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Abstract

In multiple-user communications, the bursty nature of the packet arrival
times cannot be divorced from the analysis of the transmission process. How-
ever, in traditional information theory the random arrival times are smoothed
out by appropriated source coding and no consideration is made for the end-
to-end delay. In this thesis, using tools from network theory, we investigate
simple models that consider the end-to-end delay and/or the variability of
the packet arrivals as important parameters, while staying in a information
theoretic framework.

First, we simplify the problem and focus on the transmission of a bursty
source over a single-user channel. We introduce a new measure of channel
features that enable us to incorporate the possibility to code among several
packets in a scheduling problem. In this setup, we look for policies that
minimize the average packet delay.

Assuming that the packets are independent and su�ciently large to per-
form capacity achieving coding, we then consider the problem of allocating
rates among a �nite number of users communicating through a multiple-
user channel. Following the previous work in the context of multiple-access
channel, we formulate a scheduling problem in which the rate of each user
is chosen from the capacity region of the multiple-user channel. Here, the
goal is to �nd a scheduling policy that minimizes the sum of the transmitter
queue lengths, such a policy is called delay optimal. In particular settings,
for the additive Gaussian multiple-access channel we show the delay optimal-
ity of the Longer Queue Higher Rate policy introduced by Yeh. And, when
the users communicate through a symmetric broadcast channel, we propose
and show the delay optimality of a Best User Highest Possible Rate policy,
among a large class of admissible policies.

Finally, in the last part of this thesis, we look at the multiple-user chan-
nel coding problem from the perspective of the receivers. By measuring the
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transmission rates at the receivers, we are able to de�ne variable length codes
and to characterize the region of achievable rates when the receivers can de-
code their intended messages at di�erent instants of time. For the two-user
degraded broadcast channel and for the two-user multiple-access channel,
we show that the gain in using variable length codes essentially comes from
the possibility for the receivers to decode the transmitted messages in non-
overlapping periods of time.

Keywords: Information theory, Network theory, Scheduling policy, Multiple-
access channel, Broadcast channel, Stochastic process, Queueing, Variable
length code.



R�esum�e

Dans les syst�emes de communication �a plusieurs utilisateurs, la nature al�ea-
toire des temps d'arriv�ees des paquets ne peut pas être s�epar�ee de l'analyse
du processus de transmission. Cependant, en th�eorie de l'information tradi-
tionnelle l'arriv�ee al�eatoire des paquets est �elimin�ee par un codage de source
appropri�e et aucune consid�eration n'est faite pour les d�elais de transmission
globaux (end-to-end delay). Dans cette th�ese, �a l'aide d'outils provenant de
la th�eorie des r�eseaux, nous investissons des mod�eles simples qui consid�erent
les d�elais de transmission et/ou la variabilit�e des temps d'arriv�ee des paquets
comme des param�etres importants, tout en restant dans le contexte de la
th�eorie de l'information.

On commence par simpli��e le probl�eme en se concentrant sur la trans-
mission d'une source g�en�erant des paquets al�eatoirement (bursty source) �a
travers un canal de transmission muni d'un seul utilisateur. Nous intro-
duisons une nouvelle mesure des caract�eristiques d'un canal de transmission
qui nous permet d'incorporer la possibilit�e de coder plusieurs paquets en-
semble dans un probl�eme d'ordonnancement (scheduling problem). Dans ce
contexte, nous cherchons des strat�egies d'ordonnancement qui minimisent le
temps moyen de transmission des paquets.

En assumant que les paquets sont ind�ependant et su�samment grand
pour permettre un codage optimal, nous consid�erons ensuite le probl�eme
d'allocation des d�ebits de transmission entre plusieurs utilisateurs commu-
niquant �a travers un canal de transmission muni de plusieurs utilisateurs
(multiple-user channel). En suivant le travail pr�ec�edemment e�ectu�e pour un
canal �a acc�es multiple (multiple-access channel), nous formulons un probl�eme
d'ordonnancement dans lequel les d�ebits de transmission de chaque utilisa-
teur sont choisis dans la r�egion de capacit�e du canal de transmission. Ici, le
but est de trouver une strat�egie d'ordonnancement qui minimise la somme
des tailles des �les d'attente de chaque �emetteur, une telle strat�egie est dite
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optimale (delay optimal). Dans des cas particuliers, pour le canal �a acc�es mul-
tiple avec un bruit additif gaussien nous montrons l'optimalit�e de la strat�egie
Longer Queue Higher Rate introduite par Yeh. Et, lorsque les utilisateurs
communiquent �a travers un canal de radiodi�usion symm�etrique (symmetric
broadcast channel), nous proposons et montrons l'optimalit�e de la strat�egie
Best User Highest Possible Rate, par rapport �a une large classe de strat�egies
admissibles.

Finalement, dans la derni�ere partie de cette th�ese, nous �etudions le pro-
bl�eme de codage pour un canal de transmission muni de plusieurs utilisateurs
(multiple-user channel coding problem) depuis la perspective des r�ecepteurs.
En mesurant les d�ebits de transmission depuis les r�ecepteurs, nous pouvons
d�e�nir des codes �a longueur variable et caract�eriser la r�egions des d�ebits de
transmission atteignables lorsque les r�ecepteurs peuvent d�ecoder leurs mes-
sages �a des instants di��erents. Pour un canal de radiodi�usion avec deux
r�ecepteurs ordonn�es (two-user degraded broadcast channel) et pour un canal
�a acc�es multiple muni de deux �emetteurs (two-user multiple-access channel),
nous montrons que le gain en utilisant des codes �a longueur variable provient
essentiellement de la possibilit�e pour les r�ecepteurs de d�ecoder les messages
transmis dans des p�eriodes de temps qui ne se recoupent pas.

Mots-cl�es: Th�eorie de l'information, Th�eorie des r�eseaux, Strat�egie d'ordon-
nancement, Canal �a acc�es multiple, Canal de radiodi�usion, Processus stochas-
tique, File d'attente, Code �a longueur variable.
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Chapter 1

Introduction

In a multiple-user communication system the transmitters are generally driven

by independent information sources generating bursty streams of packets.

Each transmitter encodes the packets it receives in a signal, and sends it

through a noisy channel to the intended receivers. The signal observed by a

receiver is a function of the (ambient) noise and the transmitted signals. Tra-

ditional information theory focuses on the asymptotic limits of the tradeo�

between the transmission rates and the reliability of the received informa-

tion, and no consideration is made for the end-to-end delay. Accordingly, the

models of multiple-user information theory consider that the users have an

inde�nite amount of information that they transmit simultaneously through

the channel.

However, in multiple-user communications, the end-to-end delay is a fun-

damental measure of performance that a�ects the tradeo� between transmis-

sion rates and reliability. Furthermore, due to the random arrivals of packets,

all the transmitters and/or the receivers may not be active at the same in-

stants of time. Here, while staying in an information theoretic framework,

we are interested in models that incorporate the end-to-end delay and the

variability on the active users as important parameters. Several approaches

are possible, among them are the main topics of this thesis.

1



2 Chapter 1

1.1 Main Topics

Transmission of a Bursty Source. The lack of consideration made by

traditional information theory for the bursty nature of data sources, has been

highlighted by Ephremides and Hajek [10]. In the context of multiple-user

communications, the idle periods of sources need to be taken into account

in the process of resource sharing, and source burstiness becomes a funda-

mental issue [11]. Furthermore, an interesting point of the coding theorems

of information theory is that practically large delays are not necessary for

reliable communication. The real cause of delay in the transmission of bursty

sources is source coding: if the transmission e�ciency is to be increased the

bursty source needs to be source coded to close to its entropy rate, and this

require delays typically much longer than channel coding delays.

This motivates the need of a model that precludes the possibility of impos-

ing long delays on source messages. To address this problem in the simplest

possible setting, in Chapter 2, we focus on the transmission of a bursty source

in a single-user channel, and introduce a framework that relates the average

packet delay with the transmission e�ciency.

Scheduling for Multiple-User Channels. Following [18, 26, 28], we ad-

dress the problem of rate allocation among multiple users. We consider a

�nite number of users with queueing at each transmitter, and formulate a

scheduling problem in which the rate of each user is chosen from the ca-

pacity region of the multiple-user channel according to the joint state of the

queues. In this setting, we look for scheduling policies that minimize the sum

of the queue lengths and thus minimize the average delay of transmission. In

Chapter 3, we study the rate allocation problem for the additive Gaussian

multiple-access channel and extend a result in [26], on the optimality of a

scheduling policy that gives higher rates to transmitters with longer queues.

Then, we focus on the symmetric broadcast channel and provide an optimal

scheduling policy that allocates the largest possible rate to the active user

with the minimum average packet length.



1.2 Thesis Outline 3

Variable Length Coding. Here, in an attempt to capture the variabil-

ity on the active users from an information theoretic point of view, we in-

vestigate variable length coding over multiple-user channels. For discrete

memoryless channels, we de�ne variable length codes by letting the trans-

mitted codewords to be in�nite sequences of input symbols and we measure

the transmission rates at the receivers, by the amount of information received

over the \timeliness" of the information. This gives a receiver perspective on

the multiple-user channel coding problem and allows us to characterize the

region of achievable rates when the receivers are able to decode their intended

messages at di�erent instants of time. In this thesis, we de�ne and analyze

variable length codes for the two-user broadcast channel (Chapter 4) and for

the two-user multiple-access channel (Chapter 5).

1.2 Thesis Outline

InChapter 2, we focus on the transmission of a bursty source in a single-user

channel. Using tools from network theory and information theory, we formu-

late a framework that measure the performance of a transmission scheme in

terms of average packet delay, while considering simple models of correlation

between packets and the possibility that packets may be too short to perform

capacity achieving coding. This leads us to de�ne a new scheduling problem

for which we derive optimal or good scheduling policies.

Chapter 3 investigates the scheduling problem generated by the alloca-

tion of transmission rates among users communicating over a multiple-user

channel. After a brief review of the previous work, we formulate the gen-

eral problem with respect to the notation used in scheduling theory. Then,

we discuss the scheduling problem for the additive Gaussian multiple-access

channel and show interesting properties of the Longer Queue Higher Rate

scheduling policy introduced in [26], using majorization ordering. Finally,

we look at scheduling for the symmetric broadcast channel. Using the par-
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ticular shape of its capacity region, we show that a policy allocating the

maximum possible rate to the non-empty queue serving the user with the

minimum average packet length, minimizes the sum of the queue lengths.

In Chapter 4, we analyze variable length codes for degraded broadcast

channels with two receivers. We �rst motivate and state the de�nition under-

lying a variable length code, then we provide a new de�nition of a region of

achievable rates that capture the variability in the receivers decoding times.

We give an outer bound on this region as well as simple examples of codes

that can achieve parts of the outer region.

Finally, in Chapter 5, we discuss the rates achievable using variable

length codes over a multiple-access channel with two transmitters. After stat-

ing the de�nitions corresponding to a variable length code in the context of

a multiple-access channel, we prove an outer bound on a region of achievable

rates that addresses the possibility for the receiver to decode the messages

at di�erent instants of time. We provide also some examples of codes that

can achieve parts of the outer region. In the last section, we analyze variable

length codes with a random codebook and characterize a decoding rule that

allows to achieve good transmission rates without requiring any agreement

between the transmitters.

1.3 Notation

In this thesis, we denote random variables by capital letters, e.g., X, and

their samples or non-random variables by small letters, e.g., x. Vectors are

denoted using bold face font, e.g., x, when the dimension of the vector is

clear otherwise they are written explicitly within parenthesis. A sequence

of variables is denoted by fxig
b
i=a, or simply by fxig, when the bounds are

clear from the context, a n-sequence is also written as xn , (x1; : : : ; xn). We

denote the distribution of a random variable X, by p(x) rather that pX(x),

thus p(x) and p(y) are to two di�erent distribution functions. Finally, we use

the abbreviation \i.i.d." to mean independent and identically distributed,
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and the abbreviation \a.s." to mean almost surely or, equivalently, with

probability one, where the probability distribution used is clear from the

context.





Chapter 2

Transmission of a Bursty

Source

The bursty nature of data sources (due to random message arrivals) is mainly

addressed by network theory. Within, the random arrival of packets is di-

rectly treated via resource allocation and scheduling algorithms. Powerful

tools have been developed to analyze network layer quantities, such as end-

to-end delay. But, the channel model is over-simpli�ed. Particularly, the

issues of noise and interference are ignored and no inter-packet coding is al-

lowed. On the other hand, traditional information theory provides accurate

models for the transmission process, but typically no consideration is made

for the random arrival of the messages. Random arrival times are assumed to

be smoothed out by appropriate source coding. This renders any meaningful

analysis of the end-to-end delay impossible. To have a genuine understand-

ing of the transmission of a bursty source, we need to combine these two

approaches, as noted in [10, 24, 18].

In this chapter we shall simplify the problem and focus on the single user

case. We introduce a simple minded framework which allows to take into

consideration, via channel latency, certain simple models of correlation be-

tween packets and the possibility that the packets are too short to perform

capacity achieving coding, in a scheduling problem. In the next section, we

7



8 Chapter 2

introduce our framework and de�ne the channel latency, this leads us to the

formulation of the scheduling problem considered in the rest of the chapter.

In Section 2.2, we treat a simple channel model which is characterized by a

constant latency, for this channel we can show that the optimal scheduling

policy (the one that minimizes the average packet delay) is a threshold based

strategy. Then, Section 2.3 analyzes the case where the channel latency is

a�ne. We give a lower bound and an upper bound on the average packet

delay of an optimal scheduling policy. These bounds show that threshold

strategies perform well in some regimes. This motivates us to analyze the

optimal policies for transmitting a �xed number of packets, which is equiv-

alent to characterize the optimal policies when no more packets arrive in

the system. This analysis is done in Section 2.4 when the channel latency

is a�ne, and an interesting symmetry property of the optimal policies is

exhibited.

2.1 Framework and Problem Formulation

We keep the conventional source-channel-destination model, the system is

composed of a transmitter driven by a bursty source, a channel and a receiver.

The transmitter is separated in two components, a queue storing the packets

and a scheduler deciding when the next transmission should start and which

packets have to be sent (see Figure 2.1.1). We assume that the packets have

the same length and that the arrival times in the transmitter queue follow a

stochastic process of rate �.

ChannelScheduler

Transmitter

Bursty Receiver
Source

Figure 2.1.1: System Model
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For the purpose of analyzing the end-to-end delay appearing in the com-

munication system, we characterize the channel by its latency T (n).

De�nition 2.1.1 The latency T (n) of a channel is de�ned as the overall

transmission delay a \superpacket" containing n packets will su�er when it

is encoded and sent through the channel.1

Remark 2.1.1 This de�nition supposes that all the packets are decoded with

arbitrary small probability of error. We can envisage other de�nitions in

which a tradeo� is made between delay and probability of error.

Remark 2.1.2 The latency function can be derived using tools from infor-

mation theory, for example one can use the upper and lower bounds on the

channel error exponent to bound the transmission delay.2

Remark 2.1.3 All the complexity of the physical layer is included in the

channel latency. Thereby, the correlation structure between packets and the

channel properties are translated in a certain latency function.

We make these two general assumptions on the latency T (n):

1) T (n+ 1) � T (n) (increasing)

2) T (n+m) � T (n) + T (m) (sub-additive)

The �rst assumption is evident: sending more packets takes more time.

The second one, comes from the use of coding. We can relate the latency to

the source entropy rate h and the channel capacity c (per packet), by: T (n) �

nh=c. Furthermore, the second assumption ensures us that limn!1
T (n)
n

=

infn
T (n)
n
. And, when the \best" coding scheme is used we have, by the

source-channel coding theorem, that limn!1
T (n)
n

= h
c
. Thus, the quotient of

the source entropy rate over the channel capacity describes the asymptotic

behavior of the latency as represented in Figure 2.1.2.

1Notice that each packet forming the \superpacket" will su�er the same transmission
delay given by T (n).

2Here, to avoid in�nite transmission delays, one has to �x an acceptable probability of
error, and thus the latency will be de�ned with a certain probability of error.
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T (n)

n

The dashed line represent the asymptote h
c
.

Figure 2.1.2: Example of a channel latency function.

Once T and � are given, the problem is to derive policies that map each

state of the transmitter queue to a number of packets to send. We will look

at scheduling policies that are optimal in the sense of achieving the lowest

average packet delay, such policies are called delay optimal. Here delay is to

be understood as the end-to-end packet transmission duration, which is the

addition of the waiting time (in the transmitter queue) and the transmission

time.

Under the assumption that each packet can be sent at the maximum

achievable rate of the channel, the latency is a linear function, and it is easy

to show that a delay optimal policy should send each packet successively.

Nonetheless, for general latency functions, it seems that this problem is dif-

�cult. In the sequel, we study two simple but representative latencies, for

which we are able to indicate optimal or good policies.

2.2 Constant Latency

In this section, we consider the extreme situation where T (n) = D, this

represents a channel over which it takes a �xed amount of time D to transmit

packets, independent of the number of packets sent. Though channels with

a constant latency have a unlimited capacity, and therefore are not realistic,
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they are interesting as a limiting case of channels having a large bandwidth

but a non-negligible setup time.

2.2.1 Threshold Policy

Under the assumption of Poisson arrivals, we will prove that the delay op-

timal scheduling policy for channels with a constant latency is a threshold

strategy. That is, whenever the transmitter is ready it should send all the

packets waiting in its queue if there are more than a given number, otherwise

it should wait for more packets to arrive. This is the subject of the following

proposition and theorem. In the rest of this chapter we denote by a trans-

mission phase a period of time in which the transmitter sends one or several

packets, in this section it would always be of duration D.

Since the transmission time is constant for any number of packets sent, we

can state a straightforward proposition which is valid for any kind of arrival

time statistics.

Proposition 2.2.1 In a single user communication system with a constant

channel latency, a delay optimal policy should send all the packets waiting in

the transmitter queue, whenever a transmission phase is started.

Hereafter, we will relate the time-average packet delay �D with the time-

average number of packets in the system �N ,3 by using the Little's law (see,

e.g.,[1, x3.2]).

Lemma 2.2.2 (Little's law) In a queueing system with packets arriving at

a rate of �, we have the following relation between �N and �D:

� �D = �N:

Before proving our result on the optimality of threshold strategies, we

need two simple lemmas.

3The number of packets in the system is composed of the packets waiting in the queue
plus the packets currently in transmission.
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Lemma 2.2.3 For a channel with a constant latency, minimizing the aver-

age packet delay is equivalent to minimizing the average waiting time.

Proof. Remembering that the packet delay is the sum of the waiting time

and the transmission time, and since here the transmission time is constant

and independent of the number of packets transmitted, we only have to

minimize the average waiting time. �

Lemma 2.2.4 In a single user communication system with Poisson packet

arrivals, the state of the transmitter queue is given by the number of packets

contained in it.4

Proof. By the memoryless property of the exponential distribution, the fu-

ture packet arrival times are independent of the past arrival times and of the

period of time expired since the last arrival. Thus, we can focus w.l.o.g. on

the service policies that make no use of the past arrival times and of the cur-

rent time. Therefore, the number of packets in the transmitter queue after

some time t given the number of packets in the queue at time t is independent

of any event happening before t. �

The following theorem establishes the delay optimality of threshold strate-

gies when the packet arrivals are distributed according to a Poisson process.

Theorem 2.2.5 In a single user communication system with a constant

channel latency and Poisson packet arrivals, the delay optimal scheduling

policy is a threshold strategy.

Proof. The proof relies on a sample path analysis with the use of an inter-

change argument. This is a standard proof technique in scheduling theory

4The state of a queue (at time t) under a given arrival process and service policy, is
the minimum information about the past evolution of the queue (up to time t) required to
determine the future evolution of the queue (after time t). Notice that with other arrival
processes, the state may have to include the arrival times of the packets as well as the
current time.
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(see, e.g., [25]). We will show that, if it is optimal for the transmitter to send

when there are n packets waiting in the queue, the transmitter should also

decide to send when there are n +m packets waiting in the queue 8m 2 N.

(Since, to avoid in�nite delay, any policy should decide to send when there

are a certain number of packets in the queue, the preceding will prove that

a threshold based strategy is optimal.)

By Lemma 2.2.4, we let the transmitter make a decision (send or wait)

only by looking at the number of packets waiting in its queue. Now, let us

assume that in the optimal policy, the transmitter should send whenever n

packets are in its queue. This means, that averaging over all possible future

paths the cost (in terms of delay) of sending when there are n packets is

less than the cost of waiting. In the following, we will consider two di�erent

scenarios, one where the system starts with n packets in the transmitter queue

and another where the system starts with n +m packets. Furthermore, we

assume that we have the same realization of the future arrival process in both

scenarios. We can use this coupling argument, since the arrivals are Poisson,

and thus the future arrival times are independent of the current number of

packets in the queue.

In both scenarios, we want to compare the average packet delay, when

the transmitter decides to send immediately and when he decides to wait

for a certain amount of time. By the Little's law and Lemma 2.2.3 it is

su�cient to compare the integral over time of the number of packets waiting

in the queue. For this, we let the transmitters, in both cases, use the same

optimal policy (whatever it is) after the �rst packet arrival. Denote by Ns

the integral over time of the number of packets waiting in the queue when

the transmitter decides to send (shaded area in Figure 2.2.1), and by Nw the

same quantity when the transmitter decides to wait (shaded area in Figure

2.2.2), for the �rst scenario. Similarly, denote by N
0

s and N
0

w these quantities

for the second scenario.

Note that, in the case when the transmitter decides to send immediately,

Proposition 2.2.1 and the fact that the arrival times in both realizations are
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n+m

n

W(t)

D t

Figure 2.2.1: Execution of the sys-

tem when the transmitter sends im-

mediately. In the �gure, W (t) repre-

sents the number of packets waiting in

the queue at time t.

n+m

W(t)

n

D t
ǫ

Figure 2.2.2: Execution of the sys-

tem when the transmitter waits a cer-

tain amount of time �. In the �gure,

W (t) represents the number of pack-

ets waiting in the queue at time t.

identical, imply that the transmitter queues in both scenarios will reach the

same state after the transmission of the �rst packets. Thus, we have N
0

s = Ns

(equal to the shaded area in Figure 2.2.1). Furthermore, in the case where the

transmitter chooses to wait, there are more packets waiting in the queue in

the second scenario than in the �rst, so the integral over time of the number

of packets could only increase implying N
0

w � Nw.

Thus, we have seen that Ns = N
0

s and Nw � N
0

w under the assumption of

identical future arrivals. Since we know that E[Ns] � E[Nw] (expectations

are taken over all future paths) and since the future arrivals in each scenario

have the same distribution, E[Ns] = E[N
0

s] and E[Nw] � E[N
0

w] which implies

E[N
0

s] = E[Ns] � E[Nw] � E[N
0

w]. Thus, we see that it is also better to

transmit when we have n+m packets. �

In Appendix 2.A we obtain an analytical expression of the time-average

number of packets in the system related to the threshold, which allows us

to compute the optimal threshold. This optimum threshold is shown to be

between �D
2

and �D, where �D is the average number of packet arrivals

during a transmission phase.
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2.3 A�ne Latency

Here, we consider a more realistic channel model by letting the latency to be

a�ne, that is T (n) = D+nk for some positive numbers D and k. This model

gives a tradeo� between the previous extreme case, and the linear behavior.

Moreover, it is a good formulation for channel having a large bandwidth and

a non-negligible setup-time. Observe that our queueing system with such

a channel latency cannot sustain an arrival rate larger than 1
k
packets per

unit of time. Hence, in the following we only consider arrival rates such that

�k < 1. The following proposition states a general result which holds under

any arrival statistics.

Proposition 2.3.1 For a channel with an a�ne latency, packets that are

present before the beginning of a transmission phase and which are not sent,

could only increase the end-to-end delay of the future packets.

Proof. Consider a policy which sends (in a transmission phase) all the pack-

ets present except one. This packet will be sent in the next transmission

phase, increasing the delay of that transmission by k. Assume �rst, that the

next transmission phase starts immediately after the end of the �rst one, and

consider a second policy which sends all the packets present. In this case,

the next transmission phase could only start k units of time later than for

the �rst policy. But, since there is one fewer packet to transmit, the next

transmission phase will �nish at the same time as before and the packets in

this next phase will incur the same delay (the packets sent after will su�er no

change). Observe now, that if the next transmission phase does not start im-

mediately after the �rst one, the delay incurred by the packets in this second

policy will decrease proportionally to the elapsed time before the beginning

of the next phase. By the linearity of the channel latency, this remark holds

for any number of packets not sent during the �rst transmission, concluding

the proof. �

Notice that this result is not true for any increasing and sub-additive

latency, but follows since with an a�ne latency we have for any n;m � 1
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with n +m = N , T (n) + T (m) = 2D + Nk. Furthermore, this proposition

does not mean that an optimal strategy should send all the packets waiting

in the queue during a transmission phase, since in the a�ne case the packets

sent increase also the transmission delay of the other packets in the transmis-

sion phase. However, under the assumption of Poisson arrivals, we will see

through a lower and an upper bound on the performance of a delay optimal

policy, that such a strategy (particularly a threshold strategy) perform well

in some regimes.

