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Sobolev Inequalities for Differential Forms
and L, ,-Cohomology

By Viadimir Gol’dshtein and Marc Troyanov

ABSTRACT.  We study the relation between Sobolev inequalities for differential forms on a Riemannian
manifold (M, g) and the Lq, p-cohomology of that manifold.

The Lg, p-cohomology of (M, g) is defined to be the quotient of the space of closed differential forms
in LP (M) modulo the exact forms which are exterior differentials of forms in LY (M).

1. Introduction

Let us start by stating a Sobolev-type inequality for differential forms on a compact manifold.

Theorem 1.1. Let (M, g) be a smooth n-dimensional compact Riemannian manifold, 1 <
k <nandp,q € (1, 00). Then there exists a constant C such that for any differential form 6 of
degree k — 1 on M with coefficients in L9, we have

inf |6 = Clley = ClldO|ILrm) (1.1)
sezk-!
if and only if
1 1 1
- ——<-. (1.2)
p q n

Here Z*¥—! denotes the set of smooth closed (k — 1)-forms on M.

The differential d6 in the inequality above is to be understood in the sense of currents.
Note that condition (1.2) is equivalent to

np
n—p’

p>n or p<nand g¢g<p*= (1.3)

In the case of zero forms (i.e., k = 1), this theorem can be deduced from the corresponding
result for functions with compact support in R” by a simple argument using a partition of unity.
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The case of differential forms of higher degree can be proved using more involved reasoning
based on standard results from the Hodge-De Rham theory and L?-elliptic estimates obtained in
the 1950 by various authors. We give a sketch of such a proof in the Appendix of this article.

In the case of anon-compact manifold, the inequality (1.1) is still meaningful if the differential
form 6 belongs to L4. Although, the condition (1.2) is still necessary in the non compact case, it
is no longer sufficient and additional conditions must be imposed on the geometry of the manifold
(M, g) for a Sobolev inequality to hold.

The main goal of this article is to investigate these conditions. Our Theorem 6.2 below gives
anecessary and sufficient condition based on an invariant called the Ly, ,—cohomology of (M, g)
and which is defined as

HY (M) = ZK ) ja9k ) (m) |

where Zf, (M) is the Banach space of closed k-forms 6 in L? (M) and Q’;fpl (M) is the space of
all (k — 1)-forms ¢ in L9(M) such that d¢p € L?.

We will also prove a regularization theorem saying that any L, ,-cohomology class can be
represented by a smooth form, provided that (1.2) holds (see Theorem 12.7). This implies in
particular that the L, ,-cohomology of a compact manifold M coincides with the usual De Rham
cohomology M and it gives us a new proof of Theorem 1.1 above. This new proof is perhaps
simpler than the classical one sketched in the Appendix (at least it does not rely on the rather deep
elliptic estimate).

The techniques of this article also provide a proof of the following result which is a comple-
ment to Theorem 1.1.

Theorem 1.2. Let (M, g) be a smooth compact Riemannian manifold of dimension n and
p,q € (1,00). There exists a constant C such that for all closed differential forms w of degree
k with coefficients in LP (M), there exists a differential form 6 of degree k — 1 such that df =
w and

10l < Cllelr (1.4)

if and only if p, q satisty the condition (1.2) and H{;eRham(M) =0.

Both Theorems 1.1 and 1.2 are proved at the end of Section 12. In the non compact case,
we prove in Theorem 6.1 below that the inequality (1.4) holds if and only if H, ;‘, »(M,g)=0.

The Sobolev inequality is important because it is a key ingredient in solving partial differential
equations. To illustrate this point, we show in Section 13 how Theorem 6.2 can be used to solve
the non linear equation

s(1doIP—2 do) =« (1.5)

for differential forms. Here § is the formal adjoint to the exterior differential d.

Although, itis certainly a nice observation that such Sobolev type inequalities for differential
forms have interpretations in L ,-cohomology, this will not lead us very far unless we are able
to compute some of this cohomology. Unfortunately, this is not an easy task and only few
examples of L, ,-cohomology groups are presently known. It is thus also one of our goals in
this article to begin developing some of the basic facts from the theory. In particular, we present
here some results in the direction of duality (see Section 8), a proof of the Poincaré Lemma for
L, p-cohomology and a non vanishing result for the L, ,-cohomology of the hyperbolic plane
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H2. This non vanishing result says in particular that the Sobolev inequality (1.4) for one-forms
never holds on H? for any p, ¢ € (1, o0).

Let us shortly describe what is contained in the article. In Sections 2 and 3, we give the
necessary definitions and we prove some elementary properties of Ly ,-cohomology. Then we
present some basic facts of the theory of Banach complexes and we derive the cohomological
interpretation of Sobolev inequalities for differential forms (Sections 4, 5, and 6). In Section 7,
we prove some monotonicity properties for the L, ,-cohomology of finite-dimensional manifolds
and in Section 8 we introduce a notion of “almost duality” techniques (a standard Poincaré duality
holds only when p = q). We apply these techniques to compute the L, ,-cohomology of the
line (Section 9) and the hyperbolic plane (Section 10) and to prove a version of the Poincaré
Lemma (Section 11). In Section 12, we show that the L, ,-cohomology of a manifold can be
represented by smooth forms under the condition (1.2). Finally, we show in Section 13 how the
L, p-cohomology can be relevant in the study of some non linear PDE, and in Section 14 we give
arelation between the L,-cohomology and the Laplacian on complete manifolds. The article ends
with an Appendix describing an alternative proof of Theorems 1.1 based on L? elliptic estimates.

Remark. The reader might prefer to call the inequality (1.1) a Poincaré inequality and use
the term Sobolev inequality only for the inequality (1.4). In fact there are various uses of the
terms Poincaré and Sobolev inequalities. According to [7], the Poincaré inequality is simply
a special case of the Sobolev one (it is in fact the case p = ¢). In this article, we avoid the
name Poincaré inequality.

2. Definitions
Let us recall the notion of weak exterior differential of a differential form on a Riemannian

manifold (M, g).

We denote by C2°(M, A¥) the vector space of smooth differential forms of degree k with
compact support on M and by LllOC (M, A¥) the space of differential k-forms whose coefficients
(in any local coordinate system) are locally integrable.

Definition 2.1. One says that a form 6 € Ll (M, A¥) is the weak exterior differential of a

loc

form ¢ € L1 (M, A¥~1) and one writes d¢ = 6 if for each w € CX(M, A""%), one has

loc
f 9Aa)=(—1)k/ dA do.
M M

Clearly, d¢ is uniquely determined up to sets of Lebesgue measure zero, because d¢ is the
exterior differential (in the sense of currents) of the current ¢. It is also clear that d o d = 0, and
this fact allows us to define various cohomology groups.

Let LP (M, A¥) be the space of differential forms in Ll (M, A%) such that

loc

1
101, = (/ |9|de)P < .
M

We then set Z’;, (M) := LP(M, A¥) Nkerd (= the set of weakly closed forms in L? (M, A¥)) and

BE (M) = d (L9(M, AF1)) N LP (M, ).

Lemma 2.2. Zj';(M ) C LP(M,A¥) is a closed linear subspace. In particular, it is a Ba-
nach space.
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Proof. We need to show that an arbitrary element ¢p € 7]; (M) in the closure of Zf, (M)isa

weakly closed form. Choose a sequence ¢; € Z;‘, (M) such that ¢; — ¢ in LP-norm. Since ¢;
are weakly closed forms, we have

/(ﬁ,’/\d&):o,
M

for any smooth differential forms w of degree n — k — 1 with compact support on M. Using
Holder’s inequality, we obtain

Here 1/p+1/p' = 1.
Thus, fMd) A dow =0 forany o = C°(M, A"*=1) and hence ¢ € Z;(M). L]

Observe that Bé"p(M) C Z’,‘, (M) (because d o d = 0), we thus have
k -k k _ Sk p k
B, ,(M) C B, ,(M) C Z\,(M)=Z,(M) C L (M, AY).
Definition 2.3. The L, ,-cohomology of (M, g) (where 1 < p,q < o00) is defined to
be the quotient
k 7k k
HE (M) = Z8 M)/ BE ().
and the reduced L, ,-cohomology of (M, g) is
H (M) :=Z5(M)/B. (M
q,p( ) T [7( )/ l],]?( )s
(where E];sp(M) is the closure of Bé"p(M)). We also define the torsion as

—k
T;’P(M) = Bq’p(M)/B’l;’p(M) .

We thus have the exact sequence
k k 7k
0— Tq’p(M) — Hq‘P(M) — Hq,p(M) — 0.
The reduced cohomology is naturally a Banach space. The unreduced cohomology is a
Banach space if and only if the torsion vanishes.

By Lemma 4.4 below, we see that the torsion qu, »(M) can be either {0} or infinite dimen-
sional. Indeed, if dim qu, (M) <00 then Bé" »(M) is closed, hence qu., » (M) = {0}. In particular,
if dim T ,(M) # 0 then dim Hf (M) = oc.

When p = ¢, we simply speak of L ,-cohomology and write H;(M) and ﬁ;(M).

Example. The L, ,-cohomology of the bounded interval M = (0, 1) is easily computed: We
clearly have Hg’p((O, 1)) =R and qu”,,((O, 1)) =0forany 1 < g, p < oo.

