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Basic wave-particle interaction dynamics from linear to chaotic regimes is experimentally studied

on a frequency tunable gyrotron generating THz radiation in continuous mode (200 W) at

263 GHz which will be used for dynamic nuclear polarization nuclear magnetic resonance

spectroscopy applications. In the studied system, the nonlinear dynamics associated to the wave-

particle interaction is dominated by longitudinal mode competition of a given transverse TEm;p

cavity-mode. This study covers a wide range of control parameter from gyro-traveling wave tube

(gyro-TWT) to gyro-backward wave oscillator (gyro-BWO) like interactions for which extensive

theoretical studies have been performed in the past on a simplified system. Besides the common

route to chaos characterized by period doubling, other routes have been identified among which

some are characterized by line-width frequency-broadening on the side-bands. The complex

nonlinear dynamics is in good agreement with the theory and the experimental results are

discussed on the basis of the prediction obtained with the nonlinear time-dependent self-

consistent codes TWANG and EURIDICE both based on a slow-time scale formulation of the

self-consistent equations governing the wave-particle dynamics. VC 2012 American Institute of
Physics. [http://dx.doi.org/10.1063/1.4769033]

I. INTRODUCTION

Extensive theoretical studies have been done in the past

on the complex nonlinear dynamics occurring in cyclotron

resonance masers (gyrotrons) giving rise to the generation of

side-bands (automodulation) and eventually ending to a cha-

otic regime. These theoretical studies were made on advanced

models based on the slow-time scale formulation of the self-

consistent interaction equations1,2,7,8,15,27 or on more first-

principle set of equations solved using a particle in cell

approach.16,17,22 Experimental studies have been carried out

by Chang et al.10 and more recently on a system where

delayed feedback mechanisms were introduced for accessing

to chaotic regimes.28 The first studies of nonstationary

regimes have been performed in linear devices both theoreti-

cally and experimentally6,14 with some more recent works for

which the nonstationary regimes are intimately associated to

the existence of a delayed feedback mechanism.21,23,28 A

review of the theory with experimental results and many

references dedicated to the study of nonstationary regimes in

gyrotrons can be found in Chu.12

The gyrotron system used in this work has been designed

with the aim of maximizing its frequency tunability via longi-

tudinal mode competition for dynamic nuclear polarization

(DNP)-nuclear magnetic resonance (NMR) applications.3,25

The uncoupled dispersion relation for the gyrotron system pa-

rameters is shown in Fig. 1. In this paper, we present the first

detailed and systematic experimental characterization of dif-

ferent operating regimes, from linear to chaotic over a wide

range of system parameters which will be summarized in the

normalized ðD� IÞ plane with D and I being the normalized

detuning and current,9 respectively. After the seminal work by

Ginzburg et al.,15 Airila et al.2 used a numerical approach to

study non linear effects in gyro devices and presented their

findings in the ðD� IÞ plane. The comparison with our results

confirms the different nonstationary regimes analysed in

Ref. 2, but, from the quantitative point of view, a significant

difference on the threshold current value for the onset of non-

stationary regimes is observed. This difference, of at least one

order of magnitude, is associated with the fact that within the

system considered by Airila et al., some possible interaction

taking place in a real cavity at the output taper were

neglected.

The paper is organized as follows. Section II presents

the experimental set-up with a detailed description of the

diagnostics. Section III is devoted to the experimental results

where the main point is the experimental characterization of

the regions for onset of nonstationary regimes as a function

of magnetic field B0 and beam current, Ib. Examples of the

diversity of measured spectra of the rf radiation characteriz-

ing automodulation and chaotic regimes are also given. The

hard-excitation region, characteristic in the high-power oper-

ating regimes of gyrotron oscillators, is investigated on a

wide range of positive detuning parameters. Two differenta)stefano.alberti@epfl.ch.
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numerical models for analyzing the data are given in Sec. IV.

A detailed analysis of the longitudinal mode competition

from the linear to a nonlinear stationary regime is made. The

simulations of an experimentally obtained nonstationary re-

gime with many side-bands are presented. A comparison of

the present results with previous studies is discussed in Sec.

V and Sec. VI concludes the paper.

II. EXPERIMENTAL SET-UP

A first modular gyrotron prototype has been designed

for CW operation at 263.5 GHz with a power in excess of

10 W for DNP to be implemented on a 400 MHz NMR with

a variable magnetic field.3 In this paper, we will concentrate

on the aspect related to the nonlinear dynamics features char-

acterized by nonstationary operating points ranging from the

appearance of side-bands (automodulation) up to the excita-

tion of a quasi-continuum spectrum characteristic of a cha-

otic regime. The gyrotron has been completely designed by

CRPP, whereas the industrial realization of the first modular

prototype was made by the French company Thales Electron

Devices. The schematic of the gyrotron experimental setup

with the main components is shown in Fig. 2.

The superconducting 10 T magnet (SCM), manufactured

by Cryogenics Ltd. (London, UK) consists of a He-free cryo-

stat32 with a nominal operating temperature of the NbTi
superconducting solenoid of 3.7 K. The magnet warm-bore

diameter is 75 mm. Two independent copper coils in the

cathode region allow the independent control of the cathode

magnetic field and its gradient. The gyrotron has been manu-

factured on a modular concept in which all the sub-elements

can be dismounted via vacuum CF-flanges. This modular

concept will allow in the future to study other cavity design

concepts either at the fundamental cyclotron frequency or at

the 2nd harmonic.