2.3.1 Lower Bound on the Average Packet Delay

The average end-to-end packet delay �D can be decomposed as the sum of

the average waiting time �Dw in the transmitter queue and the average trans-

mission time �Dt. In this section, we start by deriving a lower bound on the

average transmission time for any arrival process of rate �, then we give a

lower bound on the average end-to-end delay, by assuming Poisson arrivals.

In this purpose, we use an argument similar to that in [18]. Let us look at

our system as a single-server queue with a variable service rate depending on

the number of packets being transmitted. Indeed, for any number of packets

transmitted n, the channel latency de�nes a service rate R(n) = n
T (n)

.

Now, suppose that packets of same length arrive in the system at a rate

of �, and let pn denote the long term fraction of time during which n packets

are transmitted under a service policy. Thus, the time average number of

packets being transmitted (served) is �Nt =
P

n npn, and by Little's law the

average transmission time satis�es � �Dt = �Nt.

With the preceding observation, the long term average service rate can

be expressed as
P

nR(n)pn. For stability we need � �
P

nR(n)pn, so we

have:
�Nt � inf

nX
n

npn :
X
n

R(n)pn � �
o
;
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or equivalently,

� � sup
nX

n

R(n)pn :
X
n

npn � �Nt

o
= sup

�
E[R(N)] : E[N ] � �Nt

	
;

where the supremum is over all non-negative integer valued random variables

N . Let t : [0;1) ! [0;1) be obtained by linearly interpolating of the

channel latency function T ; t(x) = D + xk. Then, we can de�ne r(x) =
x
t(x)

, which is a concave, increasing function. Thus, by relaxing the integer

restriction on N , and using Jensen's inequality we get

� � r( �Nt):

Combined with Little's law this yields: �Dt � r�1(�)=�, where r�1 is the

inverse function of r. Letting n̂ be such that n̂ = �t(n̂), we can write �Dt �
n̂
�
= t(n̂). With T (n) = D + nk, we get n̂ = �D

1��k
, and thus

�Dt �
D

1� �k
:

Note that the technique used to derive this lower bound holds for every

channel having the property that r(x) is a concave function.

We will now derive a lower bound for the end-to-end delay �D, by re-

stricting our focus on Poisson arrivals of rate �. Let us decompose the time

average number of packets in the system �N , as �N = �Nw+ �Nt, the sum of the

time average number of packets waiting in the queue and the time average

number of packets being transmitted. As before, we let pn denote the long

term fraction of time during which n packets are transmitted under a service

policy. Thus, we can write �Nt =
P

n npn. Assuming Poisson arrivals, �Nw is

lower bounded by �Nw �
P

n

�T (n)
2
pn, which is obtained by only counting the

average number of packets present in the queue, at the end of a transmission
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phase. With the constraint of stability � �
P

nR(n)pn, we get:

�N � inf
nX

n

npn +
X
n

�T (n)

2
pn :

X
n

R(n)pn � �
o
:

Since, T (n) is an a�ne function of n, the set of fpng which minimizes
P

n npn,

will also minimize
P

n

�T (n)
2
pn. Using the previous result we can directly write

�N � n̂+
�t(n̂)

2
=

3

2
n̂:

Which gives the following lower bound on the end-to-end delay:

�D �
3

2
t(n̂) =

3

2

D

(1� �k)
:

2.3.2 Upper Bound on the Average Packet Delay

In view of the lower bound on the average transmission time, one can think

that an optimal policy should send packets at a critical rate of n̂
t(n̂)

, where

n̂ is such that n̂ = �t(n̂), and t(x) is de�ned in the previous section. Such

a policy would send n̂ packets whenever there are at least n̂ packets in the

queue. However, by operating at the limit of stability, those strategies will

incur large waiting times. On the other hand, a threshold policy, by sending

packets at the maximum available rate, will decrease the waiting time while

keeping the transmission time bounded.

Since the transmission time is no longer independent of the number of

packets sent, threshold strategies become di�cult to analyze. In the following

we consider a policy with a threshold equal to one, i.e., which sends all the

packets as soon as possible, and obtain an upper bound on the time-average

number of packets in the system.

Let X(t) be a stochastic process representing the number of packets in

the system at time t. The time-average number of packets in the system �N ,
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is obtained by:

�N = lim
T!1

1

T

Z T

0

X(t)dt = lim
J!1

PJ

i=1RiPJ

i=1�i

;

where Ri =
R ti+1
ti

X(t)dt, �i = ti+1� ti and ftig represent the times at which

transmissions start.

Observe that X(ti), the number of packets in the queue at the start of a

transmission phase, is a semi-Markov process. Let us denote by N the states

of the associated embedded Markov chain, then its steady-state probabilities

can be expressed as

P (N = n) =

8>>><
>>>:

0 ; n = 0P1
m=1[P (0 arrivals jN = m)+

P (1 arrivals jN = m)]P (N = m) ; n = 1P1
m=1 P (n arrivals jN = m)P (N = m) ; n > 1

where P (n arrivals jN = m) = (�T (m))n

n!
e��T (m), i.e., the probability of having

n packet arrivals during T (m) units of time, follows a Poisson distribution

of mean �T (m).

The fact that X(ti) is a semi-Markov process whose embedded chain

has steady-state probabilities equal to P (N = n), enables us to write (by

ergodicity)

lim
J!1

1

J

JX
i=1

Ri =
X
n;m

E[Rijn;m]P (n arrivals jN = m)P (N = m) = E[R];

a.s., where E[Rijn;m] is the expected integral number of packets in the ith

transmission, knowing that n packets are arrived during the transmission,

and m packets were present in the queue at time ti. In the same way, we
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have, a.s.,

lim
J!1

1

J

JX
i=1

�i =
X
n;m

E[�ijn;m]P (n arrivals jN = m)P (N = m) = E[�]:

Since we consider Poisson arrivals, the n arrivals are uniformly distributed

during T (m), and E[Rijn;m] can be expressed in the following manner:

E[Rijn;m] = n
T (m)

2
+mT (m);

and,

E[R] =
X
n;m

n
T (m)

2
P (n arrivals jN = m)P (N = m) +

X
m

mT (m)P (N = m):

We see that, the �rst term is related to the packets waiting in the queue, and

the second to the packets being served. Let us denote them by E[Rw] and

E[Rs] respectively. The �rst term could be developed as

E[Rw] =
X
m

T (m)

2
P (N = m)

X
n

nP (n arrivals jN = m)

=
X
m

�
T (m)2

2
P (N = m)

=
�

2

X
m

(D2 + 2mkD +m2k2)P (N = m)

=
�

2
(D2 + 2kDE[N ] + k2E[N2]):
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For the second term, we have

E[Rs] =
X
m

mT (m)P (N = m)

= E[NT (N)]

= E[N ]D + E[N2]k:

Then, using the expression of the steady-state probabilities, the expectation

of N is given by:

E[N ] =
1X
n=1

nP (N = n)

=
1X

m=1

[
1X
n=1

[n
(�T (m))n

n!
e��T (m)P (N = m)] + P (0 arrivals jN = m)P (N = m)]

=
1X

m=1

[�T (m)P (N = m) + P (0 arrivals jN = m)P (N = m)]

= �E[T (N)] +
X
m

P (0 arrivals jN = m)P (N = m):

Notice that the last term corresponds to the probability that the system

becomes idle (when a transition occurs). Let P (idle) denote the steady-

state probability that the system is idle (no packets in transmission), (1 �

P (idle)) is then, the steady-state probability that the sytem is busy (packets

in transmission). Writing a steady-state equation, with the right transition

rates, we have the following relation:

�P (idle) =
1

E[T (N)]

X
m

P (0 arrivals jN = m)P (N = m)(1� P (idle))

)
X
m

P (0 arrivals jN = m)P (N = m) = �E[T (N)]
P (idle)

1� P (idle)
; (2.3.1)
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since the system leaves the idle state with a rate of �, and the average time

the system is busy is given by E[T (N)].

Hence, we can write

E[N ] = �E[T (N)]
�
1 +

P (idle)

1� P (idle)

�
= �E[T (N)]

1

1� P (idle)
:

Introducing the expression of the a�ne channel latency T (n) = D + nk, we

get:

E[N ] = �D
1

1� P (idle)
+ �kE[N ]

1

1� P (idle)

) E[N ] =
�D

1� �k � P (idle)
:

We see that for small values of P(idle), the average number of packets in

transmission is near the optimal value n̂ = �D
1��k

, given in the previous sec-

tion. Furthermore, the idle probability decreases as the system becomes more

heavily loaded, i.e., as �k increases.

In the same way, the second moment of N is expressed as

E[N2] = �2E[T (N)2] + E[N ]

= �2D2 + 2�2kDE[N ] + �2k2E[N2] + E[N ]

implying,

E[N2] =
�2D2 + 2�2kDE[N ] + E[N ]

1� �2k2
:



2.3 A�ne Latency 23

Applying these results, we can rewrite the expression for E[Rw] and E[Rs]

as, after some algebra,

E[Rw] =
�

2

D2 + 2kDE[N ] + k2E[N ]

1� �2k2

and,

E[Rs] =
E[N ](k +D(1 + �2k2)) + �2kD2

1� �2k2
:

Now, note that E[�ijn;m] = T (m) + 1
�
1fn = 0g,5 hence we get

E[�] =
X
m

T (m)P (N = m) +
X
m

X
n

1

�
1fn = 0gP (n arrivals jN = m)P (N = m)

= E[T (N)] +
1

�

X
m

P (0 arrivals jN = m)P (N = m)

= E[T (N)]
�
1 +

P (idle)

1� P (idle)

�
;

where the last equation comes from (2.3.1). Observe that this result is con-

sistent with the Little's law, since we have E[N ] = �E[�]. Then, using the

linear function t(x) introduced in the previous section, and by noting that

E[N ] � n̂, we can lower bound the expected transmission time as follows

E[�] � t(E[N ]) � t(n̂):

This allows us to upper bound the average number of packets waiting in the

5Where 1fn=0g is equal to 1 if n = 0 and equal to 0 otherwise.
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queue �Nw, as

�Nw = E[Rw]=E[�]

�
�

2
(

D

1 + �k
+

2�kD

1� �2k2
+

�k2

1� �2k2
)

=
�

2
(
D + �kD

1� �2k2
+

�k2

1� �2k2
)

=
�

2
t(n̂) +

�2k2

2(1� �2k2)

=
n̂

2
+

�2k2

2(1� �2k2)

and, the number of packets being served �Ns, as

�Ns = E[Rs]=E[�]

�
�D + �3k2D + �k

1� �2k2
+

�2kD

1 + �k

=
�D + �3k2D + �k + �2kD � �3k2D

1� �2k2

= �t(n̂) +
�k

1� �2k2

= n̂+
�k

1� �2k2
:

Finally, the average number of packets is upper bounded as follows

�N �
3

2
n̂+

�k

1� �2k2
+

�2k2

2(1� �2k2)
:

This result can be compared to the lower bound derived previously: �N � 3
2
n̂.

These bounds are shown in Figure 2.3.1, and one can observe that, in certain

regimes, the upper and lower bounds are tight. Particularly, in low rate

regime and for large values of D=k, we see that not much can be gained by

using more elaborate strategies.

As an aside, note that the usual strategy of sending the packets one after
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Upper and lower bounds to �N for di�erent values of the ratio D=k, related to
�k. The curves are for D=k values of 1, 5 and 10 (from right to left).

Figure 2.3.1: Upper and lower bounds to the average number of packets in the

system.

the other, performs poorly when the ratioD=k becomes larger than 1: indeed,

for such a strategy the average packet delay is proportional to (D+k)
1��(D+k)

, and

we see that this term diverges when �(D + k) approaches 1.

2.4 No More Arrivals

Motivated by the fact that threshold policies perform well under a�ne la-

tency, we study the scheduling problem consisting of transmitting a �xed

set of packets, when there are no more packet arrivals in the system.6 That

is, we want to �nd the sequence of packets transmission that minimizes the

average time a packet spends in the system, during the transmission of a set

of packets.

2.4.1 Model

Let N denote the number of packets to transmit. A transmission policy

P is a sequence of positive integers fnig
m
i=1, with

P
i ni = N , where ni is

6This assumption is made uniquely to emphasize that we are not interested in the
future packets.
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the number of packets sent at the ith stage over a total of m transmission

stages. The transmission time is then a function of the number of packets

sent: T (ni) = ni + d, where d is a constant denoting the intrinsic delay of

a transmission.7 The average of the times the packets spend in the system

under a given policy P can be found as

�D(P ) =
1

N

mX
i=1

T (ni)(N �
X
j<i

nj):

For a given N and d, we look for a policy P which minimizes �D, such a policy

will be called optimal.

2.4.2 Optimal Policies

A naive way to �nd the optimal strategy is to compare all possible policies,

for a given d, and determine which one minimizes the cost function. Of

course, such an approach is not e�cient for large values of N , as the following

proposition shows the number of possible policies grows exponentially with

N [17].

Proposition 2.4.1 Let P represent the ensemble of all possible policies, then

jPj = 2N�1:

However, an easy way to list all optimal policies that send up to N packets

exists. Observe that, among all policies which begin by sending k packets,

�nding the best one is equivalent to �nd the optimal policy transmitting

N�k packets. Now, suppose that we know all optimal policies for n < N . To

determine the optimal policy that sends N packets, we just have to compare

N di�erent strategies (one for all k < N). Repeating this argument, we see

7Note that this choice of T (ni) takes in consideration all a�ne functions of the form
nik +D.
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Figure 2.4.1: Example of an optimal

policy for d � N .

Figure 2.4.2: Example of an optimal

policy for 1
d
� N .

Figure 2.4.3: Example of an optimal

policy for d 2 ( 1
N
; N).

Figure 2.4.4: Example of an optimal

policy for the reciprocal of d in 2.4.3.

that with only O(N2) comparisons we can list all optimal policies that have

up to N packets to transmit [17].

The �gures show at the top of this page are examples of optimal poli-

cies. In these pictures, the fnig are represented by the number of squares in

each row. From these examples, we detect an interesting symmetry between

optimal policies for d and 1
d
: in a sense explained below these strategies are

conjugates. Actually, this symmetry holds for every optimal policy as shown

in the next section.

2.4.3 Properties of Optimal Policies

First, let us state a general criterion on the local optimality of a policy.

Proposition 2.4.2 Let P = fn1; n2; : : : ; nmg be an optimal policy, then

ni+1 � ni for all 1 � i < m. This means that, in an optimal policy, the

sequence of packets sent at each transmission is non-increasing.

Proof. Let P = fn1; n2; : : : ; nmg be a policy such that ni+1 > ni for a given

i. Denote by Ri = N �
P

j<i nj, the number of remaining packets at stage
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i. With Ri+1 = Ri � ni, we can write the cost due to the successive stages i

and i+ 1 as

Ri(ni + d) = Rini +Rid

(Ri � ni)(ni+1 + d) = Rini+1 � ni(ni+1 + d) +Rid:

Since Ri+2 = Ri � (ni + ni+1), ni and ni+1 will interact with the next stages

only through their sum. Thus, the interchange of ni and ni+1 only a�ect the

stage i and i+ 1. Now, observe that a policy P
0

= fn
0

1; n
0

2; : : : ; n
0

mg equal to

the policy P with the exchange of ni and ni+1, such that n
0

i+1 = ni � n
0

i =

ni+1, have its total cost decreased by (ni+1 � ni)d.

In order to formulate the symmetry relation seen previously, we look at

conjugate policies and their properties.

De�nition 2.4.1 Given a policy P = fnig
m
i=1, we de�ne its conjugate policy

P � = fn�kg
l
k=1 by letting n�k = jfj : nj � kgj and l = maxni.

In the example shown by Figure 2.4.5, the fnig are represented by the

number of squares in each row, and the fn�kg by the number of squares in each

column. Therefore, a policy and its conjugate can be seen as two di�erent

perspectives (horizontal and vertical) of the same object.n1
n�1 n�l nm......

Figure 2.4.5: Representation of a policy.

From the picture in Figure 2.4.5, we see that summing the squares from

left to right or from top to down will give the same result, i.e.,
P
ni =

P
n�k =

N . Using more elaborate relations, we are able to prove the following theorem



2.5 Remarks and Conclusion 29

on the symmetry relation between optimal policies. The proof is provided in

Appendix 2.B.

Theorem 2.4.3 If a policy P is optimal for a delay d, then its conjugate

policy P � is optimal for a delay of 1
d
.

2.5 Remarks and Conclusion

We introduced a new measure of channel features that allows to incorporate

some notions related to information theory in a scheduling problem. In this

setting, we look for policies that minimize the average packet delay. For

constant channel latencies, and when the packet arrivals follow a Poisson

process, we showed that threshold based strategies are optimal. When the

channel latency is an a�ne function, we established lower and upper bounds

on the performance that a policy can achieve. These bounds reveal that

threshold policies are good in certain regimes. Finally, we analyzed the no

more arrivals case with an a�ne latency. This turns out to be an interesting

combinatorial problem, for which we exhibited a symmetry relation between

optimal policies.

The formulation described here is perhaps simplistic in its approach to

modeling the physical layer, and in this chapter we have only discussed simple

cases of latency function. Nevertheless, we believe that this framework can

give new intuition to questions that fall in the intersection of information

theory and network theory.

To conclude, we give some direction to explore as further research.

� Altough general latency functions seems hard to analyze, we can con-

sider other simple but interesting channel latencies, such as T (n) =

max(D;nk) and general piecewise linear functions.

� One can de�ne a stochastic latency function that gives the transmission

delay that a \superpacket" will su�er with a certain probability. A

simple example, is to let the latency to be a�ne with a large probability
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and with a small probability to let the latency be some large value, and

let this probability increase with the number of packets transmitted.

This can be used to model an erasure channel. Then our conclusion

about the optimal policies may not apply, since sending a large number

of packets is prohibitive in this model. However, the scheduling problem

associated to a stochastic latency function seems di�cult to attack.

� It remains to be seen if our framework can be extended to incorporate

multiple-user channels in a interesting way. Note that if one de�ne the

latency as done in Section 1.2, with one variable associated to each

user, one would need a perfect synchronization between the users as

well as a central scheduler.
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2.A Computation of the Threshold

Let X(t) be the number of packets in the system at time t. We want to

compute the time-average number of packets in the system: �N = limT!1

1
T

R T
0
X(t)dt, knowing that the transmitter uses a threshold n�. The optimal

threshold will then be given by the value, over all possible thresholds, that

minimizes the time-average number of packets �N . Now, assume that the

transmission delay is equal to D and the arrival process follows a Poisson

distribution with rate �. One can observe that at the end of a transmission

phase, the number of packets in the system is a Poisson random variable with

mean �D independent of the past events. If we let ftig be the times of the

start of transmission, Ri =
R ti+1

ti
X(t)dt and �i = ti+1 � ti, the preceding

allows us to conclude that R(ti) and �i are i.i.d. random variables.

Thus, rewriting the expression for �N , we get:

�N = lim
J!1

PJ

i=1RiPJ

i=1�i

=
E[R1]

E[�1]
;

a.s., where the last equality is a consequence of the strong law of large num-

ber. We will now, derive expressions for the two expectation of interests.

Conditioning on the number of packets arrived in the system after a

transmission phase is n, the expected duration between two successive trans-

mission phases, is given by:

E[�1jn] =

(
D ; n � n�

D + n��n
�

; n < n�

thus,

E[�1] =
1X
n=0

E[�1jn]
(�D)n

n!
e��D = D +

n��1X
n=0

n� � n

�

(�D)n

n!
e��D:

The expectation of the integral number of packets in the system between two
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10 20 30 40 50
n*

10

20

30

40

NHn*L

Figure 2.A.1: Average number of

user in the system for di�erent val-

ues of the product �D related to the

threshold. The curves are for �D val-

ues of 1, 5, 10 and 15.

2 3 4 5
n*

7.48

7.5

7.52

7.54

7.56

7.58

7.6

NHn*L

Figure 2.A.2: Zoom on the av-

erage number of user in the

system related to the thresh-

old. The curve showed is for

�D = 5.

successive transmission, knowing that there are n packets in the queue after

the �rst transmission phase, is:

E[R1jn] =

(
nD
2
+ nD ; n � n�

nD
2
+ (n��n)(n��n�1)

2�
+ n(n��n)

�
+ n�D ; n < n�

where the �rst term takes into account the integral number of packets ar-

riving during the transmission phase (n packets uniformly distributed with

an expected delay of D=2). The nD (or n�D) term is for the packets be-

ing transmitted. And the remaining term, describes the integral number of

packets arriving after the transmission phase until the beginning of a new

transmission (when there are n� of them). This term is the sum of the n

packets already in the queue times their average waiting time (n
��n
�

) and the

integral number of the (n� � n) packets arriving with an expected time of

1=�, that is:

1

�
+

2

�
+ ... +

n� � n� 1

�
=

(n� � n)(n� � n� 1)

2�
:
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Then, by summing over all possible n, we get:

E[R1] =
1X
n=0

E[R1jn]
(�D)n

n!
e��D

=
�D2

2
+

n��1X
n=0

(
(n� � n)(n� � n� 1)

2�
+
n(n� � n)

�
+ n�D)

(�D)n

n!
e��D

+
1X

n=n�

nD
(�D)n

n!
e��D

letting A be a Poisson random variable with E[A] = �D, we can rewrite the

last summation as:

1X
n=n�

nD
(�D)n

n!
e��D = D � E[A]�

n��1X
n=0

nD
(�D)n

n!
e��D

= �D2 �
n��1X
n=0

nD
(�D)n

n!
e��D

�nally,

E[R1] =
3

2
�D2 +

n��1X
n=0

(
(n� � n)(n� � n� 1)

2�
+
n(n� � n)

�
+ (n� � n)D)

(�D)n

n!
e��D:

Which gives the following expression for the expected number of packets in

the system related to the threshold n�:

�N(n�) =
3
2
�D2 +

Pn��1
n=0 (

(n��n)(n��n�1)
2�

+ n(n��n)
�

+ (n� � n)D) (�D)n

n!
e��D

D +
Pn��1

n=0
n��n
�

(�D)n

n!
e��D

=
3
2
(�D)2 +

Pn��1
n=0 (

(n��n)(n��n�1)
2

+ n(n� � n) + (n� � n)�D) (�D)n

n!
e��D

�D +
Pn��1

n=0 (n
� � n) (�D)n

n!
e��D

:

Solving the optimization problem will provide the optimal threshold for a

given value of the product �D. We can see in Figure 2.A.1 and 2.A.2, that
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this optimum is included in between �D
2

and �D. Also, notice that the ex-

pected number of packets in the system is almost constant up to an optimum

threshold and then begins to increase linearly with the threshold.
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2.B Proof of Theorem 2.4.3

In this appendix, we give a proof of Theorem 2.4.3 based on two relations

between an optimal policy and its conjugate policy. Accordingly, we �rst

state these relations as two lemmas.8

Lemma 2.B.1 For an optimal policy P = fnig
m
i=1 and its conjugate policy

P � = fn�kg
l
k=1, the following holds

lX
k=1

n�

kX
s=1

s =
mX
i=1

ini =
mX
i=1

(N �
X
j<i

nj):

Proof. The �rst equality follows from the fact that the conjugate policy of

P � is P , therefore ni = jfj : n�j � igj. The last equality is obtained by using

\integration by parts" (recall that N =
P

i ni). �

Lemma 2.B.2 For an optimal policy P = fnig
m
i=1 and its conjugate policy

P � = fn�kg
l
k=1, the following holds

lX
k=1

n�

kX
s=1

 X
j<k

(n�j + 1) + s

!
=

mX
i=1

ni

mX
j=i

nj =
mX
i=1

ni(N �
X
j<i

nj):

To illustrate this relation, take a simple policy which send everything at

the �rst stage, i.e., n1 = N . The conjugate policy will send the packets one

after the others, hence n�j = 1 for 1 � j � N . Evaluating the �rst sum,

we obtain
Pl

k=1

Pn�

k

s=1(
P

j<k(n
�
j + 1) + s) =

PN�1
k=0 (2k + 1) = N2. Thus, we

see that our relation follows from a fundamental property of summation. By

generalizing this computation, we obtain a formal proof of Lemma 2.B.2.

Proof. Note that the second equality is just a rewriting of the terms, to make

the analogy with the previous lemma clear. For the �rst one, we can change

8The reader should refer to a picture like the one in Figure 2.4.5, to get a well under-
standing of these relations.



36 Chapter 2

the summation order as follows
Pl

k=1

Pn�

k

s=1 =
Pn�

k

s=1

P
k:n�

k
�s =

Pn�

k

s=1

Pns
k=1.