Indeed, if @ = a(x)dx belongs to L”((0, 1)) C L'((0, 1)), then fx) = ffooa(s) ds
belongs to L9((0, 1)) forany 1 < g < oo.

The L, ,-cohomology of the unbounded intervals and other examples will be computed be-
low.
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3. Some elementary properties of L, ,-cohomology
3.1. Zero-dimensional cohomology

We have H;)’p(M) = ﬁg’p(M) = Zg(M) = H;,)(M) and these spaces have the following
interpretation: dim HgO(M ) is the number of connected components of M and dim HI(,)(M ) is the
number of connected components with finite volume of M if 1 < p < oco.

3.2. Conformal invariance

Let (M, g) be a Riemannian manifold of dimension n. Recall that a new metric g1 is a
conformal deformation of g if g; := p’g where p : M — R_ is a smooth function.

The pointwise norms of a k-form w with respect to the metrics g and g are related by the
identity |w|g, = » Kol ¢- The volume elements are related by dvol g, = p" dvol ;. In particular,

n—pk

p p
lwlg, dvol g, = p |wlg dvol g

for any k-form; likewise, |0]2, dvol o, = p"~9*=D|9|? dvol , for any k — 1-form 6. It follows
that H;P(M, g1 = H{f’p(M, g)ifn—pk=n—-qk—1)=0.

We thus have the following.

Theorem 3.1. Ifq = ;"5 and p = 7, then H;’p(M, g) and ﬁ];’p(M, g) are conformal in-

) k—1
variants.

4. Banach complexes

The abstract theory of Banach complexes is based on a combination of techniques from homo-
logical algebra and functional analysis; this theory is the natural framework of L, ,-cohomology
and we shall take this point of view to show the connections between Sobolev inequalities and
L, p-cohomology.

There is not much literature on Banach complexes, we therefore give below all necessary
definitions. The reader may look in [11] for more information.

4.1. Cohomology of Banach complexes and abstract Sobolev inequalities

Definition 4.1. A Banach complex is a sequence F* = {F*, d;}reny where F¥ is a Banach
space, dy : F¥ — F*¥*1 s a bounded operator and dj1 o dy = 0.

Remark.

(1) It would be more correct to call such an object a Banach cocomplex (and to use the name
complex for the case where dj : F¥ — FK=1), but for simplicity, we shall speak of complexes.

(2) To simplify notations, we usually note d for any of the operators d.
Definition 4.2. Given a Banach complex { F¥, d} we introduce the following vector spaces:

o ZK:.=ker(d : F¥ — F*t1) itis aclosed subspace of F*;
e BX:=Im(d: Fs' = Fk c zk,
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o HN(F*) := Z¥/B¥ is the cohomology of the complex F* = {F*, d};
. ﬁk(F*) = Zk/Ek is the reduced cohomology of the complex F*;
o Tk := Ek/Bk = Hk/ﬁk is the torsion of the complex F*.

Let us make a few elementary observations:

(a) ﬁk, Zk and Ek are Banach spaces;

(b) The natural (quotient) topology on T := B /B is coarse (any closed set is either empty
or Tk);
(c) We have the exact sequence

0TS HY S H S 0.

There is a natural notion of subcomplex.
Definition 4.3. A subcomplex G* of a Banach complex {F*, d} is a sequence of linear sub-
spaces G* c F* (not necessarily closed) such that d (G*) ¢ GF*1. If all G¥ are closed subspaces,
we say that G* is a Banach-subcomplex of F*.

The cohomology of the subcomplex G* is defined as

H*(G*) = (G* nkerd)/d(G*) .
Observe that in general H* (G*) is not a Banach space, but there is no way to define a reduced

cohomology of G*, unless G* C F* is a Banach-subcomplex.

Lemma 4.4.
For any Banach complex {F*, d}, the following conditions are equivalent
(i) Tk=o0;

(i) dim Ty < oo;
(ii) B¥ c F* is closed.

Proof.
Proof (i)=(ii) is obvious and (ii)=-(iii) follows e.g., from [4, Th. 3.2 page 27]. The
implication (iii)=>(i) follows directly from the definition of the torsion. L]

Proposition 4.5. The following are equivalent:
(i) HF=0;
(ii) the operator dy_ : Fk=1/7k=1 _ 7k admits a bounded inverse dk__ll;
(iii) there exists a constant Cy such that for any 0 € ZFK there is an element n € F*~! with

dn =60 and

7l pr—1 < CllO e -
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Proof.
(i)=(ii). Suppose H* = 0. Thendy_, : F*~1/z*¥=1 — Z¥is a bijective bounded linear operator
and by the open mapping theorem, the inverse map

T ARS LV A

is also a bounded operator.
(ii)=(ii). Let y be the norm of d,:l : ZK — F*=1,7k=1 then for any 0 € ZF we can find
£ € F*=! such that dy_£ = 0. Furthermore,

I pe-1jze1 = inf (1§ = Zllpr-1 <y 101l px
;—ezkfl

In particular, there exists £ € Z¥~! such that ||& — ¢l pr—1 <2y |10 pr. Letus set n := (£ — ¢),
then di—1n = 6 and |9l g1 < Ck 101l px with Cx =2y = 2[d ", || Zh s ph1 7kt

The implication (iii)=>(i) is clear. L]
Proposition 4.6. The following conditions are equivalent:

i) Tk=0;
(i) The operatordy_, : F*=1/Z*¥=1 — B¥ admits a bounded inverse d,:_ll,

And any one of these conditions imply

(iii) There exists a constant C,; such that for any & € F*~! there is an element ¢ € Z*¥~!
such that

18 = ¢l -1 < Crll dE e - .1
Proof. The conditions (i) and (ii) are equivalent, because the existence of a bounded inverse

operator is equivalent to the closedness of B¥~! by the open mapping theorem.

Let us assume that 7% = 0 and prove (iii). By hypothesis, B* is a Banach space and
dy_y : F¥=1/Z¥=1 — BFK is a bijective bounded linear operator. Thus, by the open mapping
theorem, the inverse d;_ j] : BX — F*=1/7k=1 is also a bounded operator.

Let y be the norm of d;_', : B¥ — F¥=1/Z*=1 then for any &€ € F¥~! we have

I pe-1jze1 = inf 1§ = Cllpr-1 <y [ldk—1€ ]l pr
;—ezkfl

in particular, there exists ¢ € Z*~! such that | — ¢ || ju—1 < 2y | dk—1& || . O

Proposition 4.7. If F¥~! is a reflexive Banach space, then the three conditions of the previous
proposition are equivalent.

Proof.  We only need to show that (ii)=(i) i.e., B = B' C F* provided (4.1) holds and
F*=1is a reflexive. Let 6 € Ek, then there exists a sequence &; € F*=1 such that dix—1& — 0
in FX. By hypothesis there exists a sequence ¢; € Zk=1 such that ||& — & I pr-1 < Cp A& |l .
In particular, the sequence {n; := (& — ¢;)} is bounded, we may thus find a subsequence (still
denoted {;}) which converges weakly to an element y € F¥~1,
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Using the Mazur Lemma (see, e.g., Chapter V Section 1, Theorem 2, p. 120 in [19]), we
~ N(@) S ~
may construct a sequence {77; = Y j=i a@in j} of convex combinations of 7; such that 7; converges
strongly to . We then have

N(@) N(i)
dr—1n = il_lfgodk—l’?i = ll_l)ngo Zaidk—lni = ll_l)ngo Zaidk—léj =0
J=t Jj=i

hence 0 € Im (d) = B¥. We proved that B is closed, i.e., TX = 0. []

4.2. Morphisms and homotopies of Banach complexes
This part will be useful to regularize L, ,-cohomology, see Section 12.

Definition.

(1) A morphism R* between two Banach complexes F* = {F¥, d} and E* = {E*, d} is a family
of bounded operators R* : F¥ — E* such that

dip o R* = R* o dy .

(2) A homotopy between two morphisms R* and $* : F* — E* is a family of bounded operators
A¥ . F* — E*=1 guch that

Sk R = di_y 0 AF + AF 1 o .

(3) A weak homotopy between two morphisms R* and $* : F* — E* is a sequence of families
of bounded operators A’J‘. : F¥ — E*=1 such that for any element x € F* we have

lim | (de-1 0 A%+ A4 o dg)x — (s — RY)x| =0.

J—>00

Observe that, if R* = {R* : F¥ — E¥} is a morphism, then its image is a subcomplex of
E* and it is a Banach-subcomplex if and only if all R* are closed operators. The kernel of R* is
always a Banach-subcomplex of F*.

Proposition 4.8. Let R* : F* — F* be an endomorphism of a Banach complex { F*, d} such
R*(F*) C G* where G* is a subcomplex.

If there exists a homotopy {A* : F¥ — F*=1} between R* and the identity operator I :
F* — F*, then
H*(F*) = H*(G¥).

Proof.  Given £ € ZFK(F*), we observe that R € Z¥(G*) because dRE = RdE = 0. If
£ = dn € BK(F*), then R*& = R*dn = dR*n € B*(G*).

This proves that [R£] is a well-defined cohomology class in H*(G*) for any cohomology
class [£] € HF(F*).

