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Abstract— Detection of defective members of large popula- ﬁ Acent 1
tions has been widely studied in the statistics community uther \ ' Z )
the name “group testing”, a problem which dates back to World \‘. cececessevosovoebosnce |-

War Il when it was suggested for syphilis screening. There, AR KRN RN IR E
the main interest is to identify a small number of infected tpobobeoonescsooene
A . . @0 60090 DdDooVv OO OFOOIEOLIO
people among a large population usingcollective samples. In thpoevcseececcboebsocece
viral epidemics, one way to acquire collective samples is by $eccecsc s cevebsonsoe
sending agents inside the population. While in classical gup o o0 s’ v b@e e 80 o o= Ageni2
testing, it is assumed that the sampling procedure is fully kown beopossdiosiosscsove
. . . > e 0 pooaoeNOOGOEOGTOIEOEOEOSEOIRES
to the reconstruction algorithm, in this work we assume that <—-|esevsepeseesc0ccccns
1
1

the decoder possesses onpartial knowledge about the sampling
process. This assumption is justified by observing the fachit in
a viral sickness, there is a chance that an agent remains hélay
despite having contact with an infected person. Thereforethe
reconstruction method has to cope with two different types ®  Fig. 1.  Collective sampling using agents. symbols represent infected
uncertainty; namely, identification of the infected populdion  people among healthy people indicated &ysymbols. The dashed lines
and the partially unknown sampling procedure. show the individuals contacted by the agents.

In this work, by using a natural probabilistic model for
“viral infections”, we design non-adaptive sampling procelures
that allow successful identification of the infected populon
with overwhelming probability 1 — o(1). We propose both [5], [6], [7], [8] and the references therein), multiaccess

probabilistic and explicit design procedures that require a  communication [9], data compression [10], pattern maighin

“small” number of agents to single out the infected individuals. . . .
More precisely, for a contamination probability p, the number [11], streaming algorithms [12], software testing [13].dan

of agents required by the probabilistic and explicit desigs ~COmMpressed sensing [14]. See the books by Du and Hwang
for identification of up to k infected members is bounded by [15], [16] for a detailed account of the major developments
m = O(k*(logn)/p*) and m = O(k?*(log®n)/p?), respectively. in this area.
In both cases, a simple decoder is able to successfully idégt One wav to acaui llecti lesis b di ¢
the infected population in time O(mn). Lo y quire coliective samples IS by sending agents
inside the population whose task is to contact people (see
. INTRODUCTION Fig. 1). The agents can also be chosen as ATM machines,

L . cashiers in supermarkets, among other possibilities. @nce
Suppose that we have a large population in which onl b g P

. -~ “agent has made contact with an “infected” person, there is a
a small number of people are infected by a certain vira . :
. . . . chancethat he gets infected, too. By the end of the testing
disease (e.g., one may think of a flu epidemic), and tha ;
. ; : : ! rocedure, all agents are gathered and tested for the diseas
we wish to identify the infected ones. By testing eac . .
Co LT ere, we assume that each agent hdsgafile by which
member of the population individually, we can expect the ' .
ne can figure out with whom he has made contact. One

cost of the testing procedure to be large. If we coul8 . . L ) o
. w:f\y to implement the log in practice is to use identifiable
instead pool a number of samples together and then teos

the pool collectively, the number of tests required might ba v oS (for mstqnce, cell ph_ones) that can exchange aniqu
Y ) . : -[dentifiers when in range. This way, one can for instance ask
reduced. This is the main conceptual idea behind the cklssic

group testingproblem which was introduced by Dorfman an agent to randomly meet a certain number of people in the

[1] and later found applications in variety of areas. A feV\})opulation and at the end learn which individuals have been
' met from the data gathered by the device that is carried by the

examples of such applications include testing for defectiv ent. Note that, even if an agent contacts an infected perso
items (e.g., defective light bulbs or resistors) as a part 33}9 y ' 9 n.