Now, let us �rst set s = 1, by using Proposition 2.4.2 and the de�nition of

conjugate policies, we get

n1X
k=1

 X
j<k

(n�j + 1) + 1

!
=

n1�1X
k=0

(2k + 1) +
n1X
k=2

X
j<k

(n�j � 1)

= n21 + (n1 � 1)(n�1 � 1) + (n1 � 2)(n�2 � 1) + :::

+ (n�n1�1 � 1)

= n21 + n1n2 �
n2X
k=1

k + n1n3 �
n3X
k=1

k + :::+ n1nm �
nmX
k=1

k:

Where, the �rst equality follows from separating the sum in two parts. The

last equation is obtained by reordering the terms and notice that n2 = jfj :

n�j � 2gj = jfj : (n�j � 1) > 0gj. In the same manner, by setting s = 2, we

obtain

n2X
k=1

 X
j<k

(n�j + 1) + 2

!
=

n2�1X
k=0

(2k + 1) +
n2�1X
k=0

(k + 1) +
n2X
k=2

X
j<k

(n�j � 2)

= n22 +
n2X
k=1

k + (n2 � 1)(n�1 � 2) + (n2 � 2)(n�2 � 2) + :::

+ (n�n2�1 � 2)

= n22 +
n2X
k=1

k + n2n3 �
n3X
k=1

k + :::+ n2nm �
nmX
k=1

k:
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Hence, for any 1 � s � n�1 we have

nsX
k=1

 X
j<k

(n�j + 1) + s

!
=

ns�1X
k=0

(2k + 1) + s
ns�1X
k=0

(k + 1) +
nsX
k=2

X
j<k

(n�j � s)

= n2s + s
nsX
k=1

k + (ns � 1)(n�1 � s) + (ns � 2)(n�2 � s)

+ :::+ (n�ns�1 � s)

= n2s + s
nsX
k=1

k + nsns+1 �

ns+1X
k=1

k + :::+ nsnm �
nmX
k=1

k:

Adding the LHS of these relations for each s and changing the order of the

�rst two summations, we get the LHS of the lemma's statement, thus from

the preceding equations we can write

lX
k=1

n�

kX
s=1

 X
j<k

(n�j + 1) + s

!
=

mX
i=1

ni

mX
j=i

nj;

since the extra terms cancel out when we do the addition. �

Proof of Theorem 2.4.3. We want to show that, for any positive d, a pol-

icy that minimizes

mX
i=1

(ni + d)(N �
X
j<i

nj);

has its conjugate policy minimizing

lX
k=1

(n�k +
1

d
)(N �

X
j<k

n�j):

Recall that m = maxn�k and l = maxni, by the local optimality criterion

(Proposition 2.4.2), we have m = n�1 and l = n1 for any optimal policy and
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its conjugate. We proceed by showing that the two objective functions are

equivalent, for of a policy P which veri�es the local optimality criterion. The

�rst objective function can be developed as follows

mX
i=1

(ni + d)(N �
X
j<i

nj) = (N + d)N � (N � n1)N +
mX
i=2

(ni + d)(N �
X
j<i

nj)

= K(N; d) + f(P;N; d);

with K(N; d) = (N + d)N , and f(P;N; d) =
Pm

i=2(ni + d)(N �
P

j<i nj) �

(N � n1)N . For the second objective function, we have

lX
k=1

(n�k +
1

d
)(N �

X
j<k

n�j) =
1

d

lX
k=1

(dn�k + 1)(N �
X
j<k

n�j):

Letting the factor 1
d
aside, the last summation can be written as

lX
k=1

(dn�k + 1)(N �
X
j<k

n�j) =
lX

k=1

(d+ 1)(N �
X
j<k

n�j)

+
lX

k=1

d(n�k � 1)(N �
X
j<k

n�j)

(a)
=

N�1X
r=0

(d+ 1)(N � r)� (d+ 1)
lX

k=1

n�

k
�1X

s=1

((N �
X
j<k

n�j)� s)

+
lX

k=1

d(n�k � 1)(N �
X
j<k

n�j)
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=
N(N + 1)

2
(d+ 1)�N

lX
k=1

(n�k � 1) + d
lX

k=1

n�

k
�1X

s=1

s

+
lX

k=1

n�

k
�1X

s=1

 X
j<k

n�j + s

!

(b)
= K�(N; d)� (N � n1)N + d

lX
k=1

n�

k
�1X

s=1

s

+
lX

k=1

n�

k
�1X

s=1

 X
j<k

n�j + s

!

= K�(N; d) + f �(P �; N; d);

where, K�(N; d) = N(N+1)
2

(d + 1), and f �(P �; N; d) = d
Pl

k=1

Pn�

k
�1

s=1 s +Pl

k=1

Pn�

k
�1

s=1

�P
j<k n

�
j + s

�
� (N � n1)N . We obtain (a) by rewriting the

�rst sum as a summation of all (d+1)(N�r) terms and by removing the added

ones. In (b), we used the fact that
Pl

k=1(n
�
k � 1) =

Pl

k=1 n
�
k � l = (N � n1).

Then, applying Lemma 2.B.1 and ignoring the �rst transmission (n�k !

n�k � 1), we see that

lX
k=1

n�

k
�1X

s=1

s =
mX
i=2

(N �
X
j<i

nj):

By using Lemma 2.B.2 and ignoring the �rst transmission, the second sum

in f �(P �; N; d) may be rewritten as

lX
k=1

n�

k
�1X

s=1

 X
j<k

n�j + s

!
=

mX
i=2

ni(N �
X
j<i

nj):

Therefore, we can write f �(P �; N; d) in the following way
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f �(P �; N; d) = d
lX

k=1

n�

k
�1X

s=1

s+
lX

k=1

n�

k
�1X

s=1

 X
j<k

n�j + s

!
� (N � n1)N

=
mX
i=2

(ni + d)(N �
X
j<i

nj)� (N � n1)N

= f(P;N; d):

Finally, the objective function for the conjugate policy is given by

lX
k=1

(n�k +
1

d
)(N �

X
j<k

n�j) =
1

d
K�(N; d) +

1

d
f(P;N; d):

Thus, we see that the objective functions have the same behavior in regard

of a policy P , which veri�es the local optimality criterion. �
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Scheduling for Multiple-User

Channels

In multiple-user communication systems the problem of allocating resources

(such as rate or power) among users with a \bursty tra�c", is essential in

attaining the optimal quality-of-service measures like packet throughput and

delay. In this chapter we address this problem by incorporating some ele-

ments of scheduling theory in an information theoretic framework. By focus-

ing on two important multiple-user communication systems - the multiple-

access channel and the broadcast channel - and by considering symmetric

conditions, we are able to characterize scheduling policies that achieve the

optimum performances. We start this chapter with a brief review of some of

the previous work which provides the necessary background to our contribu-

tions.

3.1 Previous Work

In [24, 18, 26] and the references therein, the need for a cross-layer approach

between information theory and network theory to resource allocation has

been pointed out. The authors of [24] analyze an additive Gaussian multiple-

access channel (MAC) in which packets arrive to each transmitter according

41
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to a Poisson process. Assuming an in�nite number of users, they show an

explicit coding strategy and evaluate its performance in terms of probability

of error and average delay. In [18], an improved coding scheme is introduced

which is the communication analog of shorter-tasks-faster strategy. With the

assumption that the users have a �xed pool of bits to send, present at the

beginning of time, it is shown that this coding scheme minimizes the average

delay of messages. The result is obtained by exploiting an analogy between

the multiple-access (information theoretic) capacity region and the service

rates in a multi-processor queueing system.

The work of Yeh [26, 27] also considers an additive Gaussian MAC, but

with a �nite number of transmitters with queueing at each transmitter. More-

over it is assumed that the entire multiple-access capacity region can be

achieved. Consequently, the rate allocation is formulated as a scheduling

problem where the rate of each user is chosen from the channel capacity re-

gion according to the joint state of the queues. In this setting, it is established

that for the Gaussian MAC in which each transmitter has the same power,

and when the packets arrive according to independent Poisson processes of

equal rates and the packet lengths are i.i.d. with an exponential distribution,

a Longer Queue Higher Rate (LQHR) scheduling policy minimizes the aver-

age number of packets in the queues. Then, focusing on the two user case,

this result is extended to show that a modi�ed LQHR policy minimizes the

steady-state average of the sum of un�nished work in the queues, when we

let the packet sizes be i.i.d. random variables with a general distribution.

Remark 3.1.1 Note that the models in [26, 27] and in [18] are of di�erent

nature and can lead to di�erent conclusions about the optimal policies. In

particular, in [18] the notion of delay is related to the total time that a mes-

sage spends in the system, which is called the completion time in scheduling

terminology. Whereas, in [26, 27], the notion of delay is related to number

of packets or number of bits in the system. Thus, a policy that minimizes

the sum of the completion times does not necessarily minimize the number of

bits in the system.
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In [22, 15], the network capacity region of a queueing system is de�ned as

the set of all packet arrival rates for which the queue lengths can be stabilized

in the sense that they stay bounded (see the mentioned references for a

precise de�nition of stability). A scheduling policy that achieves the network

capacity region is called throughput optimal (or maximum throughput in the

terminology of [22]). Note that such a policy adaptively stabilizes the system

without a prior knowledge of the arrival rates. When the users communicate

through a Gaussian MAC or a Gaussian broadcast channel, the network

capacity region is shown to coincide with the channel capacity region, and

policies that give priority to the longest queues1 such as LQHR are shown

to be throughput optimal [28, 15].2 However, stability in a queueing system

does not indicate how large the queue sizes can be. To minimize the average

(packet/bit) delay, it is necessary to keep the queue lengths (in terms of

packets/bits) as short as possible. A policy that minimizes the average queue

sizes is called delay optimal. For example, the LQHR policy considered in

[26, 28], is delay optimal under the assumptions made at the end of the

preceding paragraph.

3.2 Contributions and Outline

In this chapter, we extend the result on the delay optimality of the LQHR

policy to the case where the packet lengths can be i.i.d. distributed according

to a general distribution and when more than two users communicate, that

is we show that a modi�ed LQHR policy minimizes the average number

of bits in the queues. Then, we focus on symmetric broadcast channels

and establish the delay optimality of the Best User Highest Possible Rate

(BUHPR) scheduling policy for a large class of arrival processes and packet

size distributions. Such a policy always allocates the largest possible rate

to the non-empty queue serving the user with the minimum average packet

1They are examples of Maximum Weight Matching Scheduling (MWMS)[22].
2In [28] a general version of the LQHR policy is analyzed in the context of fading

multiple-access channels.
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length. Both results follow from a characterization of the speci�c capacity

regions and a sample path analysis.

The next section introduces the general formulation of the scheduling

problem considered and states the mathematical background. In Section 3.4,

we recall two vector orderings which are fundamental for the statement of our

results. Then, in Section 3.5, after reviewing the the Gaussian multiple-access

channel, we show, under Poisson arrivals, that a policy allocating higher rates

to queues with a larger number of remaining bits is delay optimal, when each

transmitter as the same power constraint, and the packet lengths are i.i.d.

Finally, in Section 3.6, symmetric broadcast channels are de�ned and we

show that any delay optimal policy should allocate rate vectors located at

the corner points of the capacity region. This, combined with a well known

result of scheduling theory, allows us to prove the delay optimality of the

BUHPR scheduling policy.

3.3 Scheduling Problem Formulation

The general system is composed of M users transmitting messages through

a multiple-user channel. User i has a data stream of packets that arrive

according to a general process with rate �i(t), i = 1; : : : ;M . No statistical

restriction is imposed on the arrival processes, in particular the �i's can vary

with the time. The packet lengths of user i are distributed according to a

general distribution function with mean 0 < ��1
i <1, i = 1; : : : ;M .

Figure 3.3.1 illustrates the system model. Packets from user i enter queue

i and wait until they are served by their transmitter to the corresponding

receiver with the transmission rate attributed by the central scheduler. Note

that the this picture represents a schematic view of the model, usually the

queues and the transmitters are separated from the scheduler which uses

communication links to control the transmitters. There can be one or several

transmitters serving the users (at most one for each user), and one or several

receivers. The queue of each user is assumed to have in�nite capacity. Let
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Sheduler TransmittersQ1(t)Q2(t)QM (t)
�1�2�M ReeiversChannel

Figure 3.3.1: General Queueing System Model.

us denote by Qi(t) the number of packets in queue i at time t, and by Vi(t)

the total un�nished work (untransmitted bits) in queue i at time t.

Suppose that user i has a transmission rate of ri. We call a transmission

rate vector r = (r1; : : : ; rM) achievable if for any � > 0, there exist codes

with rates arbitrarily close to the given transmission rate for each user and a

decoding strategy for the receivers such that the error probability is smaller

than �. The closure of the set of achievable rate vectors is called the ca-

pacity region of the multiple-user channel and is denoted by RMC . At each

arrival time and service completion, referenced further as a decision epoch,

the scheduler allocates a transmission rate vector within the capacity region

of the multiple-user channel. Notice that, in order to achieve any rate vector

within RMC , one may need to have packets of arbitrary large size, here we

will assume that reliable communication at any rate vector inRMC is feasible

for any packet length. Moreover, we assume that the rate of transmission

can be changed instantaneously, meaning that one can switch between coding

schemes with no cost. Again, for long packets, this assumption is reasonable.

Finally, we assume that the bits leave the transmitter queues in a continuous

fashion according to the allocated rates (uid model).

We give now a more precise description of the probabilistic model. The

notation used are standard in scheduling literature (see, e.g., [13]). Let 
i =

R
N

+ � R
N

+ for i = 1; : : : ;M , and let (
;F) = (�M
i=1
i; �(�

M
i=1
i)). For every
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! = ((!0
1; !

1
1); : : : ; (!

0
M ; !

1
M)) in 
 with !mi = (!mi;1; !

m
i;2; : : : ) for m = 0; 1,

de�ne the coordinate processes

�mi;j(!) = !mi;j

for all i = 1; : : : ;M ; j = 1; 2; : : : ; m = 0; 1. �0i;j and �1i;j are the arrival

time and the length of the jth packet of user i. Let � = f(�0i;j; �
1
i;j); i =

1; : : : ;M ; j = 1; : : : ;1g be the identity mapping on 
. Also de�ne �0 =

f�0i;jg to be the sequence of all arrival times.

Let P be any probability measure on (
;F) such that 0 � �0i;1 � �0i;2 �

� � � a.s. and limj!1 �0i;j = 1 a.s. for every i = 1; : : : ;M , and 0 < �1i;j < 1

for all i = 1; : : : ;M ; j = 1; 2; : : : . Thus, the arrival processes and the

associated packet lengths are de�ned under the probability space (
;F ; P ).

Here we de�ne a large class of admissible scheduling policies, even allowing

for clairvoyant policies. However, in the following sections, we will see that

in some cases non-anticipating policies are optimal and in other cases we will

explicitly restrict the class of admissible policies. An admissible scheduling

policy � is a collection of measurable mappings,

�n : (R
N

+ � R
N

+)
M � (NM)n � (RM

+ )n �Rn�1
MC ! RMC ;

such that �n(x;q1; : : : ;qn;v1; : : : ;vn; r1; : : : ; rn�1) is the allocation of the

transmission rates at the nth decision epoch given that � = x, the vec-

tor of number of packets (resp. total un�nished work) in the queues at the

ith decision epoch was qi = (qi;1; : : : ; qi;M) (resp. vi = (vi;1; : : : ; vi;M)) for

i = 1; : : : ; n � 1, the current vector of number of packets (resp. total un�n-

ished work) in the queues is qn (resp. vn), and the previous allocated rate

vectors are r1; : : : ; rn�1. The decision r indicates that the transmitters can

send data at rates r1; : : : ; rM until the next decision epoch.

We denote by � the set of all admissible scheduling policies. Assume,

without lost of generality (w.l.o.g.), that the �rst packet enters an empty

system. Then, given a policy � 2 �, we can construct stochastic processes
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representing the number of packets in queue i at time t (denoted as Q�
i (t))

3,

the un�nished work in the queue i at time t (denoted as V �
i (t)), the occur-

rence of the nth decision epoch (denoted as ��n ) and the rate vector allocated

for the nth decision epoch (denoted as R�
n). Observe, in particular, that

R�
n = �n

�
�;Q�(��1 ); : : : ;Q

�(��n );V
�(��1 ); : : : ;V

�(��n );R
�
1 ; : : : ;R

�
n�1

�
;

where Q�(�n) = (Q�
1 (�n); : : : ; Q

�
M(�n)) and V

�(�n) = (V �
1 (�n); : : : ; V

�
M(�n)),

for all n = 1; 2; : : : . Thus at any decision epoch the scheduler can use in-

formation regarding future arrivals and future packet lengths, as well as the

number of packets (resp. un�nished work) in each queue, and the previ-

ous decision. Clearly, the information available at a decision epoch exhibits

some redundancy since past and current queue lengths and workloads can be

determined if one knows � and the past decisions.

Our main objective is to �nd a scheduling policy which is delay optimal in

the sense that it minimizes the cost function
PM

i=1E
�
V �
i (t)

�
and/or the cost

function
PM

i=1E
�
Q�
i (t)

�
, over all admissible policies � 2 �.4 For systems

that reach a steady-state, this is equivalent (by Little's law) to minimizing

the average delay of bits and/or the average delay of packets in the sys-

tem. However, we will see that the results of the following sections stand

for more general cost functions, in particular the result about the optimality

of the BUHPR scheduling policy is stated in terms of
PM

i=1 ciE
�
V �
i (t)

�
andPM

i=1 ciE
�
Q�
i (t)

�
, where the ci's are any non-negative numbers.

3.4 Vector Ordering

In this section we introduce two (partial) orderings on Rm
+ , m � 1, which,

combined with sample path arguments, are useful in the characterization of

3The packet currently served (in transmission) is also counted as being present in the
queue.

4As mentioned above, in some cases, we may need to restrict the set of admissible
scheduling policies.



48 Chapter 3

optimal scheduling policies. For any x = (x1; : : : ; xm) 2 R
m
+ , let x[1] � � � � �

x[m] denote the components of x in decreasing order.

De�nition 3.4.1 For x;y 2 Rm
+ , we write x �w y if

kX
i=1

x[i] �
kX
i=1

y[i]; k = 1; : : : ;m:

The vector x is said to be weakly majorized by y. If, in addition, equality is

obtained for k = m, x is said to be majorized by y, written x � y.

That is, x �w y if the sum of the k largest components of x is less than

or equal to the sum of the k largest components of y, for every k = 1; : : : ;m.

The vector x is majorized by y if, in addition, the sum of all m components

is the same for both x and y. In this case, x can be seen as a \less spread

out" version of y. For a thorough treatment of majorization, see [14]. Here,

we give two consequences of the de�nition that we will use later on.5

Lemma 3.4.1 Let c � 0. For x;y 2 Rm
+ , x �w y, x+ c1m �w y + c1m.

6

Proof. The result follows directly from the previous de�nition of weak ma-

jorization. �

Lemma 3.4.2 For x1;y1 2 R
m1

+ and x2;y2 2 R
m2

+ , x1 �w y1 and x2 �w y2

implies (x1;x2) �w (y1;y2).

Proof. Note that x1 �w y1 is equivalent to x1 = y1Q1 for some doubly

substochastic matrix Q1, and that x2 �w y2 is equivalent to x2 = y2Q2, for

some doubly sub-stochastic matrix Q2. Thus, we can write

(x1;x2) = (y1;y2)

"
Q1 0

0 Q2

#
;

5Notice that these two lemmas are also valid for vectors in Rm.
6
1m denotes the all ones vector of dimension m.
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where

"
Q1 0

0 Q2

#
is a doubly sub-stochastic matrix. �

In the following, we will need the notion of functions which preserve the

ordering of (weak) majorization.

De�nition 3.4.2 Let A � R
m. A function � : A ! R is said to be �-

preserving (resp. �w-preserving) if x � y ) �(x) � �(y) (resp. x �w y )

�(x) � �(y)) for x;y 2 A.

Functions that preserve the ordering of majorization are said to be Schur-

convex. Moreover, a real-valued function preserve the weak majorization

order (noted as �w-preserving) if and only if it is increasing and Schur-

convex. A function � is increasing on A � R
m if �(x) � �(y), for any

x;y 2 A such that xi � yi for all i. The class of Schur-convex functions

is well-studied [14]. An important example of �w-preserving functions is

given by the class of functions � : Rm ! R which are symmetric, convex

and increasing. A function � is symmetric on A � R
m if �(x) = �(xP) for

any x 2 A and any m by m permutation matrix P. A subclass is formed

by setting �(x) =
Pm

i=1  (xi), where  : R ! R is a convex and increasing

function.

The next de�nition is about ordering in the partial sum sense.

De�nition 3.4.3 For x;y 2 R
m
+ , x is smaller than y in the partial sum

sense, written x �ps y, if

kX
i=1

xi �
kX
i=1

yi; k = 1; : : : ;m:

An equivalent characterization is given below.

Lemma 3.4.3 Let x;y 2 Rm
+ .
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Then x �ps y, i� for any r1 � � � � � rm � 0, we have

mX
i=1

rixi �
mX
i=1

riyi:

Proof. The result is a consequence of the following observation,

mX
i=1

rixi =
mX
i=1

(ri � ri+1)
iX

j=1

xj;

with rm+1 = 0. �

3.5 Scheduling for the Gaussian Multiple-Access

Channel

Here we consider the rate allocation problem when M users transmit mes-

sages through an additive Gaussian multiple-access channel (MAC) with

equal transmission power.

Sheduler
Q1(t)Q2(t)QM (t)

�1�2�M
Transmitter 1
Transmitter M GaussianMAC Reeiver

Figure 3.5.1: Queueing System Model with Gaussian Multiple-Access Channel.

The transmission rate vectors allocated by the scheduler are within the

capacity region of the Gaussian MAC, RMAC , which is de�ned in the next

subsection. The block diagram of the system model is illustrated in Figure

3.5.1.
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3.5.1 Gaussian Multiple-Access Channel

We haveM transmitters with equal power P and a single receiver. The signal

received at the receiver is the sum of the signals of the transmitters plus a

Gaussian noise:

Y =
MX
i=1

Xi + Z;

where Y is the received signal, Xi is the signal of the ith transmitter, and

Z is a zero mean Gaussian random variable with unit variance. It is well

known (see, e.g., [5, x15.3]) that a transmission rate vector r = (r1; : : : ; rM)

is achievable if and only if

X
i2I

ri �
1

2
log(1 + jIjP ); 8I � f1; : : : ;Mg: (3.5.1)

r1 r2
r3

Figure 3.5.2: Example of achievable rates region with M = 3.

For k = 1; 2; : : : , let

sk =
1

2
log(1 + kP )�

1

2
log(1 + (k � 1)P )

=
1

2
log
�
1 +

P

1 + (k � 1)P

�
:
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Observe that sk is decreasing in k and that for m = 1; 2; : : : ,

1

2
log(1 +mP ) =

mX
k=1

sk:

Thus, equation (3.5.1) can be expressed as

X
i2I

ri �

jIjX
k=1

sk; 8I � f1; : : : ;Mg: (3.5.2)

Hereafter, we denote the region of all achievable rates by RMAC , and his

dominant face, that is the region of all r such that
P

i2I ri =
1
2
log(1 +mP ),

by DMAC . Notice that, using the notion of majorization, (3.5.2) is equivalent

to r �w s, where s = (s1; : : : ; sM). Majorization is obtained for rate vectors

within DMAC .

3.5.2 Delay Optimal Policy

As mentioned in [26], the maximum rate at which the overall un�nished work

is processed decreases when a queue becomes empty, and thus a delay optimal

policy should somehow minimize the probability that any queue becomes

empty, while maximizing the sum rate at which packets are transmitted.

This can be done using a \load-balancing" strategy that tries to keep the

queue lengths distributed as evenly as possible. In [26, 28, 27], load-balancing

is performed via LQHR policies that assigns higher rates to longer queues

(in terms of packets/bits). Here we study the modi�ed LQHR scheduling

policy [26, 27] that assigns higher rates to queues with a greater amount

of un�nished work and show its delay optimality, when the packets arrive

according to independent Poisson processes of equal rates.

We restrict the analysis to scheduling policies in �, that only observe

the future arrival times of the aggregate arrival process, that is we consider

scheduling policies that know the sequence of arrival times but do not know

in which queue the arrival occurs. Note that we still allow the scheduling
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policies to observe the future packet lengths. In addition, for analytical

convenience, we let the scheduler make a decision not only on an arrival or a

service completion epoch but also on those times where the un�nished work

in one queue becomes less than the un�nished work in another queue. Let

us denote the set of such policies by �0.

Moreover, we assume that the probability measure P is such that the

sequences of arrival times f�01;jg; : : : ; f�
0
M;jg in queues 1; : : : ;M , respectively,

are generated by independent Poisson processes of common rate �(t), and

that the sequences of packet lengths f�11;jg; : : : ; f�
1
M;jg in queues 1; : : : ;M ,

respectively, are mutually independent i.i.d. sequences of random variables,

further independent of the sequences of arrival times.