The main elements of the gyrotron are: a triode MIG

gun, a beam duct, a cavity and uptaper, a quasi-optical Vla-

sov-type launcher followed by a quasi-parabolic and an off-

axis parabolic mirror, a sapphire window, and an isolated

collector. The triode MIG design allows for the independent

control of the electron beam energy and the pitch-angle a,

this feature has been found extremely useful for carrying out

this study. An S-type cathode is used with an average radius

of 8 mm, 1 mm thickness, and a cathode angle (with respect

to the z-axis) of 25�. The cathode and anode voltages are

applied with two independent power supplies both referenced

to ground. The cathode voltage is set using a TECHNIX

power supply (Model: SR-20-F-3000, 0-20 kV/0-150 mA),

whereas for the anode voltage, a TREK HV amplifier has

been used (Model: 20/20C-H-CE-EX 620 kV; 620 mA,

slew-rate >350 V=ls).

The beam-duct is made of stainless steel with the last

section, before the cavity entrance, machined on its internal

surface so as to obtain a random surface with an equivalent

surface roughness of approximately k=8 where k is the free-

space wavelength at 260 GHz. This random surface is

designed to prevent the excitation of parasitic modes in the

beam duct and its effectiveness has been confirmed

experimentally.

The cavity inner radius geometry is given in Fig. 3. The

manufacturing of the cavity (described in Sec. II B below) is

based on electrodeposition of copper on an aluminum man-

drel. The exact copper conductivity of the alloy is not known

and is supposed to be ranging between 1/2 to 1/4 of the ideal

copper conductivity rCu ¼ 5:8 107 S=m. Throughout the pa-

per, a value half of the ideal conductivity has been consid-

ered. The experimental frequency measurements show thatFIG. 2. Schematic of the gyrotron main components.

FIG. 1. Simplified uncoupled dispersion relation in the x� kk space for the

experimentally studied interactions presented in this paper and considering a

spatially homogeneous system. The beam-line represents the Doppler shifted

beam dispersion relation x ¼ Xc þ kkvk, with Xc; kk; vk being the relativis-

tic cyclotron angular frequency, the parallel wave vector, and parallel veloc-

ity, respectively. The filled dots on the TE7;2 wave dispersion relation,

x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xcut þ ðckkÞ2

q
, represent the discrete longitudinal frequencies for a fi-

nite length (Lef f ) cavity with a parallel wave-number kk ¼ qp=Lef f with q

being an integer.
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for the design TE7;2 co-rotating mode, the measured fre-

quency of 260.5 GHz is 3 GHz lower than the design fre-

quency. We believe that a 30lm deviation in the cavity

constant radius section occurred. For taking into account this

deviation, the cavity inner radius used for analyzing the ex-

perimental data is considered as rcav ¼ 2:369 mm. An active

water cooling coaxial jacket surrounds the cavity with a

nominal flow of 5 l/min.

The Vlasov launcher, quasi-parabolic mirror, and off-

axis parabola are made of oxygen free high conductivity cop-

per. The Vlasov launcher has been designed for the nominal

operating TE7;2 mode. Neighbouring possible modes TE4;3

and TE2;4 have significantly different caustic radii and there-

fore exhibit a very weak coupling to the TEM0;0 Gaussian

mode.

The sapphire window has a thickness of 4k=2¼ 0:74 mm

where k is the wavelength in the sapphire (�r¼9:394;
tan d ¼ 4:5�10�4, measured using the technique given in

Ref. 31) at the design frequency of 263.5 GHz. At the meas-

ured frequency of 260.5 GHz, the power reflection and

absorption coefficients are 3.7% and 1%, respectively. For

minimizing the possible reflection back to the cavity, the win-

dow has been mounted with a 1.5� tilt with respect to the CF-

flange-normal on which the window is brazed. The collector

is electrically isolated via an insulation ceramic and is water

cooled at a nominal flow of 10 l/min. This design feature per-

mits to measure the collector current which turns out to be

very useful during the gyrotron alignment phase and possibly

operate the gyrotron with a single-stage depressed collector.

A 2 l/min ion vacuum pump is permanently connected to the

collector and allows to monitor the gyrotron vacuum.

The gyrotron control and protection system was

designed and developed at EPFL and is based on a National

Instruments Field-Programmable Gate Array via a Labview

(National Instruments Inc.) interface under a Window PC

environment.

The global set up is shown in Fig. 4. The rf diagnostics

are placed after a 800 mm long and 40 mm diameter smooth

aluminum waveguide connecting the rf-window and the

calorimeter.

A. Electron beam properties

The electron beam optics of the triode MIG-gun and the

associated properties at the cavity entrance have been calcu-

lated using two different codes, DAPHNE33 and

ARIADNE.26 Both codes give the same result. At the nominal

beam parameters (B ¼ 9:53T; Vb ¼ 15:5 kV; Ib ¼ 100 mA),

the electron beam average radius at the cavity entrance is

rb ¼ 1:34 mm, which corresponds to the radius of maximum

coupling with the TE7;2 co-rotating mode. The variation of the

average pitch-angle, a, and relative spread, da, versus the an-

ode voltage Va, is shown in Fig. 5 for a range of magnetic

field used in the experiment. One observes that the pitch-

angle is essentially controlled by the anode voltage with a

weak dependence on the cavity magnetic field.

