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Descent properties of hermitian Witt groups
in inseparable extensions
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Abstract. Let k be a field of characteristic ̸= 2, A be a central simple
algebra with involution σ over k and W (A, σ) be the associated Witt
group of hermitian forms. We prove that for all purely inseparable exten-
sions L of k, the canonical map rL/k : W (A, σ) −→ W (AL, σL) is an
isomorphism.
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1. Introduction. Let k be a field of characteristic ̸= 2 and let W (k) denote
the Witt ring of k. If L/k is a field extension, we obtain a canonical ring
homomorphism rL/k : W (k) → W (L). By a classical theorem of Springer, this
homomorphism is injective if the extension has odd degree. Moreover, Rosen-
berg and Ware prove ([7, Theorem A]) that if L/k is Galois of odd degree,
then rL/k : W (k) → W (L)Gal(L/k) is an isomorphism. More generally, Rost
describes ([8, Proposition 1]) the image of rL/k for any separable field exten-
sion of odd degree. When L/k is purely inseparable, it is easy to see that
rL/k : W (k) → W (L) is bijective.

Let A be a finite dimensional k-algebra with a k-linear involution σ : A→A,
and let W (A,σ) be the associated Witt group (cf. Section 2). For any field
extension L/k there is a canonical group homomorphism rL/k : W (A,σ) →
W (AL,σL). Several of the above properties can be generalized. In particu-
lar, if L/k has odd degree, then rL/k is injective (cf. [2, Proposition 2]), and
analogues of the results of Rosenberg, Ware and of Rost are proved in [1].
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The aim of the present paper is to show the following:

Theorem. Let (A,σ) be a central simple algebra with involution over k and
L be a purely inseparable extension of k. Then the canonical homomorphism
rL/k : W (A,σ) → W (AL,σL) is an isomorphism.

2. Definitions, notation and basic facts. Let A be a finite dimensional simple
k-algebra. An involution on A is an anti-automorphism σ : A → A of order 2.
Let K be the center of A. We say that (A,σ) is a central simple algebra with
involution over k if the fixed field of σ in K is equal to k. If K = k, then σ is
said to be of the first kind. In this case, after extension to ks, the involution σ
is determined by a symmetric or a skew-symmetric form. In the first case, σ is
said to be of the orthogonal type, whereas in the second one, of the symplectic
type. If K ̸= k, then K is a quadratic extension of k and the restriction of σ
to K is the non-trivial automorphism of K over k. In that case, the involution
is said to be of the second kind, or a unitary involution, or a K/k-involution.

Basic results on central simple algebras with involution can be found for
instance in [6, Chapter 1]

Let (A,σ) be a finite dimensional algebra with involution over k, and let
ϵ = ±1. An ϵ-hermitian form over (A,σ) is by definition a pair (V, h), where
V is a projective right A-module of finite rank, and h : V × V → A is non-
degenerate hermitian with respect to σ. We say that (V, h) is hyperbolic if
there exists a projective sub-A-module W of V with dimk(V ) = 2 dimk(W )
and such that h(x, y) = 0 for all x, y ∈ W . This leads to a notion of Witt group
W ϵ(A,σ) (cf. for instance [9, Chapter 7, §2] or [5, Chapter 1, §10]). Note that
the tensor product of a quadratic form over k with an ϵ-hermitian form over
(A,σ) is an ϵ-hermitian form over (A,σ), hence W ϵ(A,σ) is a W (k)-module.

If L/k is a field extension, then we define AL = A ⊗k L and the involution
σL = σ ⊗ idL on AL. We have a canonical homomorphism

rL/k : W ϵ(A,σ) → W ϵ(AL,σL).

We start by recalling two results that will be used in the sequel.

Theorem 2.1. Suppose that L/k is a finite extension of odd degree. Then

rL/k : W ϵ(A,σ) → W ϵ(AL,σL)

is injective.

Proof. See [2, Proposition 2 ] !
Let L and L′ be two finite separable extensions of k. Set R = L ⊗k L′, and

let i : L → R, i′ : L′ → R be defined by i(x) = x ⊗ 1 and i′(x′) = 1 ⊗ x′. Let
AR = A ⊗k R. The maps i and i′ induce

j : W ϵ(AL,σL) → W ϵ(AR,σR),

respectively

j′ : W ϵ(AL′ ,σL′) → W ϵ(AR,σR).

In the special case when L = L′, we get two maps

j, j′ : W ϵ(AL,σL) → W ϵ(AR,σR).
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Theorem 2.2. Suppose that L is a finite separable extension of odd degree of k.
Then the sequence of W (k)-modules

0 → W ϵ(A,σ)
rL/k−→ W ϵ(AL,σL) j−j′

−→ W ϵ(AR,σR)

is exact.

