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DISCONTINUOUS GALERKIN METHOD FOR FRACTIONAL
CONVECTION-DIFFUSION EQUATIONS*

QINWU XUT AND JAN S. HESTHAVEN?

Abstract. We propose a discontinuous Galerkin method for fractional convection-diffusion
equations with a superdiffusion operator of order a(1 < a < 2) defined through the fractional
Laplacian. The fractional operator of order « is expressed as a composite of first order derivatives
and a fractional integral of order 2 — . The fractional convection-diffusion problem is expressed
as a system of low order differential/integral equations, and a local discontinuous Galerkin method
scheme is proposed for the equations. We prove stability and optimal order of convergence O(hF+1)

1
for the fractional diffusion problem, and an order of convergence of O(hk+5) is established for the
general fractional convection-diffusion problem. The analysis is confirmed by numerical examples.
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1. Introduction. We consider the fractional convection-diffusion equation

Qe t) L0 fu) = e (—(=A)Y2) u(x,t), «eR,te(0,T),
(1.1) {u(g,O) = Zo(x), z € R,

where f is assumed to be Lipschitz continuous and the fractional diffusion is defined
through the fractional Laplacian —(—A)®/2(a € (0,2]), which can be defined using
Fourier analysis as [24, 35, 42, 26)

(1.2) —(CA)2u(g) = (2m)% €[ alE).

Equation (1.1) can be viewed as a generalization of the classical convection-diffusion
equation. During the last decade, it has arisen as a suitable model in many application
areas, such as geomorphology [27, 28, 2], overdriven detonations in gases [15, 1],
signal processing [6], and anomalous diffusion in semiconductor growth [41]. With
the special choice of f(u) = w?/2, it is recognized as a fractional version of the
viscous Burgers’ equation. Fractional conservation laws, especially Burgers’ equation,
have been studied by many authors from a theoretical perspective, mainly addressing
questions of well-posedness and regularity of the solutions [8, 29, 3, 33, 32, 22]. In the
case of a < 1, the solution is in general not smooth and shocks may appear even for
smooth initial datum. Similar to the classical scalar conservation laws, an appropriate
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entropy formulation is needed to guarantee uniqueness and well-posedness [3, 4]. For
the case of @ > 1, existence and uniqueness of a regular solution has been established
in [3, 32]. In this case, the nonlocal term serves as a super-diffusion term, smoothing
out discontinuities in the initial datum.

Numerical studies of partial differential equations with a nonlocal operator have
attracted a lot of interest in recent years. Several authors [19, 45, 31, 21] have worked
on numerical methods for fractional diffusion problems with fractional Laplacian op-
erators or Riesz fractional derivatives. Others [10, 18, 34] have considered numerical
methods for financial models with fractional Laplacian operators. However, for con-
servation laws with fractional Laplacian operators, the development of accurate and
robust numerical methods remains limited. Droniou [23] appears to be the first to an-
alyze a general class of difference methods for fractional conservation laws. Azerad and
Bouharguane [7] proposed a class of finite difference schemes for solving a fractional
antidiffusive equation, while Bouharguane [9] proposed Carles splitting methods for
the nonlocal Fowler equation. For the case o < 1, Cifani and others [13, 14] applied
the discontinuous Galerkin method to the fractional conservation law and degenerate
convection-diffusion equations and developed some error estimation. Unfortunately,
their numerical results failed to confirm their analysis.

The discontinuous Galerkin method is a well-established method for classical
conservation laws [16, 5, 30, 44]. For application of the method to fractional prob-
lems, Mustapha and McLean [36, 37, 38] have developed and analyzed discontinuous
Galerkin methods for time fractional diffusion and wave equations, while Cifani and
others [13, 14] applied such methods to the fractional conservation law. However, for
equations containing higher order spatial derivatives, discontinuous Galerkin meth-
ods cannot be directly applied [17, 44]. A careless application of the discontinuous
Galerkin method to a problem with high order derivatives may yield an inconsistent
or unstable method [30]. The idea of local discontinuous Galerkin (LDG) methods for
time-dependent partial differential equations with higher derivatives is to rewrite the
equation into a first order system and then apply the discontinuous Galerkin method
to the system [17]. A key ingredient for the success of this method is the correct design
of interface numerical fluxes. These fluxes must be designed to guarantee stability and
local solvability of the auxiliary variables, introduced to approximate the derivatives
of the solution.

In this paper, we consider fractional convection-diffusion equations with a frac-
tional Laplacian operator of order o (1 < o < 2). For 1 < e < 2, it is conceptually
similar to a fractional derivative with an order between 1 and 2. To obtain a consistent
and high-accuracy method for this problem, we rewrite the fractional operator as a
composite of first order derivatives and a fractional integral and convert the fractional
convection-diffusion equation into a system of low order equations. This allows us to
apply the LDG method.

This paper is organized as follows. In section 2, we introduce some basic def-
initions and recall a few central results. In section 3, we derive the discontinuous
Galerkin formulation for the fractional convection-diffusion problem, and in section 4,
we present a stability and convergence analysis for fractional diffusion and convection-
diffusion equations. Section 5 presents some numerical examples to support the analy-
sis and illustrate the efficiency and flexibility of the scheme. A few concluding remarks
are offered in section 6.

2. Definitions and background. Apart from the definitions of the fractional
Laplacian based on the Fourier and the integral form, it can also be defined using
ideas of fractional calculus [24, 35, 45], as
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T a/2u 1) = iu ) = _700Dgu(x)+ngou(x)
(21) (~8)°u(o) = 5 zu(a) ()

)

where __ D¢ and D& refer to the left and right Riemann-Liouville fractional deriva-
tives, respectively, of ath order. This definition is also known as a Riesz derivative. In
this paper, we will base our developments and analysis on this definition. To prepare
we introduce a few definitions and recall some properties of fractional integrals and
derivatives.

The left and right fractional integrals of order « are defined as

(22) o) = s [ -0 o
(23) zlg‘ou(x) = ﬁ /Oo(t — m)a_lu(t)dt

This allows for the definition of the left and right Riemann-Liouville fractional deriva-
tives of order o (n — 1 < aw < n) as

(2.4)
Du(z) = ﬁ <%) /_ (z — "1y (B)dt = D" (oo I""u(x)),
(2.5)
+Du(z) = ﬁ <—%> / (t — )" 17 u(t)dt = (—=D)" (1% “u(z)).