. \ : . e will not get infected with certainty. Hence, it may well
industrial quality assurance [2], DNA sequencing [3] an appen that an agent’s result is negative (meaning that he is
DNA library screening in molecular biology (see, e.g., [4] bp 9 g 9

'not infected) despite a contact with some infected persan. W
This work was supported by Swiss NSF grants 200020-115988/15- W'" a.ssum(_:" that when an ?—gem. gets infected, the r?SUIt'ng
67322 and 200020-103729. infection will not be contagious, i.e., an agent never itdec
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other people. Our ultimate goal is to identify the infectedontact. Let us assume that at each contact with a sick person
persons with the use of a simple recovery algorithm, baseth agent gets infected independently with probabititya

on the test results We remark that this model is applicablefixed parameter that we call tr@ntamination probability,

in certain scenarios different from what we described aherefore, the reasamplingmatrix M* can be thought of
well. For instance, in classical group testing, “dilutioaf  as a variation ofM“ in the following way:

a sample might make some of the items present in a pool oo .

ineffective. The effect of dilution can be captured by the * E&chnon-zeroentry ab1°is flipped to0 independently
notion of contamination in our model. with probability 1 — p; . _ _ _

It is important to notice the difference between this setup * 1he resulting matrixM" is used just as in classical
and the classical group testing where each contact with an 9roup testing to produce theutcomevectory ¢ Fy',
infected person will infect the agent with certainty. In eth
words, in the classical group testing the decoder fully kmow y= M-z, 1)
the sampling procedure, whereas in our setup, it has only
uncertain knowledge. Hence, in this scenario the decoder ha
to cope simultaneously with two sources of uncertainty, the  where the arithmetic is boolean (i.e., multiplication with
unknown group of infected people and the partially unknown  the logical AND and addition with the logical OR).

(or stochastic) sampling procedure. -
The collective sampling can be done in adaptive or non- € contact matrbdf®, the outcome vectoy, the number

adaptive fashions. In the former, samplings are carried off Non-zero entries:, and the contamination probabilify
one at a time, possibly depending the outcomes of tHf€ known to the decoder, whereas the sampling matfix
previous agents. However, in the latter, the samplingesgsat (under which the collective samples are taken) and the input

is specified and fixed before seeing the the test outconfgCtora are unknown. The task of the decoder is to identify

for any of the agents. In this paper we only focus on norihe k£ non-zero entries of based on the known parameters.

adaptive sampling methods, which is more favorable for Example 1:As a toy example, consider a population with
applications. 6 members where only two of them (persahsnd 4) are

The idea behind our setup is mathematically related t@fected. We send three agents to the population, where the
compressed sensing [17], [18]. Nevertheless, they diffdirst one contacts persoris 3,5, the second one contacts
in a significant way: In compressed sensing, the sampl@§rsons2, 4,6, and the third one contacts persans, 5, 6.
are gathered as linear observations of a sparse real sighierefore, the contact matrix and the input vector have the
and typically tools such as linear programming methodillowing form
is applied for the reconstruction. To do so, it is assumed
that the decoder knows the measurement matrix a priori.

However, this is not the case in our setup. In other words, z = (001 10 0)0,
using the language of compressed sensing, in our scenario th supp(z) = {3,4},

measurement matrix might be “noisy” and is not precisely 101010
known to the decoder. As it turns out, by using a sufficient M° = 01 0101
number of agents this issue can be resolved. 011011

Il. PROBLEM SETTING AND SUMMARY OF THE RESULTS ) .
o Let us assume that only the second agent gets infected. This
To model the problem, we enumerate the individuals frorfyeans that the outcome vector is

1 to n and the agents from to m. Let the non-zero
entries ofx := (z1,22,...,2,) € F} indicate the infected
individuals within the population. Moreover, we assume tha y=(0 1 0)".
x is a k-sparse vector, i.e., it has at mdshonzero entries

(corresponding to the infected population). We refer to th

: . . ?s we can observe, there are many possibilities for the
support setof « as the the set which contains positions o mpling matrix. all of the following form:
the nonzero entries. piing ; g :

As typical in the literature of group testing and compressed
sensing, to model the non-adaptive samplings done by the
agents, we introduce am x n booleancontactmatrix M*¢ M°® =
where we sefMf;; to one if and only if thetth agent contacts
the jth person. As we see, the matri¥Z“ only shows
which agents contact which persons. In particular it does

