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Gain-Scheduled Controller Design by Linear
Programming with Application to a Double-Axis
Positioning System

Marc Kunze, Alireza Karimi and Roland Longchamp

Abstract—A linear programming approach is proposed to tune
fixed-order linearly parameterized gain-scheduled contrdiers for
stable SISO Linear Parameter Varying (LPV) plants. The mettod
is based on the shaping of the open-loop transfer functionsithe
Nyquist diagram with constraints on the robustness marginsand
on the lower approximation of the crossover frequency. Two p-
timization problems are considered: optimization for robustness
and optimization for performance. This method directly com
putes a gain-scheduled controller from a set of frequency-@main
models in different operating points or from an LPV model and
no interpolation is needed. In terms of closed-loop perforrance,
this approach leads to extremely good results. However, ced-
loop stability is ensured only locally and for slow variations of the
scheduling parameters. A stability analysis should be pedrmed
for fast variations of the scheduling parameters. An appliation
to a high-precision double-axis positioning system illusates the
effectiveness of the proposed approach.

|. INTRODUCTION

The classical gain-scheduling methods proceed in two steps
First, a finite grid of operating points is chosen within the
whole range of operating points and a controller is designed
for each of these selected operating points based on the loca
model. Secondly, an interpolation between the controliers
made to get a gain-scheduled (or LPV) controller. Usudily, t
gain-scheduled controller is obtained by interpolatiotwiaen
the parameters of the local controllers. However, differen
methods exist. For example in [3] an affine interpolation
between the poles, zeros and gains of the local controllers
is made, resulting in an affine state-space representafion o
the LPV controller. Classical gain-scheduling methodsegiv
good closed-loop performance and are simple to use: no LPV
model is needed; controllers can be designed easily using fo
example a classical loop-shaping method; the implememtati
of the controller is straightforward. The major drawbaasli
in the fact that the global stability of the closed-loop syst
is not always assured, in particular for fast variations e t

A large class of nonlinear systems can be represented éi%eduling parameters

a set of linear models that approximate the dynamics of thep;.act [PV controller design methods are based on LPV

systems in different operating points. The dynamic beltavig,oe|s. These approaches are different from the classiga! g

of such systems varies as a function of some scheduligg,eqyling methods since they involve the direct synthesis

parameters. Many electromechanical systems, such as {pr, controller rather than its construction from a family of

example component mounters, H-drives and electromagngficy) jinear controllers designed by LTI methods. The direc
levitation systems belong to this class of systems. Forethegaihqgs can be divided into two main categories: methods
examples, the scheduling parameter is the position, as teling 5 small-gain Linear Fractional Transformation (LFT)
dynam|c§ changg as a fun(?t|on of the position. approach [4] and methods using a Lyapunov-based approach
Such time-varying behavior cannot be controlled by classi) The major advantage of these methods is that they assure
cal linear control methods, as these methods require a Linga, global stability of the closed-loop system. Unfortehat
Time Invariant (LTI) model of the system. One solution tthithey are more conservative than the classical gain-scimegul
problem is to design an LTI controller that is robust againghethods, leading to poorer closed-loop performance. More-

these varying dynamics._ In this approach,_ the variation Bf/er, as mentioned in [6], they are often affected by nuragric
the dynamics as a function of the scheduling parametersc%ditiomng and by practical implementation problems.

treated as uncertainty, which often leads to poor closeg-lo |, this paper, a classical gain-scheduling method is pregos
performance. _ based on an extension of the linear programming method
The performance of the controlled system can be 'mprovﬁpesented in [7]. The proposed method tunes fixed-order
if the knowledge of the scheduling parameters is included iearly parameterized gain-scheduled controllers fablst
the controller by making it dependent on these parametées. T py plants by shaping the open-loop transfer functions in
corresponding synthesis procedure is commonly referred g8 Nyquist diagram. This method is one shot in the sense
gain-scheduling (see the survey papers [1] and [2]). Bigicaihat g gain-scheduled (or LPV) controller is directly cortgal
two classes of methods can be distinguished: one is caled ¢y an LPV model or a set of models in different oper-
classical gain-scheduling methods and the other one thetdirating points and no interpolation step is required. A linear
Linear Parameter Varying (LPV) controller design methodsgiapility margin, which guarantees for the frozen paransete
a lower bound for the gain, phase and modulus margins and
a lower approximation of the crossover frequency are used
as constraints. These constraints are linear with resmect t
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the parameters of the linearly parameterized controlleusT ~ As an example, the parameterization of a PID controller
an optimization problem that maximizes the robustness depending on a scald@rcould take the following form:
the closed-loop performance in terms of load disturbance