B. Cold cavity properties

The interaction space which will be considered for the

simulations is shown in Fig. 3. The main interaction

region extends from z¼ 0 mm to z¼ 105 mm. Following the

Lcav¼ 22 mm long constant radius section at rcav¼2:369 mm,

FIG. 4. Overview of the gyrotron, diagnostics devices in place, power sup-

plies, protection, and control system.

FIG. 5. Average pitch-angle a (continuous lines) and relative spread (dashed

lines) versus the anode voltage Va for different cavity magnetic field values.

Note that since the anode power supply is referenced to ground, by increasing

Va; a is decreased. The bottom and top gun-coil currents are set to: Igc;t ¼ 1 A

and Igc;t ¼ 2 A, respectively. The cathode voltage, Vk , is set to 15.5 kV.

FIG. 3. Interaction space considered in the numerical simulations. The cav-

ity and magnetic field profile are indicated by the blue (left arrow) and green

(right arrow) curves, respectively.
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a 10 mm uptaper (angle of 1.0�) connects to the nonlinear

uptaper which has a maximum waveguide radius of 5 mm.

The maximum magnetic field is located at z¼ 25 mm.

The cold cavity profiles of the two lowest frequency lon-

gitudinal modes (TE7;2;1 and TE7;2;2) are shown in Fig. 6.

The cold cavity resonant frequency, diffractive, and total

quality factors are listed in Table I. The eigenvalue problem

defined by the wave equation with radiation boundary condi-

tions is solved using a finite element numerical technique.

The wave equation includes the wall-loss term and allows to

calculate independently the diffraction or total loss

(ohmicþ diffraction). Experimentally, it has been observed

that at the nominal cavity water cooling parameters men-

tioned above and an rf-power level of 75 W, the frequency

decrease due to the cavity expansion is of the order of df ¼
50 MHz and corresponds to a cavity deformation of

dr ¼ 0:5 lm. The measured frequency shift is consistent with

measurements carried out by Han et al.18 on a low-power

(14 W) 140 GHz gyrotron. At the rf-power level of 75 W, the

peak power density associated to the ohmic losses is of

70 W=cm2 and the associated cavity deformation is such as

to bulge the constant radius cavity section. This effect signif-

icantly increases the diffraction quality factor and is shown

in Table I for two cases dr ¼ 1 lm and dr ¼ 2 lm, where the

bulge has been modeled as a drsinðpz=LcavÞ radial deforma-

tion. Notice the strong dependence of the diffractive quality

factor on the bulge amplitude. The resonant frequency varia-

tion due to the deformation simply scales as df ¼ f0dr=rcav,

with f0 being the resonant frequency of the undeformed cav-

ity (dr ¼ 0). One notices that for the designed TE7;2 mode

the diffraction losses are equivalent to the ohmic losses.

The transverse mode density for this cavity geometry is

shown in Fig. 7 where the coupling factors for the counter and

co-rotating mode is shown for three transverse modes. One

observes that within the typical instability bandwidth of

df=f ’ 1%, only one transverse mode is excited. This point is

very important for the remaining of the paper since it ensures

that the interaction dynamics is dominated by longitudinal

mode competition and not by transverse mode competition as

it is the case for high-power gyrotrons designed for heating of

magnetically confined fusion plasmas and operating on very

high-order modes for minimizing the ohmic losses.20

C. Diagnostics

Prior to the installation of the gyrotron, the magnetic

field axis measurements19 performed on the SCM using a

high precision Hall-probe30 showed a radial misalignment of

0.7 mm and a tilt of 0.7 mrad with respect to the axis of the

SCM-75 mm warm-bore diameter. The radial misalignment

is compensated by using the precision x-y alignment table

(mechanical accuracy: 650 lm) in two steps: first, a pre-

alignment of the cavity was performed with a precision of

0.2 mm while monitoring the collector current and moving

the gyrotron until the electron beam interception occurs on

the cavity smallest radius in the cutoff section

rmin ¼ 1:82 mm. In the second step, a finer alignment was

performed by again using the x-y table but optimizing the rf

power measured with the rf-calorimeter. Once this second

step made, the radial alignment accuracy is estimated to be

better than 0.1 mm. The on-axis magnetic field profile was

measured at 1/3 of the nominal magnetic field in order to

remain in the magnetic field domain for which the Hall-

probe has been calibrated against a NMR probe.30 At this

magnetic field level, the on-axis field profile deviation from

the specified value was: within 60:1% in the cavity region

(defined as Dz ¼ 620 mm around the cavity centre) and

within þ0% and �2% between the cathode and cavity-

centre. At the nominal magnetic field of B0 ¼ 9:5 T, falling

outside the domain of high accuracy of the Hall probe, the

precision of the magnetic field measurement is evaluated at

FIG. 6. Cold cavity amplitude (top) and phase (bottom) profiles of the two

lowest frequency modes TE7;2;1 in red and TE7;2;2 in blue for an undeformed

(dr ¼ 0 lm) cavity.

