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ABSTRACT

Delay-And-Sum (DAS), the state-of-art in ultrasound imaging, is
known to be sub-optimal, resulting in low resolution and contrast.
Most proposed improvements involve ad-hoc re-weighting, or hit
computational bottlenecks given real-time requirements. This pa-
per takes a fresh perspective on the problem, leveraging a functional
framework to obtain a regularized least-squares estimate of the tis-
sue reflectivity function. An explicit solution is derived, which –
for specific cases – can be efficiently implemented, making it suit-
able for real-time imaging. In our formulation, DAS appears as a
back-projection without any optimal properties. We illustrate the
framework through first a one-dimensional set-up, and then a two-
dimensional extension with Synthetic Aperture Focusing Technique
(SAFT). The one-dimensional simulations show a 77% resolution
improvement with respect to DAS, which artificially limits the avail-
able bandwidth. On a standard performance-assessment phantom,
simulations show that SAFT depth resolution can be improved by
71%.

Index Terms— Inverse Problem, Sampling Operator, Ultra-
sound, Array Signal Processing, Pulse Compression

1. INTRODUCTION

Ultrasound imaging has many advantages given that its real-time,
non-invasive, and can be miniaturized though limiting the number
of sensors. Most ultrasound images are made in a line-by-line di-
rection focusing fashion [1] called B-mode, with estimates along
lines merged together to obtain a two-dimensional image. A break-
through came when multiple-focused beams could be replaced by
reconstructing the scattering medium from only one excitation wave
illuminating a large field of view, resulting in a very high frame rate.
The synthetic aperture method [2] and plane-wave imaging [3] are
notable examples of such techniques.

Primarily because of its real-time capability, the Delay-And-
Sum (DAS) algorithm is the most widely used reconstruction tech-
nique for ultrasound imaging both when using single or multiple ex-
citations. One may interpret DAS as a form of near-field beamform-
ing [4], as the estimated image is obtained by exploiting the known
time-of-flights between the medium and sensors. In [5, 6] the authors
showed that DAS is a sub-optimal inversion technique that assumes
Dirac front-wave, and provides an estimate by back projection of this
model onto the data.

One way to enhance images is to concentrate on improving
beamforming, referred to as apodization in ultrasound parlance. A
great amount of literature is available on that matter since opti-
mal beamforming is of primary concerns in array-signal processing
[7, 4]. The well-known Minimum-Variance (MV) beamforming has
an equivalent in ultrasound imaging [8], but requires estimation of
a cross-correlation, which turns out to be non-trivial due to lack of

stationarity of the signals [9]. A slightly different approach, based
on a maximum likelihood formulation [10], brings depth resolution
improvement but also requires the signal covariance to be esti-
mated. Furthermore, these improved apodization methods rely on
data-dependent weights that can be restrictive for some applications.

Another way to correct for the lack of optimality in DAS is to
introduce an inverse problem on a grid over the imaging domain
[5, 11, 12, 13], but usually with a more advanced modelling than
in the DAS case. Typically, the inverse problem corresponds to a
sparse-promoting regularization of a least-squares criterion. There
are a number of limitations. First, the lack of an analytical formula
of the inverse operator demands numerical optimization. Second,
the very high sampling rate of the time-signal required by an ultra-
sound system comes with a huge computation burden. Third, the
discretization over the grid induces imprecision and instability in the
inversion process.

For far-field applications, an alternative approach formulated
the inverse problem as a sampling operator acting on an object
in an infinite dimensional Hilbert space. They proposed that the
corresponding least-squares optimal estimate be described as a
continuous object [14]. This approach, highly inspired from sam-
pling/interpolation theory in Hilbert space context (as detailed in
[15]), cannot be applied directly in near-field applications, in partic-
ular ultrasonic imaging, whose images contain depth information.

In this paper, we propose an extension of this formalism to ultra-
sound imaging and provide an optimal solution of a tractable inverse
problem formulated in terms of a continuously-expressed reflectivity
field and signal. Beyond the optimality of the resulting images, the
method achieves comparable real-time capability to DAS through a
data-independent re-weighting. Additionally the developed frame-
work allows us to understand the limitations of DAS in terms of
usable bandwidth through an artificially-induced low-pass filer.

