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Abstract. We prove that the pointwise inequality used by P. Hajtasz in his definition of Sobolev spaces
on metric spaces is equivalent to an integral (Poincaré-type) inequal901 Académie
des sciences/Editions scientifiques et médicales Elsevier SAS

Une caractérisation intégrale de I'espace de Hajtasz—Sobolev

Résumé. On démontre dans cette Note que I'inégalité ponctuelle utilisée par Piotr Hajlasz dans
sa définition des espaces de Sobolev sur les espaces métriques mesurés est équivalente
a une inégalité intégrale du type de l'inégalité de Poincaré.2001 Académie des
sciences/Editions scientifiques et médicales Elsevier SAS

Version francaise abrégée

Dans l'article [4], P. Hajtasz associe a tout espace métrique mé3uré i) I'« espace de Sobolev »
M*'P(X) constitué par I'ensemble des fonctions= LP(X, 1) pour lesquelles il existe une fonction
g € LP(X, p) telle que

u(z) = u(y)| < (g9(2) + 9(y)) d(z,y)
presque partout.
Nous démontrons dans cette Note que si la megupesséde la propriété locale de dédoublement (i.e.
il existe a < oo tel que, pour tout: € X et toutr < 1, on au(B(x,2r) < 2%u(B(z,r)), alors I'espace
de SobolevM1?(X) peut aussi étre défini en remplacant I'inégalité ci-dessus par une inégalité de tyf
Poincareé :

THEOREME — Supposons gqug posséde la propriété locale de dédoublement etigde}) = 0 pour
toutz € X, alors pour toute paire de fonctior{s, g) telle queu € L .(X) etg € L?(X), les conditions
suivantes sont équivalentes
(a) il existe une constant€ telle que l'inégalité

u(z) — u(y)| < C(g(x) + g(y)) d(z,y)
est vérifiée pour tous, y appartenant au complémentaire d’'un ensemble de mesure;nulle
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(b) il existe une constant€’ telle que, pour toute partie mesurable bornée” X, on a

1/p
][ |u —ua|dp < C'diam(A) ][ gPdp .
Ja A

Ce résultat est encore vrai avec des hypothéses un peu plus générales; il suffit en fait que la mesure
guasi homogeéne et qu’elle vérifie la propriété de Lebesgoie ¢i-dessous).

1. Introduction

Let (X, d) be a metric space equipped with a Borel meaguseich tha) < u(B) < oo for any metric
ball B C X of positive radius. The associated Hajtasz—Sobolev spaté(X) is defined to be the set of
functionsu € L?(X) for which there existg € L?(X) such that

u(@) —u(y)| < (9(x) + g(y)) d(z,y) (1)
almost everywhere.
For anyl < p < oo, the spacé/!?(X) is a Banach space for the norm

HUHMLP(X) = HUHLP(X) + iglngHLp(x),

where the infimum is being taken over all functignsatisfying (1). It has been proved by P. Hajtasz in [4]
that, if 2 C R™ is a domain with regular boundary apd> 1, then the Hajtasz—Sobolev space coincides
with the classic Sobolev space, i.81,1'7(Q) = Whr(Q).

This result suggests that a pair of functim g) satisfying (1) is a reasonable generalization for the
notion of a pair(u, |Vu|) in the context of measure metric spacesjowever, there are other useful
generalizations of this notiorsée e.g., [3]). In particular, one says that a pé&ir, g) satisfies a1, p)-
Poincaré inequalityf there exists two constants> 1 andC > 0 such that

1/p
][ Iu—UBldu<Cr<][ gpdu) 2
B(z,r) B(x,or)

for any ballB(z, ) C X (we use the classical notatiary for the average of a functiomon a setA:

UA :]{1“(1#: ﬁ/{qudu).

Recent work has shown that a large part of analysis on metric spaces can be developed from the Poin
inequality only (assuming some condition on the meagjifseen particular [1,5] and references therein).

