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a b s t r a c t

The mathematical formulation of the continuum approach to radiative transfer model-

ing in two-phase semi-transparent media is numerically validated by comparing

radiative fluxes computed by (i) direct, discrete-scale and (ii) continuum-scale

approaches. The analysis is based on geometrical optics. The discrete-scale approach

uses the Monte Carlo ray-tracing applied directly to real 3D geometry measured by

computed tomography. The continuum-scale approach is based on a set of continuum-

scale radiative transfer equations and associated radiative properties, and employs the

Monte Carlo ray-tracing for computations of radiative fluxes and for computations of

the radiative properties. The model two-phase media are reticulate porous ceramics

and a particle packed bed, each composed of semitransparent solid and fluid phases.

The results obtained by the two approaches are in good agreement within the limits of

statistical uncertainty. The continuum-scale approach leads to a reduction in computa-

tional time by approximately one order of magnitude, and is therefore suited to treat

radiative transfer problems in two-phase media in a wide range of engineering

applications.

Published by Elsevier Ltd.
1. Introduction

Analysis of radiative transfer in complex two-phase
media, in the limit of geometrical optics, is of fundamental
importance to many engineering applications. Examples
include high-temperature chemical reactions in packed
beds [1–3], porous radiant burners [4–6], combustion
furnaces for solid feedstock [7], high-flux solar recei-
vers [8–10], and porous heat exchangers [11]. Traditionally,
radiative transfer in such media has been modeled using
the equation of radiative transfer with appropriate
Ltd.

ch; RPC, reticulate

computed

: +1 352 392 1071.
average radiative properties [12,13]. Average properties
are determined either by directional and hemispherical
flux measurements followed by inverse radiative transfer
analysis or by direct numerical simulations based on the
exact geometry of porous structures [14]. The latter
approach was recently employed in conjunction with
computed tomography by Zeghondy et al. [15], Petrasch
et al. [16], and Haussener et al. [17–19]. Prior studies [14,17]
pointed to the need for a precise definition of discrete-scale
and continuum-scale properties and a rigorous derivation
of continuum-scale equations of radiative transfer in multi-
phase semi-transparent media in the limit of geometrical
optics. This has subsequently been carried out for two-
phase media in Ref. [20] and generalized to an arbitrary
number of phases in Ref. [21]. In a prior study Consalvi
et al. [22] carried out a similar averaging procedure limited
to gray, diffuse, spherical particles. In contrast, the
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Nomenclature

A0 specific surface, m�1

dh hydrodynamic diameter, dh=4ep/A0, m
I continuum-scale spectral radiative intensity,

W m�3 sr�1

L discrete-scale spectral radiative intensity,
W m�3 sr�1

n̂ outer unit normal vector
N number of rays
r discrete-scale position vector
ŝ unit directional vector
V averaging volume, m3

x continuum-scale position vector
y computed vector of normalized radiative flux, �

Greek symbols

E normalized 2-norm of the normalized radia-
tive flux

ep porosity
y scattering angle
ms cosine of scattering angle y
t transmittance

c scalar quantity
Ci,j,k discrete tomography gray level data
C0 threshold gray value for phase segmentation
C(r) continuous gray level function

Subscripts

b blackbody
c collision
d discrete
in incoming
i, j phase index
int interface
r reflection
w wall

Superscript

00 bi-directional
0\ directional-hemispherical
+ forward
� backward

J. Petrasch et al. / Journal of Quantitative Spectroscopy & Radiative Transfer 112 (2011) 1450–1459 1451
procedure presented in Refs. [20,21] and applied in this
paper is valid for an arbitrary discrete-scale geometry
subject to geometrical optics at the discrete-scale.

In this paper, the continuum-scale modeling approach
to radiative transfer based on volume averaging as pro-
posed in Ref. [20] is for the first time applied to real
geometries, and validated by discrete-scale numerical
simulations using identical geometries. We apply the
methodology formulated in Ref. [20] to determine average
continuum-scale scattering coefficients and scattering
phase functions of two model media: (1) silicon carbide
reticulate porous ceramics (RPCs), and (2) a packed bed of
calcium carbonate particles, both encountered in high-
temperature solar thermochemical processing and other
energy applications. Their exact discrete-scale geometries
have been determined using computed tomography. The
continuum-scale morphological and radiative properties,
computed by a discrete-scale Monte Carlo (MC) ray-
tracing method, are then used in continuum-scale MC
simulations. Subsequently, the radiative fluxes obtained
from the continuum-scale MC simulations are verified
against those from discrete-scale MC simulations directly
employing the exact discrete-scale geometry of the model
media. A previous pertinent study on the numerical
validation of a continuum-scale radiative transfer analysis
of a suspension of large opaque spheres against a direct
discrete-scale radiative transfer analysis, can be found in
Ref. [23].