But since
E— RE =dAE+ AdE = dAE

for any £ € ZK(F*), we see that in fact [RE] = [£] € H*(F*) and the proposition is proved. []

The following result is a generalization of the previous proposition.
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Proposition 4.9.

(1) Any morphism R* : F* — E* between two Banach complexes induces a sequence of linear
homomorphisms H*R* : HX(F*) — HX(E*) from the cohomology of F* to the cohomol-
ogy of E*.

(2) The morphism R* : F* — E* induces a sequence of bounded operators ﬁkR* : ﬁk(F *) —
" (E™*) from the reduced cohomology of F* to the reduced cohomology of E*.

(3) If there exists a homotopy between two morphisms R* and S* : F* — E*, then the corre-
sponding homomorphisms on the cohomology groups coincide:

H*R* = H*S* : H*(F*) — H*(E*).

(4) If there exists a weak homotopy between two morphisms R* and S* : F* — E*, then the
corresponding morphisms on the reduced cohomology groups coincide:

HR*=H's*: H (F*) - H(E*).

Proof.

(1) Because d R* = R*d, the image R*([w]) of any cohomology class [w] of the complex F* is
a well-defined cohomology class of the complex E*.

(2) Using the continuity of R* and d R* = R*d, we see that closure of the image R*([w]) of
a reduced cohomology class of F* is a well-defined reduced cohomology class of E*. By the

boundedness of R, the operators HR* ﬁk(F *) > ﬁk(E *) is also bounded.

(3) The condition SK — RK = d o A 4+ AF*tl o 4 implies that for any & € ZK(F*) we have
(Sk& — Rg) = d(Akg) e BK(E™).

(4) The condition limj_,  ||(d o A’; + A’;H od)x — (SK — R)x|| = 0 for any x € F¥ implies
that for any £ € ZK(F*) we have

lim Hs"g _ kg — d(A’;g)” —0. N

j—o00
A special case of the previous proposition is given in the following definitions.

Definition 4.10.

(a) A Banach complex F* = {F¥, d} is acyclic if there exists a family of bounded operators
A¥ . F¥ — F*=1 guch that

Id=do A¥ + AF 1 o q .

(b) The Banach complex F* is weakly acyclic if for any k there exists a sequence of bounded
operators A'; : F* — F*=1 such that for any element x € F* we have

lim [ (d oA+ 4k od)x - x| =0.

j—o0o

In other words, F* is (weakly) acyclic if and only if there exists a (weak) homotopy from
the identity Id : F* — F* to the trivial morphism 0 : F* — F* It is thus clear that an acyclic
complex has trivial cohomology and a weakly acyclic complex has trivial reduced cohomology.
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5. L4, p-cohomology and Banach complexes

In this section, we explain how the L, ,-cohomology of a Riemannian manifold (M, g)
can be formally seen as the cohomology of some complex of Banach spaces. Let us start by
introducing the notation

k . k
ok (M) i={we Lt (M AY)[doeLr] .
This is a Banach space for the graph norm

lollg, , == llwlLs + lldelL, . 5.1

By standard arguments of functional analysis (see e.g., [2]), it can be proved that Q’;, »(M)
is a reflexive Banach space for any 1 < p, g < co. We will also prove in Section 12 that smooth
forms are dense in Q& (M) forany 1 < p, g < oo.

To define a Banach complex, we choose an arbitrary finite sequence of numbers

v z{vaplv"' »Pn} C [I,OO] )
and define
k . Ok
$2 (M) := ka,pkﬂ(M) :
Observe that Q" (M) = LP(M,A") and Q},’p(M) coincides with the Sobolev

space WP (M).

Since the exterior differential is a bounded operator d : Q%=1 — Q* | we have constructed
a Banach complex.
04 k=1 4~k 4 d o
0—->Q = = Q7 = Q — .- Q —0.

Definition 5.1. The (reduced) L -cohomology of M is the (reduced) cohomology of the Banach
complex {er (M), di}.

The L -cohomology space Hi (M) depends only on p; and px—1 and we have in fact

k

k _ gk Z7k _ T
Hy(M)=H, | ,(M) and H,(M)=H,  ,M).
Two cases are of special interest:

(1) The L,-cohomology, which corresponds to the constant sequence & = {p, p, ..., p}.
(2) The conformal cohomology, which corresponds to the sequence pyo = 00, and py =

fork =1, ..., n. The cohomology associated to this sequence is a conformal invariant

of the manifold by Theorem 3.1.

Let us remark here that (L — —1-) = 1.

Pk Pk—1 n

6. L,, ,-cohomology and Sobolev inequality

We are now in position to give the interpretation of L, ,-cohomology in terms of a Sobolev
type inequality for differential forms on a Riemannian manifold (M, g).
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Theorem 6.1. H(f’ »(M, g) = 0 if and only if there exists a constant C < oo such that for any
closed p-integrable differential form w of degree k there exists a differential form 0 of degree
k — 1 such that d6 = w and

10l = CliollLr -

This result is a direct consequence of Proposition 4.5.

Theorem 6.2.
(A) If qu, M ) = 0, then there exists a constant C' such that for any differential form 0 €

QZ}‘ (M) of degree k — 1 there exists a closed form ¢ € Z’;’l (M) such that

16— ¢l < C l1dBllp - (6.1)
(B) Conversely, if | < g < oo, and if there exists a constant C' such that for any form 0 €
Q]q‘fpl (M) of degree k — 1 there exists { € Z’;_l (M) such that (6.1) holds, then Tq]fp(M) =0.

This statement follows immediately from Propositions 4.6 and 4.7.

7. Manifolds with finite volume and monotonicity

The L, ,-cohomology of a manifold with finite volume has some monotonicity properties.
In the next statement, the symbol H, — Hj (where Hy, H; are vector spaces) means that Hj is a
quotient of Hj.

Proposition 7.1. If (M, g) has finite volume, 1 < p < occand 1 < q| < q» < o0, then

7k k k
qu!p(M) —» qu,p(M) anquz,p(M) —» qu’p(M).
Proof. Since 1 < q; < g» and M has finite volume, we have L' (M, AF) > L% (M, A¥),
hence Qg;}] > Q’qc;}, and thus

—k —
By, = d(Qh})nLr (M, )
> d(Rfh)nLr (M, AY)

—k
= By, ,M).

Since By C By C Z implies Z/By — Z /B, we have

k

k ok Tk k 5k T
Hy, p(M) = Z2,/Bg, ,(M) > Z,/By, ,(M) =Hg, ,(M).
The proof for unreduced cohomology is the same. L]

We also have some kind of monotonicity with respect to p.

Proposition 7.2. If (M, g) has finite volume 1 < p, < py <occand 1 < q; < g2 < o0,
then

HY  (M)=0 = Hf

92,02 . M) =0
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Proof. Since M has finite volume, q; < ¢ and p» < p;, we have! for any g-integrable form
6 and any pj-integrable form w

10 zar < 1101 La2 and lollpr < llolize -
Since H, 4‘2, p, (M) = 0, we know from Theorem 6.1 that for any closed p>-integrable form @
of degree k there exists a differential form 6 of degree k — 1 such that d6 = w and
10102 < Nlellpes -
Combining this inequality with two previous inequalities we get
101l < Nl

and the result immediately follows from the same Theorem 6.1. L]
For the torsion, we need to avoid the values ¢ = 1 and g = oc.

Proposition 7.3. If (M, g) has finite volume 1 < p, < py <ooand 1 < q; < gy < 00,
then

(M)=0 = TF

ar.m (M) =0

k
T‘IZsPZ

Proof.  Again, since g1 < qo we have ¢ € Z’(;;l(M) =€ Z’;l_l(M) and

16 —¢llza SN0 —¢lpe and dOllLr: < 1Ol
We may thus argue as in the previous proof using Theorem 6.2. L]
8. Almost duality

It has been proved in [10] that for complete manifolds the dual space of ﬁ]; (M) coincides
with EZ/_k(M ) where % + # = 1 (there is also a duality result for non complete manifolds).

The duality is based on the pairing fM o A B where o € Q’I‘,(M) and B € Q’;, (M).

For L, ,-cohomology we have no convenient description of dual spaces, but the notion of
almost duality which we now introduce is sufficient for many calculations.

We start with a rather elementary result about the non vanishing of L ,-cohomology.

Lemma8.1. Let(M, g) be an arbitrary Riemannian manifold of dimensionn. Let o € Z ’[‘, (M).

Ifthereexistsy € C° (M, A"K) such thatdy = 0 and fMosz # 0, then [«] # Oinﬁ,;,p(M)
forany 1 < g < oo.

Proof.  Suppose that o € E; p(M). Then o = jlgrolo dB; (where the limit is in L?-topology)

for some B; € L9(M, A1) with dBj € LP(M, AK). We then have for any closed form with
compact support y € C° (M, A"

/ yAa=lim | yAdB;j= lim (—1)”"‘“/ dy nBj =0
M J—>0o0 M

j—o Jm

IThe symbol < means that the inequality holds up to some constant.
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in contradiction to the assumption. L]
There are several generalizations of this result.

Proposition 8.2. Let (M, g) be an arbitrary Riemannian manifold of dimensionn. Let « €
zg(M). Then

(A) If there exists a sequence {y;} C C°(M, A"%) such that

(i) lim inf/ a Ay >0;
i M

1—>00

(i) lim |dyll, = 0 whereq' = 1.
i—o00 q

Then [a] # 0 in HY ,(M).

