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Abstract Reduced basis approximations for geometrically parametrized
advection-diffusion equations are investigated. The parametric domains are
assumed to be images of a reference domain through a piecewise polyno-
mial map; this may lead to nonaffinely parametrized diffusion tensors that
are treated with an empirical interpolation method. An a posteriori error
bound including a correction term due to this approximation is given. Re-
sults concerning the applied methodology and the rigor of the corrected error
estimator are shown for a shape optimization problem in a thermal flow.

1 Introduction

We consider the parametrized advection-diffusion equation in a bounded and
piecewise smooth domain 2,(n) C R?, whose shape depends on a vector
of geometrical parameters p residing in a low-dimensional parameter space
D C RY (e.g. P < 10). The weak form of the equation reads as follows: for
any given p € D, find u € H'(£2,(p)) s.t. u = up on I'p and

/ (eVu-Vv+vb-Vu) d2 = fvdf? Yo e HY(2,(w)) (1)
2(p) 2(1)

where b is a given divergence-free constant vector field, I'p denotes the
Dirichlet boundary, while homogeneous Neumann conditions are imposed on
I'y =002\ I'p. Our interest is to solve equation (1) in a way that is:
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e cfficient in the sense that for any g a numerical solution is obtained in
real-time for arbitrarily fine discretizations;

e reliable in the sense that for any p the obtained solution is verifiable within
some prescribed tolerance from the finite element solution computed using
a very fine mesh for discretization. Any error bound should be rigorous,
that is to say, it should be a safe upper bound for the true error.

To that end, we employ the reduced basis (RB) method originally developed
for nonlinear structural mechanics in the 1980s and more recently system-
atized for elliptic and parabolic, coercive and noncoercive, PDEs. The method
is analyzed in detail in [9, 13] and in their references; previous works on re-
duced basis methods for the advection-diffusion equation include [3, 10, 15].
This method is a model reduction scheme for parametric PDEs based on the
use of “snapshot” finite element solutions of the PDE (for certain values of
the parameters) as global approximation basis functions. Our objective is
to use the efficient evaluation of the RB solutions in a multi-query context,
required for example in shape optimization of PDE modelled systems.

2 Reduced basis approximation of parametric
advection-diffusion equations

We assume that the parametric domains (2,(p) are obtained by mapping
from a reference domain (2 with T'(x, u) a piecewise polynomial map w.r.t
both arguments, as 2 — 2,(p) := T(£2, ). Problem (1) is thus traced back
to the reference domain as

/(5VTVu~Vv+vXTb-Vu) dQ:/ande VveX=H (R), 2
2 o)

where the parametric transformation tensors vy (X, u), xr(x, 1) and np (X7 )
are obtained from a change of coordinates (with the Jacobian of T' denoted
by Jr) as

ve = Jp I el xe = Jp Il ne = |Jr)- 3)
We may rewrite (2) as
A(u,vip) = f(up) VoeX, (4)

where the parametric bilinear form A(-, -; p) is coercive and the linear func-
tional f(-; ) is continuous. The standard Galerkin finite element (FE) ap-
proximation of (4) is to find v € AN s.t. AN, v;p) = f(v;p) for all v €
XN where XV is a FE space constructed by using e.g. piecewise linear shape
functions on a discrete mesh [11]. Here we denote by A/ the dimension of the
FE space, which is assumed to be large enough that the repeated assembly
and solution of the FE system is too expensive for a multi-query context.
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In order to find an approximation to vV in an efficient and reliable way,

we use Galerkin projection on a reduced subspace of basis functions. Let
p', ..., be a collection of parameters and define the reduced basis ap-
proximation space as X{\\/ = span{u (u") : n = 1,...,N}, where each
uN (W) e x N is a FE solution for a given parameter value p”. The reduced
basis formulation reads as follows: find w4 € XX s.t. A(uN,v; p) = f(v), for
allve X f\\/ . In practice, an orthonormalization procedure is required to build
a basis {@, }_, for the RB space X3 that guarantees algebraic stability [9].
As long as the parametric bilinear form is affinely parametrized [13], that is
to say of the form

Qa Qs
Au, ;) = > 04 (p)a(u, ) + > OF ()b (u, v) (5)

for some integers @Qq, Qp, where O (u) = k (n), Of(p) = ’y,i’j(u), qis a
condexed index for i, j, k and

o i, O0u v o i ou
q(i,3,k) _ 2,] dn. b3k :/ LI (x)b; dn
a (u7v) /ék (X) 81‘2 amj 9 (u7v) Qék (X) 8.ij )

K Ky
v (x,m) = )BT (%), x m) =Y ()G (%),
k=1 k=1

the solution of the reduced basis problem splits into two stages. In the so-
called offline stage we assemble and store once and for all the parameter-
independent system matrices A? and BY of components

[Aq]m,n = aq(g[)n’ gpm)a [Eq]m,n = bq(qv)ma Q)n) (6)

using the global reduced basis functions &y, and similarly for the right-
hand-sides. Then in the online stage for a given parameter pu the paramet-
ric coefficients ©4(p), Of(p) are evaluated and the reduced basis matrix
Ay = ZQQZ“l Ol(pn)A? + Zqubl O} (pn)B? is assembled, and similarly for the
right-hand-side. This linear system of dimension N x N is dense, but in-
expensive to solve: the online complexity is independent of the FE solution
dimension A and thus we fulfill the first requirement of efficiency.

