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Abstract

Hot tearing is one of the most severe defects observed in castings, e.g. in billets or sheet ingots
of aluminum alloys produced by DC casting. It is due to both tensile strains and a lack of
interdendritic feeding in the mushy zone. In order to predict this phenomenon at the scale of an
entire casting, the two-phase averaged conservation equations for mass and momentum must be
solved in the mushy (i.e. mixed solid and liquid) region of the material. In recent contributions,
M’Hamdi et al [1] proposed a strongly coupled resolution scheme for this set of equations. The
solution of the problem was obtained using a rheological model established by Ludwig et al [2]
and that captures the partially cohesive nature of the mushy alloy.

In the present contribution, the problem is addressed using a slightly different approach.
The same rheological model (i.e. saturated porous media treatment) is used, but the influence
of the liquid pressure is neglected at this stage. This assumption allows for a weakly coupled
resolution scheme in which the mechanical problem is first solved alone using ABAQUSTM and
user subroutines. Then the pressure in the liquid phase is calculated separately accounting for
the viscoplastic deformation of the porous solid skeleton and solidification shrinkage. This is
done with a code previously developed for porosity calculations, and that uses a refined mesh in
the mushy zone [3].

This semi-coupled method was implemented and its numerical convergence studied from the
point of view of both time step and mesh size. Guidelines for selecting these numerical parameters
as well as the conditions under which the semi-coupled method may be applied are provided.

The model was then applied to three cases, i.e. two tensile tests conducted on mushy alloys
[4, 5] and the casting of an entire billet [6]. Experimental data was indeed available concerning
these problems prior to the present work. This information was used for the validation of the
thermal and mechanical models that were setup to describe these different cases.

The results of the semi-coupled approach were also used to describe in more details these
different castings. First of all, the numerical study of the mushy zone tearing test [5] proved
helpful for distinguishing different fracture modes. The role of the high strain rate applied to
the mushy alloy in this case was also outlined.

Another tensile test, referred to as the rig test [4], was successfully modeled in the present
framework. The numerical results could be used to quantify the redistribution of strain in the
mushy sample. As a consequence, intrinsic properties of the material, such as its ductility, could
be extracted from the results. This study also gave further insight about the conditions under
which tearing occurs in the samples.

Finally, the semi-coupled method was used to study the DC casting process. In this case, a
real process performed under realistic conditions for the production of an industrial scale billet
was modeled. As it is more complex and difficult to characterize experimentally, the conditions
for hot tearing formation are less accessible. However, the isotherm velocity, the strain, the
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strain rate and the liquid pressure could be described reasonably accurately. It was thus possible
to correlate experimental observations of the hot tear with various calculated indicators of hot
tearing susceptibility. Even with this information, it remains difficult to formulate new hot
tearing criteria because all the indicators follow a similar trend during the casting and their
respective contributions can thus not be distinguished.

The present work showed that the level of accuracy and detail that can be reached using
two-phase models with appropriate materials properties and boundary conditions is satisfactory.
It is indeed possible to model the relevant phenomena (heat flow, solid deformation and liquid
feeding) at the scale of an entire casting. The variation of the different simulated fields can be
described down to a scale of the order of a few millimeters. In that sense, this approach is one
important aspect required to build a multiscale model for the problem of hot tearing.

It is expected that coupling such a method with granular models (which cover length scales
from a few microns to a few centimeters [7]) will allow for a more complete description of the
phenomena at hand. In the future, the development of such a multiscale numerical tool may
prove to be the most efficient way towards quantitative predictions of hot tearing formation in
real solidification processes.

Keywords : Hot tearing, mushy zone, solidification processing, two-phase modeling,
semi-coupled method.



Résumé

La fissuration (ou crique) à chaud est l’un des plus graves défauts observés dans les pièces coulées,
notamment dans les lingots et billettes d’alliages d’aluminium produits par coulée DC. Ce défaut
est dû à l’effet combiné de déformations (en traction) et du manque d’alimentation en liquide
dans la zone pâteuse. Afin de prédire ce phénomène à l’échelle de la pièce, les équations à deux
phases de conservation de la masse et de la quantité de mouvement doivent être résolues dans
la région où l’alliage est pâteux (i.e. mélange solide et liquide). Récemment, M’Hamdi et al [1]
ont proposé un schéma de résolution en couplage fort pour ce système d’équations. La solution
du problème est obtenue en utilisant un modèle rhéologique, développé par Ludwig et al [2], qui
décrit la nature partiellement cohésive de l’alliage à l’état pâteux.

Dans ce travail, l’approche du problème est légèrement différente. Le même modèle rhéolo-
gique (i.e. théorie des milieux poreux saturés) est utilisé mais l’influence de la pression dans la
phase liquide sur la déformation du solide est négligée à ce stade. Cette hypothèse permet d’uti-
liser un schéma de résolution faiblement couplé dans lequel le problème mécanique est d’abord
résolu seul en utilisant ABAQUSTM et ses fonctions utilisateur. Ensuite, la pression dans le li-
quide est calculée séparément en prenant en compte la déformation viscopastique du squelette
solide et le retrait de solidification. Cette étape est effectuée par un code développé précédemment
pour le calcul de porosité et qui utilise un maillage raffiné dans la zone pâteuse [3].

Cette méthode semi-couplée a été implémentée et sa convergence numérique a été étudiée, en
fonction de la taille du maillage et du pas de temps. Des règles pour la sélection de ces paramètres
numériques, ainsi que les conditions sous lesquelles l’approche semi-couplée est valable, ont pu
être déterminées.

Le modèle a ensuite été appliqué à trois cas, à savoir deux essais de traction conduits sur
des alliages à l’état pâteux [4, 5] ainsi que la coulée d’une billette complète. Des données ex-
périmentales concernant ces problèmes étaient en effet disponibles avant le début de ce travail.
Ces informations ont pu être utilisées pour valider les modèles thermiques et mécaniques mis en
place pour décrire ces différentes expériences.

Les résultats des calculs semi-couplés ont aussi été utilisés pour décrire plus en détails ces
différentes coulées. Tout d’abord, la modélisation numérique du test de déchirement [5] s’est
révélée utile pour distinguer différents modes de rupture. Le rôle de la vitesse de déformation
élevée imposée à l’alliage dans ce cas a aussi pu être mis en évidence.

Le test de traction à l’état pâteux (de Alcan-Pechiney) [4] a également été modélisé avec succès
dans le cadre de l’approche développée ici. Les résultats numériques ont permis de quantifier
la redistribution des déformations dans l’éprouvette pâteuse. En conséquence, des propriétés
intrinsèques du matériau, telles que sa ductilité, ont pu être extraites des résultats. Cette étude
a aussi permis de donner une description plus précise des conditions dans lesquelles la fissuration
à chaud se développe dans ces échantillons.

Finalement, l’approche semi-couplée a été utilisée pour étudier le procédé de coulée DC.
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Dans ce cas, un procédé réel, conduit dans des conditions réalistes pour l’obtention d’une billette
aux caractéristiques industrielles, a dû être modélisé. Ce procédé étant plus complexe et difficile
à caractériser expérimentalement, les conditions de fissuration à chaud sont moins accessibles.
Cependant, la vitesse des isothermes, la déformation, la vitesse de déformation et la pression dans
le liquide ont pu être décrites avec une précision satisfaisante. Il a donc été possible de corréler
des observations expérimentales des criques avec les valeurs simulées de différents indicateurs de
la tendance à la fissuration à chaud. Même avec cette information, il reste difficile de formuler
un nouveau critère de fissuration car tous les indicateurs suivent la même tendance au cours de
la coulée et leurs contributions respectives ne peuvent de ce fait pas être distinguées.

Ce travail a montré que le niveau de précision et de détail qui peut être obtenu dans le cadre
de modèles à deux phases utilisant une description appropriée des propriétés du matériau et des
conditions aux limites est très satisfaisant. Il est en effet possible de simuler les phénomènes
importants (échanges de chaleur, conservation de la quantité de mouvement et alimentation en
liquide) à l’échelle de la pièce coulée. Les variations des différents champs peuvent être décrites
avec précision allant jusqu’à l’échelle du mm. En ce sens, cette approche constitue un des im-
portants aspects nécessaires à la construction d’un modèle multi-échelles pour le problème de la
fissuration à chaud.

Il est probable que le couplage entre une méthode telle que celle présentée ici avec une
approche granulaire (couvrant des échelles allant de quelques microns à quelques centimètres [7])
permettra une description plus complète des différents phénomènes en jeu. Dans le futur, le
développement de tels outils numériques multi-échelles sera peut-être l’approche la plus efficace
pour aller vers la prediction quantitative de la fissuration à chaud dans les procédés industriels
de solidification.

Mots-clés : Fissuration à chaud, zone pâteuse, procédés de solidification,
modélisation à deux phases, approche semi-couplée.
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Chapter 1

Introduction

1.1 Aluminum Alloys

1.1.1 Properties and Applications

Aluminum is the third most abundant element in the earth’s crust after silicon and oxygen.
In spite of this apparent availability, aluminum is by far not the first metal to have been used
in the history of metallurgy. In nature, this element is indeed always combined with others in
minerals. Moreover, it turns out that the extraction of metallic aluminum from the ore (bauxite)
is extremely energy intensive. As a consequence, it is only late in the 19th century that aluminum
(and its alloys) became industrially available thanks to progress made in extractive metallurgy
(the Bayer process is used to obtain pure alumina, which is transformed into metallic aluminum
by the Hall-Héroult process) [8]. As it involves an electrolytic step, this process is still very
demanding from an energetic point of view. For one ton of aluminum produced, the following
are necessary [8] :

– 430 kg of pure carbon (anodes), transformed into more than one ton of CO2

– 30 kg of Na3AlF6 (cryolite added to lower the melting point of alumina)

– 13 000 kWh of electrical power

– 1900 kg of alumina Al2O3, which are obtained from :

– 5000 kg of bauxite ore (mixture of Al2O3, Fe2O3 and SiO2)

– 210 kg of NaOH

– 13 500 kg of water

– 600 kg of fuel

Aluminum and its alloys exhibit various interesting properties such as good thermal and
electrical conductivity. Its most important advantage however is that it is light (with a density
about three time less than steel). This low density, combined with fairly interesting mechanical
properties such as tensile strength (which can be tuned by controlled precipitation hardening)
or elastic modulus, is the reason why aluminum alloys are useful structural materials. Moreover,
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Chapter 1. Introduction

good resistance to corrosion under atmospheric conditions (due to the formation of a passive oxide
layer) is another significant reason why aluminum is used widely in daily life applications [8].

Nowadays, aluminum alloys are the second mostly used (by volume) metallic material after
iron alloys (steel and cast iron). Examples of their main applications are :

– Transport (36% of aluminum use in Western Europe for 2005 [9]) : aluminum alloys are used
in automotive, rail, aerospace and marine transport applications. They are appreciated for
their low density, low corrosion tendency and good shock absorption capability.

– Construction (27% of aluminum use in Western Europe for 2005 [9]) : the resistance to
corrosion of aluminum alloys makes them very desirable for various parts of buildings.
Moreover, well selected alloys can be joined fairly easily.

– Packaging (16% of aluminum use in Western Europe for 2005 [9]) : aluminum foil and
cans are famous examples. In such applications, the advantages of aluminum alloys are
numerous : good heat conductivity, impermeability, non-toxicity, . . .

– Engineering (14% of aluminum use in Western Europe for 2005 [9]) : due to their good
formability and joining capabilities, aluminum alloys are quite often used in engineering
applications such as industrial machines or technical equipment.

– Electricity : aluminum is a very interesting material for electrical energy distribution cables.
It exhibits indeed a low electrical resistivity and is much lighter than any metal with better
conductivity (e.g. silver, gold or copper).

Because of their broad range of possible applications, aluminum alloys are more and more in
demand. In 2005, the annual use of primary aluminum in the world increased by 5.3% to reach
31.7 million tons (Mtons). The total production was 31.86 Mtons with 4.8 Mtons coming from
Western Europe. The use and production of aluminum is quite steady in Western Europe and
North America (less than 3% increase). On the other hand, China is progressing extremely fast
with a growth rate of 18.5% in production and 15.1% in use for 2005 [9]. As a consequence, there
are now three main actors in the world aluminum consumption, i.e. Western Europe (24%, 7.71
Mtons), North America (23%) and China (22%). Western Europe is actually consuming much
more than its own production and had to import 2.9 Mtons of primary aluminum in 2005 [9].
In this context, the ton of primary aluminum reached its highest value since 2000 at e 2400 in
April 2006.

Due to the high costs associated with the extraction of primary aluminum from the bauxite,
aluminum alloys are very often recycled. Moreover, as metals, they can be processed numerous
times without significant decrease of their intrinsic properties. Aluminum alloys are thus very
relevant to today’s industrial developments, which include more and more sustainable growth
considerations. In Western Europe, the amount of recycled aluminum available went from 2
Mtons in 1988 to 4.7 Mtons in 2004 [9].

1.1.2 Identification

The present study focuses on wrought alloys to be used for rolling or extrusion. In industry,
such alloys are classified using a four digit numbering scheme [8]. The first digit indicates the
principal alloying element, while the following three are indicators of the exact composition :

– 1xxx : Pure aluminum above 99% purity with Fe and Si as most common impurities.
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– 2xxx : Al-Cu series that can be heat treated for precipitation hardening. One common
example is the 2024 alloy used in structural applications.

– 3xxx : Al-Mn alloys, e.g. 3004 used for the body of beverage cans.

– 4xxx : Al-Si. Note that silicon is more often used as a primary alloying element in cast
alloys.

– 5xxx : Al-Mg alloys used in transport and structural applications. The 5182 alloy (used in
beverage can tops) is often used as a model system to study hot tearing.

– 6xxx : Al-Mg-Si. These heat-treatable alloys, e.g. 6056, are to be used in novel aircrafts
such as the Airbus A380.

– 7xxx : Al-Zn. Often used in coatings. Their good mechanical properties make them desir-
able in aeronautical applications (e.g. 7075).

– 8xxx : other alloys, e.g. Al-Li, which are light alloys with high bending stiffness.

Similarly, there exists a three digit scheme for the designation of cast alloys. Unlike wrought
alloys, which are rolled or extruded, cast alloys are subsequently remelted, directly cast in com-
plex final shapes and used in service without any prior deformation processing step.

1.2 Processing

1.2.1 Fabrication of Aluminum Products

When developing the production of an aluminum part, there are several processing methods to
choose from. Quite a lot of them involve solidification at some stage. The first possible processing
route is shape casting (high or low pressure die casting, sand casting, investment casting, . . . ) In
this case, the liquid alloy is poured in a mold and solidified to obtain a product with definitive
(or near definitive) shape. With such a method, it is possible to obtain complex geometries. This
process can be made economically viable for both small and large numbers of parts.

In the automotive or aircraft industry for example, rather simple aluminum parts have to be
joined together to form large and complex structures. Nowadays, welding (laser, friction, . . . ) is
being more and more used as a joining technique. In this case, the alloys are heated very locally
and a small liquid pool is obtained at the interface between two parts. Joining is achieved upon
resolidification.

Finally, quite a large amount of applications for aluminum alloys involve parts with a fairly
simple geometry (at least in one direction). In this case, deformation processing, such as rolling
or extrusion is very adapted. Large amounts of finished or semi-finished products can be obtained
at high rates. In general, sheet ingots (rectangular cross section of typically 1.5 m x 0.5 m, typical
length of 8 m, also known as slabs) are rolled and billets (cylindrical shape, typically 25 cm in
diameter and 3.5 m in length) are used for extrusion. The quality of the final product depends on
both the control over the deformation process and the quality of the starting ingot or billet. The
next section will present in more details the direct-chill (DC) casting method, which is standard
for production of both slabs and billets (see Figure 1.1).

3



Chapter 1. Introduction

1.2.2 DC Casting

In order to be used for extrusion or rolling, ingots and billets must have a relatively constant
cross section, a good surface quality and be defect-free. Nowadays, the most standard technique
to achieve these goals is a semi-continuous process known as direct-chill (DC) casting [10, 11].

(a) (b)

Figure 1.1: (a) Slab (b) 24 billets cast using the DC casting process with Wagstaff
technology [5].

In this process (see Figure 1.2), a mold defining the desired cross-section is closed initially by
a movable bottom block. In some cases, the mold is covered with a system designed to control
the cooling conditions (hot top). The alloy melted in a furnace is poured inside the mold from
the top through a distribution bag. Grain refiner (Al-Ti-B alloy containing Ti-B2 particles that
will act as grain nucleation centers) is added to the liquid alloy in a proportion of typically 1 kg
of refiner per ton of alloy. The role of the distribution bag, which consists of a fiber glass cloth
of a relevant shape with variable permeability, is twofold. Firstly, this system can filter oxide
inclusions coming from the liquid feed. In addition, this bag is designed in order to control the
flow of the liquid alloy. In general, it is desired to direct the flow of liquid towards the sides
of the ingot or billet so as to minimize the depth of the liquid pool. Cooling is achieved from
the sides and bottom of the cast. As a consequence, a solid crust is formed in contact with the
mold and the solidified alloy can thus hold the liquid inside. Once this condition is satisfied, the
continuous casting may begin. Liquid alloy will be continuously fed into the system while the
bottom block is pulled downwards at some velocity vcast, referred to as the casting speed.

The beginning of this casting process (i.e. the start-up phase) corresponds to a transient
behavior of the thermal field. After about typically 1 m of ingot has been cast, a steady state
regime is reached (the thermal field close to the mold no longer evolves with time). The ingot or
billet can then be grown to be several meters high with good control. When the desired height
is achieved, feeding is cut off and the bottom block is stopped. After solidification is completed,
one ingot (or possibly several billets) is obtained, which means that DC casting is indeed a semi-
continuous process. Please note that a similar method, in which the bottom block is pulled away
horizontally, is also used sometimes in the industry. This is known as horizontal casting [10].
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Figure 1.2: Schematic (vertical cut) representation of the DC casting process (N.B. some
of this picture was reproduced from [12]).

DC casting has been optimized very thoroughly over the years and involves many technical
refinements [10]. Among other specific features, it is important to focus on one of them at this
stage, namely the cooling history at the surface of the ingot [13]. Firstly, the alloy is in contact
with the mold, and this is referred to as primary cooling. At this stage, it is worth noting that
there are different types of mold. On the one hand, in standard DC casting, the melt is in
direct contact with the mold. On the other hand, a variation of this method, known as EMC
(electromagnetic casting), is obtained with a mold that uses magnetic forces to confine the melt.
In this technique, there is no contact between the mold and the liquid alloy.

After some cooling, the ingot will usually deform due to thermal gradients and contact with
mold is lost (air gap formation). The heat transfer at the surface thus becomes very inefficient
and the presence of the hot alloy at the center of the ingot may lead to reheating and possibly
partial remelting of the ingot surface and to exudations. Below the mold, water is sprayed on the
surface of the cast and the heat transfer efficiency increases strongly. The cooling obtained from
the water jets is referred to as secondary cooling (see Figure 1.2) and can itself be divided in
different regimes depending on the turbulence of the water jet and on the temperature, Tsurf , of
the surface on which the water impinges [12–15]. As a consequence, the convective heat transfer
coefficient, h, will vary with time and position

The preceding description shows that the heat transfer along the sides of the ingot is quite
complex. This is also valid for the thermal contact between the butt of the ingot and the bottom
block [13, 16]. Again, due to thermally-induced strains, contact between the block and the ingot
is usually lost on most of the surface. The efficiency of the cooling in this case depends on the
width of the air gap and is also strongly affected when water from the side of the ingot flows
inside the gap (water incursion) [13, 17, 18].
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The DC casting process is well optimized and mastered. The beginning of the casting remains
however quite critical. There are several parameters that can be altered to try and reduce the
formation of defects during the start-up phase. The most important ones are the following :

– Casting recipe : the casting speed (downwards velocity of the bottom block vcast) varies
during the cast. It is usually slower during the start-up phase to reduce the amount of
defects and increased slowly to reach steady state and minimize the casting time. If the
casting speed is too high, the solid shell supporting the liquid alloy outside the mold may
become too thin, leading to surface defects.

– Secondary cooling : in order to reduce thermal gradients at start-up, the intensity of the
secondary cooling may be decreased. This can be achieved using several methods such as
adding gas bubbles into the cooling water, pulsing the water jets and varying the impinge-
ment angle or water flow rate.

– Setup geometry : the shape of both the mold and bottom block will play an important
role throughout the process. Their optimization is often a complex problem because many
goals are to be achieved simultaneously (thermal field control, shape of the final product,
durability of the mold [19]).

1.3 Casting Defects

1.3.1 Defects in DC Casting

There are numerous defects which may form during solidification in casting processes. Some of
the industrially relevant types of defects are summarized in this section.

Macrosegregation The flow of solute-rich liquid within the liquid pool and the mushy zone,
together with the motion of solute-deprived solid grains lead to an inhomogeneous so-
lute content in the final product [20]. Some regions of the solidified alloy may contain
significantly more solute than others. This will also cause mechanical properties to be
inhomogeneous within the part.

Surface quality For rolling, the surface of the ingot has to be flat and smooth enough. If
the surface is too rough, it will have to be scraped off. The general surface quality is
determined, among other factors, by the contact between the solid shell and the mold.
From that point of view, electromagnetic casting is interesting because a better surface
quality may be achieved. The surface may also be significantly altered by defects such as
exudations (segregation close to the mold) [21, 22] or bleed-outs. The latter form in the
region where the air gap is found below the primary cooling region. If the solid crust is
reheated too much by the hot liquid, the shell becomes mushy and liquid will leak out.
Such a defect is typically found when the casting speed is too high.

Distortions and residual stress The thermal gradients in a solidifying part can be large. Due
to thermal expansion, this will result in inhomogeneous straining of the solid shell. As a
consequence, both residual stresses and part distortions are found in the product. As was
already mentioned, the distortions are important because they alter the thermal conditions
experienced by the metal. Moreover, the final cross section of the product will depend on
the position along the casting direction (and be different from the shape of the mold). The
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most famous distortions in DC casting are known as butt-curl, butt-swell or lateral faces
pull-in [18, 23–26]. These must be corrected by sawing before rolling. Together with these
distortions, residual stresses also give rise to difficulties, e.g. when sawing the ingots [27].
The heat treatment necessary to relieve such stresses can also be quite long and costly.

Porosity In the mushy zone, voids may appear for several reasons. First of all, if a mushy
region (pocket) becomes isolated from a source of liquid, solidification shrinkage will have
to be compensated by voids appearing at the end of solidification. These voids are typically
quite large (a few mm or even cm) and are referred to as macroporosity [28]. This type
of defect is encountered mostly in shape casting. It can be prevented by controlling the
cooling conditions to prevent the formation of isolated liquid pockets in the part and by
using adapted risers. Moreover, there is usually some gas dissolved in the liquid alloy that
is cast. This gas may precipitate out as bubbles and lead to what is known as microporosity
[3]. In general, porosity decreases the mechanical properties of the product, especially in
fatigue. To some extent, it may be closed by hot isostatic pressing or during rolling.

Inclusions If the liquid feeding system is not carefully designed, parts of the oxide skin1 may
be entrained in the casting [29]. Any entrapped oxide may serve as a very efficient starting
point for more severe defects, such as cracking or formation of large holes in the part. As
far as DC casting is concerned, the feeding system has been optimized to prevent that
problem to a great extent.

Hot tearing This defect is the main focus of this thesis and a more extended description of its
features shall be given in the following section.

1.3.2 Hot Tearing

Hot tearing is a very important defect that is observed in various solidification processes. During
solidification, thermal stresses arise because of the inhomogeneous temperature distribution,
which causes gradients of thermal strain. These stresses may become large enough to induce
cracks in the alloy. These may be encountered in shape casting as well as welding. In those
cases, the apparition of this defect will cause the part to be rejected. In DC casting, such cracks
are also found and may be very extended as shown on Figure 1.3. The cracked parts of the ingots
or billets will have to be sawn off before rolling or extrusion can be performed. This leads to
significant losses of productivity (in the worst cases, the casting process must be stopped).

This defect has been known in the casting practice for a long time. As identified by Campbell
[29], hot tears can be recognized from a few common features :

1. Tears are ragged and branching cracks.

2. Hot tears propagate mainly between solid grains (intergranular failure).

3. The fracture surface reveals the dendritic pattern that existed at the time of fracture. This
surface also appears to have been heavily oxidized, suggesting that fracture occurs at high
temperature (see e.g. Figure 1.4).

4. The cracks are often found in hot spots or at locations where strains tend to be concen-
trated.

1Formed almost instantaneously where the melt is in contact with ambient air.
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(a) (b)

Figure 1.3: (a) Star crack in a billet and (b) butt crack in a sheet ingot.

5. The tendency of this defect to appear will vary a lot depending upon which alloy is being
cast.

6. The onset and extent of tearing may vary significantly even if the processing conditions are
kept constant. This variation appears to be quite random.

These features suggest that hot tears are formed due to thermal strains experienced by the
mushy zone. Is thus different from cold cracking or crack propagation through a fully solidified
material.

Figure 1.4: SEM image of a hot tear found in an AA5182 billet cast within the frame-
work of the VIRCAST project [30]. This fractography reveals the intergran-
ular nature of hot tearing.

As a conclusion to this section, it is interesting to review a few features of hot tearing in DC
casting. This will outline how complex this problem may become and why it is difficult to solve
at the industrial scale :

1. The casting speed is an important parameter. If the billet is cast slower, hot tearing may be
prevented. Furthermore, once a hot tear has formed, the casting speed should be decreased
significantly in order to get rid of it. It is also found that if the melt is poured at a higher
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temperature, the hot tearing tendency will decrease. However, a hotter melt may also give
rise to more surface defects as already explained [31].

2. The composition of the alloy is very important. In some alloys, tears are very difficult
to avoid while other compositions are virtually free of this problem. In binary alloys,
there is usually one composition below the maximum solubility for which the hot tearing
susceptibility (HCS) is at a maximum [32]. As a consequence, some alloys series (e.g. 5xxx)
and some specific compositions (e.g. 5182) are known to be difficult to cast [33].

3. The grain size and morphology is also an important parameter. Globular grains are less
prone to hot tearing than dendritic mushy zones. As a consequence, the amount of grain
refiner added to the alloy is selected in order to obtain globular grains with a reasonable
size (typically 100 µm) [34–36].

Each one of these factors plays a role of its own in the hot tearing susceptibility. Moreover,
they will obviously influence each other (e.g. the grain size will depend on the casting speed and
alloy composition), which increases even further the complexity of the phenomenon. As a final
remark, it should be mentioned that hot tearing is not specifically related to an alloy. It is indeed
the processing conditions, together with the alloy composition, that will determine whether hot
tearing occurs or not [33].

1.4 Objectives and Outline

For the past few decades, hot tearing has been an active field of research among the casting
community. Both experimental and theoretical efforts led to significant advances in the under-
standing of this complex phenomenon. However, quantitative prediction of the apparition and
extent of this defect remains very difficult, due to the great complexity of the problem. Several
physical phenomena such as heat flow, liquid flow and deformation are occurring simultaneously.
In addition, hot tearing is typically a multi-scale problem in which solid grains of typically 100 µm
are grouped in mushy zones that are a few cm thick and experience constraints imposed by an
industrial process at the meter scale. Moreover, mushy alloys have properties that are neither
easy to measure, nor straightforward to model.

Due to the years of active research, various elements were available prior to the present thesis :
experimental data [4–6], theoretical descriptions of hot tearing [37], rheological models for the
mushy zone [2] and solution procedure to the coupled thermomechanical and feeding problem [1].

The objectives of this thesis were defined in this context :

– The first one was to develop and assess the accuracy of a semi-coupled method for solving
the problems of momentum conservation in the mushy zone and liquid flow through the solid
skeleton at the macroscopic scale. This method is based on a decoupling assumption, which
means that some inaccuracy may arise due to a simplification of the problem. However, in
cases where this assumption is relevant, a greater efficiency and flexibility can be obtained
because more specialized modeling softwares can be used to solve each problem.

– Using this method, the goal of the present study is to model hot tearing tests at the labo-
ratory or casthouse scale. Using the available experimental data to validate the numerical
model, further quantitative information can be obtained from the computations. These
results can be used to gain a better understanding of what happens in those tests. By
extension, it is desired to extract information about hot tearing in these systems.
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– Finally, it is desired to give a few elements about how process-scale modeling could be
developed towards more quantitative hot tearing predictions.

The outline of this document follows these goals. In the first chapter, a brief introduction
about aluminum alloys, hot tearing and DC casting has been provided. In Chapter 2, the
morphology of the mushy zone is described in the context of hot tearing. This means that
what happens at the end of solidification (coalescence, aggregation of solid grains, disappearance
of intergranular liquid films) is focused on. The two-phase approach to mass and momentum
conservation is then presented as well as the rheological model that will be used for mushy alloys.

In Chapter 3, the semi-coupled method is described. The decoupling assumption is for-
mulated and details are given about the implementation of the method using three different
solvers : thermal (CalcoSoftTM), mechanical (AbaqusTM) and liquid pressure (ProCastTM poros-
ity module). Moreover, the accuracy of these solvers as well as suitable numerical parameters
are determined. Finally, the validity of the decoupling assumption is assessed.

Chapter 4 is dedicated to describing the methods that were used to obtain the experimental
data available prior to this work. In parallel, Chapter 5 describes all the parameters of the nu-
merical models built during the present thesis. These models were setup to describe as accurately
as possible the actual experiments.

In Chapter 6, the results of the numerical models are compared to experimental data. After
assessing their validity, these results are used further in order to describe in more details what
happens when the mushy alloys fails under strain. Finally, conclusions and perspectives of future
work are found in Chapter 7.
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Chapter 2

Theory

2.1 Mushy Zone Morphology

2.1.1 Basic Aspects of Solidification

In castings, a liquid alloy containing a nominal concentration c0 of alloying element is poured
into a mold, cooled down and solidified. Once the temperature has dropped below the liquidus
temperature of the alloy, Tliq, it is thermodynamically favorable for a solid phase to start growing
as indicated by the phase diagram. The solid phase will grow and occupy a volume fraction gs

that increases as solidification progresses. At equilibrium, solidification is completed (gs = 1) at
the solidus temperature Tsol.

(s)

T

c

(s) (l)(s+l)

columnar 
dendritic

equiaxed 
globular

Tliq

Tsol

c0 c0/k
λ2 φ
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L
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Figure 2.1: Solidification of a binary alloy. The amount of solid (grey phase) goes from
gs = 0 to 1 over a range of temperature (among other factors, this freezing
range depends on the phase diagram shown on the left). The characteristic
microstructural length is also indicated for two classical microstructures.

As suggested on Figure 2.1, solidification thus occurs over a temperature range (known as
the freezing range) in which the volume fraction of solid gs goes from 0 to 1. At equilibrium, this
range depends on the alloy (concentration c0) and on the phase diagram (slope of the liquidus line
m, partition coefficient k and melting point of the pure solvent Tf ). In general, this freezing range
will also depend upon non-equilibrium factors related to the finite speed at which solidification
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occurs. In particular, diffusion in the liquid close to the liquidus and diffusion in the solid over
the entire freezing range will be of importance.

It is not our purpose to discuss kinetic effects and microstructure formation, which have
been detailed elsewhere [38]. However, it is important to note that there exists a representative
volume element (RVE), in which solidification can be modeled. This volume element has a size
λ2 (secondary dendrite arm spacing) in dendritic microstructures and a size φ (grain size) in
the case of a globular morphology, which is most often encountered in DC cast ingots. The
consideration of the RVE is used to describe how the solid fraction increases with temperature.

At equilibrium, the solidification path gs (T ) is described by the lever rule :

gs =
1

1− k

(
T − Tliq

T − Tf

)
(2.1)

If solidification is relatively fast, the solute has no time to diffuse in the solid phase and Scheil-
Gulliver’s model applies. Please note that, in such a case, solidification has to be terminated by
a eutectic reaction occurring at the eutectic temperature Teut :

gs = 1−
(

Tf − Tliq

Tf − T

) 1
1−k

and gs = 1 for T ≤ Teut (2.2)

In real cases, diffusion is possible in both the solid and liquid phase. However, the consideration
of appropriate Fourier numbers indicates that diffusion in the liquid plays a role only close to
gs = 0. As we are interested mainly in the last stage of solidification, it is necessary to consider
only diffusion in the solid phase, i.e. back-diffusion (while diffusion in the liquid can be regarded
as infinitely fast). The model formulated by Brody and Flemings [39] and improved by Clyne
and Kurz [40] describes this situation. The latter authors introduced a modified Fourier number
α′ relating the diffusion coefficient in the solid Ds, the local solidification time tf and the RVE
size L : α′ = Fo

(
1− exp

(
− 1

Fo

))
− 1

2 exp
(
− 1

2Fo

)
where Fo = Dstf

L2 . This analysis results in the
following expression [39, 40] :

gs =
(

1
1− 2α′k

)1−
(

Tf − Tliq

Tf − T

) 1−2α′k
1−k

 (2.3)

Please note that the lever rule and Scheil’s model are recovered for α′ = 0.5 and α′ = 0 respec-
tively, i.e. Fo = ∞ and Fo = 0.

