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1.2 Origin of the thesis

1.2.1 Maximum likelihood estimation (MLE) of discrete choice models

(DCM)
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* . . 0 # K 2 H * % 2 # @ B V o B B # # @ * B % ( 2 B E 2 l ' 0 ' @ 9 ' 2 B L ' 4 # ^ * N 2 i ' @ % ( 0 ' B ( # 4 E r % Q . 2 9 * 4 4 Q
10−6 s X

^ ' B % # . % ( ' . 0 # 9 ' E S 0 ' V f ( ' 4 * B %
Qk

* . . 0 # K 2 H * % 2 # @ 0 ' . 0 ' B ' @ % B % ( ' E ' B 2 0 ' E * . . 0 # K 2 H * % 2 # @

# 7
A

V u ' # L % * 2 @ ' E % ( ' ' 2 N ' @ i * 4 S ' B * B B # 9 2 * % ' E ^ 2 % ( % ( 2 B ' 2 N ' @ B S L B . * 9 ' L Q 9 # H . S % 2 @ N

λi =
qT

i Hqi

qT
i qi

7 # 0
i = 1, . . . , r

^ ( ' 0 '
qi

2 B % ( '
i

5 % ( 9 # 4 S H @ # 7
Qk

V

W @ # S 0 9 * B ' X ^ ' * . . 4 Q % ( 2 B H ' % ( # E ^ 2 % (
H = ∇2f(xk)

* @ E ^ # S 4 E 4 2 y ' % # 2 E ' @ % 2 7 Q % ( ' �
r

' 2 N ' @ i ' 9 % # 0 B 9 # 0 0 ' B . # @ E 2 @ N % # @ S 4 4 ' 2 N ' @ i * 4 S ' B V f ( ' E 2 H ' @ B 2 # @ �
r

2 B @ # % y @ # ^ @ 2 @ * E i * @ 9 ' V

o % ' * 9 ( 2 % ' 0 * % 2 # @
k

# 7 % ( ' # . % 2 H 2 = * % 2 # @ * 4 N # 0 2 % ( H X ^ ' S B ' % ( ' 7 # 4 4 # ^ 2 @ N . 0 # 9 ' E S 0 ' % #

2 E ' @ % 2 7 Q % ( ' E 2 H ' @ B 2 # @ # 7 % ( ' B 2 @ N S 4 * 0 2 % Q �
r

V W @ # 0 E ' 0 % # 0 ' E S 9 ' % ( ' 9 # H . S % * % 2 # @ * 4 9 # B %

r % ( * % 2 B X % ( ' @ S H L ' 0 # 7 % 2 H ' B ^ ' * . . 4 Q % ( ' N ' @ ' 0 * 4 2 = ' E 2 @ i ' 0 B ' 2 % ' 0 * % 2 # @ s X ^ ' H * y ' S B ' # 7

% ( ' i * 4 S ' 7 # S @ E 7 # 0 �
r

* % % ( ' . 0 ' i 2 # S B 2 % ' 0 * % 2 # @ X ^ ( 2 9 ( ^ ' E ' @ # % '
r � � � � � � � �

V

W @ 2 % 2 * 4 2 = * % 2 # @
r � � � � � � � � = 0

* @ E B 2 @ N S 4 * 0
= 0

7 # 0 % ( ' � 0 B % 2 % ' 0 * % 2 # @ # 7 % ( ' # . % 2 H 2 = * % 2 # @ * 4 N # 0 2 % ( H

r 7 # 0 % ( ' B S L B ' � S ' @ % 2 % ' 0 * % 2 # @ B X % ( ' B ' i * 4 S ' B * 0 ' E ' % ' 0 H 2 @ ' E L Q % ( 2 B . 0 # 9 ' E S 0 ' s V

� ( * B ' �
If

B 2 @ N S 4 * 0
= 0

–
o . . 4 Q % ( ' N ' @ ' 0 * 4 2 = ' E 2 @ i ' 0 B ' 2 % ' 0 * % 2 # @ ^ 2 % (

r = 1
V

–
W 7 % ( ' # L % * 2 @ ' E ' 2 N ' @ i ' 9 % # 0 9 # 0 0 ' B . # @ E B % # * @ # @ 5 = ' 0 # ' 2 N ' @ i * 4 S ' r % ( * % 2 B X 2 7 % ( '

. 0 # L 4 ' H 2 B @ # % E ' 9 4 * 0 ' E % # L ' B 2 @ N S 4 * 0 s X �
r = 0

V � ' % B 2 @ N S 4 * 0
= 0

X
r � � � � � � � � = 0

* @ E � f � � V

–
W 7 % ( ' 9 # 0 0 ' B . # @ E 2 @ N ' 2 N ' @ i * 4 S ' 2 B E ' 9 4 * 0 ' E % # L ' = ' 0 # r * 9 9 # 0 E 2 @ N % # % ( ' % ( 0 ' B ( 5

# 4 E s X B ' % B 2 @ N S 4 * 0
= 1

X
r � � � � � � � � = 1

* @ E N # % # � ( * B ' � V

� ( * B ' �
–

o . . 4 Q % ( ' N ' @ ' 0 * 4 2 = ' E 2 @ i ' 0 B ' 2 % ' 0 * % 2 # @ ^ 2 % (
r =

H * K
(r � � � � � � � � , 1)

V

–
W 7 * 4 4 9 # 0 0 ' B . # @ E 2 @ N ' 2 N ' @ i * 4 S ' B * 0 ' 9 4 # B ' % # = ' 0 # X N # % # � ( * B ' � * V

r u ' * . . 4 Q % ( ' N ' @ ' 0 * 4 2 = ' E 2 @ i ' 0 B ' 2 % ' 0 * % 2 # @ ^ 2 % ( 2 @ 9 0 ' * B 2 @ N i * 4 S ' B # 7
r

s V

–
W 7 * % 4 ' * B % # @ ' 9 # 0 0 ' B . # @ E 2 @ N ' 2 N ' @ i * 4 S ' 2 B E ' 9 4 * 0 ' E % # L ' @ # @ 5 = ' 0 # �

W 7
r = 1

X �
r = 0

V � ' %
r � � � � � � � � =

�
r

* @ E � f � � V

� % ( ' 0 ^ 2 B ' N # % # � ( * B ' � L V

r u ' * . . 4 Q % ( ' N ' @ ' 0 * 4 2 = ' E 2 @ i ' 0 B ' 2 % ' 0 * % 2 # @ ^ 2 % ( E ' 9 0 ' * B 2 @ N i * 4 S ' B # 7
r
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" $ & ( ) * &
for r =