Fractional integrals and derivatives satisfy the following properties.
LEMMA 2.1 (linearity [39]).

(2.6) —oola M (@) + 1g(2) = A _I5f () + 1 oo I3 9(2),
—oo D (M (@) + pg(2)) = A _oc D3 f(2) + 1 _ oo D3 ().

LEMMA 2.2 (semigroup property [39]). For any a, 8 > 0, we have the following
semigroup property for the fractional integral operator:

(2.8) o8 (@) = I8 (Lad2F (@) = IR (Locl2 f(2)).

LEMMA 2.3 (see [39]). Suppose u)(x) = 0 for & — +oo. Then V0 < j < n
(n—1< a<n), it holds that

(2.9) _eoDiu(z) = D" (L I u(@)) = _ L (D"u(x)),
(2.10) Dsou(@) = (=D)" (I u(@)) = 15 (=D)"u(x)).

To rewrite the fractional Laplacian in system form, which will be useful later, we
apply Lemma 2.3 to obtain the following result:

2
_;d_ (_0012*0t
2 cos(am/2) dx? v

1 d o du(x) o du(x)

2.11 = — (_ e Y o et

(2.11) 2 cos(am/2) dx ( ”” dx talo dx
B 1 < 2o d*u(r) dzu(x)>

" 2cos(an/2) ”” dx? dx?

—(=2)"?u(x) = u(@) + o 13 “u(z))

SR
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for any continuous function u with limg_, 4o u() () =0(0<j<2)andl <a<?2.
In (2.11), if @ < 0, the fractional Laplacian becomes the fractional integral operator.
In this case, for any 0 < s < 1, we define

oD fu(x) + o D 0u(r) o Lju(x) + I3 u(x)

(212) A,S U(ﬂ?) = — - ST
. 2 cos (—(2_25)”) 2cos ()

When 1 < a < 2, using (2.11) and (2.12), we can rewrite the fractional Laplacian in
the following form:

d? d du

(2.13) —(=A)*u(z) = pr) (Aqa—2)/2u) = e (A(a—z)h%)

To carry out the analysis, we introduce the appropriate fractional spaces.
DEFINITION 2.4 (left fractional space [25]). We define the seminorm
(2.14) [ulre@®) = || oDz ullL2(r)

and the norm

1

2
(2.15) lullag e = (Il @ + lulae) )

and let J(R) denote the closure of C§°(IR) with respect to || - || s (r)-
DEFINITION 2.5 (right fractional space [25]). We define the seminorm
(2.16) [ul o) = [l s DooullL2(r)

and the norm

1

2
(2.17) g = (g + lula)

and let J3(R) denote the closure of C§°(R) with respect to || - || yo (-
DEFINITION 2.6 (symmetric fractional space [25]). We define the seminorm

=

(2.18) ful gz ) = | (Lo DS, D) 2

and the norm

1

2
(2.19) lullsz@ = (lulg @ + lula)

and let J§(R) denote the closure of C§°(R) with respect to || - || s (r)-
Using these definitions, we obtain the following result.
LEMMA 2.7 (adjoint property [40, 25]).

(2.20) (coolpu,u)p = (u, oI u)g -
LEMMA 2.8 (see [25]).
@ @ . 2 _ . 2
(2.21) (coolgu, oIS u)p = cos(om)|u|JL,a(R) = cos(aﬁ)|u|J5a(R).

From Lemmas 2.7 and 2.8, we obtain the following lemma.
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LEMMA 2.9. For any 0 < s < 1, the fractional integral satisfies the following
property:

— 2 _ 2
(2.22) (A_su,u)p = |u|J[3(R) = |u|JES(R)'

Generally, we consider the problem in a bounded domain instead of R. Hence,
we restrict the definition to the domain Q = [a, b].

DEFINITION 2.10. Define the spaces Ji ((Q), Jg o(€2), J§(2) as the closures of
C§°(Q) under their respective norms.

For these fractional spaces, we have the following theorem [20].

THEOREM 2.11. If —as < —ay < 0, then Jp 5 (Q)(orJ5 5" () orJg ot () is
embedded into Jp *(Q2)(or J5 () or J5 5 (2)), and L?(Q) is embedded into both of
them.

LEMMA 2.12 (fractional Poincaré-Friedrichs, [25]). Foru € Ji ((Q) and p € R,
we have

ull2@) < Clulyz (),

and for u € Jp 4(2), we have
l[ullL2@) < Clulyz (@)

From the definition of the left and right fractional integrals, we obtain the follow-
ing lemma.

LEMMA 2.13. Suppose the fractional integral is defined on [0,b] and let g(y) =
f(b—1y). Then

(2.23) A5 @) =T 0 g(y).

LEMMA 2.14. Suppose u(z) is a smooth function defined on Q@ C R. Qp is a
discretization of the domain with interval width h, up(x) is an approzimation of u
in PF. For all i, up(z) € I; is a polynomial of degree up to order k, and (u,v);, =
(un,v)1, Vv € P*. k is the degree of the polynomial. Then for —1 < a < 0, we have

|Anj2u(z) — Ag joun()| 1, 0) < ChF L,

where C' is a constant independent of h.

Proof. We consider the approximation error for a fractional integral || ,I, “u(x) —
aI;auh(m)HLz(Q) .

Suppose z € Qp;, and recall that |lu(z) — up(2)||L, = O(h*+1) from classical
approximation theory. We have the following estimate for r* = I, *(O(hF*1)):

, 1 x
’f'l = m‘/a (CE — S)iailo(hk+1)d8

- (b _ a)fao(thrl)
= I'l-a) '

Recalling Lemma 2.13, the case —1 < a < 0 is proved. d

LEMMA 2.15 (inverse and trace properties [12]). Suppose V3, is a finite element
space spanned by polynomials up to degree k. For any uy, € V},, there exists a positive
constant C' independent of up and h such that

_ 1
10ztn | 2,0) < Ch ™ Hunll o), Nunlle, < Ch72 ||un| 1,0,

where 'y, represents the trace.
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3. LDG scheme for the fractional convection-diffusion equation. Let us
consider the fractional convection-diffusion equation with 1 < a < 2. To obtain a
high order discontinuous Galerkin scheme for the fractional derivative, we rewrite the
fractional derivative as a composite of first order derivatives and a fractional integral
to recover the equation to a low order system.

