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ABSTRACT

A four-dimensional plasma model able to describe the scrape-off layer region of tokamak devices at arbitrary collisionality is derived in the
drift-reduced limit. The basis of the model is provided by a drift-kinetic equation that retains the full nonlinear Coulomb collision operator
and describes arbitrarily far from equilibrium distribution functions. By expanding the dependence of the distribution function over the
perpendicular velocity in a Laguerre polynomial basis and integrating over the perpendicular velocity, a set of four-dimensional moment
equations for the expansion coefficients of the distribution function is obtained. The Coulomb collision operator as well as Poisson’s equation

are evaluated explicitly in terms of perpendicular velocity moments of the distribution function.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0024968

I. INTRODUCTION

Understanding the plasma dynamics in the scrape-off layer (SOL),
the most external plasma region in magnetic confinement devices, is of
primary importance on the way to fusion energy. In fact, this region plays
an essential role in the overall performance of a fusion device by control-
ling the interaction of the plasma with the wall, therefore regulating,
among others, the impurity dynamics, the heat flux to the vessel walls, the
fueling, and the recycling process. Improving our understanding of this
region is considered as a crucial step on the way to fusion energy.”

With respect to the core plasma, the SOL is characterized by large
amplitude fluctuations, including coherent filamentary structures, called
blobs,” that develop on large spatial scales comparable to the time-
averaged SOL pressure gradient length L, and on time scales slower than
the ion cyclotron period, Q; = eB/m;, being e, B, and m;, the electron
charge, magnetic field, and ion mass, respectively. The presence of these
structures does not allow the separation of time-averaged and turbulent
quantities. At the same time, there is a wide range of plasma collisionality
in the SOL, and properly retaining collisional effects is important for its
description.” These elements make it challenging to extend the standard
gyrokinetic approach used to study core turbulence, most often based on

the separation of equilibrium and fluctuating quantities and valid in the
low collisionality limit, to SOL conditions. Indeed, while significant pro-
gress has been made in order to port the gyrokinetic model to the condi-
tions of the tokamak boundary (see, e.g., Refs. 5-8) as well as in the
numerical implementation of the gyrokinetic model in the SOL geome-
try (see, e.g, Refs. 9-11), the numerical cost of gyrokinetic simulations of
the tokamak boundary remains prohibitive and the modeling of the SOL
region most often relies on fluid models.'* "

The SOL fluid models, typically based on a drift-reduced set of
Braginskii equations (see, e.g., Refs. 20 and 21) or on a gyrofluid model
(see, e.g, Ref. 22) in order to include finite Larmor radius effects,
assume low plasma temperatures (and associated high plasma collision-
alities) such that scale lengths are longer than the typical mean free
path and deviations from a local Maxwellian distribution are small.
However, kinetic effects might play an important role in the SOL. This
is particularly true in the high confinement mode regime, when the
edge temperature rises considerably and edge localized modes
can become unstable, leading to the presence of high-temperature low-
collisionality plasmas in the SOL.*>** In the present Paper, we deduce a
model for the SOL plasma dynamics that, while being able to retain the
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proper kinetic effects, has the potential of describing the SOL at a
reduced cost with respect to full gyrokinetic simulations.

We take advantage of the fact that, according to experimental
results,”” *” SOL turbulence typically occurs on scale lengths that are
larger than the ion sound Larmor radius, p; = ¢,/Q with ¢Z = T./m;
the sound speed and T, the electron temperature, and identify the
small parameter

SNkJ_pS<<1, (1)

where k; ~ V logp ~ V logn ~ V, logT, (while keeping k, L,
~ 1) with ¢ the electrostatic potential and n the electron density. In
addition, we observe that typical turbulent time scales are ordered as

o o,

o~ @
with w ~ J;log ¢ ~ O;logn ~ O;log T,, and the ion collision fre-
quencies as

g 3)

Q '
ensuring that the plasma remains magnetized.”

Based on the ordering in Egs. (1)-(3), a drift-kinetic (DK) model
valid up to O(&?) was developed to study the plasma dynamics in the
SOL in Ref. 28. By including the presence of large amplitude fluctua-
tions and a full Coulomb collision operator, the model in Ref. 28 states
the evolution of the guiding-center distribution function of the plasma
particles of species a, F,(R, v, i, 0), where R is the particle guiding-
center position, v = v - b is the velocity parallel to the magnetic field
with v the particle velocity, b = B/B is the magnetic field unit vector,
w is the magnetic moment, and 0 is the particle’s gyroangle. A numeri-
cally efficient implementation of the DK model was then derived by
expanding the v| and u dependence of the distribution function on a
Hermite and Laguerre polynomial basis, respectively. By projecting the
DK equation on a Hermite-Laguerre basis, the kinetic equation was
ported to a set of coupled three-dimensional equations that describe
the evolution of the moments of F,. The approach was then general-
ized to include gyrokinetic fluctuations in Ref. 8.

While the model in Ref. 28 relies on a polynomial description of
the parallel and perpendicular velocity dependencies of the distribution
function, recent studies of magnetized plasma systems™”*>* point out
that the v| dependence may require a more accurate description than
i Indeed the linear study’ of the drift-wave instability using a full
Coulomb collision operator shows that considerably fewer moments
are necessary along the x than the v direction to correctly estimate the
linear growth rate of this instability. The need of a refined kinetic
description of the plasma in the direction parallel to the magnetic field
arises also due to the need to properly describe the heat conductivity in
the parallel direction since this has an important impact on the evalua-
tion of the heat flux on the vessel walls." In addition, the sheath dynam-
ics might introduce a discontinuity of the distribution function
particularly in the parallel direction, where the v) dependence of the
electron distribution function at the entrance of the magnetic pre-
sheath might be discontinuous.” > As a consequence, while a descrip-
tion based on a basis expansion may be particularly efficient along the
u direction, as a low number of moments might be needed, it is worth
seeking different approaches to represent the parallel dynamics.