+ & .
(r � � � � � � � � , 1) + 1 : n

–
/ 0 0 3 5 7 $ ) : ) = ) ? & 3 A C ) E A = H ) ? ( ) A 7 ) ? & 7 A K = M A 7 $

r

–
N O 7 $ ) & E E A 7 A K = & 3 ) A : ) = H & 3 S ) A ( U 3 K ( ) 7 K C ) ? K Y U K = 7 A = S ) Z

–
N O 7 $ ) & E E A 7 A K = & 3 ) A : ) = H & 3 S ) A ( = K = [ C ) ? K Y �

r = r − 1
Z ^ ) 7

r � � � � � � � � =
�
r

& = E ^ _ ` " Z

" $ & ( ) * b
for r = r � � � � � � � � − 1 : −1 : 1

–
/ 0 0 3 5 7 $ ) : ) = ) ? & 3 A C ) E A = H ) ? ( ) A 7 ) ? & 7 A K = M A 7 $

r

–
N O A 7 ? ) + & A = ( & 7 3 ) & ( 7 K = ) = K = [ C ) ? K ) A : ) = H & 3 S ) Y U K = 7 A = S ) Z N O

r = 1
Y �
r = 0

Z ^ ) 7

r � � � � � � � � = 0
& = E ^ _ ` " Z

–
N O & 3 3 K b 7 & A = ) E ) A : ) = H & 3 S ) ( & ? ) U 3 K ( ) 7 K C ) ? K Y �

r = r
Z ^ ) 7

r � � � � � � � � =
�
r

& = E ^ _ ` " Z

/ (
r

A ( S ( S & 3 3 5 ( + & 3 3 U K + 0 & ? ) E 7 K
n

& = E E K ) ( = K 7 U $ & = : ) 7 K K + S U $ O ? K + A 7 ) ? & 7 A K = 7 K

A 7 ) ? & 7 A K = K O 7 $ ) K 0 7 A + A C & 7 A K = & 3 : K ? A 7 $ + Y 7 $ ) U K ( 7 K O 7 $ A ( 0 ? K U ) E S ? ) S ( A = : 7 $ ) : ) = ) ? & 3 A C ) E

A = H ) ? ( ) A 7 ) ? & 7 A K = A ( ( A : = A r U & = 7 3 5 3 K M ) ? 7 $ & = 7 $ ) K = ) K O & O S 3 3
QR

[ & = & 3 5 ( A ( Z u K ? ) K H ) ? Y 7 $ A (

& 3 3 K M ( S ( 7 K U K + 0 S 7 ) K = 3 5 ? ) 3 ) H & = 7 A = O K ? + & 7 A K = O K ? K S ? 0 S ? 0 K ( ) ( Z

w K 7 ) 7 $ & 7 7 $ ) : ) = ) ? & 3 A C ) E A = H ) ? ( ) A 7 ) ? & 7 A K = O & A 3 ( M A 7 $
λ = 0

& = E M ) $ & H ) 7 K S ( ) & ( + & 3 3

0 K ( A 7 A H ) H & 3 S ) & ( 7 & ? : ) 7 Y ( S U $ & (
λ = 10−10 Z / 3 ( K Y M ) E ) U 3 & ? ) & = ) A : ) = H & 3 S ) 7 K b ) = S 3 3 A O A 7 (

& b ( K 3 S 7 ) H & 3 S ) A ( 3 ) ( ( 7 $ & =
10−6 Z

w K M 7 $ & 7 7 $ ) ( A = : S 3 & ? A 7 5 A ( A E ) = 7 A r ) E Y M ) = ) ) E 7 K S ( ) 7 $ A ( A = O K ? + & 7 A K = 7 K $ ) 3 0 7 $ )

K 0 7 A + A C & 7 A K = & 3 : K ? A 7 $ + Z _ $ ) U ) = 7 ? & 3 A E ) & E ) ( U ? A b ) E A = 7 $ ) = ) . 7 ( ) U 7 A K = A ( 7 K U K = ( 7 ? & A =

E A ? ) U 7 A K = ( 7 K 3 A ) A = 7 $ ) ( S b ( 0 & U ) A = M $ A U $ M ) $ & H ) ? ) 3 ) H & = 7 A = O K ? + & 7 A K = & b K S 7 U S ? H & 7 S ? )

b 5 S ( A = : & 0 ) = & 3 7 5 & 0 0 ? K & U $ Z

2.5 Trust-region based algorithms

N = 7 $ A ( U $ & 0 7 ) ? Y M ) O K U S ( K = 7 ? S ( 7 [ ? ) : A K = b & ( ) E + ) 7 $ K E ( Z N = E ) ) E Y 7 $ ) ( ) + ) 7 $ K E ( 0 ? ) ( ) = 7

( A : = A r U & = 7 7 $ ) K ? ) 7 A U & 3 & = E 0 ? & U 7 A U & 3 & E H & = 7 & : ) ( Y & = E U & = ) & ( A 3 5 b ) & E & 0 7 ) E M A 7 $ + & = 5 H & ? A [

& = 7 ( � ( ) ) � K = = ) 7 & 3 Z Y � � � � � Z � ) ( 7 & ? 7 b 5 0 ? ) ( ) = 7 A = : 7 $ ) U 3 & ( ( A U & 3 7 ? S ( 7 [ ? ) : A K = O ? & + ) M K ? �

O K ? & = K 0 7 A + A C & 7 A K = & 3 : K ? A 7 $ + E ) E A U & 7 ) E 7 K ( K 3 H ) S = U K = ( 7 ? & A = ) E = K = 3 A = ) & ? K 0 7 A + A C & 7 A K =

0 ? K b 3 ) + ( Z / = A 7 ) ? & 7 A K =
k

K O & 7 ? S ( 7 [ ? ) : A K = b & ( ) E & 3 : K ? A 7 $ + U & = b ) ( S + + & ? A C ) E b 5 7 $ )