First consider the minimization of the cost function
PM

i=1E
�
V �
i (t)

�
over

all admissible policies � 2 �0. Denote by  2 �0 the scheduling policy that

allocates the rate sk (de�ned in Section 3.5.1) to the transmitter with the

kth largest component of V, namely,

R
n = n(V

(� n )) = (R
1 ; : : : ; R


M);

where R
i = sk if the index of V 

[k](�n) = i, for i = 1; : : : ;M . With such a

de�nition in�nitely rapid oscillations in rate allocation may arise when two

or more queues have an equal un�nished work. This ill-de�ned situation

can be overcome, as done in [26, 27], by modifying the de�nition of , in a

way that it allocates the same rate to the queues having an equal un�nished

work subject to the condition that queues with a larger un�nished work

receive higher rates. Nonetheless,  de�ned as before behaves conceptually

identically to this modi�ed version. Thus, hereafter we will use the �rst

de�nition of  and assume that the stochastic processes are generated under

the modi�ed version of .

Before presenting our main theorem, we state some interesting properties

of the scheduling policy . Assume, for the moment, that after some time

t0 � 0 there are no more arrivals in the system and that the queues have

a given workload. The next proposition shows that among all admissible
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scheduling policies,  keeps the queue lengths (in terms of untransmitted

bits) the most evenly distributed while operating in DMAC and thus mini-

mizes the sum of un�nished work in the queues at any time t � t0.

Proposition 3.5.1 For a system evolution with no arrivals after t0 and such

that V(t0) �w V
�(t0), the following holds

V(t) �w V
�(t); (3.5.3)

for all t � t0 and for all � 2 �0.

Proof. This is a consequence of the weak majorization order on the trans-

mission rates in RMAC . Let � 2 �0 be an arbitrary policy, and let t0 � t1 �

t2 � � � � be the sequence resulting from the superposition of theM departure

processes in the system governed by policy , with the instants of time t such

that V 
i (t) < V 

j (t) and V

i (t

�) � V 
j (t

�)7 for some i; j 2 f1; : : : ;Mg, with

the M departure processes in the system governed by policy �, and with the

instants of time t such that V �
i (t) < V �

j (t) and V
�
i (t

�) � V �
j (t

�) for some

i; j 2 f1; : : : ;Mg (simultaneous events are allowed).

We proceed by induction on the time of events. By assumption (3.5.3) holds

at time t0. Now, assume that (3.5.3) holds for t0 � t � tn, and let us show

that it is still true for tn < t � tn+1.

If
PM

i=1 V

i (tn) = 0 then (3.5.3) clearly holds for tn < t � tn+1. Consider the

case where
PM

i=1 V

i (tn) > 0, and let l = maxfi = 1; : : : ;M : V 

i (tn) > 0g.

By the de�nition of  and of the sequence t0 � t1 � t2 � � � � , we have

(V 

[1](t); : : : ; V


[M ](t)) = (V 

[1](tn)� (t� tn)s1; : : : ; V


[l](tn)� (t� tn)sl; 0; : : : ; 0):

7We say that \a property P holds at time t�" to mean that 8� > 0, 9� 2 (0; �) such
that the property P holds at time t� �. E.g., x(t�) < y(t�) means that 8� > 0, 9� 2 (0; �)
such that x(t� �) < y(t� �).



3.5 Scheduling for the Gaussian Multiple-Access Channel 55

For m = 1; : : : ; l, we obtain

mX
i=1

V 

[i](t) =
mX
i=1

V 

[i](tn)� (t� tn)
mX
i=1

si

�
mX
i=1

V �
[i](tn)� (t� tn)

mX
i=1

R�
[i]

=
mX
i=1

V �
[i](t);

where the inequality follows from the induction hypothesis and (3.5.2).

On the other hand, we have for m = l + 1; : : : ;M ,

mX
i=1

V 

[i](t) =
lX

i=1

V 

[i](t) +
mX

i=l+1

V 

[i](t)

�
lX

i=1

V �
[i](t) +

mX
i=l+1

V �
[i](t)

=
mX
i=1

V �
[i](t);

since
Pm

i=l+1 V


[i] = 0 and by the previous inequality. �

We now look at the behavior of the queueing system when an arrival

occurs. Assume that at time t1 a packet of length l1 enters in one of the M

queues. There is uncertainty as to which queue the arriving packet enters, let

us denote by Z1 theM -valued random variable de�ned by Z1 = i if the arrival

occurs on the ith largest queue, i = 1; : : : ;M . Note that, for independent

Poisson arrival processes with common rate and i.i.d packet lengths, Pr(Z1 =

i) = 1
M
, p for all i. Thus, at time t1, we have M equiprobable workload

con�gurations in the queues. The shape of the possible queue states for

M = 2 at time t1 is illustrated in Figure 3.5.3.

Let us consider all con�gurations simultaneously and denote byW�(t) the
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 �

Z1 = 1
Z1 = 2

Figure 3.5.3: Example of possible un�nished work in the queues after a packet
arrival under policies  and �.

vector of possible un�nished work in the queues at time t, when the system is

governed by policy �. Such a vector contains all the M2 components formed

by the concatenation of the various possible workload con�gurations. The

shape of W(t) and W�(t) corresponding to the example of Figure 3.5.3 is

represented in the following �gure. �

Figure 3.5.4: Representation of W(t1) and W
�(t1).

For systems (sample paths) that satisfy the weak majorizationV(t�1 ) �w

V�(t�1 ) at time t
�
1 preceding the arrival, we can show that W(t1) is weakly

majorized by W�(t1) for all � 2 �0.

Proposition 3.5.2 Assume that V(t�1 ) �w V
�(t�1 ), then, for a system evo-

lution with a packet arrival at time t1, we have

W(t1) �w W
�(t1);
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for all � 2 �0.

Proof. Let � 2 �0 be an arbitrary policy. From the de�nition of W�(t1),

for � being either  or �, we can write8

W�(t1) = (V�(t�1 ) + l1e1; : : : ;V
�(t�1 ) + l1eM ; )

= (V�(t�1 ) + l11M ;V
�(t�1 ); : : : ;V

�(t�1 )| {z }
(M�1)

):

The result follows by Lemma 3.4.1 and successive applications of Lemma

3.4.2. �

This proposition and the fact that the possible workload con�gurations

are equiprobable imply that, the majorization order V(t�1 ) �w V
�(t�1 ) still

holds in expectation over the arrival realizations, at time t1.

Proposition 3.5.3 Assume that V(t�1 ) �w V
�(t�1 ), then, for a system evo-

lution with a packet arrival at time t1, we have

E[V(t1)] �w E[V
�(t1)]; (3.5.4)

for all � 2 �0.

Proof. Let � 2 �0 be an arbitrary policy. For � being either  or �, let

us denote the di�erent realizations of V�(t1) by V�
z(t1) = V�(t�1 ) + l1ez,

for z = 1; : : : ;M . By V �
z;[i](t1) we will denote the ith largest component of

V�
z(t1), and W

�
[i](t1) will denote the ith largest component in fV �

z;j(t1)gz;j.

Observe that for any i; j; z; z0 2 f1; : : : ;Mg with j > i, we have

V �
z;[i](t1) � V �

z0;[j](t1);

8For k = 1; : : : ;M , ek is a zero vector of dimension M with a one at position k, i.e.,
ek = (0; : : : ; 0; 1; 0; : : : ; 0).
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That is, the ith largest components in the di�erent realizations of V�(t1)

precede the jth components for j = i+ 1; : : : ;M . To see this, one can draw

M columns and put all the V �
z;[i](t1) for a given i in column number i, and ob-

serve that in the ith column the smallest element is at least equal to V �
[i](t

�
1 ),

which must be greater or equal to the V �
z;[j](t1) lying in the jth column, for

j = i+ 1; : : : ;M .

Hence, the following sequence of equalities hold

E[
kX
i=1

V �
[i](t1)] = p

MX
z=1

kX
i=1

V �
z;[i](t1)

= p
kMX
i=1

W �
[i](t1);

for k = 1; : : : ;M , and the result follows from the previous proposition. �

By extending this reasoning to the case where the packet arrivals are

distributed according to independent Poisson processes with a common rate,

we can prove our main result on the optimality of the scheduling policy .

Notice that now, after an arrival at some time t,W�(t) will be formed by all

the possible un�nished work con�gurations at time t, which is a concatenation

of all di�erent compositions ofW�(t�) with the length of the arriving packet

in one of the component. Thus the dimension of W�(t) grows at each new

arrival by a factor of M .9

Theorem 3.5.4

E[V(t)] �w E[V
�(t)]; (3.5.5)

for all t � 0 and for all � 2 �0.

9A more rigorous notation would be to de�ne a new vector W�
tn
(t) for each arrival

epoch tn. Here, we choose to not overload the notation.



3.5 Scheduling for the Gaussian Multiple-Access Channel 59

Proof. Let � 2 �0 be an arbitrary policy. Condition on a set of paths

A 2 
 for which 0 � t1 � t2 � � � � are the arrival epochs of the aggregate

arrival process and l1; l2; : : : are the lengths of the packets arriving at the

corresponding times. At time tn, n = 1; 2; : : : , there is an uncertainty as to

which queue the arriving packet of length ln enters. Let us denote by Zn, the

M -valued random variables de�ned by Zn = i if the arrival at time tn occurs

on the ith largest queue, i = 1; : : : ;M . For independent Poisson arrival pro-

cesses with common rate and i.i.d. packet lengths, fZng forms a sequence

of i.i.d. random variables with Pr(Zn = i) = 1
M
, p for all i. Observe that

limn!1 tn = 1 a.s. thanks to the de�nition of a Poisson process. In the

following we let � being either  or �.

For tn � t < tn+1, note that the dimension of W(t) and W�(t) are equal to

Mn+1. Then, by extending the argument made in Proposition 3.5.3, we have

E
� kX
i=1

V �
[i](t)

�
= pn

kMnX
i=1

W �
[i](t);

for k = 1; : : : ;M . The expectation being taken on the sequence fZng.

Thus (3.5.5) will follow if one can show that

W(t) �w W
�(t); (3.5.6)

for all t � 0 and for all � 2 �0.

We proceed by induction on the time of arrival. Since the �rst customer

enters an empty system (3.5.6) holds for 0 � t � t1 (by Proposition 3.5.2).

Now, assume that (3.5.6) holds for 0 � t � tn, and let us show that it is still

true for tn < t � tn+1.
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Step 1: tn < t < tn+1.

In each sample path ! 2 A, Proposition 3.5.1 allows us to assume w.l.o.g.

that both scheduling policies follow a modi�ed LQHR policy since tn. Hence,

a non-empty component W 

[i](t) is processed at the same rate as the compo-

nent W �
[i](t), for i = 1; : : : ; N . Thus (3.5.6) at time t follows from the induc-

tion hypothesis.

One can also see this as an immediate consequence of Proposition 3.5.1,

sinceW�(t) can be interpreted as a \V�(t)" of higher dimension, and  being

the policy that allocates the higher rates to the largest components ofW�(t).

Step 2: t = tn+1.

We make the same reasoning as in Proposition 3.5.2. From the de�nition of

W�(tn+1), we can write

W�(tn+1) = (W�(t�n+1) + ln+11Mn+1 ;W�(t�n+1); : : : ;W
�(t�n+1)| {z }

(M�1)

):

Equation (3.5.6) at time tn+1 follows from the induction hypothesis, and from

Lemma 3.4.1 and successive applications of Lemma 3.4.2.

Removing the conditioning on the set of paths A gives the statement of

the theorem.

�

From the de�nition of �w-preserving functions (De�nition 3.4.2), we im-

mediately have the following corollary.

Corollary 3.5.5 For all �w-preserving functions � : RM ! R, we have

�(E[V(t)]) � �(E[V�(t)]);

for all t � 0 and for all � 2 �0.
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Remark 3.5.1 From the examples of increasing and Schur-convex function

(see Section 3.4), it is clear that

MX
i=1

E[V 
i (t)] �

MX
i=1

E[V �
i (t)]; (3.5.7)

for all t � 0 and for all � 2 �0. Note that the optimality of the scheduling

policy , given by the Corollary 3.5.5, is stronger than the optimality in the

sense of (3.5.7).

We now address the minimization of the cost function
PM

i=1E
�
Q�
i (t)

�
over

all admissible policies �. Here, we restrict the analysis to scheduling policies

in �0 that do not know the future arrival times and the future packet lengths

(non-anticipating). In other words, a policy � is now an admissible scheduling

policy if

R�
n = �n(Q

�(��1 ); : : : ;Q
�(��n );V

�(��1 ); : : : ;V
�(��n );R

�
1 ; : : : ;R

�
n�1);

where �n is a measurable mapping,

�n : (N
M)n � (RM

+ )n �Rn�1
MAC ! RMAC ;

for every n = 1; 2; : : : . Let � denote the set of all such policies and ob-

serve that  2 �. Furthermore, we focus on probability measure P that

are such that the sequences of packet lengths f�11;jg; : : : ; f�
1
M;jg in queues

1; : : : ;M , respectively, are mutually independent i.i.d. sequences of random

variables exponentially distributed, further independent of the sequence of

arrival times �0.

For these sequences of packet lengths, we have the following lemma which

is a consequence of the memoryless property of the exponential distribution

and the Wald's equality (see Appendix 5.A).
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Lemma 3.5.6 Assume that the packet lengths of each user are i.i.d. random

variables exponentially distributed with parameter f�i; i = 1; : : : ;Mg. Then,

for any � 2 �, we have

E
�
Q�
i (t)

�
= �iE

�
V �
i (t)

�
;

for i = 1; : : : ;M and for all t � 0.

Proof. Let � 2 � be an arbitrary policy and, without lost of generality, let

us focus on the case i = 1. For a given time t, let N = Q�
1 (t), then we can

write the total un�nished work in queue 1 as

V �
1 (t) = ~X +X2 + � � �+XN ;

where fXj; j � 2g are i.i.d. random variables exponentially distributed with

mean ��1
1 , and ~X is a random variable representing the remaining bits of the

packet currently served. Denote the length of the packet currently served by

X1, which is also exponentially distributed with mean �1 and independent

of fXj; j � 2g.

From the memoryless property of X1, we have

Prf ~X � �g = PrfX1 � �+ �jX1 � �g = PrfX1 � �g;

for some � � 0, where � is the number of bits of X1 transmitted by time t.

Thus, ~X has the same distribution as X1. Furthermore, notice that N is a

stopping time with respect to fXj; j � 1g. This is because under a scheduling

policy � 2 �, the number of remaining packets in the queue, at any instant

t, is independent of the length of the following packets. Formally, N is an

integer valued random variable and the event fQ�
1 (t) � ng for some n � 1

is equivalent to the event fX1 + � � �+Xn�1 � V �
1 (t)g, which is independent

of fXi; i � ng when the system follows a policy � 2 �. Hence we can apply
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Wald's equality (see, e.g., [12]) to the following random variable

~V �
1 (t) = X1 + � � �+XN ;

to obtain E
�
~V �
1 (t)

�
= 1

�1
E
�
Q�

1 (t)
�
. Then, since ~V �

1 (t) and V
�
1 (t) are identi-

cally distributed, we get

E
�
Q�

1 (t)
�
= �iE

�
V �
1 (t)

�
:

�

If we assume, furthermore, that the packet lengths of all users have the

same distribution, that is �1 = � � � = �M , Lemma 3.5.6 allows us to establish

the optimality of the policy  in terms of packet delay.

Theorem 3.5.7 Assume that the packet lengths of each user are i.i.d. ran-

dom variables exponentially distributed with common parameter �. Then, the

following holds

MX
i=1

E
�
Q
i (t)
�
�

MX
i=1

E
�
Q�
i (t)

�
; (3.5.8)

for all t � 0 and for all � 2 �.

Proof. For all t � 0 and for all scheduling policy � 2 �, we have

MX
i=1

E
�
Q
i (t)
�
= �

MX
i=1

E
�
V 
i (t)

�

� �
MX
i=1

E
�
V �
i (t)

�

=
MX
i=1

E
�
Q�
i (t)

�
;

where the �rst and last equality follow from Lemma 3.5.6, and the inequality

follows from Corollary 3.5.5. �
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Remark 3.5.2 Theorem 3.5.7 says that among all admissible scheduling

policies the policy  minimizes the ensemble-average of the number of pack-

ets present in the queues at any time. In general, this does not imply that

the time-average is minimized at any time, however for ergodic systems this

implies that the steady-state time-average of the number of packets in the

queues is minimal.

The delay optimal policy  generalizes the LQHR policy introduced in

[26], to the case where the scheduler knows the actual packet sizes. If, due to

a communication bandwidth constraint between the scheduler and the dif-

ferent queues, the scheduler is unable to determine the lengths of the current

packets, the scheduling policy  is not implementable. In [26], the optimality

of the LQHR policy is stated in terms of a stochastic weak majorization result

between the queue length vector under the LQHR strategy and the queue

length vector under any admissible scheduling policies. In the case where the

packet lengths are known, Theorem 3.5.4 states a weak majorization result

between the vectors of workloads averaged over all sample paths, thus, here,

we need the additional expectation operation.

3.6 Scheduling for the Symmetric Broadcast

Channel

We now look at the system composed of M users (each one associated with

one receiver) transmitting independent messages through a symmetric broad-

cast channel (SBC) as illustrated in Figure 3.6.1. The next section de�nes

the capacity region RSBC considered, and shows an interesting property of

delay optimal scheduling policies allocating rate vectors within this region.

3.6.1 Symmetric Broadcast Channels

We have a single transmitter sending independent information toM receivers

simultaneously. Let x denote the transmitter output signal, and yi denote the
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ShedulerQ2(t)QM (t)
�1�2�M

Q1(t) Transmitter SBC Reeiver M
Reeiver 1

Figure 3.6.1: Queueing System Model with Symmetric Broadcast Channel.

receive signal at receiver i, i = 1; : : : ;M . Consider the memoryless broad-

cast channels which are de�ned by the transition probability p(y1; : : : ; yM jx).

Symmetric broadcast channels form a subclass in which the channel statis-

tics of each link (transmitter to receiver i) are the same, i.e., p(y1; : : : ; yM jx)

remains unchanged after any permutation of the indexes.10 They are special

cases of degraded broadcast channels for which the capacity region is well

known [5]. Let ri be the transmission rate from the transmitter to receiver

i, then for symmetric broadcast channels, the capacity region is given by the

simplex (see Figure 3.6.2) de�ned as

RSBC =
� MX

i=1

ri � C ; ri � 0; i = 1; : : : ;M
	
;

where C is the maximum achievable rate over one link.

Observe that a triangle-shape region is also obtained for broadcast chan-

nels, if we only allow time-sharing coding strategies. One can argue that,

since all the rates in RSBC can be achieved using time-sharing, the scheduler

should allocate the whole rate to one user at a time. But, it is not sure

that a policy using rates on the dominant face of the capacity region will not

perform better in terms of packet delay. Here, we give a proposition showing

10Symmetric Gaussian broadcast channels can be included in this subclass.
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r1 r2
r3

Figure 3.6.2: Example of a symmetric broadcast channel capacity region with

M = 3

that such policies cannot beat a strategy operating at the corner points of

the capacity region.

Proposition 3.6.1 For symmetric broadcast channels, a delay optimal schedul-

ing policy should always operate at the corner points of the capacity region

RSBC.

Proof. To simplify the presentation, we state the proof for M = 2. First,

assume that each queue contains one packet and that no more packets arrive

in either queue. Let V1 and V2 denote the number of untransmitted bits

present in the queue of user 1 and 2, and w.l.o.g. assume that user 1 is

served with a rate such that he will clear his queue before user 2. Denote

by (r�1; r
�
2), the rate pair at which both queues are processed during the time

that the �rst queue is emptied, w.l.o.g. we can assume that this rate pair

lies in the dominant face of RSBC . Therefore, from a receiver's perspective,

the transmission rates seen by the users are

R1 = r�1

R2 = rr�2 + (1� r)C;

where r = R2
R1

V1
V2
,

R2
R1
q, is the fraction of the second user's transmission time,

during which the two queues are serviced simultaneously. Note that we have
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r � 1 which implies r�1 � qr�2. Then, we can develop R2 as follows

R2 =
R2

r�1
qr�2 + (1�

R2

r�1
q)C;

implying

R2 =
r�1C

r�1 + q(C � r�2)
:

Since (r�1; r
�
2) is in the dominant face of RSBC , we have r

�
2 = C � r�1. Thus,

we get

R2 =
r�1C

r�1(1 + q)

=
C

1 + q
;

which is a constant independent of the value of r�1. Hence, the choice r
�
1 = C

simultaneously maximizes R1 and R2, and thus minimizes the delay of each

packet. Now, removing the assumption that no packets arrive, we see (by

repeating our argument) that the waiting time of any new packets can only

be increased by not sending previous packets at rates lying at the corner

points of RSBC . �

This proposition can be extended to broadcast channels restricted to op-

erate in the time-sharing region (see Appendix 3.A).

Proposition 3.6.2 For broadcast channels restricted to operate in the time-

sharing region, a delay optimal scheduling policy should always operate at the

corner points of the capacity region RSBC.

Notice that the LQHR policy used in the previous section, works also at

the corner points of the Gaussian multiple-access channel capacity region.
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3.6.2 Delay Optimal Policy

The results of the previous section show that a delay optimal policy should

serve one user at a time with the maximum possible rate. Focusing on those

policies allows us to make an analogy between our system and a G/G/1

queue11 with M classes of customers, where the scheduling policy assign at

each decision epoch the entire service rate to one class of user.

Multiclass G/G/1 queue and the �c-rule

Consider a G/G/1 queueing system withM classes of customers, we can think

of it as a system withM queues and a single server where customers of class i

join queue i upon arrival, for i = 1; : : : ;M . Here, Q�
i (t) denotes the stochastic

process representing the number of customers in queue i when the queueing

system works under the scheduling policy �, and V �
i (t) as the same meaning

as before. Denote by ��1
i the average service requirement of customers in

class i. The objective is to minimize the cost functions
PM

i=1 riE[V
�
i (t)] andPM

i=1 ciE[Q
�
i (t)] over all admissible policies � 2 �, where ri's and ci's are

arbitrary non-negative numbers. The set of admissible policies � is the same

as the one presented in Section 3.3, with the decision being represented by

a customer index in f1; : : : ;Mg instead of a rate vector. This scheduling

problem has already been studied ([3, 13] and the references therein), and

the two following theorems are known.

Consider the cost function
PM

i=1 riE[V
�
i (t)], where the weights satisfy

r1 � � � � � rM � 0. Denote by � 2 � the scheduling policy that always

allocates the server to the non-empty queue with the highest ri. We have the

following lemma which is proved in [13, p. 308], the proof makes a sample

path comparison between an arbitrary policy and the optimal policy in the

spirit of the proof done for Proposition 3.5.1.

11The \G/G/1" notation describes a one-server queueing system with general interar-
rival time distribution and service time distribution.
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Lemma 3.6.3

V�(t) �ps V
�(t);

a.s., for all t � 0 and for all � 2 �.

Using this lemma one can show a theorem on the optimality of the policy

� [13].

Theorem 3.6.4 Let r1 � � � � � rM � 0 be non-negative constants, then

MX
i=1

riV
�
i (t) �

MX
i=1

riV
�
i (t);

a.s., for all t � 0 and for all � 2 �.

Proof. Lemma 3.4.3 and Lemma 3.6.3. �

Note that the preceding lemma and theorem are valid under general ser-

vice time distributions, indeed they are valid for any probability measure P

as de�ned in the general problem formulation (Section 3.3).

Now, concerning the cost function
PM

i=1 ciE[Q
�
i (t)], we restrict the anal-

ysis to scheduling policies that do not know the future service requirements,

as done in Section 3.5.2, we denote the set of all such policies by �, and

we observe that the policy � belongs to �. In addition, we assume that the

service requirements are mutually independent i.i.d. sequences of random

variables exponentially distributed, further independent of the sequence of

arrival times. In the networking terminology this queueing system is denoted

by G=M=1. Then, from the optimality of �, we can show that a scheduling

policy that always allocates the server to the non-empty queue with highest

�ici (the so called �c-rule) minimizes the cost function over all admissible

policies.