(B) If there exists a sequence {y;} C CX°(M, ARy satisfying the conditions (i) and (ii)
above and

(iii) lyill is a bounded sequence for p' = %.

Then [o] # 0 in Hy, ,(M).

Proof.

(A) Suppose that @ = dp for some g € L9 (M, A¥~1), then by Holder inequality we have for
any y € C(M, A"%)

oo =l o[ o
M M M

It follows that for any sequence {y;} C C°(M, A"K) such that lim;_s o ldylly = 0, we have

< 1IBll, - lldyll, -

tim | [ any] < tim 1Bl - Wl g, =0

i—00

(B) Suppose that « € E’;p(M). Then « = lim dB; for B; € LI(M, Ak~') with dB; €
’ Jj—o00

LP(M, A¥). We have for any i, j

/Vi/\a=/)/i/\d,3j+f vi A (o —dBj) .
M M M

For each j € N, we can find i = i(j) large enough so that ||dy;jll4 18l < 1/j, we thus have

‘/ Yigh A dBj| = ‘/ dyi(jy N Bj
M M

On the other hand,

1
<ldvighllg 1Bjllg < I

lim ‘/ Yijp NMa—dpp| = lim |lyighllpy e —dBpll, =0

since ||yi(jll 7 is a bounded sequence and |[(« —dB;) |, — 0. It follows that fM vigh Ao —> 0
in contradiction to the hypothesis.
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8.1. The case of complete manifolds
If M is a complete manifold, we don’t need to assume that the form y from the previous

discussion has compact support.

Proposition 8.3. Assume that M is complete. Let o € Z’I‘,(M ), and assume that there exists
a smooth closed (n — k)-formy such thaty € Z’q’,_k (M), for q' = #, y Aa € LY (M) and

/ yAa#0,
M
thena ¢ Bf (M). In particular, HY (M) # 0.

This proposition has also version for reduced L, ,-cohomology.

Proposition 8.4. Assume that M is complete. Leta € Z][‘, (M), and assume that there exists a
smooth closed (n —k)-formy € Z;Tk(M) N Z;’,‘k(M), where p’ = % andq’ = qu], such that

[rraso
M

—k . —k
thena ¢ B, ,(M) whereq' = #. In particular, H,, ,(M) # @.

The proofs are based on the following integration by part lemma.

Lemma 8.5. Assume that M is complete. Let f € LI(M,A*"') be such that df e
LP(M, A¥), and y € LP (M, A" %) be such that dy € L9 (M, A" *t1) where % + pl =
1 + 1 _ 1
q " q ’
Ify is smooth andy A df € L' (M), then
/ Yy A dB = (—1)”"‘“/ dy AB. 8.1
M M

In particular, if y € L';,_k (M) N LZTHI (M), then the above conclusion holds.

Proof. The integrability of dy A B and y A dp is a direct consequence of Holder’s inequality.
By Holder’s inequality, the forms dy A B and ¥ A df both belong to L (M).

If y is a smooth form with compact support, then the Equation (8.1) follows from the
definition of the weak exterior differential (of ).

If the support of y is not compact, we set y; := ;¥ where {1;} is a sequence of smooth
functions with compact support such that v; (x) — 1 uniformly on every compact subset, 0 <
Yi(x) < 1and |d¥;|x <1 forall x € M (such a sequence exists on any complete manifold).

The formula (8.1) holds for each y; (since these forms have compact support).
Using |dvi|y < 1, we have the estimate

lyi A dB+ (=1)""dyi ABI < Idy ABl+1y A dBl+1y ABleL'(M).

By Lebesgue’s dominated convergence theorem, we thus have

/M(V/\dﬂJr(—l)"_deAﬂ):ilirgo/M(y,-/\dﬁJr(—l)”"‘dyiAﬂ):O. 0
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Proof of Proposition 8.3.  Suppose that o € BZI"p(M). Then o = dp for some B €
L2(M, A¥=1). By the previous lemma, we have

/y/\ozz/ yAdﬁ:(—l)"*k“f dy AB=0
M M M

(since y is closed) in contradiction to the assumption. L]

Proof of Proposition 8.4.  Suppose thata € Fl; ,(M). Thena = lim dp; (where the limit
’ j—o00
is in L?-topology) for some B; € L9(M, A1) with dB; € LP(M, AK). Since dy = 0, we

have

/ yAa=lim | yAdpj= lim (—1)"*“‘/ dy nB;j =0,

which contradicts our hypothesis. L]

9. The L, ,-cohomology of the line

In the following three sections, we compute the L, ,-cohomology of the line, the hyper-
bolic plane and the ball. We will see in particular that the only case where H ql’ p(R) vanishes is
wheng = o0, p = 1.

Proposition 9.1. H! | (R) =0.

Proof. If o = a(x)dx belongs to LY(R), then fx) = ffooa(s) ds belongs to L*°(R),
hence Hll’ @) =0. L]

Proposifion 9.2. T, q] pR) # 0 forany 1 < p,q < oo with the only exception of ¢ =
oo, p=1.

Proof.  Assume first that ¢ < 0o. We know from Theorem 6.2 that if we had quy »(R) =0,
then there would exist a Sobolev inequality for functions on the real line R:

o0 1/q o0 1/p
inﬂg(/ If(x)—zlqu> sC-(f \f’(x>|”dx) ©.1)

for some constant C < oo.

To see that no such inequality is possible, consider a family of smooth functions with compact
support f; : R — R such that f(x) = lifx € [1,a] and f,(x) =0if x & [0, a + 1]. We may
also assume that || f/ ||z < 2. Assume now that the inequality (9.1) holds. Then the constant z
must be zero and we have

o0 o0
/ |fa)¥dx za—1  and / | £ dx <27,
—0oQ —0oQ

hence . 1
C>2"""P@— 1)t

for all @ > 0 and we conclude that C = oo.
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Assume now that ¢ = oo and p > 1. Again, if we had Tolo) p(R) = (, there would exist
C < oo such that for any f € LP(R):

;gﬂg 1f ) = zlloo = C - [ f' @ o gy - 9.2)

Let us consider the functions g (x) := e~ ™8 and fx) = ffoo g()du.

We have 0 < f(x) <sup f = [ g(u)du = \/LZ’ hence inf,eg || f(x) — zlloo = ﬁ On
the other hand, || /' (x) | Lrr) = (kp)~1/2P hence the constant in (9.2) satisfies

%k—“z <C-(kp)”12P

forallk > 0,1i.e.,C =ocosince p > 1.

Finally, we have Tolo’1 (R) = 0 since Holo,1 (R) =0. L]

Let us turn to the reduced cohomology.
Proposition 9.3. ﬁ;,p(R) #0ifandonlyifp=1andl < q < oo.

Proof. For p=1,q = oo, we have E;’I(R) = Holo,l(R) =0.

Assume ]l < g <ocand 1 < p < ooandletw = a(x)dx € LP(R). Foreachm € N, we
set Wy = X[=m,m]® = (X[—m,m](X)a(x)) dx. Let us choose a continuous function A, (x) with
compact support in [0, 00) such that [ 4, (x) dx = [™ a(x)dx and [|AmllLrg) < L

m
Let b, (x) := ffoo (X[_m,m](t)a(t) — Am (t)) dt, then b, € L1 (R) (in fact b,, has compact
support) and ||dbym — ol r®) < lallLr@®\[—m,m)) + 1AmllLr@®) — 0 as m — oco. This shows
—1
that H, ,(R) =0.
Assume now that p = 1 and 1 < g < oo and let w = a(x) dx be a 1-form on R such that

fR fw = 1and a(x) is smooth with compact support (say supp(a) C [1, 2]). Let f; : R — Rbe
a sequence of smooth functions with compact support such that f; = 1 on [1, 2], || fjllL~ = 1

and || f]ll ¢ < § where ¢’ = q/(g = D).

Using Proposition 8.2, we see that [w] # 0 € ﬁ;, 1(R), because w € L'(R) and the sequence
{fj} C CZ(R) satisfies the three conditions of that proposition. L]

Remark.
(1) In degree 0, the L, ,-cohomology is controlled by the volume: ﬁg »([R) = qu’ »([R) =0 if

. —0
and only if p < coand H, ,(R) = H (R) = R.
(2) All the results of this section also hold for the half-line R .

10. The cohomology of the hyperbolic plane

We treat in this section the case of the hyperbolic plane.

Recall that the hyperbolic plane is the Riemannian manifold H? = {(u, v) € R? : v > 0}
with the metric ds® = v=2(du® + dv?).
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Theorem 10.1. Foranygq, p € (1, 00) we have
: 71 2\\
dim (Hq’p(H )) =00.

It will be convenient to introduce new coordinates (the so-called “horocyclic coordinates”)
y = u, z := — log(v), so that H? = {(y, z) € R?} with ds? = &% dy2 +dz°.

Lemma 10.2. There exist two smooth functions f and g on H? such that:

(1) f and g are non negative;

2 fO,00=80,20)=0ifz<0or|y|>1;

(3) df anddg € L"(H?, A") forany 1 < r < oo;

(4) the supportof df A dg is containedin{(y,z) :|y| <1,0<z<1};
®) df Andg=>0;

(6) // df A dg =1;

00 (T2
@) 5anda—eL (H?);
af

g
(8) — and — have compact support.
0z 0z

Remark. The forms df and dg cannot have compact support, otherwise, by Stokes theorem,
we would have [i, df A dg = 0.

