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1 Introduction

Quadruped animals, such as cheetahs, use body flexibil-
ity for fast locomotion. Hildebrand [1] reported that chee-
tahs exhibit remarkable flexibility while extending the spine
to increase stride length by swinging the limbs further to
enhance speed. In the previous research [2], we used a sim-
ple analytical model and derived approximate periodic solu-
tions to reveal the effect of body flexibility on foot loading.
The obtained solutions had one flight phase in one gait cy-
cle. However, cheetahs show rotary galloping, which has
two different flight phases in one gait cycle: collected and
extended. In this study, we used a simple model and investi-
gate the condition to obtain approximate periodic solutions
with two different flight phases in one gait cycle.

2 Model

In this study, we used a physical model, which consists
of two rigid bodies connected by a joint and two massless
bars for the legs (Fig. 1). The joint was modeled to emu-
late the spine bending movement and has a torsional spring
(torsional spring constant: k). We assumed that the fore and
hind parts of the model have the same physical parameters.
Parameter definition is shown in Fig. 1. The distance be-
tween the COM and the root of the leg bar is d, which is pos-
itive when the leg root is outside of the COM of each body.
The torsional spring is at the equilibrium position when the
fore and hind bodies are in a straight line (ϕ = 0).

To clarify the dynamic characteristics of the effect of
body flexibility, we focused on a specific movement of the
model, in which the motions of the fore and hind parts of
the model are symmetrical, and touchdown and liftoff of
the fore and hind legs occur simultaneously by assuming
that the legs are always vertical to the ground. In this case,
the model moves only vertically. We also assumed that the
stance phase is sufficiently short and that the foot contact
can be regarded as an elastic collision, involving no position
change and energy conservation.
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Figure 1: Simple physical model with body flexibility de-
noted by torsional spring.

In this study, we solved governing equations under the
condition |ϕ | ≪ 1 and |ϕ̇ | ≪ 1. The linearized equations of
motion is given by

ÿ =−g (1a)

ϕ̈ =−ω2ϕ . (1b)

where ω =
√

2k/J. The foot-contact condition is given by

r(q−) = y−+dϕ−−h = 0, (2)

where q = [y ϕ ẏ ϕ̇ ]⊤ and ∗− indicates the state immediately
prior to the foot contact. The relationship between the state
immediately prior to and following the foot contact is given
by

q+ =
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J+md2

J−md2

J+md2

q−, (3)

where ∗+ indicates the state immediately following the foot
contact.



3 Periodic solution

The rotary galloping has two flight phases and two
stance phases in one gait cycle. In this study, we achieved
analytical periodic solutions with two flight phases and two
foot contacts for each gait cycle based on the linearized
equaitons (1), (2), and (3).

We defined the periodic solution as q̂(t) =

[ŷ(t) ϕ̂(t) ˙̂y(t) ˙̂ϕ(t)]⊤ (0 ≤ t < t1 + t2), where t = 0 is
the onset time of the first flight phase and t1 and t2 are the
durations for the first and second flight phases, respectively.
From (1), we obtain

ŷ(t) =

{
− g

2 t2 +a1t +b1, 0 ≤ t < t1
− g

2 (t − t1)2 +a2(t − t1)+b2, t1 ≤ t < t1 + t2
(4a)

ϕ̂(t) =

{
c1 cos(ωt +ψ1), 0 ≤ t < t1
c2 cos(ω(t − t1)+ψ2), t1 ≤ t < t1 + t2

(4b)

where ai, bi, ci > 0, −π < ψi < π (i = 1,2) are constant.
We assumed that ti < 2π/ω (i = 1,2) because animals do
not oscillate their spine more than once in one gait cycle. To
obtain the periodic solution, we have to determine ai, bi, ci,
ψi, and ti (i = 1,2).

From the foot-contact condition (2) and relationship (3),
we can determine ai, bi, ci, ψi, and ti (i = 1,2). How-
ever, these conditions produced various types of solutions
including such solutions that are unlikely observed in an-
imals. Therefore, we focused on solutions which satisfy
ŷ+(t1) = ŷ(0) so that the COM vertical position remains at
each foot contact. Under this assumption, the periodic solu-
tion is symmetric with respect to t = t1/2 and t = t1 + t2/2
from the periodic condition.

Although our model does not move its legs, the flight
phases are classified into two types based on the spine
joint movement: collected and extended. In collected flight
phase, spine joint is flexed (ϕ < 0) at the mid-flight phase.
In extended flight phase, the spine joint is extended (ϕ > 0)
at the mid-flight phase. Because periodic solutions have two
flight phases in one gait cycle, they are classified into four
types.

In addition, some periodic solutions have two identical
flight phases, which satisfies q̂(t) = q̂(t + t1) (0 ≤ t < t1),
a1 = a2, b1 = b2, c1 = c2, ψ1 = ψ2, and t1 = t2. We distin-
guished such solutions from solutions which have two dif-
ferent flight phases and classified these solutions into two
types based on the type of their flight phases.

As a result, the periodic solutions are classified into the
following six types (Fig. 2): Type C (same two collected
flights), E (same two extended flights), CC (different flights
(both collected)), EE (different flights (both extended)), CE
(different flights (first: collected, second: extended)), and
EC (different flights (first: extended, second: collected)).
We distinguished types CE and EC by defining the ampli-
tude of oscillation of ϕ in the first flight is greater than that
of the second flight (c1 > c2).
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Figure 2: Six types of solutions. C and E indicate collected
and extended flight phases, respectively.

4 Result and discussion

Solutions of type CE and EC correspond to cheetah’s
rotary galloping because they have both collected and ex-
tended flight phases. We confirmed that the obtained peri-
odic solution shows type EC by determining the physical pa-
rameters based on the measured data of cheetahs as follows:
m = 18.8 kg (total mass is 37.6 kg), J = 0.53 kgm2, l =
0.29 m, h = 0.57 m, k = 78 Nm/rad, and d = 9.3×10−2 m.

Our model is constrained so that it moves only vertically
and foot contact occurs instantaneously and simultaneously.
An important feature of rotary gallop is the asymmetry of
footfall sequence between four legs. In the future, we would
like to further investigate such feature by improving our
model to include four leg spring instead of rigid bars and
horizontal movement.
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