rejection, output disturbance rejection and tracking can b p"(0) = [K,(0), Ki(0), Ka(0)], (6)
solved by linear programming. Since the approach is based on

the robust stability, only local stability is guaranteedol@l 6T (s) = 717 5 ], (7)
stability can be considered a posteriori and is also theestibj s 1+Ts

of another work.
This paper is organized as follows. In Section Il the cla
of models and controllers are defined and a summary of the

whereT' (known) is the time constant of the noise filter. The
rameters could be polynomialsanof order 2:

linear programming method presented in [7] is given. Sectio K,(0) =K, 202 + Kp10+ Kpo, (8)
[Il shows the extensions to design gain-scheduled coetll
Simulation results are given in Section IV. The proposed Ki(0) = Ki26% + K10 + K. 9)

method is applied to a double-axis Linear Permanent Magnet
Synchronous Motor (LPMSM) in Section V where a stability
analysis is also performed. Finally, Section VI gives some
concluding remarks.

Kq(0) = Kq20° + Kq10 + Ka.o, (10)

C. Summary of the linear programming method

IIl. PRELIMINARIES AND PROBLEM FORMULATION Classical gain, phase and modulus margins (radius of

A. Plant model the circle centered in [-1, jO] and tangent to the Nyquist

The class of SISO LPV systems, varying according tga plot of the open-loop transfer function) as well as crossove
dimensional vecto# of scheduling parameters, is consideredr€quency w. are nonlinear functions of the controller
The linear systems for frozen scheduling parameters are sBgrameters. Optimization methods with constraints onethes
posed to have no Right Half-Plane (RHP) pole. It is assum¥glues lead to non-convex optimization problems. The linea
that a set of non-parametric models in the frequency donsairPfogramming method introduces a new stability margin
available. This set is obtained by doing several identificat @1d @ lower approximation of the crossover frequency
experiments for different values @ Suppose that the dy- which lead to linear constraints for an optimization prable
namics of the system can be captured by a sufficiently larje Which robustness or performance are maximized [7].
finite number of frequency pointd’ and that a sufficiently 1his optimization problem can be solved efficiently by a

large number of models: is available to have a fine grid linear programming method. The following is a summary and
with respect tod. Then, the set can be presented by: the reader can see [7] to have a full description of the method

M =A{G(jw,0) [k =1,...,N;Il=1,...,m}, (1) 1) Linear robustness marginConsider a straight line;

én the complex plane crossing the negative real axis between
0 and -1 with an anglex € (0°, 90°] (see Fig. 1). The
linear stability margir € (0, 1) is the distance between the
critical point -1 andd; where it crosses the negative real axis.

where w, and 6, are, respectively, particular values of th
frequencyw and of the scheduling parameteks

B. Controller parameterization If the Nyquist plot of the open-loop transfer function lies o
A class of linearly parameterized controllers is considerethe right-hand side of;, a lower bound on the conventional
. robustness margins is ensured.
K(s,0) = p" (0)o(s), )
where 2) Lower approximation of the crossover frequency:
T Consider another straight liné, in the complex plane
0) = 0 0 n, (0)], 3 o . .
P (0) = [p1(0):p2(0), - P, (0)] 3) tangent to the unit circle centered at the origin which azess
T () = [p1(3), P2(5), .., bn. (3)], (4) the negative real axis with an anglé (see Fig. 1). The
. . . ‘ ! . part of d> betweend; and the imaginary axis is a linear
ny is the dimension op and¢;(s), i = 1, ..., n,, are rational approximation of the unit circle in this region. Now, assume

basis functions with no RHP pOIe. As the aim is to dESign dAat the 0pen-|oop Nyqu|st p|ot intersed@ at a frequency