Proof. Choose smooth functions 41, hy, and k : R — R with the following properties:
(1) hy, hy and k are > O;
@) hi(y) =0if |yl = 13
(3) ki (»h2(y) = 0and ki (y)hy(y) < Oforall y € R;
(4) the function (k' (y)h2(y) — h1(y)h5(y)) has non empty support;
(5) k'(z) > 0forall z € R;
6)k(z) =1ifz > land k(z) =0if z <O0.
We set f(y, z) := h1(y)k(z) and g(y, z) := h2(y)k(z). Properties (1) and (2) of the lemma
are then clear. We prove (3) (i.e., that df € L" for any 1 < r < 00).

Indeed,
df =hi(Vk'(2) dz + k(z)h (y) dy.

The first term /11 (y)k’ (z) dz has compact support, and the second term k(z)h’1 (v) dy has its support
in the infinite rectangle Q = {|y| < 1z > 0}.

Choose D < oo such that |k(z)h} (y)| < D on Q. We have
|k(2)h (y)dy| < D|dy| = De %,

thus, since the element of area of H2 is dA = &% dy dz, we have

o
/ lk(2)h| (y)dy|"dA < D’/ e et dydz < 2CD’/ 17747 < 0,
H?2 ] 0

from which one gets df € L.
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Now observe that

df A dg = ((k()k'(2)) (R} (Mh2(y) — h1(»)hy(y)) dy A dz,
hence the properties (4) and (5) follow from the construction of %1, A2, and k.

Property (6) is only a normalization. It can be achieved by multiplying f (or g) by a suit-
able constant.

Properties (7) and (8) are easy to check. L]
Proof of Theorem 10.1.  Define the 1-forms o = df and y = dg on H? (where f and g are

as in Lemma 10.2). Itis clear that do = dy = 0. We also know thato € L? forany 1 < p < oo
and that y is smoothand y € L? N LY forall 1 < p/,q’ < cc.

Since / a Ay # 0, we see by Proposition 8.4 that o ¢ E; p(Hz).
H2 '

Now using the isometry group of H?, we produce an infinite family of linearly independent
classes in ﬁ;)p (H?). L]

11. The cohomology of the ball

Since the unit ball B” C R” has finite volume, we have forall 1 < p,g < o0 Hg‘ p(IB") =
_0
H, ,B") =R

In higher degree, the vanishing of the De Rham cohomology of B" is traditionally called
the Poincaré Lemma; it is proved by explicitly constructing a primitive to any closed form. To
prove the vanishing of the L, ,-cohomology of the ball, we need to control the L7-norm of the
primitive of a closed L”-norm. For the case p = ¢, this was done by Gol’dshtein, Kuz’minov,

and Shvedov in [8, Lemma 3.2] and for more general ¢ by Iwaniec and Lutoborski in [12]. They
proved the following.

Theorem 11.1. For any bounded convex domain U C R" and any k = 1,2, ...,n, there
exists an operator

r=Ty: Llloc(U’ Ak) g LI]OC(U’ Akil)
with the following properties:

(@) T(dO)+ dTO = 60 (in the sense of currents);
o) Iroc)=c [ 10

v ly—x[n!

Corollary 11.2. The operator T maps L? (U, A¥) continuously to L1(U, A¥=1) in the follow-

ing cases:
Either

() 1§p,q§ooand%—$<rll,
or

(ii) 1<p,q§ooand%—37§%
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Remark. Note that condition (i) is equivalentto p > nor p <nandg < % and condition (ii)
: 1 1 _1
is relevant to conformal cohomology T T =
Proof.  Assume first that % — é < % and recall the Young inequality for convolution (see [5,
Proposition 8.9]), which says thatif 1 < r,s,¢ < oo satisfy } + % =1+ %, then || f % gllpr <
I fllzrllgllzs. Applying this inequality to f = |0| and g = |x|'™ with r = p, t = ¢ and

— _rg :
S = oFpa=a’ and observing that
1 1 1
———<- & s0-n>-n & glw) <oo,
p q n

we conclude from previous proposition that 7 : L? (U, ARy — LU, A1) is bounded with
norm at most ||[x|' =" s ().

If p>1and % - é = rll, then the conclusion also holds by the Hardy-Litlewood-Sobolev
inequality (see [16, p. 119]). L]

Corollary 11.3.  The operator T : Q]I‘,’, U) - Q’q‘fpl (U) is bounded and for any w € Q][‘,’, U)
we have T dw + dT w = w provided either

(i)lfp,q,rfoosuchthat%—é < %and%—% < %,
or
ii 1 1 1 11 1
)1 <p,q,r Soosuchthatﬁ—a <, and -5 <y
Proof. The proof is immediate from the previous theorem and corollary. ]
p p ary.

The Corollary 11.2 implies the following Poincaré Lemma.

Proposition 11.4. Suppose that p, q satisfy either

. 1 1 1
@) 1§p,q§ooand;—g<ﬁ,

or

(i) 1< p,qg <ooand <

S =

=
Q=

Then H} ,(B") =0 foranyk =1,...,n.

Proof. Let w be an arbitrary element in Z’;, (B"). By Corollary 11.2, we have Tw €
Li(B", A, since 0 = dTw + Tdo = d(Tw) we conclude that [0] = 0 € Hf (B")
and thus HY ,(B") = 0.

If p, g > 1, we have a necessary and sufficient condition.

Theorem 11.5. If 1 < p,g < ocoandk = 1,...,n, then H;’p(IB%”) = 0 if and only
ifl -1 <1
p g —n

Proof. We know from the previous proposition that the condition is sufficient.
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To prove that H(f’ ,B") #0if p<nandg > n’?’p, we will use Proposition 8.2. Let us fix
anumber p in the interval k — 2 < u <k —1— g (which is possible since % > % + %); and
choose two forms 6 € C®(S* !, A¥~1) and ¢ € C®(S*~!, A" *~1) such that

/ ondo=1.
sn—1

For any 0 < ¢ < 1/4, we choose a smooth function /; : R — R such that h(r,r) =0ifr <t or
r>1—tand h(t,r) = “og;z”ifr <1—=2torr > 2t.

Let us then consider the forms
o

d (r*0)
v = hr " darng.

Step 1. The form o belongs to L”(B", A¥).

We will use the same notation 6 and ¢ for a pullback of corresponding forms from S” to
B" \ {0} induced by the radial projection in polar coordinates.

We have
1
a=r*{d0+u—-drne) .
r
Because |0] < r~%=D and |d0| < r~* we have || < r#*~*. Therefore

1
/ lo|P dx 5/ (r”_k)pr”_ldr < 00
" 0

because p(u — k) +n—1> pk — % —k+n—-1>—1.
Step 2. The quantity | [, o A y;| is bounded below.
We have a Ay, = ht(r)r_1 dr Ao A dB ; since fS'H @ A df = 1, we have by Fubini The-

orem
XAV
n

as t — 0. This implies that | fB,, o A y,| is bounded below for small values of ¢.

1 1 1-2t
= / he(ryr~Vdr > rldr > 1
0 |log 2t Ja

Step 3. We have ||dyt||Lq/(B,,) —0ast— 0O:

We have dy; = hy(r)r=*tDdr A g with 0 < hy < g Since ldr Aol S r 7,
we have
—pu—1+k—n
dy| < —
S o2
and by Fubini Theorem

/ |ht(r)r_(“+l) dr A (p|ql dx
]Bn

1\ [! /
<| . 2t|> / (rf,ufH»kfn)q rnfl dr .
0g 0

/ ldy:|9 dx
]Bn

A
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Because

’ 1+ k —q Lik—n(1-1)) =y 1+k—2) >0
g(=p—-1+k—m+n=qg|-—pn—-—1l+k—n )Tk + )7
we have

/1 (r_”_H'k_”)q/r"_1 dr < 0o .
0

Therefore

, ] a pl ,
lim | |dy,|? dx < lim / (rr ey =ty = 0.
t—0 Jpn t—0 \ | log 2¢| 0

Since y; are smooth forms with compact support, Proposition 8.2 implies that [«] # 0
in HY ,(B"). [

Corollary 11.6. The conformal cohomology of the hyperbolic space H" vanishes for any
degreek > 1, i.e.,

k—1°k

Hkn n (Hn) =O

Proof.  Since the hyperbolic space H" is conformally equivalent to the ball B C R”, this result
follows at once from the conformal invariance of conformal cohomology and the previous the-
orem. L]

Remark 11.7. Because Hq]’ P(Hz) # 0 for any g, p, the corollary does not hold for k = 1.

12. Regularization of forms and cohomology classes

In this section we investigate two different but related problems. The first one is a density
result for smooth forms in Q;‘, p(M ) and the second one is a result about representation of the
cohomology H ;’ » (M) by smooth forms. We will use the De Rham regularization method [3] and
its version for L ,-cohomology [9] in combination with the results of Section 11.

