
1 INTRODUCTION 

Recent trends in research as well as in architectural and structural design practice have identified 
the potential of reuse to lower the environmental footprint of the built environment (Gorgolewski, 
2017). Reuse aims at avoiding raw material use for new production and at reducing the energy 
spent for transformations as well as at reducing waste by keeping products for multiple service-
lives as close as possible to their original form. In construction, the reuse of structural components 
has a substantial effect, because load-bearing systems contribute the largest share to the embodied 
environmental impacts of building structures (Kaethner & Burridge, 2012). For instance, reusing 
reclaimed steel members from disassembled buildings avoids consuming energy for re-melting 
and new production (Allwood and Cullen, 2012). An alternative approach to reusing reclaimed 
components is the synthesis of a stock of elements or kit-of-parts whose components can be re-
used in multiple configurations, e.g. in the case of modular or temporary structures. 

As pointed out by Gorgolewski (2008), reuse entails a particular challenge: “For structural 
design the size and length of the available members will then determine the spans and spacing 
possible in the new structure […]” (p.180). Different to conventional design, this reversed process 
is not supported by design guidelines or tools. The approach to facilitate the design of structures 
from reused elements, followed in this paper, is the application of structural optimization, which 
traditionally seeks best performing systems for a given set of boundary conditions and loads. 

Section 2 presents two optimization methods for reticular structures subject to an element stock. 
The first method uses elements from a stock individually (section 2.1) and has been previously 
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ABSTRACT: Reuse reduces raw material use, waste generation and energy consumption caused 
by building construction. A substantial share of these impacts is contributed by load-bearing sys-
tems because of their mass- and energy-intensive production process. Therefore, reusing struc-
tural components over multiple service lives has the potential to improve the sustainability of 
building structures. However, reusing structural elements entails reversing the conventional struc-
tural design process: the mechanical and geometric properties of available elements predetermine 
the geometry and topology of a structure. This paper presents structural optimization techniques: 
1) for the design of multiple spatial structures from one stock of elements, and 2) for the synthesis 
of an optimal stock or kit-of-parts whose elements can be used in multiple structures. The objec-
tive of case 1) is to avoid the cutting of stock elements, i.e. to reduce waste. In case 2), the objec-
tive is to reuse stock elements in as many structures as possible. In both cases, the assignment of 
stock elements to the structure is obtained via combinatorial optimization. In addition, geometry 
optimization is employed to best-fit the structure geometry to the lengths of assigned stock ele-
ments. The potential of the proposed methods for large-scale applications is demonstrated via 
case studies of three spatial structures of complex layout: a dome, two three-chord trusses and a 
tower.



presented in Brütting et al. (2018). Section 2.2 extends the method to the scenario of cutting mul-
tiple members from individual stock elements. Such approach has been shown by Bukauskas et 
al. (2017) for the design of trusses made from timber logs by employing heuristics. Instead, this 
paper employs deterministic combinatorial optimization to obtain globally optimal solutions. 

Section 3 introduces an optimization formulation for obtaining an optimal kit-of-parts that can 
be used to build multiple structures. In this method, the length and number of stock elements are 
the design variables of the optimization. This problem has so far received little attention. Nadir et 
al. (2004) have studied the reconfiguration of bars within a planar truss, in order to react to chang-
ing load actions. Tugilimana et al. (2017) considered sizing optimization, spatial reconfiguration 
and reuse of unit-cells in modular bridges of different spans. Basso et al. (2009) optimized the 
geometry of a free-form grid structure, where only a defined number of dissimilar element lengths 
was allowed. In contrast, the work of this paper aims at optimizing a kit-of-parts for multiple 
spatial structures with the objective is to maximize the number of reuse cycles per element. 