In the present paper, we leverage the DK model developed in Ref.
28 and propose an alternative approach to the solution of the DK

scitation.org/journal/php

equation. We retain the Laguerre expansion of F, along the u direc-
tion, while leaving v as an independent variable. The DK equation is
then ported to a set of four-dimensional equations in the four-
dimensional (R, vj) space for the perpendicular moments of F,, more
precisely for the coefficients of the Laguerre expansion of F,. Rather
than a decomposition on a polynomial basis such as in Ref. 28, the v
dependence of the distribution function can then be treated using dif-
ferent numerical approaches such as finite difference, volume, or ele-
ment methods. Discontinuous Galerkin methods have the potential of
being particularly suited for the numerical discretization of the set of
equations we propose.'’ We also express the collision operator in the
kinetic equation for the guiding-center distribution function, as well as
Poisson’s equation, as a function of the same set of perpendicular
velocity moments.

This paper is organized as follows. After the Introduction, Sec. II
recalls the main elements of the DK model introduced in Ref. 28. The
perpendicular moment expansion is then applied to the collisionless
part of the DK equation in Sec. I1I. The Coulomb collision operator is
introduced and expanded in perpendicular moments in Sec. IV.
Section V discusses Poisson’s equation coupled to the solution of the
kinetic equation. The Conclusions follow. In Appendix A, the aniso-
tropic version of the simplified Dougherty collision operator is derived.
Finally, in Appendixes B and C, the analytical expressions needed to
evaluate the Coulomb collision operator and its moments are
presented.

Il. DRIFT-KINETIC MODEL FOR THE SCRAPE-OFF
LAYER

We briefly recall the main elements of the DK model derived in
Ref. 28 to study the SOL dynamics. We first state the main assump-
tions behind the DK model, we then derive the DK description of sin-
gle particle motion and, finally, we state the DK Boltzmann equation.

While we use the ordering in Egs. (1)-(3), we allow for fluctua-
tions of ¢» comparable to the electron temperature by ordering

e
T,

We note that, from Egs. (1) and (2), the Ex B drift, vg
=E x B/B* with E=—V¢, is small with respect to ¢, ie,
[ve|/cs ~ e. In addition, we assume that the typical turbulent time
scales are comparable to the time scales associated with the E x B flow
and to the ones of the parallel flows v ~ ¢, therefore obtaining

1. (4)

w"‘kL‘VE| NkHCS, (5)

where kH ~ VHqS ~Vn~ VT, is the parallel wave-vector, which
can be related to its perpendicular counterpart via

L

ky

An ordering for the electron collision frequency can be derived
using Eq. (3) and the relation v; ~ /m,/m;(T,/ Ti)3/ e, yielding

N\ 3/2
g ~ /% <%) &2 7)
e m; e

We remark that the ion and electron temperatures are typically com-
parable in the SOL, ie, T;/T, ~ 1.”* This allows us to order

~ & (6)
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Ve/Qo ~ \/m,/m;e*. Finally, electromagnetic fluctuations are
neglected, which restricts the present model to the case of f
=8nnT,/B* < 1, as well as frequencies below the shear Alfvén
frequency.

We now turn to the equations of motion for a single plasma par-
ticle within the DK approximation. We start with the Lagrangian of a
single particle of species a = {e, i} in the presence of an electromag-
netic field

v
2

+ qa¢(X)>~ ®)

In order to take advantage of the DK ordering, we perform a coordi-
nate transformation from the phase-space coordinates (x,v) to the
guiding-center coordinates (R, v, i, 0). For this purpose, we intro-
duce the right-handed set of orthonormal vectors (e}, e, b) and write
the particle velocity v as

Lo(x,v) = [qoA(x) + mv] - x — (

v=U+V, €]

where U = v|b +vg and v/, = v/ (—sinOe, + cos Oe,) with 0 the
particle gyroangle. The guiding-center position R is defined as

R=x-p,, (10)

where p, = |p,|(e; cos 0 + e, sin 0) is the particle Larmor radius with
|pal = \/2map/(g2B) and yu = m,v'} /2B is the magnetic moment.

We now expand the electrostatic potential ¢ around R to first
order in &, by using the guiding-center transformation in Eq. (10),
yielding

d(x) = ¢(R) + p, - Vrp(R) + O(&?). (11)

A similar expansion procedure is applied to the magnetic vector
potential A. The turbulent and gyromotion time scales are then
decoupled by defining the gyroaverage operator (y) acting on a quan-

tity y as
21 do
= 7(0) — 12
W= 05 (12
where the integration is made at constant R. The gyroaverage operator
in Eq. (12) is applied to the Lagrangian in Eq. (8) yielding, up to O(e),

5 .
maV) mg,0

5 w (13)

(La) = qaA" - R - 4" —

In Eq. (13), we introduce the effective vector, A*, and scalar, ¢,
potentials as

A"=A+ % (V”f) + VE) (14)
and
“ myv:  uB
R e (s)

respectively. The term v2 = v - vg in Eq. (15), although formally being
O(&?), is retained since v ~ e2A*c with A = log\/m;/(m2m) > 1
due to the sheath boundary conditions in the SOL that set
e ~ AT.,.

scitation.org/journal/php

The equations of motion for the guiding-center coordinates are
obtained by applying the Euler-Lagrange equations to the guiding-
center Lagrangian in Eq. (13). We derive for the guiding-center
velocity

. B dU uVB
R=U — 16
+QHB*X<dt+ma)’ (16)
and for the parallel acceleration
: db
Ma¥) = quE| — 4V B+ movg - - — mas/, (17)

together with 0= Q, and jt = 0. In Egs. (16) and (17), we define the
convective derivativeas d/dt = 9, + U - V.

