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• A semi-analytical solution is proposed to assess CO2 injection in deformable medium.
• Good agreement is found between the proposed solution and the finite element method.
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a b s t r a c t

This study focuses on the derivation of a semi-analytical approach for the evaluation of sur-
face uplift and caprock deflection induced by underground injection of CO2. The adopted
methodology includes the development of amathematical model that incorporates the de-
formable behaviour of the storage reservoir and the flow of two immiscible fluids (CO2
and brine) within the aquifer while the surface rock or the caprock layer is modelled as a
thin plate. Governing equations are solved for the axisymmetric flexural deflection due to
a constant rate of CO2 injection. Both developed solutions are applied to a representative
CO2 storage case solved numerically by the finite elementmethod, and good agreement be-
tween results is observed.When benchmarking to the In Salah surface uplift, the developed
semi-analytical approach can capture a high rate of surface uplift caused by the pressure
build-up during the early stage of CO2 injection. The required calculation time is very short
compared to a classical finite element approach. This method can be employed as a de-
sign tool for the analysis of uncertainty in parameters such as the injection rate, porosity,
rock properties and geological structures. This semi-analytical approach also provides an
efficient means of estimating the influence of high injection rates of CO2 on surface uplift.

© 2015 Elsevier Ltd. All rights reserved.
1. Introduction

The combustion of oil, natural gas and coal accounts for
approximately 80% of the world’s energy and releases ap-
proximately 30 billion tonnes of carbon dioxide (CO2) per
year into the atmosphere.1 The increased emission of CO2
and resulting greenhouse effect have been implicated in
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globalwarming.2 Geological sequestration of CO2 is a tech-
nology to mitigate the amount of carbon dioxide, in accor-
dancewith the Kyoto Protocol, entering the atmosphere by
capturing and storing the CO2 from industrial emissions.
This technology thus enables the continued use of fossil fu-
els. Deep saline aquifers are considered the most suitable
geological formations for CO2 storage because of their large
capacity to trap CO2.3

High rate (>1 Mt/year) injection of CO2 into an aquifer
results in an abrupt fluid pressure build-up, disturbing the
stress state and generating deformations within the injec-
tion area. These hydromechanical variations spread both
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Nomenclature

Jn Bessel function of the first kind of order n
l Distance from the caprock to the middle of

the injection zone
m Aquifer (injection zone) thickness
h Caprock thickness
w Deflection
αs Biot’s coefficient
Gs Storage unit shear modulus
Gc Caprock shear modulus
Go Overburden unit shear modulus
νs Storage unit Poisson’s ratio
νc Caprock Poisson’s ratio
νo Overburden unit Poisson’s ratio
Ω Material property constant of the medium
Φ Material property constant of the medium
g Gravity
k Intrinsic permeability
1p Fluid overpressure density after the Hankel

transformation
Qm CO2 mass flow rate
Q0 CO2 volumetric flow rate
R Radius of influence
r Radial distance
r0 CO2 plume radius at the top of the aquifer
rb CO2 plume radius at the base of the aquifer
rw Injection well radius
Ss Specific storage coefficient (Bear20)
t Time
T Temperature
z Vertical coordinate
V (t) CO2 plume volume V (t) = Q0 t
α Phase index, c = CO2 and w = brine
µα Viscosity of α-phase (α = c, w)
ρc Mean CO2 density
ρw Water density
φ Porosity
ζ Interface position from the bottom of the

aquifer
NB Nordbotten et al.16 approach
DZ Dentz and Tartakovsky17 approach
LI–SN Developed Li–Selvadurai–Nordbotten solu-

tion
LI–SD Developed Li–Selvadurai–Dentz solution

laterally and vertically. Induced deformation may propa-
gate to the surface4 and cause surface uplift. Ground defor-
mation of up to 7mm/year has beenmeasured around each
of the three injection wells at the In Salah project, Alge-
ria, the largest on-shore CO2 storage project in theworld.5,6
These geomechanical issues have become a public concern
and a research and industry interest for future reservoir in-
tegrity design and risk assessment of CO2 storage projects.

Relying on representative geometries,many studies use
computational approaches (finite difference, finite volume
and finite element) to study this hydromechanical cou-
pled behaviour.7–10 Although these approaches can ad-
dress the problem, significant efforts and costs are required
to construct numerical models for each potential candi-
date site and for uncertainty studies of geometric, geolog-
ical and material parameters. Analytical solutions or semi-
analytical approaches may be more suitable because of
their computational efficiency and ability to identify driv-
ing mechanisms. Due to the complexity of the hydrome-
chanical coupling effects andmultiphase fluid interactions
induced by CO2 injection, current analytical and semi-
analytical approaches may lose their forecasting capacity
and reliability for the geomechanical analysis of CO2 injec-
tion due to certainmodel assumptions, as described below.