O K 3 3 K M A = : ( 7 ) 0 ( �

Step 1: Model definition.
� ) r = ) & � S & E ? & 7 A U + K E ) 3

mk

� 7 5 0 A U & 3 3 5 S ( A = : & 7 ? S = U & 7 ) E

_ & 5 3 K ? � ( ( ) ? A ) ( � K O 7 $ ) K b � ) U 7 A H ) O S = U 7 A K = A = & ? ) : A K = Bk

� U & 3 3 ) E 7 $ ) $ % ' ( $ * % , - . / 0 �

M $ ) ? ) 7 $ A ( + K E ) 3 U & = b ) 7 ? S ( 7 ) E Z
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Step 2: Step computation.
# $ & ( * + - / 1 + - (

sk

+ 4 / + 1 * 6 8 9 - ; + = ? A - C * 8 - 1 + 4 - & $ C - =
mk

/ ; C 1 * 8 4 + 4 / +
xk + sk ∈ Bk

K M 4 9 1 1 + - ( 9 1 / = 1 $ 8 / = = - C + 4 - + A * 1 + T A - V 9 $ ; 1 * X ( A $ X = - &

X - 8 / * 1 - [ - / ( ( A $ ] 9 & / + - = ? 1 $ = ` - + 4 - c $ = = $ [ 9 ; V ( A $ X = - &{ & 9 ;
mk(xk + s)

1 K + K
xk + s ∈ Bk,

+ 4 / + 9 1 g & 9 ; 9 & 9 h 9 ; V + 4 - & $ C - = [ 9 + 4 9 ; + 4 - + A * 1 + T A - V 9 $ ; K

Step 3: Acceptation of the trial point.
k 1 1 - 1 1 + 4 - l * / = 9 + ? $ c + 4 - + A 9 / = 1 + - (

sk

/ ; C

C - 8 9 C - [ 4 - + 4 - A
xk + sk

9 1 / 8 8 - ( + - C / 1 + 4 - ; - ] + 9 + - A / + -
xk+1

$ A ; $ + K

Step 4: Trust-region radius update.
r ( C / + - + 4 - 1 9 h - $ c + 4 - + A * 1 + T A - V 9 $ ; K

t 9 ; 9 & 9 h 9 ; V + 4 - l * / C A / + 9 8 & $ C - = * ; C - A + 4 - + A * 1 + T A - V 9 $ ; 8 $ ; 1 + A / 9 ; + 9 1 + 4 - 8 $ A - $ c + 4 -

/ = V $ A 9 + 4 & K t / ; ? & - + 4 $ C 1 4 / ` - X - - ; ( A $ ( $ 1 - C 9 ; + 4 - = 9 + - A / + * A - g 1 * 8 4 / 1 { C $ V = - V | $ A

+ A * ; 8 / + - C 8 $ ; ~ * V / + - T V A / C 9 - ; + � 1 - - # $ ; ; - + / = K g � � � � c $ A / A - ` 9 - [ � K � ; + 4 - = / + + - A 8 / 1 - g

( A - 8 $ ; C 9 + 9 $ ; 9 ; V + - 8 4 ; 9 l * - 1 4 / ` - 1 4 $ [ ; + $ 9 & ( A $ ` - + 4 - ; * & - A 9 8 / = X - 4 / ` 9 $ A $ c + 4 - / = V $ A 9 + 4 &

c $ A C 9 6 8 * = + ( A $ X = - & 1 g 1 * 8 4 / 1 + 4 - & $ C 9 � - C # 4 $ = - 1 � ? c / 8 + $ A 9 h / + 9 $ ; X ? � 8 4 ; / X - = / ; C � 1 � $ [

� � � � � � g / ` / 9 = / X = - 9 ; + 4 - � k � # � � � M ( / 8 � / V - � # $ ; ; - + / = K g � � � � � K

M 4 - / 1 1 - 1 1 & - ; + $ c + 4 - & $ C - = � 1 l * / = 9 + ? 9 1 ( - A c $ A & - C 9 ; V - ; - A / = X ? 8 $ & ( / A 9 ; V + 4 - 9 & T

( A $ ` - & - ; + ( A - C 9 8 + - C X ? + 4 - & $ C - = [ 9 + 4 + 4 - / 8 + * / = 9 & ( A $ ` - & - ; + $ c + 4 - $ X ~ - 8 + 9 ` - c * ; 8 + 9 $ ; K

k C ` / ; 8 - C + - 8 4 ; 9 l * - 1 9 ; 1 ( 9 A - C c A $ & & * = + 9 T 8 A 9 + - A 9 / $ ( + 9 & 9 h / + 9 $ ; 4 / ` - A - 8 - ; + = ? - & - A V - C g - ] T

4 9 X 9 + 9 ; V c / 1 + - A 8 $ ; ` - A V - ; 8 - K � A 9 V 9 ; / = = ? ( A $ ( $ 1 - C X ? � = - + 8 4 - A / ; C � - ? � - A � � � � � � g + 4 - 1 -

+ - 8 4 ; 9 l * - 1 / A - 8 / = = - C { � = + - A | & - + 4 $ C 1 K

� $ [ [ - ( A - 1 - ; + C 9 � - A - ; + ` / A 9 / ; + 1 $ c + 4 9 1 V - ; - A / = 1 8 4 - & - K � / A 9 / ; + 1 k / ; C # / A - c A $ &

+ 4 - = 9 + - A / + * A - K � / A 9 / ; + 1   / ; C ¡ / A - ; - [ 9 C - / 1 ( A $ ( $ 1 - C 9 ; + 4 9 1 8 4 / ( + - A K

2.5.1 Variant A: A trust-region algorithm

¢ - � A 1 + ( A $ ( $ 1 - + $ * 1 - + 4 - X / 1 9 8 + A * 1 + T A - V 9 $ ; / = V $ A 9 + 4 & g / 1 C - 1 8 A 9 X - C 9 ; # $ ; ; - + / = K � � � � � � K

� ; + 4 9 1 ` / A 9 / ; + g [ - 8 $ ; 1 9 C - A + 4 - c $ = = $ [ 9 ; V 1 ( - 8 9 � 8 1 + - ( 1 £

Step 1a: Model definition.
¡ - � ; -

mk

9 ; Bk

� [ 4 - A - Bk

9 1 / 1 ( 4 - A - 8 - ; + - A - C / +
xk

$ c

A / C 9 * 1
Δk

� / 1 / l * / C A / + 9 8 & $ C - = $ c
f

/ A $ * ; C
xk

g + 4 / + 9 1 £

mk(xk + s) = f(xk) + ∇f(xk)Ts +
1

2
sT∇2f(xk)s

� � K � �

Step 2a: Step computation.
M 4 - $ A 9 V 9 ; / = + A * 1 + T A - V 9 $ ; 1 * X ( A $ X = - & 9 1 C - � ; - C / 1{ & 9 ;

mk(xk + s)
1 K + K ‖s‖ ≤ Δk,

� � K ¥ �

[ 4 - A -
Δk

9 1 + 4 - A / C 9 * 1 $ c + 4 - + A * 1 + T A - V 9 $ ; K
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Step 3a: Acceptation of the trial point.
# $ & ( * + -

f(xk + sk)
. 0 2 2 - 5 0 -

ρk =
f(xk) − f(xk + sk)

mk(xk) − mk(xk + sk)
.

