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We quantify the importance of turbulent flow on the propagation of hydraulic frac-
tures (HF) accounting for the addition of friction reducing agents to the fracturing
fluid (slickwater fluid). The addition in small quantities of a high molecular weight
polymer in water is sufficient to drastically reduce friction of turbulent flow. The
maximum drag reduction (MDR) asymptote is always reached during industrial like
injections. The energy required for pumping is thus drastically reduced, allowing to
perform high volume high rate hydraulic fracturing operations at a reasonable cost.
We investigate the propagation of a hydraulic fracture propagating in an elastic im-
permeable homogeneous solid under a constant (and possibly very high) injection
rate accounting for laminar and turbulent flow conditions with or without the addi-
tion of friction reducers. We solve the near-tip HF problem and estimate the extent
of the laminar boundary layer near the fracture tip as function of a tip Reynolds
number for slickwater. We obtain different propagation scalings and transition time-
scales. This allows to easily quantify the growth of a radial HF from the early-time
turbulent regime(s) to the late-time laminar regimes. Depending on the material
and injection parameters, some propagation regimes may actually be bypassed. We
derive both accurate and approximate solutions for the growth of radial HF in the
different limiting flow regimes (turbulent smooth, rough, MDR) for the zero fracture
toughness limit (corresponding to the early stage of propagation of a radial HF).
We also investigate numerically the transition(s) between the early time MDR re-
gime to the late time laminar regimes (viscosity and toughness) for slickwater fluid.
Our results indicate that the effect of turbulent flow on high rate slickwater HF
propagation is limited and matters only at early time (at most to the first minutes
for industrial hydraulic fracturing operations).

Keywords: Geophysical and Geological Flows, Lubrication theory

1. Introduction
Hydraulic fractures (HF) are tensile (mode I) fractures propagating in a mater-

ial under pre-existing compressive stress driven by fluid injection. The propagation
of these fluid-driven fractures in an impermeable material are governed by the in-
terplay between elastic deformation, lubrication fluid flow within fracture and the
creation of new surfaces. Notably, the competition between the dissipation associ-
ated with viscous flow and the one associated in fracturing the material governs
how the fracture propagates: either in the viscosity dominated or toughness dom-
inated regime. The transition between these two regimes is now well understood.
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• Rock Properties

E′ = 20 GPa KIc = 0.5/2.5 MPa
√
m

• Fluid Properties

ρ = 1000 kg/m3 µ = 10−3 Pa.s

• Wellbore diameter 2a ≈ 0.18m
• Injection rate and Reynolds number at the

fracture inlet

Qo = 0.079 m3/s (30 BPM)

Reinlet = ρQo/(2πa× µ) ≈ 105

Figure 1. Sketch of a radial hydraulic fracture (radius R(t), width w(r, t) and net pressure
p(r, t) = pf (r, t)−σo) propagating in an elastic impermeable medium (left). Example of material
properties and injection parameters for a slickwater treatment resulting in large Reynolds number
at the fracture inlet. The chosen injection rate is an upper bound (twice larger than the typical
value of Qo = 15 barrels per minute (BPM)).

References solutions do exist for simple fracture geometries (Detournay 2016) and
laboratory experiments do compare well with theoretical predictions (Lecampion
et al. 2017; Xing et al. 2017).
However, in some circumstances, the basic assumption of a laminar viscous flow

inside the propagating fracture is clearly challenged. This is notably the case during
slickwater fracturing treatments that aim to stimulate the production of gas wells
in low permeability reservoirs. In such type of fracturing operations, water is injec-
ted at a very high rate in order to compensate for the low viscosity of water and
obtain sufficient fracture width for proppant placement. High injection rate of a low
viscosity fluid leads to Reynolds number up to 105 at the fracture inlet for a radial
fracture geometry (see figure 1), clearly above the laminar-turbulent transition for
parallel plates type flow.
The influence of turbulent flow on hydraulic fracture propagation has been invest-

igated in the context of magmatic dykes (Emerman et al. 1986; Lister & Kerr 1991),
glacier drainage (Tsai & Rice 2010, 2012) as well as industrial hydraulic fracturing
(Perkins & Kern 1961). Fracture growth solutions under turbulent conditions have
been obtained recently for simple geometries (plane-strain, radial, blade-like frac-
tures: see Zia & Lecampion (2017); Zolfaghari et al. (2017); Zolfaghari & Bunger
(2018a,b); Zolfaghari et al. (2018)). The influence of turbulence was also studied
early on with respect to gas driven fracture propagation (Nilson 1981) where it
was noted that the flow will transition from turbulent to laminar condition inside
the fracture as one moves closer to the fracture tip. The structure of the near-tip
behaviour of a propagating hydraulic fracture accounting for the laminar-turbulent
transition was quantitatively investigated recently (Dontsov 2016a) providing a ra-
tionale for the quantification of the near-tip laminar region. All these contributions
have used the large body of literature on turbulent flow of water in pipes and rect-
angular duct/parallel plates to account for the laminar-turbulent flow transition
via the evolution of the friction factor with Reynolds number and fracture relative
roughness (see figure 2).
Unfortunately, the energy required to pump plain water at a high rate from the
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surface down the wellbore to the target perforated zone for fracturing (kilometres
away) leads to prohibitive costs (e.g. large number of pumping trucks). This is even
more true as it is typical to try to propagate several hydraulic fractures at once,
therefore multiplying the surface injection rate accordingly. In order to be able to
perform such injections down the wellbore at a realistic economical cost, heavy
weight drag reducing agents must be added to water resulting in a fracturing fluid
coined as slickwater. The addition in water of heavy molecular weight polymers,
albeit in small amount, is well known to drastically modify the transition to tur-
bulence and to significantly lower down the associated friction factor (Toms 1948;
Virk et al. 1967). The long polymer chain reduces the formation of eddies, allowing
a reduction of up to 90 percent of the energy required for a pumping operation. The
effect of drag reduction agent on turbulence is well characterised in pipe flow. We
refer to the classical review of Virk (1975) and the recent one of White & Mungal
(2008) for more details. An important point is that the impact on turbulent flow
actually saturates at rather small concentration of the polymer additive, leading to
a so-called maximum drag reduction (MDR) asymptote in the turbulent regime, as
can be seen on figure 2.
The main goal of this contribution is to investigate how the use of drag reduction

agents, combined with large injection rate impact hydraulic fracture propagation.
We focus on both the finite radial (penny-shaped) fracture geometry and the near-tip
/ semi-infinite hydraulic fracture problem. The radial geometry is notably relevant
for the early time of growth of a hydraulic fracture from a horizontal well before
the fracture reaches bounding layers (Lecampion & Desroches 2015). The near-tip
problem on the other hand encapsulates all the non-linearities of hydraulic fractur-
ing (Garagash & Detournay 2000; Garagash et al. 2011). Its multiscales structure
notably quantifies the energy dissipated in different processes, both in the injected
fluid and in the solid (Garagash 2009). Although, we focus most of our discussion
on the use of drag reducing agents, we also discuss the case of plain water (without
additives) in order to highlight similarities and differences.
A number of limiting solutions will be obtained based on the recognition that all

limiting turbulent flow regimes can actually be re-expressed in a generalised form of
the Poiseuille lubrication law similar to the one for power-law fluids. This important
point was first noted by Tsai & Rice (2010) for the case of rough turbulent flow
and is, as we shall see, actually valid for all limiting flow regimes for plain water
(rough, smooth turbulent) as well as slickwater (at maximum drag reduction). This
thus allows to adapt the method of solutions initially developed for such coupled
hydraulic fracture problem: notably the one of Savitski & Detournay (2002) for the
case of a radial hydraulic fracture propagating in the viscosity dominated regime
under the assumption of laminar flow.

2. Radial hydraulic fracture: problem formulation
The main assumptions of our penny-shaped hydraulic fracture model are similar

to previous contributions: i) the material is assumed to be homogeneous elastic and
isotropic, ii) the fracture propagation is assumed to be quasi-static and is assumed
to obey the well established concepts of linear elastic fracture mechanics, iii) the
fluid is injected at a constant rate from a point source at the fracture centre, iv)
the material is assumed to be impermeable, and v) the fluid front is assumed to
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Figure 2. Left: Evolution of the friction factor f in a circular pipe as function of the Reynolds
number ReDeq

= ρvD/µ and relative roughness 2kR/D, where kR is the characteristic roughness
scale (and D/2 the pipe radius). The experimental data of Nikuradse (1950) for pipes of different
roughness are plotted together with the expressions for the laminar friction f = 16/ReDeq

valid

for ReDeq
< 2300, the smooth turbulent Blasius friction 4f = 0.316Re−1/4 (dash-dotted black

line) and the turbulent rough Glaucker-Manning-Strickler 4f = 0.143(2kR/D)1/3 (solid dashed
line). The predictions of the model of Yang & Dou (2010) are also plotted as thin dashed lines.
Experimental data of Virk (1971, 1975) at maximum drag reduction are also plotted, together
with the MDR asymptote (full solid lines) and the approximation given by eq. (2.14) . Right: The
same data is also shown in a Prandtl-Karman diagram (the variation of 1/

√
f against ReDeq

√
f).

coincide with the fracture tip (which is the case for sufficiently deep fractures, see
Garagash & Detournay (2000) for more discussions).

2.1. Governing equations

For such a planar axisymmetric pure opening mode fracture of radius R(t), quasi-
static elasticity reduces to the following boundary integral equation between the
fracture aperture w(r, t) and the distribution of net loading p(r, t) (Sneddon & Lowen-
grub 1969; Cleary & Wong 1985):

w(r, t) =
8R(t)

πE′

∫ 1

0
G(r/R(t), ξ)p(ξR(t), t) dξ (2.1)

where E′ = E/(1− ν2) is the plane strain Young’s modulus, and p(r, t) = pf (r, t)− σo
is the net pressure loading on the fracture faces, i.e. the fluid pressure in excess of
the in-situ compressive stress σo normal to the fracture plane. The elastic kernel G
is recalled in Appendix A for completeness. For such a penny-shaped fracture, the
stress intensity factor can be expressed using the following weight function integral
(Rice 1972)

KI =
2√
πR

∫ R

0

p(r, t)√
R2 − r2

r dr. (2.2)

The quasi-static fracture propagation condition stipulates that the mode I stress
intensity factor KI is always equal to the material fracture toughness KIc. In other
words, KI = KIc in eq.(2.2).
This penny-shaped fracture is driven by a point injection of a fluid at its centre.