2 STRUCTURAL OPTIMIZATION WITH STOCK CONSTRAINTS 

In the following, the term member is used for a position or bar in a reticulated structure and mem-
ber length is the distance between nodes at this position. The term element is used for the indi-
vidual component of a stock. Figure 1(a) shows a cantilever truss with m = 5 pin-jointed members. 
Two scenarios for reusing elements are considered: (A) the 1-to-1 assignment of elements to po-
sitions in the truss, and (B) a bin-packing approach, where multiple members can be cut from 
individual elements. Figure 1(b) relates to scenario (A) and shows Stock A with s = 7 elements. 
Elements of identical properties (cross sections and lengths) are collated in g = 3 groups. Fig-
ure 1(c) relates to scenario (B) and shows Stock B with s = 5 elements. The color mapping be-
tween structure and stocks represents the optimal assignment and packing. Some elements have 
to be shortened to fit the structure geometry. In the following, such cut-off is referred to as waste. 
 

 
Figure 1. (a) Cantilever truss, (b) stock A and assignment, (c) stock B and bin-packing configuration 

2.1 Assignment problem 
This section presents a structural optimization formulation (A) for the assignment of stock ele-
ments to a truss. For details on the formulation the reader is referred to Brütting et al. (2018). 

In general, the use of one element from stock group j at position i in the structure, is represented 
by an entry ti,j = 1 in the binary assignment matrix T ∈ {0, 1}m×g. The objective of the optimiza-
tion is to avoid waste W (Eq. 1) via minimizing the length distance between members and stock 
elements, i.e. between �̅�𝒍 and 𝒍𝒍. To obtain a measure in terms of mass, the length difference is 
weighted by the assigned element cross section areas a and material density ρ. The operator ∘ in 
Eq. (1) indicates an element-wise multiplication of vector entries. 

A simultaneous analysis and design approach is followed where the structural analysis is part 
of the optimization in the form of constraints (Haftka, 1985). For each load case k, equilibrium of 
forces and stress constraints are taken into account via Eqs. (2) and (3). Eq. (4) guarantees the 
assignment of exactly one stock element at each position, i.e. the topology of the system is invar-
iant. Eq. (5) constrains the element assignment to nj, which is the number of available elements 



per group. Eq. (6) imposes that assigned elements need to be longer or equal to the nodal distances 
(member lengths �̅�𝒍) of the corresponding truss positions. 

 
(A) min

𝑻𝑻,𝒑𝒑
𝑊𝑊 = 𝜌𝜌𝟏𝟏𝑇𝑇𝑻𝑻(𝒂𝒂 ∘ 𝒍𝒍) − 𝜌𝜌�̅�𝒍𝑇𝑇𝑻𝑻𝒂𝒂 (1) 

s.t.:  𝑩𝑩𝒑𝒑(𝑘𝑘) = 𝒇𝒇(𝑘𝑘)  ∀ 𝑘𝑘 (2) 
 −𝜎𝜎𝑻𝑻𝒂𝒂 ≤ 𝒑𝒑(𝑘𝑘) ≤ +𝜎𝜎𝑻𝑻𝒂𝒂  ∀ 𝑘𝑘 (3) 
 

�𝑡𝑡𝑖𝑖,𝑗𝑗 = 1  ∀ 𝑖𝑖 = 1 …𝑚𝑚
𝑔𝑔

𝑗𝑗=1

 (4) 

 
�𝑡𝑡𝑖𝑖,𝑗𝑗 ≤ 𝑛𝑛𝑗𝑗  ∀ 𝑗𝑗 = 1 …𝑔𝑔
𝑚𝑚

𝑖𝑖=1

 (5) 

 �̅�𝒍 ≤ 𝑻𝑻𝒍𝒍 (6) 
 Stock vectors: 𝒂𝒂, 𝒍𝒍 ∈ ℝ𝑔𝑔; member lengths 𝒍𝒍 ∈ ℝ𝑚𝑚; equilibrium matrix: 𝑩𝑩 ∈ ℝ𝑑𝑑×𝑚𝑚; member 

forces 𝒑𝒑 ∈ ℝ𝑚𝑚; ext. forces: 𝒇𝒇 ∈ ℝ𝑑𝑑; material strength: 𝜎𝜎; vector of all ones: 𝟏𝟏 ∈ {1}𝑚𝑚 
  

 
The formulations of this paper omit geometric compatibility and nodal displacements (plastic 

design). Therefore, obtained structures might for instance violate deflection constraints. Yet, plas-
tic design and invariant topology reduce the computational complexity allowing this method to 
be scalable to large-scale spatial systems. If deflection constraints would be governing a design, 
the elastic formulations given in Brütting et al. (2018) should be employed in a post process.  