Following (2.13), we introduce two variables p, ¢ and set

q = A(a—2)/2p,
0
p= \/E%u
Then, the fractional convection-diffusion problem can be rewritten as
Ju 0 0
En + o (u) = \/E%i],
q = A(a—2)/2p,
0
p= \/g%ua

where A(,_2)/2 is a fractional integral operator, as defined in (2.13).

Consider ) = [a,b] with a partition a = z1 <z3 <--- <xg,1 = b; we denote
the mesh by.Ij:[xj_%,xﬁ%]., ij:xj+%.—xj_%. o .

We consider the solution in a polynomial space V},, which is embedded into the

fractional space according to Theorem 2.11. The piecewise polynomial space V;, is
defined as

Vi, = {v:ve PHIy),z e I}

We seek an approximation (up,pn,qn) € Vi to (u,p, q) such that for any v,w,z € V},
and any element I;, we have

e (HEae) + (i) = vE(Feew)
| (@100, = (Aa—syapne w(a)

(pn, (), = Ve (%’Z(ﬁ))l ’

(un(2,0), v(@)),;, = (uo(z),v(a)); .

i

To complete the LDG scheme, we introduce some notation and the numerical flux.
Define

) ut +u~ .
wtay) = lim u(a), {uh= 5l =t —u
and the numerical flux as

) a=he(a,q"),  frn=fluy,uwh).

For the high order derivative part, a good choice is the alternating direction flux
[17, 44], defined as

U= hy(u",u

~ I ~ o+ .
ui+% _ui+%’ qi+% _qi+%’ nggK_]-a
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or the alternative choice

~ _ + ~ _ —_ .
Uird = U1 Givd =050 1<i < K.
For the nonlinear part, f , any monotone flux can be used [30].

Applying integration by parts to (3.1), and replacing the fluxes at the interfaces
by the corresponding numerical fluxes, we obtain

320 (o), + (o= vEd) [ = () - Veg.u.), =0

-3

(33) (qhvw(m))]i - (A(a72)/2ph; w(x))jl =0,
(3.4) (ph, z(g:))[i — \/Euthfj + Ve (un, Zz)[,i =0,
(3.5) (un(,0),v(x)),, — (uo(a), v(x)),, = 0.

Remark 3.1. Originally, the problem is defined in R. However, for numerical
purposes, we assume there exists a domain Q = [a,b] C R in which u has compact
support and restrict the problem to this domain 2. As a consequence, we impose
homogeneous Dirichlet boundary conditions for u € R\ to obtain

—oDFu(z) + 2 Dgu(@) _ oDgu(z) + . Dju(z)

3.6) —(=A)?yu(z) =— z °° =
(3.6) (=4) (z) 2 cos (%) 2 cos (%)

For the flux at the boundary, we use the flux introduced in [11], defined as
e B
UK+% —u( 7t)7 qK+% _qK+%+E[[uK+%H

for the right boundary or

U

™

= u(aat)v (j =q; +

1
2

[us]

=

1
2
for the left boundary, where 3 is a positive constant.

4. Stability and error estimates. In the following we discuss stability and
accuracy of the proposed scheme, both for the fractional diffusion problem and the
more general convection-diffusion problem.

4.1. Stability. In order to carry out the analysis of the LDG scheme, we define
(4.1)

%(u,p,q;v,w,z):/ Z (ug,v dt—i—/ Z fv—\/—qv)| ;2dt

i-3

/ —Veq,ve), dt+/ Z(q,w(x))I dt
_/OT;(%—WQW@))E di = / Z\f izl jzdt

“7

T K T K
+/O ;(P,Z(x))lidt—f—/o ;\/E(u,zm)lidt—/o L (v, w, z)dt,
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where .Z contains the boundary term, defined as
_ L VEB -
(4.2) ZL,w,z) = eu(a, t)zi — . u(b, t)v 1dt +Veu(b,t)z, = 0.
2 2

u,p,q) is a solution, then %B(u,p, q;v,w,z) = 0 for any (v,w, z). Using the fluxes
= g/ 1 and the flux at the boundaries we obtain
2

§>

+% Z_’_17%4—1

4.3)  Bu,p,q;v,w,2)

:/OT: (s, v dt—/ ), v2) dt+/ Zl(ﬁq,vm)l di
+/OTZ\/E(U’Z””)Edt+/OTZ(q’w(x))

- / Z (Aazyjomswla)), dt -+ / Zlmz(x))
7 K—1

TKfl
_/ ZfiJr%[[U]]iJr%dt—F/O Z\/Eq;_%[[vﬂiJr%dt

T K—1
+/0 Z\/_u 1[[z]}Jrldt /(f%v;— K+%v;(+%)dt

+, 4 - \/_ﬁ - -
+/0 \/g(q%”% T g4a K+2)dt+ Lk UK+ Vicp 3 At

LEMMA 4.1. Set (v,w,z) = (u,—p,q) in (4.3), and define ®(u) = [* f(u
Then the following result holds:

g(uapv q;u, —p, Q)

T T
N
= e Dy ool + | (Saayepplit+ [ L,

1
2

+ /T (®(u)y — B(w) sy — (Fu)y + (Fu)ery )

2

TKl

+f) X (g - i)

Proof. Set (v,w,z) = (u,—p,q ) (4 3), and consider the integration by parts

formula (g, uz)r, + (u, ¢2)1; (uq)| , to obtain the interface condition
-4
K K K-1 K-1
> (Veqve) + D0 (Veuze) + Y Vegl s oy + Y Veug 2l
i=1 i=1 i=1 i=1
K - K—1 K—1
Z Py Z \/EQ;:_%[[UHH% + Z \/Eui_+%[[qﬂi+%
=1 “é j i=1
\/— + \/_qK+1“K+
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Substituting this equation into (4.3), we have

P (u,p, g u, —p,q)=/ Z ug, u dt—/ Uz ), dt
T K—1

(4.4) / (a— 2)/2p,p)1i dt—/ Zfi+%[[uﬂi+%dt

+ r — \/_ﬁ
—/0 ( %u%— K+%UK+%)dt+/0 h ( Kl ) dt.