TABLE I. Cold cavity properties of the first 3 longitudinal modes (q¼ 1–3)

of the nominal operating transverse mode TE7;2. A copper conductivity,

requiv ¼ rCu=2 ¼ 2:9� 107½S=m� corresponding to half of the normal con-

ductivity has been considered for calculating the ohmic losses. The cutoff

frequency for the TE7;2 mode in the constant radius section for the unde-

formed case (dr ¼ 0lm) is fcut ¼ 260:468 GHz.

dr ¼ 0 lm dr ¼ 0 lm dr ¼ 1 lm dr ¼ 2 lm

TE7;2;q f [GHz] Qdif f =Qtot Qdif f =Qtot Qdif f =Qtot

1 260.52 11 800/5160 16 060/5830 22 270/6490

2 260.71 2950/2230 3460/2510 4070/2820

3 261.03 1310/1150 1416/1230 1540/1320

FIG. 7. Coupling factors for the co-rotating (red) and counter rotating (blue)

modes in the vicinity of the nominal TE7;2 mode. The co and counter rotat-

ing modes are degenerate in frequency in the absence of an electron beam

but have been separated in the plot for clarity. The coupling factor amplitude

of the nominal co-rotating mode TE7;2 mode is normalized to 1.
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60:5% which includes the intrinsic inaccuracy of the Hall-

probe active element and the mechanical accuracy in posi-

tioning the probe along the magnetic axis (Dz ¼ 61 mm).

The rf diagnostics consist in a Scientech Laser Calorim-

eter (Model 360 401, 100 mm diameter, Prf < 100 W) with a

3 M Nextel coating for maximizing the rf absorption (see

Fig. 8). The time constant of the calorimeter is of the order

of 50 s. For comparing the measured rf-power with the rf-

power predicted by simulation codes at the cavity exit, a

global loss factor of 0.3 was considered. This factor includes

0.1 for the calorimeter reflection coefficient, 0.05 for the

window absorption and reflection losses, and 0.15 for the

Vlasov converter diffraction losses. The instantaneous rf-

power level was monitored using a Schottky diode (Virginia

Diodes Inc., VDI Model: WR-3.4 Zero-Bias Detector, 220-

325 GHz) placed on the optical axis of one arm of the double

beam-splitter system.

The spectral analysis of the rf-signal was performed

using a VDI heterodyne receiver (rf frequency: 255–270

GHz, intermediate frequency (IF): DC to 21GHz). The local

oscillator is a step-tunable synthesizer (step size of 500 kHz)

with a digital control of frequency (phase noise: �110 dBc/Hz

at 100 kHz offset at output frequency of 10 GHz). Typically

the LO frequency was set to fLO ¼ 10:680 GHz and the mixer

was operating on the n ¼ 24þ harmonic. The IF signal gen-

erated by the VDI heterodyne system was subsequently ana-

lyzed using a Hewlett-Packard 71000 series analogue

spectrum analyser system. The IF module of this system

(HP70903) processes the 21.4 MHz IF signal received from

the RF section and has a controllable resolution bandwidth

between 100 kHz and 3 MHz.

III. EXPERIMENTAL RESULTS

In Fig. 9, the different operating regimes experimentally

studied are shown in the cavity magnetic-field beam-current

plane, (B0 � Ib plane), and come in three categories: linear,

nonlinear stationary, and nonlinear nonstationary. The non-

linear nonstationary regime is characterized by the appear-

ance of side-bands, period-doubling, and eventually a

chaotic regime with a quasi-continuous spectrum. For a

given beam current level, the hard-excitation region, in

which the highest gyrotron efficiency is achieved, is on the

low magnetic field side of the linear starting-current, Ilin,

curves and is located between the Ilin curve and the no-

oscillation curve.

Experimentally, the linear starting current has been

measured by increasing the current from a no-oscillation sit-

uation, whereas the no-oscillation curve was measured by

decreasing the beam current from a nonlinear operating

point. No hysteresis effects have been observed on the meas-

urements of the starting current curve for side-bands excita-

tion. It has to be emphasized that the excitation of side bands

occurs on infinitesimal variations of the control parameters.

For instance, the relative variation of the anode voltage of

DVa=Va ¼ 100 ppm defines the transition from stationary to

nonstationary operating points. The thin-lines are the calcu-

lated starting current curves for the q¼ 1–3 longitudinal

modes of the TE7;2 transverse mode. A cold-cavity fixed-

field profile has been considered for this calculation and the

experimental curves have been shifted by DB ¼ þ0:05 T in

order to best-fit the experimental data. This level of shift is

consistent with the inaccuracy of the magnetic field measure-

ment discussed above.

In Figure 10, regimes characterized by different spectra

are shown with increasing pitch-angle a. Figure 10(a) is a sta-

tionary regime with a single-frequency. Figure 10(b) is a non-

stationary regime with automodulation and characterized by

the appearance of side-bands separated by typically 250 MHz.

Notice that the lower frequency side-bands are below cutoff

of the constant radius cavity section. With increasing a and Ib,

Fig. 10(c) is a nonstationary regime with additional side-

bands and the appearance of intermediate peaks characteristic

of period doubling. One also notices that the lower frequency

FIG. 8. RF diagnostics used in the experiment. An optical directional coupler

was set-up using metallic coated polyethylene foils as beam splitters with each

having approximately a 1% reflectivity. The 40 mm diameter smooth-wall alu-

minum overmoded-waveguide is connected to the rf-window.