In Section 2, we detail a general data-model, highlight the ban-
dlimited property of the received echoes and make the model more
specific in two special cases: a one-dimensional problem and the
Synthetic Aperture Focusing Technique (SAFT). Section 3 formu-
lates the inverse problem, general properties of its subsequent esti-
mate, and its explicit formula in the one-dimensional/SAFT cases.
In Section 4, we assess the performance of our approach in those
two latter cases.

2. DATA MODEL FORMULATION

2.1. Data model

As described in [16], assume a linear-array composed of M sensors
located at ~p1, . . . , ~pM along the x-axis, i.e. ~pi = pi ~ex. The medium
is insonified by the waves sent from the array and back-scattered
them proportionally to a reflectivity function χ ∈ L

2
(Ω), where

Ω ⊂ R2 is the imaging domain on which we would like to estimate



this field. The delay τi(~r) corresponds to the round-trip time-of-
flight from the transducer pi (i = 1, . . . ,M ) to the medium point ~r
and back. The time signal recorded at pi is modelled as

Ri(t) =

∫
Ω

bi(~r)h {t− τ (~r, pi)}χ(~r)d~r, t ∈ [0, T ], (1)

where T is the final acquisition time, h(t) ∈ L2
([0, T ]) is the pulse

function related to the electro-mechanical transfer function of a
transducer and bi(~r) is the spatial sensitivity of the sensor including
the attenuation (assumed to be equal to one for simplicity).

The pulse h(t) is band-limited due to the limited capability of
the baffle to emit at each frequency. In the Fourier series representa-
tion [15], the band-limited condition equivalently means that it exists
K ∈ N such that,

h(t) =

K∑
k=−K

hke
j 2πk
T
t
, hk =

1

T

∫ T

0

h(t)e
−j 2πk

T
t
dt,

and we will denote by L2
K([0, T ]) ⊂ L

2
([0, T ]) the subspace

of time functions satisfying this condition. Observe further that for
each times series we have Ri(t) ∈ L

2
K([0, T ]), indeed introducing

the pulse decomposition in (1) leads to:

Ri(t) =

K∑
k=−K

hk

(∫
Ω

χ(~r)e
−j 2πk

T
τi(~r)d~r

)
e
j2πkt/T

, (2)

which satisfies the band-limited condition. In the following, we will
make explicit the model for a one-dimensional scenario and a nat-
ural extension of it to a 2D imaging method, namely the Synthetic
Aperture Focusing Technique (SAFT).

One-dimensional model: A-scan, B-mode or even sonar imag-
ing can be expressed with a single sensor (M = 1) model sampling
a one-dimensional reflectivity field expressed over a specific line. In
this context, the model in (1) simplifies to

R(t) =

∫ L

0

h(t− 2r/c)χ(r)dr, t ∈ [0, T ], (3)

where c is the speed of sound in the medium and the interval length
is given by L = cT/2, i.e., the largest region where we received
information from along the line.

SAFT as an extension of the one-dimensional model: SAFT
consists of successively sending a circular wave for each transducer
p1, . . . , pM in a row and receiving only on the transducer used for
emission, turning off the other receivers. The final image is obtained
by summing up the estimate separately obtained for each sensor. The
model in (1) becomes

Ri(t) =

∫
Ωi

h(t− 2|~r − ~pi|/c)χ(~r)d~r, i = 1, . . . ,M, (4)

where the domain Ωi =
{
~r ∈ R2

: |~r − ~pi| ≤ cT/2
}

is also cho-
sen to be the largest area over which we get information from. If we
center around the origin and perform a polar change of variables, the
previous data model becomes

Ri(t) =

∫ 2π

0

∫ cT/2

0

h(t− 2r/c)χ(pi + r cos θ, r sin θ)rdrdθ,

(5)

which permits the estimate to be computed similarly to the one-
dimensional case for each successive emission.

2.2. Sampling/Interpolation formalism

Define the multi-dimensional time-signal R ∈ L
2
K([0, T ])

M
:=

L
2
K([0, T ])× · · · × L2

K([0, T ]) as

R(t) = [R1(t) · · · RM (t)]
T
, t ∈ [0, T ].