Define ®(u) = [ f(u)du; then

K
T
(45) Y (Fu)ua)y, =D @@)| 7 ==Y [y — D(w)y + (u)xcyy
i=1 i=1 =3 i=1
Combining (4.4) and (4.5) proves the lemma. O
THEOREM 4.2. The semidiscrete scheme (3.2)-(3.5) s stable, and

lun(z, T) | 2(0) < ||luo(z)||L2(qy for any T > 0.

Proof. From the properties of the monotone flux, we know that f(u=,u") is a
nondecreasing function of its first argument and a nonincreasing function of its second
argument. Hence, we have [®(up)];, 1 — fh[[uhﬂﬁ% >0, 1 <j< K-—1. By Galerkin
orthogonality, Z(un, Ph, qn; Wh, —Ph, qn) = 0. Lemma 4.1 yields

T T \/gﬁ 3
e ) ey = ol + | (Aammyanpdat + [ L e

T A~
+ [ @)y = @y = (Fu)y + (Fues gt <0

Considering the boundary condition and Lemma 2.9, we obtain ||up(z,T)|| <
luo ()|, hence completing the proof. a

4.2. Error estimates. To estimate the error, we first consider fractional diffu-
sion with the Laplacian operator, i.e., the case with f = 0. For fractional diffusion,
(3.2)-(3.5) reduce to

(46) (o), ~ a4+ (Vanva),, =0,
@) (@, 0(@)), — (Aamayapn () , =0,
(45) (om0, ~ Vel 4V, za)y, = 0.
(49) (un,0) (), — (vo(e). (), =0

Correspondingly, we have the compact form of the scheme as

(4.10) %’(u,p,q;v w, 2)

:/O Zut, dt—l—/ Z\/— q:z) ) dt—|—/ Z\/g(u,zm)[idt
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T K T K

; / S (g, w(w)),, di / S (Aazyop, w(@)) , dt
=1 i=1
T K—-1

T K
SRR D S DRt

TK-1 T
+/ Z \/Eu;%[[zﬂiJr%dt—i—/O \/quvgdt

fﬁ,

T
+ Ch Uil K+;d’5 /O\/Eq;@r%v;pr%dt.

In the case f(u) = 0, we define Z(u,p,q;v,w, z) = B(u,p,q;v,w, z). Clearly, Z is a
bilinear operator.

To prepare for the main result, we first obtain a few central lemmas. We define
special projections, 2% and 2 into Vj,, which satisfy, for each j,

(4.11) /I(gziu(a:) —u(z))v(z)de =0 Yve P! and gziuﬂ_% = u(a:j.i%),

(4.12) /1 (Qu(z) — u(x))v(x)de =0 Yo € P

Denote e, = u — up,ep =D — Ph,€q = ¢ — qp; then
P e, =P u— up, ,@Jreq = PTq—qp, e, = 2p — ph.
For any (v,w,2) € HY(Q,T) x L*(Q,T) x L*(Q,T),
(4.13) Z(u,p,q;v,w,z) = L(v,w, z).
Hence, Z(eu, €p, €q; v, w, z) = 0 and we obtain

(4.14) (P eu, Ley, PVey; P ew, —QLe,, Phe,)
=R(P ey — eu, Lep — ep, Peg —eq; P~ ey, — ey, Pey)
=R(P u—u,2p—p, P q—q; P ey,—2e,, PTe,).
Substitute (£~ u — u, 2p — p, Ztq — ¢; P~ ey, —L2e,, Ptey) into (4.10) to obtain
the following lemma.

LEMMA 4.3. For the bilinear form (4.10), we have

‘%( u—u, c@p 'z ‘@—‘rq_q"@ Cuy — c@epa‘@—‘req)
1 (TE
— w), dt aph?kt? —/ Depl|32(;.dt
/ Z 32 u)y —ug, e ) I, +Crap +OT,a,b ) ;” epllt (I;)
\/Eﬁ - = 2
+/O LD )iyt

where Cr 44 15 independent of h but may depend on T' and (2.
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Proof. From (4.10) we have

X(P " u—u, o@p —p, Prq—q;, P ey, —Qey, @Jreq)

/ gZ ut—ut,ﬂ eu dt—f—/ Zﬁ(t@*q_q,(,@*eu)w)hdt
-1
T K
+/ Zf (Pu—u, (Pre,)s), dt - / Z(wq—q,e@ep),.dt
0 ;
/ Z Aa—2)/2(2p — p), er dt—|—/ Z 9p—p, &P eq)

TK 1
/ R L

TKl

+/O Z\/_gz u—u) 1[[@ eqﬂer
T
+/0 \/E(@+q—4)ér[[9_ei]]%dt+/o @(‘@_”_“)h%ﬂ@_e;ﬂm%dt
T
_/O \/g(,QZJrq_Q);(Jr%[[gZ*e;ﬂKJr%dt.

Since (2~ ey)s € P*71,(Prey)s € PF71,(2e,), € P*71, 2e, € P*, by the proper-
ties of the projection 2%, 2, we obtain

(ZTa—a.(P ), =0, (P u—u,(PVey),)
(2p—p, 2 eq) = 0 (2p—p, (.@*eq)w)li =0,
(P u—u)s —0, (ZT4—q)ir1 =0.

=0

Then the bilinear form (4.10) reduces to
R(P u—u,2p—p, P q—q; P ey, —2ey, PTe,)

T
/ Z (P u)y —wy, P ey) ‘dt—/ \/E(g@Jrq—q*)KJr;(gZ*eu);Hldt
I; 0 2 2

+ / Z (Aga—2)/2(2p —p) = (ZFq—q), 2eyp), dt

Recalling the projection property and Lemma 2.14, we obtain ||A_2)/2(Zp —p) —
(P2*q—q)| < Ch¥*1. Combining this with Young’s inequality and (2.15), we obtain

(P u—u,2p—p, P q—q; P ey, —2ey, PTe,)
1 TE
/ Z P u ¢ — U, P eu) dt+ CVT7a7bh2kJr2 + O— / Z ”"@eP”%Q(Ii)dt
L T.ab Jo 5

s @K%eumy?dt.