We remark that the evaluation of the polarization drift is particu-
larly challenging from a numerical point of view. Analytical and
numerical treatments are described in the literature to approach the
treatment of this term (see, e.g., Ref. 35). We also note that in the elec-
trostatic limit considered here the total time derivative appearing in
the evaluation of db/dt reduces to d/dtf = U - V. Finally, we intro-
duce the modified magnetic field B* as B* = V x A", with its parallel
projection given by

*:B~B*:B+ﬂB-VX<vHB+vE>. (18)
I Py

The quantity .7 in Eq. (17) contains the higher-order nonlinear terms
that ensure phase-space conservation and the Hamiltonian character
of Egs. (16) and (17),

B (dU

B\ at

Having deduced the motion of a single particle, we now turn to

the collective description. As a starting point, we note that the distribu-

tion function f,(x,v) of particle species a evolves according to the

Boltzmann equation, which can be written as

fa Ofa  qa vx B\ 0f
gy A B T ) = Cu(f), 20

ot ox  my, c ov alfa) (20)

where C,(f.) = >, Cap(fas fo) is the collision operator, with the sum-

mation over b carried over all the particle species. In order to write

Boltzmann’s equation, Eq. (20), in guiding-center coordinates, we

define the guiding-center distribution function F, as

Fa(R7 Vs K1, 05 t) :fa [X(R7 Yy 1y 9),V(R, Y| Ks 9)7 t] P (21)

and we apply the chain rule to express the derivatives in Eq. (20) in
terms of guiding-center variables so as to obtain

OF, OF, OF,

V xU
Q,

. (19)

+uViB]|-
L

o +R-VF, + Y| aVH +Q, 0 C.(E,). (22)
Finally, we apply the gyroaveraging operator to Eq. (22), yielding
NFa) | & . O(Fa)
R-V(F, : = (C,(F,)). 2
5 TR-V{E)+v o (Ca(Fa)) (23)

The right-hand side of Eq. (23) can be further simplified by split-
ting the distribution function into a gyrophase dependent F, and
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independent (F,) parts as F, = (F,) + F, and ordering F, by sub-
tracting Eq. (23) from Eq. (22). Estimating the size of each term in the
resulting expression, one obtains F, ~ ¢*(F,) for both electrons and
ions.”® This allows us to neglect the gyrophase dependent part of the
distribution function in the collision term C(F,) and write the DK
equation as

O(Fa)
ot

FROV(E) 4 .agf;) —(GUE)). (24

I1l. PERPENDICULAR MOMENT EXPANSION
OF THE DISTRIBUTION FUNCTION

In this section, we focus on the left-hand side of the DK equation,
Eq. (24). We introduce a polynomial expansion of the distribution
function (F,) for the variable u that allows us to port the DK equation
into a set of four dimensional equations in the variables R and vy,
hereby denoted as moment-hierarchy. We obtain the recursion rela-
tion associated with this set of equations by performing an expansion
of the distribution function in terms of Laguerre polynomials, L;(x),
defined via the Rodrigues’ formula L;(x) = (¢*/j!)d/(e7*') /dx/. The
Laguerre polynomials L; satisfy the recursion relation

G+ DLin(x) = (2 + 1 = x)Li(x) — jLj1 (%), (25)
while their derivatives can be computed using xdL;(x)/dx
= j[Lj(x) — Li—1(x)]. The use of Laguerre polynomials is of interest

because the functions L;j(uB/T) are orthogonal over the interval
[0, 00) with respect to a Maxwellian weighting function of the form

N, e_szm
fi= , (26)
nvtzhla
via the orthogonality relation
JO e’ij(x)Lj/ (x)dx = 51/ (27)

In Eq. (26), the normalized perpendicular velocity s , is defined as

v B
sia == 22 (28)
Vihla TLa

with v/ the perpendicular velocity defined in Eq. (9) and T |, the per-
pendicular temperature

1
T .= ﬁjvf (F,)mBdvdu. (29)
We also define the normalized parallel shifted velocity,
o = L1, (30)
Vth||a

with VtzhHa = 2T|q/mq, the parallel temperature

1
THa = FJ‘ (VH - uHa)2<Fa>27zdeHdu7 (31)
the parallel fluid velocity
1 2nB
U = FJVH(Fa) mfd"l\dlh (32)

scitation.org/journal/php

and the guiding-center particle density

2nB dVHdu. (33)
mg

N = |6

The guiding-center distribution function (F,) is then expanded

in a Laguerre basis as
o0

(Fa) = £ D NA(R, vy, t)Li(s1). (34)

j=0

Where, using the ortogonality relation in Eq. (27), the coefficients N,
can be computed via

. 1 2nB
N = ﬁij(siu)(m - du. (35)

The coefficients Nf;_ can be expressed by introducing the jth per-
pendicular moment |||/, of a quantity y = (R, u, v} ), defined as

i 2nB
It = [ e G6)
mgq
via Nj, = |[1][" /N,. Using this notation, the low order fluid moments

Na, ttja, Tjs» and T1, can then be written as N, = [;* ||1||2de7
Nawja = Jo~ |jlledvy, NaTja = ma Ji° [[(v) = w)*[[odv),  and
N,T.i = J5° ||uB||2dv, respectively.