Under the assumption of an impermeable rock, for an incompressible fluid, the width
averaged fluid mass conservation in the fracture reduces to the following continuity
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equation in axi-symmetry for r ∈ [0, R(t)]:

∂w

∂t
+

1

r

∂

∂r
(rwv) = 0 (2.3)

where v denotes the width averaged radial fluid velocity and q = wv is the cor-
responding fluid flux. The point source injection condition at the fracture centre
(neglecting the wellbore radius a compared to the fracture size) is given by:

lim
r→0

2πr w(r, t)v(r, t) = Qo (2.4)

Correspondingly, at the fracture tip, the flow rate q = wv as well as the fracture
opening are zero(Detournay & Peirce 2014):

q(R(t), t) = 0 w(R(t), t) = 0 (2.5)

The width-averaged fluid momentum equation for such a parallel plate axi-
symmetric flow is given by

ρ

(
∂v

∂t
+ v

∂v

∂r

)
= −∂pf

∂r
− 2

w
τw. (2.6)

where ρ is the fluid density and τw is the average wall shear stress typically expressed
as:

τw = f

(
Re,

kR
w

)
× ρv|v|

2
. (2.7)

The fluid velocity has to be understood as a local time-average in the presence
of turbulence. The averaged wall shear stress is a function of the Fanning friction
factor f which depends on the local Reynolds number Re, the relative roughness of
the flow geometry kR/w and the shape of the cross-section perpendicular to the flow
direction. In our case, it is natural to define the Reynolds number as

Re =
ρwv

µ
. (2.8)

It is important to note that the Reynolds number at a given point vary inside the
fracture as both the fracture width and fluid velocity vary in space and time. The
Reynolds number (2.8) notably decreases from the fracture inlet to the fracture tip
as the fracture width w tends to zero near the tip. As a result, a laminar region
is always expected to be present near the tip albeit reducing to a boundary layer.
For flow in a thin channel / fracture, it can be shown that the inertial terms on the
left hand side of the balance of momentum (2.6) scale as Re×w/R (e.g. Szeri 2010)
which remains typically smalls for a fracture as w/R ≪ 1. For a liquid, inertial
terms are thus negligible compared to the viscous terms on the right hand-side
(more precisely, they only play a role at extremely early time, see Garagash (2006);
Zia & Lecampion (2017) for more discussions). In the following, we neglect inertial
terms, such that the width-averaged balance of momentum reduces to the following
relation between pressure gradient, fluid velocity and friction factor:

v × |v| = − w

ρ× f
(
Re, kRw

) ∂pf
∂r

. (2.9)
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2.2. Friction factor with and without drag reducing additives

The evolution of the friction factor as function of the Reynolds number and relat-
ive roughness f(Re, kR/w) is well known for circular pipes (see figure 2). A large
number of phenomenological relations for the evolution of the friction factor have
been proposed. All these phenomenological expressions are based on steady-state
experimental data of pressure drop as function of velocity. They are thus valid only
when the time-space average of inertial terms is indeed negligible.

The transition to turbulence as well as the effect of pipe roughness on the wall
shear stress can be clearly seen on Moody and Prandtl-Karman type plot (figure
2). The effect of the addition of heavy molecular weight polymers has also been
extensively studied due to its drastic effect on turbulence (see figure 2). The long
polymer chain induces viscoelasticity reducing turbulence significantly (see Virk
(1975); White & Mungal (2008) and references therein). The effect saturates at
relatively low polymer concentration: a maximum drag reduction asymptote (MDR)
emerges in turbulent flow. Such a maximum drag reduction is therefore always
obtained at a reasonable cost in industrial hydraulic fracturing operations.

2.2.1. Friction in fractures

In order to apply the phenomenological relations originally derived for pipe flow
to the parallel plate type flow, Jones (1976) suggests to obtain the characteristic
dimension Deq used to determine the Reynolds number for parallel plate flow by
matching the laminar friction (which is given analytically by Poiseuille law for a
parallel plate flow) with the expression for a circular pipe in the laminar flow regime
flaminar = 16Re−1

Deq
. This ensures that the proper friction is recovered in the laminar

regime for a parallel plate flow. The predictions of friction in the turbulent regime
using ReDeq

in the expressions of friction for a circular pipe agrees very well with
experimental data for rectangular ducts of different aspect ratios (Jones 1976). In
the case of parallel plate type flow, in the laminar regime, the mean velocity is given

by Poiseuille law (see e.g. Lamb (1932)) v = − w2

12µ

∂p

∂r
. Writing flaminar = 16×Re−1

Deq
=

16µ/(ρDeqv) in the laminar regime, the laminar equivalent pipe diameter is simply

obtained by comparing (2.9) with the previous equation as Deq =
4

3
w. We therefore

use Deq in the definition of the Reynolds number entering the expressions of the
friction factor for circular pipes. In other words, following Jones (1976), we use the
following definition for the equivalent laminar pipe Reynolds number ReDeq

:

ReDeq
=

4

3
Re, (2.10)

where Re corresponds to the Reynolds number (2.8) defined with the mean fracture
width as the characteristic flow dimension. Such a choice allows to directly use the
different friction models derived for circular pipe while ensuring that we recover
the proper expression in the laminar flow regime. As can be seen in figure 2, the
transition to turbulent flow starts around ReD ≈ 2200 in pipe, which gives for parallel
plate flow a critical number Rc ≈ 2200 × 3/4 ≈ 1650 - a value only slightly lower
than the one obtained experimentally for a plane Poiseuille flow in rectangular ducts
(Jones 1976).
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Note that we can also rewrite the lubrication law (2.9), following Dontsov (2016a):

v = − w2

12µ× f̃
(
ReDeq,

kR
w

) ∂pf
∂r

, (2.11)

where f̃
(
ReDeq,

kR
w

)
= f

(
4
3Re, kRw

)
/flaminar.

2.2.2. Limiting turbulent regimes

The friction factor f depends on both the local value of the Reynolds number and
relative roughness of the fracture as depicted in figure 2. Although empirical models
exist to somehow capture the complete evolution of f , it is interesting to focus
on limiting regimes for friction: laminar, turbulent rough, turbulent smooth etc.
Explicit expressions of the friction factor exist in these different limiting turbulent
regimes, and can be subsequently used to derive limiting solutions for hydraulic
fracture growth.
Turbulent rough regime
At very large Reynolds number (Re ≫ 105), friction for plain water is solely gov-

erned by the relative roughness kR/w, where kR is the roughness scale. In that rough
turbulent limiting regime, the friction factor evolves according to the Gauckler-
Manning-Strickler (G-M-S) scaling (Tsai & Rice 2010; Zia & Lecampion 2017):

f = fR ×
(
kR
w

)αR

αR = 1/3 fR = 21/3 × 0.143/4, (2.12)

where the factor fR allows a perfect match with the experimental data (Nikuradse
1950).
Turbulent smooth regime
The turbulent regime for plain water in smooth pipes (where roughness is negli-

gible) is well captured by the Blasius (1913) scaling (see figure 2) :

f = fBRe−nB

Deq
, nB = 1/4 fB = 0.316/4, (2.13)

which is an empirical formula with a response similar to the Prandtl-Karman the-
oretical predictions for smooth pipes.
Turbulent maximum drag reduction (MDR) asymptote
As already mentioned, the addition of friction reducer drastically changes the

turbulent behaviour (Virk 1975). When friction reducers are added in a sufficient
concentration, the maximum drag reduction (MDR) asymptote is reached. In that
so-called MDR limit, the turbulent flow - even in rough pipe as can be seen from
figure 2 - can be well captured by the following expression for Reynolds number in
the range [103 − 3× 104]:

f = fmdrRe−nmdr

Deq nmdr ≈ 7/10 fmdr ≈ 1.78 (2.14)

We will use that expression for simplicity in the following. It is interesting to point
out that the last two regimes have a similar power-law relation between the friction
factor and the Reynolds number, i.e. f = foRe−n.

2.2.3. Generalised Poiseuille law for limiting regimes

Combining the definition of the equivalent Reynolds number (2.10) and the rela-
tion between the width-averaged velocity and pressure gradient (2.9), it is possible to
re-write the general equation (2.9) for any limiting flow regime previously discussed
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m n c [F · Ln−m−2 · Tm]

Laminar (M) 1 1 12µ

Turbulent smooth (S) 7/4 1/4 f ′
oµ

1/4ρ3/4

Turbulent Rough (R) 2 1/3 fRk
1/3
R ρ

Turbulent MDR (MDR) 1.3 0.7 f ′
oµ

0.7ρ0.3

Table 1. Generalised lubrication parameters of the different flow regimes. We use the notation
f ′
o = (4/3)−nfo for short; fo ≈ 1.78 for the MDR approximation, and fo ≈ 0.316/4 for turbulent
smooth.

as

v × |v|m−1 = −wn+1

c

∂p

∂r
(2.15)

where both the exponents m and n as well as the constant c depends on the limiting
flow regimes. For the laminar case, we simply have c = 12µ, m = 1 and n = 1 . In
the limiting turbulent flow regimes, these parameters take the following values.

• Turbulent rough - Gauckler-Manning-Strickler scaling f = fR × (kR/w)
1/3 (eq.

(2.12)):

c = fRk
1/3
R ρ n = 1/3 m = 2. (2.16)

• Turbulent regimes where f = foRe−n :

c = (4/3)−nfo︸ ︷︷ ︸
f ′
o

µnρ1−n m = 2− n f ′o = (4/3)−nfo. (2.17)

The case of a smooth turbulent regime (Blasius scaling) as well as the case of the
maximum drag reduction asymptote both falls under this form where f = foRe−n.
Table 1 summarises the parameters of these three turbulent regimes in the general-
ised lubrication equation (2.15).
We therefore can use the general form of the averaged velocity / pressure gradi-

ent relation (2.15) to solve for the different limiting flow regimes in a similar way.
Moreover, as first noted by Tsai & Rice (2010) for the turbulent rough case, this
general lubrication relation (2.15) is actually exactly similar in its mathematical
form to the Poiseuille law for a power-law rheology (with m = n) for which c and n
are the power-law consistency and fluid index respectively. One can therefore take
advantage of the solution of hydraulic fracture problems obtained for a power law
rheology: notably, the zero toughness near-tip solution derived by Desroches et al.
(1994), as well as its extension to power-law fluid (Madyarova & Detournay 2004) for
a penny-shaped hydraulic fracture propagating in a zero toughness medium, origin-
ally derived for Newtonian fluid and laminar flow (Savitski & Detournay 2002). We
shall see that few adaptations are necessary to extend this zero-toughness power-law
laminar solution to the turbulent limiting regimes.
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2.3. Inlet behaviour

The constant point-source injection (2.4) directly results in a 1/r singularity for
the Reynolds number Re = ρwv/µ as it can be rewritten as limr→0 2πrRe = ρQo/µ.
Obviously, in practice injection always occur from a finite wellbore (of radius a)
such that the inlet Reynolds number is limited to Remax = ρQo/(2πa×µ) (see figure
1). Note that this also is the case for numerical evaluation, when using a finite
grid to model the growth of planar 3D hydraulic fracture (Dontsov & Peirce 2017).
Nevertheless, for simplicity we neglect the finiteness of the wellbore compared to
the fracture radius in what follows. Combining the constant point-source injection
boundary condition (2.4) with the generalised lubrication law (2.15), and recognising
that the fracture width should be finite at the fracture inlet r = 0, we obtain the
following inlet behaviour for the pressure gradient:

lim
r→0

∂p

∂r
∝ − 1

rm
(2.18)

The net pressure is thus singular at the inlet: p ∼ r1−m. The singularity (associated
with the point source nature of the injection) is different for turbulent flow regimes
compared to the laminar case (m = 1) where the pressure is log-singular for a
Newtonian fluid (Savitski & Detournay 2002). Note that it is also different from the
power-law fluid with fluid index n under laminar condition, where the pressure is
not singular at the inlet as p ∼ r1−n (0 < n < 1) .
Before further developing the solution of a finite radial hydraulic fracture, we now

turn to examine the near-tip fracture behaviour.