LPV controller, the controller parameters depend tolfsee calledw,. From Fig. 1 it is clear that the crossover frequency

(3)). Let us assume that;(0) is a polynomial ind of order ,, is always greater than or equal &g.. Hence,w,, which

Des 1.€. is a lower approximation of the crossover frequency, can be
pi(6) = (pip )70 + ...+ (i) 0+ (pi0)"T,  (5) gﬁ)‘;‘éd"’}fojp measure of the time-domain performance or the

whereT is anny-dimensional vector of ones a4 denotes

element-by-element power d&f of vector §. Thus, the con-  3) Optimization for robustnessOptimizing the robustness

troller is completely characterized by the real vectpyg,, consists of maximizing the linear robustness margin

-+ P41 Pil0-
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the vectorsp; ., ..., pi1, pio:

K (jwi, 0)G (jwr, 01) = p" (01)(jwi) G (jwr, 01)
= p" (O)R(wk,00) + jp" (0)T(wk,0)  (14)

> = (MO)" R(w, 0r) + (M) T(wg, 01),
where
(rp)t o ()" (po)”
M= : : : ; (15)
(pnp,pc)T (pnp,l)T (pnp,O)T
=10 ... 6 17, (16)

R(wg, 6;) and Z(wy, 0;) are, respectively, the real and the
imaginary parts of(jwy)G(jwk, ;).
Before explaining two different optimization problems, it
] _ _ _ _ should be noted that the number of integral terms in the
T S e ey e OPOMI00D transfer functior.(s,0) defermines where the
lower approximation of the crossover frequency are, reamdy ¢, w. and 1OW frequency points of.(s, 6;) are located. For example, if
Wa- L(s, 6;) contains two integral terms, the low frequency part of
the Nyquist diagram will be located in region Ill (see Fig. 1)
The number of integral terms will determine the constraints
4) Optimization for performanceOptimizing the load dis- of the optimization problems. For this reason, the LPV ant

turbance rejection is considered as the desired perforenaggnsidered should have a fixed number of integral terms.
for the closed-loop system. In general, to reject low-frEtry

disturbances, the controller gain at low-frequencies khba
maximized. For a rational continuous-time controller odler

A. Optimization for robustness

n. with fixed denominatotis;(s), In this part, it is supposed that a desired crossover freguen
w. IS given and the objective is to find the best controller
_ K (0)s" + ...+ k1(0)s + ko(0) in terms of the robustness margins. The design variables for
K(s,0) = ; (11) o
Kq(s) the optimization problem are,, a and 8. To guarantee an

achieved crossover frequency greater than the desired one,
is chosen equal taw.. The design method is the same
hether the open-loop transfer functidits, §;) contains one
or two integrators. The Nyquist diagram &fjw, 6;) at very
np low frequencies is located in region Ill or IV and at very
ko(0) = Z%pi(e), (12) high frequencies in region | (see Fig. 1). In order to ensure
i=1 a certain distance from the critical point, the Nyquist @irv

wheren; are the coefficients of the linear combination whicf§0uld not enter region Il. On the other hand, the Nyquist
depend on the basis functions. For the particular cage,0f) CUrVe necessarlly intersecis atw,. As a result, the open-
containing only one integrator, maximizirig(¢) corresponds '00P Nyquist curveL (jw, 6;) should lie in region lll or IV for

to minimizing the Integrated Error (IE) caused by a loafjequencies less than, and in region | for frequencies greater
disturbance [8]: thanw,. Thus, the following linear optimization problem is

considered:

it corresponds to maximizingo(6). According to (2),ko(6)
is a linear combination of the parameters of the linearfy
parameterized controller:

e 1
IE:/ e(t)dt o« ——, (23)
0 () ko(0) max /
M

wheree(t) is the difference between the desired output and ¢ ¢ (M) (cot aT(w, 0)) — R(wr, 1)) + £ < 1
the measured output at tinie ’ ’

It should be noted that by maximizirig (6) not only the IE _fO; We > way L= o 1
of the load disturbance rejection is minimized but also e | (M6,)" (cos BL(wk, 01) + sin BR(wp, 1)) > —1

of the output disturbance rejection and the IE of the tragkin forwgy > w,, 1=1,....,m,
(M) (cos BT (wy, 0;) + sin BR(wy,0;)) < —1

I1l. EXTENSION TODESIGNLPV CONTROLLERS forwy <w,, =1,....,m.