Rutqvist11 estimated the surface uplift at In Salah us-
ing a simplified analytical solution according to Fjar.12
The estimate is within the correct order of magnitude but
has an overestimation of more than 50%. Various assump-
tions restrict the applicability of this solution, such as the
consideration of a unique layered reservoir, 1-dimensional
geometry and a uniformly distributed and constant
injection-induced overpressure. Other advanced semi-
analytical approaches can consider more complex ge-
ometries and additional mechanical mechanisms, such as
multi-layered reservoirs and the effect of the bending mo-
ment between layers.13–15 Nevertheless, these solutions
only consider a flat, constant and fixed pressure as a load-
ing variable. The injection-induced effects on the temporal
and spatial evolution of the overpressure and of the reser-
voir deformation are thus omitted.

To provide a contribution to the pioneer works of Sel-
vadurai14,15 and Rutqvist,11 we propose a novel semi-
analytical approach to overcome the former limitations.
Based on a representative geometry for CO2 storage, the
proposed approach assesses the spatial and temporal sur-
face uplift and caprock deformation caused by CO2 pres-
surization and evaluates critical parameters for project
design and risk management, including injection rate, per-
meability of the aquifer, thickness of the caprock, lo-
cation of the injection zone and mechanical properties
of the reservoir. We first derive a mathematical model
to calculate the caprock and surface deformation caused
by an arbitrary pressurization within the injection zone;
this model extends the embedded plate approach pro-
posed by Selvadurai.14,15 This is followed by the incor-
poration of injection-induced overpressure distribution
functions originating from two analytical solutions pro-
posed by Nordbotten et al.16 and Dentz and Tartakovsky.17
After mathematical integration, the analytical modelling
produces two semi-analytical solutions that can address
CO2 injection-induced effects on the geomechanical be-
haviour of the reservoir. Such solutions have not been
derived previously. A comparisonwith a finite element ap-
proach is then proposed to evaluate the performance of the
semi-analytical solutions, followed by a parametric study
to illustrate how such solutions can be applied to exam-
ine the effects of the geometric and physical parameters on
caprock deformation. Finally, the developed solutions are
benchmarked to the surface uplift problem at In Salah.

2. Caprock deformation due to pressurization

2.1. Model description

As shown in Fig. 1, an axisymmetric system is proposed
for a typical CO2 storage problem. The system consists of
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Fig. 1. Idealized configuration of an embedded caprock layer.

an overburden region and a saturated storage unit with
a primary caprock embedded in between. CO2 is injected
into an m-metre-thick target aquifer with a distance l to
the primary caprock layer of h metres thick. The injec-
tion zone is confined by impermeable strata. Injection of
CO2 through a vertical injection well causes pressurization
within the injection zone, resulting in caprock deforma-
tion. The pressurization vanishes in the direction radial to
the position with radius of influence R, at which the pres-
sure equals the initial hydrostatic pressure. This radius of
influence extends in the radial direction as injection con-
tinues and is therefore time-dependent. For caprock de-
formation, Selvadurai14,15 proposed an elastic solution in
which the caprock is modelled as an embedded plate over
a circular region of flat and constant pressurization. Based
on his approach, we focus on the extension of themodel to
account for arbitrary pressurization distributions. The cor-
responding caprock deflection is derived under this pres-
sure loading.

2.2. Embedded plate approach

Selvadurai14,15 considered the caprock layer a thin plate
embedded between the overburden region and the storage
region. The overburden and storage regions are modelled
as half-space regions. The assumption of a thin plate is
justified by its thickness in relation to the dimensions
(radius) of the pressurized zone. The interaction among
the three units is caused by pressurization of a constant
magnitude 1p applied over the entire injection zone.