FIG. 9. Experimentally observed operating regimes in the B0 � Ib plane. All

the experimental points are represented by filled circles connected by a line.

The red line represents the starting current curve. The blue line, the no-

oscillation region. The black line the starting current curve for nonstationary

operating points characterized by the sudden appearance of side-bands. The

thin continuous lines are the calculated starting current curves for the q¼ 1–3

longitudinal modes of the TE7;2 transverse mode and based on a cold cavity

profile. The beam parameters for this calculation are: Vb ¼ 15:5 kV;
rb ¼ 1:36 mm; a ¼ 1:7.
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side-band exhibit a larger frequency broadening compared to

the main one. Finally, at even larger a and Ib, the spectrum

shown in Fig. 10(d) is characteristic of a chaotic regime

reached via the mechanism of doubling bifurcation sequence.8

As will be shown later (see Fig. 13), the pitch-angle a value

given in the figure caption of Fig. 10, and calculated with the

electron-optics code DAPHNE is underestimating the pitch-

angle value which best fits the experimental data based on the

wave-particle interaction code TWANG. The reason of this

discrepancy is under investigation.

The typology of spectra in the B0 � Ib plane (or D� I
plane) is very rich and a detailed analysis of the various spec-

tra will be part of a future publication. Some examples of the

different spectra are given in Fig. 11. The peak RF power var-

iations observed on the three spectra do not represent the

actual power variation and are probably due to a different cou-

pling into the heterodyne system detection antenna.

The RF power and frequency versus magnetic field at

constant beam current Ib ¼ 100 mA is shown in Figure 12.

In the gyro-BWO regime characterized by cavity magnetic

field above B0 ¼ 9:59 T, a strong discrepancy between the

measured rf power and the one predicted by numerical simu-

lations is observed. The numerical predictions with the two

codes described below, TWANG and EURIDICE are in

excellent agreement and the reason for the discrepancy with

the experiment is under investigation.

IV. THEORETICAL AND NUMERICAL MODELS

Two different codes have been used for modeling the

experimental data. These codes are TWANG4 and EURI-

DICE5 with both codes based on a slow-time scale formula-

tion of the electron equation of motion.

A. TWANG code

The time-dependent monomode-code TWANG has been

extended from the equilibrium code TWA.24 TWANG is

FIG. 10. From stationary regimes to chaotic regimes by increasing the

pitch-angle a. The gyrotrons parameters are B0 ¼ 9:55 T; Vb ¼ 15:5 kV. The

figures from (a) to (d) have increasing pitch-angle a and beam current Ib

with the following parameters: (a) Va¼ 9:1 kV; a ¼ 1:13; Ib ¼ 60:8 mA;

(b) Va ¼ 9:0 kV; a ¼ 1:15; Ib ¼ 61:8 mA; (c) Va ¼ 8:9 kV; a ¼ 1:18; Ib

¼ 63:5 mA, (d) Va ¼ 8:85 kV; a ¼ 1:2; Ib ¼ 66 mA. The vertical red line

indicates the cutoff frequency in the flat cavity section with rcav ¼ 2:369 mm.

FIG. 11. Different spectra at selected points in the B0 � Ib plane. The oper-

ating parameters are the following: (a) B0 ¼ 9:53 T; Ib ¼ 67 mA, (b)

B0 ¼ 9:58 T; Ib ¼ 80 mA, (c) B0 ¼ 9:66 T; Ib ¼ 105 mA. The vertical red

line indicates the cutoff frequency in the flat cavity section.
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based on the slow-time scale formulation of the electron

equation of motion. For any given TEm;p transverse mode,

the equation of motion for the three cartesian components of

the electron momentum include the interaction with both the

electric and magnetic rf-fields as well as the longitudinal de-

pendence of the electron beam properties (velocities and

guiding center) associated to the inhomogeneous DC mag-

netic field. The equation of motion of an ensemble of Np

electrons is solved using a 4th order Runge-Kutta method.

Beam velocities and guiding center spreading effects can be

studied. The time-dependent envelope wave equation for the

longitudinal profile of the rf field is solved using a finite ele-

ment method (FEM) scheme based on B-splines of any

order. The radiation boundary conditions at the input and

output of the interaction space are imposed as “natural”

boundary conditions in the FEM approach. Ohmic losses are

included in the wave-equation via the DC wall conductivity.

The time integration of the wave equation is performed

by using a 2nd order predictor-corrector scheme. From the

FEM discretized envelope wave-equation, one can derive a

global power balance equation which is used as a diagnostic

for verifying the convergence of the time dependent simula-

tions. Other diagnostics such as the Fourier analysis of both

the complex RF-wave electric field and/or the wave reflec-

tion coefficient at the input and output of the interaction

space have been implemented.

B. EURIDICE code-package

EURIDICE is a package for gyrotron simulations and

cavity design codes.5 Among the different codes in the pack-

age, for this work, the time-dependent self-consistent multi-

mode code, EVRIDIKI, has been used. As for TWANG, this

code is based on the slow-time scale formulation of the elec-

tron equation of motion. Apart the multi-mode aspect which

is not very relevant in this work, the code in EURIDICE dif-

fers from TWANG essentially with regard to the numerical

implementation. The equations of motion are solved with a

second-order Predictor-Corrector scheme, which is equiva-

lent to a second-order Runge-Kutta scheme. The field equa-

tions are solved using the finite difference Crank-Nicolson

scheme, which is of second-order both in time and space. An

extended benchmarking with the codes EURIDICE and

SELFT has been performed for situations were the multi-

mode competition is relevant and also with TWANG in sys-

tems where the relevant dynamics is limited to one single

transverse mode as it is the case in this work.

