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1 MOTIVATION 3

1 Motivation

Standard continuous Galerkin-based finite element methods have poor stability prop-
erties when applied to transport-dominated flow problems, so excessive numerical sta-
bilization is needed. In contrast, the Discontinuous Galerkin method is known to have
good stability properties when applied to first order hyperbolic problems.

2 Outline

In this semester project we will consider the Discontinuous Galerkin method.

In section 3, the transport-reaction problem is presented. It mentions also the hy-
pothesis under which uniqueness and existence of the variational formulation in L? is
guaranteed. A stability result follows.

In section 4, the pure transport problem is presented as well as a stability result for
this problem.

Section 5 introduces the Discontinuous Galerkin method followed by a conver-
gence analysis. The main result of this project is the proof of the convergence theorem.

Section 6 deals with numerical results. In the framework of this semester project
a Matlab code is developed for the computation of a numerical approximation. The
method is applied to a simple test case with known solution. Finally, the results are
analysed.

Section 7 is the conclusion of the Discontinuous Galerkin method.

In sections 8 and 9 we give a rudimentary introduction to orthogonal polynomials
and numerical integration.

3 TheTransport-Reaction Problem

In this section, the transport-reaction problem is studied with non constant coefficients.
The following problem is considered:
Find u : Q — R such that:

ug+pu = f in Q Q)

u = g on T'_ 2

where ug = 3 - Vu denotes the derivative in the S-direction. I'_ is defined by I'_ =
{z € Q2 : n(z) - B < 0}, where n(x) is the outward normal unit vector at the point .

Analogously T';. is defined by T'y = {z € 9Q : n(z) - 8 > 0}. B is a vector field such
that 3 € [W1h>°(Q)]4, and € L®(Q), f € H(Q), g € H=(I'_). Let be

Wo ={we L*(Q):3-Vwe L*(Q)} C L*(Q)

with norm
”u”%/V,Q = HUH%Q(Q) + 118 Vull72q

W is a Hilbert space.
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3.1 Uniquenessand existenceof thevariational formulationin L?(Q)

Multiplying (1) by a smooth test function v : 2 — R and integrating on the domain €2
leads to:
Find uw € W(K)

/(uu+ﬁ~Vu)v: fv Youe L)
Q Q

Let V' be the space
V={weWq:wlr =g} CWq (3)

The bilinear form a : Wq x L?(Q2) — R and the linear form F : L?(2) — R are
defined by

e
—~
£

4
=

I

/(uu+B-Vu)v Yu € Wo, Vo € L(Q)
Q

o
=
S
=
I

/Uf Yo € L?(Q)
Q

Then, the variational formulation in L2(€2) is:
Find v € V such that:

a(u,v) = F(v) Yv € LQ(Q) 4)

It can be shown that under the hypothesis that there exists a constant 1, such that
1 -
px) =5V -B@) = po >0 aein 0 )

the conditions of the Ne€as Theorem are satisfied. That implies that there exists a
unique solution of (4). In addition, condition (5) is also necessary for uniqueness and
existence. For more details see [1].

3.2 Stability

In this section, a stability result for the Transport-Reaction Problem on the whole do-
main is developed.

Lemma 3.1 (stability for the transport-reaction problem) If it exists a constant p,
such that u(z) > p1 > 0V x € Q, then the following stability result is given:

1
pl|ull 20y +/ 16 nlu? < —[Ifll720) +/ 6 - nlg?
. H1 r_

PROOF. Let us take equation (1), multiply it by « and integrate over . We get

(ug, w)a + (pu, u)a = (f,u)o

Then, the following integration by parts is used

(uﬁv U)Q = 7(“‘7 u[})fl + (ﬁ s nu, U)asl
= _(uﬁvu)ﬂ + (|ﬁ : n|u,u)p+ - (lﬁ : n|g,g)r7
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so that ) )
(. u)e + (1 nlu, wr, = (f.wa + 5 (18- nlg. g)r
Now, the Cauchy-Schwarz inequality is applied to (f, u)q. This leads to
2(pu, w)a + (18- nlu,w)r, = 2[|fllellfllo + (18- nlg, 9)r_
Finally the Young inequality with ¢ = i is applied. Then

1
xmw§@+/lﬂmf§—Wth+/lﬂmf
Ty M1 r_

O
4 Thepure Transport Problem
In this section, the pure Transport Problem is considered:
Find u : 2 — R such that
ug = f in QCR? (6)
u = g on T_ @)
Then the variational formulation of this problem is:
Find u € Wgq, such that:
(ug,v)o = (fiv)a Yve L*Q) )

U = g on I'_

41 Stability

Lemma 4.1 (stability for the pure Transport Problem) Inthe case of the pure trans-
port problem, i.e. if © = 0 and under the hypothesis that there exists a vector function

v e (L°°(K))d such that it exists a constant v; which satisfies
F-B=n>0
then, the following stability result is given
e )72y + (18- nle” 7 Fu, e T u)r,

1 e
< aﬂe Y2 + (18- nle” g, e T g)r

PROOF. Let be () = e~ 7u(Z) and note that problem (6) is equivalent to the fol-
lowing problem:
Find @ : 2 — R such that
B-Vi4+vi = e zf in Q

u:e'fg on I'_

where v = 7 - 5 This is a transport-reaction problem and thanks to the hypothesis,
Lemma (3.1) can be applied, so that we get the result.

