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An algebraic model for the loop space homology of a
homotopy fiber

KATHRYN HESS

RAN LEVI

Let F denote the homotopy fiber of a mapf : K → L of 2-reduced simplicial
sets. Using as input data the strongly homotopy coalgebra structure of the chain
complexes ofK andL, we construct a small, explicit chain algebra, the homology
of which is isomorphic as a graded algebra to the homology ofGF, the simplicial
(Kan) loop group onF . To construct this model, we develop machinery for
modeling the homotopy fiber of a morphism of chain Hopf algebras.

Essential to our construction is a generalization of the operadic description of the
categoryDCSH of chain coalgebras and of strongly homotopy coalgebra maps
given in [6] to strongly homotopy morphisms of comodules over Hopf algebras.
This operadic description is expressed in terms of a generaltheory of monoidal
structures in categories with morphism sets parametrized by co-rings, which we
elaborate here.

55P35, 16W30; 18D50, 18G15, 18G55, 55U10, 57T05, 57T25, 57T30

Introduction

In this article we propose a “neoclassical" approach to computing the homology algebra
of double loop spaces, based on developing a deep, operadic understanding of “strongly
homotopy" structures for coalgebras and comodules, a notion that goes back more than
30 years, to work of Gugenheim, Halperin, Munkholm and Stasheff [5], [15]. We also
make extended use of one-sided cobar constructions, which we apply in innovative
ways.

Let CotorC(−,−) denote the derived functor of the cotensor product−�
C
−, for any

coalgebraC. Eilenberg and Moore proved long ago [3] that for any (Serre) fibration
E → B with fiber F such thatB is connected and simply connected and for any
commutative ringR, there is anR-linear isomorphism

(0–1) H∗(F; R) ∼= CotorC∗(B;R) (C∗(E; R),R
)
.
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1002 Kathryn Hess and Ran Levi

In particular, ifB is actually 2-connected, then

(0–2) H∗(ΩF; R) ∼= CotorC∗(ΩB;R) (C∗(ΩE; R),R
)
,

so that for any 2-connected spaceX, there is a linear isomorphism

(0–3) H∗(Ω
2X; R) ∼= CotorC∗(ΩX;R)(R,R).

The duals of Theorems 4.1 and 5.1 in [4] imply that CotorC∗(ΩB;R)
(
C∗(ΩE; R),R

)

admits an algebra structure with respect to which the isomorphism (0–2) can be assumed
to be an algebra morphism.

In this article we define a functorLF that associates to any mapf of 2-reduced
simplicial sets a chain algebraLF(f ) such that H∗

(
LF(f )

)
is isomorphic as an algebra

to H∗(GF), whereF is the homotopy fiber off andG is the Kan loop group functor
on simplicial sets (Theorem6.1). The algebra isomorphism H∗

(
LF(f )

)
∼= H∗(GF) is

realized on the chain level by a zig-zag of quasi-isomorphisms of chain algebras

LF(f )
≃
←− • ≃

−→ · · ·
≃
←− • ≃

−→ C(GF).

As a special case, we obtain a functorL2 from the category of 2-reduced simplicial
sets to the category of connected chain algebras over a principal ideal domainR such
that H∗

(
L2(K)

)
is isomorphic as a graded algebra to H∗(G2K; R).

The model that we propose for the loop homology of a homotopy fiber offers certain
advantages. First, there are no extension problems to be solved: the homology algebra
of the model is exactly isomorphic to the homology algebra ofthe loops on the
homotopy fiber. Second, our model is functorial, so that it can be applied to determining
the homomorphism induced on double loop space homology by a simplicial map.

Finally, our model is “small” and therefore amenable to explicit computations. More
precisely, ifK is a simplicial set with exactlyn nondegenerate simplices of positive
degree, wheren < ∞, then our modelL2(K) of G2K is a subalgebra of a free
algebra on 2n generators. Like the differential in the cobar construction on C(K),
the differential inL2(K) depends only on the differential and the comultiplicationon
C(K). In particular, in section6.2, we provide an explicit, relatively simple description
of our model whenK is either formal or a double suspension.

By way of comparison, note that the iterated cobar construction on the chains onK ,
which is another model ofG2K , is free as an algebra on an infinite number of generators.
Its differential depends not only on the differential and the comultiplication onC(K),
but also on the natural comultiplication on the cobar construction onC(K), which can
be very involved. Another possible model, the cobar construction on C(GK), is also
free, but on a generating set that is infinite in each degree, and, in addition, has a very
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Loop space homology of a homotopy fiber 1003

complicated differential. Finally, both the multiplication and the differential on the
chain Hopf algebraC(G2K) itself are extremely complex.

In the general case of loops on the homotopy fiberF of a simplicial mapK → L, the
dual of Theorem 5.1 in [4] states that there is a quasi-isomorphism of chain algebras

C(GF)
≃
−→ C(GK)⊗tΩ ΩC(GL),

where C(GK) ⊗tΩ ΩC(GL) denotes the one-sided cobar construction of Definition
3.1, endowed with the multiplication of Corollary3.6. The chain algebraC(GK)⊗tΩ

ΩC(GL) is not of finite type, even ifK andL have only a finite number of nondegenerate
simplices, and both its differential and its multiplication are quite complicated. On the
other hand, ifK andL have exactlym andn nondegerate simplices of positive degree,
respectively, then the chain algebra model constructed here, LF(f ), is a subalgebra of a
free algebra onm+2n generators, so that its multiplicative structure is relatively simple.
Its differential is also much easier to give explicitly thanthat of C(GK)⊗tΩ ΩC(GL).

To construct our models, we need the fullAlexander-Whitney coalgebrastructure of the
normalized chains on a simpicial set. The categoryF of Alexander-Whitney coalgebras
(cf., Definition2.12) was introduced and studied in [8]. The objects ofF are connected
chain coalgebras (C,∆) such that the comultiplication∆ is itself a coalgebra mapup
to strong homotopy, i.e., up to a coherent, infinite family of homotopies, whichwe
denoteΨ. Furthermore, there is a functor̃Ω : F → H , whereH is the category of
chain Hopf algebras, such that the chain algebra underlyingΩ̃(C,Ψ) is ΩC, the cobar
construction onC.

An Alexander-Whitney modelof a chain Hopf algebraH consists of an Alexander-
Whitney coalgebra (C,Ψ) together with a quasi-isomorphismθ : Ω̃(C,Ψ)

≃
−→ H

of chain algebras that is also a map of coalgebras up to stronghomotopy, where
the homotopies are appropriately compatible with the multiplicative structure (cf.,
Definition5.1). As illustrated by the results in this article, Alexander-Whitney models
can be useful tools for homology calculations inH .

The topologist’s motivation for considering the categoryF is the existence of a natural
Alexander-Whitney model of the chain Hopf algebraC(GK), whereK is a reduced
simplicial set. As shown in [8], there is a functor̃C : sSet0→ F from the category of
reduced simplicial sets to the category of Alexander-Whitney coalgebras such that for
all simplicial setsK , there is a natural quasi-isomorphism of chain algebras

θK : Ω̃C̃(K)
≃
−→ C(GK),

which is also a map of coalgebras up to strong homotopy.

Algebraic & GeometricTopology XX (20XX)



1004 Kathryn Hess and Ran Levi

Given the existence of natural Alexander-Whitney models, the most important steps
on the path to constructing the modelLF(f ) and to proving that its homology algebra
is isomorphic to H∗(GF) are the following.

(1) For any chain Hopf algebraH and any rightH -comodule algebraB, we observe
that CotorH(B,R) admits a natural graded algebra structure (Corollary3.8and,
more generally, Proposition3.19). In particular, for any morphismϕ : H′ → H
of chain Hopf algebras, CotorH(H′,R), which can be seen as the homology of
the “homotopy fiber” ofϕ, admits a natural graded algebra structure.

(2) We show that the categoryF admits a natural “based-path” construction, i.e., a
functor P̃ : F→ F such thatP̃(C,Ψ) is acyclic for all (C,Ψ), together with a
natural “projection” morphism inF from P̃(C,Ψ) to (C,Ψ) (Definition 4.4).

(3) For any morphismω : (C′,Ψ′) → (C,Ψ) in F, we prove that the chain Hopf
algebra

Ω̃

(
(C′,Ψ′)

∐
P̃(C,Ψ)

)

is cofree overΩ̃(C,Ψ) on a cobasis that is itself a sub chain algebra, denoted
LF(ω), of Ω̃

(
(C′,Ψ′)

∐
P̃(C,Ψ)

)
(Corollary4.7).

(4) Given an Alexander-Whitney modelω : (C′,Ψ′) → (C,Ψ) of a morphism of
chain Hopf algebrasϕ : H′ → H , we prove that H∗

(
LF(ω)

)
∼= CotorH(H′,R)

as graded algebras (Theorem5.6).

Let f : K → L be a simplicial morphism of 2-reduced simplicial sets with homotopy
fiber F . Applying (4) to C̃(f ) : C̃(K)→ C̃(L), we obtain an isomorphism of algebras

H∗(GF) ∼= H∗

(
LF
(
C̃(f )

))
,

thanks to the algebra isomorphism

H∗(GF) ∼= CotorC(GL) (C(GK),R
)

that follows from the dual of Theorem 5.1 in [4].

To make this article as self-contained as possible and to establish our notation, we begin
in section1 by recalling the rather extensive foundations on which our current research
is built. Section1.3, in which we describe the operadic approach to strongly-homotopy
coalgebra structures of [6], is particularly important for the later sections of this pa-
per and essential to providing a clean description of the yoga of Alexander-Whitney
coalgebras. Readers unfamiliar with the role of co-rings inmonoidal categories as

Algebraic & GeometricTopology XX (20XX)
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parametrizing objects for enlarged morphism sets or with operads will find all of the
necessary definitions in sections1.1and1.2.

Section3 concerns the naturality of multiplicative structure on Cotor, which plays an
important role in the proofs of Theorems5.4 and 5.6, the key elements of step (4)
in the plan outlined above. Given chain Hopf algebrasH and H′ , as well as a right
H -comodule algebraB and a rightH′ -comodule algebraB′ , there is an obvious notion
of “morphisms” from (H; B) to (H′; B′): the set of pairs (f ; g), where f : H → H′

is a chain Hopf algebra map andg : B → B′ is a chain algebra map respecting the
coactions ofH and H′ . It is easy to see that any such pair induces an algebra map
CotorH(B,R)→ CotorH

′

(B′,R). There is however a more general type of “morphism”
from (H; B) to (H′; B′), which we call acomodule algebra map up to strong homotopy
(CASH map), that also induces an algebra map CotorH(B,R)→ CotorH

′

(B′,R).

In section3.2we define CASH maps and establish existence results (Propositions3.16
and 3.18) that we use afterwards to prove Theorems5.4 and 5.6. Before verifying
the existence results, we provide an equivalent, operadic definition of CASH maps,
modeled on the operadic approach to strongly homotopy coalgebra structures, that
facilitates considerably the bookkeeping involved in working with the infinite family
of homotopies associated to a CASH map. The general study of monoidal structures
and parametrizations by co-rings in section2 is essential to the development of this
operadic approach.

Sections4 and5 are devoted to the study of Alexander-Whitney coalgebras and their
use in calculations of the homology of homotopy fibers in the categoryH of chain
Hopf algebras. Topology comes into play again in section6, where we apply the purely
algebraic results of the preceeding sections to constructing our loop-homotopy fiber
model. In particular, we study the special cases of double suspensions and of formal
spaces, obtaining a simplified model for the homology of their double loop spaces,
which is a free algebra on a set of generators we describe completely.

The first author would like to thank the University of Aberdeen for its kind hospitality
during the initial phase of research on this project, while the second author would like
to thank the EPFL for hosting him during the completion of theproject. Both authors
would like to thank referees for pointing out the relevance of [4] to their work and for
providing helpful organizational advice.

Notation and conventions

• Given objectsA and B of a categoryC, we let C(A,B) denote the set of
morphisms with sourceA and targetB.

Algebraic & GeometricTopology XX (20XX)



1006 Kathryn Hess and Ran Levi

• Throughout this paper we are working over a principal ideal domain R. We
denote the category of gradedR-modules bygrMod R and the category of
chain complexes overR by ChR. The underlying graded modules of all chain
(co)algebras are assumed to beR-free.

• The degree of an elementv of a graded moduleV is denoted either|v| or simply
v, when used as an exponent, and no confusion can arise.

• Throughout this article we apply the Koszul sign conventionfor commuting
elements of a graded module or for commuting a morphism of graded modules
past an element of the source module. For example, ifV and W are graded
algebras andv⊗ w, v′ ⊗ w′ ∈ V ⊗W, then

(v⊗ w) · (v′ ⊗ w′) = (−1)|w|·|v
′|vv′ ⊗ ww′.

Futhermore, iff : V → V′ andg : W→W′ are morphisms of graded modules,
then for allv⊗ w ∈ V ⊗W,

(f ⊗ g)(v⊗ w) = (−1)|g|·|v|f (v) ⊗ g(w).

• A graded moduleV is bounded belowif there is someN ∈ Z such thatVk = 0
for all k < N. It is n-connectedif, in particular, Vk = 0 for all k ≤ n. We
write V+ for V>0.

• Thesuspensionendofunctors on the category of graded modules is defined on
objectsV =

⊕
i∈Z

Vi by (sV)i
∼= Vi−1. Given a homogeneous elementv in V ,

we write sv for the corresponding element ofsV. The suspensions admits an
obvious inverse, which we denotes−1.

• Given chain complexes (V,d) and (W,d), the notationf : (V,d)
≃
−→ (W,d)

indicates thatf induces an isomorphism in homology. In this case we refer tof
as a quasi-isomorphism.

• Let V be a positively-gradedR-module. The free associative algebra onV is
denotedTV, i.e.,

TV ∼= R⊕ V ⊕ (V ⊗ V)⊕ (V ⊗ V ⊗ V)⊕ · · · .

A typical basis element ofTV is denotedv1 · · · vn .

• Given a comodule (M, ν) over a coalgebra (C,∆), we let ∆(i−1) denote the
iterated comultiplicationC→ C⊗i andν(i) the iterated coactionM → M⊗C⊗i .
The reduced comultiplication is denoted∆.

• If C is a simply connected chain coalgebra with reduced comultiplication ∆

and differentiald, thenΩC denotes thecobar constructionon C, i.e., the chain
algebra (Ts−1(C+),dΩ), wheredΩ = −s−1ds+ (s−1⊗ s−1)∆s on generators.

Algebraic & GeometricTopology XX (20XX)



Loop space homology of a homotopy fiber 1007

Furthermore, for every pair of simply-connected chain coalgebrasC andC′

(0–4) q : Ω
(
C⊗ C′

) ≃
−→ ΩC⊗ ΩC′

denotes the quasi-isomorphism of chain algebras defined by Milgram in [11].
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Bibliography 1066

1 Preliminaries

For the convenience of the reader, we recall here certain algebraic foundations of our
work. We begin by reminding the reader how co-rings in monoidal categories can act
as parametrizing objects for categories of modules with enlarged morphism sets, as
described in [6] and [8]. We then review the theory of operads, seen as monoids with
respect to a certain nonsymmetric monoidal structure on thecategory of symmetric
sequences of objects in a given symmetric monoidal category. In particular we analyze
the category of right modules over a given operadP, comparing it to the category
of P-coalgebras. Finally, we summarize briefly results in [6] and [8] that provide
an operadic description of the categoryDCSH of chain coalgebras and of strongly
homotopy coalgebra maps, in terms of a certain co-ring over the associative operad.

1.1 Co-rings in monoidal categories

Let (C,⊗, I ) be a monoidal category, and let (A, µ, η) be a monoid inC. If the
categoryC admits coequalizers andM⊗− and−⊗N preserve colimits for all objects
M and N, then the category ofA-bimodules,AModA , is a monoidal category also,
with monoidal product− ⊗

A
−. If M and M′ are A-bimodules, thenM ⊗

A
M′ is the

coequalizer of the diagram

M ⊗ A⊗M′
IdM⊗λ′

⇉
ρ⊗IdM′

M ⊗M′.

The unit object with respect to−⊗
A
− is A itself, where the right and leftA-actions on

A are given by the multiplication mapµ.

Definition 1.1 An A-co-ring is a comonoid in the monoidal category (AModA,⊗
A
,A).

An A-co-ring thus consists of anA-bimodule M , together with two morphisms of
A-bimodules

ψ : M → M ⊗
A

M and ε : M → A

such thatψ is coassociative and counital with respect toε.

Algebraic & GeometricTopology XX (20XX)
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Examples of co-rings abound in algebra and topology. In particular, any Frobenius
algebra is a co-ring over itself, while the Hopf algebroids of stable homotopy theory are
co-rings with extra structure. Moreover, any ring homomorphism ϕ : A→ B induces
a canonicalB-co-ring structure onM = B⊗A B, where the comultiplication is

M → M ⊗B M : b⊗ b′ 7→ (b⊗ 1)⊗ (1⊗ b′).

Co-rings play an important role in this article, as they induce natural enlargements
of categories of modules, leaving the objects fixed and expanding the morphism sets.
Allowing larger morphism sets translates into weakening the notion of morphism of
modules. In this sense a co-ring plays the role of a family of parameters, with respect
to which such a weaker notion is coherently defined.

Definition 1.2 Let ModA denote the category of rightA-modules. Given anA-co-ring
(M, ψ, ε), let ModA,M denote the category with ObModA,M = ObModA and

ModA,M(N,N′) := ModA(N⊗
A

M,N′).

Givenf ∈ ModA,M(N,N′) andf ′ ∈ ModA,M(N′,N′′), their compositef ′f ∈ ModA,M(N,N′′)
is equal to the composite inModA of the following sequence of morphisms of right
A-modules.

N⊗
A

M
IdN⊗

A
ψ

−−−−→ N⊗
A

M ⊗
A

M
f⊗

A
IdM

−−−→ N′ ⊗
A

M
f ′
−→ N′′

Composition inModA,M is associative and unital, sinceψ is coassociative and counital.
Furthermore, there is a natural, faithful functor

(1–1) IM : ModA→ ModA,M,

which is the identity on objects and which sends a morphismf : N → N′ of right
A-modules to

IM(f ) = f ⊗
A
ε : N ⊗

A
M → N′ ⊗

A
A∼= N′.

The categoryModA,M is therefore truly an enlargement ofModA.

We conclude this section by clarifying our vision of a co-ring as a family of a parameters.