Theorem 3.6.5 Assume that �1c1 � � � ��McM � 0. Then, for any G/M/1

queueing system, the �c-rule minimizes the cost function
PM

i=1 ciE[Q
�
i (t)]

over all � 2 �, for all t � 0.
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Proof. For all t � 0 and for all scheduling policy � 2 �, we can apply

Lemma 3.5.6 with exponential service requirements instead of exponential

packet lengths, to obtain

MX
i=1

E
�
ciQ

�
i (t)

�
=

MX
i=1

E
�
�iciV

�
i (t)

�
:

Then, Theorem 3.6.4 with ri = �ici gives the result. �

\Best User Highest Possible Rate" Policy

Observe that in our setup the packet lengths are the service requirements,

and the queue is serviced at a rate equal to C. Thus, Proposition 3.6.1

allows us to directly use the results of the previous section. First, consider

the minimization of the cost function
PM

i=1 riE[V
�
i (t)], where the weights

satisfy r1 � � � � � rM � 0. And let � 2 � be the scheduling policy that

allocates the whole possible rate to the non-empty queue with the highest

weight, namely,

R�
n = �n(Q

�(��n )) = Cek;

if
Pk�1

i=1 Q
�
i (�

�
n ) = 0 and Q�

k(�
�
n ) > 0, where ek is the unit vector with zero

everywhere except in the kth position, k 2 f1; : : : ;Mg.

Then, using Proposition 3.6.1, the equivalents of Lemma 3.6.3 and The-

orem 3.6.4 can be stated showing the optimality of the � policy.

Lemma 3.6.6

V�(t) �ps V
�(t);

a.s., for all t � 0 and for all � 2 �.
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Theorem 3.6.7 Let r1 � � � � � rM � 0 be any non-negative constants, then

MX
i=1

riV
�
i (t) �

MX
i=1

riV
�
i (t);

a.s., for all t � 0 and for all � 2 �.

Remark 3.6.1 This theorem states the delay optimality of � in a path-wise

manner, which is stronger than a result only in terms of
PM

i=1 riE[V
�
i (t)].

Remark 3.6.2 For r1 = � � � = rM , the scheduling policy � allocates the

whole possible rate to any non-empty queue. Indeed, in this special case, one

can see that any non-idling policy that operates in the dominant face of RSBC,

i.e., which has a sum rate equal to C, is delay optimal. This comes from the

fact the sum of the un�nished works is always decreased by the maximum

amount which is constant and equal to C.

Now, for the treatment of the cost function
PM

i=1 ciE[Q
�
i (t)], we restrict

the analysis to scheduling policies in � (notice that � 2 �), and assume that

the probability P is such that the sequences of packet lengths are mutually

independent i.i.d. sequences of random variables exponentially distributed,

further independent of the sequence of arrival times, as done previously. If

we interpret the result about the �c-rule in our context, we see that a policy

that always allocates the possible rate to the non-empty queue with the

highest �ici, i = 1; : : : ;M , should minimize the cost function. We call such

a strategy the Best User Highest Possible Rate (BUHPR) policy, since by

setting c1 = � � � = cM = 1, this policy allocates the whole possible rate to the

non-empty queue with the highest �i, which corresponds to the user with the

minimum average packet length. Therefore, we have the following theorem

on the delay optimality of the BUHPR policy.

Theorem 3.6.8 Assume that the packet lengths of each user are i.i.d. ran-

dom variables exponentially distributed with parameter �i, i = 1; : : : ;M , and
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that �1c1 � � � � � �McM � 0. Then, the BUHPR scheduling policy minimizes

the cost function
PM

i=1 ciE[Q
�
i (t)] over all � 2 �, for all t � 0.

Proof. Lemma 3.5.6 and Theorem 3.6.7 with ri = �ici. �

Remark 3.6.3 Note that the ci's can be used to impose some fairness con-

ditions between the users.

Remark 3.6.4 In the particular case where �1c1 = � � � = �McM , any non-

idling scheduling policy operating in the dominant face of RSBC minimizes

the cost function
PM

i=1 ciE[Q
�
i (t)], for the same reasons mentioned in Remark

3.6.2. For example, if the packet lengths are i.i.d. random variables exponen-

tially distributed with a common parameter, the modi�ed LQHR scheduling

policy is also delay optimal. This can also be seen from the fact that RSBC

has the shape of the capacity region of a degenerate multiple-access channel.

In the case of broadcast channels constrained in the time-sharing region,

Proposition 3.6.2 allows us to state a similar result. Assume that c1 = � � � =

cM = 1, and let Ci be the maximum rate achievable when transmitting user

i, then a modi�ed version of the BUHPR policy that allocates the possible

rate to the non-empty queue with the highest �iCi, i = 1; : : : ;M , is delay

optimal.

Theorem 3.6.9 Assume that the packet lengths of each user are i.i.d. ran-

dom variables exponentially distributed with parameter �i, i = 1; : : : ;M , and

that �1C1 � � � � � �MCM � 0. Then, the modi�ed BUHPR scheduling policy

minimizes the cost function
PM

i=1E[Qi(t)] over all � 2 �, for all t � 0.

Proof. Scaling �i by Ci for each i = 1; : : : ;M , allows us to normalize the

transmission rate of each user. Thus, we can apply Lemma 3.5.6 and Theorem

3.6.7 with ri = �iCi, to get the result. �
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3.7 Remarks and Conclusion

Combining tools from information theory and scheduling theory, we showed

the delay optimality of a modi�ed LQHR policy and the BUHPR policy

among a large class of admissible scheduling policies, in two speci�c multiple-

user systems. Since no restrictions are made on the arrival rates and through-

put optimal policies exist in the set of admissible scheduling policies, it should

be clear that both delay optimal policies are also throughput optimal for the

system models of this chapter.

Note that, our delay optimal policies use preemptive service disciplines

and we have assumed that any rates within the respective capacity region

can be allocated. Thus it is not sure that a particular coding scheme, achiev-

ing these requirements exist. Nevertheless, the performance of the optimal

policies derived in this context, establishes a fundamental bound to the per-

formance of any reliable coding scheme.

We note here the following for further research in connection with schedul-

ing for the Gaussian multiple-access channel:

� The optimality of the LQHR policy strongly depends on the symme-

try of the capacity region and on the fact that the packet arrivals are

equally likely to occur in any of the queues. These conditions are lost

if, for example, the transmitters have a di�erent power, or if the Pois-

son processes have di�erent arrival rates or the packets from di�erent

sources have di�erent distributions. Nevertheless, one way to gener-

alize our result is perhaps to look at fading, as done in [28], and to

consider permutation symmetric fading with power allocation based on

the fading state.

� As mentioned in [26, 28], a possible implementation of a LQHR policy

can use a successive decoding scheme in order to operate at the corner

points of the capacity region. However, a careless utilization of such a

decoding scheme will introduce very long delays at the receiver, since to

decode the best user the receiver needs to wait that all the other users,
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having a transmission timeline that overlaps with the one of the best

user, get decoded. A better approach may be to consider the coding

scheme introduced in [18].
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3.A Proof of Proposition 3.6.2

First, note that the time-sharing region of a M -user broadcast channel, de-

noted by RTBC , is given by

RTBC =
� MX

i=1

ri
Ci

� 1 ; ri � 0; i = 1; : : : ;M
	
;

where Ci denotes the maximum achievable rate over link i. The proof follows

the same lines as the proof of Proposition 3.6.1, but, here, (r�1; r
�
2) is assumed

to lie in the dominant face of RTBC . Thus, we have r
�
2 = C2 �

C2
C1
r�1. Then,

from

R2 =
r�1C2

r�1 + q(C2 � r�2)
;

we get

R2 =
r�1C2

r�1(1 + qC2
C1
)

=
C1C2

C1 + qC2
;

which is also a constant independent of the value of r�1. Hence, the choice

r�1 = C1 simultaneously maximizes R1 and R2, and the result follows as in

the proof of Proposition 3.6.1.
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Variable Length Codes for

Degraded Broadcast Channels

In the previous chapter we analyzed the end-to-end delay of multiple-user

communication systems, assuming the existence of good coding techniques

applicable for a large set of transmitters and receivers, subject to bursty

packet arrivals. Here we focus on the multiple-user channel coding problem,

and in an attempt to capture the variability on the active users from an in-

formation theoretic point of view, we look at variable length codes and de�ne

the transmission rates from the perspective of the receivers. In this chapter,

we study the impact of variable length coding for the degraded broadcast

channel. The next chapter will be devoted to the analysis of variable length

codes for the multiple-access channel.

In the following sections, we state and motivate the de�nition of a variable

length code for a degraded broadcast channel, along with the associated

notions of reliability and capacity region. In section 4.3 we show an outer

bound to the region of achievable rates. Then, in section 4.4, we analyze this

bound and present examples of coding scheme that achieve some points of

the outer bound.

77
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4.1 Motivation

When a user wishes to send information to a single receiver, it is known

that the use of a variable length code does not allow to achieve a better

asymptotic transmission rate than the one achieved with a �xed length code

[6]. Variable length coding is rather used to improve the error exponent of the

communication scheme. The previous statement is usually made in presence

of a feedback link from the receiver to the transmitter. Nonetheless, this

statement remains valid without feedback, but one has to consider \rateless"

codes and de�ne the transmission rate from the perspective of the receiver

in the same way as what is done in the following paragraphs.

In the multiple-user setting, when a user wishes to transmit information

to multiple receivers, the following argument shows that, if we require that

the receivers decode at the same instant of time, the set of achievable rates

is the same for variable and �xed length codes. To the contrary assume

that such a code exists, let E[N ] be its expected length, then, by the law

of large number the total length of n successive transmissions is very likely

to be less than n
�
E[N ] + �

�
. Thus, a �xed length code of this length will

achieve almost the same rate with small probability of error. Therefore, the

interesting question is how can we characterize the region of achievable rates,

when the receivers are allowed to decode at di�erent instants of time?

In this chapter, we focus on discrete memoryless broadcast channels with

two receivers and consider the transmission of independent messages to each

of them. We let the codewords be in�nite sequences of input symbols (no

feedback)1 and de�ne the \rates" from the perspective of the receivers. Note

that in the usual sense these codes are \rateless", here the transmission \rate"

captures the trade-o� between the amount of information received with the

\timeliness" of the information (number of bits per channel observations at

the receiver).2 The same de�nition is made in the context of communication

1In an implementation, one can imagine a weak feedback indicating when the receiver
has made a decision.

2We start counting time from the beginning of transmission for both receivers.
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over an unknown channel in [21]. This de�nition can model a situation when a

transmitter as messages to broadcast rarely to two receivers. As an analogy,

one can imagine a television broadcaster that has daily news to send to

di�erent groups of users, one which is interested in sport and the other one

in weather forecast, for example.

Remark 4.1.1 (\one-shot" view) The setting described here can be seen as

a \one-shot" view on the communication problem as opposed to a \multi-

shot" view, where the transmitter has an inde�nite amount of information

to convey to both receivers.

Notice that, our problem formulation bears some similarity with the one con-

sidered in the context of fountain codes (see, e.g., [19, 20] and the references

therein). In this setting, the transmitter want to broadcast simultaneously

a common message to several receivers (multicast), and each receiver can

choose the time at which it decodes the message. A fountain code is also a

\rateless" code, and one has to de�ne the transmission rate from the perspec-

tive of the receiver. In this context, it is known that if the capacity achieving

distribution is the same for each individual link, the maximum achievable

transmission rate over each link can be simultaneously achieved. However,

contrary to the setting of [19], here we consider sending independent mes-

sages to each receiver and there is no schedule that controls the sequence of

channel outputs seen by the receivers.

Nevertheless, it was observed by T. Cover in [4], that if we allow the

receivers to decode at a di�erent instant of time, the maximum achievable

transmission rate over each link can be (simultaneously) achieved. This is

done by sending the messages to each receiver in non-overlapping periods of

time, and letting the ratio between the sizes of messages grows to in�nity (or

zero). For the scenarios we want to considered here, this is not interesting.

The objective of this chapter, is to characterize the region of achievable rates

for bounded values of this ratio.
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4.2 De�nitions

We consider a transmitter sending independent information over a mem-

oryless degraded broadcast channel with two receivers. Figure 4.2.1 illus-

trates the channel model. There are two independent sources, one pro-

ducing a message W1 2 f1; 2; � � � ;M1g and the other producing a message

W2 2 f1; 2; � � � ;M2g. The channel consists of an input alphabet X , two

output alphabets Y and Z, and a probability transition function p(y; zjx).

By the memorylessness of the channel we have, for any n, p(yn; znjxn) =

�n
i=1p(yi; zijxi), where x

n 2 X n, yn 2 Yn and zn 2 Zn. We say that the

broadcast channel is physically degraded if p(y; zjx) = p(yjx)p(zjy). A broad-

cast channel is said to be stochastically degraded if its conditional marginal

distributions are the same as that of a physically degraded broadcast chan-

nel. Note that the preceding de�nitions are standard and can be found in,

e.g., [5, x15]. In the following we call the receiver observing Y the strong

receiver, and the receiver observing Z the weak receiver.

Transmitter

Strong Receiver

Weak Receiver

Y
Zp(y; zjx)X Ŵ2

Ŵ1(W1;W2)
Figure 4.2.1: Degraded Broadcast Channel.

Let N1 be a stopping time (see De�nition 5.A.2 in Appendix 5.A) with

respect to (w.r.t.) fYigi�1, the sequence of received values at the strong

receiver. And, let N2 be a stopping time w.r.t. fZigi�1, the sequence of

received values at the weak receiver. We de�ne a (M1;M2; N1; N2) variable

length code as a sequence of mappings fxi(W1;W2)gi�1, where each xi is a

function ofW1 andW2, and two decoding functions (two decoders) w.r.t. the
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decoding times N1 and N2,

g1 : Y
N1 ! f1; 2; � � � ;M1g

and

g2 : Z
N2 ! f1; 2; � � � ;M2g:

Note that YN1 and ZN2 take values in the set of all �nite sequences of the

respective channel output. For deterministic stopping rules, we can represent

the set of all output sequences for which a decision is made, at each decoder,

as the leaves of a complete jYj-ary (resp. jZj-ary) tree.3 The leaves have a

label from the set of messages. Each decoder starts climbing the tree from

the root. At each time it chooses the branch that corresponds to the received

symbol. When a leaf is reached, the decoder makes a decision as indicated

by the label of the leaf.

Example 4.2.1 Consider a binary-output broadcast channel, the set of all

received sequences for which a decision is made by the strong receiver (for

example) is represented by the leaves of a complete binary tree. Such a tree

is illustrated in Figure 4.2.2 with M1 = 4. The decoder climbs the tree by

going up or down whether it receives a one or a zero, until it reaches a leaf

and makes a decision accordingly. For example, from the picture displayed

in Figure 4.2.2, the decision made by the strong receiver when the received

sequence is yn = (0; 0; 1; 1; : : : ), is given by g1(y
4) = 1.

Then, assuming that (W1;W2) are uniformly distributed over f1; 2; : : : ;M1g

�f1; 2; : : : ;M2g, we de�ne the transmission rates from the perspective of the

receivers as logM1

E[N1]
and logM2

E[N2]
, where the expectation E[N1] and E[N2] are

taken over the channel realizations and over the pair of messages (W1;W2),

and we let the average probability of error to be the probability that the

3A tree is said to be a complete jYj-ary tree if any vertex is either a leaf or has jYj
immediate descendants.
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4
10 4

3
2 31

2
Figure 4.2.2: Example of a tree associated with one decoder.

decoded messages are not equal to the transmitted messages, i.e.,

Pe = Prfg1(Y
N1) 6= W1 or g2(Z

N2) 6= W2 g:

Notice that this de�nition of rate is usally made for variable length coding

over a single-user channel, see e.g., [2, 23].4 However, this is a particular

choice that measures the rate by the amount of information received over

the average transmission time, one can imagine other de�nitions that may

lead to di�erent results.

De�nition 4.2.1 A rate pair (R1; R2) is said to be achievable for the broad-

cast channel if for all � > 0, there exists a (M1;M2; N1; N2) variable length

code with logM1

E[N1]
� R1,

logM2

E[N2]
� R2 and Pe < �.

De�nition 4.2.2 The capacity region of the broadcast channel is the closure

of the set of achievable rates.

4In [23], a justi�cation of this de�nition is made by using an argument based on the
law of large numbers.



4.3 Outer Region 83

As mentioned in the preceding section, the capacity region is simply given

by the rectangle [0; C1] � [0; C2], where C1 , maxp(x) I(X;Y ) is the (usual)

channel capacity of the strong link, and C2 , maxp(x) I(X;Z) is the channel

capacity of the weak link. However, the argument presented in [4] that

demonstrates the achievability of [0; C1] � [0; C2] requires to make the ratio

E[N1]=E[N2]
5 approach 0 (or in�nity). Hereafter, we characterize the region

of achievable rates when a speci�c restriction on E[N1] and E[N2] is imposed.

Accordingly, we de�ne the region of achievable rates as follows.

De�nition 4.2.3 Let N = min(N1; N2), we denote by Cr1;r2 the set of rates

achievable by using variable length codes for which E[N ]
E[N1]

� r1,
E[N ]
E[N2]

� r2,

with 0 < r1; r2 � 1.

This de�nition precludes the possibility that one receiver decodes its mes-

sage in a short period of time while the other one takes a large period of time

to decode its message, the ratio between the two average decoding times be-

ing governed by the values of r1 and r2. The justi�cation for the particular

formulation of the restrictions imposed on E[N1] and E[N2] comes from the

outer bound that we found on this region, this bound is presented in the next

section. In Section 4.4, we analyze the outer region and derive some coding

schemes based on block codes that achieve the outer region, when additional

constraints are imposed on r1 and r2.

4.3 Outer Region

First, let us observe that N is a stopping time w.r.t. f(Yi; Zi)gi�1, but it

is not (in general) a stopping time w.r.t. the individual channel outputs.

Also, notice that from the de�nition of the average probability of error, the

achievability of a rate pair depends only on the conditional marginals, thus

the region of achievable rates of a stochastically degraded broadcast channel

5This is equivalent to the ratio between the size of the message sets (measured in bits).



84 Chapter 4

is the same as that of the corresponding physically degraded channel. There-

fore, in the following we assume that the broadcast channel is physically

degraded.

In order to obtain our outer bound on Cr1;r2 , we need two technical lem-

mas.

Lemma 4.3.1 The following inequalities hold:

I(W2;Z
N) � E[N ]I(U ;Z) + log(eE[N ])

I(W1;Y
N jW2) � E[N ]I(X;Y jU) + log(eE[N ]);

for some joint distribution p(u)p(xju)p(y; zjx).

Proof. Let �i = 1fN � ig,6 from the chain rule for mutual information, we

have7

I(W2;Z
N) = I(W2;Z1�1; �1; � � � ; Zn�n; �n; � � � )

= I(W2;�1) + I(W2;Z1�1j�1) + � � �

+ I(W2;�nj(Z�)
n�1; �n�1)

+ I(W2;Zn�nj(Z�)
n�1; �n) + � � �

=
1X
i=1

I(W2;�ij(Z�)
i�1; �i�1)

+
1X
i=1

I(W2;Zi�ij(Z�)
i�1; �i):

6Where 1fN � ig is equal to 1 if N � i and equal to 0 otherwise. Also, we de�ne Ai�i
as being equal to Ai if N � i and equal to @ otherwise, where @ denotes a symbol distinct
from any of the letters in (X ;Y;Z), and Ai can be either Xi, Yi or Zi.

7Notice that, in the last line, I(W2;�ij(Z�)
i�1; �i�1) = I(W2;�ij�

i�1), and thus this
equation is just a more elaborate way of writing I(W2;Z

N ) = I(W2;N) + I(W2;Z
N jN).
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The �rst summation can be upper bounded as

1X
i=1

I(W2;�ij(Z�)
i�1; �i�1) �

1X
i=1

H(�ij�
i�1)

= H(�1; �2; � � � )

= H(N)

� log(eE[N ]);

where we use the fact that conditioning reduces entropy, and the last in-

equality is proved in [6] and [7, x1.3], for any non-negative discrete random

variable, using the log sum inequality.

For the second summation, we get

I(W2;Zi�ij(Z�)
i�1; �i)

= H(Zi�ij(Z�)
i�1; �i)�H(Zi�ij(Z�)

i�1; �i;W2)

(a)

� H(Zi�ij�i)�H(Zi�ij(Y �)
i�1; (Z�)i�1; �i;W2)

(b)
= H(Zi�ij�i)�H(Zi�ij(Y �)

i�1; (Z�)i�1; �i;W2)

= Pr(�i = 1)
�
H(Zij�i = 1)

�H(ZijY
i�1; Zi�1; �i = 1;W2)

�
= Pr(N � i)I(Ui;Zij�i = 1);

where Ui = fY i�1; Zi�1;W2g. In (a), we use the fact that conditioning re-

duces entropy, and in (b) we remark that knowing �i, Zi�i is independent

of the past values f�jgj<i. The last equalities follow from the de�nition of

conditional entropy, conditional mutual information, �i and Ui.

Observe that p(zijxi; �i = 1) = p(zijxi), thus, with a slight abuse of no-

tation, we can write I(Ui;Zij�i = 1) = I(Ui;Zi), with p(ui) , p(uij�i = 1)
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and p(xijui) , p(xijui; �i = 1). Hence, we obtain

I(W2;Zi�ij(Z�)
i�1; �i) �

1X
i=1

Pr(N � i)I(Ui;Zi)

= E[N ]
1X
i=1

Pr(N � i)

E[N ]
I(Ui;Zi):

Now let ai =
Pr(N�i)
E[N ]

, note that ai � 0 for all i, and
P

i ai = 1. Thus, we

can de�ne an integer random variable Q by setting Pr(Q = i) = ai, for all

i 2 f1; 2; � � � g. Using this, the preceding equation becomes

I(W2;Zi�ij(Z�)
i�1; �i)

� E[N ]
1X
i=1

Pr(Q = i)I(UQ;ZQjQ = i)

= E[N ]I(UQ;ZQjQ)

� E[N ]I(U ;Z);

where U , fUQ; Qg and Z , ZQ are new random variables, the distributions

of UQ and ZQ depend on Q in the same way as the distributions of Ui and

Zi depend on i.

Then, consider

I(W1;Y
N jW2) = I(W1;Y1�1; �1; � � � ; Yn�n; �n; � � � jW2)

= I(W1;�1jW2) + I(W1;Y1�1j�1;W2) + � � �

+ I(W1;�nj(Y �)
n�1; �n�1;W2)

+ I(W1;Yn�nj(Y �)
n�1; �n;W2) + � � �
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=
1X
i=1

I(W1;�ij(Y �)
i�1; �i�1;W2)

+
1X
i=1

I(W1;Yi�ij(Y �)
i�1; �i;W2):

As before, we may upper bound the �rst summation as

1X
i=1

I(W1;�ij(Y �)
i�1; �i�1;W2) �

1X
i=1

H(�ij�
i�1)

= H(�1; �2; � � � )

= H(N)

� log(eE[N ]):

And, the ith term in the second summation is

I(W1;Yi�ij(Y �)
i�1; �i;W2)

= H(Yi�ij(Y �)
i�1; �i;W2)

�H(Yi�ij(Y �)
i�1; �i;W1;W2)

(a)
= H(Yi�ij(Y �)

i�1; (Z�)i�1; �i;W2)

�H(Yi�ij(Y �)
i�1; (Z�)i�1; �i;W1;W2)

(b)
= H(Yi�ij(Y �)

i�1; (Z�)i�1; �i;W2)

�H(Yi�ij(Y �)
i�1; (Z�)i�1; Xi�i; �i;W2)

= Pr(�i = 1)
�
H(YijY

i�1; Zi�1; �i = 1;W2)

�H(YijY
i�1; Zi�1; Xi; �i = 1;W2)

�
= Pr(N � i)I(Xi;YijUi; �i = 1);

where in (a) we use the fact that the channel is degraded, and (b) follows

sinceXi is a function of (W1;W2), and then givenXi, Yi is independent ofW1.

Here, following the steps done for the preceding inequality, we let p(ui) ,
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p(uij�i = 1) and p(xijui) , p(xijui; �i = 1), then since p(yijxi; ui; �i = 1) =

p(yijxi), we have I(Xi;YijUi; �i = 1) = I(Xi;YijUi). Hence, we get

I(W1;Yi�ij(Y �)
i�1; �i;W2)

�
1X
i=1

Pr(N � i)I(Xi;YijUi)

= E[N ]
1X
i=1

Pr(N � i)

E[N ]
I(Xi;YijUi):

Now, introducing the random variable Q de�ned earlier, we may write

I(W1;Yi�ij(Y �)
i�1; �i;W2)

� E[N ]
1X
i=1

Pr(Q = i)I(XQ;YQjUQ; Q = i)

= E[N ]I(X;Y jU);

where U , fUQ; Qg, and X , XQ and Y , YQ are new random variables,

whose distributions depend on Q in the same way as the distributions of Xi

and Yi depend on i. Notice that U ! X ! (Y; Z) forms a Markov chain.