2. Methodology

The subsequent discussion is restricted to quasi-steady
radiative transfer in semitransparent two-phase media in
the limit of geometrical optics at the discrete-scale.
Optical properties are assumed to be constant within
each phase. Each phase is non-polarizing and the state
of polarization can be neglected. Each phase is at local
thermodynamic equilibrium and at rest as compared to
the speed of light. Diffraction and dependent scattering
effects are negligible. The medium is isotropic at the
continuum-scale. The main governing relations derived
in studies [20,21] are summarized below for the purpose
of completeness of the present paper.
2.1. Governing equations

The above listed assumptions allow modeling discrete-
scale radiative transfer in phase i, i=1,2, using the equa-
tion of radiative transfer (RTE) [12,13]:

ŝUrrLiðr,ŝÞ ¼� kd,iþss,d,i

� �
Liðr,ŝÞþn2

i kd,iLb,iðrÞ

þ
ss,d,i

4p

Z
4p

Liðr,ŝinÞFd,iðŝin,ŝÞdOin ð1Þ

where Lb,i is the spectral blackbody intensity in vaccum;
kd,i, ss,d,i and Fd,i are the spectral absorption and scatter-
ing coefficients and the scattering phase function of phase
i, respectively. It is assumed that the discrete-scale
properties are known. The spectral subscript is omitted
for brevity. The corresponding boundary condition at the
interface between the phases Aint, where ŝUn̂io0, is

Liðrint,ŝÞ ¼
Z
Oin :ŝinUn̂i 40

r00ij ðŝin,ŝÞLiðrint,ŝinÞŝinUn̂idOin

�

Z
Oin :ŝinUn̂i o0

tji
00ðŝin,ŝÞLjðrint,ŝinÞŝinUn̂idOin ð2Þ
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The spatial averaging theorem (SAT) is then applied to
Eq. (1) [24,25]:

1

V

Z
V
rrcidV ¼rx

1

V

Z
V
rrcidVþ

1

V

Z
Aint

cin̂idAint ð3Þ

Using Eq. (2) in the second term on the RHS of Eq. (3)
one obtains:

ŝUrxIiðx,ŝÞ ¼ � kd,iþss,d,iþss,int,iiþss,int,ij

� �
Iiðx,ŝÞþn2

i kd,iIb,iðxÞ

þ
1

4p

Z
4p

Iiðx,ŝinÞ½ss,d,iFd,iðŝin,ŝÞþss,int,iiFint,iiðŝin,ŝÞ�dOin

þ
ss,int,ji

4p

Z
4p

Ijðx,ŝinÞFint,jiðŝin,ŝÞdOin: ð4Þ

The following definitions of continuum-scale radiative
properties are postulated [20,21] (i,j=1,2 and iaj):

ss,int,ii ¼
def

R
Aint :ŝUn̂i 40riju\ ðŝÞLiðrint,ŝÞŝUn̂idAint

Iiðx,ŝÞV
ð5Þ

ss,int,ij ¼
def

R
Aint :ŝUn̂i 40tiju\ ðŝÞLiðrint,ŝÞŝUn̂idAint

Iiðx,ŝÞV
ð6Þ

Fint,iiðŝin,ŝÞ �

R
Aint :ŝUn̂i o0rij

00ðŝin,ŝÞLiðrint,ŝinÞŝinUn̂iŝUn̂idAint

ð�4pÞ�1ss,int,iiIiðx,ŝinÞV
, ŝinUn̂i40

ð7Þ

Fint,jiðŝin,ŝÞ �

R
Aint :ŝUn̂i o0tji

00ðŝin,ŝÞLjðrint,ŝinÞŝinUn̂iŝUn̂idAint

ð4pÞ�1ss,int,jiIjðx,ŝinÞV
ŝinUn̂io0:

ð8Þ

In the limiting case of vanishing volume fraction of one
of the two phases, the interfacial area Aint and thus the
interface-related radiative coefficients given by Eqs. (5)
and (6) approach zero for this phase. Consequently, the
system of two RTEs (4) reduces to a single RTE, written for
the only remaining phase. In the limiting case of one
opaque phase, the surface transmissivity becomes zero
and Eq. (6) predicts zero interfacial scattering associated
with refraction at the interface—it is replaced in the
model by interfacial absorption and emission as discussed
in Refs. [20,21].

2.2. Determination of continuum-scale properties

In the subsequent discussion, it is assumed that
Eqs. (5)–(8) are independent of the local intensities Li

and Lj as long as Li and Lj satisfy Eqs. (1) and (2). In this
case, the average radiative properties would depend on
the discrete-scale geometry and discrete-scale radiative
properties only. Consider the averaging volume V=As

consisting of a plane-parallel and thin slab of thickness s

that contains all relevant morphological features of the
medium, i.e., its volume is at least equal to a representa-
tive elementary volume (REV) [26], while the slab is thin
enough such that multiple reflections may be neglected. In
the study [16], the REV of the RPC foam employed in this
study was determined as 43�d3

nom, where d3
nom =2.54 mm.

Similarly, the REV of the CaCO3 packed bed was determined
as 24�d3

h in the study [17], where d3
h =1.87 mm. The slab is

illuminated normally to the surface A by a uniform and
collimated flux. Hence, Eqs. (5) and (7) reduce to

ss,int,ii ¼

R
Aint :ŝUn̂i 40riju

\
ðŝÞexp½�ðkd,iþss,d,iÞs

��ŝUn̂idAintR
Vi

exp½�ðkd,iþss,d,iÞs��dV
ð9Þ

Fintðŝ,ŝrÞ �

R
Aint:ŝrUn̂i o0rij

00ðŝ,ŝrÞexp½�ðkd,iþss,d,iÞs
��ŝUn̂iŝrUn̂idAint

ð�4pÞ�1R
Aint:ŝUn̂i 40riju

\
ðŝÞexp½�ðkd,iþss,d,iÞs��ŝUn̂idAint

, ŝUn̂i40:

ð10Þ

Bouguer’s law generally applies locally, in each individual
phase, provided the RTE is valid [13]. Analogous relations
apply to Eqs. (6) and (8). The MC ray-tracing method is
employed to compute the integrals in Eqs. (9) and (10). For
an isotropic and continuum-scale homogeneous two-phase
medium Eqs. (9) and (10) are independent of the orientation
and location of the slab, i.e. continuum-scale radiative
properties obtained from Eqs. (9) and (10) are the same as
those obtained by averaging the radiative properties for a
large number of arbitrarily positioned and oriented slabs.
Thus, the averaging volume V=As can be replaced by a
statistically equivalent volume consisting of large number
of sub-volumes Vk=Aks that are randomly oriented and
distributed in V. Starting points rk and directions ŝk of a
large number of stochastic rays are uniformly distributed in
either phase and over the solid angle 4p, respectively. One
realization is that rk and ŝk are associated with one sub-
volume V. A ray is traced until it either hits the interface
between the phases 1 and 2 at distance sk=9rint�rk9 or it
leaves the sub-volume Vk through the boundary at distance
sk=9rw�rk9. Eqs. (9) and (10) are approximated by

ss,int,ii �
�ðkd,iþss,d,iÞ

PNc,i

k ¼ 1friju
\
ðŝkÞexp½�ðkd,iþss,d,iÞsk�gPNi

k ¼ 1f1�exp½�ðkd,iþss,d,iÞsk�g

ð11Þ

Fint,iiðŝ,ŝrÞ �

PNc,i

k ¼ 1frij
00ðŝk,ŝrÞexp½�ðkd,iþss,d,iÞsk�ŝrUn̂ig

ð4pÞ�1PNc,i

k ¼ 1friju
\ ðŝÞexp½�ðkd,iþss,d,iÞsk�g

: ð12Þ

For a non-participaring phase i, Eqs. (9) and (10) reduce to

ss,int,ii ¼

R
Aint :ŝUn̂i 40riju

\ ðŝÞŝUn̂idAint

Vi
ð13Þ

Fint,iiðŝ,ŝrÞ ¼

R
Aint ŝUn̂i o0rij

00ðŝ,ŝrÞŝUn̂iŝrUn̂idAint

ð�4pÞ�1R
Aint :ŝUn̂i 40riju

\
ðŝÞŝUn̂idAint

, ŝUn̂i40:

ð14Þ

2.3. Computed tomography-based geometry

Computed tomography (CT) is employed to obtain the
exact geometry of the selected two-phase media. Tomo-
graphy data sets consist of l�m�n matrices of 8 or 16 bit
gray level information, Ci,j,k. Trilinear interpolation is used
to create a continuous gray level function C(r) [16]. At the
interface between the phases C(r)=C0. Eqs. (11)–(12) are
evaluated by intersecting rays with the interface:

CðrkþskŝkÞ ¼C0 ð15Þ

The normal vector at the intersection is calculated as

n̂i ¼
rC9rk þ sk ŝk

rC rk þ sk ŝk
9

���� ð16Þ
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3. Results

3.1. Continuum-scale radiative properties

The continuum-scale scattering coefficients ss,int,ii and
ss,int,ij, and the scattering phase functions Fint,ii and Fint,ij

are determined for the two selected model two-phase
media. The computed tomography techniques and the
physical parameters of the model media are described in
Ref. [16] (RPCs) and in Ref. [17] (CaCO3). Smooth surfaces,
i.e., specular reflection and the Snell-type refraction, are
assumed. The optically thin limit of Snell’s law and the
Fresnel equation are used.

3.1.1. SiC RPC

A 512�512�512 voxel, equivalent to 5 dh�5 dh�5
dh, tomographic scan of a 10 ppi SiC RPC foam (Fig. 1a)
Fig. 1. 3D rendering of the discrete-scale geometry for t

σ s
, in

t, i
j ·

 d
h

1.41.21

6

5

4

3

2

1

0

n2

Fig. 2. RPC continuum-scale scattering coefficients as a function of refrac
with calculated porosity ep=0.86 and specific surface
A0=1.06�103 m�1 is used. No dependence of the con-
tinuum-scale radiative properties ss,int,ii, ss,int,ij, and,
Fint,ii, and Fint,ij on the discrete-scale absorption and
scattering coefficients is found. In Fig. 2, the continuum-
scale scattering coefficients are shown as a function of the
index of refraction ratio n2/n1. Because of the total inter-
nal reflection (Fresnel interface) the amount of radiation
scattered from one phase into the other decreases and the
amount of radiation scattered within one phase increase
as the ratio of the refractive indices increases. The sum of
ss,int,ii and ss,int,ij remains constant. The scattering phase
functions are plotted as a function of the directional
cosine ms=cos y in Fig. 3. The phase functions for scatter-
ing between phases (1-2, 2-1) are identical. They exhibit a
peak in the forward direction, which becomes more
pronounced with an increasing refractive index ratio
he (a) RPC and (b) packed bed of CaCO3 particles.

i : 2, j : 2
i : 2, j : 1
i : 1, j : 2
i : 1, j : 1

21.81.6
/n1

tive index ration n2/n1 (phase 1: void phase, phase 2: solid phase).
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n2/n1. For decreasing ms the scattering phase functions
rapidly decrease to zero. The phase functions for scatter-
ing within the phase with the lower refractive index
behave similar to scattering associated with transmission
between the phases except they do not drop to 0 for
backward directions. The phase function for scattering
within the phase with the higher refractive index is
relatively flat in the forward direction and rapidly
approaches zero as a result of the total internal reflection.
i : 2 , j : 2
i : 1, j : 2
i : 1 , j : 1

Φ
in

t,i
j

-0.5-1

6

5

4

3

2

1

0

Fig. 3. RPC continuum-scale scattering phase function for scattering between

phase) for n1/n2=1.5 (thin lines) and n1/n2=2 (thick lines).
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Fig. 4. Packed bed continuum-scale scattering coefficients as a function of re
3.1.2. CaCO3 packed bed