It is not difficult to show that any pair of functior(s, ¢g) satisfying (1) also satisfies @, p)-Poincaré
inequality, it follows in particular from the theorem below. Our goal in this note is to prove a result in the
converse direction. We need first a few measure theoretic definitions.

2. Quasi-homogeneous measures

DEFINITION 1. - The measurg has locally theloubling propertyif there exist two constants,n > 0
such that, for almost alt € X, we have

p(B(z,2r)) <2°u(B(z,7))
forall r < n.

Graphs, Riemannian manifolds with bounded geometry and Carnot groups are simple examples of loc:
doubling measure metric spaces.

446



On Hajtasz-Sobolev space

DEFINITION 2.— The measure satisfies the.ebesgue property, for any f € Li (X, 1), the condition

loc
flx)= lim][ fdu
B(x,r)

r—0

holds almost everywhere. Those points where this conditions holds are calleshttsgue pointsf f.
Itis known that every locally doubling measure satisfies the Lebesgue propegtg.Q., [5]).

DEFINITION 3. - The measurg on the metric spaceX, d) is quasi-homogeneolfghere existsk > 0
and X, C X such thatu(X \ X,) =0 and for anyz, y € X, we can find two sequences of positive
numbers{s; } and{tx}, such that; — 0, t;, — 0 and

L (B t)
K S B S

An example of quasi-homogeneous measure is given by a measure on a discrete metri¢ spabe
that, for any point: € X, we haved < C; < p({z}) < Cs < o0.
Other examples are provided by the following:

LEMMA. —Suppose that the measyieis atomfree and that, for a.e: € X, there exists a decreasing
sequencér,, ()} such thatim,, .., = 0 and

u(B(,rm(2))) < C u(B(2,rms1 ()
for all m > 1 where the constar@ > 1 is independent of. Theny is quasi-homogeneous.

It follows easily from this lemma that any atomfree measure satisfying one of the following conditions:
a) the function- — u(B(x,r)) is continuous near =0 for a.e.x € X, or
b) the measurg is locally doubling,
is quasi-homogeneous.
Recall that a measuyeis atomfree ifu({z}) = 0 for all z € X; equivalentlylim, o u(B(z,r)) =0 for
all z.

Proof. —Let us fixz,y € X andk > 1. Setsy, := min{rx(x),r(y), 1/k} and assume that(B(z, si.)) >
1(B(y, si)). Becauséim;_.q u(B(z,t)) = 0, we can find an integer. > 1 such that
w(B(z,rm(2))) = n(B(y, sk)) > pw(B(z,rmi1(2))).
By hypothesis we have
1
C

n(B(z,rm1 (@) 2 7 n(B(w,rn(2)),

hence if we sety, :=r,,, we have

i < M(B(y,Sk))
C ™ u(B(z,tr))

In caseu(B(z, sx)) < u(B(y, sk)), we obtain

<1

1By, sk))

LS LB )

<G
this concludes the proof.O

An example of measure which is not quasi-homogeneous is given by a measure containing atoms (
pointsz such tha({z}) > 0) together with an atomfree part of positive measure.
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3. The main result

THEOREM 4. — If 1 is quasi-homogeneous and satisfies the Lebesgue property, then for any local
integrable function: on X and anyg € LP(X) (1 < p < o0) the following conditions are equivalent
(a) there exists a constant such that the inequality

u(z) —u(y)| < C(g(x) + g(y)) d(z,y) 3)
holds for anyz, y in the complement of a subset of measure;zero
(b) there exists a constadt’ such that for any bounded measurable subset X we have

1/p
][ u—uA|du<C'diam(A)<][ g”du) . 4)
A A

Proof. —(a) = (b) follows from a double integration of the inequality (3g€[4] or [6]).

To prove (b)= (a), we consider a paiu, g) satisfying the inequality (4) for any bounded measurable
subsetd C X.