3. The steadily propagating semi-infinite hydraulic
fracture

The near-tip behaviour of a propagating hydraulic fracture is known to govern the
growth of a finite hydraulic fracture (Lister 1990; Garagash 2009; Detournay 2016).
The near-tip region is where most of the energy dissipation localises (in the fluid and
solid). It can be shown that this near-tip behaviour corresponds to the problem of a
semi-infinite hydraulic fracture propagating at a constant velocity. The solution of
such a quasi steady state problem can be obtained by combining elastic deformation,
lubrication flow and the linear elastic fracture mechanics propagation condition. The
complete solution for an impermeable medium and a Newtonian rheology can be
found in Garagash & Detournay (2000) (see Garagash et al. (2011) for the permeable
/ large confining stress case), while for a power-law fluid the asymptote for the case
of negligible fracture toughness have been obtained in Desroches et al. (1994) (see
also Dontsov & Kresse (2018) for the solution accounting for finite toughness).
Dontsov (2016a) has investigated the turbulent laminar flow transition but without
accounting for the effect of drag reducing agents. We briefly review here such a
semi-infinite hydraulic fracture problem in limiting cases and obtain the complete
solution for the maximum drag-reduction case, where the turbulent flow regime can
be approximated by the power-law relations (2.15)-(2.17).
After a change of coordinates x̂ = V t − x, where V is the velocity of the steadily

propagating semi-infinite fracture and x̂ the distance from the moving fracture tip,
the generalised lubrication equation (2.11) reduces to (Desroches et al. 1994)
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V m =
wn+1

12µf̃(Re, kRw )

dp

dx̂
(3.1)

with f̃ = f/flaminar. We will also use the notation µ′ = 12µ for short. For a mode I
planar tensile semi-infinite fracture the elastic relation between net pressure p and
fracture opening w reduces to

p(x̂) =
E′

4π

∫ ∞

0

∂w(s)

∂s

ds

x̂− s
(3.2)

a relation that can actually be obtained by a limiting process near the crack front of
a finite fracture (see (Garagash & Detournay 2000)). Under the assumption of linear
elastic fracture mechanics, the opening near the tip of such a steadily propagating
fracture must follow the classical toughness asymptote

w(x̂) =
K ′

E′ x̂
1/2 +O(x̂3/2) x̂ ≪ 1 (3.3)

with the short notation K ′ =
√

32/πKIc.

3.1. Laminar Newtonian case

For Newtonian fluid under laminar condition (f̃ = 1), the solution (see Garagash
et al. (2011)) evolves from the linear elastic fracture mechanics asymptote (subscript
k) near the tip to a viscous asymptote in the far-field (subscript m):

wk = ℓ
1/2
k x̂1/2, pk = 0, ℓk =

(
K ′

E′

)2

, x̂ ≪ 1 (3.4)

wm = βoℓ
1/3
m x̂2/3, pm = E′δo

ℓ
1/3
m

x̂1/3
, ℓm = V

µ′

E′ , x̂ ≫ 1 (3.5)

with βo = 21/3 × 35/6, δo = 2βo

12 cot(π 2
3). The viscous asymptote can be obtained by

combining lubrication and elasticity assuming zero toughness - see e.g. Desroches

et al. (1994). A transition lengthscale ℓmk =
K ′6

E′4V 2µ′2
can be defined as the location

where these two width asymptotes intersect, i.e. ℓ1/2k ℓ
1/2
mk = ℓ

1/3
m ℓ

2/3
mk (Garagash et al.

2011).
As discussed in Dontsov & Peirce (2015), the complete solution for fracture width

spanning the transition between the toughness and viscosity asymptotes can be well
approximated (within a few percent) as:

w(ξ = x̂/ℓmk)

wmk
= ξ1/2×

(
1 + βo

3ξ1/2
)1/3

wmk =
K ′4

E′3V µ′
ℓmk =

K ′6

E′4V 2µ′2
, (3.6)

where wmk and ℓmk are the characteristic width and length scales in the mk edge
scaling, spanning the transition between the near-field k and far-field m asymptote
(see also table 2 for a summary of all different transition scales).

3.2. Turbulent asymptote

The previous laminar solution is valid up to the absciss x̂t where the Reynolds num-
ber Re = ρwV/µ reaches the critical value for the onset of turbulent flow. Another
asymptote - that we shall denote as the turbulent asymptote (subscript t) - can be
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obtained assuming that the turbulent flow is strictly in one of the limiting regimes
previously discussed (Blasius, Gauckler-Manning-Strickler or maximum drag reduc-
tion case). The power-law like lubrication relation (2.15) reads in the moving tip
coordinate system

V m =
wn+1

c

dp

dx̂
, (3.7)

such that the semi-infinite hydraulic fracture asymptote in the far-field for large
x̂/ large Re (where the effect of fracture toughness can be neglected) follow the
zero toughness asymptote for power-law fluid obtained by Desroches et al. 1994, as
pointed out by Tsai & Rice (2010):

wt = βnℓ
n/(n+2)
t x̂

2
n+2 , pt = −δnE

′
(
ℓt
x̂

)n/(n+2)

, ℓt =

(
cV m

E′

)1/n

(3.8)

with the prefactors (see Desroches et al. 1994)

βn =

(
2
(n+ 1)2

n
tan[− 2π

n+ 2
]

)1/(n+2)

δn =
βn(n+ 2)

2
cot(

2π

n+ 2
). (3.9)

This asymptote is notably valid for any type of the limiting flow regimes: turbulent
rough (Gauckler-Manning-Strickler), turbulent smooth (Blasius) as well as the case
with friction reducers at maximum drag reduction MDR). It is worthwhile to note
that the turbulent exponent m does not enter into the functional form of the width
and net pressure asymptote (but in the lengthscale ℓt). Only the exponent n appear-
ing in the generalised lubrication relation (2.15) impacts this far field asymptote.

3.3. Complete solution for f ∝ Re−β in the turbulent regime for slickwater

It is possible to solve the complete semi-infinite fracture problem numerically for a
given evolution of the friction factor f - see Dontsov (2016a) for the case of water
without friction reducers. Here, focusing chiefly on the case of friction reducer at
maximum drag reduction, a simple piece-wise power-law expression for the friction
factor above and below a critical Reynolds number approximation appears appro-
priate (see figure 2):

f =

{
12/Re

f ′oRe−β

Re < Rec

Re > Rec
(3.10)

with Re = ρwV/µ and Rec is chosen to ensure continuity of friction: Rec =
(12/f ′o)

1/(1−β), i.e. Rec ≈ 1132 for the maximum drag reduction approximation. It
is clear that a similar approximation for the case without friction reducer result in
a gross approximation of the transition region which plays a significant role as dis-
cussed in Dontsov (2016a). The method and qualitative evolution however remains
the same. Using the scaling for the toughness to viscous asymptote transition in the
laminar case (Garagash et al. 2011), we scale the coordinate, width and pressure as:

ξ = x̂/ℓmk Ω = w/wmk Π = p/pmk (3.11)

using the characteristic scales corresponding to the laminar mk transition previously
mentioned (see also table 2):
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Scaling ℓ∗ w∗

mk ℓmk = ℓ3k/ℓ
2
m ℓ2k/ℓm

tm ℓtm =
(
ℓn+2
m /ℓ3nt

)
1/(2(1−n)) (ℓm/ℓnt )

1/(1−n)

tk ℓtk =
(
ℓ2+n
k /ℓ2nt

)
1/(2−n)

(
ℓ2k/ℓ

n
t

)1/(2−n)

Table 2. Characteristic scales in the different possible edge scalings - note that p∗ = E′w∗/ℓ∗
and Re∗ = ρw∗V/µ.

ℓmk =
K ′6

E′4V 2µ′2
, wmk =

K ′4

E′3V µ′
, pmk =

E′2V µ′

K ′2 . (3.12)

The Reynolds number reduces to

Re =
ρwV

µ
= Remk × Ω, Remk = 12

ρK ′4

E′3µ′2

(
=

ρK ′4

12E′3µ2

)
. (3.13)

Remk is a characteristic Reynolds number which does not depend on the velocity of
the fracture but solely on fluid and solid material properties. The dependence on
velocity lies in the transition lengthscale ℓmk. In such a scaling, elasticity, fracture
propagation condition and generalised lubrication flow reads

Π̂ =
1

4π

∫ ∞

0

∂Ω̂(η)

∂η

dη

ξ − η
(3.14)

Ω = ξ1/2 ξ ≪ 1 (3.15)

1 =
Ω̂

f̃(Ω̂)

dΠ̂

dξ
(3.16)

with

f̃ = 1 Ω̂ < Rec/Remk (3.17)

f̃ =
f ′o
12

×Remk
1−nΩ̂1−n Ω̂ > Rec/Remk (3.18)

There is therefore a family of solution parameterised by the dimensionless tip
Reynolds number Remk. We solve this system of non-linear singular integro-
differential equations numerically using a Gauss-Chebyshev quadrature (mapping
the interval [0,∞[ to [−1, 1[ and a simple finite difference approximation of the pres-
sure gradient. The discretisation yield a non-linear system of equations that can
then be solved with standard root finding techniques. The method is strictly similar
- pending the non-linearity associated with f̃(Ω̂) - to the one described in Moukhtari
& Lecampion (2018); Viesca & Garagash (2018) and will not be repeated here.
Figure 4 displays the results for different values of the tip Reynolds number Remk.