A 512�512�512 voxel, equivalent to 12 dh�12 dh�12
dh, tomographic scan of a packed bed of CaCO3 particles
(Fig. 1b) with calculated ep=0.4 and A0=1.31�103 m�1 is
employed. No dependence of the continuum-scale properties
ss,int,ii, ss,int,ij, Fint,ii, and Fint,ij on the discrete-scale absorption
and scattering coefficients is found. The continuum-scale
scattering coefficients are shown in Fig. 4 as a function of the
refractive index ratio n2/n1. The scattering phase functions
10.50
�s

different phases and within phases (phase 1: void phase, phase 2: solid

i : 2, j : 2

i : 2 , j : 1

i : 1 , j : 2

i : 1 , j : 1

21.81.6

2/n1

fractive index ration n2/n1 (phase 1: void phase, phase 2: fluid phase).
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the discrete and continuum-scale radiative fluxes.
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behave very similar to the RPC case and are shown in Fig. 5.
Since the morphologies of the two samples differ signifi-
cantly, we conclude that, for the range of porosities and
refractive index ratios investigated, the influence of the
porous micro-geometry on continuum-scale geometrical
optics radiative transfer is minor. However, no systematic
investigation of this phenomenon has been undertaken in
the present study.

3.2. Radiative fluxes

The computational domain for determining discrete-
and continuum-scale radiative fluxes is depicted in Fig. 6.
Discrete-scale and continuum-scale MC simulations are
performed for negligible discrete-scale extinction coeffi-
cient of one phase and for the refractive index ratio
n2/n1=1.5. The xy-face of a cubic sample is exposed to a
uniform collimated beam parallel to the z-axis. All faces
are exposed to black surroundings at 0 K.

3.2.1. SiC RPC

Consider the normalized radiative flux, per phase,
averaged over the total medium cross-sectional area,
in positive and negative axis directions (denoted by+
and –, respectively). In Fig. 7, the radiative fluxes along
the direction of incidence are plotted. The forward flux in
the void phase decreases as radiation passes through the
sample. This is partly due to scattering into the solid
phase and partly due to radiation losses to the surround-

ings. The comparably strong underprediction of _qþz1 and

the coinciding overprediction of _qþz2 for continuum-scale

simulations is due to local anisotropy in the interface
orientation for z/dh between 1 and 2, which leads to the
transfer of high amounts of radiation from phase 2 to
i : 2, j : 2

i : 1, j : 2

i : 1, j : 1

Φ
in

t,i
j

-0.5-1

6

5

4

3

2

1

0

�

Fig. 5. Packed bed continuum-scale scattering phase function for scattering b

n1/n2=1.5 (thin lines) and n1/n2=2 (thick lines).
phase 1. The solid phase forward fluxes first increase due
to in-scattering from the void phase and then decrease
due to losses to the surroundings.

In Fig. 8, the radiative fluxes perpendicular to the
direction of incidence are shown. Due to the axial
symmetry of the problem, only x-axis fluxes are given,
while y-axis fluxes are omitted. Fluxes are zero at the
black boundary for the inward-facing directions. They
then increase due to in- and forward-scattering, reach a
maximum and decrease again due to out- and back-
scattering. Direct simulations (thin lines) and continuum
simulations (thick lines) show good agreement: RMS
deviation between the results of the two approaches are
in the range between 0.71% of _q0 (phase 1, _q�x ) and 3.91%
of _q0 (phase 2, _qþx ). Fluctuations in the fluxes obtained by
10.50

s

etween different phases (phase 1: void phase, phase 2: fluid phase) for
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Fig. 7. Mean radiative fluxes for the RPC along the z-direction and into the forward (+) and backward (�) hemisphere using discrete (thin lines) and

continuum-scale (thick lines) simulations.
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Fig. 8. Mean radiative fluxes for the RPC along the x-direction and into the forward (+) and backward (�) hemisphere using discrete- (thin lines) and

continuum-scale (thick lines).
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the direct simulation are due to statistical variation in the
local geometry, and due to the finite sample size.

The direct numerical simulation based on 4�106 rays
for n1/n2=1/1.9 was completed within 2514 s. In compar-
ison, the determination of the continuum properties
for the same situation was completed within 197 s, and
the continuum simulation was completed within 162 s.
Computational time is hence reduced to 14% of the
time needed by direct simulation. If the determination
of properties, which only needs to be carried out once,
is neglected, computational time is further reduced
to 6.4%.