The embedded caprock layer exhibits flexural be-
haviour that is governed by Germain–Poisson–Kirchhoff
thin plate theory.18 The governing equation employs polar
coordinates with the Laplace operator ∇̃

2
=

d2

dr2
+

1
r

d
dr :

D∇̃
2
∇̃

2w (r) + q(s) (r) − q(o) (r) = 0 (1)

where the deflection w (r) is constrained by contact
stresses q(s) (r) and q(o) (r), which are applied on the
contact faces between the caprock and the respective
regions. The flexural rigidity of the embedded caprock
layer is expressed by D


=Gch3/6 (1 − νc)


with thickness

h of the caprock layer, shear modulus Gc and Poisson’s
ratio of the caprock νc . The pressurization of intensity
1p (Pa/m3) is within the injection zone with a radius of
influence R and thickness m located at a distance l from
the interface between the caprock and the storage region.
The caprock layer is assumed to be in bonded contact with
the storage and overburden regions, for which the relevant
kinematic interface conditions are as follows:

w (r, z = 0) = u(s)q
z (r, 0) + u(s)p

z (r, 0) = u(o)q
z (r, 0) (2)

u(s)
r (r, z = 0) = u(s)p

r (r, 0) = u(o)
r (r, 0) = 0 (3)

where ur and uz are, respectively, the radial and axial
displacement vector in the polar coordinates, up is the
displacement due to overpressure 1p, and uq is the
displacement constrained by contact stress q.

2.3. Extension to arbitrary pressurization-induced deflection

We consider overpressure 1p not constant but time
and space dependent. The caprock displacement due to
an overpressure generation 1p of any form of distribution
within the injection zone can be written with the aid of
Green’s function19:

u(s)p
z (r, 0) =

αs

Gs


∞

0


∞

0
1p (ρ)

· gz (r, z = 0; ρ, d) dρdd (4)

where

gz (r, z = 0; ρ, d)

= − (1 − 2νs) ρ


∞

0
ξ J0(ξ r)J0(ξρ)e−ξddξ (5)

is Green’s function, which corresponds to a ring of dilata-
tion at radius ρ ∈ [0, ∞] and depth d ∈


l − m/2, l + m/2


.

A necessary approximation for evaluating the integral
is given by: l+m/2

l−m/2

e−kddd ≈ me−kl. (6)

This approximation has been stated in Geertsma13 and
Segall et al.19 and is valid for the case in which the thick-
ness of aquifer m is very small compared to its depth l to
the caprock, for instance, in the application of surface sub-
sidence due to depletion of a deep reservoir. Consequently,
the assumption constrains the range of applications and is
therefore not appropriate for the case in which the aquifer
is situated just below or close to the caprock (l = m/2), a
typical case for CO2 storage that is one of the objectives of
this study. This assumption has not been addressed since
its first appearance in Geertsma13 and it is necessary for
deriving the next step of the mathematical formulation,
but its restriction must be lifted. We demonstrate in Ap-
pendix A that the influence of the relationship between
l and m on Green’s function is not significant due to the
decaying behaviour of the multiplication of two Bessel
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functions in Eq. (5). In conclusion, the consequence of
this assumption on the physical interpretation can be ne-
glected, and its benefit to the mathematical derivation still
holds.

To introduce a pressure distribution, the integral of
Eq. (4) is expressed as follows:

u(s)p
z (r, 0) = −

(1 − 2νs) αsm
Gs


∞

0
ξ J0(ξ r)e−ξ l

×


∞

0
ρ1p (ρ) J0(ξρ)dρ dξ . (7)

Eq. (7) shows a linear relationship between the displace-
ment and the material properties (i.e., 1/Gs and νs). The
displacement induced by pressurization depends on the
Bessel integral of the overpressure distribution 1p (ρ).
Evaluating u(s)p

z (r, 0) with the zeroth-order Hankel trans-
form gives the following:

ū(s)p
z (ξ) = −

(1 − 2νs) αsm
Gs

1p (ξ) e−ξ l (8)

where1p is the zeroth-order Hankel transform of1p. This
term yields the coupling term between pressurization and
mechanical deflection.

Selvadurai15 stated that the displacement was con-
strained by the contact stresses:

ū(s)q
z (r, 0) =

(3 − 4νs)

4Gs (1 − νs)

1
ξ
q̄s (ξ) (9)

ū(o)q
z (r, 0) =

(3 − 4νo)

4Go (1 − νo)

1
ξ
q̄o (ξ) . (10)

Combining the kinematic constraint to which the storage
region is subjected (Eq. (2)), the displacement induced by
the pressurization (Eq. (8)) and the restricted deflection
by the contact stress (Eq. (9)), we obtain the following
equation after the zeroth-order Hankel transform:

q̄s (ξ) =
4Gs (1 − νs)

(3 − 4νs)
ξw̄ (ξ)

+
4 (1 − νs) (1 − 2ν) αsm

(3 − 4νs)
ξ1p (ξ) e−ξ l. (11)