6 7
ρk ≥ η1

8 + 9 - 0 2 - 5 0 -
xk+1 = xk + sk

: $ + 9 - < = > @ - 2 - 5 0 -
xk+1 = xk

C

2.5.2 Variant B: A new trust-region algorithm

D - ( < $ ( $ @ - . 0 - = + < * @ + K < - M > $ 0 . P M $ < > + 9 & + $ 2 - . P = > + 9 @ > 0 M * P . < > + Z C 6 + > @ . 0 - ^ + - 0 @ > $ 0 $ 7

` . < > . 0 + b = 9 - < - + 9 - + < * @ + K < - M > $ 0 @ * g ( < $ g P - & > @ & $ 2 > 5 - 2 8 > 0 k $ P k > 0 M + 9 - & . + < > ^
Qk

2 - 5 0 - 2

> 0 n - p + > $ 0 q C s C

t $ . p 9 > - k - $ * < $ g v - p + > k - $ 7 M - 0 - < . + > 0 M 2 > < - p + > $ 0 @
s

@ * p 9 + 9 . +
ATs = 0

8 = - ( < $ ( $ @ -

+ $ ( - 0 . P > y - 2 > < - p + > $ 0 @
s

@ * p 9 + 9 . + ‖QT
ks‖ > 0

8 g Z & $ 2 > 7 Z > 0 M + 9 - & $ 2 - P $ 7 + 9 - $ g v - p + > k -

7 * 0 p + > $ 0 . @ = - P P . @ + 9 - + < * @ + K < - M > $ 0 @ * g ( < $ g P - & C D - p $ 0 @ > 2 - < + 9 - 7 $ P P $ = > 0 M @ ( - p > 5 p @ + - ( @ �

Step 1b: Model definition.
� - 5 0 -

m̂k

. @ 7 $ P P $ = @ �

m̂k(xk + s) = f(xk) + ∇f(xk)Ts +
1

2
sT∇2f(xk)s +

1

2
c‖QT

ks‖2 � q C s �

Step 2b: Step computation.
t 9 - p $ < < - @ ( $ 0 2 > 0 M + < * @ + K < - M > $ 0 @ * g ( < $ g P - & > @ 2 - 5 0 - 2 . @

{ & > 0
m̂k(xk + s) = mk(xk + s) + 1

2
c‖QT

ks‖2

@ C + C ‖s‖ ≤ Δk,

� q C � �

= 9 - < -
c ≥ 0

> @ + 9 - ( - 0 . P + Z ( . < . & - + - < C

Step 3b: Acceptation of the trial point.
6 2 - 0 + > p . P + $ ` . < > . 0 + b C

D - @ - +
c = 0

> 7 ∇2f(xk)
> @ 2 - + - p + - 2 + $ g - 0 $ 0 @ > 0 M * P . < C t 9 - @ - p $ 0 2 2 - < > k . + > k - @ & . + < > ^

$ 7 + 9 - 0 - = & $ 2 - P > @ M > k - 0 g Z

∇2m̂k(xk) = ∇2f(xk) + cQkQT
k.

� q C � �

6 + & - . 0 @ + 9 . + = - . 2 2 . & * P + > ( P - $ 7 + 9 -
QkQT

k

& . + < > ^ + $ + 9 - @ - p $ 0 2 2 - < > k . + > k - @ & . + < > ^

$ 7
f

= 9 - 0 > + > @ p P $ @ - + $ @ > 0 M * P . < > + Z C � - $ & - + < > p . P P Z 8 > + . & $ * 0 + @ + $ � g - 0 2 > 0 M � + 9 - 7 * 0 p + > $ 0 > 0

+ 9 - @ * g @ ( . p - = 9 - < - + 9 - < - > @ $ < > M > 0 . P P Z 0 $ p * < k . + * < - C � $ < - ( < - p > @ - P Z 8 - > M - 0 k . P * - @ $ 7 ∇2f(xk)
p P $ @ - + $ � + . � - + 9 - k . P * -

c > 0
> 0 ∇2m̂k(xk)

C

t 9 - ( - 0 . P + Z ( . < . & - + - <
c

> @ p 9 $ @ - 0 . @ @ & . P P . @ ( $ @ @ > g P - @ $ + 9 . + + 9 - ( - < + * < g . + > $ 0 $ 7 + 9 -

& $ 2 - P > @ 0 $ + + $ $ @ - k - < - C 6 0 ( < . p + > p - 8 = - @ + . < + = > + 9
c = 1

8 . 0 2 + - @ + > 7 + 9 - 2 > < - p + > $ 0
s∗

8

@ $ P * + > $ 0 $ 7 � q C � � 8 > @ @ * p 9 + 9 . + ‖QT
ks∗‖ > @ @ * � p > - 0 + P Z p P $ @ - + $ y - < $ � + Z ( > p . P P Z 8 ‖QT

ks∗‖ ≤ 10−3 � C

6 7 0 $ + 8
c

> @ & * P + > ( P > - 2 g Z  � 7 $ < + 9 - 0 - ^ + > + - < . + > $ 0 8 * 0 + > P > + < - . p 9 - @ + 9 - * ( ( - < g $ * 0 2
κc

� + Z ( > p . P P Z
105 � C
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# % & ( ( * , * / % , / , 3 4 / 7 9 * / : ; % : < 4 ? * @ & C ? 4 & ; / % ; F , 3 * ; : H H 4 ? 7 / : % ( & C C / J ; , 3 4 % 4 J < / ( 4 C

, / ; & , * ; N P , 3 4 S 4 % 4 ? & C & ; ; : < H , * / % ; / N , 3 4 , ? : ; , W ? 4 S * / % N ? & < 4 J / ? Z F * % H & ? , * @ : C & ? , 3 4 N & @ ,

, 3 & , & C C 4 * S 4 % 9 & C : 4 ; / N , 3 4 ; 4 @ / % ( ( 4 ? * 9 & , * 9 4 < & , ? * e / N , 3 4 < / ( 4 C < : ; , ; , & P 7 / : % ( 4 ( j

k / % ; 4 l : 4 % , C P F @ / % 9 4 ? S 4 % @ 4 , / & m ? ; , W / ? ( 4 ? @ ? * , * @ & C H / * % , / N , 3 4 / H , * < * q & , * / % H ? / 7 C 4 < @ & %