~ We now derive the set of equations that state the evolution of the
N, moments. This is a recursion relation that we denote as moment
hierarchy. As a first step, we rewrite the equations of motion, Egs. (16)
and (17), in terms of the s, and s> , variables. This yields

R = U, + U, + s, UG + sﬁuU,tu + Sja(Vinjab + U;Zh) (37)
and

mai/H = FHa — Si_aFMa + SHQF;hH — my.L. (38)

In Eq. (37), the lowest-order fluid velocity, Uy, = vg + u|sb,
and the fluid VB drift, ULy, = (T1./m,)b x VB/Q:B, are intro-
duced, as well as the fluid curvature drift Uy, = (2T),/ my)b x k/ Q,
with k=b-Vb, the fluid polarization drift U, = b/ Q)
xdyUp,/dt, and the thermal polarization drift U;éh = vthHu(l; /)
><(f> Vv +vg - Vb + 2u) k), where Q) = anl*‘/mu and dp,/dt
=0+ Uy, - V. In Eq. (38), we introduce the parallel electric
force Fj, = quE)| + maVE - dol;/dt, as well as the mirror force
Frma =T1,V)InB and the thermal polarization force Fg‘a
= mav,h”af) -k x E/B.

The moment-hierarchy equation is obtained by projecting the
DK equation, Eq. (24), on the Laguerre polynomials L; polynomials,
having expressed the distribution function according to Eq. (34) and
using the orthogonality relation in Eq. (27). This yields

ON, . , ONL
ZU LRy VN + g —2 4
ot *Ro at Viio 6VH th
& ON! _
+D M <h v, Uom VNé) =q, (9
=1
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with Ry = R — 52 UL, the v, independent part of the guiding-
center velocity, v, = ¥ — 7, V1 the v, independent part of the par-
allel acceleration and ¥, = —Fga /1, — Tla/ )V1B-V xU/Q,.

Furthermore, we have introduced in Eq. (39) the dmd term F, given by

S B
Z udt( ) |:](N{17N{1 )(&‘I’ROV)
+ MNUG,, - v} In (%) (40)
1

where the convective derivative d; /dt is defined as d; /dt = 9,0,
+ 1Ry - V + M, U5y, -V and the perpendicular phase mixing
terms as

My, = (2 + 1)d1; — (j+ 1)d101 — jdrj (41)

and

My = —(j+ 1)%01j01 + (37 + 3j + 1)y,
—31%01j1 + j(j — 1)d1j-2- (42)

Finally, the collision term C{; is defined as

i 1 2nB
G =y JtEMLE) T 13)
We note that, due to the presence of the phase-mixing terms M},
and le, the evolution equation for the jth moment N is coupled its
lower N, *,NJ", and higher order N, counterparts. Such coupling
results from the terms containing the parallel and perpendicular gra-
dients of the magnetic field strength B in the guiding-center equations
of motion, Eq. (16), and from finite temperature gradients in Eq. (40).
The moment hierarchy derived in Eq. (39) describes the evolu-
tion of moments of the DK equation with a set of fluid-like, coupled
equations, similarly to the moment hierarchy in Eq. (4.9) of Ref. 28.
However, the coefficients NJ, of Eq. (39) retain the dependence on the
parallel velocity, whereas Eq. (4.9) in Ref. 28 is integrated over the v
coordinate and is therefore three-dimensional. The reduced dimen-
sionality of Eq. (4.9) of Ref. 28 is balanced out by the extra rank of the
coefficients N¥/ appearing in that model.

IV. COULOMB COLLISION OPERATOR

The Coulomb (or Landau) collision operator is a collision opera-
tor of the Fokker—Planck type, derived from first principles and valid
in a wide range of plasma parameters, where small-angle Coulomb
collisions are dominant. This operator can be written as

Calfa) = Zb Cav(fa, fo), where™

Vab 0|0 0*G, mg, OH,

A —2(1+ 2=, (44
12 8v, [81/] (f Ov;0v; + my f ov; (44)
with y,, = 4nZ§Z§ InA/m? where InA is the Coulomb logarithm,
while G, and H, are the Rosenbluth potentials, defined as

Cap =

Gy(v) = Jﬁ,(v')|v —v'|dv’ (45)

and

scitation.org/journal/php

A

(46)
v —v|

Hy(v) = J
The importance of retaining the full Coulomb collision operator has
been shown in Refs. 4 and 7 by considering linear modes such as the
electron plasma waves and drift waves. The growth rate and general
properties of these modes might be significantly different from the
ones of the Coulomb collision operator when simplified operators are
considered, in particular at typical collisionalities of the tokamak
boundary. However, interest in simpler operators remains as they are
able to provide the necessary diffusion in velocity space needed to per-
form numerical studies of low collisionality systems while satisfying
basic conservation properties. One of these operators is the anisotropic
version of the Dougherty operator.” This is derived in Appendix A,
together with its main conservation properties.

As a first step in porting the Coulomb collision operator in the
framework of the four-dimensional model developed herein, we note
that an equivalent representation of the Coulomb collision operator
can be derived from Eq. (44) by using the relationships V2G, = 2H,
and V2H, = —4nf;,. This yields

Co =1218.0.f,: 8V8VG;,+2(1 — ﬁ) Ovfa - OyHp + 87‘Cﬁfﬂfb .
2 my mp

(47)

Gyroaveraging the collision operator in Eq. (47) and rewriting it
in terms of guiding-center coordinates, we obtain

(Cap) _ 2mgu? (Fy) 0*(Gy) | mgp 0*(Fy) O(Gy)
Vab B g2 o B2 0 Ou
1 9*(F,) 0*(Gy) = m2 O(F,) d(G,) 4mm,
2 Bvﬁ 8vﬁ B Ou ou * i {Fa) (Fo)
map 0*(Fa) 0°(Gy) | map O(Fa) 0°(Gp)
B Ovjou ovjou  B* Ou op?

mg\ |2mau O(F,) O(Hy)  O(F,) O(Hp)
+(1_m_h){ B  Ou Ou + vy Oy

where we retain terms up to O(¢) and therefore gyroaveraged quanti-
ties such as (F,F,) can be written as (F,)(F,) since F, ~ ¢*(F,). To
make further progress, we simplify the expression for (C,) by leverag-
ing the expansion of the distribution function over an orthogonal
basis. We first evaluate the Rosenbluth potentials, G, and H, and then
integrate the Coulomb collision operator over u in order to obtain an
expression for the collisional moments C, in terms of moments N/
ready to be used in the moment-hierarchy equation.