" here the question marks arfe with probability 1 —
not indicate whether the agents eventually get affectedhoy t*V q P Yy p
g ya y and 1 with probability p. It is the decoder’s task to figure

1In this work we focus on the exact reconstruction of the sehfefcted out which combinations make_ sense pased On the outcome
individuals in the worst case (i.e., regardless of the ahaitthis set). vector. For example, the following matrices and input vexto
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fit perfectly with y: precisely determines which agent should contact which in-
dividual, and guarantees correct identification with datja

0
0 in the adversarial setting and with overwhelming probapili
0 100010 1 (over the randomness of the contaminations) in the stoichast
1 = 010101 E setting. This construction required(k?(log” n)/p®) agents
0 010011 0 which is inferior than what achieved by the probabilistic
0 construction by a facto©(log n).
0 We point out that, very recently, Atia and Saligrama [19]
0 developed an information theoretic perspective appleil
0 101 010 0 a variety of group testing problems, including a “dilution
1 = 01 01 01 model” which is closely related to what we consider in
1
0 011010 0 this work. Contrary to our combinatorial approach, they use
1 information theoretic techniques to obtain bounds on the

o number of required measurements. Their bounds are with
More formally, the goal of our scenario is two-fold: respect to random constructions and typical set decoding as
1) Designing the contact matridZ“ so that it allows the reconstruction method. Specifically, in our terminglog
unique reconstruction ofiny sparse inputz from  with contamination probability, they obtain an information
outcomey with overwhelming probability { — o(1))  theoretic upper bound 0O (k?logn/p?) on the number
over the randomness of the sampling matkik’. measurements, which is comparable to what we obtain in
2) Proposing a recovery algorithm with low computa-our probabilistic construction.
tional complexity. . . .
. S .. . Remark:As is customary in the standard group testing
In this work, we present a probabilistic and a determlnlstlf . . .
e . . iterature, we think of the spartsity as a parameter that is
approach for designing contact matrices suitable for our

problem setting along with a simple decoding algorithm fopotlceably smaller than the population sigfor example,

_ 1/3 ;
reconstruction. Our approach is to first introduce a rath gne may také: = O(n /). Indeed, ifi becomes comparable

r . o . .
different setting for the problem that involves no randomne?0 n, there WOUld b.e little pom.t In using a group testing
) . . . scheme and in practice, for larget is generally more favor-
in the way the infection spreads out. Namely, in the new - LI
. o . . able to perform trivial tests on the individuals. Neverdssl
setting an adversary can arbitrarily decide whether a icerta

. . . . " it is easy to observe that our probabilistic scheme can in
contact with an infected individual results in a contamiorat eneral achiever — O(k2 log(n/k) /p?), but we ignore such
or not, and the only restriction on the adversary is on the - S P 9

total amount of contaminations being made. In this regar r('efmements for the sake of clarity.

the relationship between the adversarial variation of the
problem and the original (stochastic) problem can be thbugh
of akin to the one between the combinatorial problem of The problem described in Section II has a stochastic
designing block codes with large minimum distances aRature, in that the sampling matrix is obtained from the
opposed to designing codes for stochastic communicatig@@ntact matrix through a random process. In this section we
channels. The reason for introducing the adversarial probl introduce an adversarial variation of the problem that we fin
is its combinatorial nature that allows us to use standast$to more convenient to work with.
and techniques already developed in combinatorial group In the adversarial variation of the problem, the sampling
testing. Fortunately it turns out that solving the advaatar matrix is obtained from the contact matrix by flipping up to
variation is sufficient for the original (stochastic) prebi. e arbitrary entries t@ on the support (i.e., the set of nonzero
We discuss this relationship and an efficient reconstracticentries) of each column a¥Z<, for someerror parametere.
algorithm in Section IlI. The goal is to be able to exactly identify the sparse vector
Our next task is to design contact matrices suitable fatespite the perturbation of the contact matrix and regasdle
the adversarial (and thus, stochastic) problem. We extewd the choice of the altered entries. Note that the classical
two standard techniques from group testing to our settingroup testing problem corresponds to the special easé.
Namely, we give a probabilistic and an explicit constructio Thus the only difference between the adversarial probledn an
of the contact matrix in Sections IV and V, respectivelythe stochastic one is that in the former problem the flipped
The probabilistic construction requires each agent to-indentries of the contact matrix are chosen arbitrarily (aglon
pendently contact any individual with a certain well-chose as there are not too many flips) while in the latter they are
probability and ensures that the resulting data gatherttkat chosen according to a specific random process.
end of the experiment can be used for correct identificatfon o It turns out that the combinatorial tool required for sotyin
the infected population with overwhelming probabilityopr the adversarial problem is precisely the notiondigjunct
vided that the number of agents is sufficiently large. Namelynatrices that is well studied in the group testing literatur
for contamination probability, we requireO(k?(logn)/p?)  The formal definition is as follows.
agents, wheré: is the estimate on the size of the infected Definition 2: A boolean matrix M with n columns
population. The explicit construction, on the other handM,,..., M, is called (k,e)-disjunct if, for every subset