Definition 1.3 Let (M, ψ, ε) be anA-co-ring, endowed with a strict morphism of left
A-modulesη : A → M . Let N,N′ ∈ ObModA. A morphism f ∈ C(N,N′) is a

Algebraic & GeometricTopology XX (20XX)



1010 Kathryn Hess and Ran Levi

morphism of right A-modules up to M-parametrizationif there is a strict morphism of
right A-modulesg : N⊗

A
M → N′ such that the following diagram inC commutes.

N ∼= N⊗
A

A

f

''OOOOOOOOOOOOOO

IdN⊗
A
η

��
N ⊗

A
M g // N′

There is an analogous enlargement of the category of leftA-modules. For the experts,
we note that these enlargements are, of course, coKleisli constructions, induced by the
comonads−⊗

A
M andM ⊗

A
−.

1.2 Operads and their modules and coalgebras

Let (C,⊗, I ) be a symmetric monoidal category such thatC admits coequalizers and
countable coproducts and has an initial object 0. LetCΣ denote thecategory of
symmetric sequencesin C. An objectX of CΣ is a family {X(n) ∈ C | n ≥ 0} of
objects inC such thatX(n) admits a right action of the symmetric groupΣn, for all n.
The objectX(n) is called thenth levelof the symmetric sequenceX.

For all X,Y ∈ CΣ , a morphism of symmetric sequencesϕ : X → Y consists of a
family

{ϕn ∈ C
(
X(n),Y(n)

)
| ϕn is Σn-equivariant,n≥ 0}.

More formally, CΣ is the category of contravariant functors from the symmetric
groupoid Σ to C, where ObΣ = N, the set of natural numbers, andΣ(m,n) is
empty if m 6= n, while Σ(n,n) = Σn.

The categoryC can be “linearly” embedded in the categoryCΣ , via a functor

(1–2) L : C→ CΣ,

which is defined onA ∈ ObC by L(A)(1) = A and L(A)(n) = 0 for all n 6= 1 and
similarly for morphisms.

There is another important embedding ofC into CΣ

(1–3) T : C→ CΣ

defined byT(A)(n) = A⊗n for all n. The right action ofΣn on T(A)(n) = A⊗n is
given by permutation of the factors, using iterates of the natural symmetry isomorphism

τ : A⊗ A
∼=
−→ A⊗ A in C. For example, ifC is the category of graded modules, then

(a1⊗ · · · ⊗ an) · σ = aσ(1) ⊗ · · · ⊗ aσ(n)

Algebraic & GeometricTopology XX (20XX)
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for all a1, ...,an ∈ A.

As a first indication of the role of differential structure insymmetric sequences, we
introduce the following useful operation on symmetric sequences of chain complexes
in the image ofT . The analogy with the notion of a derivation on an algebra is evident.

Definition 1.4 Let f ,g, t : A→ B be morphisms of gradedR-modules, homogeneous
of degrees 0, 0 andm, respectively. The (f ,g)-derivation of symmetric sequences
induced byt is the morphism of symmetric sequences

D(f ,g)(t) : T(A)→ T(B)

that is of degreem in each level and that is defined as follows in leveln.

D(f ,g)(t)n =

n−1∑

j=0

f⊗j ⊗ t ⊗ g⊗n−j−1

WhenA = B andf = IdA = g, we simplify notation and writeD(t) for the (IdA, IdA)-
derivation induced byt .

Example 1.5 If C is chain complex with differentiald, then the levelwise differential
on T(C) is D(d).

In this article we use the following two monoidal structureson the category of sym-
metric sequences.

Definition 1.6 The level tensor productof two symmetric sequencesX andY is the
symmetric sequence given by

(X⊗ Y)(n) = X(n) ⊗ Y(n) (n≥ 0),

endowed with the diagonal action ofΣn.

The following, well-known result is very easy to prove.

Proposition 1.7 Let C = {C(n)}n≥0 be the symmetric sequence withC(n) = I and
trivial Σn-action, for all n ≥ 0. Then (CΣ,⊗,C) is a closed symmetric monoidal
category, called thelevel monoidal structureon CΣ .

A (co)monoid in CΣ with respect to the level monoidal structure is called alevel
(co)monoid.

Algebraic & GeometricTopology XX (20XX)
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Note that the functorT is strong monoidal with respect to the level monoidal structure
on symmetric sequences, i.e., for allC,C ∈ ObC, there is a natural isomorphism
T(C⊗ C′) ∼= T(C) ⊗ T(C′), given in each level by iterated application of the natural
symmetry isomorphism inC.

The categoryCΣ also admits a nonsymmetric, right-closed monoidal structure, defined
as follows.

Definition 1.8 Thecomposition tensor productof two symmetric sequencesX andY

is the symmetric sequenceX ⋄ Y given by

(X ⋄ Y)(n) =
∐

k≥1
~n∈Ik,n

X(k) ⊗
Σk

(
Y(n1)⊗ · · · ⊗ Y(nk)

)
⊗
Σ~n

I [Σn],

whereIk,n = {~ı = (n1, ...,nk) ∈ Nk |
∑

j nj = n} andΣ~n = Σn1 × · · · × Σnk , seen as
a subgroup ofΣn. The left action ofΣk on

∐
~n∈Ik,n

Y(n1) ⊗ · · · ⊗ Y(nk) is given by
permutation of the factors, using the natural symmetry isomorphismA⊗ B ∼= B⊗ A
in C.

Proposition 1.9 Let J denote the symmetric sequence withJ(1) = 1 and J(n) = 0
otherwise, with trivialΣn-action. Then(CΣ, ⋄, J) is a right-closed monoidal category,
called thecomposition monoidal structureon CΣ .

A proof of this result can be found in [10, section II.1.8].

Unwrapping the definition of the composition product of symmetric sequences, we
obtain the next, well-known lemma, which tells us which datadetermine a morphism
with source a composition of symmetric sequences.

Lemma 1.10 [9] Let X, Y and Z be symmetric sequences inC. Let Im,n = {~n =

(n1, ...,nm) |
∑

j nj = n}. Let

F = {X(m)⊗
(
Y(n1)⊗ · · · ⊗ Y(nm)

) θ~n−→ Z(n) | n≥ 0,m≥ 1,~n ∈ Im,n}

be a family of morphisms inC. If the following diagrams commute for allm, n,
~n, σ ∈ Σm and τj ∈ Σnj for 1 ≤ j ≤ m, thenF induces a morphism of symmetric
sequencesθ : X ⋄ Y→ Z.

X(m)⊗
(
Y(n1)⊗ · · · ⊗ Y(nm)

)

θ~n
��

σ⊗σ−1
// X(m)⊗

(
Y(nσ(1))⊗ · · · ⊗ Y(nσ(m))

)

θ
σ−1~n

��
Z(n)

σ(nσ(1),...,nσ(m)) // Z(n)
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X(m)⊗
(
Y(n1)⊗ · · · ⊗ Y(nm)

)

θ~n
��

1⊗τ1⊗···⊗τm // X(m)⊗
(
Y(n1)⊗ · · · ⊗ Y(nm)

)

θ~n
��

Z(n)
τ1⊕···⊕τm // Z(n)

In the statement above,σ−1~n := (nσ(1), ...,nσ(m)), which defines a left action ofΣm on
Im,n.

Remark 1.11 For any objectsX,X′,Y,Y′ in CΣ , there is an obvious, naturalinter-
twining map

i : (X⊗ X′) ⋄ (Y⊗ Y′) // (X ⋄ Y)⊗ (X′ ⋄ Y′) .

Definition 1.12 An operadin C is a monoid with respect to the composition product,
i.e., a triple (P, γ, η), whereγ : P ⋄P→ P andη : J→ P are morphisms inCΣ , and
γ is appropriately associative and unital with respect toη . A morphism of operads is
a monoid morphism in the category of symmetric sequences.

The most important example of an operad in this paper is theassociative operad
A, given byA(n) = I [Σn] for all n, endowed with the obvious multiplication map,
induced by permutation of blocks.

Operads derive their importance from their role in parametrizing n-ary (co)operations
and governing the identites among them. In this article we focus on cooperations and
thus on coalgebras over an operadP. A P-coalgebrais an objectA of C along with
a sequence of structure morphisms

θn : A⊗ P(n)→ A⊗n, n≥ 0

that are appropriately associative, equivariant, and unital. We refer the reader to e.g.,
[10], for the full definition.

A morphism of P-coalgebras is a morphism inC that commutes with the coalge-
bra structure maps. The category ofP-coalgebras and their morphisms is denoted
P-Coalg.

Remark 1.13 Algebraists are used to thinking of coalgebras as modules with addi-
tional structure. It is important to note that ifP is an operad, then aP-module (in
the sense defined in section1.1) is a object ofCΣ with additional structure, while a
P-coalgebra is an object ofC with additional structure.
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On the other hand, as explained in section 2.2 of [6], the functorT restricts to a faithful
functor

T : P-Coalg //ModP

from the category ofP-coalgebras to the category of rightP-modules (with respect to
the composition product⋄), i.e, P-coalgebra structure on an objectA in C induces a
right P-action mapT(A) ⋄ P→ T(A) in CΣ .

Let (M, ψ, ε) be aP-co-ring, and considerModP,M, the enlarged version ofModP

described in the section1.1. Define an enlarged version (P,M)-Coalg of P-Coalg by
Ob(P,M)-Coalg = ObP-Coalg

(1–4) (P,M)-Coalg(A,A′) := ModP,M

(
T(A),T(A′)

)
= ModP

(
T(A) ⋄

P

M,T(A′)
)
,

for all A,A′ ∈ Ob(P,M)-Coalg, with composition defined as inModP,M.

Let A andA′ beP-coalgebras. In keeping with Definition1.3, we say that a morphism
f : A→ A′ is amorphism ofP-coalgebras up toM-parametrizationif T(f ) : T(A)→
T(A′) is a morphism of rightP-modules up toM-parametrization.

From this formulation, it follows that co-rings over operads are, in a strong sense,
relative operads. They parametrize higher, “up to homotopy” structure on morphisms
of P-coalgebras and govern relations among the higher homotopies and then-ary
cooperations on the source and target.

1.3 Strongly-homotopy coalgebra structures

The categoryDCSH of coassociative chain coalgebras and of coalgebra morphisms up
to strong homotopy was first defined by Gugenheim and Munkholmin the early 1970’s
[5], when they were studying extended naturality of the functor Cotor. Its objects are
simply connected, augmented, coassociative chain coalgebras, and a morphism fromC
to C′ is a map of chain algebrasΩC→ ΩC′ . The categoryDCSH plays an important
role in topology (cf., Theorem2.13).

In a slight abuse of terminology, we say that a chain map between chain coalgebras
f : C→ C′ is aDCSH mapif there is a morphism inDCSH(C,C′) of which f is the
linear part. In other words, there is a map of chain algebrasg : ΩC→ ΩC′ such that

g|s−1C+
= s−1fs+ higher-order terms.

Let A denote the associative operad in the category of chain complexes. In [6] the
authors constructed anA-co-ring F , called theAlexander-Whitney co-ring, which can
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applied in the framework of section1.1to providing an operadic description ofDCSH.
The co-ringF also admits a level comultiplication∆F : F → F⊗F that is compatible
with its composition comultiplicationψF : F → F ⋄

A

F and that plays an important

role in development of monoidal structure inDCSH (cf., section2.2).

The symmetric sequence of graded modules underlyingF is A ⋄ S ⋄A, where, for all
n ≥ 1, S(n) = R[Σn] · zn−1, the freeR[Σn]-module on a generator of degreen− 1,
andS(0) = 0. We refer the reader to pages 853 and 854 in [8] for the explicit formulas
for the differential∂F : F → F , the composition comultiplicationψF and the level
comultiplication ∆F. We remark thatF admits a natural filtration with respect to
which bothψF and∆F are filtration-preserving, while∂F is filtration-decreasing.

Consider (A,F)-Coalg (cf., equation1–4). Any morphismθ ∈ (A,F)-Coalg(C,C′)
gives rise to a familyF(θ) of linear maps fromC into T(C′), defined as follows.

(1–5) F(θ) := {θk = θ(−⊗ zk−1) : C→ (C′)⊗k
= T(C′)(k) | k ≥ 1}

The existence of such a familyF(θ) is equivalent to the existence of a morphism of
symmetric sequences of graded modulesL(C) ⋄ S → T(C′), whereL : grMod R →

grModΣ
R is the “linear” embedding (1–2). We show below (Proposition2.7) that, under

certain conditions, the existence of such a family implies that of a corresponding map
in (A,F)-Coalg.

The important result below follows immediately from the Cobar Duality Theorem in
[6].

Theorem 1.14 [6] There is a full and faithful functor, called theinduction functor,

Ind : (A,F)-Coalg→ A-Alg

defined on objects byInd(C) = ΩC for all C ∈ Ob(A,F)-Coalg and on morphisms
by

Ind(θ)|s−1C =
∑

k≥1

(s−1)⊗kθ(−⊗ zk−1)s : s−1C+ → ΩC′

for all θ ∈ (A,F)-Coalg(C,C′).

As an easy consequence of Theorem1.14, we obtain the following crucial operadic
characterization ofDCSH.

Theorem 1.15 [6] There is an isomorphism of categories

(A,F)-Coalg
∼=
−→ DCSH

defined to be the identity on objects and to beInd on morphisms.
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Remark 1.16 Thanks to this operadic description ofDCSH, we see that strongly
homotopy coalgebra maps are exactly morphisms ofA-coalgebras up toF-parame-
trization.

2 Monoidal structures and modules over operads

We carry out in this section a detailed study of monoidal structures on categories of
modules and of coalgebras over a fixed operadP, in both their usual and enlarged, “up-
to-parametrization” forms, with respect to someP-co-ring Q. We devote particular
attention to the monoids in these categories, which we callP-rings (inModP), pseudo
P-rings (in ModP,Q), P-Hopf algebras (inP-Coalg) and pseudoP-Hopf algebras (in
(P,Q)-Coalg). We begin by treating the general case, then specialize to (A,F)-Coalg.

2.1 Monoidal structures and co-ring parametrizations

Let (C,⊗, I ) be any symmetric monoidal category admitting coequalizers and co-
products. Thanks to the existence and naturality of the intertwining map i (Remark
1.11), the level tensor product of symmetric sequences induces asymmetric monoidal
structure∧ on the category of operads. If (P, γ) and (P′, γ′) are operads, then
(P, γ) ∧ (P′, γ′) := (P⊗ P′, γ′′), whereγ′′ is the composite

(P⊗ P′) ⋄ (P⊗ P′)
i
−→ (P ⋄ P)⊗ (P′ ⋄ P′)

γ⊗γ′
−−−→ P⊗ P′.

The unit object with respect to the monoidal product∧ is C (cf., Proposition1.7).

Henceforth, let (P, γ,∆, ǫ) be aHopf operad, i.e., a level comonoid in the category
of operads:∆ : P → P ∧ P is a coassociative morphism of operads that is counital
with respect toe : P → C, which is also a morphism of operads. The category
ModP of right P-modules then admits a symmetric monoidal product, also denoted
∧, which is defined as follows. If (M, ρ) and (M′, ρ′) are two rightP-modules, then
(M, ρ) ∧ (M′, ρ′) := (M⊗M′, ρ′′), whereρ′′ is the composite

(M⊗M′) ⋄ P
1⋄∆
−−→ (M⊗M′) ⋄ (P⊗ P)

i
−→ (M ⋄ P)⊗ (M′ ⋄ P)

ρ⊗ρ′
−−−→M⊗M′.

The unit object isC, endowed with the rightP-action given by the composite

C ⋄ P
1⋄ε
−−→ C ⋄ C

γC−→ C,

whereγC is the usual multiplication onC.
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There is an induced, symmetric monoidal structure (P-Coalg,∧, I ) such that there is a
natural isomorphism of functorsT(− ∧−) ∼= T(−) ∧ T(−) from C into ModP.

The category of monoids in (ModP,∧,P) and morphisms thereof is denotedRingP.
We call the objects of this categoryP-rings. Restricting to monoids in (P-Coalg,∧, I ),
we obtain the categoryP-Hopf of P-Hopf algebras.

The categoriesPMod of left P-modules andPModP of P-bimodules over (P, γ,∆)
also admit symmetric, level-monoidal structures, defined analogously to that onModP.
The category ofP-bimodules is endowed with a second, nonsymmetric monoidal
structure derived from the composition structure. Given two P-bimodulesM and
N , their composition product overP, denotedM ⋄

P

N , is defined to be the obvious

coequalizer. Naturality arguments show that the intertwining map induces a natural
morphism ofP-bimodules

i : (X ∧ X′) ⋄
P

(Y ∧ Y′) // (X ⋄
P

Y) ∧ (X′ ⋄
P

Y′)

intertwining∧ and⋄
P

.

Definition 2.1 A level-comonoidalP-co-ring is a P-co-ring (Q, ψQ, εQ) endowed
with a coassociative, level comultiplication

∆Q : Q→ Q ∧ Q,

which is counital with respect to

eQ : Q→ C.

Furthermore, the diagrams

Q

∆Q

��

ψQ // Q ⋄
P

Q

∆Q⋄
P
∆Q

��
(Q ∧ Q) ⋄

P

(Q ∧ Q)

i

��

Q ∧ Q
ψQ∧ψQ // (Q ⋄

P

Q) ∧ (Q ⋄
P

Q)

and

Q
∆Q //

εQ

��

Q ∧ Q

εQ∧εQ

��
P

∆P // P ∧ P

must commute.
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Recall the “inclusion" functor (1–1)

IQ : ModP→ ModP,Q.

RestrictingIQ to P-Coalg defines an “inclusion" functor

(2–1) IQ : P-Coalg→ (P,Q)-Coalg,

whereIQ is defined on a morphismf : C→ C′ by IQ(f ) := T(f ) ⋄
P

εQ.

Bringing the level comultiplication∆Q into play, we can define a symmetric monoidal
productf on ModP,Q as follows, so that the restriction toModP is the same as∧.
On objects,M f N is the same asM ∧ N in ModP, while the monoidal product
θf θ′ of θ ∈ ModP,Q(M,N) andθ′ ∈ ModP,Q(M′,N′) is defined to be the following
composite of morphisms of strictP-bimodules.

(M ∧M′) ⋄
P

Q

1⋄
P
∆Q

−−−→ (M ∧M′) ⋄
P

(Q ∧ Q)
i
−→ (M ⋄

P

Q) ∧ (M′ ⋄
P

Q)
θ∧θ′
−−−→M ∧M′

The compatibility of the two comultiplications implies that −f− is indeed a bifunctor.
The coassociativity of∆Q ensures the associativity off, while the counit of∆Q gives
rise to the unit off. By restriction, and using thatT is strong monoidal, we obtain
a monoidal structuref on (P,Q)-Coalg, which is the usual monoidal product of
P-coalgebras on objects.