Proof. This is proved in [1, Corollary 3.2]. Note that the Witt groups consid-
ered in [1] are slightly different, but the proof of the result carries over without
change to our situation. !

3. An exact sequence. The aim of this section is to recall some results that
will be used later. In particular, we need part of an exact sequence due to
Grenier-Boley and Mahmoudi (cf. [4, Corollary 6.1], see also Appendix 2 of [3]
for the initial exact sequence, due to Parimala, Sridharan, and Suresh). We
start by introducing some notation and terminology. We keep the notation of
the previous section, in particular k is a field of characteristic ̸= 2.

Let (A,σ) be a finite dimensional central simple algebra with involution
over k and denote by K the center of A.

We say that (A,σ) satisfies hypothesis (*) if we have the following:
(*) There exist λ, µ ∈ A∗ such that σ(λ) = −λ, σ(µ) = −µ, µλ = −λµ and

E = K(λ) is a quadratic extension of K.
Suppose that (A,σ) satisfies hypothesis (*) and let Ã be the centralizer of E

in A. We then have µÃµ−1 = Ã, µ2 ∈ Ã, σ(Ã) = Ã and A = Ã⊕µÃ. We define
two involutions on Ã in the following way: let σ1 = σ|Ã and σ2 = Int(µ−1)◦σ1.
There are two E-linear projections:

πi : A → Ã, πi(a1 + µa2) = ai, i = 1, 2.

If h : V × V → A is a −ϵ-hermitian form over (A,σ), we define the map

h2 : V × V → Ã, h2(x, y) = π2(h(x, y)).

Then h2 is an ϵ-hermitian form on (Ã,σ2) and the assignement h )→ h2 induces
a homomorphism

π2 : W−ϵ(A,σ) → W ϵ(Ã,σ2).

We define a homomorphism

ρ1 : W ϵ(Ã,σ1) → W−ϵ(A,σ)

in the following way: if f : V × V → Ã is an ϵ-hermitian form on (Ã,σ1),
then set ρ(f) to be equal to λf on V and extend it by sesquilinearity on
V ⊗ V µ = V ⊗Ã A.

We analogously define a homomorphism

ρ2 : W ϵ(Ã,σ2) → W−ϵ(A,σ) :

if f : V × V → Ã is an ϵ-hermitian form on (Ã,σ2), then set ρ(f) to be equal
to λµf on V and extend it by sesquilinearity on V ⊗ V µ = V ⊗Ã A. It is easy
to check that all of the above homomorphisms are well-defined.
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Theorem 3.1. Suppose that (A,σ) satisfies hypothesis (*). Then the following
sequence is exact

W ϵ(Ã,σ1)
ρ1−→ W−ϵ(A,σ) π2−→W ϵ(Ã,σ2)

ρ2−→W−ϵ(A,σ).

Proof. See [4, Theorem 1.1]. !

Proposition 3.2. Let (D,σ) be a central division algebra with involution over k.
Then there exists a finite separable extension M/k of odd degree such that the
algebra with involution (DM ,σM ) over M satisfies hypothesis (*).

Proof. See [3, Lemmas 3.3.1–3.3.3]. !

4. Witt groups in inseparable extensions. We keep the notation of the pre-
vious sections. In particular, k is a field of characteristic ̸= 2 and (A,σ) is a
finite dimensional central simple algebra with involution over k.

Theorem 4.1. Let L be a purely inseparable extension of k. Then for ϵ = ±1 the
canonical homomorphism rL/k : W ϵ(A,σ) → W ϵ(AL,σL) is an isomorphism

We will prove Theorem 4.1 by induction on the degree of the algebra. We
start by recalling two results which will be used in the first induction step. At
least the first one is well-known, see for instance [8].

Proposition 4.2. Let L be a finite purely inseparable extension of k. Then the
canonical homomorphism rL/k : W (k) → W (L) is an isomorphism.

Proof. Note that as L/k is purely inseparable and char(k) ̸= 2, the degree of L
over k is odd. This implies that rL/k is injective by Springer’s theorem (or by
Theorem 2.1). Let us prove that it is also surjective. As L/k is purely insepara-
ble, we have L∗/L∗2 ≃ k∗/k∗2. On the other hand, every quadratic form over
L can be diagonalized. Hence every quadratic form over L is extended from a
quadratic form over k, and this concludes the proof of the proposition. !

Let K = k(
√

d) for some d ∈ k∗, and let σ : K → K be the unique
non-trivial k-linear involution of K. This is a unitary K/k-involution. Let L
be a purely inseparable extension of finite degree of k, and set E = L(

√
d). We

then have:

Proposition 4.3. The canonical homomorphism rL/k : W (K, σ) → W (E,σL)
is an isomorphism.