Ill. ADVERSARIAL SETTING



S C [n] of the columns with|S| < k, and everyi ¢ S, we Thus, by a union bound, the probability that the amount of
have bit flips at some column is not tolerable by is at most
n2~am), ]

supp(M ;) \ U supp(M;) || > e,

gt Remark:Note that, as we mentioned earlier, the adversarial
J

problem is stronger than classical group testing, and s,
wheresupp(M;) denotes the support of the colurid ;. lower bound on the number of measurements required for

The following proposition shows a one-to-one corresporFlaSSical group testing applies to our problem as well. It is

dence between contact matrices suitable for the adversaf@OWn that any measurement matrix that avouzjs confusion
problem and disjunct matrices: in standard group testing requires at le&stk”log; n)

Proposition 3: Let M be a(k, e)-disjunct matrix. Then measurements [20], [21], [22]. Thus we must necessarily

taking M as the contact matrix solves the adversarial prolﬁavem = Qk 1_O_gk n) as well, and t.hls upper bounds
lem for k-sparse vectors with error parameteiConversely, thlgsze(rigglfrgbabll|ty given by Proposition 4 by at most
any matrix that solves the adversarial problem must b& ! #% = o(1).

(k — 1, e)-disjunct.

Proof: Let M be a(k,e)-disjunct matrix and con- _ o
sider k-sparse vectors:, =’ supported on different subsets Suppose that the contact matrd® is (k, e)-disjunct.
S, 8’ C [n]. Take an element € S’ which is not inS. By Therefore, by Proposition 3 it can combinatorially distin-
Definition 2, we know that the columi; has more tham guish betweelk-sparse vectors in the adversarial setting with
entries on its support that are not present in the support 8ff0r parametee. In this work we consider a very simple
any M, j € S. Therefore, even after bit flips in M;, at decoder that works as follows.
least one entry in its support remains that is not present iflistance decoder:For any columne; of the contact matrix
the measurement outcome of, and this makess and=’  pz< the decoder verifies the following:
distinguishable.

For the reverse direction, suppose thef is not (k — Isupp(c;i) \ supp(y)| < e, 2
1, e)-disjunct and take any € [n] and .S C [n] with |S| <
k—1, i ¢ S which demonstrate a counterexample fof
being (k — 1, e)-disjunct. Considelk-sparse vectorg and
a’ supported onS and S U {i}, respectively. An adversary - _ .
can flip up toe bits on the support oM, from 1 to 0, leave Lemma 5:The distance decoder correctl_y identifies the
the rest of M unchanged, and ensure that the measuremerfi/TeCt support of anyk-sparse vector (with the above

outcomes forz andz’ coincide. ThusM is not suitable for diSjUnctness assumption dw).
the adversarial problem. Proof: Let « be ak-sparse vector and := supp(x),

. :
Of course, posing the adversarial problem is only interes}tg| < k, and M5 denote the corresponding set of columns