In order to perform the integrals in the Rosenbluth potentials
analytically, we first rewrite G, and H,, in spherical coordinates using
an expansion for f; in irreducible polynomials and then perform a
basis transformation to a Hermite-Laguerre polynomial basis.
Following Refs. 3840, the distribution function f, is expanded in irre-
ducible tensorial Hermite polynomials P¥(v) as

(48)

ZPZ‘(V) M (x, 1)

1
Ik [

Ja = fam , (49)
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where f,, is the shifted Maxwellian

2
nge

far = =55 (50)
7Ts/zvtha

with s, = (v —u,)/vi, the normalized shifted particle velocity,
u, = [vf,dv the fluid velocity, v, = 2T,/m, the thermal velocity,
and T, = (Tjjs +2T.,)/3 the temperature. Furthermore, we define

the velocity moments M as

Mk :$Jdvpg<fa. (51)

ng, ai

In Eq. (51), o} is a normalization factor

L NI+ k+1/2)!

o, = W, (52)
and the polynomials P* are defined as
P(w) =120 (), (53)
where Ll“/ ? are the generalized (associated) Laguerre polynomials,”
given by

l+1/2 ZLkm : (54)

with coefficients

_ (=)0 +k+1/2)!
Limf(k m)!(I+m+1/2)lm!’ (55)

and P!(v) are the totally symmetric and traceless tensors, defined as
,1)lvzz+1 (8 )l 1
plv) = U (O L
=" \av) » (56)

In order to analytically compute the integrals present in the
Rosembluth potentials, G, and H;, we expand the functlon v—v|"
in terms of Legendre polynomials P;(x) = [d'(x2 — 1)' /dx]/ (2'1!) as

: 1 S Y@, o)
= = T Tl )
v=v| vz —owd g

where v. = min(v,v) and v. = max(v,v'), while & =v-v//
([v|[v']) is the cosine of the angle between the vectors v and v'. This
yields for H,

I'k )
M KV p(E)2dEdvdd,  (58)

Z/
’ Jﬁ’MP l+1
Ikl /0%

and a similar expression for G, is obtained. The integration over the
angle 0 in Eq. (58) is performed using the following identity”” for the
irreducible polynomials P':

Hb(V) =

scitation.org/journal/php

5ln
I+1/2

1
j P ()P, (¢)dE' = (60)
-1

and the integration over the speed variable v is performed by splitting
the cases v/ < v and v/ > v, and defining I¥ =2 [;* dv/v* e /\n
and I¥ = 2J" dv'v'e™"" /\/m. This yields the following form for the
Rosenbluth potentials:

k i Ik 1/~ 2(l+m+1)
H, R Lim My - P (s) Si) <I+ + IZm+l)7 (61)
1l

- Z I 271
Vinb = O';( 1+ 1/2 Sh+
Mlk Pl( )
Gp=npViny — )
! ;,.20 /i 1+1/2
1 RUHm+2) 1 Rm+1)
N 4 Cian ) +17+12m+3
] - 2 -
2043\ st 20-1\ !

(62)

We now write the integrals in Eqgs. (61) and (62) in a form suit-
able to express the gyroaveraged Rosenbluth potentials appearing in
Eq. (48) in terms of the moments NJ. For this purpose, we expand the
integrals in I?* and I?**! in powers of s. First, we Taylor-expand the
integrand in I3’ 2% around s’ = sas

) 5 00 2 J2\q
e =S Z(S '5 ) 7 (63)
9=0 T
yielding
—1/2
2k — JH2ktg KT 1/2) /2)! (64)
k +q+1/2)1
A similar procedure is applied to the integrand in I***!, which is
Taylor expanded around s’ = 0, yielding
PR Zk' 2 732‘ (65)
= A

This method yields the following expression for the gyroaveraged
Rosenbluth potentials:

NthhhH Ik Ik
Hb s /V h 5 (66)
< Vehb 1;) "
(Go(s)) = NuVinpvinp| Z /thoo (67)
[k=0

In Egs. (66) and (67), we introduce the Hermite polynomials

Hy(x) = (—1)" exp (x*)dF exp (—x?)/dxP, the fluid moments
" 21 l[ I+2k k+1/2] o o .
= G+ 17206 Z Z sz H,y(s))Nids,  (68)
P o0

27
J P'(v )do), = ZnV/IPZ(f’ )pl V), (59) and the velocity-dependent terms
0
and the & integration is performed using the orthogonality relations héko Z Jlkn B 2" il (69)
for the Legendre polynomials
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and
g0 = Zg”‘“ﬁ A (70)

. 2 /.2 2 /.2
with f = Vthb/vthbu =Tp/Tjp and B, = vy /vip, = To/T1e as
well as the coefficients Tgf , which allow us to convert between

Hermite-Laguerre and Legendre-Laguerre polynomials via

I+2k k+11/2]

PO =30 D0 TRk (), oD

with the inverse transform given by
2 g kot ey dp141/20 2
Hy(sPLi(sh) =Y > (T7),PHEsL (). (72
=0 k=0
An analytically closed formula for Tﬁcj and (T *l)lk is given in Ref. 28.