We can now compactly re-write (1) by means of a sampling operator
[15, 14, 6] defined as,

R = Φ
∗χ, Φ

∗
: L

2
(Ω)→ L

2
K([0, T ])

M
, (6)

where, (
Φ
∗χ
)
i
(t) =

∫
Ω

h(t− τi(~r))χ(~r)d~r.

Since it maps the data back to a continuous field, the adjoint of the
sampling operator, Φ : L

2
K([0, T ])

M → L
2
(Ω), can be interpreted

as an interpolation operator given by

ΦR(~r) =

M∑
i=1

∫ T

0

Ri(t)h(t− τi(~r))dt

=

M∑
i=1

K∑
k=−K

Rk(pi)h
∗
ke
−j 2πk

T
τi(~r),

where Rk(pi) =
∫ T

0
Ri(t)e

j 2πk
T
t
dt and is finite-range,

Rg{Φ} = Span
{
e
−j 2πk

T
τi(~r) ∈ L2

(Ω) : i = 1, . . . ,M k = −K, . . . ,K
}
.

The quantity ΦR ∈ L2
(Ω) corresponds to the back-projection esti-

mate of the reflectivity field. Note that in this formalism DAS can be
seen as a form of back-projection,

χ̂DAS(~r) = Φ̃R =

M∑
i=1

∫ T

0

Ri(t)δ(t− τi(~r))dt

=

M∑
i=1

K∑
k=−K

Rk(pi)e
−j 2πk

T
τi(~r), (7)

by assuming that the pulse can be be approximated by a Dirac func-
tion h(t) ≈ δ(t).

3. A CONTINUOUSLY-DEFINED INVERSE PROBLEM

3.1. Formulation of an inverse problem

From the proposed functional model of (6), we formulate an in-
verse problem for reconstructing the reflectivity field χ ∈ L

2
(Ω)

from the recorded time-signals R(t) = [R1(t) · · ·RM (t)]
M ∈

L
2
K([0, T ])

M . In the following, we will examine the properties of
the estimate satisfying the minimization problem

χ̂ = arg min
χ∈Rg(Φ)

||R− Φ
∗χ||22 + λ||χ||22, λ > 0,

where Rg(Φ) ⊂ L2
(Ω) denotes the range of the adjoint operator Φ :

L
2
K([0, T ])

M → L
2
(Ω). Note that enforcing χ̂ ∈ Rg(Φ) ensures

that the optimization problem may be equivalently represented in a
finite-dimensional space although defined for a continuous field χ



lying in a Hilbert space. This specific choice is made rationale by
noticing that any χ ∈ L2

(Ω) may be uniquely decomposed as,

χ = χ
1︸︷︷︸

Ker(Φ∗
)

+ χ
2︸︷︷︸

Rg(Φ)

⇒ R = Φ
∗χ = Φ

∗χ
2,

hence there is lack of identifiability when estimating elements out-
side of Rg(Φ). The estimated field χ̂ ∈ L

2
(Ω) solution of the

optimization problem [6] is explicitly given in terms of the data
R ∈ L2

K([0, T ])
M ,

χ̂ = Φ(Φ
∗
Φ + λI)

−1
R, (8)

where Φ
∗
Φ : L

2
K([0, T ])

M → L
2
K([0, T ])

M is called the Gram
operator. Recasting the data-model of (6) into the estimated field
formula (8) leads to a reinterpretation of it in terms of a regularized
projection operator1 over Rg(Φ) and acting on the actual field,

χ̂ = Φ(Φ
∗
Φ + λI)

−1
Φ
∗χ. (9)

Note that if λ = 0 the estimator becomes an orthogonal projection
χ̂ = Φ(Φ

∗
Φ)
−1

Φ
∗χ. More details and proofs can be found in [6].