H H H C
ing if it helps in solving the original stochastic problenotfn in t_he sazmplmg matrlxl. Obwpusly all tt)h(ej c_olumns JWhS
which it originates. Below we show that this is indeed théat'?'fy (2) (as no column is F’e”W ed In more than
case; and in fact the task of solving the stochastic proble sitions) and thus the reconstruction includes the suppor

reduces to that of the adversarial problem; and thus after P! (this is true regardlesES, of the dl_SJu_nctness property
point it suffices to focus on the adversarial problem. of M). NOW let the vectory be the b|tYV|se OR of the
. i . . columns in M$ so thatsupp(y) C supp(y), and assume
Proposition 4: Suppose thab/ is anm>xn contact matrix that there is a columi of M*° outsideS that satisfies (2)
that solves the adversarial problem fesparse vectors with Th il h N < d this violat '
some error parameter Moreover, suppose that the weight h us we wiil| avq;;g;gc?\sipp(yg.l =6 anTh |st|0 a is
of each column ofM is between(1 — §)gm and gm, for the assumption t is (k,e)-disjunct. Therefore, the
a parametey ¢ (0, 1) and a constang € (0, 1), and that distance decoder outputs the exact suppott.of ]
e = (1—p)(1+6)gm, for a constanp € (0,1). ThenM can
be used for the stochastic problem with contamination prob-

A. Decoding

where y is the vector consisting of the measurement out-
comes. The coordinate; is decided to be nonzero if and
only if the inequality holds.

IV. PROBABILISTIC DESIGN

ability p, and achieves error probability at mos2—<(am), In light of Propositions 3 and 4, we know that in order to
where probability is taken over the randomness of samplirgp!ve the stochastic problem with contamination probapili
(and the constant beh"fd() depends om and 5) p and spar5|ty<:, it is sufficient to construct ak, 6)-dIS]UnCt

Proof: Take any columnM,; of M, and letw; be Matrix for an appropriate choice of In this section, we
its weight. After the bit flips, we expect the weight of theconsider a probabilistic construction favZ°, where each
column to reduce tgw;. Moreover, by Chernoff bounds, €ntry of M is set to1 independently with probability
the probability that (for “small’s) the amount of bit flips ¢ := «/k, for a parameterr to be determined later, and

exceedg1 — p)w;(1 + 4) is at most 0 with probability 1 — ¢q. We will use standard arguments to
show that, if the number of measurementsis sufficiently
exp(—0%(1 — p)w;/4) < large, then the resulting matrixZ° is suitable with all but

exp(—62(1 — 8)(1 — p)gm/4) = 2= %am), a vanishing probability.



Let § > 0 be an arbitrary (and small) constant. Usingconstructed by setting each entry independentlyl tavith
Chernoff bounds, we see thatsi > logn (which will be  probability g. Then eitherq = O(logk/k) or otherwise
the case), with probability — o(1) no column of M will  the probability thatM is (k,e)-disjunct (for anye > 0)
have weight greater thag(1+ §)m or less thary(1 —6%)m.  approaches to zero asgrows.

Thus in order to be able to apply Proposition 4, it sufficesto  Proof: Suppose thatVf is anm x n matrix that is
sete := (1—p)(1+30)gm as this value is larger than the error(k, e)-disjunct. Observe that, for any integee (0, k), if we
parameter1 — p)(1 + &)2gm required by the proposition. remove anyt columns of M and all the rows on the support

Lemma 6:For the above choices of the parameters of those columns, the matrix must remdin—t¢, e)-disjunct.
ande, the probabilistic construction obtaing &, e)-disjunct  This is because any counterexample for the modified matrix
matrix with probabilityl —o(1) usingm = O(k?(logn)/p?)  being(k—t, e)-disjunct can be extended to a counterexample

measurements. for M being(k, e)-disjunct by adding the removed columns
Proof: Consider any sef of k columns of M€, and to its support.
any column outside these, say tite column where ¢ S. Now consider any columns ofM, and denote by, the

First we upper bound the probability of failure for this number of rows ofM at which the entries corresponding to

choice ofS andyi, i.e., the probability that the number of thethe chosen columns are all zeros. The expected value,of

positions at theith column corresponding to which all theis (1 — q)'m. Moreover, for everyy > 0 we have

columns inS have zeros is at most Clearly if this event

happens thék, e)-disjunct property is violated. On the other Prmo > (140)(1 = ¢)'m] < exp(=6%(1 = ¢)'m/4) (3)

hand, if for no choice of’ andi a failure happens the matrix by a Chernoff bound.