12.1. Regularization operators for differential forms

The standard way of smoothing a function in R” is by convolution with a smooth mollifier.
This procedure extends to differential forms and more generally to any tensor. In his book, De
Rham proposes a clever way of localizing this construction and grafting it on manifolds.

Following De Rham, we associate to any vector v € R” the map s, : R" — R" defined by
h=Yhx)+v) if x| <1,
sp(x) = .
x if x| =1,
where /i : B" — R" is a radial diffeomorphism such that
X if x| <1/3,

h(x):
e (ot ) x i el =23
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Lemma 12.1. The map v — s, defines an action of the group R" on the space R" satisfying
the following properties:

(a) Foreveryv € R", the map s, : R" — R" is a smooth diffeomorphism;

(b) the mapping s : R* x R" — R”" is smooth;

(c) sy is the identity outside of B" ;

(d) foreveryx € B" the mapping v — a,(v) := s,(x) is a diffeomorphism of R" onto B".

Proof.  For the first two assertions, see [3]. The assertions (c) and (d) are obvious. L]

Let us fix an arbitrary bounded convex domain U such that B" c U c R". We now define
the regularization operator R : LIIOC(U, A > Ll (U, AR by

loc
R.w :=/ s3(@) pe(v) dv
]Rn

where p; (v) = p(v/¢) is a standard mollifier.

Proposition 12.2. The regularization operator defined above satisfies the following properties:

(1) Foranyw € Ll (U, A%, the form R.w is smooth in B" and R.w = w in U \ B";

loc
(2) foranyw € Q/;,p(U), we have dR.w = R dw.
(3) Foranyl < p,q < oo and any ¢ > (, the operator

R, : Q’;’P(U) N Q’;’p(U)

is bounded and its norm satisfies lim || R¢l, , = 1;
e—0 ’

(4) foranyl < p,q < oo and any w € Q’;,P(U), we have

. " _
;E}}) ”Rga)—w”p =0.

Proof. The first two properties are proved in [3]. Property (3) follows from (2) and [9,
Lemma 2] and (4) is a standard property of the regularization. L]

12.2. Homotopy operator
Given abounded convex domain U C R” containing the closed unit ball, we introduce the ho-

motopy
Aci=(I—R)oTy: LL (U, A% = L} (U, AFY,

where Ty is the operator defined in Theorem 11.1.

Lemma 12.3. The operator A, is a homotopy between the identity and the regularization
operator R, i.e., it satisfies

I —R)w=dA;w+ Asdw .

Proof.  We know from Theorem 11.1 that T dw + dTw = o for all w € L} (U, A¥™1),

loc
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hence we have

dAcw+Acdo = dI —R)Tw+ (I — R)Tdw
= dTw—dR.Two+Tdw— R.Tdw
= dTw+Tdw)— R.(dTw+ T dw)
= (I—-R)Tdw+dTw)
(I -R)w. U

Proposition 12.4. Let U C R" be a bounded convex domain containing the closed unit ball.
Then A, : Q’;’r(U) — Q’;;‘ (U) is a bounded operator for any k = 1,2, ..., n in the following
two cases:

(1)1 < p,q,r < oo such that

(m1<nq§wmm%—l

<
1
q dy -

S =

1
q
an <

1
- .

Furthermore, we have (I — R;)w = dA;w + A dw for any o € Q’;’r(U) and A;w = 0
outside the unit ball.

Proof.  The first assertion follows from Proposition 12.2 and Corollary 11.3 and the second
one is the previous lemma. The last assertion follows from the fact that R, = I outside of the
unit ball. L]

12.3. Globalization

This regularization operators R, and A, can be globalized as follow: Given a Riemannian
manifold (M, g), we can find a countable atlas {¢; : V; € M — U,};en such that U; C R”
is a bounded convex domain satisfying B" c U; c R for all i and that {B;} is a covering of
M, where B; := (pl._l(B) C V;. We also assume that {V;} (and hence {B;}) is a locally finite
covering of M (we can in fact assume that any collection of n + 2 different charts V; has an empty
intersection, where n = dim M).

For any m € N, we define two operators

RE™, AL Lioo(M, A™) = Lig (M, A™)

as follows:

Rzg‘m) = qug © R2,8 ©--+0 Rm,e ’
and

Aém) =RisoRyc0---0Ry—1:0Ane,
where
— *

Rio(0) := (97 ") o Re 0 0} (0)

and

Aie®) = (¢7")" 0 (Rie = D Ty, 0 4} (6) .
Here Ty, is the operator defined on the domain U; in Theorem 11.1.

Observe that the operator R; . is a priori only defined on V;, but it acts as the identity on
Vi\ B; and can thus be extended on the whole of M by declaring that R; , = id on M \ B;.
Likewise, the operator A; . is a priori only defined on V;, but itis zero on V; \E (because R, = I
outside of the unit ball). Hence, A; ; can be extended on the whole of M by declaring A; , = 0
on M\ B;.



620 Viadimir Gol’dshtein and Marc Troyanov

We now define the global regularization operator and the global homotopy operator as fol-
lows:

o0
M . : M .
RY = lim_ RM™M,  AM =AM (12.1)
m=1
By construction, the expressions RM := [], R; and AY = Y, Agk) are really finite

operations in any compact set and the operators R, AM are thus well-defined on LlloC (M, A5).

Theorem 12.5. For every Riemannian manifold M there exists a family of regularization
operators Rﬁ” and homotopy operators AQ/I such that:

loc(M, Ak), the form R?”w is smooth in M ;
k M Mg, .
(2) foranyw € Qq’p(M), we have dR;" w = R, dw;
(3) forany 1 < p,q < oo and any ¢ > 0, the operator RY : Qf (M) — Qf (M) is

(1) Foranyw e Ll

bounded and its norm satisfies lim | RY|| = 1;
—0 q.p

(4) foranyl < p,q < oo and any € Qf“,(M) we have

lim HRéww—a)H =0.

e—0 p

(5) The operator A; : SZ’;,,(M) — ngpl (M) is bounded for any k = 1,...,n in the
following cases:

@) 1§p,q,r§oosucbthat%—l<

A

and
— d

a”n

Q
S = 3=
S p= N =
Sl= ==
IA
S~ X|—

(i) 1< p,q,r < oo such that <

< =

1
p
(6) We have the homotopy formula

w—RéuwszQ/Ia)+Aéwda).
Proof.  The first four assertions follow immediately from Proposition 12.2.

The fifth assertion follows from Proposition 12.2 and Corollary 11.3.

To prove the last assertion, observe that by Lemma 12.3, we have  — R, 0 = dAp e +

_1), we obtain

Ay, ¢ do. Multiplying this expression by Rém
Rs('"_l)a) — Rék)a) = dAék)w + Ag’") do ,
summing this identities on m = 1, 2, ..., we obtain the assertion (6). L]
Corollary 12.6. Forany g, p € [1, 00), the space
CoQp (M) :=C¥(M)NQ} (M)

of smooth k-forms 0 in LP such that df € LY is dense in Q’;)p(M).

Proof.  This result follows immediately from the first three conditions in Theorem 12.5. [
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12.4. L ;-cohomology and smooth forms

The previous theorem implies that under suitable assumptions on p, ¢, the L, -cohomology
of a Riemannian manifold can be represented by smooth forms.

To be more precise, for any sequence 7, we denote by
C®QK (M) := C® (M) N QK (M)
the subcomplex of smooth forms in er (M) and by
C®HI(M) = H*(C®Qk (M)
its cohomology.

Theorem 12.7. Ler (M,g) be a n-dimensional Riemannian manifold and n= =

{po, 1, pn} C (1,00) a finite sequence of numbers such that pl—k — ﬁ < rll fork =
1,2,...,n. Then

C*H}(M)=H}(M) .
Proof.  This result follows immediately from Proposition 4.8 and Theorem 12.5. L]

It is perhaps useful to reformulate this theorem without the language of complexes.

Theorem 12.8. Let (M, g) be an-dimensional Riemannian manifold and suppose that p, q €

(1, o0) satisty % - % < % Then the cohomology H;’ » (M) can be represented by smooth forms.

More precisely, any closed form in Z]]j (M) is cohomologous to a smooth form in L? (M).
Furthermore, if two smooth closed forms o, B € C*°(M) N Z’;(M ) are cohomologous modulo

k—1 k—1
qu’p (M), then they are cohomologous modulo dCOOQq’p (M).

Corollary 12.9. Let (M, g) be an-dimensional Riemannian manifold and suppose that p, g €

(1, 00) satisty % -1 < % Then any reduced cohomology class can be represented by a

q
smooth form.

Proof. This is clear from the previous theorem, since ﬁ’;’ » (M) is a quotient of H ; »(M). L]

12.5. The case of compact manifolds

From previous results, we now immediately have the following.
Theorem 12.10. Let (M, g) be a compact n-dimensional Riemannian manifold and m =
{po, 1, pn} C (1,00) a finite sequence of numbers such that pl—k -1 < Llirk =

Pok — N
1,2,...,n. Then
H;(M) ZHSeRham(M) .