Problem (A) is a Mixed-Integer Linear Programming (MILP) problem and can be solved to 
global optimality, for instance via branch-and-bound techniques (Nemhauser and Wolsey, 1988). 

2.2 Bin-packing problem 
The bin-packing formulation (B) is directly developed from (A). Cutting of multiple members 
from one element requires treating every stock element individually (j = 1…s) instead of in 
groups. This entails expanding all stock vectors from size g to size s and the size of T becomes 
m×s. In addition, binary variables y ∈ {0, 1}s are included to identify whether one or more mem-
bers are cut from an element (yj = 1) or conversely whether an element remains unused (yj = 0). 
The inclusion of y is required because in (B) multiple truss member might be paired with one 
stock element, which would result in double counting when using Eq. (1) instead of Eq. (7). Fur-
ther, Eq. (8) replaces Eq. (6) since for bin-packing the sum of the member lengths must be smaller 
or equal to the length of the stock element to which the members are assigned. 
 
(B) min

𝑻𝑻,𝒚𝒚,𝒑𝒑
𝑊𝑊 = 𝜌𝜌𝒚𝒚𝑇𝑇(𝒂𝒂 ∘ 𝒍𝒍) − 𝜌𝜌�̅�𝒍𝑇𝑇𝑻𝑻𝒂𝒂 (7) 

s.t.:  Eqs. (2), (3) and (4)  
 𝑻𝑻𝑇𝑇�̅�𝒍 ≤ 𝒚𝒚 ∘ 𝒍𝒍 (8) 
 

(B) is a standard MILP problem, yet the expansion of T and the addition of binary variables y 
increases the problem size with respect to (A), which might result in longer computations. 

2.3 Geometry optimization 
After solving problems (A) or (B), the lengths of the selected elements may not match exactly the 
member lengths of the structure. For the globally optimal assignment or bin-packing solutions, 
geometry optimization is then carried out to minimize cut-off waste (Eqs. (1) or (7)) by varying 
the structure node locations (coordinates). To maintain geometric features of an initial design 
intention, it is possible to restrict node locations to given domains. Solving problems (A) or (B) 
and employing geometry optimization is sequentially executed over multiple iterations until con-
vergence is reached, i.e. until no further waste reductions are achieved (Brütting et al., 2018). 



3 STOCK OPTIMIZATION 

This section introduces a formulation (S) to optimize the configuration of a stock or kit-of-parts 
such that its elements can be reused in various structures. Problem (S) can be though as the “in-
verse” of (A) and includes the stock element lengths l and the number of elements per group n as 
design variables. This means, for a predefined set of g groups with cross-section areas a, that the 
optimal number of elements per group and their length is determined.  

The different structural systems intended to be built from the kit-of-parts are collected in the 
set R. Problem (S) directly builds on formulation (A) since individual elements should be used 
multiple times and without cutting, i.e. the bin-packing scenario is not applicable here. 
 
(S) 

min
𝑻𝑻,𝒍𝒍,𝒏𝒏,𝒑𝒑

𝑤𝑤1𝑁𝑁𝑡𝑡𝑡𝑡𝑡𝑡 + 𝑤𝑤2𝑊𝑊𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑤𝑤1�𝑛𝑛𝑗𝑗

𝑠𝑠

𝑗𝑗=1

+ 𝑤𝑤2�𝑊𝑊𝑟𝑟
𝑅𝑅

𝑟𝑟=1

 (9) 

 s.t.: Eqs. (2), (3) and (4)  ∀  𝑟𝑟 = 1 …𝑅𝑅  
 

�𝑡𝑡𝑖𝑖,𝑗𝑗𝑟𝑟
𝑚𝑚

𝑖𝑖=1

≤ 𝑛𝑛𝑗𝑗  ∀ 𝑗𝑗 = 1 …𝑔𝑔;  𝑟𝑟 = 1 …𝑅𝑅 (10) 

 𝑻𝑻𝑟𝑟𝒍𝒍 − Δ ≤ �̅�𝒍𝑟𝑟 ≤ 𝑻𝑻𝑟𝑟𝒍𝒍  ∀ 𝑟𝑟 = 1 …𝑅𝑅 (11) 
 

Optimizing the stock configuration is carried out by combining multiple objectives (Eq. 9) via 
weighting factors (w1 and w2). The first objective is the minimization of the total number of stock 
members Ntot. Minimizing Ntot entails that elements are reused as often as possible in multiple 
structures. At the same time, element cutting has to be avoided, i.e. cut-off waste Wr must be 
minimized for every structural system and assignment (see Eq. (1) for the computation of Wr ). 