7 4 S : & ? & % , 4 4 ( j

u @ @ / ? ( * % S , / k / % % 4 , & C j x � � � � y F , 3 4 , ? : ; , W ? 4 S * / % 7 & ; 4 ( & C S / ? * , 3 < ( 4 ; @ ? * 7 4 ( & 7 / 9 4

@ / % 9 4 ? S 4 ; , / m ? ; , W / ? ( 4 ? @ ? * , * @ & C H / * % , ; * N , 3 4 N / C C / J * % S & ; ; : < H , * / % ; / % , 3 4 < / ( 4 C & ? 4 9 & C * ( }

u j � j � � / ? & C C
k

F , 3 4 < / ( 4 C
m̂k

* ; , J * @ 4 ( * � 4 ? 4 % , * & 7 C 4 j

u j � j � � 3 4 9 & C : 4 ; / N , 3 4 / 7 � 4 @ , * 9 4 N : % @ , * / % & % ( / N , 3 4 < / ( 4 C @ / * % @ * ( 4 & , , 3 4 @ : ? ? 4 % , * , 4 ? & , 4 �

, 3 & , * ; F N / ? & C C
k

m̂k(xk) = f(xk).
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k

∇m̂k(xk) = ∇f(xk).

u j � j � � 3 4 � 4 ; ; * & % / N , 3 4 < / ( 4 C ? 4 < & * % ; 7 / : % ( 4 ( J * , 3 * % , 3 4 , ? : ; , W ? 4 S * / % � , 3 & , * ; F

‖∇2m̂k(xk)‖ ≤ κumh − 1
N / ? & C C e ∈ Bk,

N / ? & C C
k

F J 3 4 ? 4
κumh ≥ 1

* ; & @ / % ; , & % , * % ( 4 H 4 % ( 4 % , / N
k

j

� 4 7 ? * 4 � P H ? / 9 4 , 3 & , , 3 4 < / ( 4 C
m̂k

; & , * ; m 4 ; , 3 4 ; 4 & ; ; : < H , * / % ; j � / ( / , 3 * ; J 4 m ? ; ,

@ / < H : , 4 , 3 4 m ? ; , & % ( ; 4 @ / % ( W / ? ( 4 ? ( 4 ? * 9 & , * 9 4 ; / N
m̂k

J 3 * @ 3 S * 9 4 ; }

∇m̂k(xk + s) = ∇f(xk) + ∇2f(xk)Ts + cQkQT
ks,

x � j � y

& % (

∇2m̂k(xk + s) = ∇2f(xk) + cQkQT
k.

x � j � y

� ; * % S x � j � y & % ( x � j � y & % ( , 3 4 & ; ; : < H , * / % , 3 & , , 3 4 / 7 � 4 @ , * 9 4 N : % @ , * / %
f

* ; , J * @ 4 ( * � 4 ? W

4 % , * & 7 C 4 F J 4 ( * ? 4 @ , C P / 7 , & * % u j � j � j u j � j � ? 4 ; : C , ; N ? / < x � j � y j � & Z * % S
s = 0

* % x � j � y S * 9 4 ;

* < < 4 ( * & , 4 C P u j � j � j u j � j � ? 4 < & * % ; , / 7 4 H ? / 9 4 ( j

� ? / < x � j � y F J 4 3 & 9 4 , 3 & , }

‖∇2m̂k(xk)‖ ≤ ‖∇2f(xk)‖ + c‖QkQT
k‖ ≤ κufh + c

x � j � y

7 P : ; * % S & ; ; : < H , * / % ; / %
f

x % & < 4 C P , 3 4 7 / : % ( 4 ( % 4 ; ; / N , 3 4 � 4 ; ; * & % < & , ? * e y & % ( , 3 4 N & @ ,

, 3 & , @ / C : < % ; / N , 3 4 < & , ? * e
Qk

S 4 % 4 ? & , 4 ( 7 P , 3 4 * ( 4 % , * m @ & , * / % H ? / @ 4 ( : ? 4 3 & 9 4 % / ? < � j
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2.5.3 Variant C: A standard filter algorithm
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g(x) = (g1(x), . . . , gn(x))T ; + n $ > + O
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" # % ' ( * , ( ' ( / 0 1 * % 5 , 6 7 9 6 % < ( ' * # % @ ( ' @ % A * ( / < ( C , ' 9 ' @ % F H ' ( J 5 @ 9 6 % N O % 6 9 P * # 9 * 9 '

, * % 5 9 * %
x1

, 6 < ( C , ' 9 * % < 7 P 9 ' , * % 5 9 * %
x2

O # % '

|gi(x2)| ≤ |gi(x1)| ∀i = 1, . . . , n.

S ( ' 6 % T J % ' * 1 P N O % @ ( ' 6 , < % 5 * # 9 * * # % , * % 5 9 * %
x1

, 6 ( / ' ( , ' * % 5 % 6 * , / O % Y % % A * # % , * % 5 9 * %
x2

F

H ' < % % < N
x2

, 6 7 % * * % 5 * # 9 '
x1

O , * # 5 % _ 9 5 < * ( % 9 @ # @ ( C A ( ' % ' * ( / * # % _ 5 9 < , % ' * F

d , f % ' * # , 6 @ ( ' @ % A * N O % 5 % C % C 7 % 5 9 1 1 ' ( ' h < ( C , ' 9 * % < , * % 5 9 * % 6 7 P J 6 , ' _ * # % 0 1 * % 5 6 * 5 J @ h

* J 5 % F i % < % 0 ' % * # % C J 1 * , < , C % ' 6 , ( ' 9 1 0 1 * % 5 F 9 6 * # % 1 , 6 * ( /
n

h * J A 1 % 6
(gk,1, . . . , gk,n)

O , * #

gk,i = gi(xk)
6 J @ # * # 9 * N , /

gk ∈ F N * # % ' O % # 9 f % * # 9 *

|gk,j| < |gl,j|
/ ( 5 9 * 1 % 9 6 * ( ' %

j ∈ {1, . . . , n}

∀ gl ∈ F F H * C % 9 ' 6 * # 9 * % 9 @ # A ( , ' * , ' * # % 0 1 * % 5 , 6 ' ( * < ( C , ' 9 * % < 7 P 9 ' P ( * # % 5 A ( , ' * , '

