ Zx _ 2" x " [}(th (32}
201- %) 61~ F?)

in which hij=h{x=0} is the initisl flow ‘degth and 2z are
the derivatives of the separating bettom streamline at the
origin x=0. Submerged flows are characterised by ¥ {1 @how
roughly suberiticsl flow conditions). Further, as is seen from
figure 30, the separating streamlines are negatively curved,

z"<t, and Ez”{x}! decreases with increasing x, thus z"'>0. IF
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a:iz“%/{Z(E- FZ)} and brlz“’i/{é(?- FZ}}, both of which are
krown values for given discharge and weir geometry, Ea. (82)
results in

2

Rix) = hy + ax? - bx® & 0(x*) . {83)

Yhis relation indicates that the free surface praofile is
pogitively curved, but that the downstream level must be lower
than the corresponding level at the upstream zone. This is the
situation as plotted in figures 30b) to d). Further, it is
simple to demonstrate with E£gq. (12} that this case does not
corvespond to s minimum energy head Hx(h) but yields only 2

local minimum H=H(x).

The above considerations suggest application of the results as
presented in sections 3 to 5. However, this approach regarding
the determination of the separating streamline z(x) has failed
until to date., By contrast it has been shown that the
*pasudo-critical? flow condition does net yield & wminimum
snergy head for fixed dischsrge, and that one gauge reading
does neot suffice for the evaluation of discharge. In order to
spply the results of free flowing conditions in the present
case, it is convenient to define the discharge-head relations
as

0g = &Qp , (84)

oo i

in which indices "s" and "f" refer teo submerged and free Flow
conditions and ¢ is a2 submergence factor. ¢ has the range
fi<g<i, 8nd depends on the ratio of H,/H, and on the
ehannel geomebry. Note that Hy is =measured Ffrom the same
reference level as H, (upstresm head under free or submerged
filow conditions), and that the respective range is O<H,/H,<T.

Evidently, ¢{H /Hg=08)=1, while ¢(H,/Hg=1)=0 (see Figure 31}.

Figure 31 : Notation for submerged flws conditions., All
parameters are meassured verticaslly frem the
zpillwey erest.




Figure 32 : Submergence Ffacter ¢ according toa Eq. (84} for
various discharge measurement structures, {(see}
broad-crested weir [6], {---)} sharp-crested thin
plate weir [17], (---) cylindrical weir [6].

fansaquently, ¢ may be expressed as

¢ = {1 va}b {85}
in which v=H /Hy and a,b are coefficients to be determined
experimentally. Figure 32 shows selected relations ¢{(v); for
sharp-crested weirs, for instance, Hager [17] determines a=2
and b=1/2 for arbitrary weir geometry according to observa-
tions of Abou-Seids [2]. For cylindrical weirs in rectangulsr
channels, one might set azpproximately a=3 and bz1/3; finally,
for broad-crested weirs of sufficient length L, a=4 while
b=1/4, such that Eg. (85} can be simplified to
V8}1/8

o= {3 - , &> 1 . (86)

This approximation is independent of the geometry of the
structure; the cosfficient "a" must be determined experimen-
taily. Note that the donwstream submergence starts {theore-
tically) as soon as Hy>0, but that it Anfluences the dis-
charge-head relation significently for ¢<0.95, say. The ecor-
responding non-dimensional head ratio v* then becomes v¥{a=2}z
0.3, v*¥{a=3)=0.53, v*(2=4)=0.65. Generally, one may state that
the discharge-head relation remains nearly unaffected provided
that the downstream submergence v=H,/H, is below 50 %. For
high precisien, hawever, one should never employ submerged

flaw canditions. Therefore, it is recommmended {even far thin
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plate weits) thst the downstream level be at least 5 cm below
the weir crest. This security distance guarantees an accurate
determination of the discharge and allows for a sufficient

aeration of the nappe.
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7. MISCELEANEOUS STRUCTURES

fesides weirs and flumes, there are other structures often
found in hydraulic practice, with which digeharge measurament
may be performed. However, only the first devices are based on
the critical flow condition, while the latter use sither the
ursifarm flow condition, or particular relations between saome

fiow depth snd discharge.

T free aoverfall

figure 33 shows a so-called free overfall which corresponds te
a channel with constant positive slope at the upstream zone,
and a sudden drop at the brink section. Yhe downetream
tailwater depth should Be ab least at a distance h, below
the hrink and the lower jet surface must be sufficiently

serated in order ta gusrantee atmospheric pressure conditions.

distribution o

ventilation

minimum drog
distance =h,

Figure 33 : Flow characteristics over free overfall; typical
distributions of pressure and wvelocity at the
brink section.