In particular, H (M) is finite-dimensional and thus T,y (M) = 0.
Proof.  Recall that the De Rham cohomology Hpj g, (M) of M is the cohomology of the

complex (C*(M, A*), d). Any smooth form on a compact Riemannian manifold clearly belongs
to L? for any p € [0, oo], hence (C®(M, A*),d) = COOQfT (M) and by Theorem 12.7, we have

HZ(M) = C¥HZ(M) = Hpogpam (M) .
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It is well known that the De Rham cohomology of a compact manifold is finite-dimensional.
Since dim 7,7 (M) < dim H}(M) < oo, it follows from Lemma 4.4 that 7.} (M) = 0. L]

12.6. Proof of Theorems 1.1 and 1.2

Let us define the sequence m = {po, p1,---,pa} by pj = qif j =1,2,...k — 1 and
pi=pifj=k, ..., n

By hypothesis, we have % - é < %, hence the sequence 7 satisfies pl -1 < % for all
J

Pj-1
Jj. Hence, we know by Theorem 12.10 that H(j‘,p(M) = H{; (M) and qu,p(M) =0.

eRham

Thus, Theorem 1.1 follows from Theorem 6.2 and Theorem 1.2 follows from Theorem 6.1.

13. Relation with a nonlinear PDE

We show in this section that the vanishing of torsion gives sufficient condition to solving the
nonlinear equation

8( Ido| P~ d@) =« (13.1)
where § is the operator defined for w € LIIOC(M , A% as
Swo= (""" s dxw.

Recall that for any k-form w, we have?

o= (—Drfdxw. (13.2)
This operator is the formal adjoint to the exterior differential d in the sense that

/(a),d(p)dVOl:/ (6w, @) dvol (13.3)
M M

for any ¢ € C°(M, AF1),
Indeed, by definition of the Hodge * operator, we have
(do, w)dvol = (dp A *w)

and from the definition of the weak exterior differential, it follows that

f (dw,w)dvol:/ do A sw = (-1)"[ PAd*w.
M M M
Thus, from (13.2):

/(d(p,a))dvol = (—1)’<[ PAd*w
M M

/ © N *8w
M

/ (p, Sw) dvol .
M

2Here is the proof: Since w is a k form, d*w is a form of degree m = n—k+1 and xxd*w = (—1)"T=M) dyg =
(=1ynktntltk gy ) therefore (1)K d x 0 = (= 1)1+ 4 sd % 0 = x8.
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Applying (13.3) to w = |d@|P~2 d6, we obtain the following.

Lemma 13.1. 0L}

loc

(M, A¥) is a solution to (1.5) if and only if

/ (do, Ild0|1P—2 d9)dvol=/ (¢, ) dvol (13.4)
M M

forany ¢ € CX°(M, AK).

Equation (13.4) is just the weak form of (1.5).

Remark. In the scalar case, Equation (1.5) is just the p-Laplacian. The case of differential
forms on the manifold M = R" appears in Section 6.1 of [13] where it is investigated by the
method of Hodge dual systems, see also [12, Section 8].

Theorem 13.2. Assume T ,(M) =0, (1 < g, p < o0) anda € LY (M, AF) where ' =
q/(q—1).

(A) If / (@, ) dvol = 0 forany ¢ € Z (M), then (13.4) has a solution 6 € Q& (M).
M

(B) Conversely, if (13.4) is solvable in Q’;,p(M), then / (o, o) dvol = O for any ¢ €
M
C2(M, A*) such thatdg = 0.

Proof.  Assertion (B) follows from the previous lemma, because for any ¢ € C°(M, AR N
ker d, we have

/(oz, ) dvol:/ (16172 db, de)dvol =0 .
M M

Let us prove assertion (A). The variational functional corresponding to (13.4) reads
1
1(0) = —/ ldé||” dvol —/ (a, B) dvol .
pPJIm M

‘We first show that the functional 7 (0) : Q’; p(M ) — R is bounded from below.

Forany6 € Q’;’p(M) there exists a unique element z, (0) € Z’(; (M) suchthat |0 —z,(0)]l4 <
infzezé oy 16 — zll; this follows from the uniform convexity of Q](;,P(M)‘ Since Tq’"p(M) =0,
the Proposition 1.2 implies that

lo=z,®], < Cliaol, (13.5)

for some positive constant C. Using this inequality and Holder’s inequality, we obtain
1 » 1 p
1(0) > > 61l — llelly |6 —zq(G)Hq > > o1y — C llell, 11401, -

Since the function f : R — R defined by f(x) = %|x|p — ax is bounded below for x > 0, the
previous inequality implies that

inf I(0) > —o0.
0eQk (M)
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We now prove the existence of a minimizer of I on Q’; p(M ): Let {6;} C Q’; p(M ) be

a sequence such that 7(6;) — inf 1(0). Because the function f(x) = %lef’ — ax is propet,
the inequality

1
1(6;) = > 1d6; 1 — C lleclly 1d6;11,

implies that {||d6; |} C R is bounded and, by (13.5), {ll6; — z4(6;)ll4} is also bounded. Hence,
the sequence {0; := 6; — z,(6;)} is bounded in ngp(M).

Since SZ’;, p(M ) is reflexive there exists a subsequence (still noted {51-}) which converges
weakly to some 6y € Q’;’ p(M). By the weak continuity of the functional f y e, 8)dvol in
qu‘,p(M) we have

lim (a,é})dvm:/ (o, Bp) dvol . (13.6)
i—00 M M

The lower semicontinuity of the norm under the weak convergence implies that
ldéoll, < lim inf | 46|, -
Combining the last inequality with (13.6) we obtain
I(6p) < liminf I(6;)
11— 0

and by the choice of 6; we finally have I (6p) = inf 1(6).

It is now clear that 6 is a solution of (13.4), hence a weak solution of (1.5). L]

Definition. The Riemannian manifold (M, g) is s-parabolic if for any ¢ > 0, there exists
a smooth function f; with compact support, such that f;, = 1 on the ball B(xp, 1/¢) and
ldfellLsmy < €. where xo € M is a fixed base point.

Some basic facts about this notion can be found in [17].

Corollary 13.3. Assume as above that Tq]fp(M) = 0anda € LY (M,A¥) where qg =
q/(g—=1,0 <q,p < 00).

Assume furthermore that M is s-parabolic for % = % + é.

. Then Equation (13.4) is solvable in Q’;,p(M), if and only iffM (o, @) dvol = 0 for any ¢ €
Z5(M).
q

Proof. The condition is sufficient by the previous theorem. Now let ¢ € Z ’(; (M) be arbitrary
and let Ré"’ be the smoothing operator and f; be as in the previous definition. Then

0 == fRM () € C°(M, A¥).

Let us observe that

” |d9|p72 do ” L'y = lld6 ”Z’[()z/w)
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where p’ = p/(p — 1). Since % =1- # + é, we have by Holder’s inequality:

/ (o, @e) dvol
M

[ (46117~ d6, dge)dvol
M

/ <||d0||1’_2 6, dfs A Ré”(gp))dvol
M
11201772 0|, I dfellson | RE @) | g,

(na617 /5 | R ()

IA

IA

L‘l(M)) ” df&‘”LY(M) .

As ¢ — 0, we have ||df:|lrs(my — O while (||d9||{;/(pM)IIRy(w)IILq(M)) remains bounded. On
the other hand,

lim (o, gpg)dvolzf (o, ) dvol
e—0 M M

and the result follows. L]

14. Torsion in L;-cohomology and the Hodge-Kodaira decomposition

In this section, we study some connection between the torsion in Lj-cohomology and the
Laplacian A acting on differential forms on the complete Riemannian manifold (M, g).

Recall that A = d§ 4 6d where § is the formal adjoint operator to the exterior differential d.
We look at A as an unbounded operator acting on the Hilbert space L?(M, A¥). In particular, all
function spaces appearing in this section are subspaces of L>(M, A*). We denote by H'z‘ (M) =
L2(M , Ak) N ker A the space of L2 harmonic forms.

We begin with the following result, which can be proved by standard arguments from func-

tional analysis.

Theorem 14.1. For any complete Riemannian manifold (M, g), the following conditions
are equivalent:

(@) Im A is a closed subspace in L2(M, A%);
(b) ImA = (H(M))™;
(c) there exists a bounded linear operator G : LZ(M , Ak) — L2(M , Ak) such that for any
o € L2(M, A¥) we have
AoGa=GoAa=o—Ha

where H : L>(M, AF) — ’HS(M ) is the orthogonal projection onto the space of L?
harmonic forms.

Remark. G is called the Green operator. 1t is not difficult to check that d o G = G o d
andé o G = G 0.

For the convenience of the reader, we briefly explain the proof of this theorem.
Proof.

(a)<(b): Because A is self-adjoint, we know by standard functional analysis (see, e.g., [2], p. 28)
that Tm & = (Hk(M))™,
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(b)=(c): This follows from the Banach Open Mapping Theorem. More precisely, let us denote
by

Ei={we L2(M, AY) | 0 LH5 M) and Aw e L2(M, AY)]

the domain of the Laplacian. This is a Hilbert space for the graph norm ||| g := ||o]l 2+ | Aw]|| 12
andthemap A : E — Im A = (’HIE(M ))l is a continuous bijective operator.

From the Banach Open Mapping Theorem, we know that the map
G:=A""o(1—H):L*(M,A*) — L*(M, A")

given by the composition
_ 1 Al
L2(M, A%) =5 (Hhn) 2o B 12(M, A

is continuous. It is clear that G satisfies the required properties.
(c)=(b): Condition (c) obviously implies that Im A D (’Hé (M ))l. The other inclusion Im A C
(HA (M ))L always holds since A is self-adjoint. O

In the case of complete Riemannian manifolds, we have the following.