We note that the Tﬁf and (T~ )P]
ticle species and Tj|/T ratio and can, therefore, be pre-computed in

the numerical implementation of the model proposed herein.
We now derive the expression for the perpendicular moments ch

coefficients depend only on the par-

of the Coulomb collision operator in Eq. (43) in terms of moments N,
of the guiding-center distribution function. We first rewrite the veloc-
ity derivatives of the Rosenbluth potentials #% and g as

‘?Hjhg{o i Ik 2n ,—p's
— = R s e s (73)
asha 2y ="

and

9™gg o gk T8
Ao ﬂln sre e, (74)
851“8(51)J ;

with the coefficients " and g/¥" given in Appendix B.
The projection of the Coulomb collision operator on the

Laguerre basis can then be written in the following form:

N, 2 aiNP(SHa)

j S Ik olkpj
Cp=0awp— 2 N ke P
i=0 Ikp 3lla
o0
. m
+4uabm—‘;ZNg(s”a)Nz?(shu)D;,, (75)
np
with Dy = VapViy = Yoy Vet / Ve and
"
S i 0
n=0 rs=
where the numerical coefficients a; 12, b:’frz are given by
. 40%/? B,
o __4 —-C"
all WZQ,QwaHJ%y<m
j 0 oulﬁ
bogn = — g PG, (78)

poe

bot, =4 31/2 D{2(0+2)(Crpy = 2C,; + C)
I
P*U J} (79)
“T%’l = “\1|/2 ( m_> G (80)
b =280 (p+ 1) (Cpyyj — Cpp). (81)
by, = 01/205” pc; (82)

In addition, the integral terms C! and D} that result, respectively,
from the product between F, and the Rosenbluth potentials and from
the product (F,)(F,), are defined as

(o8}
G :L BTt )e M hds, (83)
and
o 2 2
Dy = | LI e, e

The expressions for Cj; and Dj; are reported in Appendix C and, since
they depend only on tfle partlcle species and T} /T ratio, can be pre-
computed. For convenience, the dimensionless quantities 0, o , are
introduced, which are defined as 0 = tha / vfhb, oy = T,/Ta1, and as
o = Tu/TuH-

V. DRIFT-KINETIC POISSON’S EQUATION.

The electric field appearing in the DK equation, Eq. (24), and
subsequently in the moment-hierarchy equation, Eq. (39), is evaluated
using Poisson’s equation, which can be written as

Vi =—41) qa J fudv. (85)

In order to rewrite Poisson’s equation in terms of moments Nj, of
the guiding-center distribution function F,, we express the velocity
space volume element in Eq. (85 as dv=0J(x—R
—p)Bjdv|dud0dR/m,, and we integrate Eq. (85) over R and 0.

This allows us to rewrite the Poisson equation as

X B B 27‘L’B‘*|
Vip = 47[2% (x—p,u,v,0)) - dvydu. (86)

Introducing the Fourier-transform of the distribution function
F = Fa(k, v, 11, 0), defined via F, = [dkFye ™R, and the
Jacobi-Anger expansion

P = Jolkip) +2 3 i(pk.) coslo, (87)
1=1

with i the imaginary unit, we obtain the following form for the
Poisson’s equation:

B*
2 o I
Vp(x) = —4n Ea Ga Jdvud,udO—m

X <F0 [Far] + Ziilrl [Eak cos l(ﬂ) , (88)

I=1
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with the Fourier-Bessel operator I';[f] defined as

Tilf (k)] = le(kw)f(k)e_"k"‘dk (89)

We now consider the DK limit of Poisson’s equation, Eq. (88). As
pointed out in Ref. 28, due to the asymptotic form of the Bessel func-
tion J; for small arguments Ji(x) ~x/, and the fact that
F, >~ (F,) + O(¢*), only the zeroth order function J, is needed.
Furthermore, J, can be written in terms of Laguerre polynomials by

7,8,29

making use of the identity’

Jokip) = > Ku(ki pya)La(s?), (90)

n=0
with py, |, = Vin1a/Qq and K,, given by
1 k 2n e 5
Kn(pthLukL) = m (%) e (L i ) . (9])

Equations (90) and (91) allow us to decouple the spatial dependence
in J, from its velocity dependence.

We now note that K,,(x) ~ x*" for x < 1. Therefore, we retain
the n=0 and n=1 terms in Eq. (90) for consistency with the O(¢)
ordering adopted in the rest of the model. We also expand both K
and K, up to O(&?), yielding

B*
Vh(x) = —4n) 4N, Jdvu g“

P; Pi
x (Ng - SEVING + e vjN;) : (92)

The final form of the DK Poisson’s equation is obtained by noting that
Bj/B =1+ O(e). This allows us to write Eq. (92) as

V2¢(x) = —4r Z qaNg

B‘*‘ pz p2
x Jdv” x (EN;) - S VING 4 e viN;).

(93)

We remark that the Poisson equation in Eq. (93) reduces to the one in
Ref. 28 when the integration over v| is carried out.

VI. CONCLUSIONS

In the present work, a four-dimensional moment model suit-
able to describe the plasma dynamics in the SOL region of mag-
netic confinement fusion devices at arbitrary collisionality is
derived. The model is based on the moment-hierarchy equation,
Eq. (39). This equation is used to evolve the moments of the gyro-
averaged distribution function (F,), and is obtained by projecting
the collisional DK equation, Eq. (24), over a Laguerre basis in the
perpendicular velocity space, while v remains an independent var-
iable of the resulting system of equations. A description using a
Laguerre polynomial basis allows us to express analytically the
nonlinear Coulomb collision operator, as well as the DK Poisson’s
equation, in terms of perpendicular velocity moments of (F,).