Eq. (10) relates the assigned elements per system with the total number nj of elements per stock 
group. Eq. (11) constrains the assignment and length variables: member lengths �̅�𝒍𝑟𝑟 must be within 
a defined range ∆ to the stock element lengths l (design variables). Here, ∆ represents a length 
distance or tolerance that, for instance, could be compensated via adjustable joints. 

Formulation (S) contains products of binary variables ti,j and continuous variables lj. Such “bi-
linear” terms can be replaced via continuous auxiliary variables and linear constraints (Glover, 
1984). This linearization allows expressing (S) as a MILP problem in standard form. 

Similar to the methods presented in section 2, once (S) is solved to optimality, geometry opti-
mization is carried out to match node positions and element lengths. To achieve an improved 
fitting between structure geometry and kit-of-parts, the stock element lengths 𝒍𝒍 are also included 
as design variables in the geometry optimization step. Starting from a larger value, during the 
optimization sequence ∆ is decreased at each iteration to obtain a final result where all elements 
are used at their full length (∆ = 0) or within a defined tolerance. 

4 RESULTS 
4.1 Three spatial structures made from one stock 
This case study considers the consecutive construction of three spatial structures from one ele-
ment stock. This setting entails that if element cutting is required for one system, in the next use 
only the remaining element lengths are available. A possible scenario for this case study would 
be the building of multiple (temporary) systems while reusing elements from the same stock. 

Table 1 gives metrics for an assumed stock of 200 elements with circular hollow sections of 
grade S235 steel. Cross sections of six different sizes are available. Per section, up to two different 
element lengths are considered, resulting in a stock with 10 groups in total. 

 Table 1. Stock characteristics - circular hollow sections. 
Group   1 2 3 4 5 6 7 8 9 10 
Areas a [cm2] 1.82 3.07 3.94 5.87 5.57 8.31 
Lengths  l [m] 1.50 2.25 2.00 1.20 1.60 1.90 1.80 2.00 2.20 1.50 
Availability  n [-] 20 20 20 20 20 20 20 20 20 20 



 
Figure 2 shows the three spatial structures envisioned for this case study: 1) a dome, 2) two arched 
trusses, and 3) a tower. System dimensions, loading and support conditions are indicated in Fig-
ure 2. The design domains represent the considered geometry optimization constraints for each 
system. For instance, the nodes of the dome (incl. supports) must lie on a spherical surface with 
a radius between 4.50 m and 5.50 m. The arched trusses’ bottom chord nodes are constrained to 
a vertical plane, whereas their top chord node positions are fixed to maintain the arch shape. For 
each level of the tower, all nodes have to remain within horizontal rings, having a maximum 
radius of 2.30 m. The tower height is restricted to 10.5 m. 
 

 
Figure 2. System layouts, support conditions, geometric constraints and assumed loads. 

The systems are defined parametrically to vary e.g. the radius of the dome, the number of bays in 
the arched trusses or the number of tower levels. This parametric setup facilitates the easy adap-
tion of the layouts to attain geometries where all members are shorter but closely related to the 
available stock element lengths. Table 2 compares metrics of the stock with those of the structures. 
The systems were defined such that the mean member length decreases from the dome over the 
arched trusses to the tower. This way, it is possible to build the systems in this consecutive order. 