O
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5 Discontinuous Galerkin Method

5.1 Notations

Let us first introduce some notations. Consider an element K. K can be arbitrary a
simplex or a parallelepiped , then K is split into

OK_ = {ze€dK:n(z) - 8<0}
0Ky = {zx€0K:n(x)-8>0}

and we have that 0K = 0K_ U 0K .

vT o= h%l, v(z + sB)
+ _ .
vt o= 81_1,%1+U(m+ s0)
[v] = vt —0v™
o(z) = vt e dK_
|l v z€0Ky

Let be h g the diameter of the element K and h = maxg hy.
In addition, (u, v), denotes the usual L2-scalar product on A.

5.2 Themethod

In this section, the principle of the Discontinuous Galerkin method is presented. Let
us consider the transport-reaction equations. We will begin by studying the problem
restricted to one element, meaning a simplex or parallelepiped. On the element K, the
following problem is considered:

Find u : 2 — R such that

ug+pu = f in K 9)
u = u- on OK_ (10)

where v~ is a given function on 9K _. The associated variational formulation is:
Find v € Wik

(g + w0 = (fo)x  Yoe LK)
u = u_ on O0K_

Using integration by parts leads to:
(uﬁvv)K + (,U‘U7U)K = 7(’11,71)[3)]( + (ﬂ : nflﬁ@)aK + ([,L’LL, U)K = (f7U)K

where n is the outward unit vector of K. Boundary conditions are imposed weakly, so
that the problem is:
Find u € W such that:

(u, v) g —(u, v8) k+(Bnu™ v )ok, = (fv)k+(Bnfu”, v o  Yve Wk

Note that »~ on 0K _ is the given function of the boundary condition, but that = on
0K is the solution on 0K ;.
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Now, a Galerkin approximation is used. That means that the space Wy is replaced
by the finite dimensional space V}, which satisfies V;, C Wy . The formulation is the
following:

Find u;, € V}, such that:

(Hun, vi)k — (un, vng) K + (B - nuy, v, ok,
= (f,on)k + (18- nluy, , v )ox_ Yve W

where v, is an approximation of »~ in the space V},. Then using integration by parts
for (un,vnz) Kk asecond time leads to:
Find uy, € V},) such that:

ax (un,vn) = (f,on)k Y0 EV, (11)
where v, is given on the inflow boundary K _ and
ax (un,vp) = (ung + pun, )k + (|6 - n|fun], vy ox

Choosing a basis {¢;} for the space V}, and writing u, = > u;jp;(z) leads to a
algebraic system:

Ai=f (12)
where
Aij = (pjp+pp,ex+ (168-nlel, o ox_
fi = (fhedr + (8 nlu™,¢)ax_

To solve the problem on one element, one needs only to know the the inflow boundary
data and f. Because the data is given on the inflow boundary of the whole domain, one
can find an order of elements such that the problem can be solved element by element.
For an example see Fig. 1. Instead of solving a big system of linear equations, many
small systems of linear equations has to be solved when using Discontinuous Galerkin.

Now, we would like to show existence and uniqueness of the approximation u,.
Since the problem can be uncoupled, it is sufficient to prove well posedness for one
element K. The following lemma shows the result in the case of the Transport-Reaction
problem.

Lemma5.1 If u € L*°() is such that
p(x) > p >0 Vel
then for each element K € 7, it exists a unique solution of the linear system (12)
Ai=f

for every constant vector f.
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Figure 1: Example of an order of triangles for the Discontinuous Galerkin Method

PROOF. First, the test function v, € V}, of the variational formulation is chosen
equal to uy. Using partial integration, we obtain

(ung, un)x = —(un, ung)x + (8- nul, ul )ox_ + (8- nu;  u;)ox, (13)
so that
2 (uhﬁvuh)K = (ﬂ ' HUZ, UZ)BK* + (ﬁ : nuh_a u}?)@K* (14)
Secondly, the left hand side of the variational formulation is considered.
2 (ung, un)x +2 (18- |y, wy)ox (15)
= =18 nluf, w)ox_ + (8- nluy ,uy ok,
+2 (18- nluy, uy)orx
= (18- nluy,up or, + (18- nluy, wy))ox
= / |3 - n|uy do
oK
so that

2 (ung + pun, un)x + 2 (18- nluyl uf ok

:/ |ﬁ-n|1fh2da+2/ puidr
oK K

Using the same basis of the space V4, as above, this is equivalent to the following
equation:
1
wAT = —/ |8 - nluido +/ iy da (16)
2 oK K

If A@ = 0then @A@ = 0 and as consequence

1 .
025 [ 18 nlido + [ e > e 2 0 an
0K K
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That implies that u;, = 0 and @ = 0. This proves the regularity of the matrix A as well
as the uniqueness and existence of the approximation wy,.