While Eq. (39) is written for an infinite number of moments and is
valid for distribution functions arbitrarily far from equilibrium, in

scitation.org/journal/php

practice, a closure scheme must be provided in order to reduce the
model to a finite number of equations. The semi-collisional closure (see,
e.g. Refs. 28, 42, and 43) can provide the formalism to evaluate such a
closure, allowing the description of the necessary kinetic effects at an
arbitrary level of collisionality. We remark that, leveraging the work in
Ref. 8, the model derived here can be used as a starting point for the
development of a four-dimensional gyrokinetic moment-hierarchy.
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APPENDIX A: ANISOTROPIC DOUGHERTY
COLLISION OPERATOR

In addition to the Coulomb collision operator, we consider
here the Dougherty collision operator, a simplified collision opera-
tor that is of interest for implementation in the weakly collisional
case. We generalize this operator to retain temperature anisotropy
effects and we port it in the framework of the four-dimensional
model developed herein. The Dougherty operator,** Cp, is defined
as

0 T, 0,
CD(fu) :Vug (V_ua)u'i'm_‘;% ; (Al)
where u, = [vf,dv/n, is the fluid velocity. It can be shown that the
operator in Eq. (A1) conserves particles, momentum and energy,
satisfies an H-theorem and vanishes if f, is a Maxwellian.
Furthermore, when written in terms of guiding-center variables
(R, v, 1, 0) and applied to an isotropic Hermite-Laguerre basis
HP = HP[(VH — uHu)/vthu}Lj(,uB/Tu) with Vrzha = 2Ta/mu, the
Dougherty operator in Eq. (A1) yields

Cp(HP) = —v(p + 2j)HY, (A2)

showing that a Hermite-Laguerre polynomial basis is an eigenfunc-
tion of the Dougherty operator.

To generalize the Dougherty collision operator Cp, to an aniso-
tropic Hermite-Laguerre basis Hp(sﬁ JLi(s%,), we first rewrite Eq.
(A1) in a covariant form, by replacing the differential operators by
their covariant counterparts, yielding

Cp = v(3fa + O'fasi + Dfasiy), (A3)

with v — u, = ® the friction vector and DV = 6T, /m, the second-
order covariant diffusion tensor. The first and second covariant
derivatives in Eq. (A3) of the scalar function f are defined as
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_of
and
P L Of
f;l;] - aélaé’ rl'j 85]{7 (AS)

respectively, with l"ffj the Christoffel symbols of the second kind for
the new coordinate system &(x, v). For the case of velocity guiding-
center coordinates (u,v|, ), the symbols FZ can be derived from
the guiding-center metric-tensor g;;,

B
0
2mau
= 2uB |, A
mg
0 0 1
using the following expression for l"ffj:
1 Oga  Ogi  Og
Tk = gt (281 C8 S8 ) (A7)
b2t \od o o
This yields
1
T 0 0
"
Ti=1 0o —2u 0 (A8)
0 0 0
and
1
0 — 0
2u
0
=1
I 0w ol (A9)
2u
0 0 O

aswellas T} = 0.

To generalize the diffusion tensor DY to the anisotropic case,
we start by considering the following form for DY in the Cartesian
coordinates (x, y, 2):

. T, 0 0
Di=—1]0 T, 0], (A10)
m,
1o 0 T,

where T, = ['mv2/2fdv, and analogous definitions apply to T, and
T.. By identifying the z axis with the direction of the magnetic field,
we consider Ty = T\, = T, and T, = T). By performing the coordi-
nate transformation from Cartesian to the DK coordinates
(1, v), 0), we obtain

2T
LU 0 0
; T
DY = — 0 |. (A11)
mg
T
0 L
2uB

The anisotropic Dougherty collision operator in guiding-center
coordinates can then be written as

(ColFal) = v {3<F“> (VI ~ Uja) %ZT) + 2”%

+m82<Fa)+2ng< a<pa>)].

m, 6vﬁ B Ou ou

(A12)

The collision operator defined in Eq. (A12) conserves particle,
momentum, and energy. It vanishes for a bi-Maxwellian f,, of the
form

NatMg (v —u)® V2
fﬂM = eXp | — 2 ) ) (A13)

3/2
m/ VthH“ZTL“ vthHa Vihla

and it can be shown that it satisfies the H-theorem for a near-
Maxwellian distribution. _

Finally, the perpendicular moments C, of the anisotropic
Dougherty collision operator can be derived by plugging Eq. (A12)
in Eq. (43), yielding

+

Al4
15 Os| 2 &sH (Al4)

C=v {(1 - 2))N/ ONa 1321\@

APPENDIX B: COEFFICIENTS OF THE ROSENBLUTH
POTENTIALS

We write the coefficients hg‘” and glljk” of the expansion of the
Rosenbluth potentials, H and G, needed to compute the expressions

in Eq. (73). For the H potential, we write
hy" = Z Hi, (B1)

where

k 11/2] o
Tkn PiLy,, (m+1+1/2)!
h’ﬂ*ZZZ Vi (m+1+q+3/2)!

m=0 j=0 g=0

" <J+‘1+m+1>e—ﬂ‘s2
n

><f,vj(j+q+m+1—n l+2q+2m—2n+2),
/2] m JzL

i = ZZZ

m=0 j=0 g=0

x ]+q efﬂﬁlsz‘
n

Xﬁj(j+q_n7l+2q_2n)7

Similarly, for the G potential, we expand
4
&' =D 8 (B2)
u=1

lkn

where the coefficients g;;;' are given by
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k /2] o
Ikn PiLi,, (m+1+43/2)!
i = mZOJZo; 2A+3)/a(m+1+q+5/2)

<j+q+m+2> g
X Il H
n

X ;j(j+q+m+2—n I4+2g+42m —2n+4),

Py, m!
Gip =
¥ mOJOqO 21+3\/‘q1

i 1 12
% jta+ e P
n

XfiG+q+1—nl+2q+2m—2n+2),

11/2] o

L
geYY S T

mO]OqO

<j+q+rn+2> P
X e "Il
n

XfiG+q+m+2—nl+42q+2m—2n+4),

(m+141/2)!
Vi (m+1+q+3/2)!