When a set of non-parametric models is available, the (17)
parameterization of the controller (see (2)) allows us tdenr The first and second lines correspond to the constraints that
every point on the Nyquist plot of the open-lodgjw, ;) = the Nyquist curve has to be belady for w; > w,, the third
K(jw,0,)G(jw,0;) as a linear function of the parameters oénd fourth lines correspond to the constraints that the éyqu
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curve has to be abow& for w; > w, and the fifth and sixth C. LPV parametric model
lines correspond to the constraints that the Nyquist cuag h \when a set of non-parametric models is available, the

to be belowd; for wy, < w,. optimization methods presented above can be directly egpli
to compute an LPV controller as the number of models and
the number of frequency points are finite. On the other hdnd, i

B. Optimization for performance an LPV parametric model is available, the number of models

orresponding to different values of the scheduling patarse

Another control objective is to consider some constrain?s . o .
and the number of frequency points are infinite, leading to

for the robu;tness margins and maximize thg c_Iosed—IogR infinite number of linear constraints if using the prombse
performance in terms of the load disturbance rejectiomutut method. To solve this problem, the first step is to go from

ﬂiﬁ:ﬁi?ﬁge rejection and tracking. This can be done %¥1 infinite number of frequency points to a finite number of

frequency points by gridding the frequency domain. If the
) gridding of the frequency domain is not desired, it is still
l:If}fmZ7ipi(ol)' (18) possible to use the generalized KYP method proposed in [9]
' at the cost of more complexity. At this point the number
The design variables are limited to the linear robustnesgima ©f constraints is still infinite, since the number of models
¢ anda. WhenL(s, 6;) contains only one integrator, the opencrresponding to different values of the scheduling patarse
loop Nyquist curve should lie in region | or IV. Thus a simplé s still infinite. This problem can be solved using two
optimization problem can be defined as follows: different ways:
o Gridding#. If the number of parameters this not large,
this approach is feasible since the linear programming

max Kmin method handles efficiently a very large number of con-
=7 straints.
s. . (M6:)" (cot aZ(wg, 01) — Rlwk, 1)) + £ <1 « Discretizing using a randomized approach [10], [11].
forall wg, 1=1,...,m, (19) This method allows to get a finite number of constraints.
v It means that the solution found satisfies the original set of
> 4ipi0) = Knin >0 forl=1,...,m, constraints (infinite number of constraints) with a certain
=1

probabilistic level.

For the case of two integrators if(s,6;), the constraints There are two advantages for the use of LPV models:

should be modified such thét(jw, 6;) at low frequencies can « One can use a finer grid on the operating points to be
be located in region I1l. This can be obtained using a st[ta|gh sure that between the identified models the constraints
line in the complex plane. The ling, can be used again to  are satisfied.

divide the complex plane in four regions. The Nyquist diagra + The global stability analysis is possible, as it will be
of L(jw, ;) should lie in region | or IV for the frequencies shown in Section V.

greater thamv, and in region Il or IV for the frequencies less

thanw,. Thus, the optimization problem can be formulated as IV. SIMULATION RESULTS

The design method is tested on a system having a reso-
nance whose frequency changes as a function of a scheduling

max Kin parameter). Consider the following LPV plant model:

s. t. (Mél)T(COtaI(wk,el) —R(wg,0,))+£<1 w2(9)
. G(s,0) = Y , (22)
forwy >w,, 1=1,...,m, 52 + 2¢wo()s + wa(0)
(M6;)T (cos BI(wp, 0;) + sin BR(wg, 0;)) < —1 where
forwp <w,, [=1,...,m, wo(f) =2+ 0.20, (22)
Z%Pz(el) _Kmin =0 forl = 17"'ama 42017 (23)
i=1 _
(20) 0el-1,1]. (24)