Considering the kinematic constraints Eqs. (2) and (10) on
the storage region, we can obtain the following:

q̄o (ξ) = −
4Go (1 − νo)

(3 − 4νo)
ξw̄ (ξ) . (12)

By evaluating the differential equation (1) with the zeroth-
order Hankel transform:

Dξ 4w̄ (ξ) + q̄s (ξ) − q̄o (ξ) = 0 (13)

and introducing Eqs. (11) and (12), we find the deflection
of the caprock layer induced by an arbitrary radial
pressurization after the inverse Hankel transformation:

w(r) =
Ωm
h2


∞

0

ξ

1 + Φξ 3
1p


ξ

h


e−

ξ l
h J0


ξ r
h


dξ (14)
where Ω and Φ are constants that depend on the proper-
ties of the medium:

Ω =
αs(1 − νs)(1 − 2νs)(3 − 4νo)

Gs(1 − νs)(3 − 4νo) + Go(1 − νo)(3 − 4νs)
(15)

Φ =
(3 − 4νs)(3 − 4νo)Gc

24(1 − νc) [Gs(1 − νs)(3 − 4νo) + Go(1 − νo)(3 − 4νs)]
. (16)

Eq. (14) extends the solution of Selvadurai14,15 to the case
of a non-uniform distribution of overpressure and uses
theHankel transformation1p to introduce any continuous
overpressure evolution functions.

3. Caprock deflection induced by CO2 injection

To determine the deflection w(r) according to Eq. (14),
the overpressure distribution 1p must be allocated to de-
scribe the distribution of centres of pressurization. Sel-
vadurai14,15 considers a constant overpressure distributed
within the injection zone. However, CO2 injection results in
a high concentration of overpressure around the injection
well, and this overpressure vanishes with distance. This
overpressure pattern is necessary to estimate the mag-
nitude of the deformation more accurately and can be
derived from two analytical solutions proposed by Nord-
botten et al.16 and Dentz and Tartakovsky,17 which de-
scribe the advancing abrupt interface between the injected
CO2 and the host water, which are assumed to be immisci-
ble. As shown in Fig. 1, the injection zone is divided into
three regions: (1) around the injection well, where only
injected CO2 exists (r ≤ rb); (2) the intermediate region,
where the two fluids coexist but are separated by a sharp
interface (rb ≤ r ≤ r0); and (3) the outer region, where
only host water exists (r0 ≤ r ≤ R). The governing equa-
tion for the interface position is derived by Bear20:
1
r

∂

∂r


ζ
Q0 − 2πr (ρw − ρc) g (k/µc) (m − ζ ) ∂ζ/∂r

ζ + (m − ζ ) µw/µc


+ 2πφ

∂ζ

∂t
= 0, (17)

where Q0 is the volumetric flux rate of injected CO2
and ζ denotes the vertical position of the interface
between the two fluids. Both solutions (Nordbotten et al.16
and Dentz and Tartakovsky17) are approximations of the
exact solution of Eq. (17) but differ in the assumptions
made for the approximation. Whereas Nordbotten et al.16
used an energy minimization approximation, Dentz and
Tartakovsky17 applied theDupuit assumption of horizontal
flow. The development of the solutions is not detailed in
this paper; the reader is referred to the original works
of Nordbotten et al.16 and Dentz and Tartakovsky.17 In
addition, the validity and the applicability of both solutions
has been discussed in.21–23

The interface solutions derived by Nordbotten et al.,16
denoted by NB, and Dentz and Tartakovsky,17 denoted by
DZ, are written as follows:

ζNB (r, t) = m


1 −

µc

µw − µc


µwQ0t

µcφπmr2
− 1


(18)

ζDZ (r, t) =
Q0

2πkmg
µw − µc

ρw − ρc
ln


r
rb,DZ (t)


(19)
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where rb(t) is the radius at which the interface intersects
the lower domain boundary and is determined by the
volume conservation (Dentz and Tartakovsky17):

rb,DZ (t)

= 2


tkmg (ρw − ρc)

φ (µw − µc)


exp


4πkm2g (ρw − ρc)

Q0 (µw − µc)


− 1

−1

. (20)