For small value of Remk, the solution evolves from the toughness (k) to the laminar
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Figure 3. a) Parametric diagram of the near-tip hydraulic fracture solution structure accounting
for the transition to a turbulent flow regime (f ∝ Re−n) with few trajectories for different values
of the tip Reynolds number Remk; b) structure of the solution for small and large value of
Remk. For order Remk ≲ 100, the viscous laminar asymptote (m) is clearly visible in-between
the far-field turbulent (t) and near-tip linear elastic fracture mechanics asymptote (k). For large
Remk, the laminar viscous asymptote disappears altogether: the solution transition directly from
t to k as one moves closer to the tip.
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Figure 4. Near-tip solution for a slickwater hydraulic fracture accounting for turbulent flow at
maximum drag reduction: numerical results (continuous lines) and t, m and k asymptotes. Width
as function of tip distance (in the mk scaling) for different values of the tip Reynolds number
(inset: same results but scaled by the toughness near-tip asymptote wk). The dots correspond to
the boundary of the laminar flow region near the tip.

viscous (m) and ultimately the turbulent flow (t) asymptotes as one moves away
from the fracture tip. On the other hand for large Remk (above 105), the viscous
laminar region disappears and the solution transitions directly from the toughness
(k) to the turbulent (t) flow asymptote, with the toughness region also shrinking.
This is in line with the fact that for very large Reynolds number, the laminar region
shrinks, as figure 3 shows. The transition lengthscale between the different limiting
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Figure 5. a) Evolution of the laminar region in the near-tip region as function of the tip Reynolds
number. The laminar-turbulent transition distance x̂transition is obtained from the numerical
results as the distance (up to the discretisation) where Re = Rec (bullet points). The transition
lengthscale ℓtm provides a qualitative estimate of the laminar region (continuous blue line), while
a better approximation (with the same dependence on Remk) of the numerical results is obtained

as 5000×Re
−3/2
mk (dashed-dotted line). b) Domains of validity of the different asymptotes (m, k, t)

as function of normalized distance from the tip x̂/ℓmk and Remk. The boundaries of the domains
correspond to the location where the numerical solution becomes within 5% relative difference
of the corresponding tip asymptote. The laminar-turbulent transition distance x̂transition/ℓmk is
also plotted.

asymptotes can be obtained from arguments similar to the solely laminar case (i.e.
equalising width scale of the two different asymptotes to obtain the transition scale),
thus defining different edge scalings (see table 2). From these transition length-
scales, and our numerical results, it is possible to estimate the distance from the tip
x̂transition where the flow transitions from laminar to turbulent: intuitively x̂transition
should scale with the lengthscale ℓtm governing the transition between turbulent
and laminar asymptotic region. This is indeed the case as can be seen on figure
5a, where the location at which the local Reynolds number, equal the critical value
obtained from our numerical results, is compared with the transition lengthscale ℓtm
as function of the tip characteristic Reynolds number Remk. One sees from figure
5a that the extent of the laminar layer is well approximated as

x̂transition ≈ 5000Re
−3/2
mk ℓmk. (3.19)

From this same figure (5), we also observe that for value of Remk greater than
∼ 103, the turbulent to viscous laminar transition scale ℓtm becomes smaller than the
turbulent to toughness transition scale ℓtk such that the laminar viscous asymptote
(m) disappears as observed on the solution for width (figure 4). The domain of
validity of the different tip asymptotes can also be well grasped from figure 5b. It
can be well observed that the laminar viscous asymptote disappears for Remk > 103

while in the meantime the turbulent asymptotic region moves closer to the tip
(and its location scales with ℓtk for large Remk). The fact that the extent of the
laminar layer (x̂transition) scales with ℓtm even for large Reynolds number is due
to the fact that, eventhough the laminar viscous asymptote is not fully realized,
laminar flow still influences the solution in the intermediate region. The transition
from the turbulent to the toughness asymptotes scales qualitatively with ℓtk for
large Remk. However ℓtk does not physically include the effect of laminar flow (and
thus is not the proper scale for the laminar region).
Such a simple estimation of the extent of the laminar layer (3.19) as well as the dis-
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appearance of the viscous asymptote for Remk ≳ 103 are extremely useful in practice
to quickly determine the importance of taking into account the turbulent flow be-
haviour in numerical simulation of hydraulic fracture growth. It is also worthwhile
to note that the entire solution for the tm and tk edges of this near-tip solution
can be very well approximated (up to 1.5 percent of maximum relative error) by
a simple first-order approximation similar to the one proposed for the laminar mk
edge by Dontsov & Peirce (2015). These approximations are listed in Appendix B
for convenience.
This semi-infinite hydraulic fracture solution provides the near-tip width asymp-

tote of the radial hydraulic fracture by replacing V with the current radial fracture

velocity
dR

dt
(see discussions in Detournay & Peirce (2014); Dontsov & Kresse (2018);

Lecampion et al. (2018)).

4. Scalings & structure of the solution for a radial
hydraulic fracture

We now return to the propagation of a finite radial hydraulic fracture. Similarly
than for the laminar case (Savitski & Detournay 2002), we introduce the following
scaling for fracture width, net pressure, fracture radius and fluid velocity:

w(r, t) = ϵ(t)L(t)︸ ︷︷ ︸
W (t)

Ω(ξ) p(r, t) = ϵ(t)E′Π(ξ) R(t) = L(t)γ v(r, t) =
L(t)

t
V(ξ)

(4.1)
where ϵ is a small dimensionless number and L a characteristic length - both of which
are function of time. γ, Ω, Π and V denotes the dimensionless fracture radius, fracture
width, net pressure and fluid velocity that may be function of a set of dimensionless
parameters. We also scale the radial coordinates by the current fracture radius
R(t):ξ = r/R(t). The previous scaling recognises the fact that the fracture width is
typically much smaller than its length (w/R ∝ ϵ) and that it is of the same order of
the ratio between the net pressure loading (fluid pressure minus the normal in-situ
stress to the fracture plane) and the plane-strain elastic modulus (see Detournay
(2004, 2016)). In such a scaling and system of coordinates, the set of governing
equations (2.1)-(2.11) now take the following form.

• Elasticity (2.1)

Ω(ξ) =
8γ

π

∫ 1

0
G(ξ, ξ′)Π(ξ′)ξ′ dξ′ (4.2)

• Fracture propagation condition in terms of the Bueckner-Rice integral (2.2)

K ′

ϵE′L1/2︸ ︷︷ ︸
Gk

π

27/2
= γ1/2

∫ 1

0

Π(ξ)√
1− ξ2

ξ dξ (4.3)

where Gk is akin to a dimensionless fracture toughness, and K ′ =
√

32/πKIc as
defined for clarity in Detournay (2004).

• The fluid continuity equation (2.3) in this moving system of coordinates reads
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Ω̇ +

(
ϵ̇

ϵ
t+

L̇

L
t

)
Ω−

(
L̇

L
t+

γ̇

γ
t

)
ξ
∂Ω

∂ξ
+

1

γ

1

ξ

∂

∂ξ
ξΩV = 0 (4.4)

where a dot means a time derivative.

• the generalised lubrication relation (2.15)

Vm = − tmϵn+2E′

Lm−nc︸ ︷︷ ︸
G−1
f

Ωn+1

γ

∂Π

∂ξ
(4.5)

where Gf is akin to a dimensionless friction / viscosity.
• the inlet boundary condition (2.4)

lim
ξ→0

2πγξΩV =
Qot

ϵL3︸︷︷︸
Gq

(4.6)

• and tip boundary conditions (2.5)

Ω(1) = 0 Ω(1)V(1) = 0 (4.7)

We have implicitly focused above on the case where a single limiting flow regime
was valid over the whole fracture length, and used the generalised version of the
lubrication (2.15) over the whole fracture length. In order to grasp the evolution
of the propagation of hydraulic fractures and the transition between limiting flow
regimes, it is important to keep in mind that friction (which governs the pressure -
velocity relation) is a function of both the Reynolds number (2.10) and the relative
roughness kR/w. The Reynolds number (2.10) which is spatially varying along the
fracture can be re-written as

ReDeq
=

4

3
RΩV (4.8)

where R is the characteristic Reynolds number

R =
ρϵL2

µ× t
=

ρQo

µL(t)
(4.9)

while the relative roughness is simply given as

kR/w =
kR
ϵL

1

Ω
. (4.10)

We see that the Reynolds number will be large at early time, and will decay as the
fracture radius L(t) increases with time. Similarly, relative roughness will dominate
at early time / small fracture size. Turbulent flow regimes will therefore dominate
for large R / small time, and the flow will necessarily transition toward laminar
flow at large time. Moreover, we also note that ReDeq

necessarily goes to zero at
the fracture tip due to the boundary conditions (4.7), while relative roughness, of
course, dominates at the fracture tip, if the flow is turbulent. As previously discussed
in regards to the near tip solution, a laminar region always exists at the fracture
tip, but such a region shrinks as a boundary layer for large Reynolds number (see
eq. (5)).

Under the assumption of a single limiting flow regime over the whole fracture,
only three dimensionless groups (Gq, Gk, Gm) directly appear in the previous system
of equations. Two of which must be set to unity in order to define the characteristic
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lengthscale L and fracture width scale W = ϵL. We set Gq = 1 in the case of an
impermeable material, as the injected volume remains always equal to the fracture
volume (Detournay 2004), and thus obtain the following expression for ϵ:

ϵ =
Qot

L3
. (4.11)

The two remaining dimensionless numbers namely the dimensionless toughness Gk

and friction/viscosity Gf can now be expressed as function of yet unknown charac-
teristic lengthscale L(t) and the problem parameters:

Gk =
K ′L5/2

E′Qot
Gf =

c L6+2n+m

E′Qn+2
o t2+m+n

(4.12)

Like in the laminar case Savitski & Detournay (2002), two type of scalings can thus
be devised depending on which dissipative process dominates: in the creation of new
fracture surfaces or in fluid flow.