There are many other models that have been developed since then, taking into account
various factors such as dendritic grains, columnar and equiaxed growth, coarsening, . . . [41, 42].
Moreover, advanced computer models can be built to take into account even more complex factors
such as macrosegregation [43] and also become applicable to complex multicomponent systems.
All these advances are important because the solid fraction is the primary factor that controls
the behavior of the mushy zone.

2.1.2 Coalescence

In the context of hot tearing, the high solid fraction region of the mushy zone is the most
important. In this region, the mushy alloy consists of solid grains separated from each other by
the liquid phase. At the scale of the RVE shown on Figure 2.1, this means that two solid-liquid
(s/l) interfaces are moving towards each other and that the intergranular liquid film becomes
thinner and thinner as solidification progresses.
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Figure 2.2: Coalescence of two solid-liquid interfaces merging into a grain boundary and
schematic representation of the excess free energy (G) associated with the
interfaces [44].

At the very last stage of solidification, s/l interfaces are getting very close to each other.
However, solidification is complete only when all the liquid films between two neighboring grains
have disappeared and grain boundaries have been formed instead. The process of merging two
s/l interfaces into a solid grain boundary is known as coalescence or bridging (see Figure 2.2). This
process was described recently by Rappaz et al from a thermodynamic point of view [44]. These
authors have taken into account the fact that, upon coalescence, the excess energy associated
with two s/l interfaces disappears. On the other hand, the excess energy associated with the
formation of a grain boundary has to be introduced. In most cases, the grain boundary energy
γgb, which is a function of the crystal lattice misorientation between both grains, is larger than
twice the s/l interface energy, 2γs/l.

As a consequence it takes an additional driving force for coalescence to occur1. The corre-
sponding temperature drop required for coalescence to be complete can be expressed, introducing
the entropy of fusion ∆sf and the interface thickness δ :

∆Tb =
γgb − 2γs/l

δ∆sf
(2.4)

This expression describes when two solid grains will become linked by a grain boundary
locally. It has been used by Mathier et al [45] and then by Vernède et al [46] to predict the
evolution of the liquid films network in a globular mushy zone in which grains are randomly
oriented. As shown on Figure 2.3, liquid films gradually disappear as the temperature decreases,
depending on crystallographic orientation and local grain size. As a consequence, the solid
skeleton is composed of grains that become more and more linked together, i.e. percolation of
the solid phase occurs.

Please note that this gradual percolation of the solid phase starts only when the fraction of
solid is already very high (above 90%) [46]. Moreover, such models indicate that coalescence
may not be completed immediately below the eutectic temperature.

1this is in fact true for intergranular coalescence. If two dendrite arms from the same grain grow close to each
other, they will bridge immediately, because their crystal orientation is the same and thus their grain boundary
energy is zero.
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Figure 2.3: Intergranular liquid films in a mushy Al-1wt%Cu grain-refined alloy at (a)
600 ◦C (b) 550 ◦C (c) 500 ◦C and (d) 490 ◦C [45].

2.1.3 Morphological Features of the Mushy Zone

Having exposed briefly the key phenomena that come into play during the solidification of a
population of globular grains, it is possible to give a description of the typical morphology of
the mushy zone in the context of DC-cast, grain-refined aluminum alloys. In this section, we
will thus focus on the morphological changes in a mushy alloy as the solid fraction increases, as
suggested by Figure 2.4.

First of all, when there is only a relatively small amount of solid, the solid grains float freely
in the liquid. The mushy alloy is then basically a slurry with a viscosity that increases with gs

[47]. This liquid-like behavior is lost when the solid fraction becomes larger than gcoh
s . Above

this limit, solid grains start to form a network and the materials can no longer be considered as
liquid. The mush is then said to be coherent and gcoh

s is known as the coherency point2. In shear,
this value can be as low as gcoh

s = 0.2−0.3 for dendritic grains while it is closer to 0.5 for globular
grains (packing of spheres) [48]. For globular grains in tension it will be around gcoh

s = 0.6− 0.7
[2]. In a coherent mushy zone, the resistance to shear and compression are significant while the
resistance to tensile stresses remains small.

As the solid fraction increases, solid grains fill more and more space, leading to an increase
in the strength of the material. For dendritic grains, intragranular coalescence between dendrite
arms has already started. However, these grains remain isolated until intergranular coalescence
starts, i.e. solid grains start bridging together. This process corresponds to the point where
most of the tensile strength of the material develops. As a consequence, it is customary to
introduce a coalescence fraction gcoal

s above which the mushy material can withstand significant
tensile stresses. The coalescence point is typically reached around 95% of solid [2, 37]. Recently,
Vernède et al [49] gave a more precise description of the steps leading to the formation of a fully
coalesced solid skeleton.

2please note that the temperature corresponding to the solid fraction gcoh
s will be referred to as the coherency

temperature T coh.
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Figure 2.4: Morphology of the mushy zone for different solid fractions [5]. Please note
that gcoh

s is noted gs,coh on this figure and that a distinction is made be-
tween intra and intergranular coalescence. In general gcoal

s corresponds to
intergranular coalescence, i.e. to gs,cg. Please note that the evolution of gs

close to the liquidus is usually much faster in low concentration alloys than
what is suggested on this figure.

These are illustrated on Figure 2.5. Typically, below 90% of solid, all grains are isolated from
each other. Between gs = 90% and gcoal

s , coalescence occurs at some grains boundaries. Only a
few intergranular liquid films disappear and small clusters (involving a few grains) are formed.
Once the solid fraction exceeds gcoal

s , large clusters of grains exist and the solid phase becomes
continuous, which is why tensile strength develops in the mushy alloy at this point. At this
stage, the alloy will exhibit a solid-like behavior. Finally (i.e. for gs > 99%), the last remaining
intergranular liquid films are isolated and solidification is completed when they disappear.

2.2 Mass Conservation

2.2.1 Two-Phase Approach

In this work, mushy alloys and their behavior in real processes are considered. In this context,
it is desired to use conservation equations that can be solved at the scale of the entire casting.
Such macroscopic (or averaged) conservation equations were derived by Ni and Beckermann
considering both the solid and liquid phases present in the mushy alloy. In that sense, using
these equations is a two-phase approach to the problem at hand [50].

The homogenization procedure is defined considering an averaging volume Ω0. The latter
must be smaller than the size of the entire system but large when compared to the microstructural
features of the mushy zone (e.g. the grain size). The average of some quantity Ψ in phase ν (ν = s
for the solid and ν = l for the liquid) is defined as :

〈Ψν〉 =
1
Ω0

∫
Ω0

XνΨdV (2.5)

where dV is the volume increment and Xν is a phase function, which is equal to 1 in phase ν and
to 0 elsewhere. Moreover, introducing the volume fraction of phase ν, gν (i.e. the ratio Ων/Ω0
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Figure 2.5: Simulated mushy zone morphology for globular grains in Al-1wt%Cu [49].
Grains that are linked to each other by a solid bridge are colored with
the same shade of grey. Different regions are outlined : (a) isolated grains
growing in the liquid (b) small clusters are formed (c) large clusters of solid
grains are formed and the solid phase becomes continuous (d) solidification
of the remaining liquid pockets is completed.

where Ων is the volume occupied by phase ν), the intrinsic average is defined as :

〈Ψν〉ν =
1

Ων

∫
Ω0

XνΨdV =
〈Ψν〉
gν

(2.6)

The exact (microscopic) mass conservation equation for phase ν can be averaged according
to Equation (2.5). In the following expression, ρ is the density and v is the velocity field in the
considered phase.

1
Ω0

∫
Ω0

Xν

[
∂ρ

∂t
+∇ · (ρv)

]
dV = 0 (2.7)

Mathematical properties of the average can be derived as shown in [50]. They may be used
to rewrite Equation (2.7) in terms of the average density and velocity of the phase. Please note
that this introduces an interfacial balance term Γν , which represents the mass transferred from
other phases to phase ν across the corresponding interface. In our case, it describes the fact that
liquid is transformed into solid at the s/l interface upon solidification. This leads to :

∂ (gν 〈ρν〉ν)
∂t

+∇ · (gν 〈ρν〉ν 〈vν〉ν) = Γν (2.8)

From now on, the notation will be simplified by writing 〈ρν〉ν ≡ ρν and 〈vν〉ν ≡ vν . In most
cases (excepted for solute conservation), the intrinsic values are indeed considered to be uniform
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2.2. Mass Conservation

at the scale of Ω0. Rewriting the averaged conservation equations for both phases thus yields :

∂
∂t (gsρs) +∇ · (gsρsvs) = Γs

∂
∂t (glρl) +∇ · (glρlvl) = Γl

(2.9)

Considering only two phases, it is found that the interfacial balance terms compensate ex-
actly : Γs = −Γl. Equations (2.9) can thus be added together to obtain :

∂

∂t
(gsρs + glρl) +∇ · (gsρsvs + glρlvl) = 0 (2.10)

At this stage, it is relevant to define the average density of the mixture of phases : ρ = gsρs + glρl.
This can be introduced into Equation (2.10) to obtain the following expression [1] :

∂

∂t
ρ +∇ · (ρvs) +∇ · (glρl (vl − vs)) = 0 (2.11)

The next step towards obtaining a useful equation for the problem at hand is to describe how
the liquid phase may flow through the solid skeleton.

2.2.2 Liquid Flow in the Mushy Zone

In this two-phase problem, liquid may flow through the solid phase network. It is thus customary
to consider that the liquid alloy is flowing within a porous solid (matrix formed by the solidified
grains). In such a case, it is well known that the pressure in the liquid phase, pl, follows Darcy’s
law [51] :

gl (vl − vs) = −K

µ
(∇pl − ρlg) (2.12)

where, g is the gravity vector, µ is the viscosity of the liquid phase and K is the permeability
of the solid skeleton. The latter quantifies how the porous solid resists to the flow of liquid.
As indicated by experimental data, the permeability of the mushy zone is well described by the
Carman-Kozeny relation [52] :

K =
(1− gs)

3

g2
s

λ2

180
(2.13)

To obtain this expression, the solid-liquid interfacial area was related to a unique characteristic
length of the microstructure, λ. If the solid grains are dendritic, λ should be equal to the
secondary dendrite arm spacing λ2, which varies strongly with time due to coarsening. On the
other hand, if the solid grains are globular, λ will be equal to the grain size φ and will remain
nearly constant over time (since it is related mostly to the nucleation density). In both cases
however, the value of λ may vary very significantly in space.

Please note that a recent granular model from Vernède et al [46] indicates that Equation
(2.13) is indeed valid over a very broad range of solid fractions. It is only above typically
gs = 0.98 that K is expected to decrease more rapidly than predicted by Equation (2.13), at
least in two dimensions. This deviation is due to clustering and percolation in the mushy zone
(leading to a decrease in the solid-liquid interfacial area) at such solid fraction.

Having described the permeability of the solid phase, it is of interest to substitute Equation
(2.12) into the mass conservation expression (Equation (2.11)). This leads to the two-phase mass
conservation expression that shall be used in this work :

∂

∂t
ρ +∇ · (ρvs)−∇ ·

(
ρlK

µ
(∇pl − ρlg)

)
= 0 (2.14)
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In Equation (2.14), the first term represents the local change of density (due to solidification
and cooling). This change can be compensated by two contributions. On one hand, the solid
may deform (second term in Equation (2.14)). On the other, liquid may flow through the solid
skeleton and alter the local density (third term in Equation (2.14)).

2.2.3 Porosity

In most solidifying systems, the average density ρ increases when the temperature decreases, and
will thus increase with time during solidification. This is a consequence of the fact that, most
often, ρs > ρl. If strain in the solid and gravity are neglected, Equation (2.14) indicates that
a liquid pressure gradient is established across the mushy zone due to this change in density
(i.e. suction of liquid towards high solid fraction regions). As illustrated on Figure 2.6, not only
does pl decrease for an increasing gs but |∇pl| also increases as solidification proceeds due to the
strong dependence of the permeability K upon gs.

so
lid

mushy zone

liq
ui

d

gs

pl

[H]l*

[H]l

porosity

liquid pl
[H]l

*

pore
rp

pg=pl+2γl/v/rp
γl/v γl/v

Figure 2.6: Schematic representation of the mechanism for pore nucleation in the mushy
zone, inspired from [53].

From a physics standpoint, this pressure gradient is due to the fact that the density of the
mushy material increases with solid fraction. As a consequence, the specific volume is smaller
deep in the mushy zone, where most of the alloy is solidified. In general, this volume change
cannot be compensated by strains in the solid. As a consequence, liquid has to flow towards the
bottom of the mushy zone is order to fill the volume. This phenomenon, referred to as feeding
[29], can only occur if a pressure gradient is present in the liquid phase.

The fact that the pressure in the liquid, pl, decreases as gs increases has several consequences,
one of them being the formation of microporosity in the mushy zone. As mentioned in the
introduction, microporosity [29] is a casting defect that must not be mistaken for shrinkage
porosity (large holes appearing in the part of the casting that solidifies last because shrinkage of
the last liquid pocket cannot be compensated by feeding). Microporosity is a phenomenon that
is due to the liquid pressure drop across the mushy zone [54]. This defect may form even when
liquid is still potentially available for feeding.

In liquid aluminum, some dissolved hydrogen is practically always found (nominal concen-
tration [H]0) due to ambient humidity. Moreover, hydrogen is less soluble in the solid phase
than in the liquid (partition coefficient kH < 1). As a consequence, upon solidification, the
concentration of hydrogen in the liquid [H]l will increase with gs due to microsegregation [3, 53]
(see Figure 2.6).
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2.2. Mass Conservation

Moreover, the solubility limit of hydrogen in the liquid, [H]∗l , i.e. the maximum amount of hy-
drogen that can be dissolved into the liquid before the gas phase (hydrogen bubbles) precipitates
out, is determined by Sieverts’ law [3] :

[H]∗l = S (T, cl)
√

pg

p0
(2.15)

The solubility limit of hydrogen in the melt thus depends on the alloy (alloying elements and
their concentration cl [53]) and on the temperature through the Sieverts’ coefficient S. Moreover,
[H]∗l also depends on the pressure in the liquid and on the radius, rp of the hydrogen bubbles3

formed. This is due to the fact that pg is the pressure in the pore, which includes both the liquid
pressure contribution and a curvature term (capillarity) :

pg = pl + κγl/v (2.16)

where κ is the curvature of the pore (κ = 2
rp

for a spherical pore of radius rp) and γl/v is the
interfacial energy between the melt and the vapor phase in the pore (pores can only evolve when
in contact with the liquid phase).

As suggested on Figure 2.6, a pore of radius rp will thus nucleate when the local concentration
of hydrogen in the melt [H]l (gs) exceeds the solubility limit [H]∗l . The dependence of [H]l upon
gs is described by a microsegregation model of hydrogen (the highest value of [H]l is found at the
end of solidification). Since this is a rapidly diffusing species, a lever rule is typically introduced
[3] but more advanced models also exist (e.g. finite hydrogen diffusion [55]). On the other hand,
[H]∗l (T, cl, pl, rp) is typically low deep in the mushy zone (due to the low value of pl and T ). As
a consequence, microporosity appears at fairly high solid fractions (typically 80% and above).

Choosing a nucleation criterion for porosity by setting the value of the pore radius at nucle-
ation rp,n, pores form when :

[H]l (gs) ≥ [H]∗l (T, cl, pl, rp = rp,n) (2.17)

At this stage, it is possible to make a distinction between two different types of microporosity.
On one hand, gas microporosity is due to the fact that the hydrogen accumulated in the liquid
by segregation [H]l satisfies the nucleation criterion (2.17) at low gs, when the pressure drop
induced by shrinkage is negligible. On the other hand, shrinkage microporosity is due to the fact
that the pressure in the liquid decreases dramatically, leading to a very low value of [H]∗l . In
this case, pores are formed even if the melt was well degassed and the hydrogen is not strongly
segregated in the liquid. Obviously, there is not a clear-cut limit between these two regimes and,
most often, both the pressure drop and the gas segregation will significantly contribute to the
formation of porosity.

As a conclusion to this section, it is worth introducing the most important concepts for
modeling microporosity development. The framework for describing the nucleation of pores has
indeed been given above. However, in order to obtain quantitative predictions of the porosity
fraction obtained in a casting, it is necessary to be able to describe the growth of pores. Typically,
the growth model is based on the expression of hydrogen conservation. The formation of pores
(apparition of a third phase) influences significantly this balance since a significant amount is no
longer dissolved in the liquid but found as a vapor phase inside the pores [3].

Moreover, the amount of hydrogen that is found as vapor will depend of the hydrogen con-
centration in the pores, which is equal to [H]∗l and thus depends upon pg. The latter quantity

3please note that such hydrogen bubbles are in fact micropores
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depends strongly on the pore radius rp (through the curvature κ). As a consequence, one of
the great challenge for modeling growth of micropores at the casting scale is to express how rp

depends on the solid fraction gs. This means that some model for the geometry of a growing
pore constrained by a network of solid grains must be found [53].

2.3 Momentum Conservation

2.3.1 Thermomechanics

The aim of this section is to remind a few concepts of continuum mechanics that are used
when developing an approach to momentum conservation in two-phase media. Let us start by
reminding how momentum conservation is expressed in a single phase material for a quasi-static
situation :

∇ · σ + fv = 0 (2.18)

In this expression, σ is the stress tensor4 (of components σij with i, j = 1, 2, 3 in 3D) and
fv is the body force vector. Often, the body forces are simply due to gravity (fv = ρg) and this
contribution may often be neglected [56].

In real materials, stresses always arise together with strains. The definition of the strain
tensor is based on the displacement field u (x, t) where x = (x1, x2, x3) is the position in space
and t is time. For small strains, the strain tensor is defined as :

ε =
1
2
(
∇u +∇uT

)
⇔ εij =

1
2

(
∂ui

∂xj
+

∂uj

∂xi

)
(2.19)

Similarly, the strain rate will be defined based on the velocity field v (x, t) = ∂u
∂t ≡ u̇ :

∂ε

∂t
≡ ε̇ =

1
2
(
∇v +∇vT

)
⇔ ε̇ij =

1
2

(
∂vi

∂xj
+

∂vj

∂xi

)
(2.20)

There are different types of strain (or strain rate) that should be distinguished. The total
strain (or strain rate) will be decomposed according to the following relations :

ε = εel + εth + εie = εel + εth + εpl + εvp

ε̇ = ε̇el + ε̇th + ε̇ie = ε̇el + ε̇th + ε̇pl + ε̇vp
(2.21)

This indicates that the different contributions to the total strain are elastic (superscript el),
thermal (superscript th) and inelastic (superscript ie). The latter can be subdivided into plastic
(superscript pl) and viscoplastic (superscript vp) components. Each one of these different strains
shall now be considered.

First of all, the elastic contribution εel is directly related to the stress by the stiffness tensor
C via Hooke’s law σ = C : εel. In an isotropic material, only two parameters are required to
describe the elastic behavior, i.e. Young’s modulus E and Poisson’s ratio ν. Both of them can
be determined from a standard tensile test. For isotropic linear elasticity (which is applicable to
polycristalline metals), when introducing Einstein’s convention of summing over repeated indices

4the stress tensor is defined by the fact that the force density f acting on a plane of normal n in the material
is given by f = σ · n

20



2.3. Momentum Conservation

(e.g. σkk ≡
∑3

k=1 σkk ≡ tr (σ)) and Kronecker’s symbol (δij = 1 if i = j, δij = 0 if i 6= j), the
following is obtained :

εel
ij =

1 + ν

E
σij −

ν

E
σkkδij (2.22)

Let us now consider the thermal contribution εth. For a material in an unstrained state at
temperature Tref , changing the temperature to a value T will cause straining due to thermal
expansion. The linear thermal expansion coefficient αth is a measure of this phenomenon and
usually depends on temperature. Most often, thermal strain is isotropic and may be simply
expressed when the unit tensor I is introduced (Iij = δij) :

εth = αth (T − Tref ) I (2.23)

This strain contribution is very important when dealing with castings. During a solidification
process temperature gradients are introduced in the part and the mold may prevent free contrac-
tion of the casting. In any case, εth will be inhomogeneous and it is the reason why stresses arise
in cooling materials. During solidification, the rate of thermal contraction is thus very important
and may be expressed as a function of the local cooling rate Ṫ :

ε̇th = αthṪ I (2.24)

The remaining strain contribution εie is made up of all the permanent deformation (i.e.
plasticity at low temperature) [56]. In general, there exists a function F of the stress state that
will determine whether some plastic deformation occurs or not. When F (σ) < 0 the strain will
remain elastic. Plastic straining is occurring locally in the material when :

F (σ) = 0 (2.25)

As a consequence, the surface defined by Equation (2.25) is known as the yield surface. Please
note that the condition, F (σ) > 0 is not physical. As a consequence, when loading continues
after yielding, the yield surface changes in order to keep up with condition (2.25). This is known
as hardening and can be accounted for by describing how F depends on hardening parameters
(typically the plastic strain).

The most classical expression of F is given by the von Mises yield criterion. Since it is known
experimentally that hydrostatic pressure neither influences nor causes plastic deformation, it is
more relevant to consider the deviatoric stress tensor S. The latter is obtained by removing the
hydrostatic pressure Ps from the stress tensor σ (please note that this pressure is positive in
compression while stresses are taken to be positive in tension). This pressure is an invariant
(does not depend on the coordinates system) and is defined as :

Ps = −1
3
tr (σ) (2.26)

The deviatoric stress tensor contains only the non-isostatic stress components and is defined as :

S = σ + PsI (2.27)

The second invariant of S is known as the (von) Mises stress and is given by :

σM =

√
3
2
S : S =

√
3
2
SijSij (2.28)
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Having given those definitions, the von Mises criterion can be expressed in its simplest form
by introducing σy, which is the yield stress in tension. Please note that σy can be measured in a
tensile test and depends on the plastic strain undergone by the material (work hardening) [56] :

F = σM − σy (2.29)

Let us now consider the maximum work principle, which basically states that, for a given
plastic strain rate ε̇pl, the resulting stress state corresponds to a maximum in the energy dissi-
pated by plastic deformation [56]. Two important properties of the yield surface can be derived
based on this principle. Firstly, the yield surface given by F (σ) = 0 must be convex. Secondly,
the inelastic strain rate must be normal to the yield surface. This is known as the normality rule
and can be expressed under the following form :

ε̇pl = λpl ∂F
∂σ

(2.30)

where ∂F
∂σ is the normal to the yield surface in stress space and λpl is the proportionality constant.

Please note that, in general, it is possible to define an inelastic potential G by the normality
property given by Equation (2.30). For plasticity of metals, the yield function F is the same as
the inelastic potential G 5.

It is very customary to use the von Mises yield criterion to describe the plastic behavior of
alloys. When this expression of F is used, the normality rule may be rewritten to obtain [56] :

ε̇pl =
3
2

ε̇pl
e

σM
S (2.31)

where ε̇pl
e =

√
2
3 ε̇pl : ε̇pl is the effective plastic strain rate. Please note that the plastic strain rate

is directly proportional to the deviatoric stress tensor S. Since tr (S) = 0, tr
(
ε̇ie
)

= 0 is also
true, which means that the plastic strain proceeds without altering the volume of the material.
This is a well established experimental fact in solid alloys.

Up to this point, plastic strain was considered. Two different broad types of inelastic strain,
i.e. permanent deformation, may be distinguished. On one hand, the classical view of plasticity
is based on dislocations gliding or twinning under stress without much assistance from thermal
activation. This kind of strain is referred to as plastic and noted εpl. The important features
of this kind of strain is that it is caused by stress only, i.e. only an increase in σ will cause
εpl to increase as indicated by Equation (2.31). Plasticity is clearly the inelastic deformation
mechanism that is active at rather low temperature (e.g. room temperature for aluminum alloys).
The stress is thus a function of plastic strain.

On the other hand, when the temperature exceeds typically half the melting point (expressed
in Kelvin [58]), thermal activation effects become noticeable. The motion of dislocations becomes
thermally assisted (dislocation creep) and strain may also be achieved by diffusion of atoms,
either in the bulk (Nabarro-Herring creep) or through grain boundaries (Coble creep). All of
these mechanisms lead to a strain that depends not only on stress but also on time (at constant
stress, strain may still change). These time-dependent deformation mechanisms will be referred
to as viscoplastic and the viscoplastic strain will be noted εvp. When the temperature is high
enough, dynamic recovery effects may also prevent work hardening. As a consequence, in such
a regime, the stress becomes a function of the viscoplastic strain rate ε̇vp alone. This aspect is
discussed in details in Section 2.3.3.

5please note that this may not be true for some other problems, e.g. in soil mechanics [57].
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At intermediate temperature, the distinction between plastic and viscoplastic deformation is
not very clear. The stress will thus depend on both strain and strain rate. Please note that the
description of the mechanical behavior of the alloy at different temperature shall be addressed
in further sections.

In conclusion, let us summarize how castings should be considered from a thermomechanical
point of view. In general, the solidification process induces thermal gradients in the part. More-
over, the process sometimes constrains the displacement of the boundaries of the cast (mold).
This leads to thermal strain gradients which must be accommodated by inhomogeneous inelastic
and elastic strains. The elastic strains can be used to calculated the stress (using Hooke’s law).
This is possible only when the inelastic strains are described as a function of stress. Such prob-
lems are thus non-linear and may involve complex geometries. As a consequence, their resolution
can only be carried out using appropriate numerical methods.

2.3.2 Two-Phase Approach

The framework described in the preceding section has to be adapted when dealing with alloys
in the mushy state. Let us first remind that the mushy zone is considered to be a two-phase
mixture consisting of both solid and liquid. If any vapor phase (e.g. pores) is formed, it will be
neglected from the point of view of momentum conservation. This is a satisfactory assumption
for the problems of interest in the present work.

Similarly to what was done in Section 2.2.1, averaging concepts will be applied to momentum
conservation. In a quasi-static case, the momentum conservation expressed in Equation (2.18)
can be averaged in each phase :

1
Ω0

∫
Ω0

Xν [∇ · σ + ρg] dV = 0 (2.32)

After using the mathematical properties of averages and introducing again simplified nota-
tions 〈σν〉ν ≡ σν , the following is obtained [50] :

∇ · (gsσs) + gsρsg = Ms (2.33)
∇ · (glσl) + glρlg = Ml (2.34)

In these expressions, M represents the momentum transfer at the solid-liquid interface. Please
note that the momentum transfer due to phase change is neglected in this case. For the liquid
phase, Equation (2.34) may be rewritten using σl = −plI where pl is the pressure experienced
by the liquid phase.

− gl∇pl + glρlg = Ml + pl∇gl (2.35)

By introducing Darcy’s law (Equation (2.12), where µ is the viscosity of the liquid) and thus
taking into account viscous forces at the solid-liquid interface, the momentum transfer term can
be expressed :

µg2
l

K
(vl − vs) = Ml + pl∇gl (2.36)

As a consequence, for the liquid (assuming mechanical equilibrium at the solid-liquid interface),
momentum conservation will be given by :

− gl∇pl + glρlg =
µg2

l

K
(vl − vs) (2.37)
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Moreover, in the two-phase medium, any momentum transferred to the solid at the solid-liquid
interface must come from the liquid. As a consequence, Ms = −Ml and the solid momentum
conservation (Equation (2.33)) may take this fact into account :

∇ · (gsσs) + gsρsg = −
µg2

l

K
(vl − vs) + pl∇gl (2.38)

Please note that that the properties of the solid-liquid interface are neglected in this expression.

Equations (2.37) and (2.38) can now be added. After simplification, the expression of this
sum becomes :

∇ · (gsσs − glplI) + ρg = 0 (2.39)

where σ = gsσs − glplI is the mixture stress, which is the quantity that can be measured
experimentally.

A coherent mushy zone consists of a solid skeleton filled with liquid. From that point of
view it is similar to a saturated porous medium. In dense metals, the von Mises criterion takes
into account the fact that plastic deformation is not due to the isostatic stress contribution.
Similarly, in porous media, it is well known that the pressure in the liquid phase pl does not alter
the inelastic behavior of the two-phase material. As a consequence, it is usually more relevant to
consider the effective stress σ̂ instead of the total stress σ. The contribution of liquid pressure is
basically removed from the total stress in theoretical considerations (while σ remains the value
measured in experiments). If the matrix consists of an incompressible solid (as is the case in
mushy alloys), the effective stress6 may be defined as [57] :

σ̂ = σ + plI (2.40)

Having introduced this concept, it is relevant to rewrite the momentum conservation (Equa-
tion (2.39)) as a function of the effective stress [1] :

∇ · σ̂ + ρg = ∇pl (2.41)

2.3.3 Strains in the Mushy Zone

In Section 2.3.2, the way to treat correctly momentum conservation in a mushy zone was estab-
lished. It is thus now necessary to consider other specificities of mushy alloys, i.e. how strains
εel, εth and εie are described for solidifying alloys.

Elastic and Thermal Contributions

First of all, let us consider the elastic behavior of the mushy zone. Above the coherency temper-
ature T coh, the behavior is essentially liquid-like and very little elasticity is found in the mushy
alloy. The coherent mushy zone (below T coh) will bear elastic stresses and related strains as given
by Equation (2.22). The elastic modulus E will typically be rather low in a mushy system and
vary strongly with gs. The value of εel is thus quite straightforward to consider in theoretical
developments. However, it is necessary to keep in mind the fact that it is not trivial to measure
E experimentally at such high temperatures.

6please note that the pressure in the liquid phase pl is different from the pressure in the solid phase Ps due to
capillarity, liquid flow and deviatoric stress components normal to the solid-liquid interface.
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The thermal contraction behavior of mushy alloys must also be examined carefully. As was
already mentioned, the inhomogeneous thermal strain εth (or strain rate ε̇th) is responsible for
the stress build-up in castings. If a sufficiently large amount of liquid is present in a mushy alloy,
the thermal contraction may be accommodated by liquid flow around the solid grains, which can
contract without changing the position of their center of mass [59]. In other words, the local
volume change due to cooling can be compensated by feeding. In such a case, no significant
stress will arise in the material. On the other hand, when the network of solid grains becomes
entangled enough, the inhomogeneous thermal strain cannot be compensated by mass feeding
and stresses will be found in the material.

This is important for modeling solidification processes because it means that εth should be
neglected if the temperature is high enough. Moreover, experimental studies of this problem
have been conducted by Stangeland et al [59, 60]. These authors have solidified alloys in a mold
designed such that one side of the sample is fixed and the other is attached to a moving block.
This block will start moving only when both ends of the sample are connected by a ligament
with a high enough solid fraction (this ligament contracts upon cooling and is resistent enough
to cause motion of the block). This experiment allows determining the critical solid fraction gth

s

above which thermal strains will indeed cause stress. In order to account for this, it is necessary
to express the thermal strain rate ε̇th as :

ε̇th = Ψ(gs) αthṪ I (2.42)

The Ψ function describes the onset of thermal strain in the material. In general, the following
expression was proposed for Ψ [60] :

Ψ(gs) =

{
0 for gs ≤ gth

s(
gs−gth

s

1−gth
s

)η
for gs > gth

s
(2.43)

Experimental results show that, for most of the tested alloys, η = 0. As a consequence, it is
simpler to use Ψ = 1 for gs > gth

s and 0 if gs ≤ gth
s , as will be done in the present work. The

value of gth
s depends on various factors such a cooling rate, grain refining and alloy composition

[61]. Experimental values are in the range 0.63 ≤ gth
s ≤ 0.94 [60] and a value of gth

s = 0.8 is quite
often found.

Rheology

The most difficult problem is describing the inelastic strain. First of all, as was defined in Sec-
tion 2.1.3, above the coherency temperature (i.e. for gs < gcoh

s ) the mushy alloy has a liquid-like
behavior. In this regime, the material deforms extremely easily without bearing any significant
tensile stress. Experimental evidence [2] suggests that gcoh

s is typically of the order of 65%.

The coherent mushy zone (gs ≥ gcoh
s ) is much more interesting. By definition, the homologous

temperature (T[K]/Tmelting
[K] ) is very high in this region. As a consequence, pure plasticity is not

active and only viscoplastic deformation must be considered : ε̇ie = ε̇vp. In this regime, the stress
is related to the strain rate. Ludwig and coworkers [2] have proposed a model to describe the
rheology of the coherent mushy zone. This model is derived under the assumption of small strain
and strain rate and considers the mushy zone as a two-phase medium continuous and isotropic.
It is thus suitable for applications at the scale of an entire solidification process.