We further account for the pressure-dependent CO2 den-
sity and viscosity according to Peng and Robinson24

and Fenghour et al.,25 respectively, through the iterative
methodology proposed by Vilarrasa et al.23 Inserting inter-
face Eqs. (18) and (19) into the integration of Darcy’s law
results in the derivation of two vertically averaged over-
pressure expressions with the zeroth-order Hankel trans-
formation. The transformed expressions are substituted
into the mechanical deflection Eq. (14), which leads to two
hydromechanical solutions, the Li–Selvadurai–Nordbotten
solution, denoted by LI–SN, and the Li–Selvadurai–Dentz
solution, denoted by LI–SD, as shown below. These solu-
tions permit the analysis of the interaction between the
caprock and surrounding regions that are subjected to CO2
injection-induced pressurization.

w(r)LI–SN =
Ωm
h2


∞

0

ξe−
ξ l
h

1 + Φξ 3

×


Ah2

ξ 2


y ln


yh
ξR


J1(y) + J0(y)

ξ r0/h

ξR/h

+ A

ln


R
r0


+ Br0


×

r0J1 (ξ r0/h) − rbJ1 (ξ rb/h)
ξ/h

− AB
 r0

rb
r2J0(ξ r/h)dr +

ACh2

ξ 2

×


y ln


yh
ξ rb


J1(y) + J0(y)

ξ rw/h

ξ rb/h

+ A

ln


R
r0


+ B (r0 − rb)


×

rbJ1 (ξ rb/h) − rwJ1 (ξ rw/h)
ξ/h



× J0


ξ r
h


dξ (21)

with parameters A =
Q0µw

2πkm ; B =


µcφπm
µwV (t) ; C =

µc
µw

and

R =


2.25kρwgt

µwSs
.

w(r)LI–SD =
Ωm
h2


∞

0

ξe−
ξ l
h A

1 + Φξ 3

µw

×


µwh2

ξ 2


y ln


yh
ξR


J1(y) + J0(y)

ξ r0/h

ξR/h

+ B̂
r0J1(ξ r0/h) − rwJ1(ξ rw/h)

ξ/h
+
µch2

ξ 2


y ln


yh
rbξ


J1(y) + J0(y)

ξ rw/h

ξ r0/h

+ Ĉ
 r0

rb
r ln


r
rb


ln
 rb
r


J0


ξ r
h


dr



× J0


ξ r
h


dξ (22)

and parameters B̂ = µw ln


R
rb


−

µw−µc
2γ ; Ĉ =

(µw−µc )γ
2

where γ =
Q0(µw−µc )

2πkm2g(ρw−ρc )
.

4. Model verification

The two semi-analytical solutions Eqs. (21) and (22) are
applied to a CO2 storage injection problem to evaluate their
performance in comparison with a numerical solution.
The semi-analytical modelling described above assumes
an elastic plate-like caprock and two immiscible fluids
separated by an abrupt interface, whereas the numerical
model considers poroelasticity and two miscible fluids
with a capillary effect (detailed in Appendix B). The
intent of the developed semi-analytical approach is to
provide a straightforward and efficient tool for examining
material sensitivity and geometric uncertainty. However,
comparing the semi-analytical and numerical approaches
can facilitate the assessment of the relevancy of our
approximations.

A typical CO2 storage model in an axisymmetric config-
uration is proposed, and themesh for the numerical model
is shown in Fig. B.1 of Appendix B. CO2 is injected into a
100-m-thick aquifer at 100 kg/s through a vertical well of
radius rw = 0.15 m. The aquifer is situated 900 m un-
derground and is overlaid by a 100-m-thick impermeable
caprock. To approach the infinite-acting aquifer of the an-
alytical solution, the numerical model is set at 10 km, and
hydrostatic pressure and fixed displacement are applied on
the outer boundary. Themechanical and hydraulic proper-
ties are given in Table 1. The nonlinear finite element FEM
code Lagamine27 is used to solve the problem numerically,
and Matlab R⃝ is employed to compute the infinite integra-
tion of the two semi-analytical solutions.

The analytical versus numerical results are presented
in Figs. 2 and 3 for the overpressure and caprock deflec-
tion distribution, respectively. The numerical results ex-
hibit a slightly higher overpressure generation near the
well field. This higher overpressure generation can be ex-
plained by the neglect of the capillary effect in semi-
analytical approaches, which lowers the energy needed for
CO2 injection into the saturated aquifer. Furthermore, the
numerical model describes a lower caprock deflection
around the well. Because the coupling effect is relatively
strong around the well, the poroelasticity theory in the
numerical model allows more energy dissipation than the
embedded plate approach in the semi-analytical method.
Differences in the curvature of the deflection shape are also
observed because the overpressure decreases logarithmi-
cally with distance in the LI–SD solution but linearly in the
LI–SN solution and in numerical approach. However, the
differences remain subtle. Both the overpressure and de-
flection calculated by the numerical approach are, on av-
erage, in good agreement with the analytical results.
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Table 1
Parameter values used in the numerical experiments.