4.1. Friction/viscous scalings

In the case where the energy dissipated in lubrication flow is larger than the energy
spent in the creation of new surfaces, the dominance of the fluid friction dictates to
set Gf to unity. We thus obtain the following estimate of the characteristic fracture
lengthscale L for the universal lubrication relation (2.15):

Lf =

(
E′Qn+2

o tm+n+2

c

) 1
6+m+2n

(4.13)

where the subscript f refers to such a fluid friction / viscous scaling. The dimen-
sionless group Gk associated with fracture energy can be re-expressed in that scaling
as a dimensionless toughness

K = K ′ ×
(

t

E′
7+2m+4n
3m+n−2 Q

5m
3m+n−2

−1
o c

5
3m+n−2

) 3m+n−2
2(6+m+2n)

(4.14)

while the characteristic Reynolds number (4.9) in such a scaling is

R =
ρQo

µLf
=

ρ

µ

Q
4+m+n
2+m+n
o

t

( c

E′

) 1
2+m+n


2+m+n
6+m+2n

(4.15)

It is worthwhile to note that the dimensionless toughness increases with time. It
can be expressed via the introduction of a characteristic time-scale tf→k:

K =

(
t

tf→k

) 3m+n−2
2(6+m+2n)

tf→k =
E′ 7+2m+4n

3m+n−2 c
5

3m+n−2Q
2m+2−n
3m+n−2
o

K ′ 2(6+m+2n)
3m+n−2

(4.16)

Similarly, the characteristic Reynolds number decreases with time indicating that
turbulent flow dominates at early time, and becomes negligible when R < Rc. This
allows to define a transition time-scale for the transition towards the laminar regime
tt→l , such that the characteristic Reynolds number can be written as:

R = Rc

(
t

tt→l

)− 2+m+n
6+m+2n

tt→l =
c

1
2+m+nQ

1+ 2
2+m+n

o ρ
6+m+2n
2+m+n

E′ 1
2+m+nµ2+

2−m
2+m+nR2+ 2−m

2+m+n
c

(4.17)
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Such a friction scaling is valid for the different flow regimes (different m, n and
c) where the lubrication velocity - pressure gradient relation can be expressed in
the general form (2.15). The exact expressions for the turbulent rough, turbulent
smooth as well as the maximum drag reduction regimes can be found in table 3. We
obviously recover the viscosity scaling in the laminar case. It is interesting to note
that the power-law of time for the characteristic length are 1/2, 16/33 and 40/87
respectively for the rough, smooth and MDR regimes - all very close to 1/2. As a
result the fracture width which scales as W = Qot/L

2
f , will either be constant (rough

regimes) or evolves slowly as t1/33 and t7/87.
It is important to keep in mind that these scalings are based on the underlying

assumption that the flow regime is the same over the whole fracture length. Changes
of the flow regimes will occur within the fracture in relation to the local value of the
Reynolds number which depends on the characteristic Reynolds number R which
scales as 1/Lf , as well as the local dimensionless fracture width and velocity (see
eq. (4.8)). Therefore, a transition between flow regimes will necessarily occur within
the growing fracture as time progresses and a laminar region, albeit small, always
exist near the fracture tip. Nevertheless, at early time, one can build a limiting
self-similar solution for the growth of a radial hydraulic fracture for each of the flow
regime: laminar, rough turbulent, smooth turbulent or at maximum drag reduction
(in the case with friction reducer additives).

4.2. Toughness scaling

The other limiting scaling corresponds to the case where most of the energy is
dissipated in the solid creating new fracture surfaces. Setting Gk = 1, one recovers
the well-known toughness dominated scaling (Savitski & Detournay 2002), where
the characteristic lengthscale is independent of the fluid properties

Lk =

(
E′Qot

K ′

)2/5

(4.18)

and the corresponding dimensionless “viscosity” Gf becomes

M = c×

Q
2+2m−n
3m+n−2
o E′ 7+2m+4n

3m+n−2

K ′ 2(6+m+2n)
2m+n−2 t


5

3m+n−2

(4.19)

There is of course a correspondence with the friction/lubrication scalings:

K = M−5/(2(6+m+2n)) Lk

Lf
= K−2/5. (4.20)

4.3. Structure of the solution

In the case of solely laminar flow, the hydraulic fracture growth solution evolves
from the viscosity dominated regime of propagation at small time to the toughness
dominated regime at large time (Savitski & Detournay 2002). The time scale of this
transition tm→k is the one appearing in the expression of the dimensionless toughness
K (see table 3). Such a transition can be physically grasped as the energy spent in
creating new surfaces increases as 2πR dR for such an axi-symmetric fracture and
thus necessarily dominates at large time. In the laminar case, it was shown that
the viscosity dominated regime is valid up to K = 1 while the toughness dominated
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Lf K tf→k

Laminar (M)

(
E′Q3

ot
4

12µ

)1/9 (
t

tm→k

)1/9

tm→k =
(12µ)5/2Q

3/2
o E′13/2

K ′9

Turbulent Rough (R)

(
E′3Q7

o

f3
RkRρ

3

)1/26

t1/2
(

t

tr→k

)1/4

tr→k =
f
15/13
R E′37/13Q

17/13
o k

5/13
R ρ15/13

K ′4

Turbulent Smooth (S)

(
4E′4Q9

o

3f4
o ρ

3µ

)1/33
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(

t
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)7/33
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35/14
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f
10/7
o E′23/7Q
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o ρ15/14µ5/14

K ′33/7

Turbulent MDR (MDR)
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3

)7/40 E′1/4Q
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f
1/4
o µ7/40ρ3/40

)40/87 (
t

tmdr→k

)13/87

tmdr→k =
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25/13
o E′62/13Q

3/2
o µ35/26ρ15/26(

4
3

)35/26
K ′87/13

Table 3. Characteristic lengthscale Lf and dimensionless toughness in the different fluid friction
dominated scalings. The corresponding width scales as W = ϵLf = Qot/L

2
f , while the charac-

teristic pressure is P = E′Qot/L
3
f . Note that the complete friction factor depends in the general

case on both Reynolds number and relative roughness. The Reynolds number scales with the
characteristic value R = ρQo/(µLf (t)), while the relative roughness scales as kR/W . For the
turbulent smooth and MDR regimes the corresponding expression of fo are listed in eq. (2.13)
and (2.14) respectively.

regime starts for dimensionless toughness larger than 3.5 (Savitski & Detournay
2002).
When accounting for turbulent regimes, the solution structure is similar at large

time, as here again the dimensionless toughness K increases with time as ∝ tα (with
α > 0), as can be seen on table 3 for all the different limiting flow regimes. However,
other time-scales appear associated with the transition between the different flow
regimes as function of the Reynolds number and characteristic roughness. We first
discuss the case of plain water without friction reducers additives, where both rough
and smooth turbulent regimes can occur.

4.3.1. Water (without friction reducers)

As discussed previously, the characteristic Reynolds number evolves as 1/L (4.9),
such that turbulent regimes will dominate in the early time of fracture growth.
Moreover, at early time, fracture roughness is bound to dominate as fracture width
will be small and comparable to the roughness scale. The following picture there-
fore emerges for the case of plain water without friction reducers. At early time, the
propagation will be dominated by the rough turbulent regime. As time progresses,
one may transition to the turbulent smooth regime as the fracture widens com-
pared to the roughness scales, then to the laminar viscous dominated regime and
ultimately to the toughness dominated regime. However, it may well be possible
that the HF growth directly transitions from the turbulent rough to the toughness
dominated regime. In order to grasp the transition between the different flow re-
gimes, one can easily determine the time at which the characteristic fracture scale
Lf is equal for both limiting regimes. In doing so, one can define three timescales
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Transition time-scale

Rough to smooth tr→s =
16E′5/13f

99/13
R k

33/13
R Q

3/13
o ρ21/13

9f8
oµ

2

Rough to laminar tr→m =
f
27/13
R k

9/13
R Q

15/13
o ρ27/13

144E′1/13µ2

Smooth to laminar ts→m =
f3
oQ

3/2
o ρ9/4

1152E′1/4µ2

MDR to laminar tmdr→m =
f
15/2
o Q

3/2
o ρ9/4

2× 644 × 32E′1/4µ2

Table 4. Transition time-scales between regimes of propagation governed by the different
limiting flow regimes.
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Figure 6. Propagation diagram for a radial hydraulic fracture: water without friction reducers
(left), and slickwater with friction reducer at maximum drag reduction (MDR)(right).

corresponding respectively to 1) the transition between the rough and smooth tur-
bulent regimes (tr→s,), 2) the turbulent rough and laminar regimes (tr→m) and 3)
the turbulent smooth and laminar regimes (ts→m,). All these time-scales are listed in
table 4. The transition time-scales from the turbulent to laminar regimes could also
have been obtained by arguing that the laminar regime is reached when the char-
acteristic Reynolds number R falls below the critical laminar-turbulent transition
value Rc (similar results are obtained up to a constant factor).
As a result, four different situations may be encountered during the growth of

a radial fracture as depicted in figure (6) depending on the relative value of the
transition time-scales between flow regimes as well as the transition time-scales
from a given flow regime to the toughness dominated regime (table 3).
For sake of illustration, let us consider the following values of the parameters

(corresponding to water injected at a very high rate in an ’average’ sedimentary



Slickwater hydraulic fracture propagation 21

rock):

E′ = 20GPa, Qo = 0.079m3/s, ρ = 1000kg/m3, µ = 1 cP, KIc = 0.5MPa.
√
m, kR = 500µm

(4.21)
for which we obtain the following transition time-scales between the different limit-
ing regimes (all times in seconds):

tr→s = 97681 tr→m = 844 ts→m = 142

tr→k = 5049 ts→k = 2975 tm→k = 47245.

For that particular set of parameters, the propagation will evolve from the rough-
ness turbulent dominated regime, toward the laminar viscous dominated regime to
ultimately the toughness dominate regime at large time: along trajectory (2) in fig-
ure 6. The smooth turbulent regime will not appear as tr→s ≫ tr→m. Moreover the
transition to the laminar viscous dominated regime occurs faster than the transition
from the rough to the toughness dominated regime tr→m ≪ tr→k.

Note that other types of trajectories are possible as function of the problem para-
meters. For a larger toughness, a transition directly from the rough turbulent to
the toughness regime can occur (trajectory (4) in figure 6), or for a smaller value
of the roughness scale kR, the smooth turbulent regimes may appear (trajectories
(1) or (3) in figure 6). The diagram and limiting trajectories depicted in figure 6 in
combination with the different transition time-scales allow to directly quantify the
regimes encountered during the growth of a radial hydraulic fracture without doing
any numerical simulations.

4.3.2. Slickwater (water with friction reducers)

In the case where friction reducing agents are added in sufficient concentration to
water, the turbulent flow is governed by the drag reduction asymptote (MDR) and
roughness appears to have little effect here for Reynolds number lower than 3× 104

(see figure 2). From the expected ranges of Reynolds number in applications (always
lower than 105), the situation is therefore simpler than for the previously discussed
water case. Beside the transition towards the toughness dominated regime at large
time, there exists here only one additional time-scale governing the transition from
the turbulent / MDR regime toward the laminar viscous dominated one. Similarly,
the expression for such a time-scale tmdr→m can be easily obtained by solving for the
time at which the characteristic fracture scales in the MDR and laminar regimes
are equal - see table 4.