. o o This model could represent the dynamics of a mechatronic
where w, is this time not a lower approximation, but asystem, where the frequency of the resonance is a function of

lower bound for the crossover frequency as it can be locatgfé moving mass. The objective is to design a PID controller
anywhere in region IV, and not necessarily at the intersactiwith the following structure

with d2. 9

It should be noted that, even if the methodology presented K(s) = Kas” + Kps + K
in this paper is for continuous-time controllers, it can bsily s(1+Ts)
adapted to design discrete-time controllers (see expeatahe that maximizes the robustness of the closed-loop system wit
results in Section V). a crossover frequency of about 3.3 rad/s. This crossover

(25)
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Fig. 2. Nyquist plot of the open-loop transfer function oétRID controller Fig. 4. Nyquist plots of the open-loop transfer functionshaf gain-scheduled
and the nominal model ofs. PID controller andG for 6 = -1 (solid), # = 0 (dashed) and = 1 (dashed-
dotted).

Now, a robust PID controller is designed for the LPV model.

1 21 equally spaced discrete valuestoare taken between 1
and 1. Once again, for each discretized vatye G(s,0;)
osf 1 is evaluated at N = 3000 equally spaced points between 0
and 30 rad/s. No solution is obtained from the optimization
ool | problem for the whole range @ A solution is obtained only

if & € [-0.18, 0.18]. This shows the relevance to design a
gain-scheduled controller.

Thus, a gain-scheduled PID controller with the following
form

0.4

0.2

1
K(s,0) = ———
% s 10 15 20 2 30 ( ) 5(1 + TS)

Time (s)

(K410 + Ka0)s” + (Kp,10 + Kp0)s

+ (Kip0+ Kio)] (26)

is designed. As it can be seen in (26), the orgderof the
polynomial in 6 describing the parameters of the controller
is set to 1. As before, 21 equally spaced discrete values of
0 are taken between -1 and 1 atis, ¢;) is evaluated at N
frequency is chosen because it is about 20% greater than +h8000 equally spaced points between 0 and 30 rad/s. The
crossover frequency of the nominal modél=€ 0) in open- controller parameters are shown in Table I. The Nyquistsplot
loop. The optimization problem (17) is considered. To softeof the open-loop transfer functions obtained by the design a
a little bit the constraints, a tolerance on is used, meaning shown in Fig. 4 for three particular valuesf{-1, 0 and 1). It
that the frequencies near, (up to 2.5 %) can be anywherecan be observed that the Nyquist plots respect the contstrain
and not necessarily in region I, Il or IV. The design var@blrepresented by the two lines and lead to a linear matgin
w, Is fixed to 3.3 rad/sp to 90° and 5 to 20°. The time 0.733. The responses of the closed-loop system to a set point
constantl” of the filter of the PID controller is set to 0.1 s. change using the gain-scheduled PID controller are shown in
First, a PID controller is designed for the nominal modeFig. 5 for three frozen particular values 6f(-1, 0 and 1).
To be able to use the optimization problem (1&).s,0) is It can be seen that the responses to a set point change are
evaluated at N = 3000 equally spaced points between 0 arety good (small overshoots). The response of the closeg-lo
30 rad/s. The Nyquist plot of the open-loop transfer funttiosystem to a set point change using the PID controller dedigne
obtained by the design is shown in Fig. 2. It can be observeat the nominal model is also shown in Fig. 5 for= -1. The
that the Nyquist plot respects the constraints represdnytéite response is more oscillatory, which justifies the use of the
two lines and leads to a linear mardif 0.743. The response gain-scheduled controller. Thanks to the gain-schedul&d P
of the closed-loop system to a set point change is showndantroller, it is possible to have about the same performanc
Fig. 3. It can be seen that the response is satisfactory I(sn@aid robustness for different valueséfwhich is not possible
overshoot). using a robust PID controller.

Fig. 3. Set point response of the PID controller and the nahmtmodel of
G.
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Fig. 5. Set point responses of the gain-scheduled PID dtertrand G for

0 = -1 (solid), ® = 0 (dashed) and = 1 (dashed-dotted) compared to the se}:ig 6
point response of the PID controller designed for the nohmmadel and G L
for § = -1 (dotted).