Analytical model Symbol Unit Overburden unit Storage unit Caprock layer

Shear modulus Go, Gs, Gc GPa 1 10 5
Poisson’s ratio νo, νs, νc – 0.25 0.25 0.25
Porosity in the injection zone φ – 0.15 –
Permeability in the injection zone k m2 1.0e−13 –

Thickness of the caprock m m 100
Distance from the caprock to the middle of the
injection zone

l m 50

Well radius rw m 0.15
Injection rate Qm kg/s 100

Numerical model Retention curve Relative permeability

van Genuchtena Sw =

1 + (s/P0)1/(1−λ)

−λ
kα = Sα

P0 = 0.02 MPa and λ = 0.8 α = CO2;water

CO2 density Peng and Robinson24

CO2 viscosity Fenghour et al.25

a Linear relative permeabilities and a van Genuchten retention curve26 parameter are set to approximate the abrupt interface approach.23
Fig. 2. Spatial distribution of the vertically averaged overpressure after
100 days of injection with the reference parameters.

Fig. 3. Spatial distribution of the deflection of the caprock after 100 days
of injection with the reference parameters.

5. Parametric studies

Based on the CO2 storage problem described above,
the effects of the geometric and the material parameters
on the caprock deflection are studied. Fig. 4 shows the
relationship between the deflection of the caprock and
the distance to the injection zone. The magnitude of the
Fig. 4. Maximum deflection calculated after 100 days of injection at
different distances l from the interface between the caprock and the
aquifer.

overpressure decreases when the distance l is increased.
The CO2 density increases as the hydrostatic pressure
increases with depth; thus, for a given mass of injected
CO2, the injected volume decreases and less overpressure
accumulates. Because the estimated overpressure at the
injection well is higher when using the LI–SD solution
compared to the LI–SN solution, a higher overpressure is
obtained with the LI–SD solution with a nearly constant
difference in magnitude. The thickness of the zone
between the caprock and the injection zone limits strain
propagation from the injection zone to the caprock. Hence,
the difference in themagnitude of deflection at the caprock
vanishes with distance l, whereas the difference in the
overpressure remains nearly constant (see Fig. 5). The
effect of the overpressure difference is most significant
when both layers are adjacent and becomes negligible
when l = 400 m, suggesting that injection of CO2 at a
certain distance from the primary caprock can reduce the
strainwithin the caprock and further reduce the possibility
of fissuring and cracking.

The temporal evolution of the caprock deflection is
shown in Fig. 6 with various permeabilities. At a constant
rate of injection, the fluid pressure increases significantly
at the beginning of the injection period. As a consequence
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Fig. 5. Vertically averaged overpressure at the injection well after 100
days of injection at different distances l from the interface between the
caprock and the aquifer.

Fig. 6. Deflection at the injection well with time with variation in
permeability.

of the elastic model, the deflection reflects the effect of
overpressure and exhibits the same behaviour. The de-
flection increases gradually after one year of injection and
reaches a maximum. The deflection is nearly proportional
to the inverse of the permeability (see Eqs. (21) and (22)).
Thus, the permeability can be considered an important fac-
tor to limit overpressure accumulation and subsequent de-
flection.

6. Benchmark to the case of the in Salah project

At In Salah, ground deformation was detected around
three CO2 injection wells by satellite imaging.5,6,28 Because
highly accurate measurements are available, the surface
heave at In Salah is considered an ideal benchmark
problem for geomechanical modelling. Using these data,
Rutqvist et al.8 and Preisig and Prévost7 investigated the
surface uplift around injection well KB501 using 3D and
2D numerical models, respectively. The results are in good
agreement with the field measurements. Here, we apply
our semi-analytical solutions to the same data set used
by Rutqvist et al.8 to assess the same problem. Instead of
a three-dimensional analysis, we perform our analytical
Fig. 7. Geometry of the model used to simulate the surface uplift around
injection well KB501 at In Salah.

Table 2
Material parameters used in the simulation of the In Salah uplift.