This proves the lemma. O
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LEMMA 4.4 (see [11]). Suppose that for all t > 0 we have

() + R(t) < A(t) +2/ B(s)x(s)ds,
0

where R, A, B are nonnegative functions. Then, for any T > 0,

T
X2(T)+ R(t) < sup AY2(t) + / B(t)dt.
0

0<t<T

THEOREM 4.5. Let u be a sufficiently smooth exact solution to (1.1) on @ C R
with f(u) = 0. Let up be the numerical solution of the semidiscrete LDG scheme
(3.2)-(3.5). Then for small enough h, we have the following error estimates:

u—un| L2 < CR*,

where C' is a constant independent of h.
Proof. From Lemma 4.1 and the initial error || &2 e, (0)||12(q) = 0, we have

(P~ ey, ey, PTey; P ew, —2ey, Prey)

T VEB

1, T _
:§||3Z eu(T)||2L2(Q)+/O (Ata—2)/22ep, Zey) , dt + | T|3Z €u|§<+%dt'

Combining this with Lemma 4.3 and (4.14), the following inequality holds:

1 B T
SN2 ey + [ (Bazya@ey, 2e,) i

T
1
< / ((gz_u)t — ug, Q_eu) dt + C’T,a,bh%'|r2 + o
0

7a’7

T
/0 1 ey |22 0t

Recalling the fractional Poincaré—Friedrichs Lemma 2.12, we get
1 2 ’ 2k42
§||52_eu(T)||L2(Q) < /0 ((gz_u)t —ut,ﬁ_eu) dt + COr o ph* 12,

Using Lemma 4.4 and the error associated with the projection error proves the
theorem. O

For the more general fractional convection-diffusion problem, we introduce a few
results and then give the error estimate.

LEMMA 4.6 (see [46]). For any piecewise smooth function w € L*(Q), on each
cell boundary point we define

Ve (B oty 2 JWTN @) = fw) i W] #0,
(4.15) K(fiw)=kr(fiw,w") {%Lf,(w)l if ] =0,
where f(w) = f(w™,w') is a monotone numerical flux consistent with the given flux
f. Then k(f,w) is nonnegative and bounded for any (w™,w™) € R. Moreover, we
have
(4.16) @) < K(F) + Gl
(.17) ST @] < A(fs0) + O]

8
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To estimate the nonlinear part, we define

K
S (s unv) Z / (un)) vwdwz (@)1
+Z<<f<ah> ~ Pl

where uy, is the average.
LEMMA 4.7 (see [43]). For J(f;u,un,v) defined above, we have the following
estimate:

1, -
> A(fiuun,v) < — 1)l + (C+ Cul[lvlloo + A HlewlED 01172 )

j=1

+(C + Coh7Y|ew || % )RHFHL.

To deal with the nonlinearity of the flux f(u), we make the following assumption
for h small enough and k > 1, which can be verified [43]:

(4.18) lleull = [lu = unl| < h.

THEOREM 4.8. Let u be the exact solution of (1.1), which is sufficiently smooth
on Q C R, and assume f € C3. Let uy, be the numerical solution of the semidiscrete
LDG scheme (4.6)—(4.9) and denote the corresponding numerical error by e,, = u—uy,.
Vy, is the space of piecewise polynomials of degree k > 1. Then for small enough h,
we have the following error estimate:

||u— Uh||L2(Q) < Cthr%.

Proof. From (4.3) and the boundary condition, we have for any (v,w,z) €

HY(Q,T) x L2(Q,T) x L*(,T),
P(u,p, q;v,w0,z) = B(un, pr, qn; v, w, z) = 0.
Then the following equality can be derived:

'@(’uﬂpa q;v,w, Z) - '@(uhapha qh;V, W, Z)

Mx

Zﬂ(u,p,q;v,w,z) _‘%(uhvphaqh;vvw Z fvu Up,V )

J=1

:%(U_Uh,p_ph,q—Qh;U,wz fauuh; )_0

Mw

j=1

Setting (v, w, z) = (P~ ey, —L2ep, Pte,) and using that u—up, = u— P u+ P ey,
we obtain

N

R(P " ey, 2ep, Prey; P ey, —2ep, PTe,) — Z (fou,un, P ew,)

=R(P u—u,Qp—p, P q—q; P e, —er, Pre,).

From Lemmas 4.1, 4.3, and 4.7, we derive the following inequality:
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1, ) T T )
S12 eua + [ (Btarnya@ey. 2ey) dt+ (i)l
T 1 T
< / (P u)t —up, P ey) dt + Cr P Ep— / | Le,||?dt
0 Y CT,a,b 0

T
+/O (C + Cu(ll 2 eullos + h 7 lewl BN 2~ eullFo o)

+ (C + Coh ™Y ew||% ) RH Hat.

Recalling Lemmas 2.12 and 4.6 and assumption (4.18), we have
|
§||=9Z eu(T)|1720)
T T
< / (P u)e —up, P~ ey) dt + C/ ng_euHQH(Q)dt + Ch?+L,
0 0

Using Gronwall’s inequality and the error associated with the projection error proves
the theorem. d

Remark 4.9. Although the order of convergence k + % is obtained it can be
improved if an upwind flux is chosen for f .

Remark 4.10. For problems with mixed boundary conditions, another scheme
may be more suitable for implementation. Suppose the problem has a Dirichlet bound-

ary on the left and a Neumann boundary on the right. Let p = 5%, q = gg ;
then we have
ou 0
=2 - A
ot + ox ( ) (a—2)/29;
dp
q= \/E%v
_ ou
p= Ox

and recover the scheme

(419)  ((un)e,v)y, (f (un), va )1 - (A(a 2)/2qn, 0())

(4.20) (qn,w(x));, e (pn,ws)y, =0,
(4.21) (phs 2(x )) \/_Uh2|11+\/—(uhvzw)n =0,
(4.22) (un(2,0), v(a )5, — (uo(2),v(x));, = 0.