Definition 2.2 The category of monoids inModP,Q with respect to the monoidal
productf and of their morphisms is denotedPsRingP,Q. We call its objectspseudoP-
rings, suppressing explicit mention of the governing comultiplicationψQ. Restricting
to f-monoids in (P,Q)-Coalg, we obtain the category (P,Q)-PsHopf of pseudo
P-Hopf algebras.

If (B, µ) is a P-ring, whereµ ∈ ModP(B ∧ B,B) is the product map, it is clear that(
IQ(B),IQ(µ)

)
is a pseudoP-ring. In other words,IQ induces an “inclusion" functor

IQ : RingP→ PsRingP,Q.

Similarly, there is an induced, “inclusion" functor

IQ : P-Hopf → (P,Q)-PsHopf.

When theP-bimodule Q is a free bimodule, there exist “free" constructions in the
category of pseudoP-Hopf algebras, as specified in the next proposition. Before
stating the proposition, we state and prove a crucial lemma,which is useful elsewhere
in this article as well, then introduce one necessary definition.
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Restricting toC = grMod R or C = ChR, let L : C → CΣ be the “linear” em-
bedding of (1–2). Let u : L → T denote the obvious “inclusion on level 1" natural
transformation.

Lemma 2.3 Let A andB be gradedR-modules, and letX be a symmetric sequence
of gradedR-modules. Any morphismθ : L(A) ⋄ X → T(B) in grModΣ

R gives rise
naturally to a morphism̂θ : T(A) ⋄ X → T(B) of symmetric sequences such that
θ̂(u ⋄ Id) = θ .

Proof Recall from Definition1.8that, in the definition of the composition product of
symmetric sequencesX andY, the left action ofΣk on

∐
k≥1
~n∈Ik,n

Y(n1)⊗ · · · ⊗ Y(nk) is

given by
σ · (y1⊗ · · · ⊗ yk) = yσ−1(1)⊗ · · · ⊗ yσ−1(k)

for all σ ∈ Σk andyi ∈ Y(ni), 1≤ i ≤ k.

For all m, n and~n ∈ Im,n, define

θ̂~n : T(A)(m)⊗
(
Y(n1)⊗ · · · ⊗ Y(nm)

)
−→ T(B)(n)

to be the composite

A⊗m⊗
(
Y(n1)⊗ · · · ⊗ Y(nm)

) ∼= // (A⊗ Y(n1))⊗ · · · ⊗ (A⊗ Y(nm))

θ⊗m

��
B⊗n1 ⊗ · · · ⊗ B⊗nm

=

��
B⊗n.

Sinceθ is a morphism of symmetric sequences, the second diagram in Lemma1.10
commutes forX = T(A) andZ = T(B). The first diagram commutes in this case as
well because for alla1⊗ · · · ⊗ am ∈ A⊗m and ally1⊗ · · · ⊗ ym ∈ Y(n1)⊗ · · · ⊗Y(nm),

θ̂σ−1~n(σ ⊗ σ−1)
(
(a1⊗ · · · ⊗ am)⊗ (y1⊗ · · · ⊗ ym)

)

= θ̂σ−1~n

(
(aσ(1) ⊗ · · · ⊗ aσ(m))⊗ (yσ(1) ⊗ · · · ⊗ yσ(m))

)

= ±θ(aσ(1)⊗ yσ(1))⊗ · · · ⊗ θ(aσ(m) ⊗ yσ(m))

= ±σ(nσ(1), ...,nσ(m)) (θ(a1⊗ y1)⊗ · · · ⊗ θ(am⊗ ym))

= σ(nσ(1), ...,nσ(m))θ̂~n
(
(a1 ⊗ · · · ⊗ am)⊗ (y1⊗ · · · ⊗ ym)

)
.
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Definition 2.4 Let H be aP-Hopf algebra ingrModR or ChR. A free algebraic
P-Hopf extensionof H by a generatorv consists of a morphism ofP-Hopf algebras
j : H → H′ such that the underlying morphism of graded algebras is the inclusion map
H →֒ H

∐
Tv, whereH

∐
Tv is the coproduct in the category of graded algebras ofH

and of the free algebra onv.

We first explain in what sense free algebraicP-Hopf extensions truly are free, in the
nondifferential setting.

Proposition 2.5 Let C = grMod R. Let (Q, ψQ, εQ,∆Q,eQ) be a level-comonoidal
P-co-ring (cf., Definition2.1) that is free as aP-bimodule, generated byX. Let
H
∐

Tv be a free algebraicP-Hopf extension of aP-Hopf algebraH , and letH′ be
anotherP-Hopf algebra.

For all θ ∈ (P,Q)-PsHopf(H,H′) and λ ∈ ModΣ
R

(
L(R · v) ⋄ X,T(H′)

)
, there is a

unique morphism
̂(θ + λ) ∈ (P,Q)-PsHopf(H

∐
Tv,H′)

extendingθ andλ.

The proof of this proposition, which is somewhat technical,is in the appendix.

Corollary 2.6 Let (Q, ψQ, εQ,∆Q,eQ) be as in the statement of Proposition2.5. Let
H andH′ be P-Hopf algebras. If the underlying algebra ofH is free on a free graded
R-moduleV that is bounded below, then for allλ ∈ grModΣ

R

(
L(V) ⋄X,T(H′)

)
, there

is a unique morphism

λ̂ ∈ (P,Q)-PsHopf(H,H′)

extendingλ.

More informally, we can say that ifP is free as a bimodule, then a pseudo-P-Hopf
algebra map with domain free as an algebra is specified by its values on generators of
P and of the domain.

Proof The proof proceeds by induction on degree of elements in a basis of V , starting
in the lowest degreek for which Vk 6= 0, applying Proposition2.5at each step. Here,
θ is taken to be the unique morphism with domain 0.
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2.2 Application to the Alexander-Whitney co-ring

Specializing to the case whereP = A, the associative operad, andQ = F , the
Alexander-Whitney co-ring (cf., Section1.3), we explain how to verify that a pseudo-
A-Hopf morphism with free domain respects differential structure. The proof of
Theorem1.14 relies implicitly on the following proposition, which comes in handy
later in this article as well.

Recall the notion of a familyF(θ) induced byθ ∈ (A,F)-Coalg(C,C′) from (1–5)
and of a derivationD(t) : T(A) → T(B) induced by a morphismt : A→ B of graded
R-modules (Definition1.4).

Proposition 2.7 Let C = ChR. Let H
∐

Tv be a free algebraicA-Hopf extension of
an A-Hopf algebraH , and letH′ be anotherA-Hopf algebra. Let∆ and∆′ denote
the comultiplications andd andd′ the differentials onH

∐
Tv and onH′ . Let

θ ∈ (A,F)-PsHopf(H,H′)

with induced familyF(θ) = {θk | k ≥ 1}.

For any set{λk ∈ T(H′)(k) | k ≥ 1} such that for allk,

(2–2) D(d′)kλk −D(∆
′
)k−1λk−1 = θk(dv) −

∑

i+j=k

(θi ⊗ θj)∆(v),

θ can be extended to
θ̂ ∈ (A,F)-PsHopf(H

∐
Tv,H′)

such that̂θ(v⊗ zk−1) = λk for all k.

Thanks to this proposition, ifTV is a chain Hopf algebra with free underlying algebra
and H′ is any chain Hopf algebra, it is possible to construct monoidal morphisms in
(A,F)-Coalg from TV to H′ by induction on the generatorsV .

Proof The family {λk | k ≥ 1} is equivalent to a morphism of symmetric sequences
of gradedR-modulesλ : L(R·v)⋄S→ T(H′). We can therefore apply Proposition2.5
to obtainθ̂ as a morphism of nondifferential objects. On the other hand,as we can see
from the definition of∂F, the hypothesis on the family{λk} is exactly the condition
that must be satisfied for̂θ to be a differential map.

We recall now the relationship between the functor Ind (Theorem 1.14) and the
monoidal structures on the source and target categories, asdeveloped in [6] and [8].
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Lemma 2.8 [8] The induction functorInd : (A,F)-Coalg→ A-Alg is comonoidal,
i.e., there is a natural transformation of functors into associative chain algebras

q : Ind(−f−)→ Ind(−)⊗ Ind(−),

which is given by the Milgram equivalence (0–4) on objects.

Throughout the remainder of this article, we consider objects in the following category
derived from (A,F)-Coalg. Recallzk is the generator ofF in level k + 1, which is of
degreek.

Definition 2.9 The objects of theweak Alexander-Whitney categorywF are pairs
(C,Ψ), whereC is a object inA-Coalg andΨ ∈ (A,F)-Coalg(C,C⊗ C) such that

Ψ(−⊗ z0) : C→ C⊗ C

is exactly the comultiplication onC, while

wF
(
(C,Ψ), (C′,Ψ′)

)
= {θ ∈ (A,F)-Coalg(C,C′) | Ψ′θ = (θ f θ)Ψ}.

The objects ofwF are calledweak Alexander-Whitney coalgebras.

As noted in the next lemma, the cobar construction provides an important link between
the weak Alexander-Whitney category and the following category of algebras endowed
with comultiplications, which are not necessarily coassociative.

Definition 2.10 The objects of theweak Hopf algebra categorywH are pairs (A, ψ),
whereA is a chain algebra overR andψ : A → A⊗ A is a map of chain algebras,
while

wH
(
(A, ψ), (A′, ψ′)

)
= {f ∈ A-Alg(A,A′) | ψ′f = (f ⊗ f )ψ}.

Lemma 2.11 [8] The cobar construction extends to a functor

Ω̃ : wF→ wH,

given byΩ̃(C,Ψ) =
(
ΩC,q Ind(Ψ)

)
, whereInd(Ψ) : ΩC→ Ω(C⊗C), as in Theorem

1.14, q : Ω(C⊗ C) → ΩC⊗ ΩC is Milgram’s equivalence (0–4) and Ω̃θ = Ind(θ) :
ΩC→ ΩC′ for all θ ∈ wF

(
(C,Ψ), (C′,Ψ′)

)
.

Motivated by topology, we are particularly interested in those objects (C,Ψ) of wF for
which Ω̃(C,Ψ) is actually a strict Hopf algebra, i.e., such thatq Ind(Ψ) is coassociative.
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Definition 2.12 The Alexander-Whitney categoryF is the full subcategory ofwF
such that (C,Ψ) is an object ofF if and only if q Ind(Ψ) is coassociative. We call the
objects ofF Alexander-Whitney coalgebras.

From Lemma2.11, it is clear thatΩ̃ restricts to a functor

(2–3) Ω̃ : F→ H

whereH = A-Hopf is the usual category of chain Hopf algebras.

We can now explain the topological importance of the category F.

Theorem 2.13 [8] There is a functor̃C : sSet1→ F from the category of1-reduced
simplicial sets to the Alexander-Whitney category such that the coassociative chain
coalgebra underlying̃C(K) is C(K), the normalized chains onK . Furthermore, there
is a natural quasi-isomorphism of chain algebras

Ω̃C̃(K)
≃
−→ C(GK)

that is also itself a DCSH map.

3 Extended multiplicative naturality of Cotor

Let C be a chain coalgebra with comultiplication∆. If (M, ν) and (M′, ν ′) are right
and leftC-comodules, respectively, then theircotensor product over Cis

M�CM′
= ker(M ⊗M′ ν⊗1−1⊗ν′

−−−−−−→ M ⊗ C⊗M′).

In particular, if we endow the ground ringR with its trivial left C-comodule structure,
then

M�CR∼= {x ∈ M | ν(x) = x⊗ 1},

so thatM�CR can be seen as a graded submodule ofM , which we can think of as the
“cofixed points” of the coactionν .

In this section we study the derived functor of cotensor product, CotorC(M,M′). We
begin by recalling the formula for Cotor in terms of one-sided cobar constructions, from
which it is immediately clear that Cotor is natural in all three variables, with respect
to morphisms of comodules over a fixed coalgebra and with respect to morphisms of
coalgebras. In [5] Gugenheim and Munkholm proved an “extended naturality” result
for Cotor, i.e., that Cotor is actually functorial with respect to a much larger class
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of morphisms. In section3.2 we reformulate Gugenheim and Munkholm’s result in
operadic language.

We show in section3.1that if H is a chain Hopf algebra andB is a (left) H -comodule
algebra, then CotorH(R,B) admits a graded multiplicative structure, which is natural
in both variables, with respect to morphisms of comodule algebras over fixed Hopf
algebras and with respect to morphisms of Hopf algebras. We then prove in section
3.2 that there is a larger class of morphisms, the class ofcomodule-algebra maps up
to strong homotopy (CASH maps), with respect to which the multiplicative structure of
CotorH(R,B) is natural, i.e., we establish “extended multiplicative naturality” of Cotor,
which plays an important role in sections5 and6.

3.1 Cotor: definition and naturality

The derived functor of cotensor product, Cotor, can be calculated in terms of the
following complex.

Definition 3.1 Let C be a simply-connected chain coalgebra, and letM be a right
C-comodule. Theone-sided cobar construction M⊗tΩ ΩC is the chain complex with
underlying gradedR-moduleM ⊗ Ts−1C+ and with differentialDΩ given by

DΩ(x⊗ w) = dx⊗ w + (−1)xx⊗ dΩw + (−1)xi xi ⊗ (s−1ci · w),

where x ∈ M , w ∈ ΩC, d is the differential onM , dΩ is the cobar construction
differential (cf., Notation and conventions),ν(x) = xi ⊗ ci ands−11 := 0.

There is an analogous definition ofΩC⊗tΩ N for any left C-comoduleN.

Remark 3.2 If M = C or N = C, we obtain the usualacyclic cobar constructions:

C⊗tΩ ΩC and ΩC⊗tΩ C.

Remark 3.3 The formula in the definition above makes it clear that there are functors

−⊗ ΩC : ComodC→ ChR

and
ΩC⊗− : CComod→ ChR.

One-sided cobar constructions can be applied to calculations of Cotor, the derived
functor of the cotensor product. LetC be a connected coalgebra, and letM andN be
right and left comodules overC, respectively. Then, as shown in e.g., [3],

(3–1) CotorC(M,N) = H∗

(
(M ⊗tΩ ΩC)⊗ΩC (ΩC⊗tΩ N)

)
.
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It follows from the previous remark that Cotor is a bifunctor

Cotor :ComodC × CComod→ grModR.

We think of this as thelinear naturalityof Cotor.

Remark 3.4 We can also use the cobar construction to define the homotopy fiber of
a morphism of coaugmented chain coalgebrasf : C′ → C. Consider the projection
π : C ⊗tΩ ΩC → C, which is a surjective morphism of chain complexes with con-
tractible source, and therefore an acceptable candidate for a fibrant replacement of the
coaugmentationη : R→ C. Consequently, we can define thehomotopy fiberof f to
be the pullback of

C⊗tΩ ΩC
π
−→ C

f
←− C′,

i.e.,C′⊗tΩΩC. The homology of the homotopy fiber off is thus exactly CotorC(C′,R).

Let H be a chain Hopf algebra. Recall that a chain algebraB that is also anH -
comodule is anH-comodule algebraif the H -coaction map is a morphism of chain
algebras. In [12], Miller proved the existence of a natural chain algebra structure on
the one-sided cobar constructionΩH ⊗tΩ B, for any commutative Hopf algebraH
and any leftH -comodule algebraB. Here we dualize Theorem 4.1 of [4], obtaining
a generalization of Miller’s result to any chain Hopf algebra H . As a consequence,
CotorH(R,B) admits a natural multiplicative structure for any Hopf algebraH and any
H -comodule algebraB.

We begin by considering a special case: the acyclic cobar construction. Though it
would be possible to prove the next proposition and its corollaries by appealing to
Theorem 4.1 in [4] and then dualizing, we prefer to give a direct, constructive proof,
since the explicit formulas we provide are much simpler thanthose in the dual case
and prove quite useful.

Proposition 3.5 If H is any chain Hopf algebra, then the free leftΩH -module structure
on ΩH ⊗tΩ H can be extended to a chain algebra structure such that

(1⊗c)(s−1a⊗1) = (−1)(a+1)cs−1a⊗c+ (−1)cs−1(c·a)⊗1+ (−1)c+aci
s−1(ci ·a)⊗ci

for all a, c ∈ H , where∆(c) = ci ⊗ ci and

(1⊗ c)(1⊗ e) = 1⊗ c · e

for all c,e∈ H .
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Proof Given the multiplication as partially defined in the statement of the proposition,
we extend it to all ofΩH⊗tΩ H by associativity, which is possible sinceΩH is free as
an algebra ons−1H+ . Hence all that we must do is verify thatDΩ is a derivation with
respect to this product. We do the second case and leave the first, the proof of which
is quite similar, to the reader.

If image of c and e under the reduced comultiplication areci ⊗ ci and ej ⊗ ej ,
respectively, then the image ofc · e under theunreducedcomultiplication is

(c · e)k ⊗ (c · e)k
=c · e⊗ 1 + 1⊗ c · e

+ c⊗ e+ (−1)ece⊗ c

+ ci ⊗ ci · e+ (−1)eci ci · e⊗ ci

+ c · ej ⊗ ej
+ (−1)ejcej ⊗ c · ej

+ (−1)ejci
ci · ej ⊗ ci · ej .

Consequently,

DΩ(1⊗ c · e) =1⊗ d(c · e)− s−1(c · e)⊗ 1

− s−1c⊗ e− (−1)ecs−1e⊗ c

− s−1ci ⊗ ci · e− (−1)eci s−1(ci · e)⊗ ci

− s−1(c · ej)⊗ ej − (−1)ej cs−1ej ⊗ c · ej

− (−1)ejci
s−1(ci · ej)⊗ ci · ej .

On the other hand

DΩ(1⊗ c) · (1⊗ e) = 1⊗ dc · e− s−1c⊗ e− s−1ci ⊗ ci · e,

while

(−1)c(1⊗ c) · DΩ(1⊗ e) =(−1)c1⊗ c · de+ (−1)c(1⊗ c) · (−s−1e⊗ 1− s−1ej ⊗ ej)

=− (−1)ces−1e⊗ c− s−1(c · e)⊗ 1

− (−1)eci s−1(ci · e)⊗ ci − (−1)ejcs−1ej ⊗ c · ej

− s−1(c · ej)⊗ ej − (−1)ejci
s−1(ci · ej)⊗ ci ⊗ ej .

It is now obvious that

DΩ(1⊗ c · e) = DΩ(1⊗ c) · (1⊗ e) + (−1)c(1⊗ c) · DΩ(1⊗ e).