Double-axis linear permanent magnet synchronougom@vith
courtesy of ETEL).

TABLE | A. Non-parametric identification of the dynamics of the kigh
PARAMETERS OF THE GAINNSCHEDULEDPID CONTROLLER. aXiS
Kii  Kao  Koa Koo K Ko In order to be able to design a gain-scheduled controller for
01832 0.8825 0.0049 02156 -0.1017 3.4154 the higher axis, a set of non-parametric models is necessary

To measure the frequency response functions (FRF), thieestro
of the lower axis (0.32 m) is divided into 16 equally spaced
partitions. The higher axis is positioned at= 0 m and is
excited with a sum of sinusoidal signals from 4.4 to 9000 Hz
for each position of the lower axis and thus, 17 non-parametr
models in the frequency domain are obtained. Fig. 7 shows
the magnitude Bode diagram of the identified non-parametric

The gain-scheduled controller design method is app“%jodels for the higher axis when = 0 m andy varies from

toos?tiglsuotz‘les-jé(rllsaLEI\gtSe'\r/ll{ -\I;VTI?CP? bilsegtr;\:)?/vils irgoFfongOL;?n?O.m m to 0.16 m. This figure shows clearly that the dynamics
P Y ' 9- o gepend on the position. For low frequencies the higher axis

a two-degree of freedom discrete-time controller for eadh a beh inal v th litude ol
operating at a sampling frequency of 18 kHz (imposed b ghaves as a single mass system, namely the ampiitude plot
ows a slope of -40 dB/decade. Between 100 and 140 Hz,

the industrial partner). The design of a precompensator e first decoupling of mass can be seen (zeros, poles). At 500

tracking improvement of this system has been discussed _in
[12] and in this paper the design of a stabilizing feedbaci id 900 Hz the same phenomenon happens. From 1000 Hz,

- . . e magnitude Bode diagram is not plotted, since it has mainl
controller is investigated. The advantages of this systeen a | f dB/decade with . inf .
high dynamics (high acceleration and deceleration c&pabaflsope of -40 dB/decade with no important Informations.
It should be noted that no LPV model is necessary to

ities), high mechanical stiffness, reduced friction andhhi compute the gain-scheduled controller. This is an advantag
accuracy. The high accuracy is due to the fact that it has X

no mechanical transmission and, therefore, does not suﬁlésrIt shortens the procedure of identification.
from backlash. The particularity of this application is tthaB
the dynamics of each axis vary with the position of the two" ] ) ) o
axes. For example, it is clear that the dynamics of the lowerAS @ set of non-parametric models is available, it is now
axis change as a function of the position of the moving peppssmle to design a gain-scheduled controller. The aino is t
of the higher axis. If the moving part of the higher axiglesign a low-order controller that maximizes the robustnes
is at an extremity, it is connected to the lower axis with ¥ith @ closed-loop bandwidth of 180 Hz (specified by the
different rigidity from the case that the moving part is a thindustrial partner). A gain-scheduled PID controller witte
center. Thus, in this application, it is clear that the sciieg following form
parameters are andy, respectively the positions of the higher

and lower axes. For reason of brevity, this section will only

discuss the model, design of the feedback part of the coertrol .
and stability analysis of the higher axis wheis centered and with

y varies from -0.16 m to 0.16 m. Kn(z74y) = ko(y) + k1 (y)2 ™ + ka(y) 22, (28)

V. EXPERIMENTAL RESULTS

Gain-scheduled controller design of the higher axis

K’n«(zilvy)

K(zilay) - Kd(Z_l)

(27)
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Fig. 7. Magnitude Bode diagram of 17 identified non-paraimetrodels for Fig. 8. Nyquist plots of the open-loop transfer functionshaf gain-scheduled
the higher axis ar = 0 m andy = [-0.16:0.02:0.16] m. controller and the system far = -0.16 m (solid),y = 0 m (dashed) ang =
0.16 m (dashed-dotted).