C. Normalized parameters

For comparing our results with the ones obtained on pre-

vious theoretical studies based on normalized parameters

ðD; I; lÞ,1,2,15 we remind below the definitions of these pa-

rameters in terms of the physical parameter of our experi-

ment. A discussion on the validity of using these normalized

quantities is made in Sec. V.

As presented in Ref. 2, for a given normalized detuning

parameter, the accessibility to nonstationary points depends

on the amplitude of the normalized current. For any given

cyclotron harmonic, n, and transverse mode, TEm;p, these

normalized quantities depend on the beam parameters with

the normalized detuning given by

D ¼ 2

b2
?

1� nXc

x

� �
; (1)

where b? ¼ v?=c;Xc;x are the normalized perpendicular

electron velocity, the relativistic cyclotron angular fre-

quency, and the rf angular frequency. For this last quantity,

the cold cavity resonant frequency of the fundamental longi-

tudinal mode has been considered. c is the speed of light.

The normalized current, converted in MKS units, is from

Ref. 9

I ¼ 16e

p�0mecc3
Ibbkb

2ðn�4Þ
?

nn

2nn!

� �2 J2
m6nðkrbÞ

ð�2 � m2ÞJ2
mð�Þ

; (2)

FIG. 12. Power and frequency versus magnetic field. The solid lines represent

the experimental data. The blue circles correspond to the output power and the

green diamonds to the oscillation frequency. The theoretical simulations, per-

formed with the TWANG code, are, respectively, represented by a blue

dashed and a green dashed-dotted lines. The parameters are Vk ¼ 15:5 kV;
Ib ¼ 103 mA; a ¼ 1:12. The assumed conductivity is r ¼ 2:9� 107 (S/m).

The open blue circles correspond to simulations with an electrical conductivity

r of 1:45� 107 (S/m) and 4:0� 107 (S/m).

FIG. 13. TWANG simulations of the no-oscillation curve experimentally

identified in Fig. 9. The same experimental curves as in Fig. 9 are given but

represented as dashed lines. The filled points connected by a continuous line

are the simulated data for two different average pitch angles, a ¼ 1:4 and

a ¼ 1:7. No velocity spreads are considered in the simulations.
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where e;me; �0 are the electron charge, electron rest mass,

and vacuum permittivity, respectively. The beam parameters

at the cavity entrance are given by c; b?; bk, with c and bk
being the relativistic factor and normalized parallel velocity,

respectively. The wave vector is k and � is the pth zero of the

derivative of Jm. For modes co-rotating with the electrons,

the function Jm�n is used in Eq. (2), and for counter-rotating

modes Jmþn. The electron beam radius, rb, is usually chosen

to coincide with the first maximum of Jm6n to achieve the

strongest possible interaction. Notice that other definitions of

the normalized current exist13 for studies based on the cold

cavity approximation using a fixed field profile where the

normalized current depends linearly on the cold-cavity total

quality factor (diffractionþ ohmic losses).

The normalized interaction length is given by

l ¼ b2
?x

2bkc
Lef f ; (3)

with Lef f being the effective interaction length. This quantity

is well defined for a fixed profile such as a gaussian profile.13

For the cold cavity profile TE7;2;1 shown in Fig. 6, we define

Lef f as the FWHM of the longitudinal field-amplitude profile.

As will be discussed later, for situation in which the profile

is determined by the self-consistent interaction dynamics

rather than the interaction structure,11 Lef f becomes ill

defined.

The correspondence of the normalized parameters D is

shown on the top x-axis and the normalized current, I, on the

right y-axis of Fig. 9. The magnetic field value at B¼ 9.585 T

(D ¼ 0) corresponds to the transition between the gyromono-

tron and gyro-BWO regimes characterized by the intersec-

tion at kk ¼ 0 in the uncoupled dispersion relation of Fig. 1.

One notices in Fig. 9 that for the gyromonotron opera-

tion kk > 0, a good agreement is found between the meas-

ured Ilin curve and the computed one. For the gyro-BWO

kk < 0, the observed discrepancy is due to the fact that in

this regime, the longitudinal field profile strongly deviates

from the cold-cavity profile and a self-consistent calculation

of the starting-current curve is needed.29 It is important to

notice that for beam currents below the starting current curve

for nonstationary operating points, the rf wave has a purely

monochromatic spectrum.

As shown in Eq. (2), the normalized current depends lin-

early on the beam current and strongly non linearly with

respect to the perpendicular velocity. With the triode gun

configuration, the normalized current can be varied by either

varying the beam current via the cathode filament heating or

the perpendicular velocity via the anode voltage.