This model is built considering the viscoplastic potential G as a function of the effective stress
σ̂. The deviatoric effective stress Ŝ and the invariants P̂s and σ̂M are straightforward to obtain.
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Please note that σ̂ = σ in a fully solidified material. The viscoplastic potential G is defined by
its normality property :

ε̇vp =
∂G
∂σ̂

(2.44)

Moreover, it is known that, for a fully solidified material, creep can be described using a power
law :

ε̇vp =
3
2
ε̇0

σ̂n−1
M

s0
Ŝ (2.45)

where ε̇0 = A exp
(
− Q

RT

)
is the thermally activated coefficient. This means that the material

parameters A, Q, s0
7 and n describe the rheology of the fully solid phase. This expression can

be rewritten in terms of the solid phase viscoplastic potential G0 [2] :

G0 =
ε̇0s0

n + 1

(
σ̂M

s0

)n+1

(2.46)

The next step is to assess the first effect of the presence of a liquid phase. If the liquid
were to be found in isolated pockets, the properties of the material would change because the
reduced solid fraction leads to a decrease in load bearing capacity. This is taken into account by
multiplying G0 by a softening function S. A relatively simple expression for S was taken in [2] :

S (X, gs) =
(
A2 (gs) X2 + A3 (gs)

)n+1
2 with X =

P̂s

σ̂M
(2.47)

In this expression, the stress triaxiality X is introduced and closing relations for A2 and A3 are :

A2 = 9
4

{
n
(
(1− gs)

− 1
n − 1

)}− 2n
n+1

A3 =
(
1 + 2

3 (1− gs)
)
· g
− 2n

n+1
s

(2.48)

In real mushy alloys however, the liquid is distributed between the grains. Even at a low
liquid fraction (gl = 1 − gs) the liquid phase is indeed not found in isolated pockets but in a
network of intergranular liquid films. As a consequence, the other effect of the liquid phase is
that, in addition to decreasing the load bearing area, it disturbs the cohesion of the material.
This means that macroscopic strains imposed to the casting are not going to be fully transmitted
among the grains (at the microscopic level) [62]. To take this into account, an internal variable
C, referred to as the cohesion, is introduced in the model. For grains floating freely in liquid
(mushy zone above the coherency temperature), there is no cohesion : C = 0. On the other
hand, in a fully coalesced solid skeleton (liquid is only found in isolated pockets), the cohesion
is complete and C = 1 [2].

At this stage, the viscoplastic potential G may be expressed taking into account both the
effects detailed above :

G = G0 S
Cn

⇔ G =
ε̇0

(n + 1) (Cs0)
n

(
A2P̂

2
s + A3σ̂

2
M

)n+1
2 (2.49)

The normality rule given in Equation (2.44) can be applied using this expression to obtain the
constitutive law for viscoplastic strain in a coherent mushy zone [2] :

ε̇vp =
ε̇0

(Cs0)
n

(
−A2

3
P̂sI +

3A3

2
Ŝ
)(

A2P̂
2
s + A3σ̂

2
M

)n−1
2 (2.50)

7s0 is constant, which takes into account the experimentally verified fact that strain hardening is negligible at
high temperature
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The shape of the iso-G values in the σ̂M -P̂s plane for a constant value of C corresponding to
different gs is illustrated on the left of Figure 2.7. As these iso-lines are elliptic and symmetrical
with respect to P̂s, they are similar to those obtained for the plastic potential proposed by Gurson
and Tvergaard to describe yielding of porous metals [63]. On the other hand, their symmetry
predicts the same behavior in tension and compression. This is different from the plastic potential
defined in the Cam clay model [64], which is very classical in soil mechanics.

In order to describe the partial cohesion of the mushy zone, the internal variable C was
introduced. The model is thus only complete if an evolution equation is provided for this variable.
Ludwig et al [2] proposed to describe the variation of C by modeling the fact that cohesion can
be created or lost through straining of the material (pulling the solid skeleton together or apart).
For this, they introduced a function α (gs, X) that describes how C varies at small strain and a
function C∗ (gs, X), which is a saturation value towards which the cohesion will tend for larger
strains. These variations can only occur under macroscopic strain8 [2], which is quantified by

the equivalent viscoplastic strain ε̇e =
√

2
3 ε̇vp : ε̇vp :

dC

dt
= α (gs, X)

(
1− C

C∗ (gs, X)

)
ε̇e (2.51)

If the cohesion C is assumed to be equal to C∗ (gs, X), the iso-G values can be plotted again,
as shown on the right of Figure 2.7. In this case, the model is no longer symmetrical in tension
and in compression. In real situations, the value of C will evolve towards C∗ at a finite rate. As
a consequence, an iso-G line will have no sharp corner but its exact shape will depend upon the
loading history.
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Figure 2.7: Adapted from [65]. Isovalues corresponding to G = 0.042s0 at different solid
fractions, for C = 0.75 on the left and when C tends rapidly towards C∗ on
the right.

Using tensile, compression and shear tests, these authors could identify experimentally these
rheological parameters as a function of solid fraction and stress state (characterized by X). In
compression (X > 2), the cohesion will always tend to 1 due to compaction of the solid skeleton.
On the other hand, to describe the sharp increase of tensile (X < 0) strength at the last stage

8the cohesion depends on the loading history and causes the strength of the material to depend not only on
strain rate but also on some fraction of the strain (C dictates the mechanical properties of the mushy alloy and
is the integral over time of a strain rate-related quantity).
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of solidification, the coalescence point gcoal
s was introduced [2] :

C∗ (gs, X ≤ 2) = 1− (1− gs)
p

C∗ (gs, X > 2) = 1

C∗ (gs ≤ gcoh
s , X

)
= 0

 (2.52)

α (gs, X < 0) = α0 + α1
g

1
3
s

1−g
1
3
s

exp
(
k
(
gs − gcoal

s

))
α (gs, X ≥ 0) = α0 + α1

g
1
3
s

1−g
1
3
s

α
(
gs ≤ gcoh

s , X
)

= 0


(2.53)

All the parameters that appear in these equations have been determined experimentally and
the model was validated on separate experimental data [2, 66]. The agreement obtained between
the prediction of the model and tensile experiments is illustrated on Figure 2.8 from [2].
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Figure 2.8: Redrawn from [2]. Load displacements curves measured in tension as a
function of the minimum solid fraction in the Al-Cu sample. The validity of
the model (thin dashed lines) is verified against experimental measurements
(thicker lines).

The model presented in this section describes the mechanical behavior of a mushy alloy. It
captures very important features of the mushy zone :

– The partial cohesion, i.e. the incomplete transmission of strain, in the mushy zone is ac-
counted for. This is introduced through an internal variable and the description of its
evolution.

– The behavior of the mushy zone depends on the stress state (the onset of viscoplastic
deformation is different in tension and in compression). Even though the expression of the
viscoplastic potential G (Equation (2.49)) is symmetrical with respect to solid pressure P̂s,
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this fact is captured in Equation (2.52). The cohesion will indeed vary as a function of the
stress state. This represents the dependence of the properties upon the stress state and
has the advantage of keeping a relatively simple expression9 for G.

– The mushy zone is a compressible medium, as it may undergo permanent deformation
under isostatic loading. Even though the solid and liquid phase are incompressible, their
mixture will become compressible. This is due to the fact that these phases have very
different mechanical behaviors. Isostatic stress may then squeeze liquid in or out of the
solid skeleton, which behaves like a sponge. This effect leads to a local variation of the
solid fraction. This compressibility is specific to the mushy zone since the fully solidified
alloy is incompressible (i.e. ε̇vp (gs = 1) has no isostatic component).

Please note however that the effect of the mushy zone morphology (columnar, equiaxed or glob-
ular solid grains) is not very detailed (beyond the solid fraction dependence) in this model. It
is expected that the shape of the solid network will have an effect. For example, a recent study
[68] indicates that adding barium to aluminum-copper alloys delays coalescence and alters the
development of tensile strength.

In Equation (2.50), the compressibility of the mushy zone appears since the viscoplastic strain
ε̇vp is dependent not only on the deviatoric effective stress Ŝ but also on the effective pressure
P̂s, which appears in an hydrostatic term (proportional to I). In further considerations, we shall
distinguish between two inelastic strain components. On the one hand, ε̇sw = 1

3tr (ε̇vp) denotes
the volumetric strain (the sw subscript stands for swelling). On the other hand, ε̇cr refers to
standard viscoplastic deformation (known in solids, the cr subscript stands for creep), which
progresses at constant volume. This may be taken into account by rewriting Equation (2.50)
under the following form.

ε̇sw ≡ −A2P̂s
3

ε̇0
(Cs0)n

(
A2P̂

2
s + A3σ̂

2
M

)n−1
2

ε̇cr ≡ σ̂MA3
ε̇0

(Cs0)n

(
A2P̂

2
s + A3σ̂

2
M

)n−1
2

ε̇vp = ε̇swI + 3
2

ε̇cr
σ̂M

Ŝ

(2.54)

In order to be thorough on alloys rheology, it is still necessary to consider how fully solidified
alloys may be described. In casting processes, stresses are indeed mainly built-up in the solid
phase and transmitted partially to the coherent mushy zone. Since the model of the mushy zone
is built starting from the fully solid viscoplastic potential, it can actually model the behavior of
a solid (i.e. gs = 1, pl = 0 and C = 1). In such a case, this model reduces to :

ε̇vp =
3
2

ε̇cr

σM
S with ε̇cr =

ε̇0
sn
0

σn
M (ε̇sw = 0) (2.55)

This equation is well adapted to modeling the solid phase behavior above typically 400 ◦C
at low strain rates [69]. At lower temperatures, dynamic recovery is no longer fast enough to
prevent work hardening. As a consequence, the stress response of the material should depend on
both the inelastic strain rate and accumulated inelastic strain. In that case, it is more customary
to introduce a generalized Ludwik’s model [69–71] :

σM = κ (T ) εη(T )
cr

(
ε̇cr

ε̇u

)λ(T )

with εcr =
∫ t

t(T≤Tε)
ε̇crdt and ε̇u = 1 s−1 (2.56)

9 the difference between tensile and compressive stress states may also be incorporated in the expression of G.
See e.g. [65, 67] for details.
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where the cumulated strain εcr can increase only below the temperature Tε, i.e. when strain
hardening effects become significant. Moreover, κ (T ), η (T ) and λ (T ) are alloy dependent
parameters to be determined experimentally.

2.4 Hot Tearing : Mechanisms, Observations and Models

2.4.1 Hot Tearing Mechanisms

When an alloy is torn in the mushy state, the fracture surface has a smooth appearance that
reveals the dendritic or globular features of the solid grains, as illustrated on Figures 1.4 (page 8)
and 4.3 (page 65). When studied more closely, the failure surface exhibits specific features that
were observed by Farup et al [72], as can be seen on Figure 2.9.

100 mm 50 mm

20 mm

10 mm

Figure 2.9: Details of a torn surface [72]. Spikes (left) are liquid menisci that were
broken before solidifying and bridges (right) are solid intergranular bonds
that were deformed and broken during hot tearing.

For this purpose, these authors used in-situ observation of transparent alloys. There exists
indeed some organic alloys that behave like metals from the microstructure formation point of
view (e.g. the succinonitrile-acetone system). However, these systems are transparent and the
solidification of thin samples under strain may thus be observed in an optical microscope [72, 73].

When the strain is applied to the mushy zone at relatively low solid fraction, liquid flows
from the fully liquid region into the intergranular opening (which is due to strain). This situation
corresponds to what is known as a healed hot tear. Nucleation of new grains and bubbles is
possible but hot tearing does not occur in such conditions (see Figure 2.10).

If strain is applied to a region with a higher value of gs, the separation between the grains
that are pulled apart cannot be compensated by liquid feeding (due to the low permeability).
A void is thus created between the grains and this situation corresponds to hot tearing (see
Figure 2.11).

During hot tearing the propagation of a hot tear between two grains, two phenomena should
be distinguished. On one hand, if solid bridges exist due to local coalescence of the two grains,
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Figure 2.10: Healed hot tear : (a) observation in a transparent alloy (b) schematic rep-
resentation of liquid flow in the intergranular opening [72].
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Figure 2.11: Bridging : (a) observation in a transparent alloy (b) schematic representa-
tion of a solid bridge being broken during propagation of the hot tear (in
black) between the solid grains, due to the applied strain [72].

they may be deformed and broken during tear growth. These broken bridges, will be left behind
on the fracture surface. Such a mechanism is observed on Figure 2.11 from [72]. It corresponds
to what is observed on a real fracture surface as shown on the right on Figure 2.9. Such a bridge
indeed exhibits a surface structure that is characteristic of deformation in the solid state.

On the other hand, when a hot tear advances, the remaining intergranular liquid tends to
be concentrated in liquid menisci between the two grains. Under strain, such a meniscus may
be broken before being solidified. In that case, we shall say that a spike is left behind on the
fracture surface. This mechanism is illustrated on Figure 2.12 from [72]. It is what is observed
on real fracture surfaces as illustrated on the left on Figure 2.9. A spike has a draped appearance
indicating that it was broken in the liquid state before being solidified.

It is important to distinguish between bridges and spikes because bridges are indicators of
local intergranular coalescence. On the other hand, spikes will exist also between grains that are
not yet linked together by any solid phase.

Please note that direct observations techniques were also designed to observe metallic alloys
subjected to tensile loads. In such a case, the specimen is not transparent to visible light.
As a consequence, X-rays are more suitable to study what happens within a metallic sample.
Radiography is the classical method in which X-rays are used. Recently, Davidson et al [74] used
this technique to observe the onset and development of hot tears in their experimental setup .
Theses authors came to the conclusion that hot tears were initiated for gs = 93% in Al-0.5wt%Cu
alloys.

More recently, X-ray tomography (by taking several X-ray images of a rotating sample, a
3D reconstruction can be obtained [75]) was also applied to study hot tearing. For example,
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Figure 2.12: Spikes : (a) observation in a transparent alloy (b) schematic representation
of a liquid meniscus being broken during propagation of the hot tear (in
black) between the solid grains, due to the applied strain [72].

Phillion et al [76] could study damage accumulation in a tensile sample of an AA5182 alloy at
high solid fraction (gs ∼ 98%). They showed that strain is initially mainly accommodated by
cross-sectional area reduction. At higher strain the amount of damage increased both by growth
of pre-existing microporosity and by nucleation of new voids. If the strain becomes high enough,
voids will start to merge, leading to failure of the sample.

All of this experimental evidence indicates that hot tearing is a phenomenon that occurs in
the mushy zone, for high solid fractions and under strain. At this stage, it is possible to provide
a qualitative explanation of what is expected to happen when a hot tear forms. The physical
mechanisms proposed to explain hot tearing are generally well accepted [1, 29, 37, 77].

As suggested by Figure 2.13, hot tearing occurs in the mushy zone, at a rather high solid
fraction. At this stage, the solid grains are surrounded by thin liquid films, which form a
continuous network. Moreover, the mushy alloy has already developed a significant cohesion,
which means that strains from the solid shell underneath are transmitted to this region of the
material.

As was already mentioned, the pressure in the liquid pl is low deep in the mushy zone. The
conjunction of this low pressure with strain may lead to the nucleation of a void in the liquid
phase. This process is not trivial and may not occur, in which case a tear-free casting is obtained.
Understanding the conditions for tear nucleation is thus the first challenge for predicting hot
tearing.

If a void has nucleated in the liquid, this void may grow under the strain still transmitted
to that specific location in the mushy zone. The second challenge in hot tearing modeling is to
understand the conditions for the growth of a small void into an extended hot tear. There are
indeed two possibilities for the void to evolve. On one hand, if the permeability of the mushy
zone is sufficient, liquid alloy may flow into this void and fill it. The tear is then said to be healed
(i.e. filled with liquid). This can be experimentally observed because the healing liquid is often
more solute-rich than the surroundings, which lead to a measurable local segregation.

On the other hand, if healing cannot occur (because K is too small) the tear is likely to grow.
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Figure 2.13: Schematic representation of the conditions required for hot tearing to oc-
cur : applied strain on a mushy alloy at a high solid fraction (i.e. with low
permeability) may lead to nucleation and growth of a hot tear. If feed-
ing is sufficient, the strain-induced opening of the solid skeleton can be
compensated by liquid flow, leading to what is known as a "healed" hot
tear.

The strain rate imposed by the solid shell will indeed tend to be concentrated in the intergranular
liquid films and at the tip of the tear. Locally, the strain rate will thus become very large and
promote tear growth. The growth of the tear cannot occur in a coalesced materials, i.e. in the
absence of a continuous liquid film network (because solid bonds between grains are much more
difficult to break). Moreover, the tear cannot propagate into a relatively high permeability region
(healing will occur at the tip). Despite these limitations, tear growth can easily lead to fracture
of a tensile sample or to meter-long tears in DC cast ingot (where the tip of the crack may follow
the traveling mushy zone on a long distance). Having considered these mechanisms, it seems
that strain (or strain rate) is more likely to drive the hot tearing process while stresses would be
of secondary importance.

At this stage, it is relevant to make a few comments about porosity, which is a defect that
is closely related to hot tearing. Typically, hot tears are expected to develop in the range
gs = 90 − 95%, when permeability is low, strain rate is high and continuous liquid films still
exist. On other hand, microporosity formation may start when gs ≈ 80% because the liquid
pressure drop becomes significant. As a consequence, pores may exist before the conditions for
hot tearing are met. Qualitatively, this pre-existing porosity may have two interactions with
hot tearing. On the one hand, pores are basically voids and may thus serve as nuclei for tears.
On the other hand, when porosity forms, the pressure in the liquid tends to drop less than in a
pore free liquid. From that point of view, porosity may hinder tear growth by enhancing liquid
flow at the tip of the crack. If the pore fraction gp becomes very high, pore coalescence may
also become a tear growth mechanism. This means that the interaction between hot tearing and
porosity may be important in some situations but is not simple to describe and predict.
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2.4.2 Hot Tearing Tests

Qualitatively, the mechanisms that play a role in the hot tearing phenomenon have been de-
scribed in the preceding section. However, these considerations do not give much quantitative
information about hot cracking. The aim of the present section is thus to present the ongoing
effort to characterize hot tearing from a quantitative point of view. This has been a research
topic for more than fifty years and is not yet exhausted. It is indeed very complicated to design
experimental tests in which hot tearing can be measured in a reliable manner. Moreover, it is de-
sired that the results of these tests may be either directly applied to real castings or incorporated
into theoretical models. Therefore, they must correspond to the casting conditions encountered
in daily casthouse practices.

Hot tearing tests basically consists of monitoring the behavior of a mushy alloy in which
significant stresses develop in the coherent region. Typically, a small region that is hotter (i.e.
weaker) than the rest of the sample (hot spot) is generated so that tears are localized due to
concentration of strains in the hot spot. Moreover, this hot spot is usually connected to a liquid
region so that feeding may occur under favorable conditions. In general, a measure of the hot
tearing susceptibility (often noted HCS10) is studied as a function of the materials or process
parameters. The definition of the HCS is not unique and is one of the first difficulties that arise
when trying to design a new hot tearing test. In the present section, we shall give a few examples
of the most classical tests. A more complete review may be found in [78].

Ring Mold Tests

The principle of the ring mold test is to use a cylindrical mold with a cylindrical core to obtain a
ring shaped casting [78]. Stresses arise upon solidification because the metal will shrink around
the rigid core. The hindered contraction may cause hot tears. In this case, the HCS would
typically be measured by the length of the observed tears. An example of such a test was
performed by Drezet et al [79]. In this version, the core was water-cooled and both hoop and
radial tears were observed.

The advantage of a ring mold test is that it is relatively easy to use as a model system in
numerical calculations (due to its axisymmetry). On the other hand, it is not very easy to control
the cooling conditions, and thus the applied strain.

Cold Finger Tests

The cold finger test [80, 81] is quite similar to ring mold tests. The liquid alloy is contained
in a crucible. The test consists of inserting a water-cooled chill in the melt (see Figure 2.14a).
This will cause the melt to solidify around this "finger". Moreover, thermal contraction around
the conical and rigid chill will induce strains that may lead to hot tearing. These strains are
concentrated in a hot spot extended along the finger and generated by reducing locally the cooling
from the chill (a layer of graphite is painted on the finger). Tears will be found first at the top of
the hot spot, were temperature and the radius of the finger are maximum. They will propagate
down on some length. This length is used as a measure of the HCS.

As shown on Figure 2.14b, these authors could measure the λ-curve for Al-Cu [80]. This
means that the hot tearing susceptibility of an alloy is dependent upon its concentration. In

10HCS stands for hot cracking susceptibility. This is the most widely used abbreviation to denote the tendency
of a mushy alloy to get torn.
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Figure 2.14: Redrawn from [80]. (a) Schematic of the cold finger test (b) HCS in the
Al-Cu system, the λ-curve behavior is observed even though the maximum
HCS occurs above the limit set by the experiment (tears cannot propagate
on a distance longer than the finger).

general, there is an intermediate solute content (around 1%wt Cu in Al-Cu alloys) for which
HCS is at a maximum (which is why a λ-shaped curve is obtained for HCS vs. c0). In this
specific case, the maximum in HCS cannot be located specifically, due to the limit imposed by
the experimental device (cracking through the entire sample).

The λ-curve behavior can be understood considering two limiting cases. For a pure substance,
there is no mushy zone (gs goes from 0 to 1 at the melting point) and hot tearing cannot occur.
On the other hand, when the solute content is high, solidification will be terminated with a high
proportion of eutectic. The range of solid fractions in which hot tearing may occur will thus not
be found in the mushy zone because the intergranular liquid is solidified almost instantaneously
at the eutectic temperature. Between these bounds, i.e. for low concentration alloys, hot tearing
may occur.

Using this test, Warrington et al could also outline the effect of grain refinement [80]. The
HCS is indeed rather high when no grain refiner is added (dendritic grains). In grain-refined
samples, the HCS is lower but tends to increase as the amount of refiner increases (i.e. as the
grain size decreases). Such a tendency was confirmed by the same authors using the same
experimental setup for industrial alloys from the 7xxx series [81].

Restrained Solidification Tests

Another widely used class of tests are based on restraining the solidification of a specimen in the
longitudinal direction. One typical example is the Tatur test [82]. As suggested on Figure 2.15,
the alloy is poured in a mold in which an external wheel is connected to the inner liquid inlet
by several bars of different length. Due to restrained thermal contraction, these bars will be
strained during solidification and some of them will break due to hot tearing. The maximum

35



Chapter 2. Theory

length found among the bars that are not broken is used as a measure of HCS.

Figure 2.15: Redrawn schematically from [82]. Top view of the Tatur test mold. The
liquid alloy is poured at the center of the mold (hatched area). The outside
circle is solidified first and thermal contraction imposes strain to the radial
bars. The maximum length of a bar without tear is used as a measure of
the HCS.

Another type of widely used restrained solidification test is referred to as dogbone tests.
Basically, the ends of the sample are solidified and fixed to a mold while the center is still mushy
(thus acting as the hot spot) and in contact with liquid. An example of such a test was developed
by Clyne and Davies [32]. These authors also developed a method to quantify the HCS. They
measured the electrical resistivity of the solidified samples. From this, they were able to derive a
crack fraction Xcr that varies between 0 (sound sample) to 1 (completely cracked section). Using
this method, they could outline the λ-curve behavior of Al-Mg Alloys.

A similar test was used by Spittle and Cushway (see Figure 2.16a) [83] and these authors
also used Xcr as a measure of the HCS. Their results on Al-Cu alloys are summarized on Figure
2.16b. The classical λ-curve behavior is found again. It also appears that grain refinement
(to obtain globular solid grains) has a rather beneficial effect on hot tearing. The influence
of superheat, which is related to the pouring temperature of the liquid alloy in the mold, is
also shown. In general, the pouring temperature, together with the setup geometry and cooling
condition, participate in the thermal field establishment. As a consequence, this parameter may
influence the strain localization behavior as it is the case for this test.

More recently, Viano et al [84] used a more instrumented test based on the same principle.
These authors quantified the HCS by measuring the brightness of X-ray images of the solidified
samples. Their results regarding the effect of the solute concentration and grain refinement were
in good agreement with [83].

Tensile Tests

The last type of hot tearing test that shall be considered consists of standard tensile testing
adapted to mushy alloys. Again, the center of the sample is mushy while the ends are solid. In
this case, the ends are not fixed in a rigid mold but are attached to a tensile test apparatus. A
controlled displacement can thus be applied to the sample and its force response can be recorded
while solidification occurs. In general, such tests are more complicated to setup but they have
the advantage of providing more information about the material since the thermal field and the
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Figure 2.16: Adapted from [83]. (a) Schematic of the dogbone test (vertical section)
(b) HCS in the Al-Cu system.

amount of strain imposed can be controlled separately. It is indeed only with this type of testing
that rheological properties of both mushy and solid alloys may be measured.

Usually, a distinction is made between two testing modes : reheating and solidification. In
reheating tests, a sample of the composition of interest is cast under the desired conditions.
This is interesting because samples machined from full-scale DC cast ingots may be used. After
complete solidification, the sample is mounted in the tensile machine. A limited region in the
center of the specimen is then reheated up to the mushy state. The tensile test may then start.
The main disadvantage of such tests is that the microstructure will evolve during reheating and
may thus not represent well the as-cast state. It is also important to note that, in such tests,
the hot spot is generally not in contact with a fully liquid region and that, as a consequence,
feeding is not available11. In some cases, the hot spot is heated above the target temperature so
that solidification is indeed occurring during the test, but there is still no large amount of liquid
available. There are several examples of reheating tests in the literature [85–88]. One of them is
of particular interest for the present work. Ludwig et al indeed used such a test to obtain the
parameters and validate the constitutive behavior presented in Section 2.3.3 [2, 66].

Tensile tests under solidification are less interesting from a rheological point of view because
the thermal field is much more difficult to control. However, they are more suitable for hot tearing
assessment because the hot spot remains in contact with the melt. Moreover, the microstructure
of the sample may be much closer to what is found during actual casting processes. These tests
are exactly similar to the dogbone tests presented above except for the fact that it is possible to
pull apart the end of the sample during solidification. There are less of these tests reported in the
literature because they are even more difficult to design and setup. In spite of these difficulties,
various research groups have obtained results with this method [89, 90].

One very good example is the test developed by Magnin et al [91]. In this test the solidified
ends (with a hot spot at the center connected to a reservoir of liquid alloy) are pulled apart at
a constant velocity until fracture occurs12. The force and displacement at the time of fracture

11this does not represent a drawback for materials properties measurements but it may lead to inaccurate results
when reheating tests are used for hot tearing predictions.

12this test, known as the Alcan (Pechiney) rig test, will be described and studied in greater details later on.
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Figure 2.17: Ductility of Al-4.5wt%Cu dogbone samples loaded in tension during solid-
ification, redrawn from [91].

can be thus recorded. The load at fracture increases when the temperature at which the test is
started decreases, which is a well-known fact [2]. It is more interesting to study the strain at
fracture (which can be estimated from the elongation) as a function of the temperature in the
hot spot during tensile loading. Such a result is presented on Figure 2.17.

At rather high temperature, the solid grains are easily (i.e. under low stress) pulled apart by
the applied strain. However, any void that forms will be healed by liquid feeding because the
permeability is high enough in the hot spot. As a consequence, failure can only occur for very
large strains, leading to a high ductility (i.e. low hot tearing tendency) even if the strength of the
material is low. At low temperature, the solid skeleton is very well developed and coalescence
is advanced. The alloy then behaves like a hot solid, exhibiting high ductility and significant
strength. At an intermediate temperature, the hot tearing tendency is at a maximum because the
solid skeleton is not coalesced yet and feeding mechanism cannot be active due to low permeability
in the hot spot. The conjunction of these two factors lead to a minimum in the ductility of the
alloy (U-shaped curve).

It should also be remarked that tensile tests are the most interesting ones when dealing
with hot tearing. However, other stress states such as compression [2] or shear [2, 5] may be
considered, especially when studying more closely the behavior of the mushy material rather
than its failure.

Industrial Tests

The tests presented above are useful because they are relatively well controlled. This allows
investigating various phenomena as well as the effect of different parameters. As a consequence,
these laboratory tests are important for the development of theoretical models of hot tearing.
Once a model is established, it is however relevant to apply it to real cases in order to assess its
ability to predict accurately the formation of defects. For such validation purposes, it is neces-
sary to have access to well characterized full-scale castings produced under realistic industrial
conditions. Such data is not very easy to obtain since their production is both costly and time
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consuming and thus not very appealing to the industry.

Some data regarding full-scale billets are however available, either from DC casting installa-
tions setup at universities [31, 92] or from industrial partners [6]. An example of such data and
their use in modeling will be presented later in this document.

2.4.3 Hot Tearing Models

In the preceding section, the classical experimental approaches to hot tearing have been summa-
rized. The objective of this section is to describe the main aspects of theoretical descriptions of
the hot tearing phenomenon. Models of hot tearing aim at providing a failure criterion applicable
to mushy alloys under applied strain. This is a very complex problem to which a satisfactory
solution has not yet been found [93]. The classical approach is to model the evolution of the hot
tearing tendency as a function of various parameters without giving a criterion for whether or
not cracking will occur in the system (the maximum HCS corresponds to the highest probability
of finding a tear). It is thus relevant to recall how the various physical phenomena involved in
hot tearing may be treated theoretically and to describe some of the existing hot tearing criteria.
Please note that a more exhaustive review may be found in [78].

The most simple approach would be to assume the HCS to be proportional to the freezing
range (equilibrium or non equilibrium) of the alloy (i.e. the range of temperature over which
gs goes from 0 to 1) [29]. This is however too simplistic because hot tearing really occurs in a
specific range of solid fractions, deep in the mushy zone [94].

An alternative approach was proposed by Clyne on Davies [95] based on the idea that hot
tearing is likely to happen in the high solid fraction region of the alloy. They defined a vulnerable
time tV during which hot tears may develop. They also considered the time tR during which
stress relaxation processes are active. The hot tearing susceptibility is then expressed as :

HCS =
tV
tR

(2.57)

The authors proposed to use the local time spent in the range 90% < gs < 99% as tV and the
time such that 40% < gs < 99% as tR. Such a criterion has the advantage of being quite simple
but the major drawback of not reproducing accurately the experimental data. Moreover, the
process parameters such as the strain rate in the mushy zone cannot be accounted for in such a
model. In general, a criterion like Equation (2.57) is clearly too simple to describe the problem
at hand.

One aspect that is not clearly described by the above model is the fact that hot tearing will be
prevented if liquid feeding is efficient enough to fill voids before they propagate catastrophically.
One of the earliest models to take feeding into account was proposed by Feurer [96]. On one
hand, this author considered the SPV, i.e. the volume of liquid that flows into a unit volume of
material during a given time increment. The SPV has units of [s−1] and can be expressed using
Darcy’s law. On the other hand, the SRG is the shrinkage velocity, i.e. the rate of change in
relative density. The SRG has units of [s−1] and can be expressed as a function of cooling rate
and solidification shrinkage. In short, Feurer’s hot tearing criterion states that the development
of hot tears is possible only in the regions where SRG > SPV. This is a mathematical way of
stating that hot tears will be healed when sufficient feeding is available. This model is interesting
because it takes into account the liquid flow within the solid skeleton. However, the strains acting
on the mushy zone cannot be taken into account in details using this approach. This criterion is
therefore more relevant for predicting porosity formation.
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From the above considerations, it appears that not only feeding but also strains are important
to model hot tearing. It is thus important to focus on theories that include deformation of the
solid skeleton to formulate hot tearing criteria. In general, there are three different quantities
that can be used to characterize the mechanical constraint acting on the mushy zone : stress,
strain and strain rate. One very interesting approach based on stress was given by Lahaie and
Bouchard [97]. These authors considered that a mushy zone may be schematically represented
in 2D as a population of hexagonal solid grains in a liquid as suggested on Figure 2.18.

ε = 0 ε = 0.5 εmax ε = εmax

Figure 2.18: Simplified geometrical representation used in [97] for the derivation of a
stress-based hot tearing criterion. Solid grains are white while the grey
phase is the liquid. Please note that solid grains come in contact when
sufficient deformation (εmax ) is applied to the mushy zone.

When strain is applied to the mushy zone, the solid grains, which are assumed to be rigid,
rearrange and liquid flows to accommodate their motion. If the liquid is assumed to be Newtonian
and with a viscosity µ, a relation between stress and strain is obtained for low strain :
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(2.58)

where the exponent m is a microstructural parameter (m = 1/2 for columnar grains and m = 1/3
for equiaxed grains). At higher strain (above εmax the solid grains start touching each other),
further deformation can only be accommodated by liquid expansion since the grains are rigid. The
viscoplastic deformation of the solid phase could also be introduced at this stage. In summary,
the model from [97] gives access to the stress corresponding to a given strain. The criteria
proposed for hot tearing is expressed in terms of the actual stress σ (ε) reaching a critical stress
σcrit. An expression for σcrit based on nucleating a void in the intergranular liquid is given by :

σcrit =
4γl/v

3h

(
1 +

(
gm
s

1− gm
s

)
ε

)−1

(2.59)

where γl/v is the liquid-vapor interface energy and h is the intergranular liquid film thickness at
the beginning of loading.

This model is very interesting because it introduces the mechanical effects related to a pop-
ulation of solid grains moving in the liquid. Moreover, it has been generalized by Larouche et al
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[90]. There are however disadvantages to this approach. First of all, the possibility of healing is
not taken into account. Moreover, this hot tearing criterion is expressed based on a critical stress
while experimental evidence tends to suggest that hot tearing is more of a strain (or even strain
rate) induced phenomenon. Other stress-based models exist in the literature [86, 98]. They are
based on a Griffith type approach associated with assumptions about how the geometry of the
liquid and solid phases may be described at the micro scale level.

Another class of hot tearing criteria comes from strain-based models. The theoretical basis
behind these models is usually not the most advanced. On the other hand, they are quite simple
to apply in practice, which is why they are useful in industry. A typical example of a strain-
based model is given by Magnin et al [91]. The idea is to define a relevant measure of the strain
imposed by the process in the mushy zone εprocess , e.g. the maximum principal strain. If this
strain increases above the ductility of the material εfracture , hot tearing may occur, as suggested
on Figure 2.19.
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Figure 2.19: Strain-based hot tearing criterion proposed in [91]. Hot tearing is possible
when the strain imposed by the process exceeds the ductility of the alloy
measured in tension.