O
In the case of the pure Transport Problem, we have the following result.
Lemma 5.2 We assume that one of the following conditions are satisfied.
o Vj, = PY(K)
e V,, = P?(K) and each side I of the the triangle K satisfies

|IB-n(z)]>C Vxel

then, there exists a unique solution of the linear system (12), derived from the pure
transport problem, .
A= f

for every constant vector f.
PROOF. Taking equation (16) with . = 0 leads to:

ﬁAﬁ:l/ |3 - n|undo (18)
2 Jox

The uniqueness and existence of «;, follows of the regularity of the matrix A. Let be @
so that A« = 0, then

/aK |3 - n|uindo =0 (19)

If it can be showg that @ = 0, resp. up = 0, A is a regular matrix and u;, exists and is
unique for each f. But concluding that «;, = 0 depends now from the space V.

e If V}, = P1(K), then u;, = 0, also if 3 is parallel to one side of the element K.

e If V}, = P?(K) itis necessary that each side I of the triangle K satisfies
B -n(z)]>C Vrel (20)
where C' > 0. This is a supplementary condition of the triangulation.
[

Remark: Figure 2 shows the interpolation points for the different spaces.

Remark: If vV}, = PN(K) with N > 3, there is no control over the basis functions
with support in the interior of the triangle. For example suppose that N = 3, then one
interpolation point p;,,; is in the interior of the triangle. Let ¢ be the function such that

Y(pine) =1 and  Y(z) =0 Vze€dK

Then
/ |B-nlp? =0 but ¥(x)#£0 Ve € int(K)
0K
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Figure 2: The interpolation points for P*(K), P?(K) and P3(K)

5.3 Convergence Analysis

In this section, a global convergence result for the Discontinuous Galerkin method
is developed under the hypothesis that . = 1. Note that in this section C' and C'x
denotes generic constants taking different values. We will not pay attention to the
explicit form ot these constants but note that they are independent of ~ and N, unless
otherwise noted. We start from the local problem defined by (11). Then, the sum over
all elements K € 7y, is taken and. This describes the global problem:

Find uj, € W} such that

> ak(un,vn) = (f,on)a + (18- nlg,of)r. Yon € WY
Kery,

where
Wy ={we L*Q)|w, €Vi, VK € 1,}

In fact, this is equivalent to
Find u, € W} such that

a(un,vn) = (f,vn)a + (16 n|9a7J;J{)F7 Vup, € W;fv (21)
where

a(un, vn) = (pun +ung,on)o + Y (18- nllunl, vk \r + (18- nlul, v )r_
K

Note that the result is developed for = 1. Taking v;, = uy, and integrating by parts,
we obtain

a(un,un) = |lunllZa) + Y (ung un)x + (18- nllun), vi)ox \r
K K

+ (18 nluy, vy )r

= lunllFz) + > (18- nllunl, ufox \r + (18- nluf uf)r_
K

1 -
+ 3508 nlu udox, — (18- nluf u)ox )
K
Now, the following equality is used

(a - b)a = %(cﬂ Fla—b2—1?)
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so that

(08wl widow e =3 [ 18 + = )

then

alun,up) = ||uh|\Lz<m+Z[ /

2 Jr

1
2
= Up |72 + (—/ B-n uh /ﬁ nlu
lunllz2(0) EK 2 Jore |6 - nlf |6 - nluin
This motivates us to define the following norm

1
Il = Vol + 32 (5 [, 18- mln?) +5 19
2 Joe

and as consequence
unll|* = alun, un)-
We immediately conclude that
Iunll® = (f,un)e + (18- nlg,wl)r_.

Existence and uniqueness of the discrete solution follows. For u € H*(£2) the numeri-
cal schema is consistent. This is expressed in the form of the Galerkin orthogonality in
the following lemme.

Lemma 5.3 (Galerkin orthogonality)
a(up, —u,vp) =0 Yoy eW,fV
where  is the exact solution and w;, solution of (21).
PROOF. First, since uy, is solution of (21), it satisfies
a(un,v) = (f,vn)a + (|8 nlg, v )r_ Vo, € WY (22)
Secondly, with u the exact solution, we have
(pu+ug,vn)a = (f,on)a Yo, € WY
(u—g,op)r. = 0 Yo, € Wi

In addition, w € H'(£2) and as consequence u € H'(K) VK € 75,. So that the trace
is well defined and hence

| it <c [ oo,

a(u,v) = (fyvn)a + (18- nlg, v; )r_ Yo, € WY (23)
Taking the difference between (22) and (23) leads to

a(up, —u,vp) =0 Vo, € W,

So that
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Now, the local projection Py : L%(K) — WV is introduced. For all u € L?(K),
there exists Pyu € WY N CO(K) such that

/ (u — Pyu)v, =0 Vo, € WiV,
K

Let be hk the diameter of the element K defined by hx = max, yex |z —y|. Then h
is defined by i = maxy hy Inaddition, we refer to [2] for the following Lemma’s.