* # % 0 1 * % 5 F

H ' 9 0 1 * % 5 C % * # ( < N O % 9 @ @ % A * 9 ' % O * 5 , 9 1 A ( , ' *
x+

k

, / , * , 6 ' ( * < ( C , ' 9 * % < 7 P 9 ' P ( * # % 5

A ( , ' * , ' * # % 0 1 * % 5 F s ( O % f % 5 N / 5 ( C 9 ' 9 1 _ ( 5 , * # C , @ A ( , ' * ( / f , % O N O % < ( ' ( * O 9 ' * * ( 9 @ @ % A *
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6 * 5 % ' _ * # % ' * # % 9 @ @ % A * 9 7 , 1 , * P * % 6 * 9 ' < O % * # J 6 6 9 P * # 9 * 9 * 5 , 9 1 A ( , ' *
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, 6 9 @ @ % A * 9 7 1 % / ( 5

* # % 0 1 * % 5 F , /

∀ gl ∈ F ∃ j ∈ {1, . . . , n}
6 J @ # * # 9 *

|gj(x
+
k)| ≤ (1 − γθ)|gl,j|,

O # % 5 %
γθ

, 6 9 6 C 9 1 1 A ( 6 , * , f % @ ( ' 6 * 9 ' * F H / 9 ' , * % 5 9 * %
xk

, 6 9 @ @ % A * 9 7 1 % / ( 5 * # % 0 1 * % 5 9 ' <

, / O % < % @ , < % * ( 9 < < , * * ( * # % 0 1 * % 5 N O % 5 % C ( f % 9 1 1 < ( C , ' 9 * % < % ' * 5 , % 6
gl ∈ F 6 J @ # * # 9 *

|gl,j| > |gk,j| ∀ j ∈ {1, . . . , n}
F

� 6 * # % A 5 % 6 % ' * % < 0 1 * % 5 C % @ # 9 ' , 6 C ( ' 1 P _ J , < % 6 * # % , * % 5 9 * % 6 * ( O 9 5 < 9 � % 5 ( _ 5 9 < , % ' * N , *

, 6 9 < % T J 9 * % / ( 5 @ ( ' f % � A 5 ( 7 1 % C 6 O # % 5 % 9 � % 5 ( _ 5 9 < , % ' * , 6 7 ( * # ' % @ % 6 6 9 5 P 9 ' < 6 J � @ , % ' *

@ ( ' < , * , ( ' / ( 5 6 % @ ( ' < h ( 5 < % 5 ( A * , C 9 1 , * P 7 J * , * C 9 P 7 % , ' 9 A A 5 ( A 5 , 9 * % / ( 5 ' ( ' @ ( ' f % � ( ' % 6 F

i % * # J 6 9 < 9 A * * # % 9 7 ( f % C % @ # 9 ' , 6 C 7 P 9 5 % 6 % * * ( � % 5 ( ( / * # % 0 1 * % 5 9 / * % 5 9 ' , * % 5 9 * , ( '

/ ( 5 O # , @ # 9 6 J � @ , % ' * < % @ 5 % 9 6 % , ' * # % ( 7 � % @ * , f % / J ' @ * , ( ' , 6 9 @ # , % f % < O , * # * # % C ( < % 1
mk

7 % , ' _ ' ( ' @ ( ' f % � F H ' * # , 6 @ 9 6 % N O % 9 1 6 ( < % 0 ' % 9 ' J A A % 5 7 ( J ' < ( ' * # % 9 @ @ % A * 9 7 1 % ( 7 � % @ * , f %

/ J ' @ * , ( ' f 9 1 J % 6 , ' ( 5 < % 5 * ( Y % % A 9 C ( ' ( * ( ' % 9 1 _ ( 5 , * # C , ' * % 5 C ( / ( 7 � % @ * , f % / J ' @ * , ( ' f 9 1 J % F

" # % 6 A % @ , 0 @ 6 * % A 6 ( / * # , 6 f 9 5 , 9 ' * 9 5 % * # % / ( 1 1 ( O , ' _ �

Step 1c: Model definition.
H < % ' * , @ 9 1 * ( � 9 5 , 9 ' * � F

Step 2c: Step computation.
H < % ' * , @ 9 1 * ( � 9 5 , 9 ' * � F

Step 3c: Acceptation of the trial point.
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( = ? ( ? ?
g+

k

0 5 0 9 , ; 3 0 , 7 F % $
ρk < η1

E

� # $
x+

k
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( 3 b 5 7 % 0 9 S E u 5 0 , 0 9 ( 0 ( = % 0 , 7 ( 0 % 5 = 5 $ 0 9 % ' ; 3 0 , 7 S , 0 9 5 ? % ' , s @ % [ ( 3 , = 0 0 5 ( 2 ( ' % * 0 7 @ ' 0 d 7 , b % 5 =

% 0 , 7 ( 0 % 5 = j 9 , = 0 9 , $ @ = * 0 % 5 = % ' = 5 = * 5 = [ , v E Y 9 , % ? , ( % ' 0 5 3 , 0 0 9 , ; 3 0 , 7 . 3 ( V 0 9 , S ( y 5 7

7 5 3 , j 9 % 3 , * 5 = [ , v % 0 V % ' , = * 5 @ = 0 , 7 , ? ( = ? $ ( 3 3 2 ( * r 0 5 0 9 , * 3 ( ' ' % * ( 3 0 7 @ ' 0 d 7 , b % 5 = $ 7 ( S , j 5 7 r
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2.5.4 Variant D: A new filter algorithm

� , = 5 j * 5 = ' % ? , 7 ( = , j ; 3 0 , 7 ( 3 b 5 7 % 0 9 S 0 5 ? , ( 3 j % 0 9 ' % = b @ 3 ( 7 % 0 V 2 ( ' , ? 5 = [ ( 7 % ( = 0 � , v ( * 0 3 V
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Step 1d: Model definition.
� , ; = ,

m̂k

( ' $ 5 3 3 5 j ' �

m̂k(xk + s) = f(xk) + ∇f(xk)Ts +
1

2
sT∇2f(xk)s +

1

2
c‖QT

ks‖2 �  E � � �

Step 2d: Step computation.
Y 9 , * 5 7 7 , ' . 5 = ? % = b 0 7 @ ' 0 d 7 , b % 5 = ' @ 2 . 7 5 2 3 , S % ' ? , ; = , ? ( '

{ S % =
m̂k(xk + s)