This proposition admits the following generalization, theproof of which is essentially
identical to that of the proposition.
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Corollary 3.6 If H is any chain Hopf algebra andB is a left H -comodule algebra,
with coaction mapν , then the free leftΩH -module structure onΩH ⊗tΩ B can be
extended to a chain algebra structure such that

(1⊗b)(s−1a⊗1) = (−1)(a+1)bs−1a⊗b+ (−1)cs−1(c·a)⊗1+ (−1)b+abi
s−1(ci ·a)⊗bi

for all a ∈ H , b ∈ B, whereν(b) = c⊗ 1 + 1⊗ b + ci ⊗ bi and

(1⊗ b)(1⊗ b′) = 1⊗ b · b′

for all b,b′ ∈ B.

An analogous results clearly holds for right comodule algebras as well.

The multiplicative structure defined above is easily seen tobe natural, in the following
sense. Letf : H → H′ be a morphism of chain Hopf algebras. Let (B, ν) be a left
H -comodule algebra, and let (B′, ν ′) be a leftH′ -comodule algebra. Letg : B→ B′

be morphism of chain algebras such that (f ⊗ g)ν = ν ′g. It is easy to check that the
chain map

Ωf ⊗ g : ΩH ⊗tΩ B→ ΩH′ ⊗tΩ B′

respects the multiplicative structure defined in Corollary3.6.

Let CAℓ denote the following category. Objects are pairs (H; B), whereH is a chain
Hopf algebra andB is a left H -comodule algebra, both over the fixed PIDR. A
morphism from (H; B) to (H′; B′) is a pair (f ; g), wheref : H → H′ is a morphism of
chain Hopf algebras andg : B→ B′ is a chain algebra map such that (f ⊗ g)ν = ν ′g,
whereν andν ′ are the coactions onB andB′ , respectively. The analogous category
for right comodule algebras is denotedCAr .

Corollary 3.7 Let chA denote the category of chain algebras overR. There are
functors

Ω
ℓ(−;−) : CAℓ → chA

defined byΩ(H; B) = ΩH ⊗tΩ B (with the multiplicative structure of Corollary3.6)
andΩ(f ; g) = Ωf ⊗ g and

Ω
r(−;−) : CAr → chA

defined byΩ(H; B) = B⊗tΩ ΩH (with the multiplicative structure analogous to that of
Corollary3.6) andΩ(f ; g) = g⊗ Ωf .

We show in section3.2that the algebra structure onΩH ⊗tΩ B is actually natural with
respect to a bigger class of morphisms than those of the category CAℓ . This extended
naturality of the algebra structure ofΩH ⊗tΩ B plays a crucial role in section6.
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Corollary 3.8 Let grA denote the category of graded algebras overR. The functor
Cotor restricts and corestricts to functors

Cotor(−)(R;−) : CAℓ → grA

and
Cotor(−)(−; R) : CAr → grA

This is themultiplicative naturalityof Cotor.

Proof From the definition of Cotor (3–1), we see that ifB is a left H -comodule
algebra, then

CotorH(R,B) = H∗

(
ΩH ⊗tΩ B).

The previous corollary implies that there is a natural graded algebra structure on
H∗

(
ΩH ⊗tΩ B). The right-comodule case works similarly.

Remark 3.9 As a consequence of Proposition3.5, we obtain thatΩH⊗tΩ H is itself an
H -comodule algebra. To establish this fact, we must show thatthe following diagram
commutes.

(ΩH ⊗tΩ H)⊗2

(1⊗∆)⊗2

��

µ // ΩH ⊗tΩ H

(1⊗∆)

��(
ΩH ⊗tΩ (H ⊗ H)

)⊗2 µ // ΩH ⊗tΩ (H ⊗ H)

Here,∆ is the comultiplication onH andµ denotes the multiplication defined in the
statements of Proposition3.5 and Corollary3.6. The left H -comodule structure on
H⊗H is given by∆⊗ 1. It suffices to check that this diagram commutes on elements
of the form 1⊗ c⊗ s−1a⊗ 1, which is not a difficult computation. The coassociativity
of ∆ plays a crucial role in this verification.

Analagously,H ⊗tΩ ΩH is also anH -comodule algebra.

3.2 Maps of comodules up to strong homotopy

In this article we need relative versions of the results from[8] cited in section1.3,
to establish conditions under which there is a multiplicative map between one-sided
cobar constructions of the sort considered in Corollary3.6. As a consequence, we
obtain Proposition3.19, which is both a multiplicative generalization of the extended
naturality of Cotor, due to Gugenheim and Munkholm [5] (Theorem3.13below), and
an extended version of the multiplicative naturality of Cotor (Corollary3.8above).
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Let C and C′ be connected chain coalgebras. Recall from section1.3 that though
every chain coalgebra mapf : C→ C′ induces a chain algebra mapΩf : ΩC→ ΩC′ ,
not all chain algebra mapsϕ : ΩC→ ΩC′ are so induced. In particular, the category
of chain coalgebras can be seen as a wide, but not full, subcategory of the category
DCSH, so that the morphisms inDCSH can be considered as “weak” chain coalgebra
morphisms.

In this section we consider an analogous weakening of the morphisms in the category
CAr defined in section3.1, for which we provide equivalent chain-level and operadic
definitions, both of which are quite useful. The operadic definition serves to facilitate
the proofs of the existence results (Propositions3.16and3.18) that play a key role in
section5.

The reader who is not interested in the fine details of our constructions and existence
results can safely limit his perusal of this section only to the definition of the category
CASH (Definition 3.14) and to Proposition3.18.

Let C denote either the category of gradedR-modules or the category of chain com-
plexes overR. Let CΣ+ denote the category ofshifted symmetric sequencesin C. An
objectX of CΣ+ is a family{X(n) ∈ C | n≥ 0} of objects inC such thatX(n) admits
a right action of the symmetric groupΣn−1, for all n > 0 and such thatX(0) = 0. A
morphism inCΣ+ from X to Y consists of a family

{ϕn ∈ C
(
X(n),Y(n)

)
| ϕn is Σn−1-equivariant,n≥ 1}.

There is a faithful functor

Tr : C× C→ CΣ+

where, for alln, Tr (A,B)(n) = A⊗ B⊗n−1, whereΣn−1 acts by permuting the factors
of B.

The following useful operation on symmetric sequences in the image ofTr is a shifted
version of the notion of derivation of symmetric sequences in the image ofT (Definition
1.4).

Definition 3.10 Let f , s : A→ B andg,h, t : C→ D be homogenous linear maps of
gradedR-modules, such thatf , g and h are homogeneous of degree 0, ands and t
are homogeneous of degreem. The (f ,g,h)-derivation of shifted symmetric sequences
induced bys and t is the morphism of symmetric sequences

D(f ,g,h)(s, t) : Tr (A,C)→ Tr (B,D)
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that is of degreem in each level and that is defined as follows in leveln.

D(f ,g,h)(s, t)n = s⊗ h⊗n−1
+

n−2∑

j=0

f ⊗ g⊗j ⊗ t ⊗ h⊗n−j−2

WhenA = B, C = D and f = IdA andg = IdC = h, we simplify notation and write
D(s, t) for the (IdA, IdC, IdC)-derivation induced bys and t .

It is obvious that there is again alevel monoidal structure(CΣ+,⊗,C), where (X ⊗
Y)(n) = X(n) ⊗ Y(n), endowed with the diagonal action ofΣn−1, and C(n) = R,
endowed with the trivialΣn−1-action. By proofs analogous to those in [10, section
II.1.8], we can show that the categoryCΣ+ also admits a right action by the monoidal
category (CΣ, ⋄, J), i.e., there is a bifunctor

CΣ+ × CΣ → CΣ+ : (X,Y) 7→ X ⊳ Y

defined by

(X ⊳ Y)(n) =
∐

k≥1
~ı∈Ik,n

X(k) ⊗
Σk−1

(
Y(i1)⊗ · · · ⊗ Y(ik)

)
⊗

Σ~ı−~e1

R[Σn−1].

Here,Σk−1 acts onY(i1)⊗· · ·⊗Y(ik) by permutingY(i2)⊗· · ·⊗Y(ik), while~ı−~e1 =

(i1−1, i2, ..., ik). Furthermore, there is a natural isomorphismX⊳ (Y⋄Z) ∼= (X⊳Y)⊳Z

for all shifted symmetric sequencesX and all symmetric sequencesY andZ.

Let P be an operad, with multiplication mapγ : P ⋄ P → P, and letX be a shifted
symmetric sequence. We say thatX is ashifted rightP-moduleif there is a morphism
of shifted symmetric sequencesρ : X ⊳ P→ X such that

ρ(ρ ⊳ 1) = ρ(1 ⊳ γ) : (X ⊳ P) ⊳ P∼= X ⊳ (P ⋄ P)→ X.

A morphism of shifted rightP-modules is a morphism of the underlying shifted
symmetric sequences that commutes with the right action maps. We write Mod+

P

for the category of shifted rightP-modules and their morphisms. Given a shifted
symmetric sequenceX that is a shifted rightP-module and a symmetric sequence
Y that is a leftP-module (in the usual sense), we defineX ⊳

P

Y to be the obvious

coequalizer.

Definition 3.11 Let θ ∈ (A,F)-Coalg(C,C′), inducing Ind(θ) ∈ A-Alg(ΩC,ΩC′)
and therefore the structure of a rightΩC-module onΩC′ . Suppose thatM is a right
C-comodule andM′ is a rightC′ -comodule. A map of rightΩC-modules

h : M ⊗tΩ ΩC→ M′ ⊗tΩ ΩC′,
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is acomodule map up to strong homotopy with respect toθ from M to M′ .

Abusing terminology somewhat, we say that a chain mapg : M → M′ is acomodule
map up to strong homotopyif there is such anh satisfying

h(x⊗ 1)− g(x) ⊗ 1 ∈ M′
<degx⊗ΩC′

for all x ∈ M .

A “module” version of Theorem1.14holds for right comodules. The proof proceeds
by straightforward generalization of the absolute case. Before stating the theorem, we
remark that ifC is a coassociative chain coalgebra andM is a rightC-comodule, then
Tr (M,C) is naturally a shifted rightA-module. Observe that there is an isomorphism
of gradedR-modules

Tr (M,C)(k) ⊗
Σk−1

A(i1)⊗· · ·⊗A(ik) ∼=
(
M⊗A(i1)

)
⊗
(
T(C)(k−1) ⊗

Σk−1

A(i2)⊗· · ·⊗A(ik)
)
.

To define a shifted rightA-module structure onTr (M,C), we use the rightA-module
structure onT(C) coming from its coalgebra structure, as well as the fact that for all
m≥ 1, the comodule mapν : M → M ⊗ C induces aΣm−1-equivariant map

ν(m) : M ⊗A(m)→ M ⊗C⊗m−1 : (x⊗ δ(m)) 7→ (IdM ⊗∆
(m−2))ν(x).

In other words,Tr induces a functor from the category of pairs (M,C), whereC is a
coassociative coalgebra andM is a rightC-comodule, to the category of shifted right
A-modules.

We can now state the “module” version of Theorem1.14.

Proposition 3.12 Let θ ∈ (A,F)-Coalg(C,C′), inducingInd(θ) ∈ A-Alg(ΩC,ΩC′).
If M is a right C-comodule andM′ is a right C′ -comodule, then there is a natural
bijection

Ind+ : Mod+

A

(
Tr (M,C) ⊳

A

F,Tr (M
′,C′)

)
→ ModΩC

(
M ⊗tΩ ΩC,M′ ⊗tΩ ΩC′

)

specified by
Ind+(ω)(x) =

∑

k≥1

(
IdM′ ⊗ (s−1)⊗k−1)ω(x⊗ zk−1)

for all x ∈ M .

To see why the formula above makes sense, note that

ω(x⊗ zk−1) ∈ Tr (M
′,C′)(k) = M′ ⊗ (C′)⊗k−1.
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Furthermore, sinceM⊗tΩ ΩC is a free rightΩC-module, the specification in Proposi-
tion 3.12suffices to imply that Ind+(ω)(x⊗ v) = Ind+(ω)(x) · Ind(θ)(v) for all x ∈ M
andv ∈ ΩC.

A morphismω ∈ Mod+

A

(
Tr(M,C) ⊳

A

F,Tr (M′,C′)
)

gives rise to a family

(3–2) F+(ω) = {ωk = ω(−⊗ zk) : M → M′ ⊗ (C′)⊗k | degωk = k, k ≥ 0}.

Specifying a familyF+(ω) is equivalent to specifying a morphism of shifted symmetric
sequencesL(M) ⊳

A

F→ Tr (M′,C′).

Maps of left comodules up to strong homotopy are defined analogously. A version of
the proposition above, expressed in terms of a functorTℓ , holds for left comodules as
well.

Comodule maps up to strong homotopy are interesting becauseof their role in ex-
tending the linear naturality of Cotor (cf., (3–1)), first established by Gugenheim and
Munkholm in [5] (dual of Theorem 3.5). This extended naturality can be expressed as
follows in the language we have developed above.

Theorem 3.13 [5] Let θ ∈ (A,F)-Coalg(C,C′), whereC and C′ are simply con-
nected chain coalgebras. Letg : M → M′ and h : N → N′ be maps of right and left
comodules, respectively, up to strong homotopy with respect to θ , whereM and N
areC-comodules, andM′ andN′ areC′ -comodules. Then there is a natural induced
morphism of gradedR-modules

Cotorθ(g,h) : CotorC(M,N)→ CotorC
′

(M′,N′).

Furthermore if all the underlying graded modules areR-flat andθ(− ⊗ z0), g, andh
are all quasi-isomorphisms, thenCotorθ(g,h) is an isomorphism.

We sketch a proof of Theorem3.13, based on Proposition3.12. Let

ξ : Tr (M,C) ⊳
A

F → T(M′,C′) and ζ : Tr (N,C) ⊳
A

F → T(N′,C′)

be the morphisms of shiftedA-modules of chain complexes, corresponding tog and
h. Thus, under the hypotheses of the theorem, we can set

Cotorθ(g,h) = H∗

(
Ind+(ξ)⊗ΩC Ind+(ζ)

)
: CotorC(M,N)→ CotorC

′

(M′,N′).

A standard spectral sequence argument then shows that Cotorθ(g,h) is an isomorphism
if all modules areR-flat and if H∗

(
θ(−⊗ z0)

)
, H∗ g, and H∗ h are all isomorphisms.

We devote the remainder of this section to establishing a framework in which to state
and prove a multiplicative version of Theorem3.13. Recall that if H is a Hopf
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algebra, then an algebraB is an H-comodule algebraif it is an H -comodule and the
comodule structure maps are algebra maps. Furthermore, as seen in Corollary3.6, a
right H -comodule algebraB naturally gives rise to a chain algebra,B⊗tΩ ΩH .

We can now enlarge the categoryCAr by weakening the definition of morphisms, in
analogy with the passage from the category of chain coalgebras to the categoryDCSH.

Definition 3.14 Let CASH be the category specified as follows.

(1) Objects are pairs (H; B), where H is a chain Hopf algebra andB is a right
H -comodule algebra.

(2) A morphism from an object (H; B) to an object (H′; B′) is a pair (θ; γ), where

θ ∈ (A,F)-PsHopf(H,H′)

and

γ : B⊗tΩ ΩH → B′ ⊗tΩ ΩH′

is a morphism of both chain algebras andΩH -modules, where the rightΩH -
module structure onB′ ⊗tΩ ΩH′ is given by the algebra morphism Ind(θ) :
ΩH → ΩH′ .

Composition and identities are defined in the obvious manner. The morphisms in
CASH are calledcomodule-algebra maps up to strong homotopy.

Given a morphism (θ; γ) : (H; B)→ (H′; B′) in CASH, let γ0 denote the composite

B →֒ B⊗tΩ ΩH
γ
−→ B′ ⊗tΩ ΩH′ π

−→ B′,

whereπ denotes the obvious projection. We say that a chain mapg : B → B′ is
a CASH mapif there is a morphism (θ; γ) : (H; B) → (H′; B′) in CASH such that
γ0 = g.

Remark 3.15 Corollary 3.7 implies that the categoryCA embeds intoCASH as a
wide, but not necessarily full, subcategory.

The following relative version of Proposition2.7 is a crucial tool for construction of
CASH maps. The proof proceeds by direct, but somewhat cumbersome, generalization
of Proposition2.5, the details of which we spare the reader. We use here the shifted
derivations of Definition3.10.
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Proposition 3.16 Fix chain Hopf algebrasH andH′ and

θ ∈ (A,F)-PsHopf(H,H′)

with F(θ) = {θk | k ≥ 1}. Let B be a rightH -comodule algebra andB′ a right
H′ -comodule algebra such thatB is free as an algebra on anR-free graded moduleV .
Then any family of morphisms of gradedR-modules

Ξ = {ξk : V→ B′ ⊗ (H′)⊗k | degξk = k, k ≥ 0}

naturally induces a unique morphism of shifted rightA-modules of gradedR-modules

ξ̂ : Tr (B,H) ⊳
A

F → Tr (B
′,H′)

such thatξ̂(v⊗ zk) = ξk(v) for all v ∈ V and such that

Ind+( ξ̂ ) : B⊗tΩ ΩH → B′ ⊗tΩ ΩH′

is a map of graded algebras and ofΩH -modules.

If, furthermore, for allk ≥ 0 and for allv ∈ V ,

(3–3) D(dB′ ,dH′)k+1ξk(v)−D(ν ′,∆
′
)kξk−1(v) = ξ̂k(dv) −

∑

i+j=k

(ξ̂i ⊗ θj)ν(v),

whereF+(ξ̂) = {ξ̂k | k ≥ 0}, then ξ̂ is a differential map.

The next proposition, which explains how to construct a CASHmap as a sort of
coproduct of CASH maps when the underlying algebras of the sources are free, is
essential to the proof in section5 that our algebraic “homotopy fiber" has the right
homology. Before stating the proposition, we need one observation about coproducts
and tensor products of comodule algebras.

Remark 3.17 Suppose thatA and A′ are rightH -comodule algebras with coaction
mapsν : A→ A⊗H andν ′ : A′ → A′⊗H . Let A

∐
A′ denote the coproduct ofA and

A′ in the category of chain algebras. Sinceν andν ′ are algebra maps, they together
induce an algebra map

ν ′′ : A
∐

A′ → (A⊗ H)
∐

(A′ ⊗ H)→ (A
∐

A′)⊗ H,

which satisfies the axioms of a coaction becauseν and ν ′ do. In other words, the
algebra coproduct ofH -comodule algebras is naturally anH -comodule algebra.