Lemma 5.4 (Local Projection Error on the boundary 0K) Let K € 75 and sup-
pose that u € H*(K) for some integer £ > 1. Then, for any integer s,1 < s <
min(N + 1,k)and N > 1, we have that

1
ST3

K
(N +1)*z

||U_PNUHL2(8K) < Ck(d,s) |u H*(K)
Lemma 5.5 (Local Projection Error) Let K € 7, and suppose that u € H*(K) for
some integer k > 1. Then, for any integer s,1 < s < min(N + 1,k)and N > 1, we
have that

i
NS
We first state and proof two approximation lemmas.

Lemma 5.6 If there exists a constant C'(3) such that |3 - n| < C(5), then

HU_PNU”L?(K) < Cg |u|Hs(K)

1
S—3
K

h
Ns—3

|ulmrs (k)

lnlll <> Cx(d, s, )
K
PROOF Lemma(5.6)
1 1
2 2 2 A2
nll* = lnllz2q) + —/ B nln” + —/ B-nln
[l = Ml 72 XK:Q (m\rl |[n] ;2 Mmrl |

Considering each term of this sum:

s 2
o [nl12200) < Xk (CHElulm(x))” by Lemma(5.5)

IN

1 / .2 1 .2
s —/ 18- nli
; 2 Joknr ; 2 Jox

COY Inlifzom) < (Crcldss, 8)

1
ST3

IN

1 . 2 1 . L2 2
;2/6K\F|ﬂ el ;Q/MWW nl(nt" +n77)

2 it <C 2,
> /6 RS E) LT

.1
S—3

h
Z (OK(da S, ﬁ)mlu|H5(K))2

K

IN

IN

k
(N 4 1) =

2
fulze )
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So that
St 2
< C da ) kil s
il < (;< (05, 8) g el o)
pe 2
+(Ck(d,s 5) N 1|U|HS(K)))
BT 2\ 3 [
< (Z(C’K(d s,3)—— = |l e ) ) SZCK(d,S,/B)NS,%|U|HS(K)
K K

0 Lemma(5.6)
Lemma 5.7 If there exists a constant C'(3) such that |5 - n| < C(5), then

s 1
$S—3

3 hy
2 <) ¢ 71u .
(32 [ 10ml0r?)” < S Ot )

PROOF Lemma(5.7)

(Z/@K |5-n|(77_)2)§ (ZCHﬁH%z(aK))
(

-
N

IN

h 2
< Ck(d, s, K 2
= (Sonenoiyhinan)
< ZCK(dv 76) h?E 1| |H5(K)
% (N+1)"2

O Lemma(5.7)

Theorem 5.8 (Global Convergence) Suppose that v € H*(K) for some integer k& >
1 and there exists a constant C(3) such that |5 - n| < C(5). Then, for any integer
s,1 <s<min(N+1,k)and N > 1, we have that

1

h®
e = unlll < C(d, 5, ) =—x lul =@
PROOF. Letbe n = Pyu — wand £ = Pyu — up. Then

Il = unll] < [lu = Prull] + [|Pyvu = wnll| = [nll] + [lE]]

Let us show the following inequality

[
< Ck(d, 71 .
&N < Z K (d,s,[3) Nt 1) 2 Ul i (1)
The Galerkin Orthogonality is used for developing
€N = a(Pyvu—un, Pvu—un) + alun — u, Pyu—up) = a(n,§)

= > 0Ok + D> 5.0k + D (18-l Nox v

+(|ﬁ ! ”|77+a§+)11
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Observe that £ = Pyu —up, € W,{V and as consequence

(777 g)K =
Using integration by parts of (ng, &) x:

(s &) = (m.6p) + Y (18 nli), §)oxc

and the fact that €5 € W)Y and in consequence that (1, £5) x = 0 leads to

Hem® = > _(B-nllnl. £ )ox \o + (18- nln*, £ )r_

K
+3 38 nln ™€ ar, — > (18- nlnT, ok
K K
= Z('ﬁ : n|77_7§_)6K+ - Z('ﬁ : ”|77_7§+)8K,\F
K K

Z('ﬁ : n|7777§7 - €+)6K,\F + (|ﬁ : n|n77£7)r+

K
First, the Cauchy-Schwarz inequality is applied to
18- nln= e, < ([ 18-nlm)?)" ([ 18-nl€)?)