Therefore, we obtain

I(W2;Z
N) � E[N ]I(U ;Z) + log(eE[N ])

I(W1;Y
N jW2) � E[N ]I(X;Y jU) + log(eE[N ]);

for some joint distribution p(u)p(xju)p(y; zjx). �

The proof of the next lemma relies on the same ideas presented in the

previous one, and can be found in Appendix 4.A.
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Lemma 4.3.2 We have the following inequalities:

I(W1;Y
N1
N+1jY

N ;W2) � E[N1 �N ]C1

+ log(eE[N1 �N ])

I(W2;Z
N2
N+1jZ

N) � E[N2 �N ]C2

+ log(eE[N2 �N ]):

The following is our main theorem that shows an outer bound on the

region of achievable rates Cr1;r2 .

Theorem 4.3.3 (Outer bound) Any rate pair (R1; R2) 2 Cr1;r2 must satisfy

R1 � r1I(X;Y jU) + (1� r1)C1

R2 � r2I(U ;Z) + (1� r2)C2;

for some joint distribution p(u)p(xju)p(y; zjx), with the cardinality of the

auxiliary random variable bounded by jUj � min(jX j; jYj; jZj).

Proof. Let Wi be uniformly distributed over f1; 2; � � � ;Mig, i = 1; 2. Then,

I(W2;Z
N2) = H(W2)�H(W2jZ

N2)

= E[N2]R2 �H(W2jZ
N2);

and

I(W1;Y
N1jW2) = H(W1jW2)�H(W1jY

N1 ;W2)

� E[N1]R1 �H(W1jY
N1):

Thus, using Fano's inequality, we have

E[N2](R2 � �) � I(W2;Z
N2)

E[N1](R1 � �) � I(W1;Y
N1jW2);
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where �! 0 as Pe ! 0.

From the chain rule for mutual information, we can write

I(W2;Z
N2) = I(W2;Z

N) + I(W2;Z
N2
N+1jZ

N);

and

I(W1;Y
N1jW2) = I(W1;Y

N jW2)

+ I(W1;Y
N1
N+1jY

N ;W2);

with the convention that ZN
N+1 = ; and Y N

N+1 = ;.

Then, applying Lemma 4.3.1 and Lemma 4.3.2, we get

I(W2;Z
N2) � E[N ]I(U ;Z) + E[N2 �N ]C2

+ log(eE[N ]) + log(eE[N2 �N ])

I(W1;Y
N1jW2) � E[N ]I(X;Y jU) + E[N1 �N ]C1

+ log(eE[N ]) + log(eE[N1 �N ]);

for some joint distribution p(u)p(xju)p(y; zjx).

Hence,

E[N1](R1 � �) � E[N ]I(X;Y jU) + E[N1 �N ]C1

+ log(eE[N ]) + log(eE[N1 �N ])

E[N2](R2 � �) � E[N ]I(U ;Z) + E[N2 �N ]C2

+ log(eE[N ]) + log(eE[N2 �N ]);

for some joint distribution p(u)p(xju)p(y; zjx).

Dividing by E[N1] and letting E[N1] ! 1 in the �rst inequality, and di-
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viding by E[N2] and letting E[N2]!1 in the second one, we obtain

R1 � r1I(X;Y jU) + (1� r1)C1

R2 � r2I(U ;Z) + (1� r2)C2;

for some joint distribution p(u)p(xju)p(y; zjx). The cardinality bounds for

the auxiliary random variable U can be derived using standard methods from

convex analysis. �

Remark 4.3.1 In the previous proof we let the expected decoding times be

arbitrary large, but in regards of our de�nition of achievability (De�nition

4.2.1) it is not sure that this is needed in order to achieve an arbitrary low

probability of error.8 However, for channels with a zero-error capacity equal

to zero,9 De�nition 4.2.1 is equivalent to the following alternate de�nition of

achievability.

De�nition: A rate pair (R1; R2) is said to be achievable if there exists a

sequence of (M1;M2; N1; N2) variable length codes with E[N1] and E[N2] in-

creasing such that lim infE[N1]!1;E[N2]!1 Pe = 0.

To see this, take the best variable length code (the one that achieves the

minimum Pe) with a �nite E[N1] and/or E[N2] such that � > Pe � �1, for

some � > �1 > 0. Note that �1 could not be equal to zero otherwise this

would imply that the zero-error capacity of the channel is di�erent than zero.

Hence, we can �nd an �2 > 0 such that �1 > �2. Therefore, in order to achieve

Pe < �2, we need to increase E[N1] or E[N2]. Repeating this argument, we

see that E[N1] and E[N2] need to be arbitrarily large in order to achieve an

arbitrary low probability of error.

8Here the concatenation argument traditionally made with block codes does not work.
9Note that variable length codes can be used to improve the zero-error capacity of a

channel, e.g., consider the binary erasure channel.



92 Chapter 4

Remark 4.3.2 (feedback) The setup of this chapter can be extended to allow

an immediate and noiseless feedback from the receivers to the transmitter. In

the case when the degradation is physical, the outer bound remains valid:

each xi becomes dependent of the past received values Y i�1 and Zi�1, and the

proof of Theorem 4.3.3 follows with minor changes (essentially because the

de�nition of Ui includes the past received values). This gives an equivalent

to the result in [9], when the encoder is able to use variable length codes.

4.4 Analysis and Coding Schemes

Let us denote by RDBC the usual (block code) capacity region for transmit-

ting independent information over a degraded broadcast channel, which can

be stated as the union of all pairs (R1; R2) satisfying

R1 � I(X;Y jU)

R2 � I(U ;Z);

for some joint distribution p(u)p(xju)p(y; zjx), with the cardinality of the

auxiliary random variable bounded by jUj � min(jX j; jYj; jZj). The outer

region presented in the previous section can be seen as a contraction by

(r1; r2) of RDBC , followed by an extension of ((1 � r1)C1; (1 � r2)C2). An

example of outer region with an arbitrary (r1; r2) obtained with the preceding

construction is shown in Figure 4.4.1. Note that, for (r1; r2) = (1; 1) the

outer region is simply given by the (block code) capacity region RDBC , and

for (r1; r2) = (0; 0) we recover the full rectangle [0; C1]� [0; C2].

To get a better insight into the meaning of this outer region, we focus

on coding schemes for which the weak receiver never (or with a negligible

probability) decodes its message before the strong receiver, that is we impose

E[N ] = E[N1]. In this case the outer region is given by the set of all rate
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C1

R2
R1

(0; 0) (r1; r2)(1; 1)
The dashed line with r1 = 1 and r2 = 1 represents the (block code) capacity
region of a degraded broadcast channel. The dotted lines show the construction
of the outer region.

Figure 4.4.1: Example of an outer region with an arbitrary (r1; r2).

pairs (R0
1; R

0
2) satisfying

R0
1 � I(X;Y jU)

R0
2 �

E[N1]

E[N2]
I(U ;Z) + (1�

E[N1]

E[N2]
)C2;

for some joint distribution p(u)p(xju)p(y; zjx).10

Any rate pair in this region can be achieved, by choosing E[N1] and E[N2]

large enough, and using a block code of length E[N1] achieving the rate pair

(R�
1; R

�
2) 2 RDBC that corresponds to the desired value of (I(X;Y jU); I(U ;Z))

for a given joint input distribution p(u)p(xju),11 followed by a capacity

achieving code of length E[N2] � E[N1], for the link to the weak receiver.

Note that, the number of bits intended for the weak receiver behaves like:

logM2 = E[N1]R
�
2 +

�
E[N2]� E[N1]

�
C2.

This shows that among all coding schemes with E[N ] = E[N1], the best

10From now on, we omit to mention the cardinality bound on the auxiliary random
variable U .

11For a careful de�nition and analysis of block codes and broadcast channels, the reader
is referred to [5] and the references therein.
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one is composed of two successive block codes. Thus, the possibility to

employ variable length coding gives no real improvement over block coding.

The gain in the achievable rates comes from the fact that the receivers decode

their message at a di�erent instant of time. The same conclusion can be

derived if E[N ] = E[N2].

In general, for a �xed value of E[N1] and E[N2], the best outer bound

is obtained by minimizing E[N ]. We know that with high probability N1 �
logM1

C1
and N2 �

logM2

C2
, thus we may write E[N ] � min

�
logM1

C1
; logM2

C2

�
. For

coding schemes that have logM1

C1
= logM2

C2
, the preceding remark and the bound

on Cr1;r2 allow us to derive the following outer bound on the rate pair (R1; R2)

achievable with such a code

R1 �
C1

2� I(X;Y jU)
C1

R2 �
C2

2� I(U ;Z)
C2

; (4.4.1)

for some joint distribution p(u)p(xju)p(y; zjx). This is obtained by taking

the points in the union of all outer bounds on Cr1;r2 (one for each value of

(r1; r2)), for which r1 = R1
C1

and r2 = R2
C2
. Note that the region of all rate

pairs satisfying this outer bound is not necessarily convex.

In order to achieve this bound, we need to design codes with E[N ] <

min(E[N1]; E[N2]) which implies that the decoding times have a large vari-

ance, in particular the realizations of N1 and N2 must overlap. Since the

coding schemes proposed so far have �xed decoding times, they are insuf-

�cient. One solution would be to play with the decoding times of di�erent

message pairs, but in doing that we break the symmetry and it becomes

di�cult to bound the probability of error. In the following, we will con-

sider another solution that uses variable length codes with non-deterministic

encoders.

Recall that in our de�nition of variable length codes, we assumed that

the encoders are deterministic in the sense that to each message there corre-
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sponds only one transmitted sequence. Here, however, we proposed a coding

scheme that let the encoders to be non-deterministic, that is the transmitted

sequence corresponding to a message pair is not unique, but depends also

on the outcome of an auxiliary random experiment. Nevertheless, note that,

the proof of the outer bound on Cr1;r2 can be extended to incorporate non-

deterministic encoders. Now, let us consider the following random coding

scheme. Generate two capacity achieving (block) codes, one for the strong

link C1 of length
logM1

C1
, and one for the weak link C2 of length

logM2

C2
. Then,

to transmit a message pair (w1; w2) 2 (W1;W2), with probability p send the

codeword in C1 corresponding to w1, followed by the codeword in C2 corre-

sponding to w2. And, with probability 1� p , �p send it in the reverse order

(C2 followed by C1).

This is a kind of \time-sharing" between the codes C1 and C2, except

that here the two codebooks have a di�erent timeliness, and thus we can-

not construct a new codebook with the desired rates by simply using one

codebook a fraction of time and the other the remaining fraction of time.

Also, observe that there is no need of a common randomness between the

transmitter and the receivers. One can imagine that the encoder collects a

large number of samples of the auxiliary random experiment and sends them

to the receivers, before any message is transmitted. This adds a negligible

overhead on the transmissions. Then the receivers can use these samples to

decode their intended messages.

This random coding scheme as an average minimum decoding time given

by E[N ] = p logM1

C1
+ �p logM2

C2
, and, for M1 and M2 large enough, it can achieve

the following rates

R0
1 =

logM1

logM1

C1
+ �p logM2

C2

=
C1

1 + �pC1
C2

logM2

logM1

R0
2 =

logM2

logM2

C2
+ p logM1

C1

=
C2

1 + pC2
C1

logM1

logM2

;

with p 2 [0; 1].
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C2
C1

R2
R1

This �gure shows the region Cr1;r2 for variable length codes for which logM1

C1

=
logM2

C2

. The dashed line delimits the achievable region using block codes.

Figure 4.4.2: Example of a region of achievable rates over a degraded broadcast

channel.

Assuming that logM1

C1
= logM2

C2
, we have that the region of all rate pairs

(R0
1; R

0
2), satisfying

R0
1 =

C1

1 + �p

R0
2 =

C2

1 + p
;

for some p 2 [0; 1], is achievable. This region can be related to the outer

region de�ned by (4.4.1). We see that the corner points of this outer region

are achieved. Furthermore, for symmetric broadcast channels, that is when

the statistics over each link are the same, C1 = C2 and the two regions

coincide. This suggests that \time-sharing" coding strategies are su�cient

and we do not need to consider more sophisticated variable length codes.

An example of such a region is illustrated in Figure 4.4.2. Notice that one

can achieve higher rate pairs with variable length codes than the rate pairs

achievable with �xed length codes even when E[N1] = E[N2]. Again, in this

example, the improvement of using variable length codes is only apparent

through the possibility of sending the messages at di�erent periods of time.
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4.5 Remarks and Conclusion

For variable length coding over a degraded broadcast channel, we introduced

a new notion of maximum achievable rates region with a receiver centric

de�nition of the transmission rates. We derived an outer bound on this

region, that capture the variability in the receiver decoding times. Then,

through examples of coding scheme, we motivated that the gain in using

variable length codes essentially comes from the possibility for the receivers

to decode at a di�erent instant of time, and, as far as we are interested in

achievable rates existing block codes are su�cient.

Here we look at the broadcast channel coding problem from the perspec-

tive of the receivers, which allows us to de�ne variable length codes. This

perspective can also be helpful if one wishes to consider cost measures (e.g.,

energy consumption) at the receivers side.
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4.A Proof of Lemma 4.3.2

Let �i = 1fN < i � N2g,
12 then, from the chain rule for mutual information,

we have

I(W2;Z
N2
N+1jN;Z

N) = I(W2;Z1�1; �1; � � � ; Zn�n; �n; � � � jN;Z
N)

= I(W2; �1jN;Z
N) + I(W2;Z1�1j�1; N; Z

N) + � � �

+ I(W2; �nj(Z�)
n�1; �n�1; N; ZN)

+ I(W2;Zn�nj(Z�)
n�1; �n; N; ZN) + � � �

=
1X
i=1

I(W2; �ij(Z�)
i�1; �i�1; N; ZN)

+
1X
i=1

I(W2;Zi�ij(Z�)
i�1; �i; N; ZN):

The �rst summation can be bounded as

1X
i=1

I(W2; �ij(Z�)
i�1; �i�1; N; ZN) �

1X
i=1

H(�ij�
i�1)

= H(�1; �2; � � � )

= H(N2 �N)

� log(eE[N2 �N ]);

where the last inequality is proved in [6] and [7, x1.3].

12As before, we de�ne Ai�i as being equal to Ai if N < i � N2 and equal to @ otherwise,
where @ denotes a symbol distinct from any of the letters in (X ;Y;Z), and Ai can be
either Xi, Yi or Zi.
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For the second summation, we can write

I(W2;Zi�ij(Z�)
i�1; �i; N; ZN) = H(Zi�ij(Z�)

i�1; �i; N; ZN)

�H(Zi�ij(Z�)
i�1; �i; N; ZN ;W2)

� H(Zi�ij�i)�H(Zi�ijXi�i; (Z�)
i�1; �i; N; ZN ;W2)

= H(Zi�ij�i)�H(Zi�ijXi�i; �i)

= Pr(�i = 1)
�
H(Zij�i = 1)�H(ZijXi; �i = 1)

�
= Pr(N < i � N2)I(Xi;Zij�i = 1)

� Pr(N < i � N2)C2;

since given Xi, Zi is independent of the past values and of W2. The last

inequality follows since p(zijxi; �i = 1) = p(zijxi) and by the de�nition of C2.

Thus, we get

I(W2;Z
N2
N+1jN;Z

N) � log(eE[N2 �N ]) +
1X
i=1

Pr(N < i � N2)C2

= log(eE[N2 �N ]) + E[N2 �N ]C2:

Now, let �i = 1fN < i � N1g, and consider

I(W1;Y
N1
N+1jN; Y

N ;W2) = I(W1;Y1�1; �1; � � � ; Yn�n; �n; � � � jN; Y
N ;W2)

= I(W1; �1jN; Y
N ;W2)

+ I(W1;Y1�1j�1; N; Y
N ;W2) + � � �

+ I(W1; �nj(Y �)
n�1; �n�1; N; Y N ;W2)

+ I(W1;Yn�nj(Y �)
n�1; �n; N; Y N ;W2) + � � �

=
1X
i=1

I(W1; �ij(Y �)
i�1; �i�1; N; Y N ;W2)

+
1X
i=1

I(W1;Yi�ij(Y �)
i�1; �i; N; Y N ;W2):
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As before, we may upper bound the �rst summation as

1X
i=1

I(W1; �ij(Y �)
i�1; �i�1; N; Y N ;W2) �

1X
i=1

H(�ij�
i�1)

= H(�1; �2; � � � )

= H(N1 �N)

� log(eE[N1 �N ]):

And, the ith term in the second summation is

I(W1;Yi�ij(Y �)
i�1; �i; N; Y N ;W2) = H(Yi�ij(Y �)

i�1; �i; N; Y N ;W2)

�H(Yi�ij(Y �)
i�1; �i; N; Y N ;W1;W2)

� H(Yi�ij�i)

�H(Yi�ijXi�i; (Y �)
i�1; �i; N; Y N ;W1;W2)

= H(Yi�ij�i)�H(Yi�ijXi�i; �i)

= Pr(�i = 1)
�
H(Yij�i = 1)�H(YijXi; �i = 1)

�
= Pr(N < i � N1)I(Xi;Yij�i = 1)

� Pr(N < i � N1)C1;

since given Xi, Yi is independent of the past values and of (W1;W2). The

last inequality follows since p(yijxi; �i = 1) = p(yijxi) and by the de�nition

of C1. Thus, we get

I(W1;Y
N1
N+1jN; Y

N ;W2) � log(eE[N1 �N ]) +
1X
i=1

Pr(N < i � N1)C1

= log(eE[N1 �N ]) + E[N1 �N ]C1:
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Variable Length Codes for

Multiple-Access Channels

Here we investigate the rates achievable using variable length codes over a

two-user multiple-access channel. As in the previous chapter, we de�ne the

transmission rates from the perspective of the receiver and we study the set

of achievable rates when the receiver is allowed to decode each user at a

di�erent instant of time.

The next section provides the de�nition of a variable length code for a

multiple-access channel, along with an associated region of achievable rates

addressing the possibility for the receiver to decode di�erent instants of time.

In Section 5.2, we show an outer bound on this region. Then, in section 5.3,

we relate this outer region to the usual (block code) capacity region of a

multiple-access channel. Section 5.4 will present examples of coding schemes

that achieve some parts of the outer region. Finally, in Section 5.5, we

explore the set of rates achievable using variable length codes with a random

codebook and derive a decoding rule that achieves all rate pairs within the

direct part (without time-sharing) of the usual (block code) capacity region,

without requiring a previous agremment between the transmitter.

101
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5.1 De�nitions

We consider a discrete memoryless multiple-access channel in which two

transmitters send independent information to a common receiver. The chan-

nel model is illustrated in Figure 5.1.1. There are two sources, one pro-

ducing a message W1 2 f1; 2; : : : ;M1g and the other producing a mes-

sage W2 2 f1; 2; : : : ;M2g. The channel consists of two input alphabets

X1 and X2, one output alphabet Y , and a probability transition function

p(yjx1; x2). By the memorylessness of the channel we have, for any n,

p(ynjxn1 ; x
n
2 ) = �n

i=1p(yijx1i; x2i), where x
n
1 2 X1

n, xn2 2 X2
n and yn 2 Yn.Transmitter 1

Transmitter 2
X1
X2 Reeiver (Ŵ1; Ŵ2)W2

W1 Yp(yjx1; x2)
Figure 5.1.1: Multiple-Access Channel.

Let N1 and N2 be stopping times with respect to (w.r.t.) fYigi�1, the

sequence of received letters. We de�ne a (M1;M2; N1; N2) variable length

code as two sequences of mappings (encoders) fx1i(W1)gi�1 and fx2i(W2)gi�1,

and two decoding functions (decoders) w.r.t. the decoding times N1 and N2,

g1 : Y
N1 ! f1; 2; : : : ;M1g

and

g2 : Y
N2 ! f1; 2; : : : ;M2g:

Note that YN1 and YN2 take values in the set of all �nite sequences of chan-

nel output. As observed in the previous chapter, for deterministic stopping

rules, we can represent the set of all output sequences for which a decision
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is made, at each decoder (g1 and g2), as the leaves of a complete jYj-ary

tree, then each decoder proceeds by climbing the tree until it reaches a leaf,

as explained in Section 4.2. Now, assuming that (W1;W2) are uniformly

distributed over f1; 2; : : : ;M1g � f1; 2; : : : ;M2g, we de�ne the transmission

rates from the perspective of the receivers as logM1

E[N1]
and logM2

E[N2]
,1 and we let the

average probability of error to be the probability that the decoded messages

are not equal to the transmitted messages, i.e.,

Pe = Prfg1(Y
N1) 6= W1 or g2(Y

N2) 6= W2 g:

De�nition 5.1.1 A rate pair (R1; R2) is said to be achievable for the multiple-

access channel if for all � > 0, there exists a (M1;M2; N1; N2) variable length

code with logM1

E[N1]
� R1,

logM2

E[N2]
� R2 and Pe < �.

De�nition 5.1.2 The capacity region of the multiple-access channel is the

closure of the set of achievable rates.2

The argument presented in the previous chapter for the broadcast channel

apply here, and hence the capacity region is given by the rectangle [0; C1]�

[0; C2], where C1 , maxp(x1)p(x2) I(X1;Y jX2) and C2 , maxp(x1)p(x2) I(X2;Y jX1)

are the maximum achievable rates in each individual link. This region is

achieved by sending the messages of each user in a separated period of time,

and by making the ratio E[N1]=E[N2] approach 0 (or in�nity). Therefore,

this requires that one user have in�nitely more information to transmit than

the other.

As mentioned in Section 4.1, we are interested in scenarios where each

user has infrequent messages to transmit. For example, we can consider a

synchronous network with infrequently occurring packets. Thus, we want to

characterize the region of achievable rates with a restriction on E[N1] and

1Notice that the expectation E[N1] and E[N2] are taken over the channel realizations
and over the pair of messages (W1;W2).

2Here we consider the average probability of error. To use P̂e = maxw1;w2
Prfg1(Y

N
1 ) =

w1 or g2(Y
N2) = w2jW1 = w1;W2 = w2g would in general lead to a di�erent capacity

region, as noticed in [8].
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E[N2] and capture the variability on the receiver decoding times, this lead

us to consider the following region related to the one de�ned in De�nition

4.2.3.

De�nition 5.1.3 Let N = min(N1; N2), we denote by Cr1;r2 the set of rates

achievable by using variable length codes for which E[N ]
E[N1]

� r1,
E[N ]
E[N2]

� r2 ,

sr1, with 0 < r1; r2 � 1.3

Note that this de�nition allows us to control the ratio between the average

decoding time of the message of each transmitter with the values of r1 and

r2. In the next section we show an outer bound on this region, and Section

5.4 will describe coding schemes based on block codes that achieve the outer

region when additional constraints are imposed on r1 and r2.

5.2 Outer Region

In order to prove an outer bound on the achievable rates region Cr1;r2 , we

need two lemmas.

Lemma 5.2.1 We have the following inequalities:

I(W1;Y
N jW2) � E[N ]I(X1;Y jX2; Q) + log(eE[N ])

I(W2;Y
N jW1) � E[N ]I(X2;Y jX1; Q) + log(eE[N ])

I(W1;W2;Y
N) � E[N ]I(X1; X2;Y jQ) + log(eE[N ]);

for some joint distribution p(q)p(x1jq)p(x2jq)p(yjx1; x2).

Proof. Let �i = 1fN � ig,4 then, from the chain rule for mutual informa-

3This de�nition is identical to De�nition 4.2.3 except that here we also de�ne s = r2
r1
.

4Where 1fN � ig is equal to 1 if N � i and equal to 0 otherwise. Also, we de�ne Ai�i
as being equal to Ai if N � i and equal to @ otherwise, where @ denotes a symbol distinct
from any of the letters in (X1;X2;Y), and Ai can be either X1i, X2i or Yi.
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tion, we have

I(W1;Y
N jW2) = I(W1;Y1�1; �1; � � � ; Yn�n; �n; � � � jW2)

= I(W1;�1jW2) + I(W1;Y1�1j�1;W2) + � � �

+ I(W1;�nj(Y �)
n�1; �n�1;W2)

+ I(W1;Yn�nj(Y �)
n�1; �n;W2) + � � �

=
1X
i=1

I(W1;�ij(Y �)
i�1; �i�1;W2)

+
1X
i=1

I(W1;Yi�ij(Y �)
i�1; �i;W2):

The �rst summation can be upper bounded as

1X
i=1

I(W1;�ij(Y �)
i�1; �i�1;W2) �

1X
i=1

H(�ij�
i�1)

= H(�1; �2; � � � )

= H(N)

� log(eE[N ]);

where we use the fact that conditioning reduces entropy, and the last in-

equality is proved in [6] and [7, x1.3], for any non-negative discrete random

variable, using the log sum inequality.
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For the second summation, we can write

I(W1;Yi�ij(Y �)
i�1; �i;W2) = H(Yi�ij(Y �)

i�1; �i;W2)

�H(Yi�ij(Y �)
i�1; �i;W2;W1)

(a)

� H(Yi�ijX2i�i; �i)�H(Yi�ij(Y �)
i�1; �i;W2;W1)

(b)
= H(Yi�ijX2i�i; �i)�H(Yi�ijX1i�i; X2i�i; �i)

= Pr(�i = 1)
�
H(YijX2i; �i = 1)

�H(YijX1i; X2i; �i = 1)
�

= Pr(N � i)I(X1i;YijX2i; �i = 1);

where (a) follows, since conditioning reduces entropy and X2i is a function

of W2. In (b) we remark that knowing �i, Yi�i is independent of the past

values f�jgj<i, and that (X1i; X2i) is a function of (W1;W2) and then given

(X1i; X2i), Yi is independent of (W1;W2) and of the past received values. The

other equalities follow by de�nition of the corresponding quantities.