The value of εfracture is obtained from experimental measurements performed using a solidifi-
cation tensile test setup (typically, the strain at fracture may be used). Those values thus include
both the development of a coalesced solid network and the possibility of tear healing by flow of
liquid. This is compared with εprocess, which can be estimated from relatively simple mechanical
modeling at the scale of the process. Typically, when the casting speed is increased, such strain
will also increase. Other examples of similar criteria are found in the literature and applied to
full-scale DC cast ingots [33, 99, 100].

At a more academic level, hot tearing models attempt to include more details of the physical
phenomena that are involved. Quite often, these more advanced descriptions lead to strain
rate-based models. These seem to be the most promising for accurate hot tearing predictions
[93, 101]. The most widely used strain rate-based model was derived by Rappaz, Drezet and
Gremaud (RDG) [37]. These authors used the approach developed by Niyama et al to model
porosity [102] and included the effect of strains applied to the solid skeleton. To illustrate their
derivation, these authors used pictures from direct observation experiments (see Figure 2.20).
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Such results clearly show that there exists a solid fraction between 82% and 94% for which
continuous liquid films exist around the dendrites and may thus break into a hot tear because
their feeding by the melt will be very difficult. Please note that this result was found within a
single grain (i.e. involves intragranular coalescence) and that intergranular coalescence, which is
significant in the context of hot tearing, will occur at higher solid fraction.

(d)   gs=0.70 (e)   gs=0.00(a)   gs=0.97 (b)   gs=0.94 (c)   gs=0.82
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Figure 2.20: Adapted from [37]. A columnar mushy zone as observed in transparent
alloys is used as a basis for the model and a small volume element is
considered to compute the pressure drop across the mushy zone.

As suggested on Figure 2.20, these authors considered a columnar mushy zone in which the
primary dendrite arm spacing is λ1. Dendrites are assumed to grow along the x direction in a
thermal gradient G and following isotherms, which move at velocity vT . The mushy zone expe-
riences a tensile strain rate ε̇p perpendicular to the growth direction. The liquid pressure pl will
drop as the melt flows deeper into the mushy zone to compensate both strain and solidification
shrinkage. The idea of the model is to compute pl and this is done by considering a small volume
element, as represented on Figure 2.20.

At steady state, Equation (2.10) (p. 17) may be rewritten :

− vT
∂

∂x
(gsρs + glρl) +∇ · (gsρsvs + glρlvl) = 0 (2.60)

Introducing the solidification shrinkage β = ρs

ρl
− 1, the authors obtained the following equation :

d (glvl,x)
dx

+ (1 + β) gsε̇p − vT β
dgs

dx
= 0 (2.61)

After integrating Equation (2.61) over a length L in the mushy zone, applying the right boundary
conditions and introducing Darcy’s law (Equation (2.12) with permeability K and viscosity µ),
the pressure drop ∆pl = patmospheric − pl can be expressed :

∆pl = (1 + β) µ

∫ L

0

E

K
dx + vT βµ

∫ L

0

gl

K
dx (2.62)
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where E (x) =
∫

gsε̇pdx. At this stage, the Carman-Kozeny relation can be introduced (Equa-
tion (2.13) with the secondary dendrite arm spacing λ2 as characteristic length of the microstruc-
ture). The criterion for the nucleation of a void (i.e. hot tear nucleation) is simply given by
∆pl ≥ ∆pcrit. This means that a hot tear forms when the liquid pressure drop reaches a critical
value (of the order of a few kPa [37]). Moreover, Equation (2.62) indicates that the pressure
drops because of solidification shrinkage and strain. As ε̇p increases, so does ∆pl, which means
that there exists a critical strain rate ε̇p,max above which a hot tear will nucleate. The value
of ε̇p,max is the most important outcome of this model since the RDG criterion simply states
that the HCS can be measured by ε̇p

−1
,max. A hot tear resistent alloy is thus able to withstand

high strain rates without the formation of voids in the mushy zone. The model may thus be
summarized under the following form :

F (ε̇p,max) =
λ2

2

180
G

(1 + β) µ
∆pcrit − vT

β

1 + β
H (2.63)

with :
F (ε̇,max) =

∫ T coh

T coal
E(T )g2

s(T )

(1−gs(T ))3
dT

E (T ) = 1
G

∫
gs (T ) ε̇p (T ) dT

H =
∫ T coh

T coal
g2

s(T )

(1−gs(T ))2
dT

 (2.64)

The integrals in this model should be performed between the coherency temperature T coh (onset
of strains) and T coal (the coalesced solid skeleton is no longer sensitive to tearing). If a significant
amount of eutectic forms, integration should be performed up to the eutectic temperature Teut.
This is due to the fact that eutectic formation occurs before coalescence of the primary phase
leading a decreased sensitivity of the alloy to hot tearing.

This model was successfully applied by its authors to reproduce the λ-curve measured for Al-
Cu alloys [37]. Moreover, when compared to other classical criteria, it shows the best potential to
reproduce tendencies well-known to the DC casting industry [93]. The model was also applied in
numerical simulations of DC casting [103, 104]. It could also be adapted to equiaxed structures
and used to predict that the HCS decreases if an equiaxed grain structure is promoted [36].
Braccini et al proposed an extension of the model [35]. These authors could indeed derive a
critical strain rate for propagation of the voids (in order to differentiate between voids that
remain as pores and voids that become hot tears).

The RDG model is quite widely used because it is able of reproducing the main tendencies
of hot tearing. The fact that it is only a tear nucleation model may be a drawback even though
there are many situations in which nucleation is the limiting step to hot tearing. Obviously, this
criterion does not give a clear cut answer to whether or not tears are going to be formed. It
only gives an indication to where in the casting the probability of finding the defect is highest.
It should be remarked however that there exists no criteria that can predict accurately the
formation and extent of hot tears in a real cast.

The models presented above are quite classical. Recently, there are a few aspects that have
been further investigated by various research groups. First of all, the highest solid fraction
at which hot tearing may occur has been studied by Rappaz and coworkers. The problem of
coalescence indeed appears in the RDG criterion (in the integration bounds) and is experimentally
known to have an effect on mechanical properties [68] and was studied theoretically [44]. By
considering a population of grains [45, 46, 49] it appeared that a multiscale approach to hot
tearing is very promising. The macroscopic approach is indeed able to describe accurately the
process conditions down to a millimetric scale. Using this information, micro-scale models are
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able of describing the localization of feeding and strain into the small remaining liquid films,
possibly leading to a better understanding of how hot tears progress [105].

Another approach consists of developing fully coupled solvers for two-phase averaged equa-
tions, as will be described later. In such an approach, the complexity of the rheology of the mushy
zone can be captured efficiently. In this context, M’Hamdi et al [1] proposed a criterion based on
the local strain experienced by the alloy. A hot tear is assumed to nucleate when pl drops below
a critical value pcrit, which is very similar to the RDG approach. This tear propagates due to
further straining up to the point where the coalesced solid skeleton is formed. Please note that
tear growth will only occur under tensile stress conditions. In this view, the HCS is expressed
as [1] :

HCS =

{
0 if pl

(
gs = gcoal

s

)
≥ pcrit

θ
∫ t(gs=gcoal

s )
t(pl=pcrit)

(wv ε̇sw + wdε̇cr) dt if pl

(
gs = gcoal

s

)
< pcrit

(2.65)

were ε̇cr and ε̇sw are defined by Equation (2.54), θ is equal to 1 if the average stress is positive
(and to 0 in compression) and wv and wd are weighting factors. A very similar approach was
proposed by Monroe et al for steel castings [106].

In conclusion, numerous hot tearing criteria have been proposed. Different phenomena have
been included and comparison with experimental data show that the accuracy of the models
varies strongly. However, there exists no quantitative criteria that is valid over a wide range of
conditions. This is due to the complexity and number of phenomena that occur simultaneously
in the mushy zone. Moreover, all of these different contributions usually depend on each other.
As a consequence, even though the qualitative understanding of hot tearing is fairly advanced,
accurate quantitative approach are not fully successful yet. The development of more and more
advanced computer models, together with observation techniques of increasing precision is still
potentially a way to reach this goal.
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Semi-Coupled Model

3.1 Problem

The objective of the present thesis is to describe quantitatively the constraints exerted on the
mushy zone during a given solidification process. From this macroscale description of the prob-
lem, it is desired to gain further insight regarding the conditions for the formation of hot tears.
In order to reach this goal, at least three different contributions have to be taken into account :

1. Thermal : the temperature field is of primary importance. On one hand, the solid fraction
field, and thus the location of the coherent mushy zone, is directly related to temperature
(an accurate description of gs (T ) is a necessary input). On the other hand, it dictates
how thermally induced strains develop during solidification and cooling of the alloy and
are transmitted to this mushy zone. Simulating the thermal field evolution is based on the
enthalpy conservation equation [56] :

∂H

∂t
+∇ ·

(
Hv

)
= ∇ · (κ∇T ) (3.1)

where H is the enthalpy per unit volume, κ is the thermal conductivity and a indicates the
two-phase averaged value of a (for example κ = gsκs + glκl). H is defined as a function of
the latent heat L and specific heat per volume Cp :

H (T ) =
∫ T

0
Cp (θ) dθ + (1− gs (T )) · L (3.2)

Most often, the boundary conditions are described by specifying the value of the heat flux
at the surface (of normal n) to be either zero (adiabatic) or related (by a heat transfer coef-
ficient h) to the difference between the surface temperature Tsurf and outside temperature
Text :

κ∇T · n = −h (Tsurf − Text) (3.3)

Describing accurately the boundary conditions is often one of the main challenges encoun-
tered in modeling heat flow in real processes.

2. Mechanical : thermal strains together with the constraints imposed by the process (e.g. rigid
mold preventing free contraction) lead to inhomogeneous stresses and strains in both the
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solid shell and the mushy alloy. These strains (and their rate of variation ε̇vp) are the driving
force for hot tearing and need to be characterized. The mechanical problem is expressed
by the two-phase momentum conservation equation that was exposed in Section 2.3.2 :

∇ · σ̂ + ρg = ∇pl (2.41)

This problem can be solved provided that the constitutive behavior of the material is
described. For this purpose the rheological considerations from Section 2.3.3 are used.

3. Feeding : as already pointed out, hot tearing can be prevented if feeding of the mushy
zone by the liquid alloy is efficient enough. In order to take this factor into account, the
liquid pressure pl should also be predicted. At this stage, introducing a porosity formation
model is expected to enhance the accuracy of the solution since liquid pressure drops will
be smaller if gas precipitation is allowed. In order to model feeding, it is necessary to
consider the two-phase mass conservation equation derived in Section 2.2 :

∂

∂t
ρ +∇ · (ρvs)−∇ ·

(
ρlK

µ
(∇pl − ρlg)

)
= 0 (2.14)

As far as porosity formation is concerned, the basic mechanism for pore nucleation has been
exposed in Section 2.2.3 and further details about pore growth modeling may be found in
[3, 53].

In order to study hot tearing, the coherent mushy zone, the location of which is predicted
by the thermal model, is considered from the thermomechanical point of view. The problem is
very complex due to the highly non-linear behavior of the solid-liquid mixture. The mechanical
properties indeed depend strongly on the solid fraction (again, an accurate description of gs (T )
is necessary). Moreover, liquid flow within the porous solid skeleton may be of importance. In
this context, the problem is defined by Equations (2.14) and (2.41) :

∂
∂tρ +∇ · (ρvs)−∇ ·

(
ρlK
µ (∇pl − ρlg)

)
= 0

∇ · σ̂ + ρg = ∇pl

 (3.4)

The unknowns are then the liquid pressure pl (x, t) and the displacement field in the solid
us (x, t). It should be reminded that stresses are related to strains by the constitutive law for the
mushy zone and that those strains are calculated by derivation of the displacement field. From
this consideration, it is clear that Problem (3.4) is strongly coupled. Both unknowns indeed
appear in both equations. In general, dealing with such a problem in finite elements requires
solving both equations together for each time step.

Such a solver, known as TearSimTM, has been developed by M’Hamdi and coworkers [1, 67,
71, 101, 107]. In short, these authors used Equations (2.50) to (2.53) to describe the rheology
of the mushy zone. The solid alloy is described by (2.56). Moreover, the thermal contraction is
introduced according to (2.42). Finally, these authors proposed the hot tearing criterion defined
by Equation (2.65). This approach is very interesting because it includes comprehensively all the
phenomena that can be captured at the scale of the casting. Moreover, it uses the most accurate
description of the macro-scale phenomena, according to the best knowledge we have at present.

In practice however, some drawbacks to this approach are encountered. There is indeed
neither a mushy zone refinement technique nor a porosity model that are included at this stage.
Moreover, it is only available in 2D. In the present work, an alternative approach is proposed for
the resolution of such problems. It is expected to allow for more flexibility in modeling various
solidification problems.
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3.2 Semi-Coupled Method

Let us start by recalling the definition of the effective stress :

σ̂ = σ + plI (2.40)

The present work is directed towards standard casting processes such as DC casting, gravity die
casting or welding of aluminum alloys. In such cases, there is neither large pressure applied to
the liquid phase nor strong metallostatic head. As a consequence, the liquid pressure is equal
to the atmospheric pressure (101.3 kPa) minus the pressure drop established across the mushy
zone for feeding pl = patm − ∆pl. In aluminum alloys, typical values of the pressure drop ∆pl

are of the order of a few tens of kPa. On the other hand, coherent mushy zones are typically
able of withstanding tensile stresses on the order of a few MPa. In this context, it is proposed
that pl and its variation can be considered to be small when compared to the stresses [108]. In
the semi-coupled method, the following assumption is thus made :

σ̂ = σ (3.5)

This allows Problem (3.4) to be rewritten in a more classical form :

∇ · σ + ρg = 0
∂
∂tρ +∇ · (ρvs)−∇ ·

(
ρlK
µ (∇pl − ρlg)

)
= 0

 (3.6)

Problem (3.6) has become weakly coupled because pl no longer appears in the momentum
conservation equation. The main drawback of this approach is that a decoupling assumption
(Equation (3.5)) is introduced and that the resulting inaccuracy must be evaluated. On the other
hand, in cases where this assumption is reasonable, it will be possible to solve the mechanical and
liquid pressure problems with different, specifically dedicated solvers. A high level of accuracy
and detail may thus be reached.

Having introduced a decoupling assumption, it is possible to solve the problem at hand in
three steps, as suggested on Figure 3.1 [109] :

1. Thermal field determination.

2. Resolution of the thermomechanical problem.

3. Determination of the pressure in the liquid and fraction of porosity.

First of all, the thermal field T (x, t) is calculated using the finite element package CalcosoftTM.
Thermal calculations at the macroscopic scale can only be conducted if gs (T ) is provided as in-
put. Such data is available from microsegregation models linked to thermodynamic data or
experimental measurements. In some cases, thermal calculations taking into account the strong
coupling with the mechanical problem, or heat flow models introducing convection in the liquid
phase may be required. These can be conducted relatively easily using well adapted solvers and
thus potentially included in the present method.

Once the thermal field has been simulated in the entire casting, the mechanical problem can
be addressed alone thanks to the decoupling assumption. This consists of solving the standard
momentum conservation equation ∇ · σ + ρg = 0 using the finite element package AbaqusTM,
which is specifically dedicated to mechanical problems. The temperature and solid fraction can
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Thermal field
  calculation

Mechanical calculation with a
two-phase rheological model
implemented in ABAQUS

Porosity module

21

3

σ, ε, ε, vsdiv(vs) = 0

T, gs

pl, gp

R

Figure 3.1: Flow chart for modeling casting processes using a semi-coupled approach
[109].

be given as input to the solver. The challenge at this stage is to specify the behavior of the
alloy for any temperature, as summarized in Table 3.1. First of all, let us consider the liquid
and incoherent mush (i.e. below the coherency point : gs < gcoh

s , with typically gcoh
s = 0.65). In

this case, thermal contraction can be compensated by liquid feeding [60] and is thus neglected.
Moreover, no inelastic deformation is considered. This material is thus described as linear elastic
with a low value of Young’s modulus E (typically below 0.1 GPa). This description of the liquid
is not perfect. However, it does not influence the mechanical problem in the mushy zone and
proved to be the most efficient to achieve good numerical convergence of the mechanical solver.

At lower temperatures, the coherent mushy zone is formed. However, thermal contraction
starts only when gs reaches a critical value gth

s ∼ 0.8 as shown in [60]. Please note that the typical
value of αth for aluminum alloys is 25 · 10−6 K−1. In this regime, elasticity is still described and
E is increasing strongly as the temperature drops. Moreover, inelastic strain is described by
Equation (2.54) (p. 29) and the mushy alloy experiences some volumetric deformation (swelling
in tension).

ε̇th ε̇cr ε̇sw

B ≡
(
A2P̂

2
s + A3σ̂

2
M

)n−1
2

gs < 0.65 0 0 0

0.65 < gs < 0.8 0 σ̂MA3
ε̇0

(Cs0)
nB −A2P̂s

3
ε̇0

(Cs0)
nB

0.8 < gs < 1. αthṪ σ̂MA3
ε̇0

(Cs0)
nB −A2P̂s

3
ε̇0

(Cs0)
nB

Tmerge < T < T(gs=1) αthṪ ε̇0
sn
0
σn

M 0

T < Tmerge αthṪ σM = κ (T ) ε
η(T )
cr

(
ε̇cr

ε̇u

)λ(T )

0

Table 3.1: Summary of the mechanical behavior of the alloy.

For the fully solidified alloy at high temperature (T > Tmerge where Tmerge is around 400 ◦C),
thermal contraction still occurs and the elastic modulus varies less rapidly with temperature
(typically E = 40 GPa). Inelastic strains are still dominant and dictated by Equation (2.55).
The specific volume of the alloy is however no longer affected by inelastic deformation (purely
deviatoric strain).

Finally, the solid at moderate temperature (below Tmerge) still deforms elastically and upon
cooling. Its creep behavior is described by Equation (2.56) to account for work hardening. Please
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note that the exact value of Tmerge is determined so that inelastic properties are continuous across
the whole temperature range :

λ (Tmerge) = 1
n

κ (Tmerge) = s0

ε̇
1
n
0

η (Tmerge) = 0

 (3.7)

In practice, Equations (3.5) and (2.50) to (2.56) (pp. 26–29) have been implemented in
AbaqusTM, mainly through the CREEP user function. Mechanical calculations performed with
this description of the material give access to all the quantities characterizing stresses and strains
in the casting. In particular, the volumetric strain rate ε̇sw = tr (ε̇vp) can be extracted together
with the solid velocity vs.

The last computation step of the semi-coupled method may then be performed. Mass conser-
vation coupled with Darcy’s law (Equation (2.14)) is solved for the liquid pressure with T (x, t)
being provided as input. This is done using the ProCastTM porosity module developed by Péquet
and coworkers [3, 53]. This solver is interesting because it introduces a mushy zone refinement
technique. This means that the resolution of Equation (2.14), taking into account the vari-
able permeability1, is performed using a finite difference grid consisting of cubic cells, which are
smaller than the finite elements used to solve the thermal problem (see Figure 3.2). This allows
describing more precisely the liquid pressure drop across the mushy zone.

mushy
liquid

Tliq

Tsol

mushy solid

(a) (b) (c)

Figure 3.2: Adapted from [3]. (a) The thermal field determines the position of the
mushy zone. (b) Finite elements with at least one node in the mushy zone
are considered. (c) The mushy elements are divided in finer cubic cells. The
mesh used in the porosity module consists only of the cells that are part of
mushy elements (outlined in grey). This procedure leads to refined meshes
in the mushy zone.

The porosity module was modified in order to take into account the strain term in the mass
conservation equation. The following decomposition was applied :

∇ · (ρvs) = ρ∇ · vs + vs · ∇ρ (3.8)

Often, the sponge-like behavior of the solid skeleton dominates the mechanically-induced varia-
tion of ρ . As a consequence, the following was used in some cases (neglecting ∇ρ) :

∇ · (ρvs) = ρ∇ · vs = ρtr
(
ε̇ie + ε̇el

)
(3.9)

1K is expressed using Equation (2.13) with a constant value of λ equal to the grain size of the alloy for
grain-refined castings.

49



Chapter 3. Semi-Coupled Model

Please note that thermal strain rate is not included in this strain term because it is already taken
into account by original porosity module through the relationship between ρ̄ and T .

Strain in the mushy zone alters the amount of liquid necessary to compensate for the local
volume change, as expressed in Equation (2.14). It also has an effect on the local solid fraction.
The user indeed specifies the evolution of gs as a function of temperature. However, strain-
induced volume change will also alter locally the value of gs which should indeed be expressed
as :

gs = gs (T ) + ∆gmech
s (3.10)

where gs (T ) is defined by the user using a microsegregation model and ∆gmech
s is the mechanical

solid fraction correction that is given by :

∆gmech
s =

∫
−gstr

(
ε̇ie
)
dt (3.11)

This correction is often small. However, it may have an effect because it will be taken into
account to compute the local permeability, which varies strongly with gs at the late stage of
solidification. Please note that this correction may be activated or disabled by the user in both
the mechanical (the strength of the material will also be strongly sensitive to gs) and porosity
calculations.

Another advantage of this method is that it gives access to results from a porosity module.
When the amount of dissolved gas is set to zero, only pl is calculated (pores cannot nucleate). On
the other hand, when the realistic value of [H]0 is input, the fraction of porosity gp is calculated
according to the method described shortly in Section 2.2.3 and in more details in [3]. This
quantity is of interest in hot tearing studies since it characterizes voiding to some extent.

As a last remark concerning the porosity module, it should be said that it is only available
in three dimensions and that the generation of the cellular mesh for finite difference calculations
is based on a finite element mesh composed of tetrahedral elements only. This means that
axisymmetric porosity calculations have to be conducted on a 3D mesh with the correct symmetry
(usually, a quarter of the mesh obtained by rotation of the 2D axisymmetric mesh around the
symmetry axis). Moreover, in 3D calculations, the hexahedral elements that are preferred for
mechanical calculations have to be cut into tetrahedra before conducting the liquid pressure
calculation. All these aspects are handled by the converter developed to follow the flow chart
given on Figure 3.1.

3.3 Convergence Study

The semi-coupled method involves two different solvers to describe the mechanical and liquid
flow aspects of the problem defined by a mushy zone under strain. In order to conduct such
calculations, it is necessary to select numerical parameters such as mesh size ∆x and time step
∆t. Their effects on the results together with selection guidelines are provided for each solver in
the following sections.

3.3.1 Mechanical Solver

The mechanical solver (i.e. AbaqusTM) was benchmarked using a model tensile test, as suggested
on Figure 3.3. A cylindrical specimen (1 cm in radius, 20 cm in length : l0 = 0.2 m) is loaded
in tension by applying a constant displacement rate (parallel to the sample axis) u̇z to both its
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ends. From this, an average strain rate ε̇av can be calculated : ε̇av = 2 u̇z
l0

. At mid-height, the
specimen is hotter than at its extremities and temperature varies linearly between these bounds
so that a constant thermal gradient along z of magnitude G is established. During the test,
the sample is cooled at a constant rate Ṫ without altering the value of G. Moreover, gs (T ) is
assumed to vary linearly between 585 ◦C (which is the maximum temperature at the beginning
of the test and corresponds to gs = 0.8) and 505 ◦C (gs = 1). All the parameters that have been
used in this study are summarized in Table 3.2.

z

z0

0

20cm

20cm

2cm

     uz

T [°C] gs

t = 0s

T 

585 0.80

     uz

505 1.0

t = 100s

mushy
G

solid

Figure 3.3: Thermal and mechanical conditions defined for the model tensile test.

The main result of this test is the reaction force F recorded as a function of time. This is
characteristic of the behavior of the alloy in tension. In order to focus more on what happens
in the mushy zone, the final centerline profile (i.e. r = 0 and 0 < z < l0) of the cumulated
volumetric strain2 εsw =

∫
ε̇swdt is considered. Both these quantities depend on the materials

properties. Moreover, if they are calculated numerically, the values of ∆x and ∆t may influence
the result. For the model alloy, the values of F (t) and εsw (z) have thus been calculated under
different test conditions (Ṫ , ε̇av and G) for different values of ∆x and ∆t.

u̇z

[
m s−1

]
ε̇av

[
s−1
]

Ṫ
[
K s−1

]
G
[
K m−1

]
10−5 and 10−4 10−4 and 10−3 -1 and -3 20, 200 and 800

dgs

dT

[
K−1

]
T (gs = 1) [◦C] Tmax [◦C]

0.025 505 585

A
[
s−1
]

Q
[
kJ mol−1

]
s0 [MPa] n

2.65·107 125 52 3.44

p α0 α1 gcoal
s k

0.315 10.54 0.0632 0.94 100

Table 3.2: Materials parameters used for the model tensile test.

The mesh was built with square (4-noded bilinear) axisymmetric elements of size ∆x. The
time incrementation procedure is a little bit more complex since an automatic scheme was selected
[110]. The time step is controlled by the χ parameter, which is designed to keep the change in

2this quantity is referred to as CESW in Abaqus.
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creep rate small within one time step. This parameter is given by :

χ = (ε̇cr|t+∆t − ε̇cr|t) ∆t (3.12)

The user inputs the value of χ and the solver will determine the time step accordingly (∆t
will thus vary during the calculation and its average, ∆tav, can be calculated). For accurate
solutions to be obtained it is relevant to use a value of χ given by the order of magnitude of the
elastic strain in the problem [110]. Please note that, in AbaqusTM, the χ parameter is known as
CETOL.

Unfortunately, it is not possible to find an analytical solution to this model tensile test
problem. To overcome this problem, several calculations were conducted for very fine meshes. It
was found that the solution became independent of the numerical parameters when ∆x ≤ 1 mm
and χ ≤ 10−8. As a consequence, the exact solution of the problem, F̃ and ε̃sw have been taken
to be the calculated solution for ∆x = 1 mm and χ = 10−8 (∆tav ≈ 5 · 10−3 s). The relative
differences (noted ∆rel) between any solution and this reference were calculated according to :

∆relF =
F (χ,∆x)− F̃

F̃
and ∆relεsw =

εsw (χ,∆x)− ε̃sw

ε̃sw
(3.13)

These relative differences (which may be viewed as relative errors) indicate how the solution
depends on the numerical parameters. They were studied as a function of ∆x and χ.

First of all, the effect of the time step was studied. A typical example of the results obtained
is given on Figure 3.4. It was found that ∆relF and ∆relεsw depend only weakly on the test
conditions (G, ε̇av and Ṫ ). This is not too surprising since χ is a dimensionless number and the
time step is controlled based on the solution of the problem.
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Figure 3.4: Solution of the problem (bold line) and relative differences for different
values of χ : 10−6, 10−5, 10−4 and 10−3 for (a) F (t) and (b) εsw (z). This
result corresponds to G = 200 K m−1, Ṫ = −3 K s−1, ε̇av = 10−3 s−1 and
∆x = 0.1 cm.

After considering all the different tests that were conducted, general tendencies could be
outlined. First of all, the solution of the problem is much more sensitive to χ when the alloy
is mushy (negligible errors are often found for solid alloys). Moreover, for χ ≤ 10−5 (i.e. for
typically ∆tav ≤ 0.1 s) relative errors were found to be always below 5% for both εsw and F ,
which is considered to be very satisfactory. On the other hand when χ ≥ 10−3 (∆tav ≥ 0.25 s),
the relative errors may become larger than 10% and become non negligible in the solid phase.
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Such results are not accurate enough. As a consequence, the following guideline was adopted
when setting up the calculations :

10−6 ≤ χ ≤ 10−4 (3.14)

Above this range, the inaccuracy becomes significant while lower χ values increase the CPU
time without enhancing the quality of the results. When such values are used for χ, the relative
error are always below 10%, which is acceptable considering the typical experimental uncertainty
in this field. Moreover, this criterion is applicable over a wide range of process conditions and
may thus be used in further calculations. In general, the exact value used for χ will be chosen
considering both accuracy and CPU time.

Similarly, the effect of the mesh size was investigated (in the conditions where the time step
has no significant effect, as described by Equation (3.14)). Again, a sample result is given on
Figure 3.5. After studying the results of different calculations, it could be shown that satisfactory
results (relative errors within 10%) were obtained if the increment of gs across one element was
5 ·10−3 or less. In real problem, this condition should be satisfied at least in the principal loading
direction and can thus be written :

dgs

dT
(∇T · s) ∆x ≤ 5 · 10−3 (3.15)

where s is a unit vector indicating the direction of the maximum principal stress. This condition
can lead to very fine meshes. For large problems, this guideline can sometimes not be followed
because of CPU time issues. In this case, the solution will loose accuracy, even though general
tendencies are still described. For example, if the increment of solid fraction across the element is
allowed to double (to 10−2), the relative error may typically peak up to 20% locally (but remains
below 10% on average).
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Figure 3.5: Relative differences for different values of ∆x : 0.2, 0.5, 1 and 2 cm for
(a) F (t) and (b) εsw (z). This result corresponds to G = 200 K m−1,
Ṫ = −3 K s−1, ε̇av = 10−3 s−1 and χ = 10−8.

This benchmark problem leads to the establishment of guidelines for selecting both ∆t and
∆x. These criteria are expressed as functions of dimensionless numbers and are thus applicable
to the problems that shall be considered in further studies. Considering the high non linearity
of the constitutive behavior of mushy alloys under strain, it is not surprising to find that these
guidelines are quite restrictive and that the resulting CPU times may become large.
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3.3.2 Liquid Pressure Solver

In order to study the behavior of the liquid pressure solver, a simple situation for which an ana-
lytical solution can be found [102] was studied. A one-dimensional mushy zone is traveling along
the x direction. The thermal gradient G is constant across the mushy zone and isotherms move
with velocity vT . Moreover, steady state is assumed, thus giving : ∂

∂t = −vT
∂
∂x . Furthermore,

gravity is neglected in this approach.

It is known that the pressure drop in the mushy zone can be due to both solidification
shrinkage and strains in the solid skeleton. Let us first focus on a problem without strains in the
solid (vs = 0) and in which both phases have constant but different densities ρs 6= ρl. If vl is the
component of vl in the x direction, Equation (2.10) for mass conservation may be rewritten :

d
dx

(glvl)− vT β
dgs

dx
= 0 (3.16)

where β = ρs

ρl
− 1 is the solidification shrinkage factor. Integration leads to :

glvl − vT β (1− gl) = C (3.17)

Since Equation (3.17) must also be true at the boundary with the fully liquid region (i.e. for
gl = 1), the integration constant can be found : C = vl. The following is thus obtained :

vl = −vT β (3.18)

This expression can be introduced into Darcy’s law (Equation (2.12), p. 17) :

glvT β =
K

µ

dpl

dx
(3.19)

As a consequence, the analytical solution of the present problem, p̃sh
l is given by :

p̃sh
l (gl) = p0 + ∆p̃sh

l with ∆p̃sh
l =

∫ gl

1
glvT β

µ

K
dx (3.20)

where p0 is the sum of the atmospheric pressure and the metallostatic head. At this point, the
solidification path of the alloy has to be described. For the sake of simplicity, the alloy is assumed
to solidify between Tliq and Tliq −∆Tfreeze according to a power law (with an exponent b > 1) :

gl =
(

∆Tfreeze + T − Tliq

∆Tfreeze

)b

⇒ dgl

dT
=

b

∆Tfreeze
g
1− 1

b
l (3.21)

The Carman-Kozeny relation with a grain size φ can then be introduced and the following is
obtained :

∆p̃sh
l = vT βµ

180
φ2

∆Tfreeze

bG

∫ gl

1

(1− gl)
2

g2
l

g
1
b
−1

l dgl (3.22)

In general, the solution of the problem shall be written :

p̃l = p0 − ΩshPsh =⇒ ∆p̃sh
l = −ΩshPsh (3.23)

where
Ωsh = vT βµ

180
φ2

∆Tfreeze

G
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b = 1 b = 2 b = 3

Psh 1
gl

+ 2 ln gl − gl
1
3g
− 3

2
l − 2g

− 1
2

l − g
1
2
l + 8

3
1
5g
− 5

3
l − g

− 2
3

l − g
1
3
l + 9

5

Table 3.3: Expressions of Psh for different power law solidification paths.

is a characteristic pressure drop (expressed in [Pa]) and Psh depends on the solidification path
of the alloy. Analytical expressions can be obtained for different values of b, as given in Table
3.3.

It is also possible to use either the lever rule or Scheil’s model to describe gs (T ). In this
case, the definition of Ωsh is changed to take into account the equilibrium freezing range of the
alloy : Ωsh = vT βµ180

φ2

∆T eq
freeze

G . The function Psh is then expressed as a function of the partition
coefficient k (or θ = k

1−k ), assumed to be constant. These are given in Table 3.4.

Psh

lever 1
(1−k)θ3

{
θ(θ+1)2

θ+gl
+ 2 (θ + 1) ln gl − 2 (θ + 1) ln (θ + gl)

θ = k
1−k + θ

gl
−
(
θ2 + 2θ − 2 (θ + 1) ln (θ + 1)

)}
Scheil (k − 1)

{
1

k−3gk−3
l − 2

k−2gk−2
l + 1

k−1gk−1
l − 2

(k−3)(k−2)(k−1)

}
Table 3.4: Expressions of Psh for lever rule or Scheil solidification paths.