Observing that

1
2

([ 18-mie )" <liel

/Iﬁnl sz/ 18- nl(n

Lemma(5.7) can be applied, so that

and

(3 nbm &, < ([ enior?)” /w nl(e

hy
< (ZCK d,s, ﬁ)W' ul <K>) ]

Secondly, using Lemma(5.7) and applying the Cauchy-Schwarz inequality a second
time leads to

S (B-nln, & —Nax r < (Z/ |5-n|(77_)2 : (Z/aK, 8- n|[¢]?
< Z/ 8-nin) il
< (Toutaan; )s_%| ulieqio ) I
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Ay 3
(0,2) (1.3)
7 8 9
Q= (0,1) x (0,1)
4 5 6
1 2 3
(0.0 ) (1,0) X

g,

Figure 3: Order to compute the approximation on the elements

so that )
he.®
< Cx(d,s, ) —E——|u|y-
lel® < (32 o ) =g ulaeco ) el
and )
el < ) Cr(d, s, 8) ——L—|ulns(x)
; (N +1)3
In addition, by lemma(5.6)
[Inll] < Ck(d, s ﬁ) —rlulme
so that
[w—unlll < [EN+ llnll
s—3 hsfé
< chK (d,s, ﬁ)WMHS(K) + Co,x(d, s 5) |U|Hs
P
< ZC’K(dJ,ﬂ)meS(m
< CO(d, 5) No- 1|U|HS(Q)

(0 Theorem(5.8)

K)
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6 Numerical Results

In this section, the Discontinuous Galerkin method is tested numerically. The principal
aim is to verify the convergence result, developed in the previous section.

6.1 Thecode

The Discontinuous Galerkin method is implemented as Matlab code. You will find it
in Appendix A.

On each element, the linear system (12) is solved. As finite dimensional space V}, the
polynomial space Q@ (K), the set of all tensor-product polynomials on K of degree
N in each coordinate direction is chosen. As basis of the polynomial space Q™ (K),
the tensor product of the Legendre’s polynomials is chosen. This means that each
basis ;(x,y) is the product of a Legendre’s polynomial in 2 and one in y, each of
maximum degree N. The Legendre’s polynomials belong to Jacobi polynomials, they
are orthogonal for the non weighted L2-scalar product. For more details about the
Legendre’s polynomials, see section(8).

For computing the matrix A and the vector f, symoblic calculation is used. In fact,
Matlab can use the Maple commands. This allows us to calculate the integrals exactly
and no numerical integration is needed. For more details about Matlab using Maple,
see the Matlab documentation. To solve the linear system, the GMRes-Algorithm is
used.

Then, in the case of the test problems, |||u — up]|| is calculated where u denotes the
exact solution defined by (24) and w, is the corresponding approximation.

6.2 Test Problem

A two-dimensional problem is chosen. The domain is the rectangle @ = (0,1) x
(0,1) C R? and as exact solution, the following function is taken

u(z,y) = ((z - 1) +e")y. (24)
Fischosenas 3 = (1 0)7, so that the differential equation is

B" Vu(x,y) + u(amy) =Yy = f(xvy)

Q is divided in N2 sub-rectangles (the elements), where N is the number of sub-
intervals of [0, 1]. The order to compute the approximation on the elements is illus-
trated in Figure(3). The boundary conditionon I"_ is

W@ =0 Viel._

It is obvious that w € C>°(Q2) and u € H*(Q) V& > 0. Due to this regularity of the
solution u, s = min(N + 1, k) = N + 1 and the convergence result is in this case

hN+3
llu—unll| < C(d, N, ﬁ)m@b]\f“(m) (25)
Note that the constant C' is also depending on N. In figure(4) we plot the logarithm of
the DG-norm against the logarithm of A resp. % for each fixed N resp. h. These two
graphics are commented in the two following subsections.
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Dependence of h

Dependence of N
T T

0 -1
i (e7+0.5)y-1.3
_2 -
_3 -
(e72¥+0.5)y-
_3 L
_4 -
_4 L
£ s EE
512 N=3 1 e
5 45 5
o -612
-6} 1 i
N=4 55 -7r
_7 - ,
_8 L
_8 - ,
-9} i -9r
-10 L L L -10 I ! |
-0.8 -0.6 -0.2 0 -0.8 -0.6 _?dé(l/N) -0.2 0

“Oi8g(n)

Figure 4: h- resp. N-refinement in the case of the test problem

6.2.1 h-refinement

In this case, we study the behavior of the error while varying h for each fixed V. Fixing
N in (25) leads to the following convergence in h:

llu = unll| < CxIN*2

In the case of a such behavior of the error, means
E=CyhNt2 (26)
we expect a straight line in the log-log diagram. In fact, taking the logarithm of (26)
leads to .
log(E) = (N + 5)log(h) +log(C)

Effecting the transformation of variables

y=1log(h) &h=e"Y (27)
leads to 1

log(E) = (N + 3)y + log(Cn).