The following greedy algorithm for choosing the parameters pu™ has been
used [9, 13, 16]. Let Siain C D be a finite training sample of parameter
points chosen according to a uniform or log-uniform distribution. Define the
parameter-independent norm [[v||x = /A(v,v; &) + A|[v][L2() for some
€ D and A > 0 large enough such that the resulting norm is well-defined.
Given the first parameter value p! and a sharp, inexpensive a posteriori error
bound A, () for the norm || - ||x such that |[u?Y (@) — Y (p)||x < An(w)
for all g € Eyyaim, We choose the remaining parameter values as the solutions
p" = argmaxycs,,... An—1(p), for n =2,..., N. The quality of the reduced
basis approximation depends crucially on the quality of the a posteriori er-
ror estimator. The standard RB error estimator in literature [9] for problems
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that satisfy the affinity assumption (5) is

GV DIIPY N _ N
A = > ||luy —u =|le , 7
o)1= AP = = e g
where ||7(-, )| | x is the dual norm of the residual (v, pt) = f(v)—A(uN , v; p)
and app(p) is a computable lower bound for the discrete coercivity constant

0< aup(p) < a(p) = inf EBH) (8)

wern [ull%
For efficient and reliable methods of computing both ||r(-, p)||x+ and o (@)
we refer the reader to [13, 6, 4, 2]. In the greedy basis construction algorithm
we usually fix a priori an error tolerance el'B and then we continue the process
until the condition Ax () < 5t01 for all u € Spain is achieved.

If the affinity assumption does not hold, we rely on the empirical in-
terpolation method (EIM) [1], which is an interpolation method for para-
metric functions based on adaptively chosen interpolation points and global
shape functions. When the geometric transformation T'(x, pt) is polynomial
the advection tensor xr(x,p) is polynomial and therefore always affinely
parametrized, while the diffusion one v7(x, ) is a nonaffine tensor. To ap-
proximate each component vz (x, ) of the tensor we use a different set of
interpolation points and thus look for an affine approximation

Z 9l (W)€ (@) = v (x, m) + £ (a5 ), )

with the error terms under some tolerance, i.e. ||e7(; )00 < eEM Vp € D.

For the reliability of the methodology we need to guarantee an a posteriori
error bound between the “truth” finite element solution and the reduced ba-
sis approximation. The snapshot solutions u/V’ (n™) should be obtained by a
FE stable method: for the advection-diffusion equation we can use a Galerkin
formulation with either Galerkin least-squares (GLS) or streamline upwind
(SUPQG) stabilizers [11]. For more details on coupling the stabilizer with the
reduced basis framework, see [3, 10]. To simplify things we choose the physical
Peclet number Pe = ¢~! small enough such that the finite element approx-
imations are always guaranteed to be stable without adding any stabilizing
terms. By applying the coercivity property it holds that

a(p)lle(w)i < Ale(n), e(p); p). (10)

Using the ideas from [1, 8] we can prove an a posteriori error estimate of the
form (7) also in the nonaffine case. Defining the trilinear forms a; ; (u, v, ¢) :=

efop g;‘ 59; df? and the residual of the reduced basis solution uf\vf as

2

ry(v;p ZQq )be (U, v) — Z ai’j(u%,v,ﬁélj),

ij=1

we have the following a postemom error bound:
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5 i i
|lrn (5 )l x7 S @i (N, w, v — o)
————— + sup

arp(p) weX aLs(p)|lw||x

lle(p)llx < (11)

By using the definitions of the error e(u) and the residual we get

2
Ale(p), e();p) < rvle(p)im) — > aij(uy (p),e(p), vy’ — 5?);

ij=1
by property (10) it follows that

1 r(e(p); p) ZIQ g Q5 (U%, e(p), yji;j _ ’J%J)>
le(wllx < ( :
a(p) |

lle(m)l|x lle(m)l|x

and (11) is obtained by taking sups. The correction term originating from the
empirical interpolation is of order O(|uf |;) and therefore does not vanish as
N — oo if the number of terms in the empirical interpolation approximation
is kept fixed. We need to choose the tolerance ePIM < [|rx (- )| |x+ /(€[ |1),
so that the correction term does not dominate the error estimate. To obtain an
error estimate computable online without A/-dependence we use the estimator

AP () proposed in [1]:

2 i N o i
. , 1 Ean. @ig(un,w, Epp
et < MGl D=1 €ty G (U, W, Muﬂ)’ 12)
arp(p) wex app(p)||w||x
where E’Lﬁij = Wi (Mt ) — D7 (2Mi5th )| is a one-point estimate for

the error ||e%7 (-, )| L= (r2) computed using the (M;;+1)"" interpolation point
zMis+1l By “<” we mean that the bound is no longer fully rigorous.