Let us now consider a problem in which the pressure drop is induced by strain in the solid
network. For this case, the density of both phases are taken constant and equal, i.e. ρs = ρl (no
shrinkage). In such a case, Equation (2.10) can be rewritten :

d
dx

(gl (vl − vs)) = −∇ · vs (3.24)

The volumetric strain rate ∇ · vs is assumed to be a constant noted ε̇vol. If a power law solidifi-
cation path (Equation (3.21)) is assumed, integration can be performed to obtain :

Gb

∆Tfreeze
gl (vl − vs) = −ε̇volbg

1
b
l + C (3.25)

At the top of the mushy zone, where gl = 1, there must be enough liquid flow to compensate for
the increase in volume of the mushy alloy due to strains, which gives :

vl (gl = 1) = −
∆Tfreeze

G
ε̇vol ⇒ C = 0 (3.26)

Again, Darcy’s law and Carman-Kozeny relation can be introduced and the mechanical pres-
sure drop expressed as :

∆p̃mech
l = µε̇vol

180
φ2

(
∆Tfreeze

G

)2 1
b

∫ gl

1

(1− gl)
2

g3
l

g
2
b
−1

l dgl (3.27)
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This means that the solution to the mechanically-induced pressure drop problem has the form :

p̃mech
l = p0 − ΩmechPmech (3.28)

where the values of Pmech are summarized in Table 3.5 and the characteristic pressure drop is
now :

Ωmech = µε̇vol
180
φ2

(
∆Tfreeze

G

)2

b = 1 b = 2 b = 3

Pmech 1
gl

+ 2 ln gl − gl
1
4g−2

l − 1
gl
− 1

2 ln gl + 3
4

1
7g
− 7

3
l − 1

2g
− 4

3
l + g

− 1
3

l − 9
14

Table 3.5: Expressions of Pmech for different power law solidification paths.

The solutions become more complicated when the lever rule or Scheil’s model are taken into

account. The definition of the characteristic pressure drop is given by Ωmech = µε̇vol
180
φ2

(
∆T eq

freeze

G

)2

.

For the lever rule, Equation (3.25) has to be integrated numerically to obtain the values of Pmech

while the expression obtained for Scheil’s model involves ζ, the ratio of the actual freezing range
(Tliq − Teut) to the equilibrium freezing range (ζ = ∆Tfreeze

∆T eq
freeze

) :

Pmech
Scheil =

k2

1− k

(
g2k−3
l

2k − 3
+

g2k−4
l

2− k
+

g2k−5
l

2k − 5
+

1
(2k − 3) (2− k) (2k − 5)

)

+
(

k2

k − 1
− kζ

)(
gk−2
l

k − 2
− 2

gk−3
l

k − 3
+

gk−4
l

k − 4
− 2

(k − 2) (k − 3) (k − 4)

)
(3.29)

The analytical solutions for p̃sh
l and p̃mech

l show how a characteristic pressure drop Ω can be
calculated. Figure 3.6 displays the multiplying factor P that relates the actual liquid pressure
to this quantity. With this information, the relative importance of the strain and shrinkage
contributions may be estimated.

Having obtained these analytical solutions, it is possible to assess the accuracy of the results
given by the porosity module for a given cell size ∆x and time step ∆t. For this purpose, the
relative differences in Psh and Pmech were studied under various conditions3 :

∆relPsh =
p̃sh

l − psh
l (∆x,∆t)
p̃sh

l

and ∆relPmech =
p̃mech

l − pmech
l (∆x, ∆t)
p̃mech

l

(3.30)

First of all, it could be verified that the numerically calculated values of ∆relPsh were indeed
independent of Ωsh. This means that the porosity module reproduces well the functional form
of the solution. Moreover, the numerical solutions psh

l and pmech
l were found to be identical for

all values of ∆x and ∆t in the case b = 1 as indicated by the analytical development.

The effect of the time step (which is constant and fixed by the user) was then assessed for
all gs (T ) relationships. Examples of the results that were obtained are given on Figure 3.7.
Please note that only the region were 0.8 < gs < 0.98 is studied. This is because, on one hand,
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Figure 3.7: Values of (a) ∆relPsh for b = 1 and (b) ∆relPmech for b = 3. The mesh size
was ∆x = 1 mm and different values of ∆t (0.5 s, 0.2 s and 0.05 s) are used.

solidification is assumed to terminate with 2% of eutectic phase. On the other hand, below 80 %
of solid, the pressure drops are negligible.

In all cases, it was found that, for a given value of ∆x, there exists a critical value of ∆t
below which the numerical solution becomes independent of ∆t (∆relPsh and ∆relPmech no
longer change upon a decrease in the time step). This means that the solution converges and it
is thus desirable to use such a time step in further calculations. As suggested by Figure 3.7(a),
the numerical solution may not converge towards an accurate solution if the mesh is too coarse.
After compilation of all the results, it was found that a suitable time step to obtain a solution
that had converged with respect to ∆t was given by the following guideline :

vT ∆t

∆x
= 0.1 (3.31)

In other words, this means that isotherms4 should travel through one cell only in 10 time steps
or more. This condition has the same form as the CFL (Courant, Friedrichs, Levy) condition for
advection problems but is different in nature.

3different values of G, vT , µ, φ were applied as well as various microsegregation models.
4in general, the iso-gs for the relevant range of gs should be considered
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The next step is to determine suitable values for the cell size ∆x. For this purpose, several cal-
culations were conducted using the different microsegregation models and using Equation (3.31)
to select the time step. Again, the relative differences between the numerical and analytical
solutions for the pressure profile were studied and two examples of the results that were obtained
are given on Figure 3.8.
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(0.5 mm, 1 mm, 2 mm and 3 mm) are used.

Again, the solution becomes independent of the mesh size if the value of ∆x is small enough.
After examining all the results, it was found that results become independent5 of the mesh size
provided the variation of solid fraction across one cell is 0.5% or less. In other words, the mesh
size should be selected according to :

dgs

dT
G∆x = 5 · 10−3 (3.32)

where the value of dgs

dT may be estimated only in the range 0.8 < gs < 1 since it is in this region
that the pressure drops are significant.

The rules given by Equations (3.31) and (3.32) are again quite restrictive, especially as far
as the mesh size is concerned. For some cases, CPU time considerations will not allow for such
fine meshes to be used. In such conditions, it is useful to know that using a cell size three times
larger than what is recommended (according to Equation (3.32)) leads to a an error of typically
10%.

At this stage, the conditions for the numerical solution to be independent of the numerical
parameters are known. However, it is still important to know whether the converged numerical
results agree with the analytical solutions. This can be done by considering Figure 3.9.

It turns out that there remains some differences between the analytical and numerical values
of Psh and Pmech. In general, the error is mostly significant at relatively small values of gs.
This is not surprising because the numerical error is going to appear large where the analytical
solution takes very low values. However, it is satisfactory to note that, for all of the realistic mi-
crosegregation models (b = 1 is not encountered in practice), this error remains below 10%. The
pressure solver used in conjunction with the guidelines mentioned above can thus be considered
suitable for the present purpose.

5meaning that the relative errors change by less than 2% when dividing ∆x by 2.
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3.4 Validity of the Decoupling Assumption

The semi-coupled method is based on the decoupling assumption expressed in Equation (3.5).
In other words, the equation ∇ · σ + ρg = 0 is solved instead of Equation (2.41) (p. 24). This
means that there are in fact two contributions that are neglected, i.e. the liquid pressure itself
pl, which appears in the effective stress, and its gradient ∇pl.

Let us first consider the effect of the liquid pressure. The second invariant of the effective
stress is equal to the second invariant of the total stress because they are related to deviatoric
(shear) components of the stress state : σ̂M = σM . On the other hand, the first invariant of the
effective and total stresses are related by :

P̂s = Ps − pl (3.33)

From the rheological point of view, the semi-coupled method consists of using Ps instead of P̂s

in the constitutive relation between stress and strain rate (Equation (2.50)).

In order to study the effect of this approximation, a cylinder (20 cm diameter, 10 cm high)
of mushy alloy under a constant thermal gradient G = 600 K m−1 along the z (axial) direction
is considered. The properties of the AA5182 alloy are used (see Section 5.3) and an average
strain rate of ε̇r = 10−3 s−1 is applied in the radial direction. During this virtual experiment,
solidification progresses. Initially the solid fraction is between 0 and 93.6% and is described
by a power law solidification (Equation (3.21)) with b = 3. Under a constant cooling rate of
Ṫ = −1 K s−1, the test is conducted up to complete solidification of the entire sample (100 s).
These conditions are reasonably close to those encountered at the center of a DC cast billet.

The problem is solved using the semi-coupled approach (pl = 0) to obtain the reaction force
(to the applied strain rate) F̃ as a function of time and the final volumetric strain profile along the
axial direction ε̃sw (z). The same problem is then solved again assuming that the liquid pressure
is a constant fraction of the solid pressure6 and neglecting ∇pl. The relative differences7 in force
and volumetric strain :

∆relF =
F
(

pl
Ps

)
− F̃

F̃
and ∆relεsw =

εsw

(
pl
Ps

)
− ε̃sw

ε̃sw

6in this case, the value of the liquid pressure is known and can be used in the rheological expression.
7these differences may in fact be viewed as the relative error related to using the semi-coupled method.
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can then be studied as a function of the pl to Ps ratio. Sample results are found on Figure 3.10.
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Figure 3.10: Reaction force vs. time and εsw vs. z. The solution of the problem for
pl = 0 (semi-coupled solution) and the relative differences obtained for
various pl

Ps
are displayed.

In tension, the reaction force increases when liquid pressure is taken into account because
the negative pl pulls the grains together. In general, the reaction force is not strongly dependent
upon the pl

Ps
ratio (if the liquid pressure is 50% of Ps, the error introduced by the semi-coupled

method is only of 10–20%). This is due to the fact that most of the strain rate is accommodated
by the deviatoric component ε̇cr. The latter depends on the effective pressure only through(
A2P̂

2
s + A3σ̂

2
M

)n−1
2 . This quantity is not strongly sensitive to P̂s (and thus to pl) since the

dominant contribution usually comes from σM .

Similarly, the values of εsw decrease due to the effect of pl because less swelling is possible
when grains are pulled together. This quantity however is much more sensitive to the liquid
pressure. In fact, the value of pl

Ps
is roughly equal to the error introduced by the semi-coupled

method. This is not surprising because εsw is controlled by the volumetric strain rate ε̇sw. The
latter is strongly dependent upon pl since it is directly proportional to P̂s (see Equation (2.54)).
In general , the error on the volumetric strain can be evaluated approximately by :

∆relεsw ≈
∫ pl

Ps
ε̇swdt

εsw
(3.34)

In order to assess the effect of the ∇pl term, a similar calculation was conducted. This time,
pl is not assumed to be a function of the solid pressure. It is indeed more relevant to use the
analytical solution pl = −ΩshPsh (Equation (3.23)) for b = 3. In this case again, the liquid
pressure is known a priori and exact calculations can be compared to the semi-coupled results.
For these calculations, two corrections were taken into account. On one hand, P̂s = Ps +ΩshPsh

is used in the rheological expression. Moreover, the term ∇pl = −Ωsh dPsh

dz is included as a body
force. It is possible to set Ωsh = 0 independently in both these corrections. As a result each one
of them may be included or not in any calculation. The results are displayed on Figure 3.11.
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displayed on Figure 3.10.

Using a very large value of Ωsh = 20 kPa shows that the effect of liquid pressure alone (pale
grey curve with triangles) can be described as explained above. The effect on the reaction force is
indeed relatively small while εsw is more sensitive to this correction. In both cases, the beginning
of the test (when Ps is still relatively small) is the most sensitive part.

As far as the ∇pl term is concerned (dark grey line with triangles), it also has a greater
effect at the beginning of the test. The correction of εsw is comparable to that obtained for the
liquid pressure contribution while the effect on the reaction force is more marked in this case.
When the exact problem is solved for Ωsh = 20 kPa (both contributions included, black line with
squares), the relative difference with the semi-coupled solution (i.e. the error introduced by the
semi-coupled method) is significant (up to 15% in F and typically 30% in εsw).

Having outlined the effect of both terms, a full calculation was performed with Ωsh = 2 kPa.
This value is expected to be an upper bound to Ω values that are characteristic of the processes on
which this work is focused. This means that the typical errors due to the semi-coupled approach
are expected to be less or equal to those indicated by this limit (black line with circles). Typically,
the force response in such a case will be accurate within 5% while the values of ε̇sw and εsw are
within 10% of their fully coupled values.

Another test was conducted using a gradient G = 400 K m−1 with an initial solid fraction
in the range 0.78 < gs < 0.99 (power law solidification with b = 3). Similarly, a tensile test is
conducted up to complete solidification (Ṫ = −1 K s−1 for 60 s). In this case however, the strain
rate ε̇z = 10−3 s−1 is applied in the axial direction, i.e. parallel to the thermal gradient. This
was done to mimic the conditions encountered during a typical tensile test. The results are given
on Figure 3.12.

Once again, calculations with a large value Ωsh = 10 kPa were conducted first. The effect
of the liquid pressure (pale grey line with triangles) is significant and more marked on εsw. In
this case again, the ∇pl term also has a significant effect (dark grey line with triangles), which
is related to the ratio of dpl

dz to dσzz
dz . For a more realistic value of Ωsh = 2 kPa, the effect of ∇pl
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Figure 3.12: Reaction force vs. time and εsw vs. z. The solution of the problem for
pl = 0 and the relative differences obtained when including various terms
are displayed. The values of Ωsh expressed in kPa used to calculate pl and
∇pl respectively are given for each curve. A zero value means that one of
these contributions is neglected.

(dark grey line with circles) becomes negligible while pl (pale grey line with circles) still affects
the value of εsw as predicted by Equation (3.34).

In general, the effect of the pl
8 and ∇pl

9 terms will depend on the process conditions and
may compensate each other or add up. The study presented in this section helped showing that
the error related to the semi-coupled approach becomes significant for large pressure drops across
the mushy zone. On the other hand, satisfactory accuracy (within 10%) is obtained provided
two conditions are met :

1. The liquid pressure should be small when compared to the first stress invariant Ps. In
general, it is desired that the following condition is met in the mushy zone :

pl

Ps
≤ 0.1 (3.35)

2. The gradient of liquid pressure should be small when compared to the divergence of stress.
Mathematically, this condition is expressed as :

|∇pl|
|∇ · σ|

≤ 0.1 (3.36)

Often in solidification processes, the above conditions are verified and the semi-coupled
method may thus be applied, as had already been suggested in [111]. In the present work,
all the cases studied met these requirements and the results presented later are thus accurate
from this point of view. However, the validity of the conditions expressed by Equations (3.35)
and (3.36) must be checked before the semi-coupled method is applied quantitatively to other
cases. Significant inaccuracies are expected to arise in processes such as high pressure die casting
for example or even continuous casting of steel (large metallostatic head).

8influences the volumetric strain evolution dictated by the rheological law.
9acts as a body force which can influence strain distribution and stress.
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Chapter 4

Experimental Data

The present chapter is dedicated to the presentation of the experimental data that was available
before the present work was conducted. Such data will be used for comparison with numerical
results and it is thus relevant to review the experimental methods involved in obtaining such
results. Two tensile tests performed in research laboratories, together with one series of full-scale
billets casting were investigated.

4.1 Mushy Zone Tearing Test

In order to study coalescence, Grasso et al [5] designed a tensile test applicable to mushy alloys.
For this purpose, a separable stainless steel mold (the top and bottom halves can be pulled apart)
encloses a cylindrical dogbone-shaped cavity (with a reduced cross section of 1 cm in diameter
at mid-height). This mold is also designed to be attached to a standard tensile test machine at
the top and fixed to a copper chill at the bottom, as illustrated on Figure 4.1.

Figure 4.1: Picture of the setup and schematic representation of the mold used in the
mushy zone tearing test [5].

The alloy selected for this study was Al-1wt%Cu because of its high hot tearing susceptibility.
First of all, this alloy is melted and grain refiner is added (in a proportion of 1 kg of refiner per
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ton of alloy). The melt is poured in the mold, which can then be closed. The filled mold is then
put back into the furnace at about 800 ◦C until thermal equilibrium is reached (i.e. typically for
30 minutes). The mold is then taken out of the furnace and fixed into the tensile test setup. Since
the lateral sides are covered with an efficient insulator, heat is mostly extracted at the bottom,
due to contact with the copper chill. The temperature Tcenter at mid height of the sample (in
the reduced cross-section area, i.e. the neck) is monitored by a thermocouple inserted in the
mold while solidification progresses from the bottom. When Tcenter reaches a selected value Ttear

corresponding to a relevant value of gs, the tensile test starts (both halves of the mold having
been previously allowed to separate).

Figure 4.2: Samples torn at different temperatures [5].

In this test, a constant displacement rate u̇ = 3.3 mm s−1 is imposed to the upper half of
the mold while the bottom half remains fixed to the immobile copper chill. The force response
of the sample is measured until fracture occurs. The thermal response is also available from
the thermocouple placed at mid-height. Moreover, metallographic examination of the solidified
samples revealed rather globular grains of about 300 µm in size.

Figure 4.2 shows pictures of three samples corresponding to different values of Ttear after
failure. It is important to remark that the crack front is not found in the middle of the reduced
cross-section region. This is due to the fact that the thermal field is not symmetrical with respect
to the tear plane (due to cooling from the bottom). Most often, tear propagate above the desired
tear plane, where the mushy alloy is weaker. The magnitude of this deviation depends on the
test temperature.

After failure, the samples were observed in an SEM. Both spikes and bridges were found on
the fracture surface. This showed that the fracture modes evolves as gs increases. Around 90%
of solid, evidence of intergranular failure along a liquid path is mostly observed. At higher solid
content, some broken solid bridges appear. Below the solidus temperature, a more solid-like
fracture mode is found. As an example, Figure 4.3 shows a fractography of a sample torn at
Ttear = 620◦C. The smooth features of the surface are indicators of an intergranular failure
through a liquid path, which is typical of hot tearing.

During the tensile test, the maximum force is reached just before fracture occurs. This
maximum force at fracture, Ffail , can be plotted as a function of Ttear and such a result is shown
on Figure 4.4. The rate of increase in tensile strength (measured by Ffail) is maximum between
620 ◦C and 630 ◦C. These temperatures correspond to solid fractions very close to gs = 0.95, i.e.
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100 mm

Figure 4.3: SEM image of a fracture surface for Ttear = 620 ◦C [5].
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Figure 4.4: Force at fracture vs. tearing temperature from [5]. Please note that the
grey shaded area indicates a sharp increase in tensile strength over a range
of temperature corresponding to 0.95 < gs < 0.96. An indication of the
average tensile stress σav corresponding to the force at fracture is given and
obtained by dividing F with the section at the neck S0 = π ·

(
5 · 10−3

)
=

7.85 · 10−5 m2.

to the coalescence point. The increase in tensile strength may indeed be used as an indicator of
when coalescence starts, as already outlined in [2]. Please note that Ffail may be divided with
the cross section of the sample at the neck to be converted into an average stress σav. However,
this stress may not actually correspond to the intrinsic tensile strength of the material because
it is inhomogeneous through the sample.

4.2 Alcan(-Pechiney)’s Rig Test

Another experiment that is going to be considered in this work is the dogbone test designed by
Magnin et al [91]. This test was further developed and used by Commet and Vernède at the
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Alcan (formerly Pechiney) research center in Voreppe, France [4].

In this test, a dogbone-shaped mold is positioned horizontally (the top of the mold is open)
and its ends are connected to a tensile machine. An insulated U-shaped feeding system is designed
so that the liquid alloy can fill the mold from the bottom, as shown schematically on Figure 4.5.
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Figure 4.5: Schematic representation of the geometry of the rig test [4], both in (a) top
view and (b) vertical cross-section.

At the beginning of the test, the mold is closed by a steel chill placed on top of it. The
liquid alloy is then poured through the gating system and fills the mold from the bottom (Figure
4.6a). During the first seconds of the test, the alloy is thus in contact with the chill, which
leads to the formation of a solid crust at the top of the specimen. After some time, the chill is
removed and this crust is reheated by the underlying hot liquid. Moreover, the mold is insulated
so that heat is mostly extracted through the jaws of the tensile machine, i.e. along the tensile
direction (horizontal). After some time (typically 60 s), the isotherms are thus found to be
roughly perpendicular to the direction in which strain will be applied. In the middle of the
sample, a vertical symmetry plane is found. This location will act as a hot spot and corresponds
to where failure is expected to occur (expected tear plane). Moreover, the feeding system is also
insulated and remains filled during the test. As a consequence, the hot spot is always in contact
with a reservoir of liquid alloy and healing may thus occur.

The temperature is monitored by thermocouples inserted at several locations in the mold
and in the sample. When the temperature at the tearing plane1 reaches a prescribed value
Ttear, the tensile test starts. Tensile loading is conducted by applying a constant displacement
rate to one end of the sample (the other one being fixed) along the longitudinal direction :
u̇ = 2.5, 10 or 40 mm min−1. The reaction force from the sample can then be recorded. The
evolution of the force and displacement at failure as a function of solid fraction in the tear plane

1more precisely, this temperature is measured by the thermocouple located in the tear plane, 8 mm below the
sample surface and 3 mm away from the mold.

66



4.3. Full-Scale Billet

(a) (b) (c)

Figure 4.6: (a) at the beginning of the test, the mold is closed by the chill and liquid
alloy is poured through the gating system (b) the chill was removed and
solidification progresses along the sample in the longitudinal direction (c)
fully solidified sample after the test.

can thus be studied. Please note that, before the tensile test is started, one end of the sample is
allowed to move so that no stress due to thermal contraction arises.

Vernède et al [4] worked with various alloys (i.e. Al-2wt%Cu, Al-4wt%Cu and AA5182) and
also studied fracture surfaces using SEM images. In the present study, we shall focus on the
tensile results obtained for grain-refined (proportion 2 kg/ton) Al-2wt%Cu. For example, the
force measured at fracture shows how most of the tensile strength develop around gs = 0.96, as
suggested on Figure 4.7. This experimental data was provided by B. Commet and S. Vernède
from Alcan, research center in Voreppe (CRV), France.

4.3 Full-Scale Billet

In addition to the application of the semi-coupled approach to hot tearing tests performed at
the laboratory scale, it is necessary to investigate the potential of the method for modeling full-
scale industrial castings. Within the framework of the VIRCAST project, AA5182 billets were
produced under industrial conditions, using a modified casting recipe in order to be able to study
hot tearing more specifically. Several billets were cast as reported in [6].

In these tests, billets of 254 mm in diameter and 3.5 m in length were cast with the Wagstaff
Hot Top AirSlipTM technology by Alcan (formerly Pechiney). The alloy selected for this hot
tearing study is an AA5182 (typical composition : 4.50 wt%Mg, 0.37 wt%Mn, 0.28 wt%Fe,
0.11 wt%Si and 0.06 wt%Cu). The casting speed, vcast, is prescribed as a function of the cast
length according to the recipe shown on Figure 4.8. At start-up, the casting speed is kept low
enough (80 mm min−1) to ensure that no tears will form. Once a pseudo-steady state is reached,
vcast is increased up to 140 mm min−1 (with an increase of 60 mm min−1 over 1 m). At some
point during this ramp, a hot tear initiates at the center of the billet (along the centerline).
After this maximum, the casting speed is ramped down and the hot tear heals. At the end of the
casting, vcast may either remain constant or increase again (40 mm min−1 in 200 mm) in order
to initiate the tear again. The latter situation will be studied in this work.

The depth of the liquid pool was recorded by touching the sump with a rod during a typical
experiment and may be used for validation of the thermal field model. Moreover, the amount of
hydrogen dissolved in the melt was measured (using an AlscanTM) for each of the billets, which
is a very useful information when using the porosity module. After complete solidification,
ultrasonic (US) measurements were conducted on the billets to locate hot tears. From this, it
appeared that no defect is formed at start-up and that hot tears initiate for a casting speed

67



Chapter 4. Experimental Data

10

100

1000

10000

510 530 550 570 590 610 630 650
Ttear [°C]

F f
ai

l [
N

]

u 2.5 [mm/min]10 40
de

ve
lo

pm
en

t o
f 

te
ns

ile
 st

re
ng

th

0.01

0.1

1.0

10.0

σa
v  [

M
Pa

]

Figure 4.7: Force at fracture measured in the rig test [4] as a function of the test tem-
perature for different traction speeds. The size of the spots indicates the
experimental uncertainty and is related to the variation in temperature dur-
ing the test and on the scatter in measured force for different tests under
the same conditions. Please note that the force at failure is plotted on a
logarithmic scale and that it increases sharply between 570 ◦C and 595 ◦C
(0.96 < gs < 0.98). The value of F is proportional to a stress σav (the
proportionality constant is the cross-section of the sample S0 = 1010 mm2).
Please note that Ffail is rather insensitive to the strain rate, except at low
temperature, where it is measured at yielding because tearing did not occur.
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Figure 4.8: Casting recipe used for casting industrial size AA5182 billets for the purpose
of studying hot tearing [6]. The grey-shaded region was observed in details
by Grasso [5].

vstart
cast and will only heal for a smaller casting speed : vheal

cast < vstart
cast . This results is in agreement

with the fact that initiation of a crack is often the critical step in hot tear formation. The same
authors could also study the effect of grain refinement and alloy composition and show that the
hydrogen content appeared to have no marked effect on hot tearing for these castings [6].

One of these billets was studied in more details by Grasso [5]. Using EBSD measurements,
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4.3. Full-Scale Billet

this author showed that the tear propagated between highly misoriented grains, which is where
the last remaining liquid films are found according to the theory of coalescence. Moreover, he
could observe the hot tear directly in the part where the last increase in casting speed occurred
(grey shaded area on Figure 4.8). Between 2.7 m and 2.95 m the billet was cut into 1 cm thick
slices. The defects were then observed using a penetrant dye technique.

Figure 4.9: Evolution of the hot tear morphology during the increase in vcast at the end
of the billet [5]. The cast height increases from left to right and the center
of the billet is indicated by the cross.

Initially, no defect could be observed. Further up, porosity is found in an annular distribution
around the center. As the casting speed is increased further, a rather linear macrocrack (hot
tear) is observed. Finally, the tear develops into a star-shaped crack with three branches and
becomes centered.

These industrial scale castings are very interesting because they are well documented and
have been obtained using actual casthouse equipment, close to realistic processing conditions.
On the other hand, they also involve all the complexity related to an industrial process. As
a consequence, interpreting these results is quite complicated and quantitative analysis is only
possible provided efficient numerical modeling is available.

69





Chapter 5

Simulation Parameters

In this chapter, all of the parameters that were used to model the experiments presented in the
previous chapter are summarized. This includes meshing, time step, material properties and
boundary conditions for the thermal, mechanical and liquid pressure (porosity) calculations.

5.1 Mushy Zone Tearing Test

Thermal Model

The mushy zone tearing test developed by Grasso [5] was addressed first. The problem is ax-
isymmetric and can thus be treated in 2D. For thermal modeling, both the sample and the mold
are considered and included in the mesh, as shown on Figure 5.1. In the sample, the mesh is
refined at the neck (reduced cross section), where strains will tend to concentrate. Due to this
refinement, the quality of the mesh in the mold is rather poor locally (high aspect ratios). This is
not expected to be a problem since those deformed elements will be used only for calculating the
thermal field in the mold, which does not need to be calculated most accurately. The thermal
boundary conditions were described as follows (see Figure 5.1) :

1. symmetry : the axis of cylindrical symmetry is treated with a zero flux condition.

κ∇T · n = 0

2. mold sample interface : the heat flux exchanged at the interface between the mold and the
solidifying specimen is calculated as a function of the difference in the surface temperatures
for each domain.

κ∇T · n = −hint
(
T sample

surf − Tmold
surf

)
3. air gap : the mold is not completely filled with liquid alloy. As a consequence, some air

is present between the top of the casting and the mold. This is described by a convective
heat transfer.

κ∇T · n = −hair gap (Tsurf − Tair gap)

Due to previous temperature homogenization, this air is hot and does not exchange heat
very efficiently.
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Figure 5.1: Mesh and thermal boundary conditions used for modeling the tensile tearing
test of Grasso [5].

4. ambient air : part of the mold surface is exposed to the ambient air. The heat transfer at
this boundary is modeled by :

κ∇T · n = −hambient (Tsurf − Troom)

5. copper chill : the bottom of the mold is in contact with the copper block, so that :

κ∇T · n = −hchill (Tsurf − Tcopper )

At this boundary, the heat extraction is good but not extremely high because the thermal
contact is not strongly enforced and the chill is not water-cooled.

6. insulating wool : parts of the mold are covered with an insulator that minimizes the heat
exchange so as to promote unidirectional heat extraction through the bottom of the mold.
This is modeled using :

κ∇T · n = −hinsulator (Tsurf − Troom)

The values used for the different coefficients are given in Table 5.1. The efficiency of the various
heat transfer phenomena is reflected by the corresponding values of h. Initially, the temperature
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5.1. Mushy Zone Tearing Test

hint hair gap hambient hchill hinsulator
[
W m−2 K−1

]
850 20 20 120 1

Tair gap Troom Tcopper [◦C]

700 25 25

Table 5.1: Coefficients used to describe the thermal boundary conditions in the mushy
zone tearing test.

is assumed to be uniform with a value of 750 ◦C and the flow of the liquid alloy in the mold is
not taken into account.

The materials parameters used in the thermal model are summarized in Table 5.2. The
mold is made of stainless steel and is characterized by its volume specific heat Csteel

p and its
thermal conductibility κsteel. The specimen is an Al-1wt%Cu with its own specific heat CAlCu1

p

and thermal conductivity κAlCu1 taken as constants for the sake of simplicity. Moreover, upon
solidification, the latent heat L is released, proportionally to the increase in solid fraction. The
solidification path gs (T ) is such that solidification starts at TAlCu1

liq = 659.4 ◦C and is terminated
at 560 ◦C, i.e. above the eutectic temperature (of 548 ◦C in the Al-Cu system). This is shown
on Figure 5.2 for the coherent mushy zone. The path used in the simulation was adapted from
thermal measurements given in [5].
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Figure 5.2: Solidification path for the Al-1wt%Cu alloy (used in the simulation and com-
pared to the predictions of Scheil’s model and the lever rule). Please note
that the gs scale includes only the values that correspond to the coherent
mushy zone.

The calculation was conducted for 700 s physical time using time steps of 2 s and lasted
for 15 minutes on an IntelTM Xeon @ 2GHz. Please note that the thermal calculation was in
fact conducted in a quarter of a 3D cylindrical domain to ensure compatibility with the porosity
module.
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Cp

[
J m−3 K−1

]
κ
[
W m−1 K−1

]
L
[
J m−3

]
steel 5 · 106 40

Al-1wt%Cu 3.2 · 106 170 9 · 108

Table 5.2: Thermal materials parameters used in the simulation of the mushy zone tear-
ing test.

Mechanical Model

The thermal model presented above provides the evolution of the temperature field T (x, t).
This data is used as an input for the mechanical calculation. The latter is performed on the
sample only (because the mold is assumed to be rigid) using the same mesh than for the thermal
calculation1. As shown on Figure 5.3, the mesh is refined in the reduced cross-section area (neck)
because the applied strain will be localized in that region.

g

1.5 cm

r

z

symmetry1

2 bottom

fixed mold3

5

1

2

3

4

6

6 top
5 moving mold
4 neck

Figure 5.3: Mesh and mechanical boundary conditions used for modeling the tensile
tearing test of Grasso [5].

Figure 5.3 also displays what conditions are applied to the boundaries of the sample :

1. symmetry : the axis of cylindrical symmetry corresponds to a zero displacement condition
in the radial direction, ur = 0. Free movement is allowed along the z direction (zero
tangential force Fz = 0).

2. bottom : even though the bottom of the cast is not really fixed to the mold, its vertical
displacement is prescribed to zero because it is in contact with the immobile half of the
mold and solidified at the time of the test, uz = 0. In the radial direction, a zero force
condition applies (Fr = 0).

1this time, a truly 2D domain with axisymmetric elements is used.
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5.1. Mushy Zone Tearing Test

3. fixed mold : the sides of the casting in contact with the part of the mold that is fixed to
the copper chill are not allowed to move in the axial direction uz = 0. On the other hand,
their motion is free in the radial direction Fr = 0.

4. neck : a zero force condition (Fz = Fr = 0) is applied at the surface of the cast in the neck
area. Please note that applying different conditions to this region (stick to the mold, zero
force or zero vertical displacement) did not have a significant influence on the results.

5. moving mold : the sides of the casting in contact with the mobile half of the mold move
upwards at the applied tensile velocity u̇z = 3.3 mm s−1 (and Fr = 0) as soon as the tensile
test is started.

6. top : the top of the specimen experiences zero force Fz = Fr = 0.

Please note that gravity was neglected in these calculations.

Having specified the boundary conditions, it is necessary to describe the behavior of the
material. First of all, the elastic modulus E varies with temperature as shown on Figure 5.4 and
Poisson’s ratio is ν = 0.33. Please note that Young’s modulus has a constant very low value of
E = 0.04 GPa in the mushy zone.
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Figure 5.4: Young’s modulus vs. temperature for the Al-1wt%Cu alloy.

The thermal contraction behavior (gth
s = 0.8 and αth = 25 · 10−6 K−1) could be neglected

in these calculations because the strain rate imposed by the tensile machine is much larger than
ε̇th.