 Table 2. Number of elements and length distribution for stock and structures. 
Metric Unit Stock Dome Trusses Tower All systems 
# members [-] 200 105 2 × 54 147 360 
min l [m] 1.20 1.57 0.91 0.57 0.57 
mean l [m] 1.78 1.76 1.41 1.27 1.46 
max l [m] 2.25 1.86 1.68 2.15 2.15 

 
For all three systems, assignment (A) and bin-packing optimization (B) are employed in combi-
nation with geometry optimization. Results are summarized in Table 3. The optimal assignment 
and geometry of the dome requires cutting 29 elements (tolerance 1 mm), which results in 10.6 kg 
of waste. Employing assignment or bin-packing converges to the identical solution because the 
dome members are generally long and therefore no stock elements could be partitioned via (B).  

For the arched trusses, the number of off-cuts in scenarios (A) and (B) are in the same order of 
magnitude. However, bin-packing successfully reduces waste from 19.9 kg to 9.0 kg. Employing 
(A) to the tower results in a large number of cuts and the most waste because many short members 
are present in the tower rings. Instead, applying bin-packing to the tower results in the least waste 
of all cases. 

 Table 3. Assignment and bin-packing results for all three structures. 
Metric Unit Dome (A) and (B) Trusses (A) Trusses (B) Tower (A) Tower (B) 
# off-cuts [-] 29 56 60 82 19 
max. Δ  [cm] 64.6 98.5 36.1 104.6 5.8 
Waste [kg] 10.6 19.9 9.0 22.5 1.1 



Figure 3 indicates the consecutive use of the stock for the three structures. In particular, the cut 
and left over elements of dome (A) become the stock for the arched trusses (A) which then give 
the stock for the tower (B). Figure 3(a) shows the optimal geometry of the dome, whose nodes 
are on a spherical surface with a new radius of 4.66 m. For comparison, the initial structure ge-
ometry (input) is indicated in light grey. The elements used for the dome are represented via the 
colored bars in the stock diagram on the right side of Figure 3(a). 

Figure 3(b) indicates the structure geometry and 1-to-1 assignment for the two arched trusses. 
Via geometry optimization, the bottom chord nodes are shifted downwards to best-fit the assigned 
element lengths. However, because the top chord nodes are defined immovable, many elements 
require cutting. A relaxation of these geometric constraints might reduce cutting and waste. 

The optimized geometry and the bin-packing solution for the tower structure are shown in Fig-
ure 3(c). In total 37 stock members are effectively divided into two pieces, resulting in almost no 
cut-off waste overall. Only from elements of groups 1, 2 and 3 short pieces are cut off ( Table 
3). The bin-packing method further facilitates that the final tower geometry remains close to the 
initial design input, for instance the total height of the tower is only merely increased. 
 

 
Figure 3. Optimal structure geometries and stock use: (a) dome, (b) trusses, and (c) tower. 

4.2 One stock for three systems 
This section presents the optimal synthesis of an element stock that permits building the three 
spatial structures of previous section 4.1 in arbitrary order and without cutting any elements. To 
attain such optimal kit-of-parts, the method of section 3 is employed. 

In this section in total five cases are studied. Cases 1) - 4) consider the same stock composition 
as reported in Table 1, i.e. a stock with ten groups of six different section sizes is the input. The 
optimal element lengths and numbers per group are then determined by employing method (S) 
and geometry optimization. In addition, case 5) represents a setting with only six stock groups in 
order to reduce the number of different building components. Table 4 summarizes all cases and 
gives characteristics of the resulting stocks. A discussion of each of the five cases follows there-
after. 



 Table 4. Optimization results for the element stock. 
Case 
 

Groups Constraints 
 

w1 
 

w2 
 

Ntot 
 

Wtot  
[kg] 

# cuts 
 

max ∆  
[cm] 

1) 10 original 0.1 1 241 4.1 46 8.2 
2) 10 relaxed 1.0 0 215 1.1 14 2.5 
3) 10 relaxed 0.2 1 223 0.1 4 0.5 
4) 10 relaxed 0.1 1 231 0 0 0 
5) 6 relaxed 0.1 1 217 2.1 21 6.0 

 
Case 1) is based on the three spatial structures with their original design domains (section 4.1). 

For case 1) it is not possible to avoid element cutting completely, i.e. ∆ cannot be reduced to zero 
in successive iterations (Eq. 11). In total, 46 element lengths do not match with the member 
lengths of the structures. Therefore, a relaxation of the geometric constraints is considered for 
cases 2) – 5): the dome nodes are allowed to move up to +10 cm in normal direction to a spherical 
surface, and the arched truss top chord nodes are allowed to move ±10 cm in all directions. 