Next, observe that p(yijx1i; x2i; �i = 1) = p(yijx1i; x2i), thus I(X1i;YijX2i; �i =

1) = I(X1i;YijX2i), with p(x1i) , p(x1ij�i = 1) and p(x2i) , p(x2ij�i = 1).

Hence, we get

1X
i=1

I(W1;Yi�ij(Y �)
i�1; �i;W2) �

1X
i=1

Pr(N � i)I(X1i;YijX2i)

= E[N ]
1X
i=1

Pr(N � i)

E[N ]
I(X1i;YijX2i):

Now let ai =
Pr(N�i)
E[N ]

, note that ai � 0 for all i, and
P

i ai = 1. Thus, we

can de�ne an integer random variable Q by setting Pr(Q = i) = ai, for all
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i 2 f1; 2; : : : g. Using this, the preceding equation becomes

1X
i=1

I(W1;Yi�ij(Y �)
i�1; �i;W2) = E[N ]

1X
i=1

Pr(Q = i)I(X1Q;YQjX2Q; Q = i)

= E[N ]I(X1;Y jX2; Q);

where X1 , X1Q, X2 , X2Q and Y , YQ are new random variables whose

distributions depend on Q in the same way as the distributions of X1i, X2i

and Yi depend on i. Notice that Q! (X1; X2)! Y forms a Markov chain.

Therefore, we obtain

I(W1;Y
N jW2) � E[N ]I(X1;Y jX2; Q) + log(eE[N ]);

for some joint distribution p(q)p(x1jq)p(x2jq)p(yjx1; x2).

The second inequality follows by symmetry. For the last one, we proceed

in the same manner, consider

I(W1;W2;Y
N) = I(W1;W2;Y1�1; �1; � � � ; Yn�n; �n; � � � )

= I(W1;W2;�1) + I(W1;W2;Y1�1j�1) + � � �

+ I(W1;W2;�nj(Y �)
n�1; �n�1)

+ I(W1;W2;Yn�nj(Y �)
n�1; �n) + � � �

=
1X
i=1

I(W1;W2;�ij(Y �)
i�1; �i�1)

+
1X
i=1

I(W1;W2;Yi�ij(Y �)
i�1; �i):

As before, the �rst summation can be upper bounded as

1X
i=1

I(W1;W2;�ij(Y �)
i�1; �i�1) � log(eE[N ]):
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For the second summation, we have

I(W1;W2;Yi�ij(Y �)
i�1; �i) = H(Yi�ij(Y �)

i�1; �i)

�H(Yi�ij(Y �)
i�1; �i;W1;W2)

� H(Yi�ij�i)�H(Yi�ijX1i�i; X2i�i; �i)

= Pr(�i = 1)
�
H(Yij�i = 1)

�H(YijX1i; X2i; �i = 1)
�

= Pr(N � i)I(X1i; X2i;Yij�i = 1);

since (X1i; X2i) is a function of (W1;W2), and given (X1i; X2i), Yi is indepen-

dent of the past received values.

Then, observe that p(yijx1i; x2i; �i = 1) = p(yijx1i; x2i), thus I(X1i; X2i;Yij�i =

1) = I(X1i;YijX2i), with p(x1i) , p(x1ij�i = 1) and p(x2i) , p(x2ij�i = 1).

Hence, we get

1X
i=1

I(W1;W2;Yi�ij(Y �)
i�1; �i) �

1X
i=1

Pr(N � i)I(X1i; X2i;Yi)

= E[N ]
1X
i=1

Pr(N � i)

E[N ]
I(X1i; X2i;Yi):

Now, as done before, let ai =
Pr(N�i)
E[N ]

, and de�ne an integer random variable

Q by setting Pr(Q = i) = ai, for all i 2 f1; 2; : : : g. Using this, the preceding

equation becomes

1X
i=1

I(W1;W2;Yi�ij(Y �)
i�1; �i) = E[N ]

1X
i=1

Pr(Q = i)I(X1Q; X2Q;YQjQ = i)

= E[N ]I(X1; X2;Y jQ);

where X1 , X1Q, X2 , X2Q and Y , YQ are random variables whose distri-

butions depend on Q in the same way as the distributions of X1i, X2i and Yi
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depend on i. Notice that Q! (X1; X2)! Y forms a Markov chain.

Therefore, we obtain

I(W1;W2;Y
N) � E[N ]I(X1; X2;Y jQ) + log(eE[N ]);

for some joint distribution p(q)p(x1jq)p(x2jq)p(yjx1; x2). �

Lemma 5.2.2 We have the following inequalities:

I(W1;Y
N1
N+1jY

N ;W2) � E[N1 �N ]C1 + log(eE[N1 �N ])

I(W2;Y
N2
N+1jY

N ;W1) � E[N2 �N ]C2 + log(eE[N2 �N ]):

Proof. Let �i = 1fN < i � N1g,
5 and consider

I(W1;Y
N1
N+1jY

N ;W2) = I(W1;Y1�1; �1; � � � ; Yn�n; �n; � � � jY
N ;W2)

= I(W1; �1jY
N ;W2)

+ I(W1;Y1�1j�1; Y
N ;W2) + � � �

+ I(W1; �nj(Y �)
n�1; �n�1; Y N ;W2)

+ I(W1;Yn�nj(Y �)
n�1; �n; Y N ;W2) + � � �

=
1X
i=1

I(W1; �ij(Y �)
i�1; �i�1; Y N ;W2)

+
1X
i=1

I(W1;Yi�ij(Y �)
i�1; �i; Y N ;W2);

where we use the chain rule for mutual information to obtain the second

inequality.

5As before, we de�ne Yi�i as being equal to Yi if N < i � N1 and equal to @ otherwise,
where @ denotes a symbol distinct from any of the letters in (X1;X2;Y).
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The �rst summation can be bounded as

1X
i=1

I(W1; �ij(Y �)
i�1; �i�1; Y N ;W2) �

1X
i=1

H(�ij�
i�1)

= H(�1; �2; � � � )

= H(N1 �N)

� log(eE[N1 �N ]):

where the last inequality is proved in [6] and [7, x1.3], as mentioned before.

For the second summation, we can write

I(W1;Yi�ij(Y �)
i�1; �i; Y N ;W2) = H(Yi�ij(Y �)

i�1; �i; Y N ;W2)

�H(Yi�ij(Y �)
i�1; �i; Y N ;W2;W1)

� H(Yi�ij(X2i�i; �i)

�H(Yi�ijX1i�i; X2i�i; (Y �)
i�1; �i; Y N ;W2;W1)

(a)
= H(Yi�ijX2i�i; �i)�H(Yi�ijX1i�i; X2i�i; �i)

= Pr(�i = 1)
�
H(YijX2i; �i = 1)

�H(YijX1i; X2i; �i = 1)
�

= Pr(N < i � N1)I(X1i;YijX2i; �i = 1)

� Pr(N < i � N1)C1;

where in (a) we use the fact that given (X1i; X2i), Yi is independent of

the past received values and of (W1;W2). The last inequality follows since

p(yijx1i; x2i; �i = 1) = p(yijx1i; x2i) and by the de�nition of C1. Thus, we get

I(W1;Y
N1
N+1jY

N ;W2) � log(eE[N1 �N ]) +
1X
i=1

Pr(N < i � N1)C1

= log(eE[N1 �N ]) + E[N1 �N ]C1:
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The second inequality follows in a symmetric way. �

Theorem 5.2.3 (Outer bound) Any rate pair (R1; R2) 2 Cr1;r2 must satisfy

R1 � r1I(X1;Y jX2; Q) + (1� r1)C1

R2 � r2I(X2;Y jX1; Q) + (1� r2)C2

sR1 +R2 � r2I(X1; X2;Y jQ) + s(1� r1)C1 + (1� r2)C2;

for some joint distribution p(q)p(x1jq)p(x2jq)p(yjx1; x2), with jQj � 2.

Proof. Let Wi be uniformly distributed over f1; 2; : : : ;Mig, i = 1; 2. Then,

I(W1;W2;Y
max(N1;N2)) = H(W1;W2)�H(W1;W2jY

max(N1;N2))

= E[N1]R1 + E[N2]R2 �H(W1;W2jY
max(N1;N2));

and

I(W1;Y
N1jW2) = H(W1jW2)�H(W1jY

N1 ;W2)

� E[N1]R1 �H(W1jY
N1);

and

I(W2;Y
N2jW1) = H(W2jW1)�H(W2jY

N2 ;W1)

� E[N2]R2 �H(W2jY
N2):

From Fano's inequality, we have

E[N1](R1 � �) � I(W1;Y
N1jW2)

E[N2](R2 � �) � I(W2;Y
N2jW1)

E[N1](R1 � �) + E[N2](R2 � �) � I(W1;W2;Y
max(N1;N2));

where �! 0 as Pe ! 0.
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From the chain rule for mutual information, we can write

I(W1;Y
N1jW2) = I(W1;Y

N jW2) + I(W1;Y
N1
N+1jY

N ;W2);

with the convention that Y N
N+1 = ;.

Then, using Lemma 5.2.1 and Lemma 5.2.2, we get

I(W1;Y
N1jW2) � E[N ]I(X1;Y jX2; Q) + E[N1 �N ]C1

+ log(eE[N ]) + log(eE[N1 �N ]);

for some joint distribution p(q)p(x1jq)p(x2jq)p(yjx1; x2).

In a symmetric way, we obtain

I(W2;Y
N2jW1) � E[N ]I(X2;Y jX1; Q) + E[N2 �N ]C2

+ log(eE[N ]) + log(eE[N2 �N ]);

for some joint distribution p(q)p(x1jq)p(x2jq)p(yjx1; x2).

Now, using the chain rule for mutual information, we have

I(W1;W2;Y
max(N1;N2)) = I(W1;W2;Y

N) + I(W1;W2;Y
max(N1;N2)
N+1 jY N)

= I(W1;W2;Y
N) + I(W1;W2;Y

max(N1;N2)
N+1 jN; Y N):

Lemma 5.2.1 implies

I(W1;W2;Y
N) � E[N ]I(X1; X2;Y jQ) + log(eE[N ]);

for some joint distribution p(q)p(x1jq)p(x2jq)p(yjx1; x2). For the second term,
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the following holds

I(W1;W2;Y
max(N1;N2)
N+1 jN; Y N) = Pr(N = N1)I(W1;W2;Y

N2
N1+1jN = N1; Y

N1)

+ Pr(N = N2)I(W1;W2;Y
N1
N2+1jN = N2; Y

N2)

= Pr(N1 � N2)I(W1;W2;Y
N2
N1+1jN = N1; Y

N1)

+ Pr(N2 < N1)I(W1;W2;Y
N1
N2+1jN = N2; Y

N2);

with

I(W1;W2;Y
N2
N1+1jN = N1; Y

N1) = I(W2;Y
N2
N1+1jN = N1; Y

N1 ;W1)

+ I(W1;Y
N2
N1+1jN = N1; Y

N1)

= I(W2;Y
N2
N1+1jN = N1; Y

N1 ;W1)

+H(W1jN = N1; Y
N1)

�H(W1jN = N1; Y
N2):

Since at time N1 the receiver decodes W1, we can apply Fano's inequality,

yielding

I(W1;W2;Y
N2
N1+1jN = N1; Y

N1) � I(W2;Y
N2
N1+1jN = N1; Y

N1 ;W1) + E[N1]�;

where �! 0 as Pe ! 0. By symmetry, we have

I(W1;W2;Y
N1
N2+1jN = N2; Y

N2) � I(W1;Y
N1
N2+1jN = N2; Y

N2 ;W2) + E[N2]�:
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Hence,

I(W1;W2;Y
max(N1;N2)
N+1 jN; Y N) � Pr(N1 � N2)I(W2;Y

N2
N1+1jN = N1; Y

N1 ;W1)

+ Pr(N2 < N1)I(W1;Y
N1
N2+1jN = N2; Y

N2 ;W2)

+ E[N1]�+ E[N2]�

= I(W2;Y
N2
N+1jN; Y

N ;W1)

+ I(W1;Y
N1
N+1jN; Y

N ;W2)

+ E[N1]�+ E[N2]�

� E[N2 �N ]C2 + E[N1 �N ]C1

+ log(eE[N2 �N ]) + log(eE[N1 �N ])

+ E[N1]�+ E[N2]�;

where we use Lemma 5.2.2 to obtain the last inequality.

Putting things together, we get

E[N1](R1 � �) � E[N ]I(X1;Y jX2; Q) + E[N1 �N ]C1

+ log(eE[N ]) + log(eE[N1 �N ])

E[N2](R2 � �) � E[N ]I(X2;Y jX1; Q) + E[N2 �N ]C2

+ log(eE[N ]) + log(eE[N2 �N ])

E[N1](R1 � �) + E[N2](R2 � �) � E[N ]I(X1; X2;Y jQ) + E[N1 �N ]C1

+ E[N2 �N ]C2 + log(eE[N ])

+ log(eE[N1 �N ]) + log(eE[N2 �N ])

+ E[N1]�+ E[N2]�;

for some joint distribution p(q)p(x1jq)p(x2jq)p(yjx1; x2).

Dividing by E[N1] in the �rst inequality and by E[N2] in the second and in

the last inequality, then letting E[N1]!1 and E[N2]!1 with E[N1]
E[N2]

= s
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(and assuming that (R1; R2) is achievable), gives the statement of the theo-

rem. The upper bound on the cardinality of Q follows from convex analysis.

�

Remark 5.2.1 (feedback) We can extend our de�nition of variable length

codes for a multiple-access channel with a noiseless and instantaneous feed-

back from the receiver to the transmitters, this require to make x1i and x2i

also dependent of the past received values Y i�1. In this setting, we can prove

the following outer bound on Cr1;r2, if a rate pair (R1; R2) is in Cr1;r2, then

R1 � r1I(X1;Y jX2) + (1� r1)C1

R2 � r2I(X2;Y jX1) + (1� r2)C2

sR1 +R2 � r2I(X1; X2;Y ) + s(1� r1)C1 + (1� r2)C2;

for some joint distribution p(x1; x2)p(yjx1; x2). This outer bound can easily

be derived using the ideas developed in the proof of Theorem 5.2.3 (with-

out the introduction of the time-sharing random variable Q). This provides

an equivalent of the outer bound on the capacity region of a multiple-access

with feedback described in [16], when the receiver can decode the messages at

di�erent instants of time.

5.3 Comments on the Outer Region

Let RMAC denote the usual (block code) capacity region of a multiple-access

channel, which can be stated as the union of all pairs (R1; R2) satisfying

R1 � I(X1;Y jX2; Q)

R2 � I(X2;Y jX1; Q)

R1 +R2 � I(X1; X2;Y jQ);

for some joint distribution p(q)p(x1jq)p(x2jq)p(yjx1; x2), with jQj � 2.
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For a given r1 and r2, let us rewrite the region de�ned in the previous

theorem as the union of all (R0
1; R

0
2) pairs satisfying

R0
1 � r2I(X1;Y jX2; Q) + s(1� r1)C1

R0
2 � r2I(X2;Y jX1; Q) + (1� r2)C2

R0
1 +R0

2 � r2I(X1; X2;Y jQ) + s(1� r1)C1 + (1� r2)C2;

for some joint distribution p(q)p(x1jq)p(x2jq)p(yjx1; x2), with jQj � 2. We

have just set R0
1 = sR1 and R

0
2 = R2 in the region of the theorem. Denote

it by R. From these expressions, we have immediately that (R0
1; R

0
2) 2 R is

equivalent to

1

r2

�
R0

1 � s(1� r1)C1; R
0
2 � (1� r2)C2

�
2 RMAC :

Therefore, the region obtained in Theorem 5.2.3 can be seen as a contraction

by (r1; r2) of the (block code) capacity region of a multiple-access channel

followed by an extension of ((1�r1)C1; (1�r2)C2). This is the same construc-

tion as the one made in Section 4.4, to obtain the equivalent outer region in

the context of degraded broadcast channels. For a picture of this outer region

the reader is referred to Figure 4.4.1. We can also remark here, that, when

(r1; r2) = (1; 1) the outer region is equal to the (block code) capacity region

RMAC , and for (r1; r2) = (0; 0) we recover the full rectangle [0; C1]� [0; C2].

Finally, let us emphasize that Cr1;r2 is de�ned for variable length codes

with a certain r1 and r2, and that no bounds on the possible values of these

ratios are given here. However the existence of a coding scheme with any

desired r1 and r2 is not guaranteed. In the next section we show particular

coding schemes that achieve the outer region when we impose a restriction

on E[N1], E[N2] and E[N ].
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5.4 Achievability and Coding Schemes

Let us �rst restrict the analysis to codes for which the receiver never (or with

a negligible probability) decodes the message from the �rst transmitter after

the message coming from the second transmitter, that is E[N ] = E[N1]. In

this case, the outer bound of Theorem 5.2.3 simpli�es to

R1 � I(X1;Y jX2; Q)

R2 � sI(X2;Y jX1; Q) + (1� s)C2

sR1 +R2 � sI(X1; X2;Y jQ) + (1� s)C2;

for some joint distribution p(q)p(x1jq)p(x2jq)p(yjx1; x2) with jQj � 2,6 and

for variable length codes with E[N1]
E[N2]

� s.

As the following construction will show, any rate pair (R1; R2) satisfying

this outer bound can be achieved by using a (sequence of) concatenation of

two (multiple-access) block codes. Generate one block code of length E[N1]

and rates (R�
1; R

�
2) 2 RMAC , and one of length E[N2] � E[N1] and rates

(0; C2), that is the �rst transmitter send the input symbol that allows the

second transmitter to send at its maximum rate (see Figure 5.4.1).

nE[N2℄E[N1℄0
The top (resp. bottom) line illustrates the codeword of the �rst (resp. sec-
ond) transmitter. The �lled intensity of a block representing a codeword is
proportional to the information rate of the corresponding code.

Figure 5.4.1: Example of codewords formed by the concatenation of two block

codes.

Denote by V1 the (M1;M2; N
1
1 ; N

1
2 ) variable length code obtained by the

6Henceforth we will omit to mention the cardinality bound on Q.



118 Chapter 5

concatenation of these two block codes, this means that we let the codewords

be formed by the Cartesian product of the respective codebooks,7 and that

the decoding functions are equal to the corresponding block code decoding

functions w.r.t. the �xed stopping times N1
1 and N1

2 given by

N1
1 = E[N1] =

logM1

R�
1

a.s.

N1
2 = E[N2] =

logM1

R�
1

+
logM2

C2
�
R�

2

C2

logM1

R�
1

a.s.

This implies that

logM1

E[N1
1 ]

= R�
1

logM2

E[N1
2 ]

=
N1

1

N1
2

R�
2 + (1�

N1
1

N1
2

)C2:

Thus, by letting N1
1 and N1

2 be arbitrary large with
N1
1

N1
2

= s, this coding

scheme achieves any rate pair satisfying the previous outer bound. In the case

where E[N ] = E[N2], a symmetric construction shows that the outer region

of Theorem 5.2.3 is achieved. Let us denote by V2 the (M1;M2; N
2
1 ; N

2
2 )

variable length code corresponding to this construction, and note that N2
1

and N2
2 are �xed stopping times given by

N2
1 =

logM2

R�
2

+
logM1

C1
�
R�

1

C1

logM2

R�
2

a.s.

N2
2 =

logM2

R�
2

a.s:

This shows that, in the particular cases where E[N ] = E[N1] or E[N ] =

E[N2], the best coding scheme is composed of two successive block codes.

Thus, as in the examples of the preceding chapter, we see that the gain

in terms of achievable rates essentially comes from the possibility for the

7To be rigorous we should add to each codeword an in�nite sequence of arbitrary input
symbols.
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receiver to decode each user at a di�erent instant of time.

Concerning the general case with no speci�c restriction on E[N ], for a

�xed value of E[N1] and E[N2], the best outer bound is obtained by mini-

mizing E[N ]. Since N1 �
logM1

C1
and N2 �

logM2

C2
with high probability, we

have E[N ] � min( logM1

C1
; logM2

C2
). In the remaining of this section, we restrict

our analysis to coding schemes with logM1

C1
= logM2

C2
. For such codes we have

r1 =
R1
C1

and r2 =
R2
C2
, thus we may rewrite the outer bound on Cr1;r2 for these

values of r1 and r2, as

R1 �
C1

2� I(X1;Y jX2;Q)
C1

R2 �
C2

2� I(X2;Y jX1;Q)
C2

sR1 +R2 �
R2

C2
I(X1; X2;Y jQ) + (1�

R1

C1
)sC1 + (1�

R2

C2
)C2;

for some joint distribution p(q)p(x1jq)p(x2jq)p(yjx1; x2), and for s = R2
R1

C1
C2
.

The last inequality can be worked out to bound R2 by a function of R1,

R2 �
C2

2 + 2C1
C2
�

C2
1

C2R1
� I(X1;X2;Y jQ)

C2

:

Thus, when R1 satis�es its upper bound with equality, R2 must satisfy

R2 �
C2

2� I(X2;Y jQ)
C2

;

for some joint distribution p(q)p(x1jq)p(x2jq)p(yjx1; x2).

We specify now this outer region when the (block code) capacity region

of the multiple-access channel forms a pentagon. Let us denote by (C1; d2)

and (d1; C2) the corner points of the dominant face of RMAC (see Figure

5.4.2). Then, let the joint distribution be such that the pair (I(X1;Y jX2; Q);

I(X2;Y jQ)) is on the dominant face of RMAC , we can describe any such pair

by I(X1;Y jX2; Q) = d1 + p(C1 � d1) and I(X2;Y jQ) = d2 +�p(C2 � d2), for
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some p 2 [0; 1]. Therefore, in this setting, the achievable rates satisfy

R1 �
C1

1 + �p(1� d1
C1
)

R2 �
C2

1 + p(1� d2
C2
)
; (5.4.1)

for some p 2 [0; 1].

In order to achieve this bound, we consider variable length codes with

non-deterministic encoders, as done in the preceding chapter.8 The idea is

to use the codes V1 and V2 in alternation. To communicate a message pair

(w1; w2) 2 (W1;W2), with probability �, the transmitters use the codeword

pair in V1 corresponding to (w1; w2), and with probability 1 � � , �� they

use the corresponding codeword pair in V2. The codewords obtained by

this procedure form the codebook which is revealed to the receiver (and the

transmitters). The decoding times N1 and N2 of this random code satisfy

E[N1] = �N1
1 +

��N2
1

E[N2] = �N1
2 +

��N2
2 :

Now, set (R�
1; R

�
2) = (C1; d2) in the �rst block code of V1, and (R�

1; R
�
2) =

(d1; C2) in the �rst block code of V2. For E[N1] and E[N2] arbitrary large,

this random coding scheme achieve the following rates

R1 =
logM1

logM1

C1
+ ��( logM2

C2
� d1

C1

logM2

C2
)
=

C1

1 + �� logM2

logM1

C1
C2
(1� d1

C1
)

R2 =
logM2

logM2

C2
+ �( logM1

C1
� d2

C2

logM1

C1
)
=

C2

1 + � logM1

logM2

C2
C1
(1� d2

C2
)
;

for all � 2 [0; 1].

This can be related to the outer bound given by (5.4.1), in particular for

8Note that, the proof of the outer bound on Cr1;r2 can be extended to incorporate
non-deterministic encoders.
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C2
C1

R2
R1d1d2

This �gure shows the region Cr1;r2 for a multiple-access channel with a

pentagon-shape capacity region and for variable length codes for which logM1

C1

=
logM2

C2

. The dashed line delimits the achievable region using block codes.

Figure 5.4.2: Example of a region of achievable rates for a multiple-access channel.

logM1

C1
= logM2

C2
, we have that any rate pair (R1; R2) such that

R1 �
C1

1 + ��(1� d1
C1
)

R2 �
C2

1 + �(1� d2
C2
)
;

for some � 2 [0; 1], is achievable. Thus, the outer region is achieved in this

special case, showing that \time-sharing" coding strategies are su�cient for

this setting. The shape of such a region is represented in the above �gure.

Note that one can achieve higher rates with variable length coding than the

rates achievable with �xed length coding even when E[N1] = E[N2]. This

holds only because of the possibility for the transmitters to send a part of

their message in non-overlapping periods of time.