It is easy to check that the tensor productA⊗ A′ , with its usual algebra structure, also
admits a naturalH -coaction

A⊗ A′ ν⊗ν′
−−−→ (A⊗ H)⊗ (A′ ⊗H)

∼=
−→ (A⊗ A′)⊗ (H ⊗ H)

Id⊗µ
−−−→ (A⊗ A′)⊗ H

that is an algebra map, whereµ denotes the multiplication inH .
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Proposition 3.18 Let (θ; γ) : (H; A) → (K; B) and (θ; γ′) : (H; A′) → (K; B′) be
morphisms inCASH. EndowA

∐
A′ andB⊗ B′ with their naturalH -comodule and

K -comodule algebra structures. If the algebras underlyingA and A′ are free on free
gradedR-modulesV andV′ , respectively, then there exists a morphism

(θ; γ′′) : (H; A
∐

A′)→ (K; B⊗ B′)

in CASH such thatγ′′0 (v) = γ0(v) ⊗ 1 and γ′′(v′) = 1⊗ γ′0(v′) for all v ∈ V and
v′ ∈ V′ .

In the situation of the proposition above, we write

γ′′0 = γ0 ⋆ γ
′
0.

Proof Let

ξ : Tr (A,H) ⊳
A

F → T(B,K) and ξ′ : Tr (A
′,H) ⊳

A

F → T(B′,K)

be the morphisms of shiftedA-modules of chain complexes, corresponding tog and
g′ , with corresponding familiesF+(ξ) = {ξm | m≥ 0} andF+(ξ′) = {ξ′m | m≥ 0}.

Define a family of linear maps

Ξ
′′

= {ξ′′m : V ⊕ V′ → (B⊗ B′)⊗ K⊗m | m≥ 0}

by ξ′′m(v) = ι1 ◦ ξm(v) for all v ∈ V andξ′′m(v′) = ι2 ◦ ξ
′
m(v′) for all v′ ∈ V′ , where

ι1 : B⊗ K⊗m→ (B⊗ B′)⊗ K⊗m : x⊗ y1⊗ · · · ⊗ ym 7→ x⊗ 1⊗ y1⊗ · · · ⊗ ym

and

ι2 : B′ ⊗ K⊗m→ (B⊗ B′)⊗ K⊗m : x′ ⊗ y1⊗ · · · ⊗ ym 7→ 1⊗ x′ ⊗ y1⊗ · · · ⊗ ym.

Note that the algebra map induced by the linear mapξ′′0 is indeedγ0 ⋆ γ
′
0.

It is easy to check that the familyΞ′′ satisfies the conditions of Proposition3.16, since
ξ andξ′ are morphisms of shiftedA-modules of chain complexes.

Inspired by the sketch of the proof of Theorem3.13, we can easily verify the follow-
ing result, establishing extendedmultiplicativenaturality of Cotor, generalizing both
Corollary3.8and Theorem3.13.

Proposition 3.19 Let grA denote the category of graded algebras overR. The functor
Cotor(−)(−; R) of Corollary3.8extends to a functor

Cotor(−)(−; R) : CASH→ grA .
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Proof Let H andH′ be simply-connected chain Hopf algebras, and let

θ ∈ (A,F)-PsHopf(H,H′).

Let g : M → M′ be a CASH map with respect toθ , whereM is a rightH -comodule,
andM′ is a rightH′ -comodule. Recall the graded algebra structure on CotorH(M,R)
from Corollary3.8and its proof.

Let
ξ : Tr (M,H) ⊳

A

F → T(M′,H′)

be the morphism of shifted rightA-modules corresponding tog. Sinceg is a CASH
map, Ind+(ξ) is a chain algebra map and hence Cotorθ(g, Id) is a map of graded
algebras.

4 Path objects and homotopy fibers in F

In this section we define a functor

PL : F //H ,

called thepath-loop functor. For every (C,Ψ) in F, there is a natural surjection of chain
Hopf algebrasPL(C,Ψ) → Ω̃(C,Ψ). The definition ofPL is the first step towards
building a particularly nice chain algebra from which we cancompute CotorH(R,R),
whenH is a chain Hopf algebra endowed with anAlexander-Whitney model, as defined
in section5. As we explain in section6, the terminology chosen is justified by the fact
that the homotopy fiber of the natural surjectionPLC̃(K)→ Ω̃C̃(K) is indeed a model
for G2K , whereC̃ denotes the functor of Theorem2.13.

We begin by more general considerations. Given any graded module X, let X denote
s−1X, and letx̄ denote an elements−1x. Let σ : X→ X⊕ X be defined byσ(x) = x̄,
and letι : X→ X⊕ X denote the inclusion.

Let (X,d) be any chain complex. Thebased-path objecton (X,d), denotedP(X,d), is
defined to be the acyclic chain complex (X⊕X, d̃), whered̃x = ιdx− x̄ andd̃x̄ = −dx,
i.e.,

(4–1) d̃ι = ιd− σ and d̃σ = −σd.

There is an obvious factorization

0 //

≃ ""FFF
FF

FFF
F (X,d)

P(X,d)

π
::ttttttttt
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whereπ denotes the obvious projection, justifying the name we havegiven to the chain
complexP(X,d).

The based-path construction is clearly natural, i.e., there is a functor

P : ChR→ ChR.

Furthermore, the functorP is comonoidal, where the natural transformationj : P(−⊗
−)→ P(−)⊗P(−) is defined for chain complexesX andY to be the injection

jX,Y : (X⊗ Y)⊕ (X⊗ Y) ∼= (X⊗ Y)⊕ (X⊗ Y)⊕ (X⊗ Y) →֒ (X⊕ X)⊗ (Y⊕ Y).

In particular, if (X,d,∆) is a coassociative coalgebra, then
(
P(X,d), ∆̃

)
is also a

coassociative coalgebra, wherẽ∆ = jX,XP(∆). Note that the comultiplication on
P(X) is specified bỹ∆ι = (ι⊗ ι)∆ and∆̃σ = (σ⊗ ι+ ι⊗σ)∆ and that the projection
mapπ : P(X)→ X is a morphism of coalgebras.

The morphisms of gradedR-modules ι and σ induce a morphism of symmetric
sequencesDι,ι(σ) : T(X) → T

(
P(X)

)
that is of degree−1 in each level (cf.,

Definition 1.4), while the differentialsd and d̃ induce D(d) : T(X) → T(X) and
D(d̃) : T

(
P(X)

)
→ T

(
P(X)

)
. It is a matter of straightforward calculation to show

that (4–1) implies that

(4–2) D(d̃)Dι,ι(σ) = −Dι,ι(σ)D(d) andD(d̃)T(ι) = T(ι)D(d) −Dι,ι(σ).

Proposition 4.1 Let C andC′ be coassociative chain coalgebras. Any morphism

θ : T(C) ⋄
A

F → T(C′)

of right A-modules of chain complexes lifts naturally to a morphism

θ̃ : T
(
P(C)

)
⋄
A

F→ T
(
P(C′)

)
,

i.e., there is a commuting diagram of morphisms in(A,F)-Coalg

P(C)
eθ //

π

��

P(C′)

π

��
C

θ // C′.

Here, the coalgebra morphisms denotedπ are considered as morphisms in(A,F)-Coalg
via the inclusion functor.
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Proof We remark first that sinceθ is a differential map, the following equality holds.

(4–3) D(d′)θ = θ
(
D(d) ⋄

A

1 + 1 ⋄
A

∂F

)

Here, the composition rule applied is that of morphisms of right A-modules.

We now define a morphism of symmetric sequences of gradedR-modules

θ′ : L(C⊕ C) ⋄ S→ T(C′ ⊕ C)

by θ′(ι(c) ⊗ zm−1) = ι⊗mθ(c⊗ zm−1) for all c ∈ C, since θ̃ should extendθ , and
θ′(c̄⊗ zm−1) = Dι,ι(σ)θ(c⊗ zm−1). In other words,

(4–4) θ′(ι ⋄ 1) = T(ι)θ andθ′(σ ⋄ 1) = Dι,ι(σ)θ.

Applying Lemma2.3, we obtain another morphism of symmetric sequences

θ′′ : T(C⊕C) ⋄ S→ T(C′ ⊕ C
′
),

defined for allk and for allw1, ...,wk ∈ C⊕ C by

θ′′
(
(w1⊗· · ·⊗wk)⊗ (zn1−1⊗· · ·⊗ znk−1)

)
= ±θ′(w1⊗ zn1−1)⊗· · ·⊗ θ′(wk⊗ znk−1),

where the sign is determined by the Koszul rule.

Now use the rightA-module structure ofT
(
P(C′)

)
to extendθ′′ to a morphism

θ̃ : T(C⊕ C) ⋄
A

F ∼= T(C⊕ C) ⋄ S ⋄A→ T(C′ ⊕ C
′
)

of right A-modules of gradedR-modules. As an easy consequence of (4–4), we have
that

θ̃
(
T(ι) ⋄

A

1) = T(ι)θ andθ̃
(
Dι,ι(σ)

)
= Dι,ι(σ)θ.

To complete the proof, we need to verify thatθ̃ is differential, i.e., that

θ̃(D(d) ⋄
A

1 + 1 ⋄
A

∂F) = D(d̃′)θ̃.

It is enough to prove that the two sides of the equation are equal when precomposed
(as maps of rightA-modules) with eitherL(ι) ⋄ 1 : L(C) ⋄ F → T

(
P(C)

)
⋄
A

F or

L(σ) ⋄ 1 : L(C) ⋄ F → T
(
P(C)

)
⋄
A

F .

Observe that

D(d̃′)θ̃(L(ι) ⋄ 1) = D(d̃′)T(ι)θ

= Dι,ι(d̃ι)θ

= Dι,ι(ιd− σ)θ
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=
(
T(ι)D(d′)−Dι,ι(σ)

)
θ,

while

θ̃
(
D(d̃) ⋄

A

1
)
(L(ι) ⋄ 1) = θ̃

(
T(ι)D(d) ⋄

A

1−Dι,ι(σ) ⋄
A

1
)

= T(ι)θD(d) − θ̃
(
Dι,ι(σ) ⋄

A

1
)
.

Thus,
(
D(d̃′)θ̃ − θ̃(D(d̃) ⋄

A

1)
)
(L(ι) ⋄ 1) = T(ι)

(
D(d′)θ − θD(d)

)

= T(ι)θ(1 ⋄
A

∂F)

= θ̃(1 ⋄
A

∂F)(L(ι) ⋄ 1),

by equation (4–3).

Similarly,
D(d̃′)θ̃(L(σ) ⋄ 1) = D(d̃′)Dι,ι(σ)θ = −Dι,ι(σ)D(d′)θ,

and

θ̃
(
D(d̃) ⋄

A

1
)
(L(σ) ⋄ 1) = −θ̃(Dι,ι(σ)D(d) ⋄

A

1) = −(Dι,ι(σ)θ(D(d) ⋄
A

1).

Thus,
(
D(d̃′)θ̃ − θ̃(D(d̃) ⋄

A
1)
)
(L(σ) ⋄ 1) = −(Dι,ι(σ)θ(1 ⋄

A
∂F)

= −θ̃(Dι,ι(σ) ⋄
A

1)(1 ⋄
A

∂F)

= θ̃(1 ⋄
A

∂F)(L(σ) ⋄ 1),

again by (4–3).

Recall thatIF : A-Coalg→ (A,F)-Coalg denotes the “inclusion" functor (1–1).

Corollary 4.2 If (C,Ψ) is an object inF, then the based-path objectP(C) admits
a natural Alexander-Whitney coalgebra structure mapΨ̃, extendingΨ. Furthermore,
the morphism of rightA-modules

IF(π) = T(π) ⋄
A

ε : T
(
P(C)

)
⋄
A

F → T(C)

induced by the natural projection map of chain complexesπ : P(C)→ C is a morphism
in F, i.e.,

ΨIF(π) =
(
IF(π) f IF(π)

)
Ψ̃,

where the composition is calculated in(A,F)-Coalg.
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Proof By Proposition4.1 , the morphism of rightA-modules

Ψ : T(C) ⋄
A

F → T(C⊗ C)

gives rise naturally to

Ψ̃ : T
(
P(C)

)
⋄
A

F → T
(
P(C⊗ C)

)
.

SinceP(C ⊗ C) injects intoP(C) ⊗ P(C), we can look atΨ̃ as a morphism with
targetT

(
P(C)⊗P(C)

)
.

To complete the proof that
(
P(C), Ψ̃) is an Alexander-Whitney coalgebra, we need to

check thatq Ind(Ψ̃) is coassociative. By naturality, however, this follows immediately
from the coassociativity ofq Ind(Ψ).

Verification thatIF(π) is a morphism inF is trivial.

Proposition 4.3 Let θ : (C,Ψ)→ (C′,Ψ′) be a morphism inF. Then

θ̃ :
(
P(C), Ψ̃)→

(
P(C′), Ψ̃′

)

is also a morphism inF, i.e., (θ̃ f θ̃)Ψ̃ = Ψ̃′θ̃ , where the composition is performed in
(A,F)-Coalg.

Proof It suffices to check the desired equality holds when precomposed (as mor-
phisms of rightA-modules) with eitherL(ι) ⋄ 1 or L(σ) ⋄ 1. To distinguish between
composition as morphisms of rightA-modules and as morphisms in (A,F)-Coalg, we
denote the first by simple concatentation of symbols and the second by◦.

The definition ofΨ̃ given in the proofs of Proposition4.1 and Corollary4.2 implies
that

(θ̃ f θ̃) ◦ Ψ̃(L(ι) ⋄ 1) = (θ̃ f θ̃) ◦ T(ι)Ψ

=
(
θ̃T(ι) f θ̃T(ι)

)
◦Ψ

= T(ι)(θ f θ) ◦Ψ

= T(ι)Ψ′ ◦ θ sinceθ is a morphism inF

= Ψ̃
′ ◦ T(ι)θ

= Ψ̃
′θ̃(L(ι) ⋄ 1).

On the other hand,

(θ̃ f θ̃) ◦ Ψ̃(L(σ) ⋄ 1) = (θ̃ f θ̃) ◦Dι,ι(σ)Ψ
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=
(
θ̃Dι,ι(σ) f θ̃T(ι) + θ̃T(ι) f θ̃Dι,ι(σ)

)
◦Ψ

= Dι,ι(σ)(θ f θ) ◦Ψ

= Dι,ι(σ)Ψ′ ◦ θ sinceθ is a morphism inF

= Ψ̃
′ ◦Dι,ι(σ)θ

= Ψ̃
′θ̃(L(σ) ⋄ 1).

Corollary4.2and Proposition4.3 imply that the following definition makes sense.

Definition 4.4 Thebased-path functor̃P : F→ F is defined on objects bỹP(C,Ψ) =(
P(C), Ψ̃

)
and on morphisms bỹP(θ) = θ̃ .

The second part of Corollary4.2implies thatP̃ is augmented: the projectionπ serves
as a natural transformationπ : P̃→ IdF .

For the constructions in the following sections, we need a relative version of the path
functor, i.e., a notion of homotopy fiber inF. We consider first the notion of homotopy
fiber in ChR. Any morphism of chain complexesf : X→ Y can be factored as

X
f //

incl.

≃

$$II
II

II
II

II
Y

X⊕P(Y)
f+π

::uuuuuuuuuu

,

so that it is reasonable to define the homotopy fiberHF(f ) to be the pullback

HF(f )

��

// X⊕P(Y)

f+π
��

0 // Y,

or, more prosaically,HF(f ) is the kernel off + π .

Analogously, to define homotopy fibers inF, we first need to show thatF admits
coproducts. It is easy to see, however, that if (C,Ψ) and (C′,Ψ′) are Alexander-
Whitney coalgebras, then their coproduct (C,Ψ)

∐
(C′,Ψ′) in F is (C ⊕ C′,Ψ′′),

where
Ψ

′′ : T
(
C⊕ C′

)
⋄
A

F → T

((
C⊕ C′

)⊗2
)

is the morphism ofA-modules specified (as in the proofs of Lemma2.3and Proposition
4.1) by

Ψ
′′(c⊗ zk−1) = Ψ(c⊗ zk−1) and Ψ

′′(c′ ⊗ zk−1) = Ψ̃(c′ ⊗ zk−1)
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for all c ∈ C, c′ ∈ C′ andk > 0 .

Let θ : (C′,Ψ′)→ (C,Ψ) be a morphism inF. There is an obvious factorization inF

(4–5) (C′,Ψ′)
θ //

incl.

≃

((PPPPPPPPPPPP
(C,Ψ)

(C′,Ψ′)
∐

P(C,Ψ)
θ+π

77nnnnnnnnnnnn

.

Note thatθ+π , seen simply as a map of coalgebras, admits a (nondifferential) section,
the coalgebra map

j : C→ C′ ⊕ (C⊕ C),

which is just the natural inclusion. Moreover,Ψ′′(j(c) ⊗ zk−1) = j⊗kΨ(c⊗ zk−1) for
all k, so that the induced algebra map

Ωj : ΩC→ Ω
(
C′ ⊕ (C⊕ C)

)

commutes with the induced comultiplications, i.e.,Ωj is a Hopf algebra map, which is
a (nondifferential) section ofΩ(θ + π).

Recall the functor̃Ω : F→ H from (2–3).

Definition 4.5 Thealgebraic path-loop functor

PL : F // H

is the compositePL = Ω̃ ◦ P̃. The induced comultiplication onPL(C,Ψ) is denoted
ψ̃ .

We prefer the notationPL for this functor, instead of̃Ω ◦ P̃, as it reminds us that
PL(C,Ψ) plays the role of thepaths on aloop space.

Observe thatPL(C) is always acyclic, sincẽP(C) is acyclic and 1-connected.

Consider the natural rightΩC-comodule structure onPL(C) given by the coaction

ν = (1⊗ Ωπ)ψ̃ : Ω(C⊕ C)→ Ω(C⊕ C)⊗ ΩC.

It is important for the proof of Theorem5.6 to know thatPL(C) is a cofree right
ΩC-comodule, which is an immediate consequence of the following more general
result.

Proposition 4.6 Let p : (H′,d′) → (H,d) be a surjection of connected chain Hopf
algebras, which are free as gradedR-modules. Letν = (1⊗ p)∆′ : H′ → H′ ⊗ H
denote the rightH -coaction onH′ induced byp. If p admits a (nondifferential) Hopf
algebra sections, then
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(1) H′�HR is a sub chain algebra ofH′ , and

(2) (H′, ν) is cofree as a nondifferentialH -comodule, with cobasisH′�HR.

Proof Let (B,dB) = H′�HR. Theorem 4.6 in [13], implies directly thatH′�HR is a
sub chain algebra ofH′ .