is indeed(F, e)-disjunct. Let t, be the largest integer for whidh +6)(1—¢)om >
Now we compute the failure probability; for a fixedS  1ogn. If t, < k—1, we lett := 1+ ¢, above, and this makes

andi. A row is goodif at that row theith column has d  the right hand side of (3) upper bounded bit). So with

but all the columns irt’ have zeros. For a particular row, theprobability 1 — o(1), the chosert columns of M will keep

probability that the row is good ig(1 — ¢)*. Then failure 1, at most(1 + §)(1 — ¢)'m, and removing those columns

corresponds to the event that the number of good rows #hdm, rows on their union leaves the matiik—to — 1, e)-

at moste. The distribution on the number of good rows isdisjunct, which obviously requires at lealsizn rows (as

binomial with meary = ¢(1 — ¢)*m. By a Chernoff bound, even a1, 0)-disjunct matrix needs so many rows). Therefore,
the failure probability is at most we must have

pr < exp(—(u—e)?/(2u)) (1+6)(1—q)'m > logn

= exp(-mg((1 - )" - or otherwise (with overwhelming probability)Z will not be
(1-p)(1+38)%/2(1 - ")) (k, e)-disjunct. But the latter inequality is not satisfied by the

exp(—mq(1/3% — (1 — p)(1 + 36))%/2'~%) assumption orty. So if ty < k — 1, little chance remains for

M to be (k, e)-disjunct. Now consider the casg > k — 1.

By a similar argument as above, we must have

IN

where the last inequality is due to the fact tiiat— ¢)* =
(1 — a/k)* is always betweeri/3* and 1/2°. Let v :=
(1/3% — (1 — p)(1 4+ 36))?/2'~=. Note that by choosing the (1+6)(1 —¢q)*m >1logn

parametersy ando as sufficiently small constants,can be or otherwise the matrix will not be(k,e)-disjunct with

made arbitrarily close t@?/2. . . . T
Now if we apply a union bound over all possible Choicesoverwhelmmg probability. The above inequality impliesath

of S and i, the probability of coming up with a bad we must have

choice of M would be at most:(7) exp(—mgy). This ¢ < log(m(1 +6)/logn)

probability vanishes so long as > k?log(n/k)/(avy) = N k ’

O(k?(logn)/p?). B which, form = O(k?logn) givesq = O(log k/k). n
Along with Propositions 3 and 4, the result above imme-

diately gives the following: V. EXPLICIT DESIGN

Theorem 7:The probabilistic design for construction of Inthe previous section we showed how a random construc-
anm x n contact matrixM © achievesn = O(k?(logn)/p?)  tion of the contact matrix achieves the desired propertes f

measurements and error probability at masf:(*/1e%) —  the adversarial (and thus, stochastic) model that we censid
o(1) for the stochastic problem using distance decoder as tire this work. However, in principle an unfortunate choice
reconstruction method. of the contact matrix might fail to be of use (for example,

The probabilistic construction results in a rather sparsié is possible though very unlikely that the contact matrix
matrix, namely, one with densit@)(1/k) that decays with turns out to be all zeros) and thus it is of interest to have an
the sparsity parametet. Below we show that sparsity is explicit and deterministic construction of the contact mxat
necessary condition for the construction to work: that is guaranteed to work.

Lemma 8:Let M be anm x n boolean random matrix, In this section, we demonstrate how a classical construc-
where m = O(k*logn) for an integerk > 0, which is tion of superimposed codes due to Kautz and Singleton [23]



can be extended to our setting by a careful choice of therocedure as well as unfortunate choice of the contact matri

parameters. This is given by the following theorem. M°.
Theorem 9:There is an explicit construction for an x

n contact matrixM € that is guaranteed to be suitable for

the stochastic problem with contamination probabititgnd [1] R. Dorfman, “The detection of defective members of lafepula-
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