Let X, be the set given in Definition 3, and observe that we may furthermore assume without lost
generality that any point itk is a Lebesgue point for both functionsandg?.

Choose two distinct points, y € X, and let us seBj, := B(z, t) and By, := B(y, si) wherety, s;, are
as in Definition 3.

Sinceu(By,)/1(B;,) is a bounded sequence, we may assume (passing to a subsequence if necessary)
the limit

. m(By)
{:= lim
% (B

exists. Observe then thai—! < ¢ < K whereK is the constant in Definition 3.
SetA; := B, UB;; if k>2/d(x,y), thenB;, N B;, = @ and A is thus the disjoint union aB;, andB;,.
It follows that

= :u(114k) /Ak wan= ug:; (u(;k) /Bk udM) * Zgi;;; (ﬂ(;i-) /B

.
1+

=

u d,u) . (5)

Let us set\ = then we have

/
/’L(Bk) =\ and lim /’L(Bk:)
koo 1(Ak) koo (1(Ak)
taking into account the fact thatandy are Lebesgue points far, we thus obtain from the identity (5)

klin;OuAk =Au(z) + (1 — AN u(y).

=(1-X);

Observe that
klim |u(z) —wa,|du, = ’u(m) - klim ua,| =1 —=X|u(@) —uly)|,
— 00 Bk — 00
lim][ () — wa, | dps = ’u(y)f lim wa, | = Au(z) - u(y)|-
k—oo, B k—o0
Hence from
u(Bk)/ u(BIQ)/
wu(z) —ua, |du, = wu(z) —ua, |du, + u(z) —ua, |dps,
7{1’ ()= wadie =5 [ ) — a2 | Ju) —
we conclude that
klim |u(z) —ua, | dps =271 = N)|u(z) — u(y)|. (6)
— 00 Ay
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Using now the fact that andy are also Lebesgue points fgf, we have

. . u(Bk)/ . u(BJQ)/
lim z)Pdp, < lim z)Pdu, + lim 2)Pdu,
Jim Akg( )Pdps < lim (Ar) Bkg( )P dp Jm AL 9(2)"dp

= (Ag(@)” + (1= Ng(y)")
< (g9(2) +9(y)". 7

Since we clearly havBm;,_, o, diam(Ay) = d(z,y), we obtain from (4), (6) and (7)

201 = N)|u(z) — u(y)| = lim lu(z) —ua, | dps

k—o0 Ay

1/p
< klim (C” diamAk) (][ gP du)
Ag

— 00

<C'd(z,y)(g9(x) + 9(y))-

This implies the inequality

)~ u(s)| € g3y ) (0(0) + ) < (24 K + K o) (9(0) + 9(0)
Now observe that
ﬁ:%(l—&-@?: <£—|—2+%> < (2+K—|—K*1);

hence if one set§' := (2 + K + K~ ')C’, then we have
|u(@) —u(y)] < Cd(z,y)(g9(x) +9(y)). O

Observe that in the proof of the theorem, we only use the inequality (4) for4setsich are disjoint
unions of two small balls.

Final remark — The main theorem would be false with (2) replacing (4). Observe that the main differenc
between the inequalities (2) and (4) is that in (4), one considers averages over arbitrary sets whereas (
restricted to balls.

However, using the maximal function, one may obtain a Hajtasz type inequality (1) from a Poincar
inequality on balls (2). More precisely the following result is known:

THEOREM 5. —Let X be a doubling space ang> 0. If (u, g) satisfies g1, p)-Poincaré inequality2),
then we have a.e.

|u(z) = u(y)| < Cd(w,y) (Magagey) (67@) " = Magage.y (0" () ),
where

Mg (h(z)) = OiugR]é( | || dge.

This resultis Theorem 3.2 in [5], a particular case was also obtained in [2], Example 6.

It is in fact more accurate to say that the péir g) is an analog of the paifu, M (|Vu|)) where M( ) is the
maximal operator.
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