In this scheme, a mixed boundary condition is imposed naturally. However, the
analysis is more complicated. While computational results indicate excellent behavior
and optimal convergence, we shall not discuss the theoretical aspect of this scheme.

Remark 4.11. In the above sections, we have developed an LDG scheme for the
partial differential equation with a fractional Laplacian operator with 1 < « < 2. For
0 < a < 1, the fractional Laplacian operator can be rewritten as a composite of a
fractional integral and a first order derivative, and the LDG scheme can be applied
similarly. However, special attention is required to address the possible development
of shocks.

5. Numerical examples. In the following, we present a few results to numeri-
cally validate the analysis.

The discussion so far has focused on the treatment of the spatial dimension with
a semidiscrete form as

11:0’
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duh
dt

where uy, is the vector of unknowns. For the time discretization of this system, we use
a fourth order low storage explicit Runge-Kutta (LSERK) method [30] of the form

(5.1) = Lp(up, 1),

p’ =u",
) ki = a; k7t + AtLy (pP Lt + ¢ At),
1€ [1, .. .,5] : {p(i) _ p(i—l) + bik(i),
UZH - p(5)’
where a;,b;,¢; are coefficients of the LSERK method given in [30]. For explicit
methods, a proper time-step At is needed. In our examples, the condition At <
CAz?,. (0 < C < 1) is used to ensure stability.

Example 5.1. As the first example, we consider the fractional diffusion equation
{% = —(=A)*u(a,t) + g(z,t) in[0,1] x (0,0.5],

(5.2) u(a:f 0) = ug(z) on[0,1]

with the initial condition ug(z) = 2%(1 — x)%. We choose the source term
g(z,t) = e (~uo(x) + (=A) Fuo(z))

to obtain an exact solution u(x,t) = e tx%(1 — 2)8.

We solve the equation for several different o and polynomial orders. The errors
and order of convergence are listed in Table 5.1, confirming optimal O(h**+1) order of
convergence across 1 < a < 2.

Example 5.2. We consider the fractional Burgers’ equation

(5.3) {B"gﬁ” + 2 () = e(—(-2)*2)u(e,t) + gla, ) in[-2,2] x (0,0.5],
u(z,0) = up(x) on[-2,2]

with the initial condition

_Ja=a2¥*/10, -1<2x<],
uo () = {O otherwise.

We set the parameter € = 1 and the source term as
g(z,t) = e (—uo(z) + e Fug(z)uh(z) + 8(—A)%u0(3}))
to obtain the exact solution

e (1 —22)*/10, —-1<2<1,
u(z,t) = {O otherwise.

To complete the scheme, we choose a Lax—Friedrichs flux for the nonlinear term and
an alternating direction flux for the linear term. The problem is solved for several
different values of «, polynomial orders (N), and numbers of elements (K), and the
results are shown in Table 5.2. Although an order of convergence of N + 1/2 is pre-
dicted by Theorem 4.8 for any monotone flux for the nonlinear term, optimal O(hN+1)
order of convergence is observed. The reason for this improved rate of convergence
is not understood but may be associated with the global nature of the fractional
operator which exhibits optimal convergence.

Example 5.3. Let us finally consider the fractional Burgers’ equation with a
discontinuous initial condition,
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TABLE 5.1
Error and order of convergence for Example 1: solving the fractional Laplacian problem with

K elements and polynomial order N.

Error and order of convergence for Example 2: solving the fractional Burgers’ equation with K

elements and polynomial order N.

a=1.1
K 10 20 30 40
N [lew]2 [lew]2 Order llewll2 Order llewll2 Order
K= 10 K= 20 order K= 30 order K= 40 order
1 1.64e-06  3.98e-07 2.04 1.73e-07 2.05 9.60e-08 2.05
2 1.24e-07  1.69e-08 2.87 5.13e-09 2.94 2.18e-09 2.97
3 1.14e-08  7.23e-10 3.98 1.41e-10 4.03 4.44e-11 4.03
a=13
K 10 20 30 40
N [lew]2 [lew]2 Order llewll2 Order llewll2 Order
K= 10 K= 20 order K= 30 order K= 40 order
1 1.45e-06  3.46e-07 2.07 1.50e-07 2.06 8.33e-08 2.05
2 1.19e-07  1.55e-08 2.94 4.64e-09 2.98 1.96e-09 2.99
3 1.04e-08  6.48e-10 4.00 1.26e-10 4.03 3.97e-11 4.02
a=15
K 10 20 30 40
N [lew]2 [lew]2 Order llewll2 Order llewll2 Order
1 1.35e-06  3.24e-07 2.06 1.42e-07 2.04 7.90e-08 2.03
2 1.22e-07  1.51e-08 3.01 4.51e-09 2.99 1.90e-09 2.99
3 1.04e-08  6.28e-10 4.05 1.22e-10 4.04 3.85e-11 4.02
a=1.8
K 10 20 30 40
N [lew]2 [lew]2 Order llewll2 Order llewll2 Order
1 1.28e-06  3.11e-07 2.04 1.38e-07 2.01 7.74e-08 2.01
2 1.40e-07  1.51e-08 3.21 4.48e-09 3.00 1.89e-09 3.00
3 1.44e-08  6.72e-10 4.42 1.23e-10 4.19 3.83e-11 4.05
TABLE 5.2

a=1.01
K 10 20 30 40
N [lew]2 [lew]2 Order llewll2 Order llewll2 Order

K= 10 K= 20 order K= 30 order K= 40 order

1 1.10e-03  2.81e-04 1.97 1.24e-04 2.03 6.90e-05 2.03
2 6.53e-05  1.00e-05 2.70 3.09e-06 2.90 1.33e-06 2.94
3 5.94e-06  4.00e-07 3.89 8.05e-08 3.96 2.58e-08 3.95

a=15
K 10 20 30 40
N [lew]2 [lew]2 Order llewll2 Order llewll2 Order
1 8.89e-04  2.15e-04 2.05 9.45e-05 2.03 5.28e-05 2.02
2 6.71e-05  8.62e-06 2.96 2.57e-06 2.99 1.09e-06 2.99
3 4.91e-06  3.34e-07 3.88 6.80e-08 3.93 2.16e-08 3.99

a=1.8
K 10 20 30 40
N [lew]2 [lew]2 Order llewll2 Order llewll2 Order
1 8.43e-04  2.09e-04 2.01 9.25e-05 2.01 5.20e-05 2.00
2 6.78e-05  8.59e-06 2.98 2.56e-06 2.99 1.08e-06 2.99
3 4.80e-06  3.32e-07 3.85 6.84e-08 3.90 2.20e-08 3.94