3.2. General formulation of the Gram operator

We now give the general formula for the Gram operator, Φ
∗
Φ, mak-

ing it more explicit in the one-dimensional and SAFT cases. Since
it is a map between a finite-dimensional spaces of dimension KM
it can be equivalently re-expressed in terms of a matrix once a spe-
cific basis system has been set. In its operator formulation, the k-th
time-signals obtained after applying the Gram operator are given by

(
Φ
∗
ΦR

)
k

(t) =

M∑
l=1

∫ T

0

κkl(t, s)Rl(s)ds, k = 1, . . . ,M.

where the bi-variate kernel κkl(t, s) (k, l = 1, . . . ,M ) is given by

κkl(t, s) = 〈h(t− τk(·)), h(s− τl(·, ))〉L2
(Ω)

=

∫
Ω

h(t− τk(~r))h(s− τl(~r))d~r, t, s ∈ [0, T ].

This operator is in general not analytically tractable but an expres-
sion has been derived for the one-dimensional and the SAFT cases
[6], exploiting the Fourier series expansion of the pulse.

Gram operator for the one-dimensional case: As introduced
in Section 2.1 equation (3), the one-sensor problem considerably fa-
cilitates the computation of the Gram operator thanks to the dimen-
sionality reduction (M=1) and the simple geometry. In this context,
the kernel becomes

κ(t, s) =

∫ cT/2

0

h(t− 2r/c)h(s− 2r/c)dr

=
cT

2

K∑
k=−K

|hk|
2
e
j 2πk
T

(t−s)
, t, s ∈ [0, T ]

where we used Parseval equality and applying the Gram operator
interprets as a pulse-dependent filter in the Fourier series domain,

(
Φ
∗
ΦR
)

(t) =
cT

2

K∑
k=−K

e
j 2πk
T
t|hk|

2

∫ T

0

e
−j 2πk

T
s
R(s)ds

=
cT

2

K∑
k=−K

e
j 2πk
T
t|hk|

2
Rk, t ∈ [0, T ].

1Also called a smoother since its eigenvalues are between 0 and 1.

From this equation, we observe that the Gram operator is diagonal-
izable when expressed over the basis functions {ej

2πk
T
t}Kk=−K ⊂

L
2
K([0, T ]) and hence the inverse may be straightforwardly ob-

tained. The fact that the Fourier basis diagonalizes this operator
turns out to be natural given the convolution-like form of the one-
dimensional model.

Furthermore, the inverse Gram operator has a nice interpretation
as the inverse filter that removes the effect of the pulse within the
data. Indeed, the estimated field χ̂ ∈ L2

([0, cT/2]) (with λ = 0 for
simplicity) can expressed in terms of a inner-product between the
true field and pulse-independent kernel:

χ̂(r) =

K∑
k=−K

h
∗
kRk

|hk|
2 e

j 2πk
T

(2r/c)

=

∫ cT/2

0

χ(s)

(
K∑

k=−K

e
−j 2πk

T
(s−r)/c

)
ds,

where we used the data-model expressed over the Fourier basis (2).
This kernel may be interpreted as the Point-Spread-Function (PSF)
[16] of the estimated field as one can observe that if χ(s) = δ(s−r0)
then the estimate becomes:

χ̂(r) = PSF(r, r0) =

K∑
k=−K

e
−j 2πk

T
(r−r0)/c

. (10)

Gram operator in the SAFT case: As described in Section 2.1
equation (4), the successive insonification pattern motivates the con-
struction of the estimated field per channel, leading to the following
estimate,

χ̂(~r) =

M∑
i=1

χ̂
i(~r), χ̂i(~r) = Φi(Φ

∗
iΦi)

−1
Ri.

The polar change of variable introduced in equation (5) implies that
the Gram operator is independent of the transducer since the kernel

κii(t, s) = 〈h(t− 2| · −~pi|/c)), h(s− 2| · −~pi|/c)〉L2
(Ωi)

= 2πcT

K∑
k=−K

|hk|
2
e
j 2πk
T

(t−s)
, i = 1, . . . ,M,

satisfies this property. From this perspective, computing the Gram
correction for the SAFT problem is actually similar to the one-
dimensional scenario.