D. Numerical simulations

A few regimes experimentally identified in Fig. 9 have

been simulated with TWANG considering an undeformed

cavity (see Table I). Due to the wide variety of complex dy-

namics observed in this paper, we highlight a few examples

showing how the TWANG code is adequate for modeling

most of the observed phenomena. However, there are some

aspects for which the underlying assumptions on which

TWANG is based start to be marginally violated as, for

instance, the assumption made that the electron transit time

in the interaction (Ttr ’ 0:5 ns) is much shorter than the rf

field envelope evolution time scale. For a purely monochro-

matic wave, this condition can always be satisfied by prop-

erly choosing the wave reference frequency. However, for

non-stationary operating points, the bandwidth over which

side bands are excited (dxsb ’ 3 GHz) is such that Ttr ’
1=dxsb and therefore marginally satisfying the above men-

tioned assumption. A 1D PIC code extension of TWANG is

foreseen for properly addressing this issue.

A first set of simulation results obtained with TWANG

is shown in Fig. 13 where the no-oscillation curve shown in

Fig. 9 is superimposed to the experimental data for two dif-

ferent values of the average pitch angle. One clearly sees

that the experimental data are best fitted by setting the pitch-

angle to a ¼ 1:7. The simulation with EURIDICE of the lin-

ear starting current curve as well as the no oscillation curve

versus magnetic field is shown in Fig. 14. For an average

pitch-angle a ¼ 1:7, one observes again an excellent agree-

ment with the no-oscillation curve calculated with TWANG

and the experiment (see Fig. 13). In addition, the calculated

linear starting current curve which includes the self-

consistent effects especially for the backward wave interac-

tion (D < 0) is in excellent agreement with the experimental

curve.

The time evolution from a linear regime to a single-

frequency nonlinear equilibrium is shown in Fig. 15 for an

operating point located in a region with positive detuning

(B0 ¼ 9:51 T; D ¼ 0:52) for which experimentally a single

frequency operation without side-bands has been observed.

For the simulations shown in Fig. 15, at t¼ 0, the longitudi-

nal rf field profile has been initialized to the cold-cavity pro-

file for q¼ 1. The time step for numerically solving the

envelope equation is set to dt ¼ 0:01si ¼ 63 ps. From the

time evolution, one clearly observes that at this magnetic

field value the most linearly unstable mode (i.e., with the

lowest starting current) is q¼ 2, but, via longitudinal mode

competition, the nonlinear equilibrium is found on q¼ 1. It

is also interesting to note that the ratio Prad out=Pdissp is

FIG. 14. EURIDICE simulations of the linear starting current curve (contin-

uous line labeled “linear”) and no-oscillation curve (continuous line labeled

“no oscillation”) for an average pitch angle a ¼ 1:7. The same experimental

curves as in Fig. 9 are given but represented as dashed lines.
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significantly higher for q¼ 2 than for q¼ 1. This is due to

the significant difference in total and diffractive quality fac-

tors of the two longitudinal modes.

An example of simulated nonstationary operating point

with side bands is shown in Fig. 16. The side bands are sepa-

rated by DfSB ¼ 285 MHz and the spectrum envelope is

asymmetric with respect to the peak value with more fre-

quency down shifted sidebands. This is in a good agreement

with the experimental spectra shown in Fig. 11. The

TWANG code has been run over an equivalent time period

of 180 ns which is not sufficient for resolving the details of

the experimentally observed linewidth of the side-bands

(�1 MHz) for which it would be needed to run over a time

period of the order of a few ls. The effect of parallel velocity

spread on the spectrum is moderate and has the effect of

reducing the amplitude of the side bands toward the edge of

the spectrum envelope. As shown in part (b) of Fig. 16, the

reflection coefficient computed at the exit of the interaction

region remains well below 1% over the entire instability

bandwidth. A snapshot of the simulated longitudinal profile

corresponding to the operating point of Fig. 16 and no veloc-

ity spread are shown in Fig. 17. One notices that, contrary to

the case shown in Fig. 15, this profile strongly deviates from

the cold cavity profile shown (see Fig. 6). As mentioned

above, this is typical for an operation point with negative

detuning (gyro-BWO like) where the field profile is com-

pletely determined by self-consistent effects. In addition, the

fact that the operating point correspond to a non-stationary

regime it implies that the longitudinal profile is dynamically

varying on a time scale approximately equal to the inverse of

the sideband frequency separation DfSB.

V. DISCUSSION

For comparing our results with the one previously pub-

lished by Airila et al., one needs to briefly discuss the perti-

nency of using the normalized parameters (D; I; l). It is clear

that these parameters are extremely useful for a preliminary

design of high-power gyrotron for which the self-consistent

effects are, in first approximation, negligible. For the results

of this paper as well as for the ones of Airila et al., the self-

consistent effects are dominant in particular for detunings

values strongly deviating from the ones corresponding to the

highest interaction efficiency. As an illustration, for the

example shown in Fig. 17, the effective interaction length

Lef f needed for computing the normalized interaction length

is twice as large from the case of Fig. 15 where the field pro-

file is very close to the cold cavity one. Moreover, for non-

stationary regimes with side bands, the rf field spectrum is

no more a single frequency and therefore the normalized

detuning also becomes ill defined. The normalized current is

the only parameter not dependent on self-consistent and/or

non-stationary effects. As mentioned previously, the equiva-

lent interaction length and the reference frequency used in

this paper for evaluating the normalized parameters D and l
are the ones of the cold cavity mode TE7;2;1.