The diagram picturing the possible trajectory from one regime to the next for a
radial HF growing with friction reducer additives is depicted in figure 6 (right). For
the same set of parameters used previously, we obtain in the slickwater case the
following transition time-scales (time in seconds)

tmdr→m = 83 tmdr→k = 9288 tm→k = 47245. (4.22)

For that particular case, the HF quickly transition to the viscous laminar dominated
regime (tmdr→m ≪ tmdr→k) and then moves toward the toughness dominated regime
at large time. For a larger value of fracture toughness (2.5 instead of 0.5), we obtain
the opposite case tmdr→m(= 30s) > tmdr→k(= 30s) such that the HF will move directly
from the MDR dominated to the toughness dominated regime.
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5. Zero toughness propagation solutions for radial
fractures

We now derive semi-analytical solutions for the zero toughness case assuming that
a limiting flow regime (rough, smooth MDR etc.) apply over the whole fracture. Such
a family solution is valid at early time of the propagation of a turbulent hydraulic
fracture when the fracture energy is negligible compared to fluid friction losses.

We follow here the solution procedure devised originally by Savitski & Detournay
(2002) for the viscous laminar case. We slightly adapt it to the generalised lubrica-
tion equation (2.15). As discussed previously, at early time /zero toughness case, the
dimensionless solution does not depend on any dimensionless parameters - pending
the hypothesis of a fully turbulent flow model (rough, smooth, smooth with fric-
tion reducer etc.). The solution is therefore self-similar. All the time dependence is
encapsulated in the characteristic scales (table 3). Following Savitski & Detournay
(2002), we solve for a reduced dimensionless opening - defined as

Ω̄(ξ) = Ω(ξ)/γ (5.1)

which is directly related to the dimensionless net pressure via the dimensionless
elasticity equation

Ω̄(ξ) =
8

π

∫ 1

0
G(ξ, ξ′)Π(ξ′)ξ′ dξ′ (5.2)

The global volume balance gives the following expression for the dimensionless
length γ knowing the profile of dimensionless reduced opening Ω̄

γ =

(
2π

∫ 1

0
Ω̄(ξ)ξ dξ

)−1/3

(5.3)

The propagation condition (2.2) simplifies to the following in the zero toughness
case:

0 =

∫ 1

0

Π(ξ)√
1− ξ2

ξ dξ. (5.4)

The continuity equation in the moving coordinates system ξ = r/R reduces in the
self-similar case to

2−m

6 +m+ 2n
ξΩ̄− 2 +m+ n

6 +m+ 2n
ξ2
dΩ̄

dξ
+

1

γ

d

dξ
ξΩ̄V = 0 (5.5)

where we have used the relations

ϵ̇

ϵ
t = − 2m+ n

6 +m+ 2n

L̇

L
t =

2 +m+ n

6 +m+ 2n
(5.6)

which stands for all the previously defined scalings for the different limiting flow
regimes. After integration of the continuity equation (5.7) from ξ to 1 and accounting
for the tip boundary conditions and the generalized lubrication equation, one finally
obtains: ∫ 1

ξ
ηΩ̄(η)dη +

2 +m+ n

6 +m+ 2n
ξ2Ω̄ = γn/m−1ξ

(
−Ω̄m+n+1dΠ

dξ

)1/m

(5.7)
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while the inlet boundary condition is

lim
ξ→0

2πγ2ξΩ̄(ξ)V(ξ) = 1 (5.8)

5.1. Method of solution

The method of solution is similar to the one described in Savitski & Detournay
(2002). It consists in seeking a solution F(Ω̄,Π, γ) as F = F∗+BF∗∗ , where F∗∗ de-
notes a particular solution satisfying the inlet behaviour associated with the bound-
ary conditions (see sub-section 2.3), while F∗ is a general solution. We write the net
pressure and reduced opening profiles as the following series

Π(ξ) =
∞∑
i=1

AiΠ
∗
i (ξ) +BΠ∗∗(ξ) (5.9)

Ω̄(ξ) =
∞∑
i=1

CiΩ̄
∗
i (ξ) +BΩ̄∗∗(ξ) (5.10)

where Ai, Ci and B are unknowns coefficients. The general basis functions Π∗
i and

Ω̄∗
i are taken to be pair-wise solution of the elasticity equation (5.2) and to also

satisfy the zero toughness condition (5.4) as well as the asymptotic behaviour at the
fracture tip (3.8) - see Savitski & Detournay (2002) for more details. The particular
function Π∗∗ is taken to satisfy the inlet pressure singularity as well as the zero
toughness condition, and the function Ω̄∗∗ is the corresponding solution of the elastic
equation. After the proper choice of general and particular solution, we will discretise
the continuity equation (5.7) at a number of collocation points and solve for the
unknown coefficients of the truncated series (5.9-5.10).

5.1.1. Particular inlet solution

As discussed in sub-section (2.3), under the assumption of a finite width at the
fracture inlet, from the inlet flux boundary conditions, the gradient of net pressure
at the inlet behaves as

dΠ

dξ
∝ − 1

ξm
(5.11)

such that after integration, for m ̸= 1, we obtain the following particular solution
for the net pressure which has the proper behaviour for ξ → 0:

Π∗∗ =
1

m− 1

1

ξm−1
− b (5.12)

The constant b is determined such that this particular solution satisfy the condition
of zero toughness propagation (5.4):

b = −
√
π

4

Γ(1−m
2 )

Γ(2−m/2)
. (5.13)
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The fracture width Ω̄∗∗ corresponding to the previous particular net pressure profile
can be obtained from the elasticity equation (5.2). After integration, one obtains:

Ω̄∗∗(ξ) =
2√
π

Γ(1−m
2 )

Γ(4−m
2 )

(√
1− ξ2 −

√
π

2

Γ(m−2
2 )

Γ(m−1
2 )

ξ2−m − 2F1(
1
2 ,

m−2
2 , 12 , ξ

2)

2−m

)
for m ̸= 2

(5.14)

Ω̄∗∗(ξ) = −4
(√

1− ξ2 + log ξ − log(1 +
√

1− ξ2)
)

for m = 2 (5.15)

where Γ denotes the Euler gamma and 2F1 the hyper-geometric function respectively.
Such particular solutions F∗∗(Π∗∗, Ω̄∗∗) satisfy the inlet behaviour of the net pressure,
the elasticity equation as well as the zero toughness condition.

The inlet logarithmic singularity for the fracture width obtained for the rough
turbulent regimes (m = 2) violates the original assumption of a finite inlet width.
Zolfaghari & Bunger (2018a) have discussed the use of a more appropriate particular
inlet solution for that particular case. In what follows, we nevertheless use the
previous functional form in the series for simplicity. This has little impact on the
obtained results as we shall see.

5.1.2. General solution

Following Savitski & Detournay (2002); Madyarova & Detournay (2004), we
choose the following general basis for the net pressure and corresponding opening
general solution

Π∗
i (ξ) = − (1− ξ)−n/(2+n)√

hi−1

(
4

2+n , 2
)Ji−1

(
4

2 + n
, 2, ξ

)
︸ ︷︷ ︸

Π̄∗

+ωi (5.16)

Ω̄∗
i (ξ) =

(1− ξ)2/(2+n)√
hi−1

(
2(4+n)
2+n , 2

)Ji−1

(
2(4 + n)

2 + n
, 2, ξ

)
(5.17)

where J is the Jacobi Polynomial of order i and hi is the norm of the corresponding
Jacobi polynomial. Both functions Π∗-Ω̄∗ provides an orthogonal basis. They satisfy
the elasticity equation (5.2) as well as the zero toughness tip asymptotes (3.8), i.e.

Ω̄∗
i ∝ (1− ξ)2/(2+n) 1− ξ ≪ 1 (5.18)

Π∗
i ∝ (1− ξ)−n/(2+n) 1− ξ ≪ 1. (5.19)

The constants ωi ensures that the zero toughness condition (5.4) is satisfied and are
thus simply obtained as:

ωi = −
∫ 1

0

Π̄∗
i (ξ)√
1− ξ2

ξ dξ. (5.20)

Truncating the series, using nΠ terms for the net pressure and nΩ = nΠ + 1 for
opening, one obtains the following relations between the Cs and As coefficients via
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the elastic relation:

C
(nΩ,nΠ)
i =

nΠ∑
j=1

LijA
(nΩ,nΠ)
j (5.21)

Lij =
8

π

∫ 1

0
Ω̄i(η)

[∫ 1

0
G(η, ξ)Π∗

j(ξ)ξ dξ

]
ηdη (5.22)

The coefficients Lij can be pre-computed (see Savitski & Detournay (2002) for more
details).

5.1.3. Discretised lubrication equation

With the previously discussed general and particular solutions in hand, we col-
locate the lubrication equation (5.7) at N distinct spatial points ξj in the interval
[0, 1] and construct the following error cost function to be minimised in terms of the
coefficients A = (A1, ..., Ai, ...) and B:

Err(A, B) =
N∑
j=1

∥rhs(A, B, ξj)

lhs(A, B, ξj)
− 1∥2 (5.23)

where the rhs and lhs stands for the right hand side and left hand side of the
lubrication eq.(5.7). The details of their expressions are listed in appendix C. For a
given order of truncation nΠ, we use the built in NMininize function of Mathematica
to minimise this cost function and obtain the corresponding series coefficients.

5.2. Results

The results for the case of the turbulent rough, turbulent smooth and the maximum
drag reduction flow regimes are listed in tables 5, 6 and 7 respectively. We report
the results for different order of truncation nΠ (from 1 to 5) using N = 40 colloca-
tion points. We observe a reduction of the error with increasing order of truncation
as expected. It is worthwhile to note that the convergence with increasing trunca-
tion order appears slower for the case of the turbulent rough and smooth regimes
compared to the MDR case as well as the laminar case reported in Savitski & De-
tournay (2002). The poor convergence in the case of the rough regime is most likely
related to the improper inlet behaviour used here. Our results compare very well
(up to 3 digits) with the one obtained in Zolfaghari & Bunger (2018a) for the rough
turbulent regime with a similar solution method.
The dimensionless opening Ω(ξ) and net pressure profiles are displayed in figure 7

for all the different limiting turbulent flow regimes as well as the laminar solution.
It is interesting to observe that pending the singular behaviour at the inlet, the
dimensionless solution for the turbulent smooth and rough regimes appear relatively
similar. The difference between the different solutions obviously resides mostly in the
different characteristic scales listed in Table 3 and will vary depending on the exact
values of the problem parameters. It is also worth noting that the spatial variation
along the fracture of a dimensionless Reynolds number function (Reynolds number
scaled by the characteristic value R and multiplied by the dimensionless fracture
length γ) is only weakly dependent on the limiting flow regimes assumed over the
entire fracture (figure (8)). The inlet behaviour in 1/ξ dominates over half of the
fracture length.
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Figure 7. Dimensionless fracture opening Ω(ξ) (left) and net pressure Π(ξ) (right) profiles of the
zero toughness solutions in the different flow regimes: fully rough turbulent, smooth turbulent,
Maximum Drag Reduction (MDR) turbulent. The laminar solution of Savitski & Detournay
(2002) is also displayed for comparison (black dotted line) as well as the approximate solutions
for fracture width given by equations (5.26)-(5.28).