Ltet 5, he the constant bottom slope, ¥=1/n the roughness
cgefficient according te the Maﬂniné Strickler formula, b the
constant width of the rectangular channel and h, the asysp-
totic upstream flow depth. Dischsrge per unit width then may

£z svzluated using the uniform flow condition (56)

g = K/S RS/ 3/ (qe2h, /)23 (873
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Evidently, this asymptotic flow depth hy appears only for
5620, A particulsrly simple analysis allows the case Sp?
S¢ in which S is the «critical bottom slope for which
hp=hg, thus

g{1s2hy/b)2/3

NV (88)
kEnd/ 3

It is then convenient to consider e robtated coordinate system
having 2z longitudinal coordinate along the (straight) channel
bottom and measure flow depths vertically from it. The pseudo-
uniform Fflow condition prevails when the energy head H,
measured from the channel boettom, remains constant. Far
upstream the streamlines sre parallel ts the channel bottem;
consequently, the distribution of pressure is hydrestatic and
the velocitly distribution is wuniform. At the brink zone,
however, streamlines are censiderably sloped and curved,
thereby altering the two respective transverse distributions.
As is shown in figure 33, the velocity at the bhrink section
decreases with increasing height, while pressure is atmos-
pheric at the free surface and at the channel bottom. Conse-
gquently, Eq. (6} must be replaced by the generalized Bernoulli
relation (58} eccaunting for flows with sioped and curved
streamlines. Far pseudo-unifarm flow canditions one may set
z'=2"=0 for x<1 as outlined abave. The resulting sclutions for
both, the up- and downstream zones of a free overfall are
investigated in detail by Hager [19]. In context with dis-
chiarge measurement, only relations hetween the far upstream
zone and the brink section are sought. The two corresponding
flow depths sre denoted as hg and kg (end depth). Tt may
then be shown that [19]

he/ho = : (89)

irn which Fg:qufqhg) is Lhe upstreem Froude number, This rela.
is pletied in figure 34, and it iz observed that he/hg
{ Fg=13=20.714 {eritical Fflow conditiasns at upstrean zone ),
while ho/hgl Egrelst.

i T
he[he
09 3
08 n
5
i 3 I 1
Q?i 2 3 4 &

Figure 34 : Ratie between end depih and asymptotic upstream
flow depth hg/h, as a Ffunction of upstream
froude number Fncq/lghg in rectangular prismatic
channel ETQE.

rembining Egqs. (85) and (87) yields an expression for the

upstream flow depth hy in terme of parameters hp/b and

2,173
p o Kne S .
B g
this is evaluated in figure 33; once the bottom slope 5, and
the roughness ccefficient ¥ known, and the brink flow depth
] observed, this plot ensbles the determination of the
e

ssymptotic upstream flow depth hgy. The computation of

discharge g per unit width then follows from Egq. (87).

0.8
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Figure 35 : Relation between non-dimensional brink deﬁth‘hgf
hy, ratic hg/b and ¢=K2hé/350/g for the detsrminea-
tion of discharge by using the brink methed [19].

fxcept for the case Fgzl, this method of discharge messurement
does not smccount for the critiecsl flow cendition. Discharge
msy only be estimated if the flow depth at & particuler ia?aw
tisn (brink sectien) amnd the ustream channel characteristics
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such as the botiom slope, the roughness coefficient and the
width are known,

A rectangular channel having width b=2 m, bottoem aslope S5=
0.6 % and roughness coefficient K=1/n=80 ml/3,4 according to
the Manning-Striekler formula has an end depth he=0.73 n
{observation}, What is the resulting discharge ?

According to £q. (98} is $=3.52, and h,/b=0.365, whence from
figure 35 ha/hg=0.80, thus ho20.73/0.8=0.%91 m. Inserting this
into Eq. (87) yields q=8.16 m?/s, such Lhat Q=bg=16.3 ml/s.
Critical flow depth isgh ={g%/(gb2))1/ 321,59 m, which is lar-
ger than hg; Flow conditions in the gpproach channel are
thus supercritical, as requirsd.

The brink depth method has also been successfully applied on
trapezoidal, circulsr and briangular rchannels. Particular
informations are given by Diskin {ET}, Smith {5&], Rajaratnam
and Muralichar [39] to [41], weogy [38] and Hager [17]

7-2. Sluice gates

A sluiee gate is g particular type of an orifice narmalty
situated in a rectangular channel. The gate consists of a thin
metal plate and may be placed perpendiculariy or oblique to
the channe! bottom. The top and the bottom edges should be
horizontal. The downstream zone of the sluice gate is either
of identical geomstry as the approach channel {prismatic}, or
it consists of an eniargement of the cross-secticnal area.
Also found in hydraulic practice are nsgative bottom drops at
the dowastream zone. These latter two  are extensively
described by Knapp [31}; the following informationsg refer only
to sluice gates in prismatic, harizontal channels,

According to figure 38, distinetion must be made between free
and submerged flow conditiens. For the latter, the downstream
flow zone consists of two iayers, the upper being a separation

zone. Phenomena may be compered with an usual hydraulie Jump;

observations indicate no  air

- 5% .

entrainment. However, to the
it be
st order of approximastion, the free flow condition mayd’
o i condi-
iated with potential flow, while submerged flow
aBE0C

tions reveal considerable local energy dissipatien.
i

i sondi-
igi 34 ; Plane flow though siuice gate, a) free flow FOZ.F
Frovre ) tions, b) submerged flow conditieons. Note the dif-

Ference in the energy head {---}
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q = Cgav2glhg-hg) (94)
in which hg is the minimum verticsl

extension of the down-
stream helight,

see figure 36. It has been found that the dig-
charge coefficient T4
0.635. Detsgiled investigations on the internal flow behsviour
are due to Keutner {28}, Rejaratnam and Subramenya f&}}, while

Southwell and Vaisey [55], Benjamin [5} and Caulk [
theoretically the Flow structure.

is nearly constant and equal to (g=-

9] analyse

5. cONCLUSIONS
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