3 Numerical example

We consider an optimal heat exchange problem. A NACAO0012 airfoil is placed
in a thermal flow; our control variables are the vertical position of the airfoil
and its shape (for small perturbations). The reference geometry is shown in
Fig. 1. The objective is to obtain the correct desired average temperature
TUgarget at the outflow given a fixed angle of attack o for the airfoil:

1

2
i 7are77 dF - 2a
iy |~ 2 [ a@ar] Al - oo

s.t. / (eVu - Vv +vb-Vu) df2, = / fod2, Yve H'(2,(n))
QO(N) QO(H)
with u =Ty on Iip U Ifee, w =T1 on Iy, u = Ts on the airfoil.
(13)
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We parametrize the geometry around the airfoil using free-form deformations
(FFD) [14]: a 6 x 6 lattice of control points is placed around the airfoil and
the closest four control points are allowed to move in the zo-direction. This
results in a polynomial geometric map T'(x, p) with P = 4 parameters built
using Bernstein polynomials. In Fig. 1 we also display the control points and
the deformation of the reference shape as the control points are moved. For
more details on the FFD parametrization setup we refer the reader to [7]. For
the finite element computations N' = 15,718 degrees of freedom are used.

r
free free
° ° ° ° ° ° ° °
° °
° ° ° ° ° o
in . out in A out
° °
° ° ° ° ° o
° ° ° ° ° ° ° °
r r
surf surf

Fig. 1 Reference domain {2 and a deformed configuration (2,(ut) using FFDs.

To solve the optimization problem (13), the algorithm based on sequential
quadratic programming (SQP) provided in Matlab has been used; conver-
gence to the optimal solution has been reached after 25 functional evaluations.
In order to evaluate effectively the state equation in the constraint of (13) we
replace the FE solution «" with the RB approximation u/]\\,/ . The nonaffinely
parametrized diffusion tensor has been approximated with the empirical in-
terpolation method using a tolerance of EE)IIM = 10* and, then, EE)IIM =109,
resulting in M = Z?,j:l M;; = 108 and M = 208 terms, respectively, in the
affine expansion. After this the reduced basis offline stage consists of assem-
bly of the matrices (6), performing the successive constraint method [6] for
estimation of the lower bound ay, (@) of the coercivity constant, and finally
a greedy procedure for choosing the reduced basis snapshots and the corre-
sponding basis functions. The maximum number of basis functions used was
N = 38. In Fig. 2 we show the error estimates (with and without the correc-
tion term from the empirical interpolation) Ax(p) and A" () as functions
of N, compared to the true error e(u) in the worst-case, for M = 108 and
M = 208. In the first case the approximation performed by EIM is too poor
and the correction term wider than in the second test, with a more accurate
and rigorous error estimator. Moreover, in the first test we still have some
“platean” effect to be reduced [12]. For M = 208 we observe a reduction of
140:1 in the time to solve the RB system vs. the assembling and solution of
the FE system, while the reduction in the linear system size is 400:1.
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Fig. 2 Convergence of sup, cp |le(p)||x versus the corrected A" (u) and non-corrected
Apn(p) error estimates for M = 108 (left) and M = 208 (right), respectively.

Including the cost of the offline stage, we estimate that after 500 parametric
PDE solutions we have passed the break-even point where RB computations
are more efficient. The use of FFD also reduces the number of shape parame-
ters: compared to a local boundary variations approach by moving individual
mesh nodes we obtain a reduction of 238:1 in the number of geometric param-
eters. In Fig. 3 the optimal design for two particular configurations, together

with the field solutions, are shown.
25 10 X 10
9 9
E 8 E
7
6 9 6
1
- 3 - 3
-1 2 -1. 2
= 1 - 1
Bt 0 1 2 0 U 0 1 2

Fig. 3 Optimal design of the airfoil for the cases o9 = 7°, Utarget = 4.1 (left) and o9 =
*50, Etargct = 45 (I‘ight).

3

~

o

~

4 Conclusions

A reduced basis approximation for a shape optimization problem in a thermal
flow has been presented. Recovering the assumption of parametric affinity is
important to obtain a reduction in the online computational costs. When
the geometric transformation map is polynomial, only the diffusive transfor-
mation tensor needs to be treated with the empirical interpolation method.
This leads to a correction term in the a posteriori error bounds. We have
demonstrated that the correction term is rigorous. In the proposed shape op-
timization problem of an airfoil in thermal flow with four shape parameters
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we observed a reduction of 140:1 in the computational time to solve the RB
system vs. the assembling procedure and the solution of the FE system.
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