Consider the linear map

h = µ(i ⊗ s) : B⊗ H
∼=
−→ H′,

whereµ denotes the multiplication onH′ and i is the canonical inclusion. According
to Theorem 4.7 in [13], h is an isomorphism of both rightH -comodules and leftB-
modules, since the underlying Hopf algebra ofH is connected, while the underlying
algebra ofH′ is a connectedH -comodule algebra, and all gradedR-modules in question
are free. Sinceh is an isomorphism, we can use it to define a differentiald̄ on B⊗ H
by

d̄ = h−1d′h.

Thenh becomes an isomorphism of differential rightH -comodules and leftB-modules,
i.e., H′ is cofree.

Observe that for allx ∈ B,

d̄(x⊗ 1) = h−1d′(i(x))

= h−1i(dBx)

= dBx⊗ 1,

i.e., the restriction of̄d to B⊗ 1 is simplydB ⊗ 1. In other words, the inclusion ofB
into H′ is a differential map.

Corollary 4.7 The path-loop constructionPL(C,Ψ) on any Alexander-Whitney coal-
gebra(C,Ψ) is cofree over̃Ω(C,Ψ), with cobasisPL(C,Ψ)�eΩ(C,Ψ)R, which is a sub
chain algebra ofPL(C,Ψ).

More generally, for anyθ ∈ F
(
(C′,Ψ′), (C,Ψ)

)
, the coalgebrãΩ

(
(C′,Ψ′)

∐
P(C,Ψ)

)

is cofree over̃Ω(C,Ψ), with cobasisΩ̃
(
(C′,Ψ′)

∐
P(C,Ψ)

)
�eΩ(C,Ψ)R, which is a sub

chain algebra of̃Ω
(
(C′,Ψ′)

∐
P(C,Ψ)

)
.

Proof SinceΩ̃(θ+π) : Ω̃
(
(C′,Ψ′)

∐
P(C,Ψ)

)
→ Ω̃(C,Ψ) admits a (nondifferential)

Hopf algebra sectionΩj, we can apply Proposition4.6.
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To conclude this section we analyze more precisely the nature of ψ̃ , the comultiplication
on PL(C), andν , the induced̃ΩC-coaction. Letι denote the natural (nondifferential)
sectionΩC →֒ Ω(C⊕ C) of Ωπ . Let

κ : ΩC→ Ω(C⊕ C)

denote the (ι, ι)-derivation of degree−1 specified byκ(s−1c) = −s−1c̄, i.e., κµ =

µ(κ⊗ ι+ ι⊗ κ).

Lemma 4.8 The derivationκ satisfies the following properties.

(1) κ is a differential map of degree−1, i.e.,κdΩ = −d̃Ωκ.

(2) κ is a (ι, ι)-coderivation, i.e.,

ψ̃κ = (κ⊗ ι+ ι⊗ κ)ψ : ΩC→ Ω(C⊕ C)⊗ Ω(C⊕ C).

(3) κ is a map of rightΩC-comodules, i.e.,νκ = (κ⊗1)ψ : ΩC→ Ω(C⊕C)⊗ΩC.

Proof (1) Let c ∈ C, and letci ⊗ ci denote its reduced comultiplication. Then, using
the definitions of̃d and∆̃ from the beginning of section4 as well as the definition of
the cobar construction differential from the introduction, we obtain

κdΩ(s−1c) = κ(−s−1dc+ (−1)ci · s−1cis
−1ci)

= s−1dc+ (−1)ci (−s−1c̄i · s
−1ci − (−1)ci s−1ci · s

−1c̄i)

= d̃Ωs−1c̄

= −d̃Ωκ(s−1c).

(2) We have defined̃ψ so that the desired equality obviously holds on the generators
s−1C+ . Thus, to establish that the equality holds on all ofΩC, we must show that

ψ̃κµ = (κ⊗ ι+ ι⊗ κ)ψµ : ΩC⊗2→ Ω(C⊕C)⊗2

whereµ denotes the multiplication map.

We verify this equality by induction on total length of elements inΩC⊗2. By definition
of ψ̃ , the equality holds for total length equal to 1. Suppose thatit holds for all elements
of ΩC⊗2 of total length less thann

Let τ denote the usual twisting isomorphismτ : A⊗ B ∼= B⊗ A. Observe that on
Tms−1C+ ⊗ Tn−ms−1C+ ,

ψ̃κµ = ψ̃µ(κ⊗ ι+ ι⊗ κ)
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= (µ⊗ µ)(1⊗ τ ⊗ 1)(ψ̃ ⊗ ψ̃)(κ⊗ ι+ ι⊗ κ)

= (µ⊗ µ)(1⊗ τ ⊗ 1)
((

(κ⊗ ι+ ι⊗ κ)ψ
)
⊗ ψ + ψ ⊗

(
(κ⊗ ι+ ι⊗ κ)ψ

))

= (µ⊗ µ)(κ⊗ ι⊗3
+ ι⊗2⊗ κ⊗ ι+ ι⊗ κ⊗ ι⊗2

+ ι⊗3⊗ κ)(1⊗ τ ⊗ 1)(ψ ⊗ ψ)

=
((
µ(κ⊗ ι+ ι⊗ κ)

)
⊗ µ+ µ⊗

(
µ(κ⊗ ι+ ι⊗ κ)

))
(1⊗ τ ⊗ 1)(ψ ⊗ ψ)

= (κµ⊗ µ+ µ⊗ κµ)(1⊗ τ ⊗ 1)(ψ ⊗ ψ)

= (κ⊗ ι+ ι⊗ κ)ψµ.

The induction hypothesis assures that the third equality inthis sequence holds.

The equality of part (2) of the lemma therefore holds for all elements of total lengthn.

(3) This is an immediate consequence of (2).

5 Homology of homotopy fibers in H

In this section we describe the homology of the homotopy fiberL2(C,Ψ) of the
path-loop mapΩπ : PL(C,Ψ) → Ω̃(C,Ψ) on an object (C,Ψ) of F. We show in
particular that when a chain Hopf algebraH is endowed with anAlexander-Whitney
modelθ : Ω̃(C,Ψ)→ H (see below), then

H∗

(
L2(C,Ψ)

)
∼= CotorH(R,R)

as graded algebras. We emphasize that this is a true isomorphism and not merely an
isomorphism of associated bigraded complexes: there are noextension problems to
solve. More generally, we apply the path-loop constructionto building a model for
computation of the algebra structure of CotorH(H′,R), the homology of the homotopy
fiber of a map of chain Hopf algebrasH′ → H , which endowsH′ with the structure of
an H -comodule algebra. In section6 we show that our terminology is fully justified
by its application to chain complexes of simplicial sets.

The chain Hopf algebras that we can study by the methods of this paper possess a
model of the following sort. We use here the notion of pseudoA-Hopf algebras of
Definition 2.2.

Definition 5.1 Let H be a chain Hopf algebra, seen as a pseudoA-Hopf algebra, via
the “inclusion" functorIF : H → (A,F)-PsHopf. An Alexander-Whitney modelof H
consists of an object (C,Ψ) of F together with a morphism

Θ ∈ (A,F)-PsHopf(Ω̃(C,Ψ),H)
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restricting to a quasi-isomorphism of chain algebras

θ = Θ(−⊗ z0) : Ω̃(C,Ψ)
≃ // H.

Unrolling the definition, we see that the existence ofΘ is equivalent to the existence
of a family of R-linear maps

F(Θ) = {θn = Θ(−⊗ zn) : Ω̃(C,Ψ)→ H⊗n+1}

satisfying certain conditions with respect to the differentials (cf., (1–5) and Proposition
2.5). Furthermore, it follows from the formula for the level comultiplication in F (cf.,
[8], page 854) that for alla,b ∈ Ω̃(C,Ψ),

θn(ab) =
∑

1≤k≤n+1
~ı∈Ik,n+1

±
(
(∆(i1) ⊗ · · · ⊗∆

(ik))θk−1(a)
)

•
(
(θi1−1⊗ · · · ⊗ θik−1)∆(k)(b)

)
,

where • denotes the multiplication inH⊗n+1, ∆ denotes the comultiplication in
Ω̃(C,Ψ) and inH and the signs follow from the Koszul rule.

Throughout this section we assume that any chain Hopf algebra mentioned is endowed
with an Alexander-Whitney model, which we usually denote simply by θ : Ω̃(C,Ψ)→
H .

Let H be a chain Hopf algebra, and consider the acyclicH -comodule algebraΩH⊗tΩH ,
as constructed in Proposition3.5. Let

p : ΩH ⊗tΩ H // H

denote the natural projection.

We explain first how to liftθ ◦ Ω̃π naturally to a quasi-isomorphism̃θ : PL(C,Ψ)→
ΩH ⊗tΩ H such that the following square commutes.

PL(C,Ψ)
eθ //

eΩπ
��

ΩH ⊗tΩ H

p

��
Ω̃(C,Ψ)

θ // H

We begin by defining and studying a certain section ofp and a derivation homotopy
associated with it. Letχ : H //H ⊗ H denote the comultiplication onH .

The proof of the following lemma is an immediate consequenceof the definitions.

Lemma 5.2 Define s : H → ΩH ⊗tΩ H to be the linear map of degree 0 given by
s(w) = 1⊗ w. Then
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(1) ps = 1H ;

(2) (DΩs− sd)(w) = −s−1wi ⊗ wi for all w ∈ H , whereχ(w) = wi ⊗ wi ;

(3) s is a map of graded algebras; and

(4) s is a map of rightH -comodules.

Using this knowledge ofs, we can build an important chain map fromH to ΩH⊗tΩ H ,
as explained in the next lemma.

Lemma 5.3 Let h = DΩs− sd : H → ΩH ⊗tΩ H . Then

(1) ph = 0;

(2) h is a chain map of degree−1, i.e., DΩh = −hd;

(3) h(a · b) = h(a) · s(b) + (−1)as(a) · h(b) for all a,b ∈ H , i.e., h is a derivation
homotopy froms to itself; and

(4) h is a map of rightH -comodules.

Proof We leave the trivial verifications of (1) and (2) to the reader.

(3) Observe that

h(a · b) = DΩs(a · b)− sd(a · b)

= DΩ

(
s(a) · s(b)

)
− s
(
da · b + (−1)aa · db

)

= DΩs(a) · s(b) + (−1)as(a) · DΩs(b)− sd(a) · s(b)− (−1)as(a) · sd(b)

= h(a) · s(b) + (−1)as(a) · h(b).

(4) Observe that

(1⊗ χ)h = (1⊗ χ)(DΩs− sd)

= (DΩ ⊗ 1 + 1⊗ d)(1⊗ χ)s− (s⊗ 1)χd

= (DΩ ⊗ 1 + 1⊗ d)(s⊗ 1)χ− (s⊗ 1)(d⊗ 1 + 1⊗ d)χ

= (h⊗ 1)χ.

We now applys andh to the construction of the lift of̃θ .

Theorem 5.4 Let θ̃ : Ts−1(C⊕C)+ → ΩH⊗tΩ H be the graded algebra map specified
by θ̃(s−1c) = sθ(s−1c) and θ̃(s−1c̄) = hθ(s−1c).
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(1) θ̃ is a differential map, i.e.,̃θd̃Ω = DΩθ̃ , and is therefore a quasi-isomorphism.

(2) θ̃ : PL(C)→ ΩH ⊗tΩ H is a CASH map.

Proof (1) Let c ∈ C and write∆(c) = ci ⊗ ci . Then

DΩθ̃(s
−1c) = DΩsθ(s−1c)

= sdθ(s−1c) + hθ(s−1c)

= sθdΩ(s−1c) + θ̃(s−1c̄)

= sθ
(
− s−1(dc) + (−1)ci s−1cis

−1ci)
+ θ̃(s−1c̄)

= −θ̃
(
s−1(dc)

)
+ (−1)ci sθ(s−1ci)sθ(s

−1ci) + θ̃(s−1c̄)

= −θ̃
(
s−1(dc)

)
+ (−1)ci θ̃(s−1ci)θ̃(s

−1ci) + θ̃(s−1c̄)

= θ̃
(
− s−1(dc) + s−1c̄ + (−1)ci s−1cis

−1ci)

= θ̃
(
− s−1(d̃c) + (−1)ci s−1cis

−1ci)

= θ̃d̃Ω(s−1c).

Furthermore,

DΩθ̃(s
−1c̄) = DΩhθ(s−1c)

= −hdθ(s−1c)

= −hθdΩ(s−1c)

= −hθ
(
− s−1(dc) + (−1)ci s−1cis

−1ci)

= θ̃(s−1dc)− (−1)ci h
(
θ(s−1ci)θ(s

−1ci)
)

= θ̃(−s−1d̃c̄)

− (−1)ci
(
hθ(s−1ci) · sθ(s

−1ci) + (−1)ci+1sθ(s−1ci) · hθ(s
−1ci)

)

= θ̃(−s−1d̃c̄)

− (−1)ci
(
θ̃(s−1c̄i) · θ̃(s

−1ci)− (−1)ci θ̃(s−1ci) · θ̃(s
−1c̄i)

)

= θ̃
(
− s−1d̃c̄ + (−1)ci+1s−1c̄is

−1ci
+ (−1)cs−1cis

−1c̄i)

= θ̃d̃Ω(s−1c̄).

Observe that sincẽθ is a differential map, it is necessarily a quasi-isomorphism, as
both PL(C) andΩH ⊗tΩ H are acyclic.

(2) Let Θ ∈ (A,F)-PsHopf
(
Ω̃(C,Ψ),H

)
denote the pseudoA-Hopf algebra map that

θ underlies. LetF(Θ) = {θk : ΩC→ H⊗k | k ≥ 1}, whereθk = Θ(− ⊗ zk−1). For
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k ≥ 0, define
θ̃k : s−1(C⊕ C)→ (ΩH ⊗tΩ H)⊗ H⊗k

by
θ̃k(s

−1c) = (s⊗ 1⊗k)θk+1(s−1c)

and
θ̃k(s

−1c̄) = (h⊗ 1⊗k)θk+1(s−1c),

where 1 denotes the identity onH .

We claim that

{θ̃k : s−1(C⊕ C)→ (ΩH ⊗tΩ H)⊗ H⊗k | k ≥ 1}

satisfies the hypotheses of Proposition3.16and therefore induces a morphism

Θ̃ ∈ (A,F)-PsHopf
(
PL(C,Ψ),H ⊗tΩ ΩH

)
,

i.e., θ̃ is a CASH map. We prove this claim by induction onk and on degree in the
Appendix.

Note thatΘ̃ lifts Θ, in the sense thatp⊗nΘ̃(n) = Θ(n)(Ω̃π ⋄ 1F) for all n. This is a
necessary condition for̃θ to be a CASH map with respect toθ .

Summary 5.5 Given an objectH of H and an Alexander-Whitney model ofH

θ : Ω̃(C,Ψ)
≃ // H,

there exists a commutative diagram

(5–1) PL(C,Ψ)

eΩπ
��

eθ // ΩH ⊗tΩ H

p

��
Ω̃(C,Ψ)

θ // H

such that

(1) Ω̃π is a strict algebra and coalgebra map;

(2) p is a strict algebra and rightH -comodule map;

(3) the natural rightΩC-comodule structure onPL(C,Ψ) is cofree onPL(C,Ψ)�ΩCR;
and

(4) θ̃ is a quasi-isomorphism that is a strict algebra map and a CASHmap.

Furthermore, this construction is natural inθ .
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The next theorem, which is the heart of this article, describes how we can use the path-
loop construction to compute the multiplicative structureof homotopy fiber homologies
in H . Recall from Corollary3.8 that if H is a chain Hopf algebra andM is an H -
comodule algebra, then CotorH(M,R) = H∗(M ⊗tΩ ΩH) has a natural graded algebra
structure. Recall furthermore from Corollary4.7thatΩ̃

(
(C′,Ψ′)

∐
P(C,Ψ)

)
�eΩ(C,Ψ)R

is a sub chain algebra of̃Ω
(
(C′,Ψ′)

∐
P(C,Ψ)

)
for all θ ∈ F

(
(C′,Ψ′), (C,Ψ)

)
.

Theorem 5.6 Let ϕ : H′ → H be a map of chain Hopf algebras. Suppose that there
is a a mapω : (C′,Ψ′)→ (C,Ψ) in F and a commutative diagram

(5–2) Ω̃(C′,Ψ′)

eΩω
��

θ′

≃
// H′

ϕ

��
Ω̃(C,Ψ)

θ

≃
// H

in which θ′ andθ are Alexander-Whitney models. Let

LF(ω) = Ω̃
(
C′
∐

P(C)
)
�ΩCR.

Then there is a a zig-zag of quasi-isomorphisms of chain algebras

LF(ω)
≃
←− • ≃

−→ · · ·
≃
←− • ≃

−→ H′ ⊗tΩ ΩH.

In particular,H∗

(
LF(ω)

)
is isomorphic toCotorH(H′,R) as graded algebras.

It is not surprising that there is at least a linear isomorphism between H∗
(
LF(ω)

)

and CotorH(H′,R). SinceΩ̃
(
(C′,Ψ′)

∐
P(C,Ψ)

)
is a Ω̃(C,Ψ)-cofree resolution of

Ω̃(C′,Ψ′) and Cotor is the derived functor of the cotensor product, Cotor
eΩ(C,Ψ)(Ω̃(C′,Ψ′),R)

should be the same as H∗
(
LF(ω)

)
. Naturality then gives rise to the linear isomorphism

H∗

(
LF(ω)

)
and CotorH(H′,R). The challenge lies in showing that the isomorphism

is multiplicative.

Proof The factorization ofω described in4–5

C′

%%KKKKKK
KKKK

K

ω // C

C′ ⊕ (C⊕ C)

ω+π

99sssssssssss

,

induces a factorization of̃Ωω

ΩC′

''NNNNNNNNNNN

eΩω // ΩC

Ω
(
C′ ⊕ (C⊕ C)

)eΩ(ω+π)

88ppppppppppp

.
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Note thatΩ̃(ω + π) admits a (nondifferential) Hopf algebra sectionΩj, wherej is the
natural section ofω + π . We can therefore apply Proposition4.6to Ω̃(ω + π).

From Proposition4.6, we know that there is an injection of chain algebras

i : LF(ω) →֒ Ω
(
C′ ⊕ (C⊕ C)

)

and an isomorphism of leftLF(ω)-modules and rightΩC-comodules

h : LF(ω)⊗ ΩC→ Ω
(
C′ ⊕ (C⊕ C)

)

defined byh = µ(i ⊗ Ωj).

Next, using the rightΩC-comodule structure ofΩ
(
C′ ⊕ (C⊕ C)

)
, define the twisted

tensor productΩ
(
C′ ⊕ (C⊕ C)

)
⊗tΩ Ω2C , and let

η : Ω
(
C′ ⊕ (C⊕ C)

)
→֒ Ω

(
C′ ⊕ (C⊕ C)

)
⊗tΩ Ω

2C

denote the natural (nondifferential) injection of algebras such thatη(w) = w⊗ 1. We
claim that the composition

ηi : LF(ω)→ Ω
(
C′ ⊕ (C⊕ C)

)
⊗tΩ Ω

2C

is a quasi-isomorphism of chain algebras.