Parameter Unit Caprock Surface
layer

Shear modulus GPa 8.35 0.625
Poisson’s ratio – 0.2 0.2

Porosity in the injection zone – 0.17
Permeability in the injection zone m2 1.3e−14

modelling in a 2D axisymmetric configuration. Due to the
geometrical constraint of the semi-analytical solutions,
horizontal well KB501 is simplified to a vertical well.
We assume that this simplification is valid because the
approximately 70-km2 area influenced by the injection is
large compared to the 2-m-longwell.5 In addition, because
the aquifer is very thin (20 m in thickness), the injection-
induced pressurization forms a bulb-like pressure zone
that covers the entire well and extends in the radial
direction, as observed in Rutqvist et al.8

As shown in Fig. 7, the model consists of a 900-m-
thick surface layer, 900-m-thick impermeable caprock and
a 20-m-thick aquifer where CO2 is to be injected at a rate
of approximately 8 kg/s. The material properties of the
injection zone are presented in Table 2.

Fig. 8 compares the results of the semi-analytical so-
lutions and the actual measurements for the three-year
injection. Both semi-analytical solutions indicate an ap-
proximately 7-mm surface uplift after the first two years,
consistent with the detected surface uplift, but underes-
timate the uplift in the third year. The computed results
of Rutqvist et al.8 are the same order of magnitude as the
measurement in the third year, but the uplift during the
first two years is underestimated. A bell-shaped uplift form
is observed, as shown in Fig. 9. The spatial pattern of sur-
face uplift is consistent with the uplift spread computed by
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Fig. 8. Comparison of the calculated temporal surface uplift to the
measured ground uplift over well KB501 and the numerical result
calculated by Rutqvist et al.8

Fig. 9. Calculated surface uplift over well KB501.

Preisig and Prévost7 and the satellite imagery presented in
Onuma and Ohkawa5 and Bohloli et al.6

7. Conclusion

The injection of CO2 pressurizes the reservoir and
causes caprock deflection, which further results in sur-
face uplift. A semi-analytical approach was developed to
predict the temporal and spatial deformation level of the
caprock and the surface. The approach assumes linear elas-
tic materials, the caprock as a thin-plate, an abrupt CO2-
water interface and no capillary forces. In developing the
analytical model, we accounted for an arbitrary pressur-
ization distribution within the injection zone, followed
by a mathematical formulation of caprock deflection sub-
jected to such pressure loading. Next, we incorporated
two overpressure distribution functions to address the
CO2 injection-induced pressurization. After including the
pressure-dependent CO2 density and viscosity, the math-
ematical modelling led to two closed-form analytical ex-
pressions to address the mechanical interaction between
the primary caprock and adjacent regions that is affected
by the CO2 injection-induced pressurization.
The developed solutions were applied to a representa-
tive CO2 storage case that was solved numerically by the
finite elementmethod. The analytical resultsmatch thenu-
merical simulation results, demonstrating the relevancy of
the approximations and assumptions implemented in the
development. Parametric studieswere undertaken to illus-
trate the influence of factors such as geometry, overpres-
sure magnitude and material properties on the caprock
deflection. Finally, we benchmarked the developed semi-
analytical solutions to assess the surface uplift observed at
In Salah. Good agreement in the temporal and spatial evo-
lution was observed between the measurements and the
calculated results.

The advantage of using a semi-analytical approach is
that it offers a convenient and efficient way to assess the
impact of various factors and material parameters on the
safety of CO2 injection projects. In view of the computa-
tional approaches, the developed semi-analytical approach
is an alternative and cost-effective calculation tool for pre-
liminary candidate site evaluation and sensitivity anal-
ysis. In addition, the development within this paper is
straightforward. Other fluid injection-induced pressuriza-
tion distribution functions can be incorporated into the
mechanical part. Thus, this model can integrate advances
in hydrology research and be extended to any fluid injec-
tion problem.

Appendix A. Error estimation

We have seen in the first part of this work that it is
common to approximate

 d+t/2
d−t/2 e−kxdx by te−kd because

the hyperbolic sinus sh(x) ≈ x when x is sufficiently
small. However, in our case, it leads to the approximation:
sh(kt/2) ≈ kt/2. k varies from 0 to infinity, and t is
a constant. The approximation we performed previously
must be verified.

All integrals composing the u(s)p
z term must be exam-

ined.
We have the following:

u(s)p
z (r, 0) =

b
Gs


∞

0


∞

0
p (ρ)

· gz (r, z = 0; ρ, d) dρdd (A.1)

with:

gz (r, z = 0; ρ, d) = − (1 − 2νs) ρ


∞

0
ξ J0(ξ r)J0

× (ξρ)e−ξddξ . (A.2)

For simplification and without loss of generality, we
assume that the pressure is constant over radius R from the
injection well (otherwise we work with an inequality and
the maximum pressure over the domain).