The experimentally measured operational regimes in the

B0 � Ib plane shown in Fig. 9 are somehow the equivalent of

the ones predicted by the theoretical work of Airila and

Dumbrajs studied in Refs. 1 and 2 where in both cases the

normalized interaction length is l ¼ 15. However, the

FIG. 15. TWANG simulations for the following operating point: B0 ¼ 9:51 T;
D ¼ 0:52; Vb ¼ 15:5 kV; Ib ¼ 55 mA; a ¼ 1:7, no velocity spreads. The

time-axis is normalized to the cold cavity filling time, si ¼ 1=xi

¼ 2Q=x ¼ 6:3 ns. In part (a), the different curves given in the legend are:

Prad out, rf power at the end of the interaction space, Pbeam, electron beam

power (negative), Pdissp dissipated power due to ohmic losses and Err, the

error on the total power balance. Parts (b) and (c) are snap-shots at the indi-

cated times of the rf field longitudinal profile and the frequency spectrum,

respectively.

FIG. 16. TWANG simulations for the following operating point: B0 ¼ 9:61 T;
D ¼ �0:12; Vb ¼ 15:5kV; Ib ¼ 55 mA; a ¼ 1:7. Part (a) the frequency axis

is relative to the reference frequency of the TE7;2;1 mode at 260.52 GHz. The

rf field spectrum is calculated at the exit of the interaction region with the blue

curve for which no velocity spread is considered and in the red curve a parallel

velocity spread of dbk=bk ¼ 10%. Part (b) shows the reflection coefficient cal-

culated at the exit of the interaction region. EURIDICE produces a similar

result.
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following differences need to be highlighted: the electromag-

netic system studied in Refs. 1 and 2 is significantly simpli-

fied by the fact that the considered cavity geometry consists

in a constant radius cylindrical waveguide and the magnetic

field is constant across the entire interaction region. These

two aspects explain the fact that in our study, side bands are

excited well below the cutoff frequency of the constant ra-

dius section. These side bands are excited in the uptaper,

with an angle of 1.0�, following the constant radius section.

All these differences are probably explaining the fact that

nonstationary regimes appear in our work at a significant

lower current than the one predicted by the numerical simu-

lations of Refs. 1 and 2. With regards to the normalized (cur-

rent - detuning) space, D� I, covered in Refs. 1 and 2, the

set-up studied here using a triode gun allows to independ-

ently control the normalized current dependence on beam

current and beam velocity parameters. The highly nonlinear

dependence of the normalized current on the beam parame-

ters (I / bkb
�6
? ; n ¼ 1) is evidenced in Fig. 10 by the very

strong sensitivity of the different regimes on the pitch angle

a. All the simulations from the linear regime up to the cha-

otic regimes are consistent with the experiment when a pitch

angle (a ¼ 1:7) larger than the one predicted by the electron

beam optics code (a ¼ 1:2� 1:4) is considered.

The side-band frequency separation is approximately

given12 by DfSB�BWO � 1=ðsw þ sbÞ for the gyro-BWO case

and by DfSB�TWT � 1=ð2swÞ for the gyro-TWT case, where

sw is the wave transit time at the group velocity and sb is the

electron transit time. The determination of these quantities

depends on the equivalent interaction length as well as the

group velocity, which, considering the dispersion relation of

the TE mode in a cylindrical waveguide, is given by

vw ¼ c2kk=x. For evaluating these quantities, we consider an

operating point corresponding to the first longitudinal mode

of the uncoupled dispersion relation and considering an

equivalent interaction length of Lef f ¼ 20 mm with a parallel

velocity of bk ¼ 0:12, the corresponding side-band separa-

tions are: DfSB�BWO ¼ 340 MHz and DfSB�TWT ¼ 210 MHz.

These values are in good agreement with the side-band fre-

quency separation of 285 MHz measured experimentally.

Moreover, novel routes to chaos such as the line-width

broadening effects observed in Fig. 11(a) on the side bands

well below the cavity cutoff frequency are intimately con-

nected to the detailed geometry of the cavity output taper. A

very important general observation is that all the nonlinear

dynamics up to chaotic regimes studied in the work is

obtained under the condition of a negligible reflection at the

exit of the interaction space. This point is very different from

many experimental and/or theoretical studies carried out in

the past where the studied nonstationary regimes are inti-

mately connected to the existence of a delayed feedback

mechanism such as in the case of reflections.16,17,21,23,28

VI. CONCLUSION

A detailed experimental study of the operational regimes

from linear to chaotic ones has been performed on a 200 W

CW-gyrotron oscillator operating in the THz frequency

range and designed for DNP-NMR experiments. In this

study, the dynamics is dominated by longitudinal mode com-

petition on a reflectionless system. A systematic scan of the

system control parameters, possible in parts thanks to the tri-

ode gun, have allowed us to cover operating regimes from

gyro-TWT to gyro-BWO and to identify novel routes to

chaos. Specific spectral features observed on nonstationary

operating points are understood to be associated to the

detailed resonant cavity geometry which significantly differs

from the simplified geometry considered in previous theoret-

ical studies covering an equivalent system parameter do-

main. These differences yield to significantly different

conclusions regarding the domain in which nonstationary

operating regimes appear. In particular, it is observed that

the experimentally measured threshold current for exciting

side-bands is significantly lower than the one previously pre-

dicted theoretically on a simplified system. The detailed

analysis of the observed wide variety of complex spectral

features will be part of a future publication.
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