Theorem 14.2. For any complete Riemannian manifold (M, g), we have
HA (M) = kerd Nker 8 N L*(M, A,

and the orthogonal decomposition
L*(M, A*) =Tmd @ Tm3s & H5 (M) .

The first part is due to Andreotti and Vesentini, the second part is the well known Hodge-
Kodaira decomposition. A proof is given in [3, Theorem 24 and 26].

Using both previous theorems, we can now prove the following result.

Theorem 14.3. For any complete Riemannian manifold (M, g), the following conditions are
equivalent:

() ImA= (H’;(M))L;
(i) we have the orthogonal decomposition

L*(M, A") =Imd @ Im§ @ HA(M) ;

(iti) Imd andIm$§ are closed in L*(M, A¥);
(iv) TF(M)=0and T} *(M) = 0.

We will also need the following lemma.

Lemma 14.4. IfT¥(M) = 0, then
Im (8d) = Im (8)

as subsets of L2(M, A¥).
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Proof. 1t is clear that Im (8d) C Im (8). To prove the other inclusion, consider an arbitrary
element o € Im§. Because Imé_L kerd = le‘ (M), we know by Theorem 13.2 that we can find
aformé@ e LZ(M, Ak) such that § d6 = «. In particular, « € Im §d. L]

Remark. Using the formula § = +*d*, we see that this lemma also says that Im (d8) = Im (d),
provided 735X (M) = 0.

Proof of Theorem 14.3.

(i)=(i1): Condition (i) is equivalent to (c) of Theorem 14.1. Hence, assuming (i), we know that
any o € L2(M, A¥) can be written as

a— Ho=AoGua=d(6Ga)+ {dGa)

and the decomposition (ii) follows.

(ii)=(iii): Is clear from Theorem 14.2.

(>iii)<(iv): Follows from the definition of torsion and the formula § = + * dx.

(iv)=(): We know from the previous lemma and the orthogonality of Im d and Im § that

ImA =1Im(ds§ 4+ 6d) = Im (db) + Im (6d) = Im (d) 4+ Im (3) ,
provided Tzk M) = T2" -k (M) = 0. In particular, Im A is closed, since Im d and Im § are closed,
and we conclude by Theorem 14.1 that Im A = ('HS(M ))J‘. L]

Corollary 14.5. If (M, g) is complete, then the equation Aw = a € L>(M, A¥) is solvable
in L>(M, A¥) for any aJ_’Hé(M), if and only if

TX(M)=0 and T;*(M)=0.

The proof is immediate.
In conclusion, we formulate the following version of Hodge Theorem and Poincaré duality

for L-cohomology.

Corollary 14.6. If(M, g) is acomplete Riemannian manifold such that Tzk (M) =T, “*m) =
0, then

-7k ~ ~ - ~ - —n—k
Hy(M) = HY(M) = H (M) = HA (M) = B R (M) = H, (M) .
Proof.  The equality H(M) = HX(M) is equivalent to T (M) = 0.
From Theorem 14.3, we know that if the torsion vanishes, then
kerd = (Im &)t = Imd ® HE (M) ,
ie., Hé‘ M) = ’Hé(M ) by definition of cohomology.

The isomorphism ’HS(M ) = Hg_k (M) is given by the Hodge * operator and the proof now
ends as it begins. U

Appendix

A. A “classic” proof of Theorem 1.1 in the compact case

In this Appendix, we shortly give another proof of Theorem 1.1 for compact manifolds which
is based on the Hodge-De Rham theory and the regularity theory for elliptic systems, together with
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some techniques from functional analysis. All these tools were available 40 years ago, however,
we did not find a written proof in the literature.

We start with the fact that the space of harmonic currents on a compact Riemannian manifold
(M, g) is finite-dimensional and that we can construct two linear operators acting on currents on M

G, H:D'(M)— D(M),

and such that

(i) kerA=ImH =ker(I — H);
(i) kerANIm({ — H) ={0};
(i) AoG = - H);

iv) Ao(I—H)=A;

V) doG=God.

This result is Theorem 23 in [3], the operator H is the projection onto the space of harmonic
forms and G is the Green operator.

Using elliptic regularity, we can prove the following theorem.
Theorem A.1. The Green operator defines a bounded linear operator
G : W™P(M, A*) — wmtP (M, A¥)

for any m € N. Here WP (M, A¥) is the Sobolev space of differential forms of degree k on M
with coefficients in W™ P,

Assuming this result for the time being, let us conclude the proof of Theorem 1.1. We first
state the following corollary.

Corollary A.2. Forany compact Riemannian manifold (M, g), there exists a constant C such
that

10 = ¢llwrrny = CilldOllLrm) (A1)

where ¢ := HO +d5G6.

Proof. From previous theorem, we see that § o G : L”(M, A - whP(M, AF s a
bounded operator.

Since AG = (d§ + 6d)G = (I — H), wehave 0 — ¢{ = 6dG 0 = §G dO and thus

16 = ¢llwirary = 18G dOllwipary < CrlldON e -

where Cj is the operator norm Cy := [|§G || p_, wi.p- L]

Proof of Theorem 1.1

The classical Sobolev embedding theorem on compact manifolds, states in particular that
there is a constant C» such that

lollLem) < Callollwiray (A.2)
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provided that conditions (1.2), are satisfied.

Combining (A.1) and (A.2) and observing that, by the Sobolev embedding theorem and
(1.2),wehave t = HO +déG 0O € Z]‘;(M), we obtain (1.1) with C = CC5.

Proof of Theorem A.1
The proof is in several steps.

Step 1. The elliptic estimate for the Laplacian acting on forms on a compact manifold says that
there exists a constant A,, such that for any form 6 € wmt2.p (M, Ak) we have

101l wm+2pary < Am (188l wn.rany + 10 lwmrary) - (A.3)

This result is deep. The case p = 2 is proved in proved in [18, Section 6.29], the scalar case for
any p € (0, oo) can be found in [7, Section 9.5] and the general case in [1, Chapter IV].

Step 2. A first consequence of this estimates is the hypoellipticity of the Laplacian, i.e., the fact
if A6 is a smooth form, then 6 itself is smooth (the proof follows from a bootstrap argument based
on (A.3) and the fact that N> W™ P (M) = C°°(M).) It follows in particular that the Green
operator G maps smooth forms to smooth forms.

Step 3. Using (A.3), we show that for any sequence {6;} C W27 we have
|AB; llwm.r(py bounded = ||(I — H)6;|lwm.rmy bounded . (A.4)

Indeed, otherwise there exists a sequence such ||A&;|lwm.rp) is bounded and |[(—
H)6; | wm.ppy — 00. Let us set

e Wtar(pm)

(I — H)b;
@i =
' (I — H)O; llwm.rm)

we then have ||;||wm.r(m) = 1 and

| AG; lwmrry
(I — H)O; |l wm.r )

Lim [|A@; lwmr ) =
1—> 00

The elliptic estimate (A.3) gives us
@i llwm+2.0 a1y < Am (1 A@;llwmrary + @i llwmp )

and thus {¢;} is bounded in W27 (M).

Because W27 (M) is reflexive, there exists a subsequence which converges weakly in
WM+2.P(M). We still denote this subsequence by {¢;}. Let ¢ € WM+2.2 (M) be the weak limit
of this subsequence, we then have by the lower semi-continuity of the norm

IA@llwmrp oy <liminf |Ag;|lwmrpn =0,
1—> 00

hence ¢ € ker A. Since we also have ¢ € Im (I — H) we must have ¢ = 0.

By the compactness of the embedding W™ *27(M) c W™ P (M), we may assume that this
subsequence converges strongly in W™-”(M). In particular, we have

1= lim |lgillwmrary = | im @;llwnron =0,
i—00 i—00
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This contradiction proves (A.4).

Step 4. We now show that:
A (W”‘”’P(M)) isclosedin  W™P(M) .

Indeed, for any @ € W™ (M) in the closure of A (W"*2P), there exists a sequence {6;} C
Wm+2.P such that AY; — w. By Step 3, {({ — H)6;} is bounded in W7, and by (A.3), this
sequence is also bounded in W™*2P (recall that A(] — H)0; = A6;).

By the compactness of the embedding W™ +2:P (M) C W™ P (M), there exists a subsequence
such that {(/ — H)0;} converges strongly in W"?_ and by (A.3) again, {(I — H)0;} converges in
Wm+2,p_

Let us denote by ¥ = lim (1 — H)6;, we then have w = Ay € A(WMT2P(M)).
1—> 00

Step 5. Let us denote by &7 =ker H N W™ P (M, A*) =1Im (I — H)NW™?(M, A*). Then
A : EMT2P s ™D is continuous, injective and has closed image by previous step. Furthermore,
Im A C £™? is dense because any smooth form in £™7 is the image under A of a smooth form
in £"2P_ To sum up, we have proved that

A EMTRP s g

is a continuous linear bijection.

Step 6. By the Banach open mapping theorem, we finally see that
G=A""o(—H): WP (M, ) — gm2P ¢ wmt2r (M, AF)

is a bounded operator.
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