P (r, z) = 1PH (R − ρ) if d −
t
2

≤ z ≤ d +
t
2

P (r, z) = 0 otherwise.
(A.3)
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Fig. A.1. Error estimation of the approximation employed in the
development.

This gives the following:

u(s)p
z (r, 0) = −

(1 − 2νs) b1PR
Gs


∞

0
J0 (kr) J1 (kR)

×
2
k
e−klsh


kt
2


dk ≡ u. (A.4)

If we performed the previous approximation, we would
have obtained the same result as Eq. (10) in19:

u(s)p
z (r, 0) = −

(1 − 2νs) b1PR
Gs


∞

0
tJ0 (kr)

× J1 (kR) e−kldk ≡ ũ. (A.5)

Setting C = −
(1−2νs)b1PR

Gs
, we obtain the following:


u − ũ


(r) = C


∞

0


2
k
sh

kt
2


− t


× J0 (kr) J1 (kR) e−kldk. (A.6)

To study the problem, we examine the behaviour of
the previous function as a function of r , throughout the
numerical computation. For the best computation, we can
change the variable:

R+
→ [0; 1[

ϕ : y → argth (y) =
1
2
ln

1 − y
1 + y


.

(A.7)

This gives the following:


u − ũ


(r) = −C

 1

0


2

argth(y)
sh

argth(y)t

2


− t


× J0 (argth(y)r) J1 (argth(y)R)

× e−argth(y)l y
1 − y2


dy. (A.8)

We observe that the difference is very small (approxi-
mately 10−13) compared to the value of u or ũ (approxi-
mately 10−3–10−2), as shown in Fig. A.1.
Appendix B. Finite element numerical model

A typical CO2 storage model in an axisymmetric
configuration is proposed to compare the numerical and
analytical solutions. The model, which consists of 9273
4-node quadrilateral elements, is shown in Fig. B.1. The
model includes an 800-m-thick overburden layer, a 100-
m-thick caprock layer and a 100-m-thick aquifer into
which CO2 is injected at a constant flow rate through a
vertical well. The model is 10 km in size to simulate the
infinite-acting aquifer of the analytical solution. On the
outer boundary of the model, a hydrostatic pressure is
applied, and displacements are fixed.

The materials involved in the problem are porous
media, which are treated as a mixture consisting of a solid
matrix, water and CO2 phases according to the theory of
mixtures29 which is implemented by Collin et al.27 in the
nonlinear finite element code Lagamine.30 The code is used
to solve the mass conservation equations for water, w, and
CO2, c and the momentum equation. In the following, a
brief summary of the coupled system is introduced to solve
for the displacement of solid matrix u, water pressure pw

and CO2 pressure pc .
The mass conservation equations are written for water

and CO2:

∂ (nSαρα)

∂t
+ div (ραfα) = 0; α = c, w (B.1)

where n is the porosity, Sα is the degree of saturation of
the α-phase, ρα is the density and fα is the velocity of the
α-fluid, which is defined by the generalized Darcy’s law for
porous media:

fα =
kintkr,α

µα

(grad (pα) + ραg grad (z)) (B.2)

in which µα is the dynamic viscosity of α phase, kint is
the intrinsic permeability of the reservoir rock, kr,α is the
relative permeability of the α-fluid and pα is the α fluid
pressure.

A van Genuchten function26 is used to describe the
retention behaviour of the reservoir rock:

Sw =

1 + (s/P0)1/(1−λ)

−λ
(B.3)

where λ and P0 are a material parameter and a reference
pressure, respectively, and s is the matrix suction or
capillary pressure defined as the difference between CO2
and water pressure, s = pc − pw . A linear function for
relative permeability is used:

kα = Sα. (B.4)

The momentum equation is written as follows:

div (σ) + ρg = 0 (B.5)

where ρ is the density of the mixture, which is defined as
follows:

ρ = (1 − n) ρs + nSwρw + n (1 − Sw) ρc (B.6)

and the total stress σ can be decomposed through a
combination of the generalized effective stress tensor σ ′,
water pressure pw and CO2 pressure pc :

σ′
= σ − pc I + Sw (pc − pw) I. (B.7)
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Fig. B.1. Numerical model mesh used for simulation. Details in the vicinity of the well are magnified.
Allmaterials are considered linear elastic. The stress–strain
relationship is described below:

dε = E−1dσ′ (B.8)

where E is the elastic tensor and dε is the strain tensor in-
crement, and the strain is defined as ε = 1/2


∇u + ∇

Tu

.
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