Note thatηi factors as a composite of chain maps

LF(ω)
incl.
−−→ (LF(ω)⊗ ΩC)⊗tΩ Ω

2C
h⊗1
−−→ Ω

(
C′ ⊕ (C⊕ C)

)
⊗tΩ Ω

2C.

The linear maph⊗ 1 is a differential map becauseh is a map of differentialΩC-
comodules, while the inclusionLF(ω) →֒ (LF(ω) ⊗ ΩC) ⊗tΩ Ω2C is a differential
map sinceLF(ω) ⊗ ΩC is cofree. SinceΩC⊗tΩ Ω2C is acyclic, the first, inclusion
map is a quasi-isomorphism. The second map is also a quasi-isomorphism, ash is an
isomorphism. Thus,ηi is a quasi-isomorphism, as claimed.

Similarly, since there is a chain subalgebra inclusion

H′ ⊗tΩ ΩH →֒ H′ ⊗tΩ (ΩH ⊗tΩ H)⊗tΩ ΩH,

which is a quasi-isomorphism sinceH ⊗tΩ ΩH is acyclic.

The conditions on diagrams (5–1) and (5–2) imply that we have morphisms inCASH
(cf., Definition3.14)

(θ; θ̃) :
(
Ω̃(C,Ψ); PL(C,Ψ)

)
→
(
H; ΩH ⊗tΩ H

)

and
(θ; θ′) :

(
Ω̃(C,Ψ); Ω̃(C′,Ψ′)

)
→ (H; H′).
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Applying Proposition3.18, we obtain a CASH map

θ′ ⋆ θ̃ : Ω
(
C′ ⊕ (C⊕C)

)
→ H′ ⊗tΩ (ΩH ⊗tΩ H),

associated to a chain algebra map

ζ : Ω
(
C′ ⊕ (C⊕C)

)
⊗tΩ Ω

2C −→ H′ ⊗tΩ (ΩH ⊗tΩ H)⊗tΩ ΩH.

SinceΩ(C⊕C) andΩH⊗tΩ H are acyclic, andΩ
(
C′⊕ (C⊕C)

)
∼= ΩC′

∐
Ω(C⊕C),

the vertical arrows in the commuting diagram

Ω
(
C′ ⊕ (C⊕ C)

) θ′⋆eθ // H′ ⊗tΩ (ΩH ⊗tΩ H)

1⊗ǫ≃

��
ΩC′

incl. ≃

OO

θ′

≃
// H′,

whereǫ denotes the augmentation map, are both quasi-isomorphisms. Consequently,
θ′ ⋆ θ̃ is a quasi-isomorphism, which implies thatζ is also a quasi-isomorphism, since
the underlying graded modules of all objects involved are assumed to be free overR.

We have therefore a zig-zag of quasi-isomorphisms of chain algebras

LF(ω)

≃ηi
��

H′ ⊗tΩ ΩH

≃incl.
��

Ω
(
C′ ⊕ (C⊕ C)

)
⊗tΩ Ω2C

ζ

≃
// H′ ⊗tΩ (ΩH ⊗tΩ H)⊗tΩ ΩH.

Consequently,
H∗ LF(ω) ∼= H∗(H′ ⊗tΩ ΩH) = CotorH(H′,R)

as graded algebras.

Corollary 5.7 Let θ : Ω̃(C,Ψ)→ H be an Alexander-Whitney model of a chain Hopf
algebraH . If

L2(C,Ψ) = PL(C,Ψ)�eΩ(C,Ψ)R,

with its natural chain algebra structure inherited fromΩ̃(C,Ψ), thenH∗

(
L2(C,Ψ)

)
is

isomorphic toCotorH(R,R) as graded algebras.

Proof Apply Theorem5.6 to the unit mapR→ H .

Definition 5.8 Given an object (C,Ψ) in F, the chain algebraL2(C,Ψ) is thedouble-
loop constructionon C. Given a morphismω : (C′,Ψ′) → (C,Ψ) of F, the chain
algebraLF(ω) is theloop-homotopy fiberconstruction onω .
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Remark 5.9 Note thatL2(C,Ψ) is a subalgebra ofPL(C,Ψ) = Ω̃ ◦ P̃(C,Ψ), which
is free as a graded algebra onC ⊕ C. In particular, if C admits anR-basis ofn
elements, thenL2(C,Ψ) is a subalgebra of a free algebra on 2n generators. On the
other hand,Ω

(
Ω̃(C,Ψ)

)
, which is connected by a zig-zag of quasi-isomorphisms of

chain algebras toL2(C,Ψ), is free on an infinite number of generators.

A similar comparison can be made betweenLF(ω) andΩ
(
C′ ⊕ (C⊕ C)

)
⊗tΩ Ω2C.

Remark 5.10 Since the path-loop construction is functorial, the double-loop construc-
tion is as well, i.e., a morphismh : (C,Ψ) → (C′,Ψ′) in F induces a chain algebra
mapL2(h) : L2(C,Ψ) → L2(C′,Ψ′). It is evident that ifh is a quasi-isomorphism in
F, thenL2(h) is a quasi-isomorphism of chain algebras.

Similarly, the loop-homotopy fiber construction is clearlydefines a functor from the
category of morphisms inF to the category of chain algebras. Furthermore if

(C′,Ψ′)
ω //

≃ h′

��

(C,Ψ)

≃ h
��

(B′,Φ′)
ζ // (B,Φ)

is a commuting diagram inF, whereh andh′ are quasi-isomorphisms, then the induced
mapLF(ω)→ LF(ζ) is a quasi-isomorphism of chain algebras.

6 The loops on a homotopy fiber

We are now ready to apply the purely algebraic results above to topology.

6.1 The loop-homotopy fiber model

Here we apply the constructions and theorems of the previoustwo sections to con-
structing a chain algebra, the homology of which is isomorphic as a graded algebra
to H∗(GF), whereF is the homotopy fiber of a morphismg : K → L of 2-reduced
simplicial sets.

We begin by specifying our input data for the constructions of sections4 and5: the
canonical enriched Adams-Hilton modelof [8].
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Recall from Theorem2.13 that there is a functor̃C : sSet1 → F. In [16] Szczarba
gave an explicit formula for a natural transformation between functors fromsSet1 to
the category of associative chain algebras

θ : ΩC(−)→ C(G(−))

such thatθK : ΩC(K) → C(GK) is a quasi-isomorphism of chain algebras for every
1-reduced simplicial setK .

SinceΩ extends to a functor̃Ω : F → H (see (1.5)), there is a natural transformation
ψ : ΩC(−) → ΩC(−) ⊗ ΩC(−) given for each 1-reduced simplicial setK by the
composition

ΩC(K)
Ind(ΨK )
−−−−→ Ω

(
C(K)⊗ C(K)

) q
−→ ΩC(K)⊗ ΩC(K),

whereC̃(K) =
(
C(K),ΨK). The comultiplicationψK : ΩC(K)→ ΩC(K)⊗ΩC(K) is

called theAlexander-Whitney cobar diagonal.

In [8] Hess, Parent, Scott and Tonks established that Szczarba’sequivalenceθK un-
derlies a pseudoA-Hopf map with respect toψK and the usual comultiplication on
C(GK). In other words, for all 1-reducedK ,

θK : Ω̃C̃(K)
≃
−→ C(GK)

is an Alexander-Whitney model, called thecanonical enriched Adams-Hilton modelof
K . Finally, they showed thatψK agrees with the comultiplication onΩC(K) defined
in a purely combinatorial manner by Baues in [1].

We now apply the canonical enriched Adams-Hilton model to modelling the loop
homology of homotopy fibers.

Theorem 6.1 Let f : K → L be a morphism of2-reduced simplicial sets, and letF
be the homotopy fiber off . Then there is a zig-zag of quasi-isomorphisms of chain
algebras

LF(f )
≃
←− • ≃

−→ · · ·
≃
←− • ≃

−→ C(GF).

Thus,
H∗

(
LF(C̃(f ))

)
∼= H∗(GF)

as graded algebras. In particular,

H∗

(
L2(C̃(L))

)
∼= H∗(G2L)

as graded algebras.
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Proof Applying Theorem5.6to the commuting diagram

Ω̃C̃(K)
θK

≃
//

eΩeC(f )
��

C(GK)

C(Gf)

��
Ω̃C̃(L)

θL

≃
// C(GL)

we obtain a zig-zag of quasi-isomorphisms of chain algebras

LF(f )
≃
←− • ≃

−→ · · ·
≃
←− • ≃

−→ C(GK)⊗tΩ ΩC(GL).

By the dual of Theorem 5.1 in [4], there is a quasi-isomorphism of chain algebras

C(GF)
≃
−→ C(GK)⊗tΩ ΩC(GL),

and so we can conclude.

6.2 Double suspensions and formal spaces

In this section we provide a more explicit description ofL2(C,Ψ) for Alexander-
Whitney coalgebras (C,Ψ) such thatΩ̃(C,Ψ) is primitively generated. SincẽΩC̃(K)
is primitively generated for all simplicial double suspensions K [7], we have good
control of the modelL2(K) for a large class of spacesK .

Our description ofL2(C,Ψ) also applies to Alexander-Whitney coalgebras that are
“formal" in some appropriate sense. The chain coalgebras ofnumerous interesting
spaces satisfy our formality criteria, enabling us to give amore explicit and computa-
tionally amenable formula for the model of their double loopspaces as well.

Our notion of formality is certainly closely related to thatof Ndombol and Thomas
[14], but we do not know whether the two notions are actually equivalent.

Definition 6.2 A morphism θ ∈ F
(
(C,Ψ), (C′,Ψ′)

)
is an F-quasi-isomorphism

if θ(− ⊗ z0) : C → C′ is a quasi-isomorphism. Two Alexander-Whitney coalgebras
(C,Ψ) and (C′,Ψ′) areweakly equivalentif there is a zig-zag ofF-quasi-isomorphisms
in F

(C,Ψ) •≃oo ≃ // · · · • ≃ //≃oo (C′,Ψ′) .

Let (C,Ψ) and (C′,Ψ′) be weakly equivalent Alexander-Whitney coalgebras, with
underlying coalgebras (C,∆) and (C′,∆′). It follows immediately from the definition
that H∗(C,∆) ∼= H∗(C′,∆′) as cocommutative coalgebras and thatH∗

(
Ω̃(C,Ψ)

)
∼=

H∗

(
Ω̃(C′,Ψ′)

)
as Hopf algebras.

Recall the “inclusion" functorIF : A-Coalg→ (A,F)-Coalg from (1–1).
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Definition 6.3 An Alexander-Whitney coalgebra (C,Ψ) is formal if it is weakly
equivalent toIF

(
H∗(C)

)
. A simplicial setK is Alexander-Whitney formalif C̃(K)

formal in F.

Spheres are obviously Alexander-Whitney formal spaces. More generally, ifK is
an r -reduced simplicial set such that all simplices of dimension greater than 2r are
degenerate, thenK is clearly Alexander-Whitney formal for degree reasons.

We now recall algebraic notions and results from [2] and [17] that enable us to simplify
L2(C,Ψ) in the formal case. We work henceforth over any integral domain R in which
2 is a unit or over a fieldR of characteristic 2.

Definition 6.4 [2, Section 3] Ahomology Hopf algebrais a connected, cocommuta-
tive, graded Hopf algebra that is free as a gradedR-module. Given homology Hopf
algebrasH , H′ andH′′ , a sequenceH′ i

−→ H
p
−→ H′′ of morphisms of Hopf algebras is

ashort exact sequenceif

(1) the compositepi is equal to the compositeH′ ε
−→ R

η
−→ H′′ ;

(2) i is injective, whilep is surjective; and

(3) the canonical map ¯ı : H′ → H�H′′R is an isomorphism.

Proposition 6.5 [2, Proposition 3.7] IfL′ → L → L′′ is a short exact sequence of
connected, graded Lie algebras overR, then UL′ → UL → UL′′ is a short exact
sequence of homology Hopf algebras, whereU denotes the universal enveloping
algebra functor, from graded Lie algebras to graded Hopf algebras. .

Proposition 6.6 [17, Proposition VI.2 (7)] Letp : L(V⊕W)→ L(V) be the projection
map of graded Lie algebras, determined byp(v) = v andp(w) = 0 for all v ∈ V and
w ∈W. There is then a short exact sequence of Lie algebras

L
(
AN(V)(W)

) i
−→ L(V ⊕W)

p
−→ L(V),

where

AN(V)(W) := {[v1, [v2, [...[vk,w]...]]] | w ∈W, vi ∈ V ∀i, k ∈ N}

and [−,−] denotes a commutator.

We can now apply the results recalled above to determining the underlying graded
algebra ofL2(C,Ψ) whenΩ̃(C,Ψ) is primitively generated.
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Theorem 6.7 Let R be either an integral domain in which2 is a unit or a field of
characteristic 2. If(C,Ψ) is an Alexander-Whitney coalgebra overRsuch that̃Ω(C,Ψ)
is primitively generated with respect to the naturally induced comultiplicationψ , then
the underlying graded algebra ofL2(C,Ψ) is T

(
AN(s−1C)(s−1C)

)
.

Proof Since the underlying graded Hopf algebra ofΩ̃(C,Ψ) is primitively generated
and therefore cocommutative, so is the underlying graded Hopf algebra ofPL(C,Ψ).
It follows that there is a short exact sequence of homology Hopf algebras

(6–1) Ts−1(C+ ⊕ C+)�Ts−1C+
R→ Ts−1(C+ ⊕ C+)

Ωπ
−−→ Ts−1C+,

whereTs−1(C+ ⊕ C+)�Ts−1C+
R is the graded Hopf algebra underlyingL2(C,Ψ).

On the other hand, since each of the Hopf algebras above is primitively generated,
Ωπ = Up, wherep : Ls−1(C+ ⊕ C+)

p
−→ Ls−1C+ is the usual projection map of

graded Lie algebras. Combining Propositions6.5 and 6.6, we obtain another short
exact sequence of homology Hopf algebras

T
(
AN(s−1C)(s−1C)

)
→ Ts−1(C+ ⊕ C+)

Ωπ
−−→ Ts−1C+.

Comparing with sequence (6–1), we conclude that

Ts−1(C+ ⊕ C+)�Ts−1C+
R∼= T

(
AN(s−1C)(s−1C)

)
.

Corollary 6.8 Let R be either an integral domain in which2 is a unit or a field of
characteristic 2. IfK = E2L is a simplicial double suspension, then the graded algebra
underlyingL2(K) is T

(
AN(C+EL)(C+L)

)
.

Proof In [7] the authors proved that̃ΩC̃(E2L) was primitively generated for all sim-
plicial setsL. To conclude, observe thats−1C+EX ∼= C+X for all simplicial sets
X.

Corollary 6.9 Let R be either an integral domain in which2 is a unit or a field of
characteristic 2. If(C,Ψ) is formal, thenL2(C,Ψ) is weakly equivalent to a chain
algebra with underlying graded algebraT

(
AN(s−1H)(s−1H)

)
, whereH = H∗(C).

Proof Writing I(H) = (H,ΨH), we have by definition thatΨH = T(∆H) ⋄
A

ε. The

induced comultiplication oñΩ(H,ΨH) is such that̃Ω(H,ΨH) is primitively generated.
Now apply Theorem6.7.
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If (C,Ψ) is formal and all elements of H∗(C) are primitive, then the differential̃dΩ on
L2(H,ΨH) is given explicitly by

d̃Ω

(
[s−1x1, [s

−1x2, [...[s
−1xm, s

−1ȳ]...]]]
)

=
∑

1≤i≤m

±[s−1x1, [s
−1x2, [...[s

−1x̄i , [...[s
−1xm, s

−1ȳ]...]]] ,

for all x1, ..., xm, y ∈ H , where the sign is determined by the Koszul convention. It is
not too difficult to see in this case that ifB is a basis of H∗(C,F2), then

H∗

(
L2(C,Ψ); F2

)
∼= F2[ad2k−1(x)(x̄) | x ∈ B, k ≥ 1].

A similar result holds modp.

7 Appendix: Technical proofs

7.1 Proof of Proposition2.5

SinceQ is free as aP-bimodule, there is a symmetric sequenceX of gradedR-modules
such thatQ ∼= P ⋄X ⋄ P in PModP.

The morphismθ consists of a morphism of rightP-modules

θ : T(H) ⋄
P

Q→ T(H′)

such that
θIQ(µ) = IQ(µ′)(θ f θ) : T(H ∧ H) ⋄

P

Q→ T(H′),

where theP-coalgebra mapsµ and µ′ are the multiplication maps onH and H′ ,
respectively.

Let ρ : T(H
∐

Tv)⋄P→ T(H
∐

Tv) be the rightP-module structure corresponding to
the P-coalgebra structure ofH

∐
Tv. SinceH

∐
Tv is an extension ofH , the action

ρ restricts toρ : L(R · v) ⋄ P → T(H ⊕ R · v). In particular, the direct sum of graded
modulesH ⊕ R · v underlies a subP-coalgebra ofH

∐
Tv.

Taken together,λ : L(R·v)⋄X→ T(H′) and the restrictionθ : L(H)⋄X→ T(H′) give
rise in the obvious way to a morphism of symmetric sequences from L(H ⊕R · v) ⋄X

to T(H′), which we callθ ⊞ λ, and then, by Lemma2.3, to

(θ ⊞ λ)̆ : T(H ⊕ R · v) ⋄X→ T(H′).
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Furthermore, from (θ ⊞ λ)̆ and the restriction ofρ, we obtain a morphismλ′ :
L(R · v) ⋄ Q→ T(H′) of right P-modules as the composite

L(R · v) ⋄ P ⋄X ⋄ P
ρ⋄1⋄1
−−−→ T(H ⊕ R · v) ⋄ X ⋄ P

(θ⊞λ)̆⋄1
−−−−−→ T(H′) ⋄ P

ρ′

−→ T(H′),

whereρ′ is the rightP-module structure map corresponding to theP-coalgebra struc-
ture of H′ .

We next recursively define a filtration ofH
∐

Tv by subP-coalgebras, then construct
θ̂ by induction on filtration degree. SetF0 = H and, form> 0, Fm is the image of the
iterated multiplication map restricted toFm−1⊗ (R⊕R·v)⊗H . By definition of a free
algebraicP-Hopf extension, eachFm is a subP-coalgebra ofH

∐
Tv. Furthermore

the multiplicationµ on H
∐

Tv restricts to a morphism ofP-coalgebras

µk,m : Fk ⊗ Fm−k→ Fm,

for all 0≤ k ≤ m and for allm≥ 0.