U/ZJm+1P Ll 1)]

=303 S Hlaln 1)

m=0 j=0 q=0

X q+] giﬁilsﬁ
n

x fiij +q —n,1+2q+2m—2n).

In the previous expressions, the function f;; is introduced

s
foolx,y) =1,
e
I 51
fOI(XJ’) By/21|: ﬁ:|
sy71 §%
(x,y) = { —2
flojy ﬁﬂ/z " 4
faty) = |xty—2)— ety L42d
ﬁJ’/Z 1ﬁl ﬁ” BH ’
sy 4 sH ’
ﬁ)Z(x>}’) y/z ZﬁL X = ﬁH — X,
,2 2
s,
folx,y) = ﬁy/z [y(y—l)—2(2y+ )ﬁu+4ﬁ

together with the coefficients Py, defined as

()

Physics of Plasmas ARTICLE

(B3)
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APPENDIX C: LAGUERRE INTEGRALS

We compute the Laguerre integrals Cj; and Dj; appearing in
Eq. (75) by following two different approaches. The first approach
is based on recursive relations between higher-order and lower-
order integrals, while in the second approach the integrals are com-
puted directly using hypergeometric functions. In order to simplify
the derivation in both approaches, we rewrite the integrals in Egs.
(83) and (84) using the fact that sfu = OﬁLsﬁL/aL. We then note
that the integrals CI’);’ and D'” in Egs. (83) and (84) are only a func-
tion of x = Qo' and y = Goc ', respectively, yielding

cy) = | e 1, (<)

D = | LELELO )

We first consider the approach based on recursive relations.
We leverage the work in Refs. 45-48, where closed analytical
expressions for Eqs. (C1) and (C2) with x =y =1 are obtained.
We start by computing C0 (%), performing the change of variables
Z = (1+x)z and using the transformation rule for Laguerre
polynomials

— . n kiq _ \n—k
Ly(x2) _;(n_k)x (1 —x)"" L (2). (C3)
From Eq. (C3), it is straightforward to obtain that
j - min(py) :
0 (v} — X p J —2%
Chi(x) = PR ; (pik )

To calculate C;;‘, for m > 0, one can make use of the recursion rela-
tion for Laguerre polynomials in Eq. (25) to compute a recurrence
formula between C;;f“ and integrals of lower order in the index m.
We generalize the procedure outlined in Ref. 48 for the case of

x =1, to an arbitrary x. We thus have

G (%) = (14 2p)xCjj(x) = (p + DxCJly (%) — pxCyLy (%),
(C5)
with the boundary values of
min(p,m) 1(_1\kptm—k
m __ mo_ p m m( 1) X
CpO_COP_ ; <p_k><m_k) (1+x)p+m+1 . (C6)

To compute DI} for m >0, it is also possible to derive a recursion
relation that involves integral of lower order in m. Using again Eq.
(25), we obtain

=[2m+1- (2p+1)}D'”.(y)
_mD;’}*l )+y(p+1) p+1J@)+yp e 1](y)
(C7)

+1
(m+1)Djy

where

Dy(y) = C(») (C8)

with the boundary values of
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y ptm)
(1 +y)p+m+1 p!m!
As a second approach, we note that the integrals Cj; and Dy

can also be obtained as a special case of the general expression for
the integral of k Laguerre polynomials,” i.e.,

D) = Diy(y) = (©9)

J 7 e L, (21x)... Ly, (Ax)dx

0
A 2
:<77”l"(p)Fl(4‘k> p,fnl,...,fnk,l,...,l,—l,...,—k , (C10)
— ' a

ktimes

where p, o > 0 and F/gk) is the first Lauricella hypergeometric func-
tion of k variables, which is defined by

(k)
FA (a7b17 -"7bkycla -e5 Chs X1, ...,Xk)

— i i (a)m1+“'+m1<(b1)m1 X X (hk)mk xml xmk
_ _ (C 1 Xk s
m=0 m;=0

1)m1 X oo X (ck)mkmll...mk!

(C11)
where the Pochhammer symbol (g),, denotes the rising factorial,
I'(q+n)
.= +1)...(g+n—-1)=——=. (C12)
(@), =alg+1)-..(q ) =T

The k=2 Lauricella function is also known in the literature as the
Appell hypergeometric function F,.” It is worth mentioning that,
although the Lauricella function is defined in general only for
|x1| + -+ - 4 |xx| < 1, in our specific case the integral is well defined
and converges for any value of m, p, j, and x>0, since the argu-
ments by, ..., by are always negative and equal to —1, and therefore
the sums in Eq. (C11) are bounded. Finally, leveraging the results of
Ref. 49, we write the integrals C}’g and D;} as

I'(m+ 1)x™

C.;.V;(x) - (1 +x)m+1

1 1
FE 1,-p,—j, 1,1, ——, ——
2(m+ ) P7 ]7 ) 71+x>1+x)

(C13)

and

m 1 (3) . 1 y 1
D7 )ZiFA 177]77”17717’15171775777 .
b 1+y 1+y 1+y 1+y

(C14)

It can be shown that Egs. (C13) and (Cl4) are equivalent to
Egs. (C5) and (C7), respectively, by verifying that they reduce to
Eq. (C4) when m =0 and that they satisfy the recursion relation in
Egs. (C5) and (C7) for m > 0.
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