Therefor the expected straight line. As you can see in the first graphic of figure(4) we
observe exactly a such behavior, i.e. the slope of the straight line varies for each V. So

that |||u — us]|| converge at the rate O(hN*2) as h tends to zero for each fixed N. As
you can observe, the bound is attained, means the error estimation is optimal.
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6.2.2 N-refinement

In this case, h is fixed. So that the convergence result gets
Il = unll| < oy N~ D ul v o)

We neglect the NV-dependence of the constant C', x and the variation of hN+3. As-
suming the following error behavior

E=CN~ W+ y| ynia g (28)

we expect the following behavior in the log-log diagram
log(E) = (e7¥ + %)y +1og(Clulgn+1(q)) (29)
In fact, taking the logarithm of (28) leads to
log(E) = (N + %) log(N ") + log(Clulgra+1(a))

Effecting the same transformation of variables as above, i.e. effecting the transfor-
mation defined by (27), leads to (29). This curve is plotted in the second graphic of
figure(4).

Motivated by this calculus, we model the error by the following function.

F) = (O 4+ Dy + o

As you can remark, a supplementary constant C; is added and the N-dependence of
|u| v +1 (0 is neglected. In the second graphic of figure(4), a such function with C; =
2.5 and Cy = —1.3 is also plotted.

As predicted, we can also observe the exponential decrease of the error. Note that the
exponential decrease is only due to the regularity of the solution. For example, in the
case where u € H'(2), we have that s = min(N + 1,1) = 1, VN > 0 and hence the
convergence result becomes

h3
Iu—unlll < C(d, 5) 5 ul oy (30)

i.e. a convergence rate of O((N—l)%) of |||u — upl|| as N~ tends to zero.

6.3 Conclusionsof the numerical tests

In both cases, the h-refinement and N-refinement, the error estimations are optimal.
In the case where the solution is sufficient regular, it is more useful to refine in NV than
in h, because of the exponential decrease of the error in the N-refinement. In the case
of a weak regularity of the solution, we have no numerical results, but a behavior of the
error described in (30) is expected.
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7 Conclusion

In this section, the advantages and disadvantages of the Discontinuous Galerkin method
are discussed. An advantage is that the global problem can be decoupled in a lot of
small problems. For each element, a linear system has to be solved.

In addition to that, it is also easy to use spectral methods. Since the approximation
does not have to be continuous, one can take an arbitrary basis of polynomials for each
element. But the fact that the approximation is discontinuous implies also a larger
amount of unknowns. One should compare in a further project the Continuous and
Discontinuous Galerkin method in the case of the same degree of freedom.

The fact that the approximation is discontinuous can be considered as an advantage
or a disadvantage. If the exact solution is continuous, then the approximation will be
discontinuous, but converge to the continuous solution. On the other hand if the exact
solution is discontinuous, and with a good choice of the computational mesh one may
catch better the effects of the disconinuous solution than with the Continuous Galerkin
method.

It should also be mentioned, that no oscillations are observed.

8 Introduction to Legendre's polynomials

This section is a short introduction to the family of Legendre’s polynomials. The proofs
of the theorems are not presented.

Definition 8.1 Legendre’s polynomial of degree N is the polynomial defined by
__L 4
- NI12N (dgN
Proposition 8.2 Py has exactly N different real zeros all included in (—1,1)

Py (x) (2 -1N  Vze[-1,1]

Definition 8.3 The zeros of the Legendre’s polynomial are called the Gauss points.
Theorem 8.4 1. The Legendre’s polynomials Py, . .., Py build a basis of PV ([—1, 1])
2. The Legendre’s polynomials satisfies
"1 .
~f0 if n#m
/ P, (x)Pp,(x)dx = { 2 it m—m

-1 2n+1

Note that if an orthogonal basis of PV ([—1,1]) is given, it is simple to construct
an orthogonal basis of P ([a, b]) by a simple affine transformation.

Theorem 8.5 If f : [a,b] — R is a continuous function and let be {®, ..., Py} aset
of orthonormal polynomials on [a, b] where &, is of degree k. Let be

b
o = [ @
Then, the polynomial defined by
N
P = Z qu)j (1‘)
j=0

is such that
If = Pllizqasy < If = Qllz2ayy  YQ € PY([a,b])
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9 Introduction to numerical integration

This section is an introduction to numerical integration. Like in the previous section,
only the results are presented.
Problem Let be f € C([a,b]). One would like to approximate the functional

b
1(f) = / f@p@)dz Vi € C(la,b]) (31)

where p is a weight function. Letbe a < zg < 21 < ... <y < b N + 1 points in
[a, b].

Definition 9.1 v
Inga(f) = flaj)w; (32)

j=0
is called a quadrature formula where w; € R are called the weights. {zo,...,xzy} are

called the integration points.