Let θ̂(0) = θ . Suppose that for somem≥ 0 and for allk ≤ m, there exists

θ̂(k) : T(Fk) ⋄
P

Q→ T(H′)

such that for allj ≤ k, θ̂(k) agrees witĥθ(j) on T(Fj) ⋄
P

Q and

(7–1) θ̂(k)I(µj,k) = I(µ′)
(
θ̂(j)

f θ̂(k−j)) : T(Fj ∧ Fk−j) ⋄
P

Q→ T(H′).

To construct̂θ(m+1), we begin by defining a morphismθ(m+1) in ModΣ
R from L(Fm+1)⋄

X to T(H′), to which we then apply Lemma2.3. The morphismθ(m+1) is defined to
be the following composite.

L(Fm+1) ⋄X

θ(m+1)

��

//
(
L(Fm) ∧ L(R · v) ∧ L(H)

)
⋄ X

1⋄∆(2)
Q

��(
L(Fm) ∧ L(R · v) ∧ L(H)

)
⋄ Q∧3

i

��(
L(Fm) ⋄ Q

)
∧
(
L(R · v) ⋄ Q

)
∧
(
L(H) ⋄ Q

)

bθ(m)∧λ′∧bθ
��

T(H′) T
(
(H′)⊗3

)
∼= T(H′)∧3

T

(
(µ′)(2)

)
oo

Here θ̂(m) is slightly abusive shorthand for the composite

L(Fm) ⋄ Q →֒ T(Fm) ⋄ Q→ T(Fm) ⋄
P

Q
bθ(m)

−−→ T(H′).
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Applying Lemma2.3, we obtainθ̆(m+1) : T(Fm+1) ⋄ X→ T(H′). The composite

T(Fm+1)⋄Q ∼= T(Fm+1)⋄P⋄X⋄P
ρ⋄1⋄1
−−−→ T(Fm+1)⋄X⋄P

θ̆(m+1)⋄P
−−−−−→ T(H′)⋄P

ρ′

−→ T(H′)

then induces the desired map̂θ(m+1) : T(Fm+1) ⋄
P

Q → T(H′), since Q is a free

bimodule. By construction, equality (7–1) now holds for allk ≤ m+ 1 andj ≤ k.

To complete the proof, set̂θ = colimm θ̂
(m) .

7.2 Complete proof of Theorem5.4(2)

Recall that we have fixedF(Θ) = {θk : ΩC→ H⊗k | k ≥ 1}. Furthermore, fork ≥ 0,
we have defined

θ̃k : s−1(C⊕ C)→ (ΩH ⊗tΩ H)⊗ H⊗k

by
θ̃k(s

−1c) = (s⊗ 1⊗k)θk+1(s−1c)

and
θ̃k(s

−1c̄) = (h⊗ 1⊗k)θk+1(s−1c),

where 1 denotes the identity onH .

We claim that

{θ̃k : s−1(C⊕ C)→ (ΩH ⊗tΩ H)⊗ H⊗k | k ≥ 1}

satisfies the hypotheses of Proposition3.16and therefore induces a morphism

Θ̃ ∈ (A,F)-PsHopf(PL(C,Ψ),H ⊗tΩ ΩH),

i.e., θ̃ is a CASH map. We have already dealt with the casek = 0, sinceθ̃0 = θ̃ .
Suppose that the claim is true for allk < m and for θ̃m restricted tos−1(C⊕ C)<n.

Before proving the claim for̃θm applied tos−1(C ⊕ C)n, we establish some useful
notation. For allj ∈ Jk,m, let

θ̃j = θ̃j0 ⊗ θj1 ⊗ · · · ⊗ θjk andθj = θj0 ⊗ θj1 ⊗ · · · ⊗ θjk

as maps fromΩ(C⊕C)⊗ΩC⊗k to
(
ΩH ⊗tΩ H

)
⊗ H⊗m and fromΩC⊗k+1 to H⊗m.

Furthermore, let

ν j
= ν j0 ⊗ χ(j1−1)⊗ · · · ⊗ χ(jk−1) andχj

= χ(j0−1)⊗ · · · ⊗ χ(jk−1)

as maps from
(
ΩH ⊗tΩ H

)
⊗ H⊗k to

(
ΩH ⊗tΩ H

)
⊗ H⊗m and fromH⊗k+1 to H⊗m.

Recall thatχ is the comultiplication onH and thatν is the rightΩC-comodule action
on PL(C).
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In terms of this notatioñθm can be defined recursively by

θ̃mµ = µ



∑

0≤k≤m
j∈Jk,m

ν j θ̃k ⊗ θ̃jν
(k)


 ,

where all multiplication maps are denotedµ and all coactions are denotedν .

Observe that sinces and h are maps of comodules,ν(j)s = (s ⊗ 1⊗j)χ(j−1) and
ν(j)h = (h⊗ 1⊗j)χ(j−1) for all j .

Let s−1c ∈ s−1(C ⊕ C)n. Let ci ⊗ ci denote the image ofc under the reduced
comultiplication inC. Then

θ̃mdΩ(s−1c) =θ̃m
(
− s−1(dc) + s−1c̄ + (−1)ci s−1cis

−1ci)

=− (s⊗ 1⊗m)θm+1(s−1(dc)) + (h⊗ 1⊗m)θm+1(s−1c)

+ (−1)ciµ

( ∑

0≤k≤m
j∈Jk,m

ν j θ̃k(s
−1ci)⊗ θ̃jν

(k)(s−1ci)

)

=− (s⊗ 1⊗m)θm+1(s−1(dc)) + (h⊗ 1⊗m)θm+1(s−1c)

+ (−1)ciµ

( ∑

0≤k≤m
j∈Jk,m

ν j (s⊗ 1⊗k)θk(s
−1ci)⊗ θ̃jψ

(k)(s−1ci)

)

=− (s⊗ 1⊗m)θm+1(s−1(dc)) + (h⊗ 1⊗m)θm+1(s−1c)

+ (−1)ciµ

( ∑

0≤k≤m
j∈Jk,m

(s⊗ 1⊗m)χjθk(s
−1ci)⊗ (s⊗ 1⊗m)θjψ

(k)(s−1ci)

)

=− (s⊗ 1⊗m)θm+1(s−1(dc)) + (h⊗ 1⊗m)θm+1(s−1c)

+ (−1)ci (s⊗ 1⊗m)µ

( ∑

0≤k≤m
j∈Jk,m

χjθk(s
−1ci)⊗ θjψ

(k)(s−1ci)

)

=− (s⊗ 1⊗m)θm+1(s−1(dc)) + (h⊗ 1⊗m)θm+1(s−1c)

+ (−1)ci (s⊗ 1⊗m)θm+1(s−1ci · s
−1si)

=(s⊗ 1⊗m)θm+1dΩ(s−1c) + (h⊗ 1⊗m)θm+1(s−1c).

Next,

(DΩ ⊗ 1⊗m)θ̃m(s−1c) =(DΩs⊗ 1⊗m)θm+1(s−1c)

=(sd⊗ 1⊗m)θm+1(s−1c) + (h⊗ 1⊗m)θm+1(s−1c)
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=(s⊗ 1⊗m)(d⊗ 1⊗m)θm+1(s−1c)

+ (h⊗ 1⊗m)θm+1(s−1c)

and
(
1⊗

∑

r+s=m−1

1⊗r ⊗ d⊗1⊗s)θ̃m(s−1c)

=
(
s⊗

∑

r+s=m−1

1⊗r ⊗ d⊗ 1⊗s
)
θm+1(s−1c)

= (s⊗ 1⊗m)

(
∑

r+s=m−1

(1⊗r+1⊗ d⊗ 1⊗s)θm+1(s−1c)

)
.

On the other hand

(ν ⊗ 1⊗m−1)θ̃m−1(s−1c) = (νs⊗ 1⊗m−1)θm(s−1c)

= (s⊗ 1⊗m)(χ⊗ 1⊗m−1)θm(s−1c)

and
(
1⊗

∑

r+s=m−2

1⊗r ⊗ χ⊗ 1⊗s)θ̃m−1(s−1c)

=
(
s⊗

∑

r+s=m−2

1⊗r ⊗ χ⊗ 1⊗s)θm(s−1c)

=(s⊗ 1⊗m)

(
∑

r+s=m−1

(1⊗r ⊗ χ⊗ 1⊗s)θm(s−1c)

)
.

Finally
∑

r+s=m

(θ̃r ⊗ θs)ν(s−1c) =
∑

r+s=m

(θ̃r ⊗ θs)(1⊗Ωπ)ψ̃(s−1c)

=
∑

r+s=m

(θ̃r ⊗ θs)(1⊗Ωπ)ψ(s−1c)

=
∑

r+s=m

(θ̃r ⊗ θs)ψ(s−1c)

=
∑

r+s=m

(
(s⊗ 1⊗r)θr+1⊗ θs

)
ψ(s−1c)

=(s⊗ 1⊗m)

(
∑

r+s=m

(
θr+1⊗ θs

)
ψ(s−1c)

)
.

The sum of the terms above, with appropriate signs, yieldss ⊗ 1⊗m applied to the
difference of the two sides of equation (1.7) forθm+1. The sum is therefore zero, as
desired, i.e., the hypothesis of Proposition3.16holds fors−1c ∈ s−1(C⊕C)n.
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Before showing that the same condition holds for the remaining generators, we consider
the relation between the degree−1 mapκ : ΩC→ Ω(C⊕ C) of Lemma4.8and θ̃k .
Note thatθ̃k has been defined precisely so that

θ̃k ◦ κ = (h⊗ 1⊗k)θk+1 : s−1C→ (ΩH ⊗tΩ H)⊗ H⊗k

for all k. We show now by induction onk and on wordlength inΩC that this equality
holds in fact on all ofΩC, for all k.

Suppose that̃θkκ = (h ⊗ 1⊗k)θk+1 everywhere inΩC for all k < m and thatθ̃mκ =

(h⊗ 1⊗m)θm+1 on T<ℓs−1C+ . Then on
⊕

a+b=ℓ Tas−1C+ ⊗ Tbs−1C+ we have that

θ̃mκµ = θ̃mµ(κ⊗ ι+ ι⊗ κ)

= µ



∑

1≤k≤m
j∈Jk,m

(ν j θ̃kκ⊗ θ̃jν
(k)ι+ ν j θ̃kι⊗ θ̃jν

(k)κ)




= µ
( ∑

1≤k≤m
j∈Jk,m

(ν j (h⊗ 1⊗k)θk+1⊗ (s⊗ 1⊗m)θjψ
(k)

+ (s⊗ 1⊗m)χjθk+1⊗ θ̃j (κ⊗ 1⊗k)ψ(k))
)

= µ
( ∑

1≤k≤m
j∈Jk,m

((h ⊗ 1⊗m)χjθk+1⊗ (s⊗ 1⊗m)θjψ
(k)

+ (s⊗ 1⊗m)χjθk+1⊗ (h⊗ 1⊗m)θjψ
(k))
)

= (h⊗ 1⊗m)µ



∑

1≤k≤m
j∈Jk,m

(χjθk+1⊗ θjψ
(k)

+ χjθk+1⊗ θjψ
(k))




= (h⊗ 1⊗m)θm+1µ.

Thus θ̃mκ = (h⊗ 1⊗m)θm+1 on T≤ℓs−1C+ .

We can therefore conclude by induction that

θ̃mκ = (h⊗ 1⊗m)θm+1 : ΩC→ (ΩH ⊗tΩ H)⊗ H⊗m

for all m.

Suppose now thats−1c̄ ∈ s−1(C⊕ C)n. Let ci ⊗ ci denote the image ofc under the
reduced comultiplication inC. Then

θ̃mdΩ(s−1c̄) =θ̃m
(
s−1(dc)− (−1)ci s−1c̄is

−1ci
+ s−1cis

−1c̄i)
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=(h⊗ 1⊗m)θm+1(s−1(dc))

− (−1)ciµ



∑

0≤k≤m
j∈Jk,m

ν j θ̃k(s
−1c̄i)⊗ θ̃jν

(k)(s−1ci)




+ µ



∑

0≤k≤m
j∈Jk,m

ν j θ̃k(s
−1ci)⊗ θ̃jν

(k)(s−1c̄i)




=(h⊗ 1⊗m)θm+1(s−1(dc))

− (−1)ciµ



∑

0≤k≤m
j∈Jk,m

ν j (h⊗ 1⊗k)θk(s
−1ci)⊗ θ̃jψ

(k)(s−1ci)




+ µ



∑

0≤k≤m
j∈Jk,m

ν j (s⊗ 1⊗k)θk(s
−1ci)⊗ θ̃j (κ⊗ 1⊗k)ψ(k)(s−1ci)




=(h⊗ 1⊗m)θm+1(s−1(dc))

− (−1)ciµ



∑

0≤k≤m
j∈Jk,m

(h⊗ 1⊗m)χjθk(s
−1ci)⊗ (s⊗ 1⊗m)θjψ

(k)(s−1ci)




+ µ



∑

0≤k≤m
j∈Jk,m

(s⊗ 1⊗m)χjθk(s
−1ci)⊗ (h⊗ 1⊗m)θjψ

(k)(s−1ci)




=(h⊗ 1⊗m)θm+1(s−1(dc))

+ (h⊗ 1⊗m)µ



∑

0≤k≤m
j∈Jk,m

χjθk(s
−1ci)⊗ θjψ

(k)(s−1ci)




=(h⊗ 1⊗m)θm+1(s−1(dc)) + (h⊗ 1⊗m)θm+1(s−1cis
−1ci)

=(h⊗ 1⊗m)θm+1dΩ(s−1c).
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Next,

(DΩ ⊗ 1⊗m)θ̃m(s−1c̄) =(DΩh⊗ 1⊗m)θm+1(s−1c)

=− (hd⊗ 1⊗m)θm+1(s−1c)

=− (h⊗ 1⊗m)(d⊗ 1⊗m)θm+1(s−1c)

and
(
1⊗

∑

r+s=m−1

1⊗r ⊗ d⊗1⊗s)θ̃m(s−1c̄)

=
(
h⊗

∑

r+s=m−1

1⊗r ⊗ d⊗ 1⊗s)θm+1(s−1c)

= (h⊗ 1⊗m)

(
∑

r+s=m−1

(1⊗r+1⊗ d⊗ 1⊗s)θm+1(s
−1c)

)
.

On the other hand,

(ν ⊗ 1⊗m−1)θ̃m−1(s−1c̄) = (νh⊗ 1⊗m−1)θm(s−1c)

= (h⊗ 1⊗m)(χ⊗ 1⊗m−1)θm(s−1c)

and
(
1⊗

∑

r+s=m−2

1⊗r ⊗ χ⊗ 1⊗s)θ̃m−1(s−1c̄)

=
(
h⊗

∑

r+s=m−2

1⊗r ⊗ χ⊗ 1⊗s
)
θm(s−1c)

=(h⊗ 1⊗m)

(
∑

r+s=m−1

(1⊗r ⊗ χ⊗ 1⊗s)θm(s−1c)

)
.

Finally
∑

r+s=m

(θ̃r ⊗ θs)ν(s−1c̄) =
∑

r+s=m

(θ̃r ⊗ θs)νκ(s−1c)

=
∑

r+s=m

(θ̃r ⊗ θs)(κ⊗ 1)ψ(s−1c)

=
∑

r+s=m

(
(h⊗ 1⊗r )θr+1⊗ θs

)
ψ(s−1c)

=(h⊗ 1⊗m)

(
∑

r+s=m

(
θr+1⊗ θs

)
ψ(s−1c)

)
.

The sum of the above terms, with appropriate signs, yieldsh ⊗ 1⊗m applied to the
difference of the two sides of equation (1.7) forθm+1. The sum is therefore zero, as
desired, i.e., the hypothesis of Proposition3.16holds fors−1c̄ ∈ s−1(C⊕C)n.
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Since we can prove by induction that (1.7) holds for allm, we can conclude that̃θ is
indeed a CASH map. 2

References

[1] H-J Baues, The cobar construction as a Hopf algebra, Invent. Math. 132 (1998)
467–489

[2] F R Cohen, J C Moore, J A Neisendorfer, Torsion in homotopy groups, Ann. of Math.
(2) 109 (1979) 121–168

[3] S Eilenberg, J C Moore, Homology and fibrations. I. Coalgebras, cotensor product
and its derived functors, Comment. Math. Helv. 40 (1966) 199–236

[4] Y Félix, S Halperin, J-C Thomas, Differential graded algebras in topology, from:
“Handbook of algebraic topology”, North-Holland, Amsterdam (1995) 829–865

[5] V K A M Gugenheim , H J Munkholm , On the extended functoriality of Tor and
Cotor, J. Pure Appl. Algebra 4 (1974) 9–29

[6] K Hess, P-E Parent, J Scott, Co-rings over operads characterize morphismsPreprint
arXiv:math.AT/0505559

[7] K Hess, P-E Parent, J Scott, A chain coalgebra model for the James map, Homology,
Homotopy Appl. 9 (2007) 209–231

[8] K Hess, P-E Parent, J Scott, A Tonks, A canonical enriched Adams-Hilton model for
simplicial sets, Adv. Math. 207 (2006) 847–875

[9] M Markl , Operads and PROPsPreprint arXiv:math.AT/0601129

[10] M Markl , S Shnider, J Stasheff, Operads in algebra, topology and physics, vol-
ume 96 ofMathematical Surveys and Monographs, American Mathematical Society,
Providence, RI (2002)

[11] R J Milgram , Iterated loop spaces, Ann. of Math. (2) 84 (1966) 386–403

[12] H R Miller , A localization theorem in homological algebra, Math. Proc. Cambridge
Philos. Soc. 84 (1978) 73–84

[13] J W Milnor , J C Moore, On the structure of Hopf algebras, Ann. of Math. (2) 81
(1965) 211–264

[14] B Ndombol, J-C Thomas, On the cohomology algebra of free loop spaces, Topology
41 (2002) 85–106

[15] J Stasheff, S Halperin, Differential algebra in its own rite, from: “Proceedings of the
Advanced Study Institute on Algebraic Topology (Aarhus Univ., Aarhus 1970), Vol.
III”, Mat. Inst., Aarhus Univ., Aarhus (1970) 567–577. Various Publ. Ser., No. 13

[16] R H Szczarba, The homology of twisted cartesian products, Trans. Amer. Math. Soc.
100 (1961) 197–216

Algebraic & GeometricTopology XX (20XX)



Loop space homology of a homotopy fiber 1067
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