1
UO(LC): 92 _1<$<07
0  otherwise.

We consider (5.3) with parameters e = 0.04, g(z,t) = 0. We fix T = 1 and solve
the equation for several different values of «. The numerical solution up(z,t) for
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Fic. 5.1.  Solution of the fractional Fic. 5.2. Solution of the fractional
Burgers’s equation with € = 0.04, « = 1.005. Burgers’s equation with e = 0.04,a« = 1.1.

Fic. 5.3.  Solution of the fractional Fic. 5.4.  Solution of the fractional
Burgers’s equation with € = 0.04, « = 1.5. Burgers’s equation with € = 0.04, a = 2.0.

xe [-2,2] xel[-2,2]

Fic. 5.5. Solution of the fractional FiGc. 5.6.  Solution of the fractional
Burgers’s equation with t = 2, € (1, 2]. Burgers’s equation with t =5, a € (1,2].

a = 1.005, 1.1, 1.5, 2.0 is shown in Figures 5.1, 5.2, 5.3 and 5.4, respectively.
Two results for showing the relation u(x,«) versus (z,«a) for fixed ¢ are given in
Figures 5.5 and 5.6. From these figures it is clear that the dissipative effect increases
with a and the classical case with o = 2 is a limit of the fractional case.

6. Concluding remarks. We propose a discontinuous Galerkin method for
fractional convection-diffusion problems in which fractional diffusion is expressed
through a fractional Laplacian. To obtain high order accuracy, we rewrite the frac-
tional Lapacian as a composite of first order derivatives and integrals and transform
the problem to a low order system. We consider the equation in a domain 2 with
homogeneous boundary conditions. An LDG method is proposed and stability and
error estimations are presented. An optimal convergence order is proved for fractional
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diffusion. For the fractional convection-diffusion equation, an order of convergence of
k + 1/2 is obtained for the LDG scheme with general monotone flux for the nonlin-
ear term. Numerical experiments for fractional diffusion and fractional convection-
diffusion confirm the analysis. As a last example, the fractional Burgers’ equation
with discontinuous initial conditions is solved for different values of o and results
show that the dissipative effect increases as « increase, with the classical case o = 2
as the limit.
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REFERENCES

[1] M. ALFARO AND J. DRONIOU, General fractal conservation laws arising from a model of deto-
nations in gases, Appl. Math. Res. Express, 2 (2012), pp. 127-151.

[2] N. ArLiBAUD, P. AZERAD, AND D. ISEBE, A Non-monotone Conservation Law for Dune
Morphodynamics, arXiv:0709.3360, 2007.

[3] N. ALIBAUD, J. DRONIOU, AND J. VOVELLE, Occurrence and non-appearance of shocks in fractal
Burgers equations, J. Hyperbolic Differ. Equ., 4 (2007), pp. 479-499.

[4] N. ALIBAUD, Entropy formulation for fractal conservation laws, J. Evol. Equ., 7 (2007),
pp. 145-175.

[5] D. N. ArNoLD, F. BrEzz1l, B. COCKBURN, AND D. MARINI, Unified analysis of discontinuous

Galerkin methods for elliptic problems, SIAM J. Numer. Anal., 39 (2002), pp. 1749-1779.
(6] P. AZERAD, A. BOUHARGUANE AND J.-F. CROUZET, Simultaneous denoising and enhancement
of signals by a fractal conservation law, Commun. Nonlinear Sci. Numer. Simul., 17 (2012),
pp. 867-881.
[7] P. AzZERAD AND A. BOUHARGUANE, Finite Difference Approxzimations for a Fractional
Diffusion/Antidiffusion Equation, arXiv:1104.4861, 2011.
(8] P. BILER, T. FuNAKI, AND W. WoOvYCZINSKI, Fractal Burgers equations, J. Differential Equa-
tions, 148 (1998), pp. 9-46.
[9] A. BOUHARGUANE AND R. CARLES, Splitting methods for the nonlocal Fowler equation, Math.
Comput., to appear.
[10] M. BRIANI AND R. NATALINI, Asymptotic high-order schemes for integro-differential problems
arising in markets with jumps, Commun. Math. Sci., 4 (2006), pp. 81-96.
[11] P. CasTILLO, B. COCKBURN, D. SCHOTZAU, AND C. SCHWAB, Optimal a priori error estimates
for the hp-version of the local discontinuous Galerkin method for convection-diffusion prob-
lems, Math. Comp., 71 (2003), pp. 455-478.
[12] P. CIARLET, The Finite Element Method for Elliptic Problem, North-Holland, Amsterdam,
1975.
[13] S. CiranI AND E. R. JAKOBSEN, The discontinuous Galerkin method for fractal conservation
laws, IMA J. Numer. Anal., 31 (2011), pp. 1090-1122.
[14] S. Cirani, E. R. JAKOBSEN, AND K. H. KARLSEN, The discontinuous Galerkin method for
fractional degenerate convection-diffusion equations, BIT, 51 (2011), pp. 809-844.
[15] P. CLAVIN, Instabilities and nonlinear patterns of overdriven detonations in gases, in Nonlinear
PDE’s in Condensed Matter and Reactive Flows, NATO Sci. Ser., 569, 2003, pp. 49-97.

[16] B. COCKBURN, G. E. KARNIADAKIS, AND C.-W. SHU, Discontinuous Galerkin Methods: Theory,
Computation and Applications, Springer, Berlin, 2000.

[17] B. CoCKBURN AND C.-W. SHU, The local discontinuous Galerkin method for time-dependent
convection-diffusion systems, SIAM J. Numer. Anal., 35 (1998), pp. 2440-2463.