0.05 0.10 0.50 1
0.001

0.010

0.100

1

10

100

Laminar (M)
MDR 
Smooth (S)
Rough (R)

ξ

1/(2πξ)

γΩV

Figure 8. Scaled Reynolds number function ΩV by the characteristic value R (and multiplied
by the dimensionless fracture length for comparisons between the different flow regimes) along
the fracture. The inlet behaviour in ∼ 1/ξ is clearly visible.

5.3. Approximate solutions

Simple approximate solutions for these limiting zero toughness propagation regimes
can also be devised following an approximate approach similar to the one described
by Dontsov (2016b) for the laminar case. The underlying idea is to recognise that
the near-tip asymptote governs most of the fracture width, such that the fracture
width profile of the finite radial hydraulic fracture is approximated as

w(r) =

(
R + r

2R

)λ

wa(R− r) (5.24)

where wa corresponds to the near-tip solution which depends on material paramet-
ers and the fracture velocity. λ is a factor to stitch the asymptote solution to a finite
fracture profile - we will use λ = 1/2 in the following for simplicity. Assuming a lim-
iting turbulent propagation regime (turbulent rough, smooth or at maximum drag
reduction), the growth of the fracture is self-similar, e.g. R = γLf (t), while the near-
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nΠ 1 2 3 4 5

Err 1.4× 10−2 5.6× 10−3 2.4× 10−3 1.3× 10−3 8.1× 10−4

γ 0.8476 0.8560 0.8566 0.857 0.8572

B × 102 2.821 2.328 2.174 2.028 1.944

A1 × 101 7.534 5.76 6.83 5.909 6.555

A2 × 102 4.267 2.250 4.075 3.008

A3 × 102 −1.378 −0.698 −1.351

A4 × 102 0.698 0.402

A5 × 102 −0.383

C1 × 101 3.821 3.823 3.825 3.843 3.851

C2 × 102 5.08 3.54 3.36 3.256 3.179

C3 × 103 −1.818 1.619 2.039 2.23

C4 × 103 2.469 1.165 0.907

C5 × 104 −3.943 1.301

C6 × 104 5.229

Table 5. Rough turbulent dominated solution: series coefficients B, Ai, Ci, error in the
lubrication equation (Err) and dimensionless fracture radius γ.

tip asymptote wa is given by the turbulent tip asymptote (3.8). The global volume
balance then provides a simple equation to solve for the dimensionless fracture
length γ. In the turbulent lubrication scaling, one obtains (using dR/dt = γdLf/dt
as the fracture velocity in the expression of the tip asymptote (3.8)):

2π

(
2 +m+ n

6 + 2m+ n

)m/(2+n)

γ
6+m+2n

2+n

∫ 1

0

(
1 + ξ

2

)λ

× βn × (1− ξ)2/(n+2)ξ dξ = 1 (5.25)

which can be easily solved for γ for a given flow regime (m and n), and a choice of
λ.
Following Dontsov (2016b), using λ = 1/2, we obtain the following approximate

solutions for the different turbulent flow regimes - expressed here in dimensionless
form (see table 3 for the corresponding scaling):

• turbulent rough

γ ≈ 0.8473 Ω̄(ξ) = Ω(ξ)/γ ≈ 1.1466(1− ξ)6/7(1 + ξ)1/2 (5.26)
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nΠ 1 2 3 4 5

Err 5.8× 10−3 2.2× 10−3 7.3× 10−4 3.9× 10−4 2× 10−4

γ 0.850 0.855 0.856 0.857 0.857

B × 102 4.64 3.934 3.766 3.575 3.488

A1 × 101 9.99 8.452 9.181 8.507 8.886

A2 × 102 2.963 1.953 3.003 2.566

A3 × 103 −8.091 −4.515 −7.638

A4 × 103 3.954 2.455

A5 × 103 −1.976

C1 × 101 3.715 3.749 3.747 3.765 3.77

C2 × 102 5.117 4.062 3.908 3.842 3.767

C3 × 103 −0.041 1.848 2.021 2.010

C4 × 103 2.097 1.357 1.199

C5 × 104 −0.38 2.269

C6 × 104 3.875

Table 6. Smooth turbulent dominated solution: series coefficients B, Ai, Ci, error in the
lubrication equation (Err) and corresponding dimensionless fracture radius γ.

• turbulent smooth

γ ≈ 0.8417 Ω̄(ξ) = Ω(ξ)/γ ≈ 1.1868(1− ξ)8/9(1 + ξ)1/2 (5.27)

• turbulent with friction reducers at maximum drag reduction

γ ≈ 0.7534 Ω̄(ξ) = Ω(ξ)/γ ≈ 1.4369(1− ξ)0.7407(1 + ξ)1/2. (5.28)

One can obtain the corresponding net pressure profiles via the elastic equation. It
is interesting to note that the dimensionless length obtained are in very good agree-
ment with the more rigorous solution previously obtained with a relative difference
of 1.15, 1.8 and 0.6 percent for the rough, smooth and MDR cases respectively. How-
ever, the width profiles are not as precise as these approximations do not capture
the details of the fracture inlet behaviour as can be observed in figure (7). These
approximate solutions nevertheless provides a simple estimate of fracture length and
opening that can be easily used in practice.
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nΠ 1 2 3 4

Err 1.× 10−3 1.7× 10−4 3.6× 10−5 1.7× 10−5

γ 0.7548 0.7573 0.7578 0.7582

B × 102 7.813 7.177 7.207 7.071

A1 × 101 4.458 4.123 4.156 4.053

A2 × 102 1.674 1.483 1.953

A3 × 103 −1.121 0.089

A4 × 103 0.9343

C1 × 101 5.309 5.308 5.293 5.296

C2 × 102 6.132 5.583 5.549 5.493

C3 × 103 0.580 0.8353 0.7088

C4 × 103 1.277 1.068

C5 × 104 1.81

Table 7. MDR turbulent dominated solution: series coefficients B, Ai, Ci, error in the
lubrication equation (Err) and dimensionless fracture radius γ.

6. Transition between propagation regimes for slickwater
We now briefly investigate numerically the transition from the turbulent regimes

toward the viscous laminar and finally to the toughness regime for a radial hydraulic
fracture. The transition from the rough to smooth and laminar regimes for the case
of water have been investigated recently (Zolfaghari & Bunger 2018a; Dontsov &
Peirce 2017). We therefore focus here solely on the important practical case of
slickwater at maximum drag reduction. We use a fully-coupled solver for planar 3D
hydraulic fracture growth based on the implicit level set algorithm as described in
Peirce & Detournay (2008); Peirce (2016); Dontsov & Peirce (2017).We extend our
implementation (Zia et al. 2018; Zia & Lecampion 2019) to account for the evolution
of the friction factor with the local Reynolds number accounting for the maximum
drag reduction asymptote (MDR). We use a simple piece-wise variation of f above
and below a critical value of Reynolds number (see eq. (3.10)) that satisfies the
laminar and MDR approximation given by (2.14). The generalised lubrication (2.9)
is solved implicitly for fluid velocity - as the friction factor is a function of the
local Reynold number. It is important to point out that we also use the near-tip
solution accounting for the transition from the MDR turbulent flowasymptote to
the toughness one (see section 3) in replacement of the classical laminar mk tip
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solution in order to evolve the fracture front in the implicit level scheme (see e.g.
Peirce (2016) for details).

We use a square Cartesian mesh with 41× 41 cells in the results reported here. A
re-meshing/coarsening of the solution is performed every time the solution reaches
the end of the grid (see Zia & Lecampion (2019) for details). The point-source
injection is obviously not precisely reproduced as the fluid is injected in the central
cell. As previously discussed in section 2.3, this results in a finite and constant value

of the Reynolds number at the four edges of this injection cell Re =
ρQo

µ (4h)
where h

is the length of a cell edge.

Our main purpose here is to quantify how the transition time-scales estimated from
scaling arguments in section (4) hold, and to quantify these transitions.We perform
simulations of radial hydraulic fracture propagation for either the case where the
propagation transitions from the MDR to the laminar viscous dominated solution,
or when the propagation transitions from the MDR directly to the toughness dom-
inated solution at large time. We perform simulations with the base parameters
already listed in eq. (4.21) of section 4.3.2. We only vary the toughness to switch
from one case to another. The corresponding time-scales are reported in table 8.
Figures 9 and 10 display the results for the fracture length and opening profiles at
different times for these two simulations.

In the MDR to viscous dominated transition case, the simulation is performed
up to t = 106 seconds therefore ending when the fracture is propagating in the
laminar viscosity dominated regime (tmdr→m = 30 seconds for this set of parameters).
Obviously such a large injection duration is not encountered in practice but our
aim is to illustrate the complete transition from the MDR to the viscous laminar
regime. The transition toward the toughness dominated regime would take place
even at later time, as tm→k = 4.7 104 seconds for this case (and the transition to full
toughness dominated regimes occurs at 75 103tm→k (Savitski & Detournay 2002)).
We clearly see in figure 9 that the simulator properly follows both the early time
MDR solution obtained in section 5 as well as the laminar viscosity dominated
solution of Savitski & Detournay (2002) for time larger than tmdr→m. Some slight
discrepancies in the width profiles associated with the numerical approximation
of the point source injection can be observed near the injection centre. One can
clearly see from the ratio between the numerical solution and the fully laminar
viscous dominated solution that the effect of turbulent at maximum drag reduction
is limited (10% at most at early time).

For the MDR to toughness dominated case (when toughness is increased to KIc =
2.5MPa.

√
m), we clearly see in figure 10 that the solution transitions directly from

the MDR to the toughness dominated regimes as expected. The solution starts
to depart from the MDR regime approximately at a time equal to tmdr→k, and
fully reaches the toughness dominated regime at time larger than 100 tmdr→k. The
numerical simulation properly captures this transition and properly lands in good
agreement with the toughness dominated solution (Savitski & Detournay 2002) -
although the width profiles are not yet in complete agreement with the toughness
dominated simulation at the end of this simulation. This is due to the large rate
and the finite numerical point-source injection which results in a small pressure
drop near the fracture centre even at these large times. In this large toughness
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Figure 9. Numerical solution obtained using a planar 3D fracture simulator for the MDR to
viscosity dominated transition test case: Evolution of the fracture radius (left top), ratio between
the numerical solution and laminar viscous dominated (M) solution (left bottom), fracture width
profile along the x-axis at different time (right). The analytical solutions for the MDR and laminar
viscosity dominated solution are also shown for reference.

case, it is interesting to note that the effect of turbulent flow (at MDR) on fracture
propagation is more pronounced (about 30% difference at early time).
These numerical simulations confirm that the transition time-scales and their or-

dering properly capture the evolution of slickwater hydraulic fracture growth - see
section 4.3.2. For the set of parameters used here (see eq. 4.21), the transition from
the MDR turbulent to the laminar viscous regime occurs relatively fast - i.e in less
than one minute. From the expression of the time-scales (tables 3 and 4), larger
rate / less viscous and denser fluid - as well as softer rocks would tend to increase
the transition to the viscous laminar regime. For the case of “tougher” rocks, the
laminar viscosity dominated regime is by passed altogether and the transition to
the full toughness dominated regime takes longer than the characteristic transition
time-scale (i.e 100 tmdr→k) - possibly lasting up to few minutes. The different char-
acteristic time-scales and the previous end-member simulations allow to quickly
quantify the importance of the MDR dominated regime for a given set of injection
and rock parameters.