One can remark that these coding strategies need to �x the transmission

rates (through the decoding times) before generating the codebook, thus each

transmitter is aware of the rate used by the other transmitters. In the next

section we show the existence of variable length codes achieving parts of the

(block code) capacity region of a multiple-access channel without requiring

a common agreement between the transmitters (decentralized setting).
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5.5 Random Variable Length Codes

In this section we analyze the rates achievable when the transmitters employ

a random codebook, that is the sequence of mappings fx1i(W1)gi�1 (resp.

fx2i(W2)gi�1) are M1 (resp. M2) random sequences of i.i.d. samples dis-

tributed according to a probability distribution p(x1) (resp. p(x2)) de�ned

over X1 (resp. X2).

5.5.1 A joint decoding rule

Let each transmitter start the transmission of a uniformly chosen codeword

in the random codebook. At time n, the decoder bases its decision on the

sequence of received values yn. If we constrain the decoding times N1 and N2

to be equal, the joint decoder that minimizes the probability of error will use

a MAP (maximum a posteriori) rule and choose the messages index (w1; w2)

maximizing the probability that (w1; w2) is transmitted knowing the received

sequence. Let9

�(n) = max
w1;w2

Pr((w1; w2) is transmittedjy
n);

then the optimal joint decoder (the one that minimizes the expected decoding

time subject to a probability of error constraint) will make a decision at the

time instant n for which �(n) exceeds a pre-determined threshold, and decode

the messages (w1; w2) achieving the maximum in the MAP rule.

Since the optimal rule is di�cult to analyze, here we will make the hy-

pothesis that p(yn) = �n
i=1p(yi), and look at the following modi�ed version

9The fact that the decoder knows the realization of the random codewords is implicit
in the de�nition of �(n).
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of the optimal decoding rule10

�(n) = max
w1;w2

p(ynjxn1 (w1); x
n
2 (w2))

p(yn)

= max
w1;w2

�n
i=1

p(yijx1i(w1); x2i(w2))

p(yi)
;

taking the logarithm, we obtain

Sjoint(n) = max
w1;w2

nX
i=1

log
p(yijx1i(w1); x2i(w2))

p(yi)
:

Let us denote the expression under the summation by

Zi(w1; w2) = log
p(yijx1i(w1); x2i(w2))

p(yi)

and the summation by S(n;w1; w2) =
Pn

i=1 Zi(w1; w2). Note that for a �xed

pair (w1; w2), fZi(w1; w2)gi�1 is a sequence of i.i.d. random variables, and

fS(n;w1; w2)gn�1 is a random walk. Therefore, the joint decoder will declare

the message pair (w1; w2) corresponding to the �rst (among M1M2) random

walk that crosses a given threshold (see Figure 5.5.1). Let us consider the

following threshold (1 + �) log(M1M2) with � > 0, then N11 is the stopping

time de�ned by

N = minfn � 1 : Sjoint(n) � (1 + �) log(M1M2)g:

Assume w.l.o.g. that the message pair (1; 1) is transmitted, and let us

denote by N1;1 the crossing time of the random walk corresponding to the

10This assumption holds, since the channel is memoryless and we use a random
codebook with i.i.d. samples, but here the decoder knows the realization of the
random codewords and so he can compute all the conditional probabilities such as
p(ynjxn1 (1); : : : ; x

n
1 (M1); x

n
2 (1); : : : ; x

n
2 (M2)), to obtain the true MAP rule.

11Here we have N1 = N2 = N .
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(1 + �) log(M1M2) nN
S(n;w1; w2)

Each trace represents a random walk fS(n;w1; w2)gn�1 corresponding to a
message pair (w1; w2). As soon as a random walk crosses the threshold given
by (1 + �) log(M1M2), the decoder declares the corresponding message pair.

Figure 5.5.1: Illustration of joint decoding with M1M2 = 4.

message pair (1; 1), note that N � N1;1. Then, we have

E[Z1(1; 1)] = I(X1; X2;Y );

using Wald's equality (see Appendix 5.A), we get

E[S(N1;1; 1; 1)] = I(X1; X2;Y )E[N1;1]:

For M1M2 large we can ignore the overshoots and E[S(N1;1; 1; 1)] = (1 +

�) log(M1M2). Thus, we can conclude that

E[N ] � E[N1;1] �
(1 + �) log(M1M2)

I(X1; X2;Y )
;

which implies that

R1 +R2 �
I(X1; X2;Y )

1 + �
:

The joint decoder makes an error when a random walk corresponding to

a di�erent message pair crosses the threshold before fS(n; 1; 1)g. The wrong

messages come in three kinds:
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1. (w1; w2) such that w1 6= 1 and w2 6= 1,

2. (w1; w2) such that w1 = 1 and w2 6= 1,

3. (w1; w2) such that w1 6= 1 and w2 = 1.

In each case we have

E[Z1(w1 6= 1; w2 6= 1)] =
X
x1;x2;y

p(x1)p(x2)p(y) log
p(yjx1; x2)

p(y)

= �D(p(y)jjp(yjx1; x2))

� 0;

E[Z1(w1 = 1; w2 6= 1)] =
X
x1;x2;y

p(x1)p(x2)p(yjx1) log
p(yjx1; x2)

p(y)

�
X
x1;x2;y

p(x1)p(x2) log
p(yjx1; x2)

p(y)

�
X
x1;x2;y

p(x1)p(x2)(
p(yjx1; x2)

p(y)
� 1)

= 0;

E[Z1(w1 6= 1; w2 = 1)] � 0;

where we use the fact that log x � (x � 1),12 and the last inequality fol-

lows by symmetry.13 Note that the expectations are taken with respect to

the joint probability (X1; X2; Y ) corresponding to the message pair (w1; w2)

considered.

12Here \log" denotes the logarithm to the base e.
13Note that last two inequalities are equivalent to D(p(yjx1)jjp(y)) �

D(p(yjx1)jjp(yjx1; x2)) � 0 and D(p(yjx2)jjp(y)) � D(p(yjx2)jjp(yjx1; x2)) � 0, with
p(yjx1) =

P
x0

2

p(x02)p(yjx1; x2) and p(yjx2) =
P

x0

1

p(x01)p(yjx1; x2).
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Thus ffS(n;w1; w2)gn�1 : (w1; w2) 6= (1; 1)g are random walks with neg-

ative drift. For those random walks one can show (see Appendix 5.A) that

the probability of ever crossing a threshold T is upper bounded as follows

Pr(crossing T ) � e��
�(w1;w2)T ;

where ��(w1; w2) correspond to the unique positive root of the log moment

generating function of Z1(w1; w2), i.e.,

logE[e�
�(w1;w2)Z1(w1;w2)] = 0:

Therefore, we can upper bound the probability of error by the probability

that any random walk in ffS(n;w1; w2)gn�1 : (w1; w2) 6= (1; 1)g crosses the

threshold T = (1 + �) log(M1M2):

Pe �M1e
���(w1 6=1;w2=1)T +M2e

���(w1=1;w2 6=1)T +M1M2e
���(w1 6=1;w2 6=1)T :

Here we have

E[eZ1(w1 6=1;w2 6=2)] =
X
x1;x2;y

p(x1)p(x2)p(y)
p(yjx1; x2)

p(y)
= 1;

which implies that ��(w1 6= 1; w2 6= 1) = 1. If, in addition

��(w1 = 1; w2 6= 1) �
I(X2;Y jX1)

I(X1; X2;Y )

��(w1 6= 1; w2 = 1) �
I(X1;Y jX2)

I(X1; X2;Y )
;

we would have had

Pe � eE[N ](R1�I(X1;Y jX2)) + eE[N ](R2�I(X2;Y jX1)) + (M1M2)
��;

and thus, by letting � ! 0 and E[N ] ! 1, any rate pair in RMAC with

a �xed input distribution p(x1)p(x2) would have been achievable using this
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joint decoding rule. Unfortunately, in general, ��(w1 = 1; w2 6= 1) and

��(w1 6= 1; w2 = 1) do not satisfy the preceding inequalities. However, we

can improve this joint decoding scheme by combining it with other schemes

as explained in the following subsection.

5.5.2 A combined decoding rule

We will combine the joint decoding rule with the following decoding rules.

Suppose that the receiver knows which message the second transmitter is

sending, then the equivalent of the previous rule to decode the message com-

ing from the �rst transmitter is

Sw2(n) = max
w1

nX
i=1

log
p(yijx1i(w1); x2i(w2))

p(yijx2i(w2))
;

where p(yijx2i(w2)) =
P

x0
1i

p(x01i)p(yijx1i; x2i(w2)). Denote the expression

under the summation by

Zi(w1jw2) = log
p(yijx1i(w1); x2i(w2))

p(yijx2i(w2))

and the summation by S(n;w1jw2) =
Pn

i=1 Zi(w1jw2), thus fS(n;w1jw2)gn�1

areM1 random walks and the receiver will declare the message corresponding

to the �rst random walk crossing the pre-determined threshold. Here, we let

N1;w2 be the stopping time de�ned by

N1;w2 = minfn � 1 : Sw2(n) � (1 + �) logM1g:

Assuming that the message pair (1; 1) is transmitted, we have

E[Z1(1j1)] = I(X1;Y jX2);
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and

E[Z1(w1 6= 1jw2 = 1)] =
X
x1;x2;y

p(x1)p(x2)p(yjx2) log
p(yjx1; x2)

p(yjx2)

= �D(p(yjx2)jjp(yjx1; x2))

� 0:

As before we can upper bound the probability of error knowing that the

message w2 = 1 is transmitted by the probability that a random walk corre-

sponding to a di�erent message w1 crosses the threshold Tw2 = (1+�) logM1,

which gives

Pe;w2 �M1e
���(w1 6=1jw2=1)Tw2 ;

where ��(w1 6= 1jw2 = 1) is the unique positive root of the log moment

generating function of Z1(w1 6= 1jw2 = 1), which turns out to be equal to 1.

This allows us to conclude that

E[N1;w2 ] �
(1 + �) logM1

I(X1;Y jX2)
;

with

Pe;w2 �M��
1 :

The same results hold if the receiver knows w1 and wants to decode w2 (with

an interchange of the indexes 1 and 2 on the above equations).

Now, let us remove the assumption that one of the transmitted message

is known by the receiver and combine these decoding schemes as follows.

Consider a receiver which runs the three preceding decoding rules in paral-

lel and declares the �rst message pair (w1; w2) for which the corresponding

random walks have cross the threshold in each decoding scheme. Such a

decoder will run all the random walks fS(n;w1; w2)gn�1, fS(n;w1jw2)gn�1
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and fS(n;w2jw1)gn�1, and stop when the random walks corresponding to

one message pair have hit the pre-determined threshold in each scheme, that

is the decoding time of this combined scheme is given by

Ncomb = minfn � 1 : 9(w1; w2) and n1; n2; n3 � n such that

S(n1; w1; w2) � (1 + �) log(M1M2)

S(n2; w1jw2) � (1 + �) logM1

S(n3; w2jw1) � (1 + �) logM2g:

This combined decoder will make an error when the random walks corre-

sponding to a wrong message pair will cross the given threshold before the

correct one in each scheme. In regards of what has been said before, the

probability of error of this combined decoder can be bounded as follows

Pe �M1M2e
���(w1 6=1;w2 6=1)T +M1e

���(w1 6=1jw2=1)Tw2 +M2e
���(w2 6=1jw1=1)Tw1 ;

assuming that the message pair (1; 1) is transmitted. Thus, we obtain that

Pe � (M1M2)
�� +M��

1 +M��
2 ;

and the probability of error goes to zero, as M1 and M2 get large. If we

denote by N1;1, N1;w=1 and N2;w1=1 the crrossing times of the random walks

corresponding to the message (1; 1) in each of the three preceding schemes,

we can see from the expression of Ncomb that

E[Ncomb] � E[max(N1;1; N1;w2=1; N2;w1=1)]: (5.5.1)

At this point, let us remark that since the random walks S(n1; 1; 1), S(n2; 1j1)

and S(n3; 1j1) concentrate around their mean as n becomes large, the respec-

tive decoding times also concentrate around their mean as the thresholds get

large. This can be seen as follows: consider a random walk S(n) =
Pn

i=1 Zi,

where fZig are i.i.d. random variables with E[Z1] > 0, and let N be the
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�rst time at which S(n) crosses a given threshold T � > 0. Then, by Wald's

equality we know that for large T �, E[N ] � T �

E[Z1]
, and we want to show that

with high probability E[N ](1 � ��) < N < E[N ](1 + ��), for some �� > 0.

But, the following clearly holds

Pr(N � E[N ](1 + ��)) � Pr(S(E[N ](1 + ��)) � T �);

where the RHS corresponds to the probability that the random walk is under

the threshold at time E[N ](1+ ��), which is a large deviation event, since we

have

Pr(S(E[N ](1 + ��)) � T �) = Pr
� 1

E[N ](1 + ��)
S(E[N ](1 + ��)) �

E[Z1]

(1 + ��)

�
� e�c(�

�)T �

;

where c(��) is some constant depending on ��. The same conclusion can be

obtain for the lower bound, thus as T � gets large, N concentrates around its

mean.

Using this we see that as the crossing thresholds get large, each of the

three preceding decoding times concentrates around their mean and thus the

expectation in (5.5.1) becomes approximately equal to the maximum of the

three expected decoding times, hence for M1 and M2 su�ciently large, we

have

E[Ncomb] � max(E[N1;1]; E[N1;w2=1]; E[N2;w1=1]): (5.5.2)

Therefore, for M1 and M2 large and for � ! 0, this random code achieves

one of the following rate pair (in the same order that for the max in (5.5.2)),

depending on which expected decoding times is greater:

� logM1

logM1 + logM2
I(X1; X2;Y );

logM2

logM1 + logM2
I(X1; X2;Y )

�
;



5.5 Random Variable Length Codes 131

�
I(X1;Y jX2);

logM2

logM1
I(X1;Y jX2)

�
;

� logM1

logM2
I(X2;Y jX1); I(X2;Y jX1)

�
:

Note that, depending on the values of the ratio logM1

logM2
, any rate pair in RMAC

with a �xed input distribution p(x1)p(x2) is achieved. For example, if M1 =

M2 this coding scheme achieves the rate pair
�
I(X1;X2;Y )

2
; I(X1;X2;Y )

2

�
, and if

logM1

logM2
= I(X1;Y jX2)

I(X2;Y )
the rate pair achieved is

�
I(X1;Y jX2); I(X2;Y )

�
. Hence

we have shown the existence of a variable length code achieving a certain

rate pair in RMAC , without a previous agreement between the transmitters.

5.5.3 A suboptimal decoding scheme

We conclude this section by presenting a suboptimal scheme that uses only

single-user decoders, which is nothing but the successive decoding scheme

adapted to variable length codes. Consider a receiver that decodes each

message separately treating the signal of the other transmitter as noise. In

view of the preceding decoding rules, for decoding the message of the �rst

transmitter, we consider the following rule

S(n) = max
w1

nX
i=1

log
p(yijx1i(w1))

p(yi)
;

where p(yijx1i(w1)) =
P

x
0

2i

p(x
0

2i)p(yijx1i(w1); x
0

2i). Denote the expression

under the summation by

Zi(w1) = log
p(yijx1i(w1))

p(yi)

and the summation by S(n;w1) =
Pn

i=1 Zi(w1), then fS(n;w1)gn�1 are M1

random walks and the receiver will declare the message corresponding to the

�rst random walk crossing the pre-determined threshold. Hence, we let N1
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be the stopping time de�ned by

N1 = minfn � 1 : S(n) � (1 + �) logM1g:

Assuming that the message pair (1; 1) is transmitted, we have

E[Z1(1)] = I(X1;Y );

and

E[Z1(w1 6= 1)] =
X
x1;y

p(x1)p(y) log
p(yjx1)

p(y)

= �D(p(y)jjp(yjx1))

� 0:

As before we can upper bound the probability of error by the probability that

a random walk corresponding to a di�erent message crosses the threshold

T1 = (1 + �) logM1, which gives

Pe �M1e
���(w1 6=1)T1 ;

where ��(w1 6= 1) = 1 is the unique positive root of the log moment gener-

ating function of Z1(w1 6= 1). This allows us to conclude that

Pe �M��
1 ;

and for M1 large

E[N1] �
(1 + �) logM1

I(X1;Y )
:

The same analysis apply to the decoding of the message sent by the second

transmitter. Thus, any rate pair (R1; R2) such that R1 � I(X1;Y ) and

R2 � I(X2;Y ) is achievable using this strategy.
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Now let us improve this decoding scheme by noting that as soon as one

of the two messages are decoded, the receiver can remove (the e�ect of) the

signal of the corresponding transmitter from the received signal.14 Assume

w.l.o.g. that the message from the second transmitter is decoded earlier,

then for decoding the message of the �rst transmitter, the receiver can use

the rule Sw2 previously analyzed. A receiver using this improved decoding

rule is able to decode the message coming from the �rst transmitter at time

N1;w2 and achieve R1 � I(X1;Y jX2). However, this decoding time might

\virtually" happen before N2, the decoding time of the message coming from

the second transmitter. Thus, the actual decoding time of the message sent

by the �rst transmitter is given by max(N1;w2 ; N2), which implies that in

order to achieve the rate pair (R1; R2) = (I(X1;Y jX2); I(X2;Y )), the ratio
logM1

logM2
must be su�ciently large.

5.6 Remarks and Conclusion

Using a receiver centric de�nition of the transmission rates, we looked at the

multiple-access channel coding problem from the perspective of the receiver.

We speci�ed, in the context of a two-user multiple-access channel, the region

of achievable rates introduced in the previous chapter. This region captures

the variability in the receiver decoding times. We showed an outer bound

on this region and argued, through examples of coding schemes, that the

gain in the achievable rates using variable length codes, comes only from

the possibility for the receiver to decode the transmitted messages in non-

overlapping periods of time. Finally, we proposed di�erent random variable

length coding schemes that can achieve good rates without requiring any

agreement between the transmitters.

Notice that an explicit code approaching the transmission rates of these

random coding schemes remains to be found. For the suboptimal random

coding scheme presented in Section 5.5.3, and for certain multiple-access

14In case of an additive channel this is done by a subtraction which adds no complexity.
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channels, one might consider fountain codes like LT codes or Raptor codes

(see [20], and the references therein).
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5.A Martingales and Wald's Identity

In this appendix we state a simple de�nition of a martingale and introduce

the Wald's identity, then we use this result to bound the probability that a

random walk with negative drift crosses a positive threshold. The proofs of

the following results can be found in, e.g., [12, x7].

De�nition 5.A.1 A martingale is a process fZng such that for all n � 1,

E[jZnj] <1 and

E[Zn+1jZn; Zn�1; : : : ; Z1] = Zn:

One can visualize Zn as the fortune of a gambler after the nth play of a fair

game. Since the game is fair, the expected fortune after the (n + 1)th play

is the same as the gambler's fortune after the nth play, no matter what has

previously occurred.

De�nition 5.A.2 A positive integer-valued random variable N is a stopping

time with respect to fZng if N is �nite with probability 1, and the event

fN = ng conditioned on Z1; : : : ; Zn is independent of Zn+1; Zn+2; : : : , for

any n � 1.

One can think of N as a stopping rule which decide whether to stop at a

certain time by looking only at the past history of the process fZng.

An important result about martingales is theOptional Sampling Theorem.

Theorem 5.A.1 (Optional Sampling Theorem) Let fZng be a martingale

and N a stopping time. If

lim
n!1

E[ZnjN > n]Pr(N > n) = 0

then

E[ZN ] = E[Z1]:
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This theorem basically says that under some regularity conditions, there

is no way for the gambler to beat the system if he cannot peak ahead into

the future before placing the bets.

Consider the random walk fSng given by Sn =
Pn

i=1Xi, where fXig

is a sequence of i.i.d. random variables, and let �(r) = logE[erX1 ] be the

log moment generating function of X1. Here, we assume that �(r) is �nite

for every r 2 (r�; r+), with r� < 0 < r+. One can verify that for every

r 2 (r�; r+), the process fWng de�ned by

Wn = exp(rSn � n�(r))

is a martingale.15 This process is called a Wald's martingale, due to its

association with the following result.

Theorem 5.A.2 (Wald's identity) Let fSng be a negative-drift random walk

starting at the origin. Let a � 0 and b � 0 be two given thresholds, and let

N be the smallest n � 1 for which either Sn � a or Sn � b. Then for every

r 2 (r�; r+)

E[erSN�N�(r)] = 1:

Furthermore, the expected hitting time is given by

E[N ]E[X1] = E[SN ]

The last expression is called the Wald's equality. Wald's identity says that

the Optional Sampling Theorem holds for the martingales fWng and the

threshold hitting time N . Note that the log moment generating function

�(r) is a convex function with �(0) = 0, and since the walk has a negative

drift, �
0

(0) = E[X1] < 0. Hence �(r) has a unique positive zero at some r�

15Note that the process fSn � nE[X1]g is also a martingale.
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(see Figure 5.A.1). For this value of r, Wald's identity becomes

E[er
�SN ] = 1:

rr��(r)0
Figure 5.A.1: The log moment generating function.

This can be used to upper bound Pr(SN � a), the probability that a

negative-drift random walk, starting from the origin, crosses the positive

threshold before the negative one. By Wald's identity, we have

Pr(SN � a)E[exp(r�SN)jSN � a] + Pr(SN � b)E[exp(r�SN)jSN � b] = 1:

Since the second term in the left is non-negative,

1 � Pr(SN � a)E[exp(r�SN)jSN � a] � Pr(SN � a) exp(r�a)

implying that

Pr(SN � a) � exp(�r�a):

Notice that, this result is valid for any lower threshold, thus it is valid in the

limit when b! �1, which corresponds to having no lower threshold.
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Summary and Conclusions

In the context of multiple-user communications, we investigated several mod-

els that consider elements, such as the end-to-end delay and the random

arrival times of packets, traditionally treated by network theory from an

information theoretic perspective.

First, we simpli�ed the problem and considered the transmission of a

bursty source over a single-user channel. In this setup, we introduced a

new measure of channel features that we called the channel latency, this

enable us to incorporate the possibility to code among several packets in a

scheduling problem. Once the latency function is given the problem is to �nd

a policy that minimizes the average packet delay. When the latency function

is constant or a�ne, and the packet arrivals follow a Poisson process, we were

able to characterize good scheduling policies.

Assuming that the packets are independent and su�ciently large to per-

form capacity achieving coding, we then considered the problem of allocating

rates among a �nite number of users communicating through a multiple-user

channel. Following the work previously made in the context of multiple-

access channel, we considered queueing at each transmitter and formulated a

scheduling problem in which the rate of each user is chosen from the capacity

region of the multiple-user channel. Here, the goal is to �nd a scheduling pol-

icy that minimizes the sum of the queue lengths in terms of bits or packets,
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such policies were called delay optimal. For the additive Gaussian multiple-

access channel we showed the delay optimality of the Longer Queue Higher

Rate policy introduced in [26], when the packet arrive according to indepen-

dent Poisson processes of equal rates and the packet lengths are i.i.d. And,

when the users communicate through a symmetric broadcast channel, we

proposed and showed the delay optimality of a Best User Highest Possible

Rate policy, among a large class of admissible policies.

In the last part of this thesis (Chapter 4 and 5), we proposed a receiver

perspective on the multiple-user channel coding problem. By measuring the

transmission rates at the receivers, we were able to de�ne variable length

codes and to characterize the region of achievable rates when the receivers can

decode their intended messages at di�erent instants of time. For the two-user

degraded broadcast channel and for the two-user multiple-access channel, we

showed that the gain in using variable length codes essentially comes from

the possibility for the receivers to decode the transmitted messages in non-

overlapping periods of time.

Note that each of these models addresses only one particular problem

associated with the transmission of bursty sources through a multiple-user

channel and that we are able to analyze them only in simple settings. Nev-

ertheless, the conclusions that they enable us to derive are already of some

importance, which is encouraging for further research. At least, this shows

that the analysis of delay and coding are not separable, and one has to take

both of them in consideration in the design of a communication scheme.

Finally, we note the following points for further research in connection

with the last part of this thesis.

� The de�nition proposed in the case of two-user channels extends to

the multiple-user case with minor changes. However, the outer bound

on the region of achievable rates when the receivers can decode at

di�erent instants of time does not straightforwardly generalize to the

multiple-user case, since we have to take in consideration all the possible

decoding orders. Nonetheless a similar bound may perhaps stand.
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� Variable length codes are good candidates for universal communication

and they have already been used in [21, 23]. It should be interesting

to see whether the schemes introduced in [21, 23] can be applied in

the multiple-user channels considered in this thesis (perhaps with the

addition of a weak feedback).

� In this thesis we have only characterized the region of achievable rates,

it would be nice to have a bound on the expected error probability

and to compute the random coding exponents. However, note that in

multiple-user channels good random coding exponent are di�cult to

compute and can lead to wrong conclusion as noticed in [11].

� The analysis of variable length codes for multiple-user channels di�erent

of the one considered here can provide interesting results, for example

one might investigate the interference channel.
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