' E 0 E ‖s‖ ≤ Δk,

�  E �  �

j 9 , 7 ,
c ≥ 0

% ' 0 9 , . , = ( 3 0 V . ( 7 ( S , 0 , 7 E

Step 3d: Acceptation of the trial point.
# ? , = 0 % * ( 3 0 5 � ( 7 % ( = 0 � E
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J 0 9 , S 5 ? , 3

m̂k(xk + s) = mk(xk + s) +
1

2
c‖QT
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2.5.5 Implementation issues
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2.6 Numerical experiments
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Chapter 3

Nonlinear global optimization
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4.4 Undamped and damped quasi-Newton methods
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4.4.2 Linesearch-filter approach

4.4.2.1 Filter methods
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4.5 Numerical experiments
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Chapter 5

Swiss behavioral models
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5.1 Introduction
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A.1 List of test functions for global optimization

A.1.1 Branin RCOS Function (RC)


 � � � � � � � � � �


 RC(x1, x2) = (x2 − (5.1/4π2)x2
1 + (5/π)x1 − 6)2 + 10(1 − (1/8π))

� � �
(x1) + 10


 � � ! # � � ' � ! � * � � � . � � ! * � 1
−5 < x1 < 10

2
0 < x2 < 15

3


 4 � � � � � 7 � ! � 7 � 1
(x∗1, x

∗
2) = (−π, 12.275), (π, 2.275), (9.42478, 2.475);

RC(x1, x
∗
2) = 0.397887

A.1.2 Easom Function (ES)


 � � � � � � � � � �


 ES(x1, x2) = −
� � �

(x1)cos(x2)e
−(x1−π)2−(x2−π)2


 � � ! # � � ' � ! � * � � � . � � ! * � 1
−10 < xj < 10

2
j = 1, 2

3


 : � � � � � � � � � � � 7 � ! � 7 �


 4 � � � � � 7 � ! � 7 A 7 1
(x∗1, x

∗
2) = (π, π); ES(x1, x

∗
2) = −1

A.1.3 Rastrigin Function (RT)


 � � � � � � � � � �


 RT(x1, x2) = x2
1 + 2x2

2 − 0.3
� � �

(3πx1) − 0.4
� � �

(4πx2) + 0.7


 � � ! # � � ' � ! � * � � � . � � ! * � 1
−1 < xj < 1

2
j = 1, 2

3


 C � ! E � � � � � 7 � ! � 7 �


 4 � � � � � 7 � ! � 7 A 7 1
(x∗1, x

∗
2) = (0, 0); RT(x1, x

∗
2) = 0

A.1.4 Shubert Function (SH)


 � � � � � � � � � �


 SH(x1, x2) = (
5∑

j=1

j
� � �

((j + 1)x1 + j))(
5∑

j=1

j
� � �

((j + 1)x2 + j))


 � � ! # � � ' � ! � * � � � . � � ! * � 1
−10 < xj < 10

2
j = 1, 2

3


 H I � � � � � � 7 � ! � 7 �


 � K # � � � � � 7 � ! � 7 � 1
SH(x1, x

∗
2) = −186.7309
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A.1.5 De Joung Function (DJ)

� ( * , . 0 , 2 4 6 7

� DJ(x1, x2, x3) = x2
1 + x2

2 + x2
3

� 8 , : ; 6 = ? 0 : 0 B 0 , 4 E = 0 : B 7 G
−5 < xj < 5

H
j = 1, 2, 3

I

� J 4 = 2 , 4 M 0 : 0 M P M G
(x∗1, x

∗
2, x

∗
3) = (0, 0, 0); DJ(x1, x

∗
2, x

∗
3) = 0

A.1.6 Hartmann Function (H3,4)

� ( * , . 0 , 2 4 6 7

� H3,4(x) = −
4∑

i=1

cie
−

3∑

j=1

aij(xj−pij)
2

� 8 , : ; 6 = ? 0 : 0 B 0 , 4 E = 0 : B 7 G
0 < xj < 1

H
j = 1, 2, 3

I

� R 4 = T , 4 M 0 : 0 M ,

� J 4 = 2 , 4 M 0 : 0 M P M G
x∗ = (0.114614, 0.555649, 0.852547);

H3,4(x∗) = −3.86278

i aij ci pij

1 3.0 10.0 30.0 1.0 0.689 0.1170 0.2673

2 0.1 10.0 35.0 1.2 0.4699 0.4387 0.7470

3 3.0 10.0 30.0 3.0 0.1091 0.8732 0.5547

4 0.1 10.0 35.0 3.2 0.0381 0.5743 0.8828

A.1.7 Hartmann Function (H6,4)

� W * , . 0 , 2 4 6 7

� H6,4(x) = −
4∑

i=1

cie
−

6∑

j=1

aij(xj−pij)
2

� 8 , : ; 6 = ? 0 : 0 B 0 , 4 E = 0 : B 7 G
0 < xj < 1

H
j = 1, . . . , 6

I

� W 4 = T , 4 M 0 : 0 M ,

� J 4 = 2 , 4 M 0 : 0 M P M G
x∗ = (0.201690, 0.150011, 0.476874, 0.275332, 0.311652, 0.657300);

H6,4(x∗) = −3.32237



� � � � � � � 	 � � � � 	 � � � � 	 � � �

i aij ci

1 10.0 3.0 17.0 3.50 1.70 8.00 1.0

2 0.05 10.0 17.0 0.10 8.00 14.00 1.2

3 3.00 3.50 1.70 10.0 17.00 8.00 3.0

4 17.00 8.00 0.05 10.00 0.10 14.00 3.2

i pij

1 0.1312 0.1696 0.5569 0.0124 0.8283 0.5886

2 0.2329 0.4135 0.8307 0.3736 0.1004 0.9991

3 0.2348 0.1451 0.3522 0.2883 0.3047 0.6650

4 0.4047 0.8828 0.8732 0.5743 0.1091 0.0381

A.1.8 Shekel Functions (S4,m)


 � � � � � � � � � �


 S4,m(x) = −
m∑

i=1

(
4∑

j=1

(xj − aij)
2 + c(i))−1


 � � �  ! # � %  � � � � ! %  � � ) � � � ) +  � . � � 1 3
S4,5

+
S4,7

�  )
S4,10


 4 �  7 � % � �  � # � � � > % �  # � 3
0 < xj < 10

+
j = 1, . . . , 4

@


 m
� % ! � � . �  � . �


 D � % � � � . �  � . � . 3
x∗ = (4, 4, 4, 4)