4. SIMULATION RESULTS

4.1. Effect of the Gram correction in a toy example

In Section 3.2, we mentioned that the PSF in (10) of our least-squares
estimate corresponds to summation of complex exponentials iden-
tically weighted thanks to Gram correction. In the DAS case [6],
the complex exponentials are weighted by the pulse coefficients pk
(k = −K, . . . ,K) as one can convince himself by following the
same steps that lead to (10) but using the DAS expression given in
(7). In Figure 1a, we observe that the DAS pulse window (blue) en-
forces a constraint on the usable bandwidth in particular the high fre-
quencies while the weights are flat (red) thanks to the Gram correc-
tion. This restricts the achievable resolution as illustrated in Figure
1b with a much sharper main lobe in the case of a flat window. The
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Fig. 1: Illustration of the effect of the Gram correction, and its regu-
larized version, on the PSF in a toy-example without any unit.

resolution improvement goes along with the apparition of side lobes
which is a well-known trade-off usually encounter in low-pass filter
design [17] known as Gibbs phenomenon [15] when approximating
a quickly varying function with a finite number of cosines/sines. As
depicted in Figure 1a and 1b in yellow, the regularization param-
eter λ allows us to explicitly trade-off between a sharp main lobe
and low-level of side-lobes. Quantitatively the Full-Width at Half-
Maximum (FWHM) of the PSF is improved by 77% between the
DAS and the least-squares estimate.

4.2. Recovery of Dirac in 1D

We now consider the problem of recovering a stream of pulses [18],
i.e., estimate a reflectivity field given by: χ(r) =

∑Q
q=1 aqδ(r−rq),

where {aq},{rq} respectively corresponds to the amplitudes and
locations of the Q sources. The data are simulated according to
(3) using a Gaussian pulse function, h(t), with a central frequency
f0 = 5 Mhz and 20% bandwidth, which is much smaller2 than in re-
alistic ultrasound applications but facilitates visualisation. Figure 2a
shows the estimated field for the DAS and least-squares with/without
regularization cases. We observe that between 4 and 8 cm the two
sources are too close to be resolved by DAS, illustrating the achieved
resolution improvement by applying the Gram correction.

4.3. SAFT imaging

We now estimate the reflectivity field in a realistic scenario for a
64-elements linear array. The pulse function is similar to the one in
Section 4.2, and the medium is again composed of point-scatterers
over the plane χ(~r) =

∑Q
q=1 δ(~r − ~rq), where ~rq is defined by the

well-known phantom given in [19]. Figures 2b and 2c compare the
estimated reflectivity in the DAS and the regularized least-squares
cases. We observe that the depth resolution is sharper when ap-
plying the Gram correction, while the the lateral resolution remains
roughly unchanged and this improvement is made quantitative with
FWHM in both lateral and depth directions computed for all the
point scatterers. The depth resolution reduces from FWHMDAS

dep =

0.33± 0.022 mm to FWHMGram
dep = 0.094± 0.010 mm and the lat-

eral resolution from FWHMDAS
lat = 0.51±0.17 mm to FWHMGram

lat =
0.37 ± 0.17 mm. The significant improvement of the FWHMdep
is expected given what we described in Sections 4.1 and 4.2. The
mostly unchanged lateral resolution can be legitimate since the least-
squares estimate is separately obtained for each sensor and the Gram
correction does not re-weight across transducers.

2A smaller bandwidth results in longer pulses than usual.
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Fig. 2: (Top) One-dimensional Reconstruction of 5 Dirac reflectors
in a 20 cm deep medium. (Bottom) SAFT imaging on the PIC-
MUS [19] phantom composed of 19 point-scatterers, simulated from
a 64-elements linear array with a uniform spacing d = λ0/4, where
λ0 = c/f0 where c = 1540 m.s−1. In the 1D and SAFT cases, the
Gaussian pulse function has a central frequency f0 = 5 Mhz and a
bandwidth bw = 0.2.

5. CONCLUSIONS

We proposed a new approach to ultrasound imaging enhancement
based on a functional formulation of an inverse problem. The con-
tinuous formulation brings an elegant interpretation of the Gram
operator in terms of pulse-cancellation, while the explicit formula
ensures real-time imaging capability. Removing the artificial pulse
windowing in the Fourier domain leads to significant resolution
improvement, respectively 77% and 71% in one-dimensional and
SAFT cases. This property can present practical advantages for
building low-cost ultrasound systems requiring a lower sampling
rate for the same precision. Furthermore, long pulses are very useful
for deep tissue imaging (where high frequencies are attenuated), but
tend to be problematic when using DAS that assumes Dirac pulses.
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