7. Conclusions
The use of friction reducer additives in water combined with high injection rate

is ubiquitous in industrial hydraulic fracturing - leading to the so-called slickwater
fracturing treatments. The addition of these drag reducing agents drastically modify
the behaviour of turbulent flow. Focusing on the radial fracture geometry as well as
the near-tip behaviour of a hydraulic fracture, we have quantified the effect of turbu-
lent flow on hydraulic fracture propagation (both with and without the addition of
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Figure 10. Numerical solution obtained using a planar 3D fracture simulator for the MDR
to toughness dominated transition test case. Evolution of the fracture radius (left top), ratio
between the numerical solution and toughness dominated (K) solution (left bottom), fracture
width profile along the x-axis at different time (right). The analytical solutions for the MDR and
laminar toughness dominated solution are also shown for reference.

MDR to M case MDR to K case

KIc 0.5MPa.
√
m 2.5MPa.

√
m

Time scales

tm→k 4.7× 104 s 0.024 s

tmdr→m 30 s 30 s

tmdr→k 9288 s 0.19 s

Table 8. Transition time-scales for the two numerical examples covering the MDR to M
(KIc = 0.5MPa.

√
m) or MDR to K (KIc = 2.5MPa.

√
m) transition. The values of the para-

meters are listed in eq. (4.21). Only the toughness differs between the two cases.

drag reducing agents). We have notably derived zero toughness solutions for a radial
hydraulic fracture propagating in an impermeable medium under different turbulent
flow regimes: turbulent smooth, rough and at maximum drag reduction. We have
used the fact (first noted by Tsai & Rice (2010) for the turbulent rough regime)
that turbulent lubrication flow can be expressed in a form akin to the lubrication of
power-law fluid under laminar condition. This allows to solve for any type of fluid
friction factor expression in either the form f ∝ Re−n ∝ (wv)−n or f ∝ (kR/w)

α.
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Simple approximations of these zero toughness solutions have also been presented.
These solutions should notably prove useful in the benchmarking of hydraulic frac-
turing numerical simulator accounting for laminar and turbulent flow regimes (as
discussed in section 6). The zero toughness limiting flow regime solutions presented
here are also applicable in other contexts where the characteristic Reynolds number
is truly large such as in the case of rapid lake drainage at glacier beds (Rice et al.
2015).

More importantly, via dimensional analysis we have shown how the propagation
of a radial HF evolves from the early time turbulent regimes toward the large time
laminar regimes. The different transition time-scales and their ordering directly
provides a quantitative picture of HF propagation for a given set of parameters.
Some intermediate regimes may not even be seen in some cases. As an example, the
viscous laminar regimes can be bypassed for high rate slickwater type injection in
very tough rocks.

As by definition the fracture width (and fluid flux) goes to zero at the fracture
tip (ΩV → 0), a laminar boundary layer is always present near the fracture tip.
The extent of this laminar region decreases for increasing tip Reynolds number

Remk =
ρK ′4

12E′3µ2
. More precisely, the laminar region scales as 5000Re

−3/2
mk ℓmk in the

case of slickwater (where ℓmk = K ′6/
(
E′4V 2(12µ)2

)
is the tip viscous to toughness

laminar lengthscale). We have obtained numerically the evolution of the HF tip
behaviour from the near-tip toughness asymptote to the far-field turbulent MDR
asymptotes (see also the approximated edges solutions in appendix B). This near-tip
solution can be used in finite scale numerical HF simulations in a similar way than in
the solely laminar case. The numerical simulations presented in section 6 illustrate
how the propagation evolves from the early time turbulent / zero toughness solution
to the late time laminar propagation regimes. The presented simulations confirms
the transition time-scales obtained from dimensional arguments.

Coming back to industrial applications, in the most extreme cases (for very tough
rocks, very large rate slickwater injection), the MDR turbulent regime may last for
at most a few minutes at the beginning of the injection (see figure 10). The effect
is minimal for most injection conditions (rate, duration) encountered in practice.
Moreover, one must bare in mind that the addition of heavy molecular weight poly-
mer also increases the viscosity of the fracturing fluid. The resulting fluid exhibits
a degree of shear-thinning (Habibpour & Clark 2017) and viscoelasticity (White &
Mungal 2008; Larson & Desai 2015). The increase of the (low shear rate) viscos-
ity with polymer concentration can be estimated via the Mark-Houwing-Sakurada
relation between intrinsic viscosity [η] = limc→0(µ − µo)/µoc (where µo is the vis-
cosity of the solvent, and c the concentration) and molecular weight: [η] = KMa

w

(typically expressed in mL/g) (Brandrup et al. 1999). Using data for polyacrylamide
(Brandrup et al. 1999) and hydrolyzed polyacrylamide solutions (popular friction re-
ducing agents) at usual concentrations (ranging between 100 and 1000 ppm (Smith
& Montgomery 2015)), we estimate an increase of up to 50 fold (at the largest
concentration) compared to the base viscosity (in line with measurements reported
in (Habibpour & Clark 2017)). Such an increase of the viscosity of the fracturing
fluid has two direct consequences: i) the critical Reynolds number governing the
onset of turbulence will actually never be reached for most cases, and ii) the trans-
ition time-scales from the MDR to the laminar regimes are significantly shorten (see



34 B. Lecampion

table 4). On the other hand, high downhole temperatures as well as the potential
rupture of the polymer chains due to large shear rate in the wellbore may lower
back the fluid viscosity and deteriorates the ability to lower frictional drag under
turbulent conditions (Al Hashmi et al. 2013) - a mechanism that requires proper
quantification.
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Appendix A. Elastic kernel
For completeness, we recall here the expression of the elastic kernel G for the

expression of the elasticity equation via a single integral equation (2.1) (see Savitski
& Detournay (2002); Cleary & Wong (1985) for more details).

G(ρ, ξ) =


1
ρF
(
arcsin

√
1−ρ2

1−ξ2 ,
ξ2

ρ2

)
ρ > ξ

1
ξF
(
arcsin

√
1−ξ2

1−ρ2 ,
ρ2

ξ2

)
ρ < ξ

(A 1)

where F is the incomplete elliptic integral of the first kind.

Appendix B. Semi-infinite hydraulic fracture approximate
edge solutions

• The mk edge tip solution is well approximated by stitching the far-field 2/3
viscous asymptote with the 1/2 near-field asymptote as suggested by Dontsov &
Peirce (2015):

w(ξ = x̂/ℓmk)

wmk
= ξ1/2 ×

(
1 + βo

3ξ1/2
)1/3

(B 1)

one can see that we recover w/wmk = ξ1/2 for ξ ≪ 1 and w/wmk = 21/3 × 35/6ξ2/3 for
ξ ≫ 1. The error is only of a few percent in the transition range (see Dontsov &
Peirce (2015) for discussion).

• Using a similar argument, we can derive the following approximation for the tk
edge (see figure 3) - case of large Remk :

w(ξ = x̂/ℓmk)

wmk
= ξ1/2×

1 +

(
βn

(
f ′o
12

)1/(n+2)

Re
(1−n)/(n+2)
mk

)n+2

ξ1−n/2

1/(n+2)

(B 2)

specifically for the MDR case:
w

wmk
≈ ξ1/2 ×

(
1 + 2.67745Re0.3mkξ

0.65
)0.37037

(B 3)

One can easily see that we recover the proper asymptote for small and large ξ. The
error is minimal (less than 2%) in the transition region.

• Similarly for the tm edge - case of small Remk and large ξ (see figure 3), the
transition between the m and t asymptotes can be approximated now factoring the
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viscous asymptote as the near-field one:

w

wmk
= 21/3×35/6ξ2/3×

1 +

(
βn

21/3 × 35/6

(
f ′o
12

)1/(n+2)

Re
(1−n)/(n+2)
mk

)n+2

ξ2(1−n)/3

1/(n+2)

(B 4)
specifically for the MDR case:

w

wmk
≈ 21/3 × 35/6ξ2/3 ×

(
1 + 0.121136Re0.3mkξ

0.2
)0.37037

(B 5)

Here again we recover the proper asymptote for small and large ξ.

Appendix C. Zero toughness radial hydraulic fracture
solution details

We briefly detail here the collocation method used to solve the continuity equation.
The method is similar to the one used in Savitski & Detournay (2002) for the zero
toughness case for laminar Newtonian fluids. We introduce the following integrals

I∗i (ξ) =

∫ 1

ξ
ηΩ̄∗

idη (C 1)

I∗∗(ξ) =

∫ 1

ξ
ηΩ̄∗∗dη (C 2)

than can be pre-computed for the different general basis function as well as the
particular inlet solution. We then obtain the following left and right hand sides part
of the lubrication equation - after truncation of the series (5.9)-(5.10) to nΠ and
nΩ = nΠ + 1 for the net pressure and the opening respectively:

lhs(A, B, ξj) =
nΩ∑
i=1

CiI
∗
i (ξj) +B I∗∗(ξj) +

2 +m+ n

6 +m+ 2n
ξ2j

(
nΩ∑
i=1

CiΩ̄
∗
i (ξj) +B Ω̄∗∗(ξj)

)
(C 3)

rhs(A, B, ξj) =

(
2π

nΩ∑
i=1

CiI
∗
i (1) + 2πB I∗∗(1)

) 1
3
− n

3m

× ξj×
−

(
nΩ∑
i=1

CiΩ̄
∗
i (ξj) +B Ω̄∗∗(ξj)

)m+n+1

×
(

nΠ∑
i=1

Ai
dΠ∗

i

dξ
+B

dΠ∗∗

dξ

)1/m


(C 4)

Finally, the coefficients Ci can be expressed from the Ai coefficients

Ci = LijAj (C 5)

with Lij defined in eq.(5.22), such that we solve for Ai coefficients and B.
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