As far as the rheology of the material is concerned, the parameters determined for Al-4wt%Cu
were used. It has already been shown that, for high temperature testing, this approximation is
satisfactory, provided the correct (i.e. accurate for Al-1wt%Cu) gs (T ) is used [2]. The mushy
zone parameters are summarized in Table 5.3 and are those determined in [2], except for the
coalescence point, gcoal

s , which is set to a slightly higher value.

The parameters for the hot solid rheology are also those from [2] and are summarized in
Table 5.4. At lower temperatures, the parameters from [71] are used and are summarized in Ta-
ble 5.5. Please note that the continuity of properties in temperature imposes that the generalized
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p α0 α1 gcoh
s gcoal

s k

0.11 4.45 1.07 · 10−2 0.65 0.95 100

Table 5.3: Mushy zone rheology parameters, which appear in Equations (2.52) and
(2.53) (p. 28) [2].

s0 [MPa] A
[
s−1
]

Q
[
kJ mol−1

]
n

4.77 9 · 105 154 3.8

Table 5.4: Hot solid rheology parameters, which appear in Equation (2.45) (p. 26) [2].

κ = pκ
1

(
1− pκ

2 tanh
(

T[K]−pκ
4

pκ
3

))
pκ
1 [MPa] pκ

2 pκ
3 [K] pκ

4 [K]

210 0.75 132 540

η = pη
1

(
1− pη

2 tanh
(

T[K]−pη
4

pη
3

))
pη
1 pη

2 pη
3 [K] pη

4 [K]

0.155 1 135 500

λ = pλ
1 + pλ

2T[K] + pλ
3T 2

[K] + pλ
4T 3

[K] + pλ
5T 4

[K]

pλ
1 pλ

2

[
K−1

]
pλ
3

[
K−2

]
pλ
4

[
K−3

]
pλ
5

[
K−4

]
−5.17 · 10−5 2.69 · 10−4 −2.56 · 10−6 6.78 · 10−9 −4.37 · 10−12

Table 5.5: Intermediate temperatures rheology parameters, which appear in Equa-
tion (2.56) (p. 29) [71]. Please note that T[K] is the temperature expressed
in Kelvin.

Ludwik’s model is used as soon as the temperature drops below Tmerge = 520 ◦C. Moreover,
work hardening becomes significant below Tε = 423 ◦C.

The parameters presented in these tables describe fully the mechanical behavior of the alloy
as a function of temperature. Since the thermal field is available from a previous calculation and
under the specified boundary conditions, it is possible to solve the problem numerically.

The mesh size (at the neck, the elements have a size ∆z = 0.5 mm along the z axis) and time
step control parameter (χ = 10−6 for these calculations) are in agrement with the guidelines
provided by Equations (3.14) and (3.15) (p. 53). Elements are axisymmetric, 4-noded and
bilinear. Typical CPU times were 2 h on an IntelTM Itanium 2 @ 1.6 GHz.

Liquid Pressure Model

The last modeling step is the porosity calculation. The results of both the thermal and mechanical
simulations are used as input. In this case, the boundary conditions are quite simple. On the
free surface at the top of the sample, the pressure is prescribed : pl = patm = 101.325 kPa. The
other boundaries of the sample are in contact with the mold, which means that the liquid cannot
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5.2. Rig Test

escape (zero normal velocity).

2350

2400

2450

2500

2550

2600

2650

560 580 600 620 640 660
T [°C]

ρ 
[k

g 
m

-3
]

Figure 5.5: Average density vs. temperature for the Al-1wt%Cu alloy.

The liquid pressure calculation can be conducted based on the evolution of the average density
ρ as a function of temperature. The values that were used are plotted on Figure 5.5 and take
into account the influence of both temperature (change of phase fractions) and solute segregation
(the liquid phase is enriched in copper, leading to a strong increaase of its density) upon ρ [3].
Since the term ∇ · (ρvs) is known from the mechanical solution, all the pump terms causing the
liquid pressure drop are described (see Equation (2.14) on page 17). Moreover, the viscosity was
set to a constant value µ = 10−3 Pa s while the permeability K is given by Equation (2.13),
where a constant grain size φ = 200 µm was used.

Porosity formation was included in the model. Two different concentrations of hydrogen
were tested (since no measurement on this quantity is available in this experiment) : [H]0 =
0.25 or 0.4 ccSTP/100g. Moreover, standard parameters were used, such as : hydrogen partition
coefficient kH = 0.07, S = 0.69 ccSTP/100g2, γl/v = 0.9 J m−2, nucleation radius of pores
rp,n = 10 µm and average density of nucleation sites for the pores ρnucl = 109 m−3 [3].

The mesh used for the porosity calculation was based on the 3D axisymmetric model built
for the thermal calculation (tetrahedral finite elements). It consists of finite difference cubic cells
of ∆x = 0.5 mm in size (see Figure 5.6). The time step was set to ∆t = 0.1 s for most of the
calculation and to ∆t = 0.01 s during the tensile test. These values are in agreement with the
guidelines given in Equations (3.31) and (3.32). The typical CPU time was of 2 h on an IntelTM

Xeon 2 @ 2 GHz.

5.2 Rig Test

Thermal Model

The rig test presented in [4, 91] was treated in 3D. In the thermal model, both the sample and
the metal present in the filling system are considered as shown on Figure 5.7. The mesh is fine

2this unit corresponds to cm3 of gas under standard temperature and pressure dissolved per 100 g of alloy, i.e.
0.1 ccSTP/100g correspond to 0.1 2

22 400
27
100

= 2.4 ppm of dissolved hydrogen.
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1.5 cm

r

z

Figure 5.6: Cellular mesh used for liquid pressure and porosity modeling of the mushy
zone tearing test.

in the longitudinal direction z (tensile strain will be applied in that direction) and coarser in
planes perpendicular to that direction (because the isotherms are mostly perpendicular to the
main load direction). The sample is meshed using hexahedral elements while the feeding system
is composed of tetrahedra.

The thermal boundary conditions are also summarized on Figure 5.7. They are described as
follows :

1. symmetry plane perpendicular to x : in the middle of the sample, there exists a vertical
symmetry plane containing the tensile direction. On this plane, the heat flux is prescribed
to be zero

κ∇T · n = 0

Please note that the filling system is not totally symmetrical with respect to that plane.
This slight inaccuracy was however shown to have no significant effect on the thermal
results.

2. symmetry plane perpendicular to z : in the middle of the sample, there exists a vertical
symmetry plane perpendicular to the applied load direction. A symmetry condition has
thus to be applied to this plane.

κ∇T · n = 0

3. feeding system : the feeding system is made of an insulating material and thus exchanges
little heat with the outside. This is described with a convective heat transfer flux :

κ∇T · n = −hfill (Tsurf − Troom)

Please note that the geometry of the filling system is not very accurately represented by
the mesh. However, due to the small heat exchanges in this region, this inaccuracy does
not have a significant effect on the results.
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Figure 5.7: Mesh and thermal boundary conditions used for modeling the rig test [91].

4. top surface : for the first ten seconds, the top surface is in contact with the chill used to
close the mold, leading to a very high heat extraction rate. After the removal of the chill,
this surface is in contact with ambient air and much less heat can be exchanged :

κ∇T · n = −htop (Tsurf − Troom)

5. insulated mold : the gauge length of the sample is contained in a mold made of insulating
material. The heat flux is thus small on this surface and described by :

κ∇T · n = −hmold (Tsurf − Troom)

6. jaw : the end of the sample solidifies in the jaw of the tensile test machine. At this location,
no insulator is present so that most of the heat will be extracted through the machine. For
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the sake of simplicity, the jaw is not included in the model and heat transfer is described
using :

κ∇T · n = −hjaw (Tsurf − Troom)

The values used for the various coefficients are summarized in Table 5.6 and the value of hjaw

is displayed on Figure 5.8. The latter coefficient depends on temperature. It indeed decreases
upon solidification and this corresponds to the fact that the temperature in the jaw increases
during the test (and an air gap may be formed), which slows down heat extraction. Please note
that the initial temperature was uniform and set to 735 ◦C.

htop hfill hmold
[
W m−2 K−1

]
Troom [◦C]

0 < t < 10 s t > 10 s

2000 10 5 5 20

Table 5.6: Coefficients used to describe the thermal boundary conditions in the rig test.
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Figure 5.8: Heat transfer coefficient at the end of the sample (in contact with the jaws
of the tensile test machine).

The materials parameters (Al-2wt%Cu in this case) for the thermal model were also specified.
The latent heat was set to L = 6.5·108 J m−3 while the specific heat Cp and thermal conductivity
k are temperature-dependent functions as plotted on Figure 5.9. Moreover, the solidification
path is described by the gs (T ) curve displayed on Figure 5.10. The liquidus of the alloy was
TAlCu1

liq = 653 ◦C and this data was adapted from [4]. The thermal calculation was conducted
using time steps of 2 s (physical time : 400 s) and lasted for 1 minute on an IntelTM Xeon @
2GHz

Mechanical Model

In the mechanical model, the filling system is not included because it does not have a significant
effect on the strain field. In this region, the alloy indeed remains liquid during the test. In
the sample, the mesh is identical to that used for solving the thermal problem. The boundary
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Figure 5.9: Specific heat and thermal conductivity as a function of temperature for the
Al-2wt%Cu alloy.
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Figure 5.10: Solidification path for the Al-2wt%Cu alloy.

conditions that are applied to the sample are summarized on Figure 5.11. They are described as
follows :

– symmetry plane perpendicular to x : on this plane the normal displacement must be zero :
ux = 0. Movement in all other directions is free (zero force Fy = Fz = 0).

– symmetry plane perpendicular to z : this plane corresponds to the expected tear plane and
is not allowed to move in the tensile direction : uz = 0. A zero force condition is applied
in other directions (Fx = Fy = 0).

– jaw : the end of the sample is solidified in the jaw of the tensile test machine when the
test is started. This region is free along the x and y axes (Fx = Fy = 0) and moves at a
constant velocity in the axial direction : u̇z. The model is built using the symmetry of the
sample while the actual tensile test is in fact performed with one fixed and one mobile jaw.
The value applied for u̇z must then be half the experimentally imposed displacement rate,
as summarized in Table 5.7.

– top surface and mold : the top surface of the sample as well as the part in contact with the
mold are free to move (Fx = Fy = Fz = 0)).
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Figure 5.11: Mesh and mechanical boundary conditions used for modeling the rig test.

Boundary condition u̇z in
[
m s−1

]
2.083 · 10−5 8.333 · 10−4 3.333 · 10−4

Corresponding experimental tensile
speed in

[
mm min−1

] 2.5 10 40

Table 5.7: Tensile speed, i.e. imposed displacement rate.

In the mechanical calculations, gravity as well as thermal contraction were neglected. This
is reasonable because the applied tensile strain is by far the dominant contribution to the defor-
mation of the sample (prior to the beginning of the tensile test, thermal stresses are prevented
by allowing free contraction).

As far as the materials properties are concerned, Poisson’s ratio was set to a constant value of
ν = 0.33 and Young’s modulus depends on temperature as displayed on Figure 5.12. Please note
that, even at low temperature, the elastic modulus is considerably lower than what is expected
for aluminum alloys. This is due to the effect of the tensile test machine, whose compliance leads
to a decrease in the apparent value of E. The value E = 2.61 GPa could be measured at room
temperature by a test performed with a fully solidified sample.

Similarly to what was done for the Al-1wt%Cu, the rheological properties of Al-2wt%Cu are
taken to be equal to those determined for Al-4wt%Cu, gs (T ) excepted. This time, the actual
value from [2] was used for gcoal

s . The mushy zone parameters are summarized in Table 5.8 and
those for the hot solid in Table 5.9.

For lower temperatures, the data from [71] are used again and summarized in Table 5.10.
Please note that the continuity of properties imposes that the generalized Ludwik’s model is
used as soon as temperature drops below Tmerge = 520 ◦C. Moreover, work hardening becomes
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Figure 5.12: Effective Young’s modulus (taking into account the compliance of the ten-
sile test machine) for the Al-2wt%Cu alloy.

p α0 α1 gcoh
s gcoal

s k

0.11 4.45 1.07 · 10−2 0.65 0.94 100

Table 5.8: Mushy zone rheology parameters, which appear in Equations (2.52) and
(2.53) (p. 28) [2].

s0 [MPa] A
[
s−1
]

Q
[
kJ mol−1

]
n

4.77 9 · 105 154 3.8

Table 5.9: Hot solid rheology parameters, which appear in Equation (2.45) (p. 26) [2].

significant below Tε = 423 ◦C.

The mesh size (close to the tearing plane, elements have a size ∆z = 1.66 mm along the z
direction) and time step control parameter (χ = 10−6 for these calculations) are in agrement
with the guidelines provided by Equations (3.14) and (3.15) (p. 53). Elements are 8-noded linear.
Typical CPU times were 6 h on an IntelTM Itanium 2 @ 1.6 GHz to simulate 10 s of physical
time.

Liquid Pressure Model

In this step, the feeding system is included again (as on Figure 5.7). On the free surfaces, i.e.
at the top the sample and at the top of the feeding system (please note that both these surfaces
have the same height, i.e. y coordinate), the pressure is prescribed : pl = patm = 101.325 kPa.
The other boundaries of the sample are in contact with the mold, and a zero liquid flow out of
these boundaries is thus imposed.

The evolution of ρ with temperature is given on Figure 5.13. This curve was obtained taking
into account both temperature and solute concentration effects. The copper segregated into the
liquid indeed increases significantly the density of the latter phase at low temperature. The
viscosity was set to a constant value µ = 1.35 · 10−3 Pa s and the permeability K is given by
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K−4
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−5.17 · 10−5 2.69 · 10−4 −2.56 · 10−6 6.78 · 10−9 −4.37 · 10−12

Table 5.10: Intermediate temperatures rheology parameters, which appear in Equa-
tion (2.56) (p. 29) [71]. Please note that T[K] is the temperature expressed
in Kelvin.
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Figure 5.13: Average density vs. temperature for the Al-2wt%Cu alloy.

Equation (2.13) (p. 17), with a constant grain size φ = 100 µm.

Porosity formation was included in the model. The amount of hydrogen dissolved in the melt
was estimated as : [H]0 = 0.3 ccSTP/100g. Moreover, standard parameters were used, such as :
hydrogen partition coefficient kH = 0.07, S = 0.69 ccSTP/100g, γl/v = 0.9 J m−2, nucleation
radius of pores rp,n = 10 µm and average density of nucleation sites for the pores ρnucl = 109 m−3

[3].

The finite difference mesh used for the porosity calculation was based on the tetrahedrized fi-
nite element mesh built for the thermal calculation. The cubic cells have a size ∆x = 1 mm. The
time step was set to ∆t = 0.1 s. These values are in agreement with the guidelines given in Equa-
tions (3.31) and (3.32) (p. 57). The typical CPU time was 1.5 h on an IntelTM Xeon 2 @ 2 GHz.
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5.3. Full-Scale Billet

5.3 Full-Scale Billet

Thermal Model

The billets cast within the framework of the VIRCAST project by Commet et al [6] have been
used as an industrial scale case. This problem is axisymmetric and will thus be treated as such.
Since the DC casting process is used, liquid is progressively added to the cast and this has to be
taken into account when setting up the model.

hot top
meniscus

40 mm mold

air gap
water 
impingement

water flow

g

124 mm
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symmetry1

2 lateral

top3

4 level

5 bottom block

zlevel (t) 5 mm
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Figure 5.14: Mesh and thermal boundary conditions used for modeling the DC-cast
billet.

The conditions and mesh used for the thermal calculations are illustrated on Figure 5.14.
The entire billet is meshed and included in the calculation. However, at some time t during the
DC casting process, the height of the billet is only equal to zlevel . This cast height is measured
between the hot top and the bottom of the billet and goes from 0 to 3.4 m during the process.
The value of zlevel depends on time and is related to the casting speed by :

dzlevel

dt
= vcast (zlevel ) (5.1)
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Chapter 5. Simulation Parameters

Please remember that vcast is prescribed as a function of the cast height (i.e. zlevel ) as displayed
on Figure 4.8 on page 68.

The boundary conditions are described as follows :

1. symmetry : along the cylindrical symmetry axis, the heat flux must be nil.

2. lateral : the external face of the billet is submitted to the complex boundary conditions
already presented on Figure 1.2 on page 5. The following regimes must be distinguished :

– above liquid level (z > zlevel ) : some material, outlined in grey, is already present in
the mesh but was not actually cast. In this region an adiabatic condition is imposed
(zero heat flux).

– meniscus (zlevel − 6 mm < z < zlevel ) : the liquid alloy is surrounded by the mold and
the hot top. Due to bad wettability, a meniscus will form and the liquid alloy will not
be in contact with the mold. Cooling will not be efficient in this region and the heat
flux is described by

κ∇T · n = −hmeniscus (Tsurf − Troom)

– mold contact (zlevel − 38 mm < z < zlevel − 6 mm) : in the region where the cast is in
close contact with the mold, the heat flux is described using

κ∇T · n = −hmold (Tsurf − Troom)

This is approximate as the mold is not at room temperature but this proved to be
satisfactory in the present case.

– air gap (zlevel − 40 mm < z < zlevel − 38 mm) : after solidification has progressed in
the outer shell and before leaving the mold, an air gap is formed due to distortions.
The cooling intensity is thus decreased locally :

κ∇T · n = −hgap (Tsurf − Troom)

– water impingement (zlevel − 50 mm < z < zlevel − 40 mm) : below the mold, the water
jets used for secondary cooling impinge on the billet. This location is described with

κ∇T · n = −himpinge (Tsurf − Troom)

and its own boiling curve himpinge (Tsurf ) (Figure 5.15).
– water flow (z < zlevel − 50 mm) : below the water impingement point, secondary

cooling occurs, as already exposed on Figure 1.2. This is described by

κ∇T · n = −hsecondary (Tsurf − Troom)

and corresponding boiling curve hsecondary (Tsurf ) shown on Figure 5.15.

3. level : as already pointed out, the cast height zlevel indicates how much alloy has actually
been cast at time t. The mesh however does not depend on time so that the top of the
mesh corresponds to the final height of the billet. As a consequence, no real boundary
condition can be applied at z = zlevel . In order to approximate the effect of the hot top
and describe reasonably well what is happening at zlevel , all the material above zlevel (not
actually cast yet and outlined in grey on Figure 5.14) is given a zero thermal conductivity
κ = 0. Together with the adiabatic condition applied laterally for z > zlevel , this leads
to a constant temperature equal to the pouring (or initial) temperature being imposed at
z = zlevel .
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Figure 5.15: Boiling curves at and below the cooling water impingement point.

4. bottom block : the bottom block was not included in the mesh. The bottom of the cast is
thus subjected to a heat flux given by

κ∇T · n = −hbottom (Tsurf − Troom)

where the transfer coefficient depends on the radial position as illustrated on Figure 5.16.
This only accounts for the fact that the bottom block is thicker at the center and thus
allows for less heat to be extracted at this location.

5. top : at the top of the mesh, a zero flux condition is applied. This does not have much
effect because the top of the mesh is the actual top of the casting only at the very end of
the process.
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Figure 5.16: Heat transfer coefficient at the bottom of the billet.

The remaining details of these boundary conditions are given in Table 5.11. It should also be
observed that most advanced phenomena such as water incursion or butt curl are not included
in the model. This means that the description of the start-up phase may not be fully accurate.
It is however not important in this case because hot tears are initiated during the quasi-steady
state regime, quite far away from the start-up region.

As far as the material is concerned, the properties of the AA5182 alloy that was cast are
used. First of all, the solidification path was obtained from [4] and is displayed on Figure 5.17
(liquidus : Tliq = 631 ◦C). The latent heat was set to L = 9 · 108 J m−3 and the values of
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hmeniscus hmold hgap
[
W m−2 K−1

]
Troom [◦C]

0 500 100 20

Table 5.11: Coefficients used to describe the thermal boundary conditions in the DC-
cast billet.

Cp and κ are temperature dependent as shown on Figure 5.18. Please note that the value of
thermal conductibility was set to κ = 250 W m−1 K−1 in the liquid phase to simulate the effect
of convection (since flow in the liquid pool was not included in the thermal model).
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Figure 5.17: Solidification path for the AA5182 alloy.
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Figure 5.18: Specific heat and thermal conductivity as a function of temperature for
the AA5182 alloy.

The initial temperature is equal to the pouring temperature and set to 670 ◦C according to
the experimental data. The simulation was performed for a physical time of 2000 s with ∆t = 1 s
and the CPU time was of 4 hours on an IntelTM Xeon @ 2GHz.
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5.3. Full-Scale Billet

Mechanical Model

The mechanical model was built on the same mesh as the thermal model. In that case, the
boundary conditions are very simple as shown on Figure 5.19 :

1. symmetry : along the cylindrical symmetry axis, the radial displacement is prescribed to
zero : ur = 0. Displacement along z is free on this axis : Fz = 0.

2. free surfaces : all of the other boundaries experience a zero force condition (Fr = Fz = 0).

r

zsymmetry1

2 free surface

5 mm

124 mm

level (t)

1 2

1

2

Activation of 
elements

2

2

2

T=Tliq

G

isotherm
s

fixed 
node

Figure 5.19: Mechanical boundary conditions used for modeling the DC-cast billet. A
typical isotherm together with the direction of the thermal gradient G =
∇ · T and the direction of maximal principal stress s are displayed locally
together with the magnified mesh.

The node in contact with the center of the bottom block is not allowed to move vertically
(uz = 0) in order for the problem to be well conditioned. There is no advanced contact model
between the cast and the bottom block. This means that, again, this model was not designed
to reproduce accurately the start-up phase (which is tear-free anyway for this particular experi-
ment).

In this case, the loading that applies to the cast is due to the inhomogeneous temperature
field and resulting differential thermal strain. The latter is described by introducing the thermal
expansion coefficient αth = 25 · 10−6 K−1 as soon as the solid fraction drops below gth

s = 0.8.
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In the mechanical calculation again, the entire billet is meshed even though only a height
zlevel (t) has actually been cast. The material that is meshed but not cast yet (outlined in grey
on Figure 5.19) is treated as liquid and thus has a negligible influence on the solution of the
problem.

However, including this material in the solution is a problem from the CPU time point of
view. The mechanical solution can indeed be obtained much more rapidly (due to the decreased
number of elements) if only the solid and mushy domain are considered. As a consequence,
a procedure of element activation (only the elements of interest are used in the calculation)
has been setup, similarly to the method of Drezet et al [23]. Regularly during the calculation,
elements (that are present in the mesh but not yet used in the calculation) are activated based
on a position (z > zlevel (t)) or temperature criterion. In the present case, new elements are
activated every 20 s so that all the elements with at least one node such that T < 660 ◦C are
active at all time.

As far as material properties are concerned, Poisson’s ratio is constant (ν = 0.3) and the
elastic modulus depends on temperature as shown on Figure 5.20. The properties of the mushy
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Figure 5.20: Elastic modulus for the AA5182 alloy.

alloy were also determined by Ludwig et al for AA5182 [66]. They could thus be used in this
problem and the values are summarized in Table 5.12. For the hot solid, the properties are given
in Table 5.13.

p α0 α1 gcoh
s gcoal

s k

0.315 10.54 6.32 · 10−2 0.65 0.94 100

Table 5.12: Mushy zone rheology parameters, which appear in Equations (2.52) and
(2.53) (p. 28) [66].

s0 [MPa] A
[
s−1
]

Q
[
kJ mol−1

]
n

52 2.67 · 107 125 3.44

Table 5.13: Hot solid rheology parameters, which appear in Equation (2.45) (p. 26) [66].
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For lower temperatures, experimental data is available from [69]. For their numerical inte-
gration, these results were fitted with the parameters summarized in Table 5.14. Please note
that the continuity of properties in temperature imposes that the generalized Ludwik’s model is
used as soon as temperature drops below Tmerge = 410 ◦C. Moreover, work hardening becomes
significant below Tε = 400 ◦C.

κ = pκ
1 + pκ

2T[K] + pκ
3T 2

[K] + pκ
4T 3

[K] + pκ
5T 4

[K]

pκ
1 [Pa] pκ

2

[
Pa K−1

]
pκ
3

[
Pa K−2

]
pκ
4

[
Pa K−3

]
pκ
5

[
Pa K−4

]
−2.555 · 108 5.805 · 106 −1.96 · 104 2.5934 · 101 −1.2 · 10−2

η = pη
1 + pη

2T[K] + pη
3T

2
[K] + pη

4T
3
[K] + pη

5T
4
[K] > 0

pη
1 pη

2

[
K−1

]
pη
3

[
K−2

]
pη
4

[
K−3

]
pη
5

[
K−4

]
-8.932 9.11 · 10−2 −3.339 · 10−4 5.361 · 10−7 −3.2 · 10−10

λ = pλ
1 + pλ

2T[K] + pλ
3T 2

[K] + pλ
4T 3

[K] + pλ
5T 4

[K] and λ = 10−2 for T < 200 ◦C

pλ
1 pλ

2

[
K−1

]
pλ
3

[
K−2

]
pλ
4

[
K−3

]
pλ
5

[
K−4

]
2.5820 · 101 1.6894 · 10−1 4.065 · 10−4 −4.27 · 10−7 1.667 · 10−10

Table 5.14: Intermediate temperatures rheology parameters, which appear in Equa-
tion (2.56) (p. 29), fitted on data from [69]. Please note that T[K] is the
temperature expressed in Kelvin.

The mesh (4-noded bilinear axisymmetric elements) size is close to constant ∆x ' 5 mm.
A typical value for the thermal gradient is G ' 104 K m−1. As a consequence, the increment
of solid fraction across one element in the direction of the thermal gradient is much larger than
what is recommended by Equation (3.15) (p. 53). However, the maximum principal stress is
typically found along the isotherms in the billet as suggested on Figure 5.19. The increment of
gs across one element in that direction thus fulfills the mesh size selection guideline. The value
of ∆x is thus considered to be acceptable for the present purpose even though full accuracy may
not be reached. Please note that decreasing the mesh size is not really an option due to the
already very long CPU time.

As far as time step is concerned, the control parameter was set to χ = 5 · 10−5. This value
was selected according to Equation (3.14). The complete simulation was conducted for 2000 s
of physical time (time to cast the entire billet). Despite the gradual activation of elements, the
corresponding CPU time was of 566 h (almost 24 days) on an IntelTM Itanium 2 @ 1.6 GHz.
This value is large because of the complexity of the problem and the degree of accuracy required.

Liquid Pressure Model

As usual, a zero flow of liquid is prescribed normal to all boundaries except the top liquid surface,
on which the atmospheric pressure pl = patm = 101.325 kPa is imposed. Please note that the
evaluation of the metallostatic pressure is correct since patm is in fact imposed at z = zlevel and
not at the top of the mesh.

The average density of the mushy alloy is displayed on Figure 5.21. The viscosity was set to
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Figure 5.21: Average density vs. temperature for the AA5182 alloy.

a constant value µ = 1.35 · 10−3 Pa s and the permeability K is given by Equation (2.13), with
a constant grain size φ = 100 µm, which corresponds to experimental values.

Porosity formation was included in the model. The amount of hydrogen dissolved in the melt
was set equal to the experimentally measured value : [H]0 = 0.3 ccSTP/100g. Moreover, standard
parameters were used, such as : hydrogen partition coefficient kH = 0.07, S = 0.69 ccSTP/100g,
γl/v = 0.9 J m−2, nucleation radius of pores rp,n = 10 µm and average density of nucleation sites
for the pores ρnucl = 109 m−3 [3].

The finite difference mesh used for the porosity calculation is composed of cubic cells with a
size ∆x = 3 mm. The time step was set to ∆t = 1 s. These values are not in perfect agreement
with the guidelines given in Equations (3.31) and (3.32) (p. 57). This is due to memory and time
issues. However, a decent accuracy (within 15%) is expected for these results. When compared
to the experimental uncertainty, this remains acceptable. To simulate the 2000 s necessary to
cast the billet, the CPU time was of 48 h on an IntelTM Xeon 2 @ 2 GHz.
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Chapter 6

Results and Discussion

The aim on this chapter is to present, validate and analyze the results of the numerical model on
the basis of experimental data. All the simulation parameters are given in Chapter 5. Moreover,
the experimental methods and available measurements are summarized in Chapter 4.

6.1 Mushy Zone Tearing Test

6.1.1 Thermal Results

Let us begin with the mushy zone tearing test of Grasso [5] and start with the consideration of
the thermal results. Figure 6.1 displays the thermal field in the mold and the sample (grain-
refined Al-1wt%Cu alloy) at three times (tsimul as measured during the simulation). At 300 s
the sample is not significantly solidified. After 400 s, the neck is mushy and the tensile tests are
conducted under such conditions. Finally, after 500 s, the sample is almost fully solidified.

(a) (b) (c)

660
T[°C]

605
550
495
440
385
330

15 mm

Figure 6.1: Thermal field in the steel mold and in the tearing test sample (grain-refined
Al-1wt%Cu alloy) at three different times : (a) 300 s, (b) 400 s and (c) 500 s.

It is useful to study the thermal field in the sample in more detail. The tensile tests are
conducted in the range 330 s < tsimul < 430 s and the corresponding thermal conditions are
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displayed on Figure 6.2. Please note that the temperature scale is focused on the range 590 ◦C <
T < 650 ◦C which corresponds to 0.78 < gs < 0.98. This shows that the isotherms in the
neck are almost exactly perpendicular to the longitudinal z direction (i.e. to the tensile axis).
Moreover, due to the cooling conditions, the bottom half of the sample is colder than the top
part. In addition, it is worth observing that, away from the neck, isotherms are curved (with
their center of curvature located in the neck).
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Figure 6.2: Thermal field in the sample at three different times : (a) 330 s (b) 380 s and
(c) 430 s. The temperature range in which the tensile tests were conducted
is displayed in detail. Please note that the corresponding solid fraction is
also indicated on the temperature scale.

Having described the evolution of the temperature field in the sample, it is necessary to assess
the quantitative validity of the thermal simulation. This can be done by considering Figure 6.3.
The temperature measured by the thermocouple for several tests is displayed in thin grey lines.
When this temperature reaches the critical value Ttear , the tensile test is started. From an
experimental point of view, it appears that the thermal behavior is quite reproducible. The
simulated temperature at the location of the thermocouple is also displayed (thick black line).

First of all, it should be noted that the temperature plateau due to latent heat release is
much longer in the simulation than in experimental measurements (which is often observed
[112]). Moreover, the initial condition in the model (homogeneous temperature) is not perfectly
reproduced in the experiment (a significant amount of time is necessary to transfer the mold
from the furnace to the tensile test machine). As a consequence, the time tsimul is shifted so that
time t = 01 corresponds to a temperature of 700 ◦C at the thermocouple in both the simulation
and experiment.

With this time shift, the numerical model is in good agreement with the experimentally
measured curve, especially below 630 ◦C where a constant cooling rate of Ṫ = −0.4 K s−1

is obtained. Finally, please note that the sharp decrease in the measured temperature (black
cross on thin grey lines) corresponds to failure of the sample and is thus not reproduced by the
simulation.

At this stage, it appears that the thermal model is well validated by the experiment. It
may then be used to extract quantities that could not be measured directly and gain further
information about the test. For example, the longitudinal thermal gradient averaged at the neck
dT
dz

∣∣
neck

(referred to as Gneck because dT
dr is virtually nil in this region) can indeed be calculated

1this time is usually defined as the point when the model initial condition is satisfied.
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Figure 6.3: Position of the thermocouple and comparison between experimental temper-
ature measurements (thin grey lines, corresponding to different tests) and
the result given by the simulation (thick black line). Please note that the
point at which tearing occurred is indicated by a cross on the experimental
curves.

as shown on Figure 6.4. The gradient increases from the centerline of the sample to the periphery
and has an average value around Gneck = 5000 K m−1. At this stage, it is possible to verify
that the mesh size is acceptable. The last 10% of solidification, i.e. the range 0.9 < gs < 0.99,
corresponds to 80◦C. As a consequence, the increment of solid fraction across one element along
the principal loading direction can be estimated as :

G
∆gs

∆T
∆x = 5000

0.1
80

5 · 10−4 ≈ 3 · 10−3

This shows that the mesh satisfies conditions (3.15) (p. 53) and (3.32) (p. 58).

Moreover, one of the problems associated with the mushy zone tearing test is that the fracture
location is not exactly prescribed by the thermal field. There is indeed no strongly localized hot
spot and tearing tends to occur above the separation plane of the mold (where the mushy
material is weaker). The gradient is thus useful to estimate more accurately the temperature of
the fracture surface.
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Figure 6.4: Thermal gradient along the z direction in the neck (3 mm high region with
reduced cross-section) plotted vs. the temperature at the thermocouple (i.e.
at the bottom of the neck, in the periphery of the sample). The curves
simulated at the centerline (r = 0), at the periphery (r = 5 mm) and
averaged in the section are displayed.

6.1.2 Mechanical Results

The next step is to study the results of the mechanical calculations. First of all, let us consider
how strains and stresses are distributed in the sample (see Figure 6.5). In the neck region, the
mushy alloy experiences tensile conditions (positive strain and negative pressure) due to the
applied strain. Please note that a compressive zone exists in the lower gs region above the neck.