Definition 9.2 A quadrature formula J is called exact of degree N if
o J(f)=1(f) VfeP¥
o J(xNFL) £ [(xN+)

Proposition 9.3 Let be I defined by (31) and Ix41 by (32). This formula is exact of
degree 2N + 1 if

o w; = f; L;(z)p(x) where L; is the i-th component of the Lagrange basis

e The integration points are the zeros of Py 1, where Py belongs to the family
of orthogonal polynomials on [a, b].

Proposition 9.4 Let be xg, ...,y N + 1 distinct points and

o= [ " L @p(a)dr

Then I is at least exact of degree N for all f € CN*1,
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Appendix A
function Norms=DG(a,b,Nx,Ny,mu,N,f,gcoeff)

% test arguments
s=size(gcoeff);
it (Ny 7= s(1))

errordlg(’N+1 7= length(gcoeff)”);
end
iT (N+1 7= s(2))

errordlg(’N+1 7= length(gcoeff)’);
end

% load maple orthogonal polynomials
maple(CCwith”,”orthopoly”)

% define constants
Beta=[1 0]~;
hx=a/Nx;
hy=b/Ny;
Nel=Ny*Nx;
if N<2

numb=1;

end

hl = hx/numb;
h2 = hy/numb;
counter=1;

% Get order of triangles and other bouandary informations

% seq(l,:) = numberof element

% seq(2,:) = x-coordinate

% seq(3,:) = y-coordinate

% seq(4,:) = number of the element which is on the left (if on the boundary=-1)
% seq(5,:) = if on the bottom-boundary

% seq(6,:) = if on the top-boundary

% seq(7,:) = if on the right-boundary

seq=zeros(5,Nel);

seq(l,1:Nel) = [1:1:Nel];

if(Nel>1)
for i=0:Nel-1
% x0
seq(2,i+1) = mod(i,Nx)*hx;
% yO
seq(3,1+1) = (i-mod(i,Nx))/Nx*hy;
% previous
if (mod(i+1,Nx)==1)
seq(4,i+l) = -1;
else
seq(4,i+l) = i;
end
if i<Nx
seq(5,i1+1) = 1;
end
if i>=(Nel-Nx)
seq(6,i+l) = 1;
end
if mod(i+1,Nx)==0
seq(7,i1+1) = 1;
end
end
else
seq(4,1) = -1;
seq(5,1) = 1;
seq(6,1) = 1;
seq(7,1) = 1;
end
% define matrices

u
A
Ak
Bk

zeros((N+1)"2,Nel);

zeros((N+1)72, (N+1)"2);
zeros((N+1)72,(N+1)"2);
zeros((N+1)72,(N+1)"2);
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0073 Ck = zeros((N+1)"2, (N+1)"2);
0074 Aint = zeros(N+1,N+1);
0075 Ufunc = cell(Nel,1);

0077 for i=0:N
0078 Aint(i+l,i+1) = 2/(2*i+1);
0079 end

0081 % fTor the norm
0082 if (strcmp(F,”x*y”) | strcmp(F,” (10*cos(10*x)+sin(10*x))*y"37) & mu==1)

0083 iT (stremp(F, x*y”))

0084 exactsol = “((x-1)+exp(-x))*y”;

0085 else

0086 exactsol = ”(sin(10*x))*y~37;

0087 end

0088 Lnorm2=0;

0089 DGnorm2=0;

0090 else

0091 error norm calculation is not possible, exact solution is not known~”
0092 Y%warndlg(Cerror norm calculation is not possible, exact solution is not known?);
0093 end

0094

0095 % Construction of Ak
0096 Tk = [[hx/2 0];[0 hy/21];
0097 for i=0:N

0098 for j=0:N

0099 for k=0:N

0100 for 1=0:N

0101 lind = i*(N+1)+j+1;

0102 Jind = k*(N+1)+1+1;

0103 % Ak

0104 Ak(lind,Jind) = mu*det(Tk)*Aint(i+1,k+1)*Aint(j+1,1+1);
0105 % Bk

0106 Bk(lind,Jind) = det(Tk)*dot(Beta, inv(Tk) *...

0107 [Aint(g+1, 1+1)*getInt(i,k); Aint(i+l,k+1)*getint(G,D]);
0108 % Ck

0109 vall = str2num(maple("P”,i,-1));

0110 val2 = str2num(maple(CP”,k,-1));

0111 Ck(lind,Jind) = hy/2*vall*val2*Aint(j+1,1+1);

0112 end

0113 end

0114 end

0115 end

0116 Ak = Ak + Bk + Ck;

0117

0118 % loop on the elements
0119 for k=1:Nel

0120 % get f

0121 bk = [seq(2,k)+hx/2 seq(3,k)+hy/2]”;

0122 x0 = seq(2,k);

0123 x0str = maple(’eval”,x0);

0124 X0strPlus = maple(Ceval”,x0+hx);

0125 y0 = seq(3,k);