[18] R. CoNT AND V. EKATERINA, A finite difference scheme for option pricing in jump diffusion
and exponential Lévy models, SIAM J. Numer. Anal., 43 (2005), pp. 1596-1626.

[19] W. DENG, Finite element method for the space and time fractional Fokker-Planck equation,

SIAM J. Numer. Anal., 47 (2008), pp. 204-226.

[20] W. H. DENG AND J. S. HESTHAVEN, Local discontinuous Galerkin methods for fractional dif-
fusion equations, Math Model Numer Anal., 47 (2013), pp. 1845-1864.

[21] H.-F. DING AND Y.-X. ZHANG, New numerical methods for the Riesz space fractional partial
differential equations, Comput. Math. Appl., 63 (2012), pp. 1135-1146.

[22] H. Dong, D. Du, AND D. Li, Finite time singularities and global well-posedness for fractal
Burgers equations, Indiana Univ. Math. J., 59 (2009), pp. 807-821.



DG FOR FRACTIONAL CONVECTION-DIFFUSION EQUATIONS 423

N
=)
(=1

. DRONIOU, A numerical method for fractal conservation laws, Math. Comput. 79 (2010),
pp. 95-124.

.M. A. EL-SAYED AND M. GABER, On the finite Caputo and finite Riesz derivatives, Electron.
J. Theoret. Phys., 3 (2006), pp. 81-95.

. J. ErvIN AND J. P. Roop, Variational formulation for the stationary fractional ad-
vection dispersion equation, Numer. Methods Partial Differential Equations, 22 (2010),
pp. 558-576.

[26] L. C. F. FERREIRA AND E. J. VILLAMIZAR-ROA, Fractional Navier-Stokes equations and a

Hider-type inequality in a sum of singular spaces, Nonlinear Anal., 74 (2011), pp. 5618—
5630.
A. C. FOWLER, Dunes and drumlins, in Geomorphological Fluid Mechanics, A. Provenzale and
N. Balmforth, eds., Lecture Notes in Phys. 582, Springer-Verlag, Berlin, 2001, pp. 430-454.
[28] A. C. FOWLER, FEwolution equations for dumes and drumlins, Rev. R. Acad. Cience, Ser. A
A

N
)
>

S
o
<

Mat, 96 (2002), pp. 377-387.

. GUEsMIA AND N. DAIL1, About the existence and uniqueness of solution to fractional Burgers
equation, Acta Univ. Apulensis, 21 (2010), pp. 161-170.

[30] J. S. HESTHAVEN AND T. WARBURTON, Nodal Discontinuous Galerkin Methods: Algorithms,

Analysis, and Applications, Springer-Verlag, Berlin, 2008.

[31] M. ILic, F. Liu, I. TURNER, AND V. ANH, Numerical approzimation of a fractional-in-space dif-
fusion equation (II) With nonhomogeneous boundary conditions, Fract. Calc. Appl. Anal.,
9 (2009), pp. 333-349.

. KisELEV, F. NAZAROV, AND R. SHTERENBERG, Blow up and reqularity for fractal Burgers
equation, Dyn. Partial Differential Equations, 5 (2008), pp. 211-240.

. T. KOLKOVSKA, Ezistence and reqularity of solutions to a stochastic Burgers-type equation,
Braz. J. Probab. Statist., 19 (2005), pp. 139-154.

. MATACHE, C. SCHWAB, AND T. P. WIHLER, Fast numerical solution of parabolic integro-
differential equations with applications in finance, SIAM J. Sci. Comput., 27 (2005),
pp. 369-393.

. I. MusLia AND O. P. AGRAWAL, Riesz Fractional Derivatives and Fractional Dimensional
Space, Internat. J. Theoret. Phys. 49 (2010), pp. 270-275.

. MustapHA AND W. MCLEAN, Piecewise-linear, discontinuous Galerkin method for a frac-
tional diffusion equation, Numer. Algorithms, 56 (2010), pp. 159-184.

. MustapHA AND W. MCLEAN, Uniform convergence for a discontinuous Galerkin, time-
stepping method applied to a fractional diffusion equation, IMA J. Numer. Anal., 32 (2012),
pp- 906-925.

[38] K. MusTtaPHA AND W. MCLEAN, Superconvergence of a discontinuous Galerkin method for

fractional diffusion and wave equations, STAM J. Numer. Anal., 51 (2013), pp. 491-515.
[39] 1. PODLUBNY, Fractional Differential Equations. Academic Press, New York, 1999.
[40] S. G. SAMKO, A. A. KiLBAS, AND O. I. MARICHEV, Fractional Integrals and Derivatives: Theory
and Applications, Gordon and Breach, New York, 1993.

[41] M. F. SHLESINGER, G. M. ZAsSLAVSKY, AND U. FRISCH, EDS., Lévy Flights and Related Topics
in Physics, Lecture Notes in Phys. 450, Springer-Verlag, Berlin, 1995.

[42] J. Wu, Lower bounds for an integral involving fractional Laplacians and the generalized Navier-
Stokes equations in Besov spaces, Commun. Math. Phys., 263 (2005), pp. 803-831.

[43] Y. Xu AND C.-W. SHU, Error estimates of the semi-discrete local discontinuous Galerkin
method for nonlinear convection-diffusion and KdV equations, Comput. Methods Appl.
Mech. Engrg., 196 (2007), pp. 3805-3822.

[44] J. YAN AND C.-W. SHU, Local discontinuous Galerkin methods for partial differential equations
with higher order derivatives, J. Sci. Comput., 17 (2002), pp. 27-47.

[45] Q. YANG, F. Liu, AND I. TURNER, Numerical methods for fractional partial differential equa-
tions with Riesz space fractional derivatives, Appl. Math. Model. 34 (2010), pp. 200-218.

[46] Q. ZuanG AND C.-W. SHU, Error estimates to smooth solutions of Runge—Kutta discontin-
uwous Galerkin methods for scalar conservation laws, SIAM J. Numer. Anal., 42 (2004),
pp. 641-666.

w W
RSN )
=

w
B
>

‘W w
NSRRI
= w0

w
=
=~




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