Figure 6.5: Axial strain field represented on the deformed shape (superimposed on the
undeformed sample shape in thick black line) (left) and close-up of the solid
pressure Ps field in the neck region (right). This image corresponds to a
displacement of the top of the mold of uz = 0.83 mm (t = 0.25 s) and to a
tearing temperature Ttear = 630 ◦C.
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6.1. Mushy Zone Tearing Test

More specifically, it is important to remark that stress and strains get mostly concentrated at
the top of the neck, in the region close to the mold (where the thermal gradient G is maximum).
This explains why fracture occurs at the top of the neck with a tendency to deviate upwards,
following approximately the isotherms (or the iso-gs line).
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Figure 6.6: Comparison between the measured and simulated reaction forces for dif-
ferent values of Ttear . The nominal stress, σ0, corresponding to F was
computed from the cross-section area at the neck and is shown on the al-
ternative scale on the right. Curves with the same line color and symbol
shape are to be compared.

Having outlined these general features, it is now necessary to assess the quantitative validity
of the mechanical model. For this purpose, the simulated reaction force, F , is compared to the
experimental measurements for various values of Ttear . Please note that the latter corresponds
to the temperature at the location of the thermocouple (i.e. bottom of the neck) at the beginning
of the tensile test. The results are displayed on Figures 6.6 and 6.7

The agreement between the experimental and simulated data is very good up to the point
where hot tearing occurs. The reaction force F is underestimated only for Ttear = 640 ◦C and
Ttear = 635 ◦C. This slight inaccuracy is related to the fact that the thermal model predicts
slightly too high temperatures above 630 ◦C. Overall, the mechanical model is thus very well
validated by this experimental comparison.

This mechanical simulation may thus be trusted and used for further investigations. Fig-
ure 6.5 has already illustrated how it is possible to better understand and investigate the loading
conditions that occur during this test. This helps understanding why tears tend to propagate
from the top of the neck, which is a region of strain concentration.

Another purpose of this mechanical model is to provide the values of vs and ∇ · vs. This
can indeed be used by the porosity module to calculate the liquid pressure. Moreover, this gives
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Figure 6.7: Comparison between the measured and simulated reaction forces for dif-
ferent values of Ttear . The nominal stress, σ0, corresponding to F was
computed from the cross-section area at the neck and is shown on the al-
ternative scale on the right. Curves with the same line color and symbol
shape are to be compared.

access to the mechanical solid fraction correction as defined in Equation (3.11) (p. 50). In this
test, it is important to note that this correction may locally be as large as a few percent. This
high value is related to the fact that the swelling rate may become very high in this test (up to
ε̇sw ∼ 0.2 s−1) due to the fast displacement imposed to the top half of the mold.

Finally, this model can be used to understand the behavior of the mushy material. As already
presented earlier, it is possible to plot the maximum force measured during the experiment, i.e.
the force at failure Ffail or tensile strength. On Figure 4.4 (p. 65), Ffail was plotted against
Ttear . However, the tearing temperature does not really indicate what is the value of T at
the tear front and at the time of fracture. Based on the thermal model, experimental time to
failure and typical crack front positions measured in the experiment, it is possible to estimate
the actual temperature at the tear front. This can be converted into the solid fraction of the
tearing material.

As a consequence, using complementary information coming from both the experiment and
the numerical model allows plotting the tensile strength as a function of the solid fraction at the
tear (which could not be estimated accurately from Ttear ). This result is shown on Figure 6.8.
Please note that the error bars for the Ffail values are estimated based on one of the test that
had repeated several times. On the other hand, the error bar for the value of gs can be evaluated
only using the numerical results. It takes into account both the deviation of the crack front in
the thermal gradient and the correction from the mechanical solid fraction.

From this, it is possible to conclude that the tensile strength of the mushy Al-1wt%Cu alloy
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Figure 6.8: Maximum force (tensile strength) of the mushy alloy as a function of the
solid fraction when and where tearing actually occurred.

starts developing rapidly for a solid fraction in the range 0.9 < gs < 0.94. Moreover, Ffail will
keep increasing sharply as coalescence progresses.

There is one other point that should be outlined at this stage considering Figures 6.6 and 6.7.
In the experimental data, the maximum force Ffail that is measured corresponds to the point
where the material starts to fail (hot tearing). In the numerical model, a maximum force is also
recorded as most clearly visible on Figure 6.6. This cannot be directly interpreted as tearing
since no failure criterion was included in the numerical model. This maximum force is thus more
similar to necking (tensile test related instability) than to failure.

It turns out that the stress concentration at the top of the neck near the mold initially
contributes to the fact that the average stress (and thus the reaction force) increases with the
applied displacement. At some point however, the stress in this region starts to decrease because
the material loses cohesion due to the concentrated strain. We shall refer to this phenomenon as
decohesion (of the mushy alloy) because it is not exactly similar to the usual room temperature
necking instability. What should be remarked is that, for high tearing temperatures 625 ◦C <
Ttear < 640 ◦C, decohesion is observed in the simulation almost at the same time as failure is
observed in the experiment. As solidification is more and more advanced, decohesion is delayed
more than tearing and these two phenomena no longer seem to be related.

6.1.3 Porosity Results

At this stage, further information can be obtained using the porosity module. First of all,
a calculation was conducted neglecting the strain contribution (solidification shrinkage alone).
When a realistic amount of dissolved hydrogen is used ([H]0 = 0.25 or 0.4 ccSTP/100g), the
liquid pressure drops remains very small2 and a roughly uniform amount of porosity is found in
the sample. Under such circumstances, porosity in the casting is thus mainly induced by gas
segregation. This situation may change when strains are applied to the neck region (i.e. during
the tensile test). The amount of porosity may indeed increase locally due to tensile strains, as
shown on Figure 6.9.

2reduced cross sections tend to enhance liquid flow as already mentioned in [109].

99



Chapter 6. Results and Discussion

Figure 6.9: Porosity fraction and cumulated volumetric strain in the neck of the sample.
This result corresponds to Ttear = 590 ◦C and to a displacement of uz =
1 mm of the upper mold (t = 0.3 s). The amount of hydrogen dissolved in
the melt is [H]0 = 0.25 ccSTP/100g.

Figure 6.9 also displays the amount of volumetric strain εsw experienced by the mushy alloy.
As expected, the maximum value of εsw is found at the top of the neck, close to the mold. This
corresponds to the region of strain concentration indicated by the mechanical model. As far
as the porosity fraction field gp (x, t) is concerned, it seems to be less clearly localized. This is
because a large strain rate applied to a relatively high permeability region may cause less voiding
than a moderate strain rate applied to a low permeability region. As a consequence, porosity is
not simply proportional to strain.

The amount of porosity in the sample is thus the sum of the two contributions associated
with gas segregation and volumetric strain rate. The value of gp, especially the fraction related
to the applied strain, may be used to quantify voiding and thus damage in the material. Please
note that the strain rate leads to an increase in gp by increasing the liquid pressure drop, up
to ∆pl = 140 kPa for the lowest value of Ttear . In this test, the strain contribution to the
amount of porosity clearly dominates the shrinkage term. Again, this is related to the very high
displacement rate imposed to the top part of the sample and resulting high strain in the neck.

The fact that the strain contribution is dominant in the liquid pressure calculation could
have been predicted by considering the ratio of the characteristic pressure drops introduced in
Section 3.3.2 :

Ωsh

Ωmech
=

vT β

ε̇sw
∆Tfreeze

G

≈ 10−4 · 8 · 10−2

0.2 100
5000

≈ 2 · 10−3

This order calculation indeed indicates that Ωmech is about three orders of magnitude larger than
Ωsh, thus showing that the pressure drop is mainly due to the strain rate experienced by the
solid skeleton.

Having noticed that the application of strain had a marked effect on the porosity field, a
more quantitative approach was undertaken. The maximum amount of porosity in the sample
at the time of fracture gmax

p,fail was calculated : from the experimental data, it is indeed possible to
determine when tearing occurred and, at this time, the value of gmax

p,fail is predicted by the model.
Please note that this maximum porosity fraction is always found in or slightly above the neck
region. It may however not be exactly located at the tear front. It may thus be regarded as an
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6.1. Mushy Zone Tearing Test

indicator of the damage present in the sample before its failure under tensile strain.

The results obtained for the two different gas contents are displayed on Figure 6.10. The
value of gmax

p,fail is plotted as a function of the solid fraction at the location of the tear. Please
note that the error bars on gs should be the same as those plotted on Figure 6.8 but have been
omitted for clarity of the graph. The correspondence between Ttear and the actual solid fraction
at fracture is also shown on this graph.
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Figure 6.10: Maximum porosity fraction in the sample gmax
p,fail as a function of the solid

fraction at the location where tearing occurred. Please note that the er-
ror bars on gs are not displayed for clarity but are identical to those on
Figure 6.8.

The results show that the amount of porosity related to hydrogen segregation in the melt
(which is roughly equal to the value of gmax

p,fail for gs = 0.6) depends upon the amount of dissolved
gas. This is not surprising because this contribution is mainly due to gas segregation. On the
other hand, as gs increases, the damage increases sharply due to the applied strain and decreased
permeability.

This is shown in more detail on Figure 6.11. On this graph, the same results for both values
of [H]0 are displayed. In lighter shades of grey, the results of the same calculations conducted
without taking into account the mechanical solid fraction correction (no gmech

s ) are displayed.
This illustrates that this correction has a significant effect on the results and that it is important
to include it in the model.

Another piece of information that can be obtained from this results is that the damage
prior to fracture starts increasing significantly for 0.89 < gs < 0.93. This appears to be in
good correlation with conclusions drawn from the mechanical model with respect to a change in
fracture mechanisms.
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6.1.4 Summary

We have shown that a large amount of information can be extracted from the numerical model,
provided some experimental data is available. Such data was used for two distinct purposes. On
one hand, the model needs to be quantitatively validated by comparison with actual measure-
ments before it may be used to discuss further physical arguments.

On the other hand, the experimental results are used to determine where and when tearing
occurred in the sample. This is very important because no failure model is available and frac-
ture can thus not be predicted in the simulation. However, the numerical model may be used
to determine accurately the conditions (thermal gradient, solid fraction, strain, damage, . . . )
experienced by the mushy alloy at the time and location of failure.

In the context of the mushy zone tearing test, this approach could be successfully applied to
gain a deeper understanding of what is happening during the tensile test. It is indeed possible
to distinguish between two failure modes that are active at different solid fractions.

At relatively high tearing temperatures, Ttear > 625 ◦C (gs < 0.92), failure of the sample
occurs when decohesion is predicted by the mechanical model. Moreover, under such conditions,
the amount of damage found in the sample prior to failure remains small. It thus seems that
tearing at high temperature is basically initiated by decohesion. This instability will depend on
the sample geometry. As a consequence, the ductility measured in this system may not be really
characteristic of the mushy material itself. This is one possible explanation for the fact that the
measured ductility does not increase at high temperature, when healing is expected to come into
play.
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At lower temperature, i.e. for Ttear < 625 ◦C (gs > 0.92), which corresponds to the range of
solid fraction of interest for hot tearing, the situation is different. Tearing indeed occurs clearly
before decohesion is predicted. Moreover, voiding (damaging) occurs in the sample before it
breaks. It is thus both internal damage and applied strain that lead to tearing. This fracture
mode seems more characteristic of the material properties under the applied strain rate.

In summary, this study shows two aspects of the use of a semi-coupled approach. After
successful validation, it was indeed possible to characterize the test more precisely. For example,
a good measure of the solid fraction at the tear front could be given. In addition to this, it is
possible to distinguish different fracture modes. It was also possible to outline the fact that the
behavior observed in this test is related to the relatively high strain rates induced by the fast
motion of the top half of the mold during the test. On the other hand, the cooling rate |Ṫ | is
smaller than what is often encountered in industrial practice. In that sense, the mushy zone
tearing test does not reproduce very well typical DC casting conditions.

In conclusion, when tears propagate for gs < 0.92, they are most likely initiated due to local
decohesion and the results of this test should be interpreted carefully since the intrinsic ductility
of the material is probably underestimated (failure is initiated by a test geometry dependent
effect). On the other hand, if gs ≥ 0.92, tears are found after significant strain and damage
has developed in the mushy alloy. As temperature decreases further, more and more damage
is present when failure occurs and the apparent strength of the material increases. This is
characteristic of the development of a coalesced solid network. This tensile test thus serves well
the purpose for which it was designed (study of coalescence in a grain-refined alloy). On the
other hand, it might be interesting to apply a smaller strain rate (and also a higher cooling rate)
to obtain results under conditions more comparable to DC casting.

6.2 Rig Test

6.2.1 Thermal Results

Let us now consider the tensile test presented in Section 4.2. First of all, we shall describe what
the thermal model indicates about the temperature field in the Al-2wt%Cu alloy when tensile
tests are conducted. This discussion is based on Figure 6.12. On this figure, the temperature
scale is focused on the range where the alloy is in a coherent mushy state (gs (640 ◦C) = 0.61
and gs (510 ◦C) = 1).

This result indicates that, when the tensile test occurs, the isotherms are perpendicular to
the tensile axis (z direction) in most of the sample. There are two regions where this is not
exactly true. On one hand, in the jaw of the tensile test machine, the shape of the isotherms
is distorted due to the geometry of the sample and significant heat extraction rate (cooling is
mostly achieved from this side). Anyway, this region of the sample is mostly solidified prior to
the test and does not really contribute to the reaction force since it moves with the jaw. On the
other hand, in the middle of the specimen (i.e. at the expected tear plane), isotherms also tend
to be curved. In that plane, the bottom of the sample experiences indeed a higher temperature,
due to contact with the liquid alloy contained in the filling system. This should be kept in mind
because it is specifically this region that will be strained up to failure during the tensile test.

The quantitative validity of the model was assessed using the actual temperature measure-
ments performed in the sample during any tensile test. Four thermocouples are indeed introduced
in the sample. Their locations is summarized in Table 6.1 and represented on Figure 6.13.
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Figure 6.12: Thermal field in the Al-2wt%Cu sample at two different times : (a) 80 s, i.e.
when the highest temperature tensile test is started (b) 132 s, i.e. when the
lowest temperature tensile test is started. Please note that corresponding
values of gs are indicated on the temperature scale.

For different tests, the recorded temperature is not exactly the same. Overall, the thermal
field is however quite well reproduced in different experiments (with a typical cooling rate of
Ṫ ≈ −2 K s−1). On Figure 6.13, two measured curves that bound representatively the differ-
ent experiments are shown (thin grey lines) for each thermocouple. On the same graphs, the
simulated temperature at the same location is presented with a thick black line.

TC1 TC2 TC3 TC4

Distance from sample side (−x) [mm] 3 3 3 3

Distance from top surface (−y) [mm] 8 18 25 18

Distance from tearing plane (z) [mm] 0 0 0 25

Table 6.1: Position of the thermocouples in the sample.

Taking into account the fact that the position of the thermocouple cannot be perfectly well
controlled in the experiment, these results indicate that the thermal model setup to represent this
test is satisfactory, at least in the temperature range where tensile tests are conducted. Please
note that, in this case again, the simulation overestimates the duration of the temperature plateau
due to latent heat release. As a consequence, the simulated and measured temperatures were
synchronized (i.e. the initial condition from the thermal model does not correspond to t = 0)
based on the end of this plateau.

With this correction, the validity of the simulated temperature field is verified and additional
information can thus be obtained. It is indeed relevant to characterize the temperature gradients
found in the sample. First of all, the variation of temperature in the direction of the tensile
strain is fairly linear. As a consequence, the gradient may be evaluated between the center and
the end of the sample :

Gav
z = 2

Tcenter − Tend

lsample
≈
∣∣∣∣dT

dz

∣∣∣∣
where lsample = 17 cm is the length of the sample.

It turns out that the value of Gav
z depends on the other coordinates x and y. As a consequence,
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Figure 6.13: Position of the thermocouples and comparison between experimental tem-
perature measurements and the result given by the simulation.

there exists a maximum, a minimum and an average for Gav
z (x, y). These quantities are plotted

as a function of the temperature at the location of thermocouple TC1 (when this temperature
reaches the value Ttear , the tensile test is started) on Figure 6.14. It can be noted that Gav

z

decreases roughly linearly with temperature.

In addition to the gradient along the tensile axis, it is interesting to evaluate the temperature
gradient Gav

y =
∣∣∣dT

dy

∣∣∣ along the vertical centerline of the specimen (x = z = 0). This quantity,
which is related to the temperature difference between the top of the sample and the outlet of
the filling system, is also plotted on Figure 6.14.

This information about the thermal gradient, which can only be obtained with this level of
accuracy using simulated data, will be useful for further interpretation of the results. Moreover,
it was used to verify that the selected mesh size is in good agreement with guideline (3.15) (p. 53).
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Figure 6.14: Thermal gradient along and perpendicular to the tensile axis as a function
of T at TC1 in the range where the tests were conducted.

6.2.2 Mechanical Results

One jaw of the tensile test machine moves at a constant velocity u̇z. As a consequence, an
increasing strain is induced in the sample and will tend to be localized in the hot spot, i.e. at
the center of the specimen. Let us first consider a typical result for the cumulated creep and
swelling strains, εcr and εsw, as shown on Figure 6.15.

Figure 6.15: Effective creep and swelling strain for the test started at Ttear = 570 ◦C
after 3 s with u̇z = 10 mm min−1 (i.e. when uz = 0.5 mm).

As expected, strain concentrates in the center of the specimen, i.e. around the center plane
defined by z = 0. In this plane, there also exists a gradient of strain. The material near the outlet
of the filling system is indeed the hottest and is thus even more deformed. For the interpretation
of the results, the strain gradient in that plane is however not as important as the gradient
obtained along z. In what follows, we shall thus consider quantities that are averaged at the tear
plane, because they correspond to what is experienced by the mushy alloy where it fails. The
center average of a given quantity Ψ will be noted Ψc and defined as :

Ψc =

∫ ∫
z=0 Ψdxdy∫ ∫
z=0 dxdy

with
∫ ∫

z=0
dxdy (t = 0) = S0 = 1010 mm2
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When this quantity is evaluated at the time when failure occurred, it will be noted Ψc
fail . Please

note that time at failure can only be evaluated based on the experimental data.
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Figure 6.16: Comparison between the measured and simulated force recorded during
various tests at low temperatures (510 ◦C and 525 ◦C). The values of
nominal stress corresponding to F are also suggested.

In order to validate the mechanical model, the force vs. displacement curve (F (u)) obtained
from the simulation is compared with corresponding experimental measurements for different
tearing temperatures Ttear and applied displacement rates u̇z. The simulated curves are dis-
played with thick lines and black symbols. The experimental results are shown with thin lines
and grey symbols (curves with the same symbol shape and line color correspond to identical
conditions). Please note that, when available, two experimental curves are displayed for a given
set of conditions in order to indicate the magnitude of the experimental uncertainty.

First of all, let us consider, the lowest temperature tests (Figure 6.16). When the tensile test
is started at Ttear = 510 or 525 ◦C (at TC1), tearing does not occur. For these temperatures,
the sample is almost entirely solidified and a classical viscoplastic behavior is thus observed. As
expected, the experimental results are sensitive to the temperature and the applied displacement
rate. The corresponding simulations tend to overestimate the reaction force during viscoplastic
flow (in the initial region, when elastic deformation dominates the behavior of the sample, the
agreement is good). However, the sensitivity to T and u̇z is reasonably well described.

These differences may be attributed to some inaccuracy in the thermal model or to small
differences between the actual mechanical properties of the tested Al-2wt%Cu alloy and the
model data. The agreement between the model and the experiments however remains fair. For
Ttear = 540 ◦C (Figure 6.17 left), the center of the sample is mushy but the viscoplastic behavior
is retained (due to the high solid fraction). F is again somewhat overestimated during the
viscoplastic plateau, which was expected since it was already the case in a fully solidified alloy
but the strain rate sensitivity is well recovered. It is interesting to note that tearing occurred
for all values of u̇z except during one test at u̇z = 2.5 mm min−1. At this velocity, solidification
can in fact be completed before tearing occurs (in this test, a displacement of 0.2 mm is reached
after about 5 s, which corresponds roughly to 10 ◦C of cooling).

As the tearing temperature is increased up to Ttear = 595 ◦C, the simulated values of F
rather tend to underestimate the experimental data (Figures 6.17 and 6.18). The most significant
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Figure 6.17: Comparison between the measured and simulated force recorded during
various tests at relatively low temperature (540 ◦C and 570 ◦C). The
values of nominal stress corresponding to F are also suggested.
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Figure 6.18: Comparison between the measured and simulated force recorded during
various tests at moderate temperature (595 ◦C, 600 ◦C and 615 ◦C). The
values of nominal stress corresponding to F are also suggested.

differences between the model and actual measurements is found for the conditions where the
material exhibits extremely limited ductility prior to failure (tearing). However, the sensitivity
to temperature and applied strain rate remains reasonably well described by the model. At even
higher temperatures (Figure 6.19), the ductility of the material increases and the force prediction
recovers its fairly good accuracy.

In summary, the validity of the mechanical model is satisfactory. Due to some uncertainty in
both the thermal model and materials properties, the reaction force (in other words, the stress) is
not always perfectly well predicted by the simulation. However, it is important to note that the
variation of F with T and u̇z are well reproduced. As a consequence, the strain field is expected
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Figure 6.19: Comparison between the measured and simulated force recorded during
various tests at high temperatures (620 ◦C to 636 ◦C).

to be calculated accurately and the model may be trusted from this point of view. In what
follows, we shall thus focus on strain-related quantities, which are in general the most relevant
to study in the context of hot tearing.

As a starting point, let us consider how the displacement at fracture ufail depends on the
average temperature at the tear surface T c

fail . Please note that in cases where tearing did not
occur, the failure is measured by yielding (i.e. at the end of the elastic region). The result is
shown on Figure 6.20.
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Figure 6.20: Measured displacement at fracture vs. average temperature in the tear
plane.

What is obtained is a typical U-shaped curve where the apparent ductility of the alloy is
high at both low (feeding) and high (solid-like behavior) solid fraction. This result is available
experimentally [4]. The numerical model is very useful because is gives access to the strain at
fracture (measured by the average value of εzz at the tear plane when tearing occurs and noted
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εc
fail ), which is a more precise way to characterize the ductility of the alloy.

2.5 mm/min
10 mm/min
40 mm/min

0.0

5.0

1.0

1.5

2.0

2.5

3.0

3.5

4.0

500 520 540 560 580 600 620 640
T [°C]

εc
fa

il 
[%

]

Figure 6.21: Strain at failure vs. average temperature in the tear plane.
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Figure 6.22: Profile of ϕ across the length of the sample (this profile is symmetrical
with respect to z = 0) for two different tests. The integral of ϕ (hatched
area, represents how the strain is distributed along the sample) is clearly
higher at lower temperature and contributes significantly to the measured
value of ufail .

As shown on Figure 6.21, the plot of εc
fail against T c

fail has a less marked U shape. The
displacement at failure is given by :

ufail =
∫ lsample

0
εz
zz,faildz with εz

zz =

∫ ∫
z εzzdxdy∫ ∫

z dxdy

where εz
zz is the average strain in a section perpendicular to the z axis (εz=0

zz,fail = εc
fail ). Introducing

the ratio of local strain at failure to the alloy ductility, ϕ, this can be rewritten :

ufail = εc
fail

∫ lsample

0
ϕdz with ϕ =

εz
zz,fail

εc
fail
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This means that both strain repartition (characterized by ϕ) and the ductility of the alloy (εc
fail )

contribute to the value of the displacement at failure.

At low temperature, the ductility of the material increases rather slowly. However, the strain
becomes much better distributed in the sample because of the higher strength of the material
in the hot spot. As a result, high values of ufail are observed because a larger length of the
sample is strained (

∫ lsample

0 ϕdz is high). On the other hand, at high temperature, the ductility
εc
fail is high, inducing a large value of ufail , while

∫ lsample

0 ϕdz is rather low. This is illustrated on
Figure 6.22

When compared to the experimental data, the model has the advantage of being able to
distinguish between two contributions, namely variation of the intrinsic properties of the material
and inhomogeneous strain repartition (the latter being also related to the test geometry and
cooling conditions).

In hot tearing studies, it is also very relevant to consider the ductility of the mushy alloy as
a function of the solid fraction. Figure 6.23 displays the ductility εc

fail plotted against gc
s,fail . It

appears that the ductility (i.e. resistance to strain) is minimum around gs = 96 %. Please note
that this value also corresponds to the transition between two different stress states. At higher
gs the alloy experiences conditions close to uniaxial tension (X = −1

3). At lower solid fractions,
the value of X decreases (towards -0.5), which means that the stress state becomes triaxial with
small tensile components normal to the principal loading direction.
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Figure 6.23: Strain and stress triaxiality at failure vs. average solid fraction in the tear
plane.

Another quantity that is relevant to study is the strain rate, which will be measured here by
ε̇c
zz. This quantity, which can be extracted from the numerical results, depends on the applied

displacement rate. We shall thus consider a normalized strain rate 1
τ including u̇z and the length

of the sample lsample . This quantity can be evaluated at the beginning of the test (τi) or at
failure (τfail ). These are defined as follows :

τi =
u̇z

ε̇c
zz,initial · lsample

and τfail =
u̇z

ε̇c
zz,fail · lsample

(6.1)

Please note that τ may be interpreted as a measure of the length (expressed as a fraction
of lsample) on which the strain rate is effectively applied (as suggested on Figure 6.24). In an
homogeneous material under uniaxial tensile conditions, τ = 1.

Both these quantities are plotted as a function of temperature on Figure 6.25. At the very
beginning of the test, the normalized strain rate τi depends almost linearly upon T c (left). A
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Figure 6.24: Interpretation of τfail from the consideration of the strain rate profile ε̇z
zz

at the time of tearing. The grey shaded regions have the same area. This
example corresponds to a temperature Ttear = 640◦C and a velocity of
40 mm min−1.

significant deviation from this behavior is observed at the point when the mushy alloy is torn
(right).
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Figure 6.25: Normalized strain rate τ initially and at failure. Initially, the data is well
fitted by a linear relationship. The initial points together with this linear
fit are recalled in light grey on the plot of τfail vs. T c.

In order to characterize hot tearing in this test, it appears to be more relevant to study the
variation of τfail as a function of the average solid fraction in the tear plane at failure, gc

s,fail . This
result is shown on Figure 6.26. It is interesting to note that the value of τfail remains roughly
constant up to gs = 0.95. When the solid fraction is higher, τfail increases indicating a transition
to a coalesced solid network. This increase indeed means that the strain rate is getting less and
less localized at the center of the specimen. This is only possible when the mushy material at
T c has a strength that becomes comparable to that of the neighboring solid.

At lower solid fractions τfail remains approximately constant. However, it should be kept in
mind that τ does not vary much in time and that its average value during the tensile test is close
to τfail . This means that the absolute value of the strain rate does not correlate with tearing.
This is in contradiction with the prediction of models such as the RDG criterion. These results
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Figure 6.26: Normalized strain rate at failure vs. average solid fraction in the tear plane.

in fact indicates that, when T c > T coal , the concentration of strain at the center of the specimen
is constant (independent of temperature and applied displacement rate). Moreover, tearing is
found to occur at some critical strain that depends weakly upon the strain rate.

6.2.3 Porosity Results

First of all, it is worth considering how the value of the liquid pressure just before solidification
is completed varies across the sample. This is displayed on Figure 6.27. It appears that pl varies
significantly within the tear plane. A minimum pressure is found away from both the top surface
and the outlet of the filling system (which remains fully liquid during the test). From the feeding
point of view, the minimum value of the liquid pressure, pmin

l , indicates the most critical region
for hot tearing.

102.5

99.5

96.3

93.2

90.1

87.0

83.9

pl [kPa]

Figure 6.27: Liquid pressure in the last remaining liquid.

In the same region, a maximum porosity fraction gmax
p is found. However, the values of gp

in the tear plane tend to be more homogeneous than those of pl. In order to characterize the
availability of liquid feeding, the value of pmin

l,fail and gmax
p,fail were extracted from the simulation and

plotted against T c
fail . This result is displayed on Figure 6.28. On the same graphs, the result
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that was obtained without taking into account strains (∇ ·vs) in the pressure calculation is also
shown.
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Figure 6.28: Minimum liquid pressure and maximum porosity fraction at failure as a

function of T c
fail . The result obtained for a calculation taking into account

solidification shrinkage only (no strain term taken into account) is also
shown (black line).

The pressure drops are rather small (within 30 kPa), which indicates that using the semi-
coupled method is indeed relevant. Moreover, the dominant contribution to the variation of pl

comes from the solidification shrinkage. As it can clearly be observed on the values of gc,max
p,fail ,

the strain rate contribution remains small even though it is not completely negligible. This was
expected as the ratio :

Ωsh

Ωmech
=

vT β

ε̇sw
∆Tfreeze

G

≈ 2 · 10−3 · 8 · 10−2

10−4 100
1500

≈ 25

indicates that Ωsh is indeed dominant. Please note that ε̇sw is much smaller than ε̇zz because the
latter is partially compensated by ε̇xx and ε̇yy. From that point of view, the rig test is different
from the mushy zone tearing test. In the latter case, the amount of porosity as well as the liquid
pressure drop were strongly influenced by the relatively large strain rate imposed to the sample.

Another consequence of this is that the amount of porosity increases steadily with gc
s,fail .

This is shown on Figure 6.29. This quantity is indeed determined by solidification dynamics.
As a consequence, the transition observed in the straining behavior of the mushy alloy around
gs = 0.95− 0.96, does not disturb the porosity formation pattern in the sample.

6.2.4 Summary

The semi-coupled method was successfully applied to the rig test (from Alcan-Pechiney). Both
the thermal and mechanical models proved to be accurate to a satisfactory extent. Moreover,
simulated data could be combined with the experimentally measured time to failure in order to
investigate what is happening when the sample is torn apart by the imposed displacement.

First of all, the ductility measured by εc
zz,fail could be studied. The simulation indicated

neither excessive strain concentration nor instabilities such as necking or decohesion during the
test. As a consequence, this strain at failure appears to be characteristic of the behavior of the
material.
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Figure 6.29: Maximum porosity fraction at failure as a function of solid fraction in the
tear plane.

At low solid fraction, it was found that the ductility is high because liquid feeding allows
for grain rearrangement without void creation. At very high solid fractions, the ductility of the
material increases with gs but remains smaller than what is obtained for 0.75 < gs < 0.9. On
the other hand, at high gs, strain is distributed much more evenly in the z direction, leading to
very high values of the displacement at fracture ufail and to the typical U-shaped curve. The
difference between intrinsic materials properties and strain repartition is thus available from the
numerical model.

Around gs = 0.96 the ductility is minimum, indicating that neither grain rearrangement
(and liquid feeding) nor solid-like deformation of a coalesced solid network are strongly active
deformation mechanisms. In fact, this solid fraction corresponds to the transition between these
two deformation regimes and to a high risk of failure (hot tearing) due to the low ductility of
the mushy alloy.

This transition also appeared from the consideration of the normalized value of the strain rate
at fracture τfail which increases rapidly above gs = 0.96. This increase can be related to the more
homogeneous repartition of strain obtained under such conditions. When the hottest material
indeed becomes coalesced, the properties of the alloy vary much less in space (as opposed to the
case where two solid regions are connected by a non-coalesced mushy region in the center).

In summary, above gs = 0.96, deformation gets more and more evenly distributed in the
sample because the gradient of strength decreases. In addition, the ductility of the material
increases slowly because it basically behaves like a solid. Tearing can only occur when sufficient
strain is applied and healing is impossible. Below this limit, the strain concentration remains
roughly constant and the strain rate is thus imposed by the boundary condition. In this regime,
the ductility of the material increases strongly as gs decreases because grains can rearrange and
voiding is prevented by feeding. At a given strain, the grain structure becomes too entangled
to rearrange and tearing occurs. In this test, hot tearing appears to be induced at some critical
strain and the influence of strain rate is not dominant.

On the other hand, the amount of porosity expected in the sample is mostly determined by
solidification shrinkage. The rather limited effect of strain on this quantity indicates that no
significant deformation-induced damage is accumulated in the sample before its failure. This
condition is quite similar to what is known in DC casting.
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In conclusion, the rig test appears to be quite effective to characterize the behavior of mushy
alloys in tension. The experimental data have the advantage of representing well the typical
strain rates encountered in DC casting. The numerical model helps showing how the intrinsic
ductility of the material varies as well as the concentration of strain in the expected tear plane.

What is difficult to establish however is how to apply these results to a more complex situation
such as what happens during hot tearing in a DC-cast billet. The conditions of the rig test are
indeed quite specific : e.g. tensile stress state with the maximum principal stress perpendicular
to the isotherms, independence of cooling conditions and applied load.

6.3 Full-Scale Billet

Up to this point, we have studied tensile tests conducted on mushy samples at the laboratory
scale. They have several specific features that should be outlined :

– The applied load is mainly uniaxial.

– The isotherms are mostly perpendicular to the principal loading direction and parallel to
the observed hot tears.

– Strains can be applied to the material independently from the cooling conditions.

– Due to nucleation and growth of tears, the sample is entirely broken.

We will now examine how the semi-coupled method may be applied to an industrial scale case,
i.e. the casting of an entire billet. In various aspects, this is quite different from the cases studied
previously :

– The isotherms are perpendicular to the observed tears.

– The strains applied to the mushy zone are dictated by the temperature field and thus
depend upon the cooling conditions.