0126 yOstr = maple(Ceval’,y0);

0127 yOstrPlus = maple(Ceval”,y0O+hy);

0128 invTransX = [72/(C maple(Ceval’,hx) *)*(x-” maple(Ceval”,x0) *)-17];
0129 invTransY = [’2/(C maple(Ceval’,hy) *)*(y-" maple(Ceval’,y0) *)-17];
0130 if (seq4,k)==-1)

0131 coeff = gcoeff(counter,:);

0132 else

0133 coeff = outflow(:,seq(4,k));

0134 end

0135 for 11=0:N

0136 % First Term

0137 pil = maple(CP’,il,invTransX);

0138 func = ["C f *)*C pil *)’];

0139 str = maple(CCint’,func,[’x=" x0Ostr ..’ xOstrPlus]);
0140 % Second Term

0141 pilatminl = str2num(maple(CP”,il1,-1));

0142 for i2=0:N

0143 % First Term

0144 pi2 = maple(CP”,i2,invTransyY);

0145 func [CC pi2 *)*C str *)7];

0146 str2 = maple(C’int”,func,[’y=" yOstr ”..” yOstrPlus]);
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0147 % Second Term

0148 second = abs(Beta’*[-1 0]7)*hy/2*pilatminl*coeff(i2+1)*2/(2*i2+1);
0149 % Sum

0150 Fk(1*(N+1)+i2+1) = str2num(str2) + second;

0151 end

0152 end

0153

0154 ifT (seq(4,k)==-1)

0155 counter=counter+1;

0156 end

0157

0158 % get solution

0159 U(:,k) = gmres(Ak,Tk”,20,10e-15,500) ; %Ak\Tk”;

0160

0161 % Get grid for evaluation

0162 X = [x0:h1:x0+hx];

0163 y = [y0:h2:yO+hy];

0164 XL :.K) Y(:,:,k)] = meshgrid(x,y);

0165

0166 % get outflow

0167 outflow(:,k) = zeros(N+1,1);

0168

0169 % get solution function in form of string

0170 % loop over x-basis

0171 for i=1:N+1

0172 % loop over y-basis

0173 for j=1:N+1

0174 % get func

0175 if (i==1 & j==1)

0176 Ufunc(k) = {[7C num2str(U(1,k),15) **(C maple(’P”,0,invTransX)...
0177 >)*(C maple(’P”,0,invTransY) *))’1};

0178 else

0179 Ufunc(k) = {[char(Ufunc(k)) “+(C num2str(U((i-1)*(N+1)+j,k),15)...
0180 **(” maple(C’P”,i-1,invTransX) *)*( maple("P”,j-1,invTransY) *))’]1};
0181 end

0182 % get i-th outflow-coeff for element k

0183 outflow(i,k) = outflow(i,k) + str2num(maple("P”,j-1,1))*U(G-1)*(N+1)+i,k);
0184 end

0185 end

0186

0187 % evaluate solution function on grid points for visualization

0188 s = size(X(:,:,k));

0189 for 1=1:s(1)

0190 for j=1:s(2)

0191 x=X(i,J,K);

0192 y=Y(i,j.K);

0193 v(i,j,k) = eval(char(Ufunc(k)));

0194 end

0195 end

0196

0197 % calculates norms of this element

0198 if (stremp(F, ’x*y”) | stremp(F,” (10*cos(10*x)+sin(10*x))*y"37) & mu==1)
0199 ifT (stremp(F, ’x*y”))

0200 Lnorm2 = Lnorm2 + L2norm(x0,y0,hx,hy,char(Ufunc(k)),exactsol)™2;
0201 DGnorm2 = DGnorm2 + purebDGnorm(x0,y0,hx,hy,Ufunc,seq(:,k),k,exactsol)”2;
0202 else

0203 Lnorm2 = Lnorm2 + L2norm(x0,y0,hx,hy,char(Ufunc(k)),exactsol)™2;
0204 DGnorm2 = DGnorm2 + pureDGnorm(x0,y0,hx,hy,Ufunc,seq(:,k),k,exactsol)"2;
0205 end

0206 end

0207 end

0208

0209 % norm calculation
0210 if (stremp(F,’x*y”) | stremp(f,” (10*cos(10*x)+sin(10*x))*y"37) & mu==1)

0211 Norms(1) = sqrt(Lnorm2);

0212 Norms(2) = sqrt(DGnorm2);

0213 Norms(3) = sqrt(DGnorm2+Lnorm2);
0214 else

0215 Norms = [-1 -1 -1];

0216 end

0217

0218 % visualisation
0219 figure(33)
0220 for k=1:Nel
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0221 patch(surf2patch(X(:,:,k)7,Y(:,:,K) 7, v(:,:,K) 7, v(E,:,K)7));
0222 shading faceted;

0223 view(3)

0224 end

0225 hold off;
0226

24