3.2.2. CaCO3 packed bed

Consider the normalized radiative fluxes, per phase,
averaged over the medium cross-sectional area, in posi-
tive and negative axis directions (denoted + and � ,
respectively). In Fig. 9, the radiative fluxes along the
direction of incidence are plotted. Their variation follows
that obtained for the RPC. The forward flux in the void
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phase decreases as radiation passes through the sample.
The forward fluxes in the solid phase exhibit a maximum
at the distance of approximately 0.5 dh from the irradiated
boundary. The radiative fluxes perpendicular to the direc-
tion of incidence are shown in Fig. 10. Only the fluxes
along the x-direction are reported. Their variation follows,
again, that obtained for the RPC. Direct simulations (thin
lines) and continuum simulations show good agreement:
RMS deviation between results of the two approaches are
in the range between 0.25% of _q0 (phase 1, _q�x ) and 1.32 of
z

q̇
j zi

/q̇
0

6420

1

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0

Fig. 9. Mean radiative fluxes for the CaCO3 packed bed along the z-direction and

lines) and continuum-scale (thick lines) simulations.

q̇
j xi

/q̇
0

420

0.25

0.2

0.15

0.1

0.05

0

Fig. 10. Mean radiative fluxes for the CaCO3 packed bed along the x-direction

(thin lines) and continuum-scale (thick lines) simulations.
_q0 (phase 1, _qþz ). Fluctuations in the fluxes obtained in
the direct simulation result from the statistical variations
of the local geometry, and from the finite sample size.
3.3. MC accuracy considerations

Convergence of the MC algorithms used for the determi-
nation of the discrete-scale and the continuum-scale radia-
tive fluxes is examined for the 2-norm of the normalized
i : 2 , j : −
i : 1 , j : −
i : 2 , j : +
i : 1 , j : +

 / dh

12108

into the forward (+) and backward (�) hemisphere using discrete- (thin

i : 2 , j : −
i : 1 , j : −
i : 2 , j : +
i : 1 , j : +

121086

x/dh

and into the forward (+) and backward (�) hemisphere using discrete-
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Fig. 11. Normalized 2-norm of the radiative fluxes averaged over the xy-face for (a) the solid phase and (b) the fluid phase in the forward direction. The
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radiative flux, per phase, averaged over the total medium
cross-sectional area, in positive or negative axis directions
for 104, 105, 106, and 107 stochastic rays, normalized with
respect to the reference solution for 108 rays, E=:y � yref:2/
:yref:2, with y being the computed vector of the correspond-
ing normalized radiative flux for the corresponding number
of rays. The results are shown for two selected radiative
fluxes in Fig. 11. As expected for the MC methods, the
convergence order of E is approximately 0.5, i.e. E decreases
by 0.5 decades per decade increase in Nray.
4. Conclusions

The mathematical model of continuum radiative trans-
fer in two-phase media with the phases in the limit of
geometrical optics derived previously has been numeri-
cally validated in the present study. Continuum-scale
radiative properties of reticulate porous ceramics and
packed beds of calcium carbonate were determined. The
radiative fluxes obtained by the continuum-scale
approach were compared with those obtained by the
discrete-scale approach. The continuum-scale radiative
properties were determined by employing computed
tomography-based Monte Carlo techniques. These prop-
erties primarily depend on the discrete-scale radiative
and optical properties, and on the pore/particle/strut
characteristic size and volume fraction of each phase.

The radiative fluxes computed using the direct, discrete-
scale simulations, and the continuum-scale simulations are
in good agreement. Due to statistical variations of the local
geometry and finite sample sizes discrete-scale simulations
exhibit strong fluctuations, which are not observed in the
continuum-scale simulations. For all practical applications,
where the discrete-scale radiative flux and divergence of
radiative flux distributions are not needed, the continuum-
scale modeling approach is advantageous as it provides
physically correct, practically relevant information at a
significantly lower computational cost.
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[18] Haussener S, Coray P, Lipiński W, Wyss P, Steinfeld A. Tomography-
based heat and mass transfer characterization of reticulate porous
ceramics for high-temperature processing. Journal of Heat Transfer
2010;132:023305.
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