F

S4,5(x∗) = −10.1532
+
S4,7(x∗) = −10.4029

�  )
S4,10(x∗) = −10.5364

i aij ci

1 4.0 4.0 4.0 4.0 0.1

2 1.0 1.0 1.0 1.0 0.2

3 8.0 8.0 8.0 8.0 0.2

4 6.0 6.0 6.0 6.0 0.4

5 3.0 7.0 3.0 7.0 0.4

6 2.0 9.0 2.0 9.0 0.6

7 5.0 5.0 3.0 3.0 0.3

8 8.0 1.0 8.0 1.0 0.7

9 6.0 2.0 6.0 2.0 0.5

10 7.0 3.6 7.0 3.6 0.5
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A.1.9 Rosenbrock Function (Rn)

� n
* + - / + 1 3 5 6 7 / : <

n = 2, 5, 10, 50, 100

� Rn(x) =
n−1∑
j=1

(100(x2
j − xj+1)

2 + (xj − 1)2)

� = + ? A 5 C E / ? / : / + 3 J C / ? : 6 L
−5 < xj < 10

M
j = 1, 2, . . . , n

� N 3 C 1 + 3 Q / ? / Q T Q L
x∗ = (1, . . . , 1)

M
Rn(x∗) = 0

A.1.10 Zakharov Function (Zn)

� n
* + - / + 1 3 5 6 7 / : <

n = 2, 5, 10, 50

� Zn(x) =
n∑

j=1

x2
j + (

n∑
j=1

0.5jxj)
2 + (

n∑
j=1

0.5jxj)
4

� = + ? A 5 C E / ? / : / + 3 J C / ? : 6 L
−5 < xj < 10

M
j = 1, 2, . . . , n

� N 3 C 1 + 3 Q / ? / Q T Q L
x∗ = (0, . . . , 0)

M
Rn(x∗) = 0

A.1.11 Hump Function (HM)

� W * + - / + 1 3 5 6

� HM(x1, x2) = 1.0316285 + 4x2
1 − 2.1x4

1 + 1
3
x6

1 + x1x2 − 4x2
2 + 4x4

2

� = + ? A 5 C E / ? / : / + 3 J C / ? : 6 L
−5 < xj < 5

M
j = 1, 2

X

� N 3 C 1 + 3 Q / ? / Q + L
(x∗1, x

∗
2) = (0.0898,−0.7126).(−0.0898, 0.7126);

HM(x1, x
∗
2) = 0

A.1.12 Griewank Function (GRn)

� n
* + - / + 1 3 5 6 7 / : <

n = 6, 10

� GRn(x) =
n∑

j=1

x2
j/4000 −

n∏
j=1

Z C 6
(xj/

√
j) + 1

� = + ? A 5 C E / ? / : / + 3 J C / ? : 6 L
−10 < xj < 10

M
j = 1, 2, . . . , n

� [ + ? \ 3 C Z + 3 Q / ? / Q +

� N 3 C 1 + 3 Q / ? / Q T Q L
x∗ = (0, . . . , 0)

M
GRn(x∗) = 0
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A.1.13 Colville Function (CV)


 � � � � � � � � � �


 CV(x) = 100(x2
1 − x2)

2 + (x1 − 1)2 + (x3 − 1)2 + 90(x2
3 − x4)

2 + 10.1((x2 − 1)2 + (x4 −

1)2) + 19.8(x2 − 1)(x4 − 1)


 � � � ! � $ & � � � ) � � � - $ � � ) � 0
−10 < xj < 10

1
j = 1, . . . , 4


 2 � $ � � � 5 � � � 5 7 5 0
x∗ = (1, 1, 1, 1)

1
CV(x∗) = 0

A.1.14 Dixon Function (DX)


 � 9 � � � � � � � � �


 DX(x) = (1 − x1)
2 + (1 − x10)

2 +
9∑

j=1

(x2
j − xj+1)

2


 � � � ! � $ & � � � ) � � � - $ � � ) � 0
−10 < xj < 10

1
j = 1, . . . , 10


 2 � $ � � � 5 � � � 5 7 5 0
x∗ = (1, . . . , 1)

1
DX(x∗) = 0

A.1.15 Martin&Gaddy Function (MG)


 : � � � � � � � � �


 MG(x) = (x1 − x2)
2 + (x1+x2−10

3
)2


 � � � ! � $ & � � � ) � � � - $ � � ) � 0
−20 < xj < 20

1
j = 1, 2


 2 � $ � � � 5 � � � 5 7 5 0
x∗ = (5, 5)

1
MG(x∗) = 0

A.2 Systems of linear equations

; � = � � � ) � � ) � @ ) = � � � � � � � � � - � $ � � � 5 � $ & ) = � & $ � 5
Ax = b

� � ) = � � 7 5 � � � K � � � N - � � � 5 � � ) �

K $ � @ 7 K ) � @ � � R = � - ) � � � U V = � W = � � � � � � � @ � � � ! � � @ ) $ K = � � � � � ! � ) = � ) � � ) � @ � � ! $ � � ) = 5 � U

� U ] $ � ) = � ^ � � ) 1 ) = � 5 � ) � � N
A

� � ) = � b � � � � � ) 5 � ) � � N 1 � � @ � � K ) $ �
b

� � K $ 5 - $ � � @ $ & � � �

$ � � � U

: U V = � � � K $ � @ - � $ � � � 5 � � � � � � @ $ � ) = � 5 � ) � � N
A

� 7 K = ) = � )
aij = j

� &
i + j = n + 1

1

� � @
aij = 0

$ ) = � � g � � � U h � � � � ) � � � � $ & ) = � � � ! = ) j = � � @ � � @ �
b

� � � j � 9 U n ) � � ) � 7 K ) 7 � � � �

@ � � � ! � � @ � $ ) = � ) ) = � � @ � � ) � ) � W 5 � ) � � N � � � - $ $ � � - - � $ N � 5 � ) � $ � U

� U V = � ) = � � @ - � $ � � � 5 � � � � � � @ $ � � t � � @ � � 5 $ � @ 5 � ) � � N
A(v)

g � ) =
v = (−1,−2, . . . ,−n)

U

h � � � � ) � � � � $ & ) = � � � ! = ) j = � � @ � � @ �
b

� � � j � U

V = � � ) � � ) � � ! - $ � � ) & $ � � � � ) = $ � � - � $ � � � 5 � � �
x = (1, . . . , 1)T U
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