Proof. It is well-known that there is an isomorphism of W (L)-modules

W (E,σL) ≃< 1,−d > W (L)

and an isomorphism of W (k)-modules W (K, σ) ≃< 1,−d > W (k) which com-
mute to base change (cf. for instance [9, Theorems 2.5.2 and 10.1.2]). As rL/k :
W (k) → W (L) is an isomorphism by Proposition 4.2, this implies that rL/k :
W (K, σ) → W (E,σL) is an isomorphism too. !

Using the following application of hermitian Morita theory, we will be able
to suppose without loss of generality that A is a division algebra.
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Theorem 4.4. Let (A,σ) be a central simple algebra with involution over k and
let ϵ = ±1. Then there exist a division algebra with involution (D, τ) over k
and ϵ′ = ±1 such that the W (k)-modules W ϵ(A,σ) and W ϵ′

(D, τ) are isomor-
phic. Moreover, for every field extension L/k, the W (L)-modules W ϵ(AL,σL)
and W ϵ′

(DL, τL) are isomorphic and the following diagram commutes:

W ϵ(A,σ) ≃ !!

rL/k

""

W ϵ′
(D, τ)

rL/k

""
W ϵ(AL,σL) ≃ !! W ϵ′

(DL, τL)

Proof. See [5, Chapter 1, Theorem 9.3.5.] !

In the sequel for a field extension M of k we denote R = M ⊗k M .
The following result will enable us to use separable odd degree base change.

Proposition 4.5. Let f : (A,σ) → (B, τ) be a homomorphism of algebras
with involution over k. Let M be a separable extension of odd degree of k
such that the induced homomorphism f∗

M : W ϵ(AM ,σM ) → W ϵ(BM , τM ) is
surjective and f∗

R : W ϵ(AR,σR) → W ϵ(BR, τR) is a monomorphism. Then
f∗ : W ϵ(A,σ) → W ϵ(B, τ) is an isomorphism.

Proof. By Theorem 2.2 we have the commutative diagram

0 !! W ϵ(A,σ)
rM/k!!

f∗

""

W ϵ(AM ,σM )
j−j′

!!

f∗
M

""

W ϵ(AR,σR)

f∗
R

""
0 !! W ϵ(B, τ)

rM/k!! W ϵ(BM , τM )
j−j′

!! W ϵ(BR, τR)

A diagram chase using the surjectivity of f∗
M , the injectivity of f∗

R and the
injectivity of rM/k shows that f∗ is surjective. The injectivity of f∗ follows
from the injectivity of f∗

R. !

Proof of Theorem 4.1. We prove the theorem by induction on the index of
the algebra A. If this index is equal to 1, then A is a matrix algebra over K.
By Morita theory (see Theorem 4.4) we can assume that A = K. Then either
the involution is the non-trivial automorphism of K/k or it is the identity
and K = k. These cases are covered by Proposition 4.3, respectively Proposi-
tion 4.2, noting that W−1(K, σ) ≃ W (K, σ) (cf. [9, Remark 7.6.7]).

Let us assume that the index of A is greater than 1. By 4.4, we can suppose
that A is a division algebra. Then there exists a finite, separable extension of
odd degree M/k such that (AM ,σM ) satisfies the hypothesis (*) of §3 (cf. 3.2).
Using 4.5, we may replace A by AM . Hence we have the exact sequence from
Theorem 3.1. Let L be a purely inseparable extension of k. It is easy to check
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that the following diagram is commutative:

W ϵ(Ã,σ1)
ρ1 !!

r1

""

W−ϵ(A,σ)
π2 !!

r2

""

W ϵ(Ã,σ2)
ρ2 !!

r3

""

W−ϵ(A,σ)

r4

""
W ϵ(ÃL,σ1L)

ρ1 !! W−ϵ(AL,σL)
π2 !! W ϵ(ÃL,σ2L)

ρ2 !! W−ϵ(AL,σL)

By the induction hypothesis, r1 and r3 are isomorphisms. In addition, r4 is
injective (cf. Theorem 2.1), so by the four-lemma we obtain that r2 is surjec-
tive. Its injectivity clearly follows from Theorem 2.1. Replacing ϵ by −ϵ, this
completes the proof of the theorem.

Acknowledgements. D. A. Moldovan would like to thank Emmanuel Lequeu
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École Polytechnique Fédérale de Lausanne,
EPFL-FSB-MATHGEOM-CSAG,
Station 8, 1015 Lausanne,
Switzerland
e-mail: eva.bayer@epfl.ch

Author's personal copy



Vol. 96 (2011) Descent properties of hermitian Witt groups 553

Daniel Arnold Moldovan
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