Ka(z"1) = (1-27") (29)
_ _ _ . be able to do it, an LPV parametric model of the higher axis
is designed, Wher@_ |s_the sche(_zlu_llng parameter. The ordeg needed. Since the gain-scheduled controller is desifpred
pe of the polynomial iny describing the paramters of the . .0 40 m and, between -0.16 m and 0.16 m, the LPV

controller is set to 2. To design the controller a mOdiﬁeHarametric model is also computed feraround 0 m and;
version of the optimization problem (17) is used. This Ol5etween -0.16 m and 0.16 m.

timization problem has to be adapted to design discrete-tim 1) LPV parametric model identificationn order to com-

controller and to deal with the double _integrqtor behavibr Qute the LPV parametric model, the procedure proposed by
the system: as the controller also cor_1ta|ns an integral, téren Steinbuch et al. [13] is used, that is: (i) measuring the FRF
Nyquist diagram has to be located in region Il (but very fag yitterent positions giving non-parametric models, fiting

from the .crltlcal point) at very low frgquenues. Thus, faet a discrete parametric model on each non-parametric model,
frequgnues lower thaw;, the curve is not constrained to be(m) combining these models by linking parameters via a
in regions Ill or IV anymore. Moreover, when the rObus‘mesﬁolynomial fit as a function of the position. The first steplod t

is maximized, this may lead to canceling the integral actibn oo qure is presented in Subsection V-A. 17 non-parametri
the controller. For a rational discrete-time controllethwixed models are available at the positions= 0 m andy in the

denominator, the integral action corresponds to the sutheof t .\ /4| [-0.16, 0.16] m with increments of 0.02 m.

controller parameters. Thus, to be sure to keep the integral, fing parametric models from frequency domain data, the

action (which is needed to reject the load disturbances), thenod of Levy is used in continuous-time (see [14] for more
following constraints are added: details). From Fig. 7 it can be seen that the higher axis has a
ko(y) + k1(y) + ka(y) > Kmin (30) double integrator behavior as well as three resonances. Onl
) ] o the first one is important for control. Hence, a fourth order
fory in the interval [-0.16, 0.16] m with increments of 0.02 Myqn4inous-time model is used to fit these curves. Moreover,
The de_S|gn_ variables arey, wi, a, § and Kmi_"' The lower poles are set to 0 to represent the double integratocteffe
approximation of the crossover frequency is set 10 180 rpage models are then discretized using a sampling freguenc
Hz andw; to 80 Hz. The value of 30is used fora and 3. 4t 5000 Hz (the Nyquist frequency is thus about 10 times

By practical expertiseX min is S:)et t0 0.004. It should also bey e ater than the resonance). Fig. 9 shows the Bode diagram
noted that, a tolerance of 5 % an, is used to soften the ¢ iha discrete parametric model at= 0 m andy = 0.14

constraints, meaning that the frequencies neaup t0 5 %) compared to the non-parametric model. It can be observed

can be anywhere and not necessarily in region I, Il or IV. yha¢ the first resonance is well identified. Such a parametric
The Nyquist plots of the open-loop transfer functions ol e is computed for the 17 non-parametric models. Thus,

tained by the design are shown in Fig. 8 for three particulg{e parametric models obtained have the following form:
values ofy (-0.16 m, 0 m and 0.16 m). It can be observe

that the Nyquist plots respect the constraints represenjed ¢y, ~1 _ ba+b3z ! +bo2? + b1z by ! (31)

the two lines and lead to a linear margirof 0.520. 1+azz=l +asz=2+a1273 +ap?
- . The last step for the obtention of an LPV model is to
C. Stability Analysis combine these models by linking parameters via a polynomial

The idea is to analyze the global stability of the higher axi# as a function of the position. Fig. 10 shows one paramédter o
in closed-loop with the designed gain-scheduled conttdlle the numeratorl) and one parameter of the denominatoy)(
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Fig. 9. Bode diagram of the non-parametric (solid) and éigcparametric Fig. 11.
(dashed) models for the higher axisaat 0 m andy = 0.14 m.

of the parametric models in function gfand the polynomials
obtained by interpolation. It can be seen thatis well fitted

0.275

10
Frequency (Hz)

0.27

0.265

2

10

10
10°

Frequency (Hz)

Magnitude Bode diagram of the LPV model for the highes at
2 =0 m andy € [-0.16, 0.16] m.