Table 4 gives metrics for cases 2) – 4) in view of different weighting factors w1 and w2 consid-
ered in (S). In case 2) minimization of stock members is the sole objective (w2 = 0) and the optimal 
stock consists of 215 elements. However, still 14 stock elements differ up to 2.5 cm from the 
structure member lengths. In case 3) where waste minimization is included into the objective 
function via w2, the total number of elements increases to 223. Yet, including waste minimization 
achieves a reduced length discrepancy of 0.5 cm for only four elements. 

In case 4), the weighting factor w1 on Ntot is further decreased and a solution that avoids any 
cutting is achieved. The optimal kit-of-parts consist of 231 elements and permits building each of 
the three structures (compare to #members in  Table 2). In practice, when small length differ-
ences might be compensated via adjustable joints, also cases 2) and 3) could be a solution. 

Figure 4(a) shows the obtained optimal structure geometries for case 4). The relaxation of the 
geometric constraints results in different optimal layouts than those obtained in section 4.1. In 
particular, the arched truss top chord nodes shift away from the arch shape and the top part of the 
tower turns into a more cylindrical shape to be made by elements of similar lengths.  

The characteristics of the kit-of-parts for case 4) are indicated in Figure 4(b), where colored 
bars represent the element lengths per group and corresponding labels indicate the number of 
elements used per structure. Numbers in rectangles corresponds to the maximum amount of ele-
ments used per group, i.e. the quantity of elements that needs to be manufactured for the kit-of-
parts. The assignment of elements is indicated via the color mapping onto the structures. 
 

 
Figure 4. Optimal stock for case 4). (a) System geometries, (b) elements used per system and group. 

 
In case 4), the dome is mainly composed of elements from groups 1, 8 and 9. In particular, all 
elements of group 8 are exclusively used in the dome. The arched trusses employ elements from 
groups 9 and 10, which are also shared with the tower. Short elements of groups 2, 3, and 4 are 
primarily used for the rings of the tower. The stock consist of more elements with larger cross 
section sizes (groups 8-10) because their higher capacity allows their reuse in more positions. 

Figure 4(b) further indicates that in the kit-of-parts the elements of groups 1 and 8 as well as 5 
and 9 have similar lengths. This means that it might be possible to merge these groups in order to 
reduce the number of different element types. 

Case 5) considers a setting with only six different element types. In this case three cross section 
sizes, the ones of former groups 5/6, 7/8, and 10 ( Table 1), and two lengths per cross-section are 



allowed. The optimum stock of case 5) contains 217 elements, where for 12 members a length 
mismatch of 6.0 cm to the assigned elements exists (Table 4). If such gap is admissible, the struc-
tures shown in Figure 5(a) could be built via the indicated kit-of-parts. For only six element types, 
no solution with exactly matching lengths could be achieved within the setup of this case study. 
 

 
Figure 5. Optimal stock with six groups. (a) System geometries, (b) elements used per system and group. 

5 CONCLUSION 

This paper presents structural optimization techniques for the design of spatial structures from 
reused elements. An extension of the method to the bin-packing scenario whereby multiple com-
ponents can be extracted from one stock element gives improved results. Further, an effective 
method for synthesizing an optimal kit-of-parts whose elements can be reused in multiple struc-
tures is presented. 

This paper focuses only on waste reduction, which does not explicitly minimize the structure 
mass. Future work could incorporate mass minimization within a multi-objective optimization. 
This is of particular interest for synthesizing kits-of-parts by including cross section areas as de-
sign variables. 

In this paper, geometric compatibility, nodal displacements and deflection limits are omitted. 
This simplification allowed the application of the proposed methods to large-scale spatial struc-
tures. Future work should study the influence of this simplification on the method. 

Lastly, in both cases, reuse from a given stock and synthesizing a kit-of-parts, members have 
to be connected under various angles at nodes with different valences. Therefore, a key challenge 
for the realization of this work in practice is the design and manufacturing of joints.  
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