– The tears nucleate in the mushy zone and are propagated to some extent by the fact that
the mushy zone travels through the casting. The billet is not entirely broken by hot tearing.

As illustrated on Figure 6.30, numerical modeling gives access to a large amount of quantita-
tive information about this casting. As far as experimental data is concerned, it mainly indicates
where hot tears are found. However, there is no indication of when these tears have formed at
some given location, i.e. the solid fraction at the time of failure is not known. This situation is
different from what was known for the tensile tests and makes the interpretation of the results
even more difficult.

Before looking at the simulation results, let us summarize what we know about cracking in
the billet (for the particular casting that we decided to study). After casting, it was examined
by ultrasonic (US) testing to detect the presence of a hot tear. This tear was found to be located
along the centerline (r = 0). It is not present at the bottom of the billet (i.e. the region cast
during the start-up phase). It is initiated during the first increase in vcast . It disappears during
the ramping down of the casting speed (healing). When vcast increased again at the end of the
casting, a new tear appeared and was retained up to the top of the billet.
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6.3. Full-Scale Billet

Figure 6.30: Different quantities that can be calculated by the semi-coupled method in a
billet. These pictures are extracted at 880 s, when z (gs = 0.95) = z0.95 =
1065 mm. This position, indicated by the black dot, corresponds to where
the first hot tear was detected by ultrasonic (US) measurements at the
centerline of the billet. (a) temperature T (b) solid fraction gs (c) pressure
in the solid Ps (d) cumulated volumetric strain εsw (e) liquid pressure pl

(f) fraction of porosity gp. Please note that on (c) and (d), the top part of
the billet appears in white, meaning that the corresponding elements are
not activated yet (mechanical results).

The second region of tearing was studied by Grasso [5]. It was cut into 14 mm thick slices
and the tear was observed with the naked eye. This study confirmed that the tear was indeed
located along the centerline. Just after nucleation, the shape of the crack is rather linear.
After some length (i.e. after the advancing tear has had some time to develop), a characteristic
three-branched star shape is established and retained for the rest of the casting (see Figure 4.9
on page 69). These observations are summarized in Table 6.2 and represented graphically on
Figure 6.31. Please note that the hot tear can be observed by the naked eye only if it is open
enough, which explains why the US measurement indicates tear nucleation earlier (i.e. at lower z).

event nucleation healing nucleation linear star-shaped

detection US US US eye eye

z [mm] 1065 2230 2740 2836 2906

Table 6.2: Evolution of the hot tear found at the centerline of the billet : event, detection
method and corresponding position in the billet.

At this stage, it is useful to introduce the notation we shall use to indicate the position and
velocity of an isotherm. As an example, the position of the isotherm of T = 550 ◦C will be
noted z550 and its velocity v550

T . Similarly, in terms of solid fraction, the isosurface of gs = 0.9 is
located at z0.9 and has a velocity v0.9

T = dz0.9

dt . As a consequence vcast (zlevel ) can also be written
v670
T

(
z670

)
. Please note that, otherwise stated, these velocities and positions will be evaluated

at the centerline (r = 0) because it is where tears are found. Similarly, the thermal gradient G0.6

will refer to dT
dz

∣∣
r=0,z0.6 and the cooling rate Ṫ 0.6 is evaluated under the same conditions. Other
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Figure 6.31: Summary on the hot tearing events. Please note that z stands for zlevel

when plotting vcast .

quantities such as εsw,0.9, p0.95
l should always be understood in the same way, i.e. they represent

the value of the corresponding field, evaluated at r = 0 and at the z position of the isotherm
corresponding to the solid fraction indicated as a superscript. For the sake of clarity, Figure 6.32
represents schematically how the z position is measured.

liquid

solid

gs = 0.75

bottom
block

z

sump
depth

zlevel

cast
height

z0.75

r

Figure 6.32: Schematic representation of the reference frame for the z coordinate. The
position of the isotherms along the centerline, the cast height and the sump
depth are measured along this axis.

6.3.1 Thermal Results

In order to validate the thermal model, experimental measurements of the sump depth obtained
for a similar cast are considered [6]. They are compared with the simulated sump depth as
measured by zlevel − z0.4, zlevel − z0.7 and zlevel − z0.95 (it is indeed difficult to know exactly to
which solid fraction corresponds the penetration of the measurement rod). This comparison is
displayed on Figure 6.33.
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Figure 6.33: Experimental measurements of the sump depth from [6] compared with
simulated values (difference between zlevel and the vertical position along
the centerline of the iso-gs line for 0.4, 0.7 or 0.95). Due to the experimental
method, the measured depth is not expressed with respect to the liquid
level and can thus not be compared directly with the simulated data.

Due to small differences in the experimental conditions and the fact the experiment cannot
be performed with the liquid level as a reference position, the absolute values of the sump depth
should not be compared. What is important however is that the experiment indicates that there
exists a time delay between the observed maximum sump depth and the maximum imposed
casting speed. This delay is due to thermal inertia of the casting and can be converted in term
of a difference in zlevel : ∆zlevel =

∫ (t↔depthmax )
(t↔vmax

cast ) vcastdt. According to the parabolic fit of the
experimental measurements, this shift corresponds to ∆zlevel = 140 mm. The shift predicted by
the numerical simulation was found to be around3 ∆zlevel = 130 mm thus indicating that the
thermal model is fairly accurate, at least once the start-up phase is over.

As summarized above, the position at which the hot tear appears (ztear ) and heals (zheal ) is
known. Instead of this position, it would be more interesting to determine what is the velocity of
the isotherms when and where the tear is initiated (vT,tear ) or healed (vT,heal ). Commet proposed
that vT,tear could be estimated as vcast (ztear ) [6]. In general, this can only be an estimation since
the hot tear does not form at zlevel (in fact, hot tearing can only occur some distance below
zlevel , where 0.8 < gs < 0.99). Moreover, the thermal inertia of the system will depend on many
parameters and affect the local isotherm velocity.

In this context, the numerical model can be used to know how fast a given isotherm (corre-
sponding to e.g. gs = 0.95) moves as a function of its position in the sample (lagrangian evolution
of vT ). Such a result is shown on Figure 6.34. If one considers a given position in the billet (eu-
lerian view of the problem), it turns out that all the isotherms in the coherent mushy zone will
pass that position with approximately the same velocity. This velocity is moreover close to the
casting speed, which corresponds to the imposed value of vT at the liquid level (i.e. for the
670 ◦C isotherm). In fact, the isotherms are some distance below zlevel and thermal diffusivity
(α = κ

Cp
≈ 7 · 10−5) is such that it takes some time before these isotherms increase their speed

(if vcast is increasing). These two effects compensate so that it is acceptable to approximate e.g.
v0.9
T

(
z0.9
)

with vcast (zlevel ) as suggested in [6].

From this result, it is possible to measure accurately what was the velocity at which various
isotherms were traveling at the points where the hot tear was started and healed. During the first

3it depends weakly on what solid fraction is assumed to be touched by the rod measuring this depth.

119



Chapter 6. Results and Discussion

90

70

110

130

150

0.2 0.7 1.2 1.7 2.2 2.7 3.2
z [m]

v T
 [m

m
/m

in
]

70

90

110

130

150

v c
as

t [
m

m
/m

in
]

vT0.99
vcastvT0.6

Figure 6.34: Velocity of the isotherms as a function of their position : v0.6
T

(
z0.6

)
and

v0.99
T

(
z0.99

)
.

increase in vcast , the tear appeared at a location corresponding to vT = 105.9± 0.5 mm min−1.
For healing of the tear, it was necessary to ramp the isotherm velocity down to vT = 104.2 ±
0.5 mm min−1. For the second increase in vcast , tearing appeared for vT = 100.8±1.1 mm min−1.
As was expected, hot tearing happens at lower velocity when the casting speed is varying rapidly
(second increase of vcast). Moreover, once a tear exists in the billet, it will only heal if the casting
speed is dropped below the value at which it was initiated.

Further information is available from the thermal model as it is possible to extract, along
the centerline, the thermal gradient around a given isotherm, e.g. G0.8

(
z0.8
)
. This quantity will

depend strongly upon which isotherm is considered, as shown on Figure 6.35. As the time (or
local solid fraction) at which the tear was started or healed is not known, it is not possible to
extract one value of G that corresponds to the conditions of tearing. However, it is possible
to observe that the thermal gradient increases with gs and seems to exhibit a maximum value
between gs = 0.9 and gs = 0.99, which is typically the range that is critical for hot tearing. The
typical order of magnitude of the thermal gradient in that significant range is of 7000 K m−1.

Similarly, the cooling rate experienced by the material at the location of a given isotherm can
be extracted from the simulated thermal field. The local cooling rate is negative and its absolute
value (displayed on Figure 6.36) increases as solidification proceeds. Again, it is difficult to
extract the exact value of Ṫ at which the tear nucleates or heals (because the corresponding
solid fraction is not known). However, is seems that Ṫ ≈ −10 K s−1 is the reasonable order of
magnitude to be used to characterize this casting.

In summary, the thermal model provides detailed information about the conditions under
which hot tearing is expected to occur. However, characteristic quantities such as thermal
gradient or cooling rate cannot be accurately evaluated at the onset/end of hot tearing because
the time at which this defect is formed/healed is not known exactly.
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Figure 6.36: Absolute value of the cooling rate at the position of several isotherms
corresponding to gs = 0.6, 0.8, 0.9 and 0.99.

6.3.2 Mechanical Results

Before considering strains in the mushy zone, it is worth making a few comments about the
stresses predicted in the billet by the model. Along the centerline, the dominant stress contri-
bution (i.e. the maximum principal stress) is tensile and oriented in the radial direction. As
a consequence, it is interesting to study the value of σrr evaluated on a given isotherm (corre-
sponding to some value of gs) as a function of the position of this iso-gs. This result is shown on
Figure 6.37. It is important to note that the order of magnitude of the tensile stress experienced
by the mushy alloy in the range of solid fractions where it is expected to fail is typically 1–2
MPa.
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Figure 6.37: Radial stress at the centerline of the billet as a function of the position of
the iso-gs on which this stress is evaluated.

Along the centerline of the billet, it is also interesting to study the volumetric strain cumulated
up to a given solid fraction :

εgs
sw =

∫ gs

gs=gcoh
s

ε̇swdt

This quantity was indeed used more or less directly in recently formulated hot tearing criteria
[1, 106]. It is plotted as a function of the position of the corresponding iso-gs for three different
solid fractions on Figure 6.38. Again, it is difficult to evaluate accurately εgs

sw when tearing occurs
because gs,tear is unknown. However, it is interesting to note that, for gs = 0.99, the positions of
tear initiation (two occurrences) correspond to ε0.99

sw = 0.165 ± 0.005 % while healing occurs for
ε0.99
sw = 0.145± 0.005 %. This indicates that εsw appears to be a quite good indicator of the hot

tearing tendency in that problem in the sense that hot tearing seems to arise when εsw exceeds
a given value.

As suggested by the RDG criterion [37], which seems to be well suited to the present situation
[93], it is also relevant to study the variation of the strain rate (measured by the rate of swelling
ε̇sw) evaluated at some given solid fraction along the billet. This is displayed on Figure 6.39.
Below gcoh

s , ε̇sw is zero according to the rheology of the material. Above gcoal
s the mushy alloy

behaves very much like a solid and the swelling rate thus tends to decrease as indicated by
ε̇0.99
sw (the dense solid deforms with ε̇sw = 0). Moreover, the numerical results indicate that the

volumetric strain rate remains fairly constant in the range 0.8 < gs < 0.94, at least in the region
where hot tearing is initiated and healed.

Since ε̇sw varies only slightly with gs in the range of solid fraction in which hot tears may form,
it is possible to study the value of this parameter when the hot tear is initiated (2 locations) :

ε̇initiation
sw = 1.67± 0.07 · 10−4 s−1

On the other hand, healing is found at a location such that :

ε̇healing
sw = 1.55± 0.07 · 10−4 s−1
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Figure 6.38: Cumulated volumetric strain up to a given solid fraction plotted against
the corresponding zgs .
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Figure 6.39: Volumetric strain rate ε̇sw evaluated at a given solid fraction and plotted
against the corresponding zgs .

In summary, the presence of a hot tear in the billet would have been well predicted by saying
that there exists a critical volumetric strain rate (coherent with [101]) ε̇c

sw = 1.6 · 10−4 s−1 such
that hot tearing occurs wherever ε̇sw exceeds ε̇c

sw in the range 0.85 < gs < 0.95. The existence
of a critical value ε̇c

sw is also what is predicted by the RDG criterion, which shows that such a
critical strain rate corresponds to a critical liquid pressure drop in the liquid [37]. Knowing the
gs (T ) relationship for the AA5182 alloy and introducing reasonable orders of magnitude for the
various parameters (G = 7000 K m−1, φ = 100 µm, β = 8.5 %, vT = 2 mm s−1, gcoal

s = 0.98
and µ = 1.3 Pa s), the RDG criterion indicates that the critical strain rate ε̇c

sw = 1.6 · 10−4 s−1

corresponds to a critical pressure drop ∆pcrit = 14.2 kPa. This value is close to the actual liquid
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pressure drop predicted by the model when hot tears are initiated, as presented in the next
section. In the present case, the RDG criterion appears to be able to predict fairly accurately
the relation between ε̇sw and ∆pl.

Even though the volumetric strain rate correlates well with the hot tearing pattern, it is not
possible to conclude that a hot tearing criterion that would take this quantity alone into account
is suitable for all situations. As outlined above, the cumulated volumetric strain also appears
to be a reasonable indicator (i.e. a critical value of εsw above which hot tearing is found could
also be defined). It is in fact likely that both strain and strain rate (at least) play a role in hot
tearing formation.

6.3.3 Porosity Results

Let us now examine the results obtained from the porosity module. First of all, it is possible to
evaluate the relative importance of the shrinkage and strain contribution to the liquid pressure
drop. For this purpose, let us consider the following :

Ωsh

Ωmech
=

vT β

ε̇sw
∆Tfreeze

G

≈ 2 · 10−3 · 8.5 · 10−2

2 · 10−4 125
7000

≈ 50

This calculation indicates that the characteristic pressure drop associated with shrinkage is
much larger than that induced by the strain rate. As a consequence, the calculated pressure
will be mainly dictated by the thermal model and the value of ρ (T ). The calculated profile of
the liquid pressure in the last interdendritic liquid, p0.99

l , as a function of z0.99 is displayed on
Figure 6.40. On the same figure, this data is also plotted as a liquid pressure drop, ∆pl = p0−pl,
where p0 is the sum of the atmospheric and metallostatic pressures. When compared to the
typical stresses encountered in the mushy zone (∼ 2 MPa), this indicates that the semi-coupled
method is indeed very well suited to describing the casting of such a billet (since σ

∆pl
∼ 102).
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Figure 6.40: Pressure in the liquid, absolute value and pressure drop, just before solid-
ification is completed as a function of position along the centerline of the
billet.

This result indicates that the pressure drop increases with vcast . Physically, this means that
feeding is more difficult when the casting speed is high, which was expected. This aspect of hot
tearing modeling is thus captured in the present simulation.

The pore fraction predicted along the centerline of the billet is shown on Figure 6.41. This
quantity follows the same trend as the liquid pressure drop and thus varies very similarly to the
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6.3. Full-Scale Billet

casting speed. What is very important to remark is that gp is small (typically 0.3%) and hardly
varies throughout the billet (amplitude of variation of about 0.01%). This prediction appears to
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Figure 6.41: Porosity fraction predicted along the centerline of the billet.

be in good agreement with experimental observations. The amount of hydrogen, and thus the
amount of porosity in the casting, is indeed known to have no marked effect on the hot tearing
tendency in DC casting [6].

6.3.4 Summary

We have shown that the semi-coupled method is relevant in this case since the liquid pressure
drop is small when compared to stresses in the solid. Moreover, this approach is able of providing
a lot of information about DC casting of an AA5182 billet.

However, using this information to describe and predict the hot tearing phenomenon is more
difficult. When compared to laboratory scale tensile tests, the billet is indeed more complex for
two reasons. On one hand, the strain applied to the mushy zone is controlled by the cooling
conditions. As a consequence, faster cooling will also lead to more straining and higher liquid
pressure drop, which means that all the classical hot tearing indicators increase simultaneously
and it is thus difficult to distinguish the effect of each one of them on the observed hot tearing
tendency.

On the other hand, it is difficult to know what are the exact conditions that correspond to
hot tearing. The only experimental information is indeed where the hot tear is found but there
is no evidence of when (i.e. at which solid fraction) tearing occurred. As a consequence, it is
difficult to make accurate correlations between simulated values and experimentally observed
hot tears. As a comparison, information about both of these aspects was available in the tensile
tests studied previously.

Considering reasonable solid fractions for hot tearing and using the fact that some quantities
are roughly constant over a range of gs, it is possible to deal with the second difficulty to some
extent and to estimate the conditions experienced by the mushy material at failure.

To study the hot tearing susceptibility, four indicators can be considered based on existing
theoretical models : vT , εsw, ε̇sw and ∆pl. They are normalized by the maximum value they
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Figure 6.42: Value of different possible indicators of the hot tearing tendency at the
locations where the tear morphology changed.

reached during the cast to define corresponding measures of HCS (e.g. HCS = vT
vmax

T
). These

four different HCS were measured at the locations where changes were observed in the hot tear
pattern (see Table 6.2). The result of this study is shown on Figure 6.42.

All these indicators follow a similar trend. They all increase with vcast and are larger in
torn regions. For εsw, ε̇sw and ∆pl, a roughly constant value appears as the limit between tear
nucleation and healing. When HCS is above this limit, tearing is found. Moreover, during the last
increase in vcast , these indicators keep increasing, which seems coherent with the establishment
of a star-shaped tear.

As already pointed out, it seems to be difficult to pick one of these indicators as being more
relevant since they all indicate the same trend. This is due to the fact that all the relevant
phenomena depend upon the thermal field and a higher casting speed make the material more
prone to hot tearing from all points of view (more strain and less healing possibility). It is in
fact likely that several aspects (cooling rate, strain state and liquid feeding) are significant but
their relative importance is difficult to assess at this stage.

In conclusion, the study of hot tearing in DC cast billets using continuum modeling does not
clearly bring a new insight in what is happening during hot tearing. This is a consequence of
the features of the process itself. Hot tearing theories may thus be validated in such a case but
it seems difficult to establish new criteria, which would be more advanced than those already
existing, without further information (theoretical or experimental).
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Chapter 7

Conclusion and Perspectives

7.1 Conclusion

The objective of this work was to study the formation of hot tearing at the scale of an entire
casting and using continuum modeling approaches. Hot tearing is known to occur in mushy
alloys under strain, when the network of solid grains is not fully percolated and feeding by the
intergranular liquid is difficult. Even though the general context for the formation of this defect
is known, quantitative theories are difficult to formulate and their predictive capability remains
limited.

The problem of hot tearing is very complex because numerous physical phenomena come into
play and interact with each other. Moreover, the properties of the mushy alloys are difficult to
measure and model accurately. In addition to this, the geometry of the casting and boundary
conditions that it experiences may become quite complicated to describe. For all of these reasons,
assessing the problem at hand is only possible provided efficient numerical modeling tools are
available.

Theoretical considerations have shown that the problems of heat flow, solid deformation and
liquid feeding have to be solved in the coherent mushy zone in order to characterize hot tearing. A
two-phase approach was presented, in which the equations for mass and momentum conservation
in a mushy alloy were coupled and should be solved together to obtain the pressure in the liquid,
pl, and the displacement in the solid, us. The solution of such a coupled problem can only be
obtained provided a suitable numerical solver is developed, as was done by M’Hamdi et al [1].

In the present work, another solution scheme was proposed by introducing a decoupling
assumption that appears to be reasonable in various processes, such as DC casting. Assuming
that the liquid pressure (and its gradient) is small compared to the stresses in the solid, the
momentum conservation problem can be written in a simplified form, which can then be solved
using commercially available software.

The main drawback of this method is that an inaccurate version of the problem at hand
is solved. However, it was possible to show that this inaccuracy remains small in a significant
variety of cases, which are relevant to the study of hot tearing in aluminum alloys. On the
other hand, the semi-coupled approach offers several advantages : its is easier to implement in
existing softwares, it is more flexible and it allows using well adapted solving methods for each
problem. This is due to the fact that, in this approach, three different softwares were used for
the calculation of the quantities of interest in hot tearing formation.
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The semi-coupled method was indeed implemented using CalcosoftTM (thermal model),
AbaqusTM (mechanical solver) and the porosity module from ProCastTM (liquid pressure and
pore fraction model). The thermal problem was solved first and the temperature field was then
used as an input for the mechanical calculation. The result of the latter, namely the divergence
of the solid velocity field, was then used in the computation of the evolution of the pressure in
the liquid, pl. In addition to the set of input/output tools that were developed to allow these
three softwares to communicate, most of the implementation effort was put into the porosity
module (strain term in the mass conservation equation and mechanical solid fraction correction)
and the description of the mechanical behavior of the alloy. The results of the work conducted
by Ludwig et al [2] were indeed implemented into AbaqusTM together with the rheology of the
solid alloy at moderate temperature.

The accuracy of this numerical tool could be assessed and guidelines for the selection of mesh
size and time steps were proposed. Having obtained this information, the semi-coupled method
was applied to three cases for which experimental measurements were available. In general, it
was found that the validity of the thermal model was well verified when compared to experimen-
tal data, provided the boundary conditions were described accurately enough. Moreover, the
mechanical model also provided results that were in good agreement with actual measurements
performed during various tests, on a fairly broad range of temperature and strain rate.

The first test to which the semi-coupled approach was applied is the mushy zone tearing
test of Grasso [5]. The model could first be used to outline two failure modes occurring in the
torn samples. At high temperature, failure appeared to be related to local decohesion. As a
consequence, tearing under such conditions is more related to the test itself than to the intrinsic
properties of the material. At lower temperature however, this artifact is not observed and failure
in the alloy occurs after some damage has formed. It was important to note that relatively high
strain rates were experienced by the mushy alloy during the test. As a result, the observed failure
modes do not represent well the conditions of hot tear formation in a DC-cast ingot.

In addition to the information obtained about the test itself, the semi-coupled method also
provided useful information when discussing the results. The increase in tensile strength could
indeed be characterized in terms of an accurate solid fraction at which tearing actually occurred.
Such information showed that percolation due to coalescence started around gs = 0.92. This
tearing test was thus found to be efficient for the study of this phenomenon, which is one
important aspect of hot tearing.

The next case that was considered was a tensile test developed by Magnin et al [91] and
referred to as the (Alcan-Pechiney) rig test. Vernède and Commet [4] used this setup to charac-
terize the ductility of mushy alloys. This test was conducted with strain rates that are similar
to those encountered in DC casting. The experimental data was used to validate the numerical
model and the latter gave further interesting results. It was indeed possible to identify strain
concentration effects and to extract intrinsic material properties, such as the ductility as a func-
tion of gs. One of the most important conclusions of this work was that, under these conditions,
hot tearing seems to occur when a solid fraction dependent critical strain (i.e. ductility, which
depends on gs) is reached. The strain rate effects were found to be less significant.

These tensile tests have some particular features that are important. They are well instru-
mented, isotherms are roughly parallel to the observed tears and the applied strain is controlled
independently from the cooling conditions. The last case that was studied in the present work is
that of a full-scale DC-cast billet. In this industrial test, there is less experimental information
available, hot tears are perpendicular to the advancing isotherms and the strain experienced
by the mushy zone is directly controlled by the cooling conditions. It is thus not obvious to
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extrapolate results from the study of the tensile tests to this case.

The semi-coupled method could be applied to the DC casting of an entire billet. The nu-
merical model was used to obtain information about local isotherm velocity, strain, strain rate
and liquid pressure. These quantities are classical indicators of the hot tearing tendency. Their
values could be correlated to experimentally observed hot tears. However, these correlations are
not fully accurate since the solid fraction at which hot tears form and heal could not be measured
experimentally.

Another difficulty that arises when interpreting the result of such calculations comes from the
fact that all the hot tearing indicators follow a similar trend. When the casting speed is increased,
both the strain and the strain rate increase in the mushy alloy and feeding also becomes more
difficult. As a consequence, several possible criteria could be used to explain qualitatively when
and where the hot tear appears. However, a more advanced criterion that would be able to
predict whether or not hot tearing actually occurs is not available at this stage.

7.2 Perspectives

The semi-coupled method implemented in the present work has proven to be an efficient tool to
study solidification processes at the scale of an entire casting. A good flexibility is obtained be-
cause different problems are solved using dedicated solvers. The main drawback of this method is
that the effect of liquid pressure is neglected in the mechanical calculation. When this assumption
is not acceptable, the present approach may thus not be applied.

If necessary, another approach with an increased level of accuracy could be setup without
altering too much the general flow chart proposed in this work. It is indeed interesting to remark
that the liquid pressure is often determined mostly by solidification shrinkage (Ωsh >> Ωmech).
It is then reasonable to neglect the strain term in the liquid pressure calculation. The values
of pl could then be obtained immediately after the thermal calculation. Using pl and ∇pl as
input, the mechanical problem expressed in its complete form (in terms of the effective stress,
see Equation (2.41) on page 24) could be solved. This approach would be relevant in processes
where pl or ∆pl become very high (e.g. high pressure die casting or continuous casting of steel)
provided rheological models are also available under such conditions.

The work that was conducted during the present thesis also leads to more general conclusions
regarding modeling of hot tearing at the continuum scale. It appears that not all the phenomena
relevant to hot tearing are captured efficiently using a two-phase averaged approach. Hot tearing
involves indeed mechanisms with very different characteristic length scales (e.g. strain field at the
scale of the casting and strain localization in intergranular liquid films) as outlined by Vernède
[7]. A multiscale modeling approach is thus necessary to obtain a clear theoretical picture of hot
tearing.

In this context, there are two ways in which continuum scale modeling can be used. The
first approach is suited for industrial applications. After a reasonably accurate thermal model
has been setup to represent the process, the mechanical calculation may be conducted using
relatively simple rheological models, e.g. as expressed in Equation (2.56) (p. 29). Compressibility
and partial cohesion of the mushy zone do not need to be taken into account explicitly at this
stage because any measure of ε̇ will indicate the correct trends (ε̇sw is roughly proportional to
e.g. ε̇cr). Moreover, the liquid pressure drop is often controlled mainly by solidification shrinkage
so that volumetric strain rate does not need to be accounted for in porosity calculations. Such
calculations are less CPU time intensive.
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In this approach, the variation of various hot tearing indicators will be reproduced even
though their actual values may not be correct. This information is sufficient because it is not
possible to find a definition of HCS that actually predicts whether or not hot tears will form.
Various criteria indeed indicate where the highest probability of failure is found. Actually casting
some billets and optimizing the process using a trial and error approach can in this case be limited
by using numerical modeling but not avoided.

A model such as that developed in the present work is best suited for more fundamental
research purposes and that is the other perspective in which such an approach is relevant. One
very important drawback is that calculations become very long when applied to real processes.
However, a great level of complexity and detail is included. In particular, the rheological behavior
as expressed by Ludwig et al [2] is an important contribution to a thorough description of what
is happening when hot tears form.

In fact, the semi-coupled method has proven its ability to describe accurately the temperature,
strain, strain rate, liquid pressure and porosity fraction in an entire casting. The variation of
these quantities down to a scale of a few mm can be captured using this approach. The possibility
of obtaining such detailed information at this scale is important because this data may be used as
input to granular models, which capture the phenomena occurring on length scales of a few tens
of µm to a few cm (e.g. feeding and strain localization) [7]. The local temperature, cooling rate,
strain and strain rate could indeed be used as boundary conditions for granular calculations. On
the other hand, the granular model could be used to describe in more details how the cohesion
of the mushy alloy evolves as a function of various parameters.

Multiscale modeling involving both a two-phase approach similar to what was developed in
the present work and granular models appears as the most promising way to improve quantitative
descriptions of hot tearing. This may even give access to numerical tools able of predicting hot
tear formation efficiently enough to bring the trial and error process in the casthouse down to a
very limited level.
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List of Symbols

Symbol Meaning Units

Misc. symbols and operators

˜ indicates exact solution to a problem
|v| norm of the v vector [v]
|a| absolute value of a [a]
ȧ time derivative of some quantity a [a] s−1

T indicates a vector’s transpose
∇ operator nabla defined by ∇ =

(
∂
∂x , ∂

∂y , ∂
∂z

)
and

used to note the gradient of a, ∇a, or the diver-
gence of v, ∇ · v

[a] m−1

Greek letters

α′ modified Fourier number introduced in the
Clyne-Kurz microsegregation model

αth linear thermal expansion coefficient K−1

α rate of evolution of cohesion at small strain
α0, α1 constants determining the saturation value of α
β solidification shrinkage
δ interface thickness m
∆x mesh size m
∆t time step s
∆tav average time step s
∆ref relative difference between a given solution and

the exact solution
∆Tb coalescence undercooling K
∆Tfreeze freezing range of the alloy K
∆T eq

freeze equilibrium freezing range of the alloy K
∆sf entropy of fusion per unit volume J m−3 K−1

∆gmech
s mechanical solid fraction

∆psh
l shrinkage-induced pressure drop Pa

∆pmech
l strain rate-induced pressure drop Pa

εsw cumulated volumetric strain
εcr cumulated creep strain
ε̇e equivalent viscoplastic strain rate s−1
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Symbol Meaning Units
ε̇0 thermally activated factor describing the hot

solid rheology
s−1

ε̇cr equivalent creep strain rate s−1

ε̇sw equivalent volumetric strain rate s−1

ε strain tensor
ε̇ strain rate tensor s−1

εel ε̇el elastic strain and strain rate tensors − s−1

εth ε̇th thermal strain and strain rate tensors − s−1

εie ε̇ie inelastic strain and strain rate tensors − s−1

εpl ε̇pl plastic strain and strain rate tensors − s−1

εvp ε̇vp viscoplastic strain and strain rate tensors − s−1

φ grain size m
γgb grain boundary energy J m−2

γs/l solid-liquid interface energy J m−2

γl/v liquid-vapor interface energy J m−2

Γ interface transfer term in two-phase averages
η strain sensitivity of the solid alloy
κ characteristic stress in Ludwik’s rheological

model
Pa

κ curvature of a pore m−1

κ thermal conductivity W m−1 K−1

λ strain rate sensitivity of the solid alloy
λ2 secondary dendrite arm spacing m
µ viscosity of the liquid alloy Pa s
µ strain rate sensitivity of the solid alloy
ν Poisson’s ratio
ρ density of a single phase material kg m−3

ρ average density of a solid-liquid mixture kg m−3

σM Mises stress Pa
σ̂M effective Mises stress Pa
σy Yield stress in uniaxial tension Pa
σ stress tensor Pa
σ̂ effective stress tensor Pa
τ strain rate normalized by displacement rate and

length of the sample
Ω0 averaging volume m3

Ωsh characteristic shrinkage-induced liquid pressure
drop

Pa

Ωmech characteristic strain-induced liquid pressure
drop

Pa

χ control parameter in automatic time incremen-
tation procedure

Roman letters

A Arrhenius pre-factor s−1

A2, A3 rheological softening functions
c0 nominal concentration of an alloy wt%
C cohesion of the mushy alloy
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Symbol Meaning Units
C∗ saturation value of cohesion
Cp heat capacity per unit volume J m−3 K−1

C elastic stiffness tensor Pa
E Young’s modulus Pa
F yield function
F force N
g gravity vector m2 s−1

gl volume liquid fraction gl = 1− gs

gs volume solid fraction
gcoh
s coherency point

gcoal
s coalescence point

gth
s critical solid fraction below which thermal con-

traction causes stress
gp volume pore fraction
G (visco)plastic potential
G thermal gradient m K−1

h heat transfer coefficient W m−2 K−1

H enthalpy per unit volume J m−3

[H]0 nominal concentration of hydrogen in the melt ccSTP/100g
[H]l hydrogen concentration in the liquid phase ccSTP/100g
[H]∗l solubility limit of hydrogen in the liquid ccSTP/100g
HCS hot tearing susceptibility various
I unit tensor
k partition coefficient
k constant accounting for coalescence in the mushy

zone rheological model
K permeability m2

L latent heat per unit volume J m−3

m slope of the liquidus line K wt%−1

n exponent of the power-law creep
p exponent for the determination of the saturation

value for cohesion
pl pressure in the liquid Pa
Ps pressure in the solid Pa
P̂s effective pressure in the solid Pa
Q activation energy J mol−1

rp pore radius m
rp,n pore radius at nucleation m
R ideal gas constant J K−1 mol−1

s0 characteristic resistance to stress Pa
S Sieverts coefficient ccSTP/100g
S deviatoric stress tensor Pa
Ŝ deviatoric effective stress Pa
t time s
T temperature K
Ṫ cooling rate K s−1

T coh coherency temperature K
T coal coalescence temperature K
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Symbol Meaning Units
Tf melting point of pure aluminum K
Tliq liquidus of the alloy K
Teut eutectic temperature K
Tsol solidus of the alloy K
Tsurf temperature at the surface of the cast K
Ttear tearing temperature : temperature at which the

load is applied during a tensile test
K

Tε temperature below which strain hardening be-
comes significant

K

u displacement field m
v velocity field m s−1

vT velocity of the isotherms m s−1

vcast casting speed m s−1

x position in space m
X stress triaxiality
zlevel cast height in a billet m
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