2) Stability analysis using Lyapunov theor@nce the LPV
model is identified, the stability can be analysed. With this
objective, Lyapunov stability theory is used. A closeddoo
LPV system is globally stable if:

JdP > 0 such that:
AO)TPAWG)-P <0 VO

Since the number of Linear Matrix Inequalities (LMIs) is
infinite, the problem is not directly solvable. If the LPV nedd
can be written in an affine or polytopic form, the number of

(32)

LMis is finite. Another solution to solve approximately the
problem consists of gridding the scheduling parametéihus,
the problem (32) becomes:

JdP > 0 such that:

0.26

0.255

0.25

(33)

R Pa—— 0 o1 02 22 -1 0 01 02 A(@l)TPA(GZ) —P<0 fori=1,...,m
Position (m) Position (m)

If such constraints are satisfied, the LPV system is stable
whatever the speed of the scheduling parameter is. For some
applications, the maximal speed of the scheduling paramete
is known. Thus, this information can be taken into account

, _ _ to reduce the conservatism of the result by using a parame-

Fig. 10. Parameters of the numerator and denominator of dnanpetric

ter dependent Lyapunov matrix. Thus, the stability problem
becomes:

dPy+6,P, >0 fori=1,...,m such that:
A0)T (P + 013:n P ) A(6) — (P + 6, P1) < 0
forti=1,....m

models for the higher axis in function @f (x = 0 m andy is in the interval
[-0.16, 0.16] m with increments of 0.02 m) (star) and poylimam obtained
by interpolation (solid line).

34
by a second-order polynomial. Additionally is fitted by a (34)

linear function. All the parameters of the denominator a# we
as the parameters of the numerdigrb, andbs are also fitted n is related to the maximal speed of the scheduling parameter
by a second-order polynomial, wherdasis fitted by a linear i.e. it is the maximal number of discrete scheduling values
function. It should be noted that the parametric model oletdi that can be reached at the next sampling time. In our case,
for y = -0.10 m does not fit adequately the corresponding notite scheduling parameter is the position of the lower axis.
parametric model, thus it is not taken into account to computhus, the closed-loop LPV model is evaluated in 21 equally
the polynomial fit. Fig. 11 shows the magnitude Bode diagraspaced discrete values gfbetween -0.16 m and 0.16 m (the
of the LPV model obtained for the higher axiszat 0 m and controller must be downsampled from 18 kHz to 2000 Hz
y € [-0.16, 0.16] m. It can be observed that this model looksince the sampling frequency of the LPV model is set to 2000
similar to the non-parametric models of Fig. 7, especidily t Hz). Then, the problem (34) is solved recurrently to find the
first resonance. maximal speed for which the system is stable. The stability
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could be proven for a motion of 0.08 m with a maximaji3] M. Steinbuch, R. van de Molengraft, and A. J. van der YoOEx-
speed of 9 m/s. For this application, a typical motion has an Perimental modelling and LPV control of a motion system,"lEEE

amplitude of 0.025 m and a maximal speed of 0.5 m/s. Thus,

the stability obtained is sufficient.

Fixed-order linearly parameterized gain-scheduled con-

VI. CONCLUSIONS

troller design is formulated as a linear optimization pesbl

The proposed method is based on frequency loop shaping in
the Nyquist diagram. Classical robustness and performance
specifications are represented by linear constraints in the
Nyquist diagram. The control objective is to maximize the

robustness margin or to maximize the closed-loop perfor-
mance. This method requires only the frequency response
of LPV plants in different operating points and need no

interpolation to get the LPV controller, which constitugeseal
advantage, since the procedure of designing local coatsoll
and interpolating between them can be very difficult.

Simulation results show that the method can compute a
gain-scheduled controller with robustness margins that ar

unachievable with a classical robust controller.

The application of the proposed method on a system, whose
resonance varies as a function of the position, shows tleat th
robustness margins could be improved using a gain-schetdule

controller. Moreover, it is shown that it is possible to azal
the stability of the LPV system once the controller is desijn
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