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Abstract

Average consensus and gossip algorithms have recentlyvedcsignificant attention, mainly because they
constitute simple and robust algorithms for distributetbimation processing over networks. Inspired by heat
diffusion, they compute the average of sensor networks uneagnts by iterating local averages until a desired
level of convergence. Confronted with the diversity of thesgorithms, the engineer may be puzzled in his choice
for one of them. As an answer to his/her need, we develop ggenathematical metrics, easy to use in practice,
to characterize the convergence speed and the cost (tirssage passing, energy...) of each of the algorithms. In
contrast to other works focusing on time-invariant scargrive evaluate these metrics for ergotiine-varying
networks. Our study is based on Oseledec’s theorem, whigsgin almost-sure description of the convergence
speed of the algorithms of interest.

We further provide upper bounds on the convergence speedllfiiwe use these tools to make some
experimental observations illustrating the behavior af tonvergence speed with respect to network topology
and reliability in both average consensus and gossip afgosi.

I. INTRODUCTION
A. Problem statement.

We study two classes of iterative distributed algorithmbjolw compute the average of measurements
in a sensor networkaverage consenswsdgossip algorithmsThe sensors and the connections between
them are unreliable in general, thus the network structares over time. While average consensus is a
synchronized algorithm, where at each iteration, all theesoof the network update their current estimate
by computing a weighted average of the estimates of theghieirs, gossip algorithms are asynchronous;
at each iteration, only one random node wakes up and randonadgses another node. The two nodes
exchange their estimates and update them to the average diidh Both algorithms are designed to deal
with unstructured, unreliable networks, and do not reqaing knowledge of the network structure or size
at the nodes.

In both algorithm classes, one can think of numerous speai§orithms, with a number of design
parameters, e.g. weighing factors. A careful choice of theigh parameters is crucial, because they
have a strong influence on the performance of the algoritirhs. goal of this paper is to provide a
precise framework to decide on which algorithm to chooserdento obtain a given performance. The
critical features this framework requires are an accurafenition for the algorithm’s cost and speed of
convergence, as well as an easy way to measure these qgnfitie challenge here is to harness the
time-variability of the network. The ambition is to provigeerformance and cost assessment metrics,
which are well-defined and well-behaved even in the presehcandomness in the network.

In this paper, “network” refers to any kind of network, wired wireless, with static or mobile nodes,
and especially to networks with changing topology. Thesanges over time may be due to interference,
noise, node failures or sleep modes, etc.

B. Related work.

Average consensus in static, time-invariant networks basived considerable attention. In particular,
optimizing the convergence speed over the averaging weigha well-known problem called “fastest



mixing chain” [1], [2]. In this context, mixing chain theofy], [4] states that the speed of convergence
is governed by the second largest eigenvalue in magnitd(@) of the weight matrixW (the matrix
gathering the averaging weights). The fastest mixing climithe matrixW which minimizes\,(W).

As shown in [1], the optimal weights for a given fixed networkncbe computed with a semidefinite
program. This weight optimization can be useful in reliabégworks, and we explain in Section 1I-C how
to adapt the weights in case of link failures. However, thelists cited above only considered synchronous
algorithms in the case where the network structure remaxesl fover time.

When considering time-varying networks and/or randomigedsip algorithms however, the weight
matrix W changes over time and the mixing chain theory cannot be epnymore [5]. For gossip
algorithms, a notion of convergence speed calleveraging time has been introduced in [6], [7]. It is
defined for any > 0 as the earliest time at which the estimateseactse (in 2-norm) to the true average
with probability greater tham — e. Although this probabilistic definition seems to be welltedito study
randomized algorithms, evaluating probabilities nunmadlycmay be difficult in practice, as it requires
numerous samples and thus multiple experiments.

Further, Kashyap and al. [8] consider another type of rangdednaveraging algorithms, in which the
values exchanged between the nodes are constrained toegermtin this way, the finite capacity of the
transmission channels is taken into account. Still furtBéondel and al. [9] studied the case of delays
in the transmission, i.e. the values exchanged betweensnadre evaluated only at later iterations. In
both cases, only fundamental stability and convergenadtseare presented. Overall, little work has been
done for a quantitative study of convergence speed, whichldviacilitate the comparison of different
averaging algorithms, especially in the application raféwase of time-varying network topologies.

C. Contributions and outline of the paper

In Section Il, we first describe the two classes of averagiggrahms (average consensus and gossip),
along with the time-varying model of sensor network studiedhis paper, where random link failures
and/or the node wake-up process require us to use a sequermedomly time-varying weight matrix
W(t). We assume this sequence to be stationary and ergodic, bubevessarily independent and
identically distributed (i.i.d). We also summarize the ditions for convergence of these algorithms in
this section.

Next, we study the convergence speed of these algorithmeatio® Ill. In the decrease of an error term
over the iterations of the averaging algorithm, we distisgwa steady-state or stationary phase from an
initial transient phase. Applying Oseledec’s theorem, wave that the error decreases exponentially fast
to zero in the steady-state phase, abatraction ratey that is almost surely (a.s.)deterministicconstant,
despite the randomness of the sequence of weight matricesedver, this rate does not depend on the
norm used to measure the error, and furthermore, charaesesimilarly the speeds of convergence in
mean, in mean square and with probability 1. A third appedigature is thaty can be easily measured for
finite sized networks using a single run of the algorithmjkenthe notion ofe-averaging times described
in [6], [7]. Finally, other metrics such as energy, power flimption, amount of transmitted messages
are directly related to the contraction rate and enjoy floeeethe same four properties. We gather these
metrics under a general notion of consensus cost, defindtea®st (i.e. time, energy, etc) spent to divide
the error by a factoe in the stationary regime.

In Section 1V, we compute two upper bounds on the contragtiery, in the case of an i.i.d. sequence
of weight matricesw ().

We give some practical guidelines to measure consensusuwedsapply them to real data in Section V.
We use data gathered on SensorScope [10], [11], a wirelassrseetwork deployed in the Communication
Systems building at EPFL, to compute the consensus cost)(iima real world time-varying network.
The results show that the Sensorscope network fairly atalyrenatches the ergodic model, and therefore
illustrate the practical applicability of our analysis.



How to choose the best strategy for a given network is exethin Section VI, where we treat several
representative scenarios. This comparison is not exivaustit shows how the results of Sections Ill and
IV can be used as methodological tools to evaluate, in m@cthe performance of different distributed
averaging algorithms in sensor networks.

[I. AVERAGE CONSENSUS ANDGOSSIPMODEL SETUP.
A. Set up and notations.

We consider a time-varying network af nodes, whose goal is to make available to each node the
average value of the measurements of all nodes in the networkt least a good approximation of it.
To this end, at time slot (¢ is discrete), the nodes can communicate with each otheralveurrently
active graph edges, or communication links.

We will restrict the exchanged messages to contain only eectiestimater;(¢) of the sending node
7, and in some cases limited information about the degreeeoséimding node and its neighbors. At each
time stept, every node may perform an update operation of its estimate) of the overall average. This
operation is linear, and relies only on the current averagenates from nodeé and from its neighbors.
The update equation for nodeat timet then reads, fol < i < n,

it +1) = wi(Dzi(t) + Y wy(t)a;(t), 1)
FEN(?)
wherew;;(t) are the weighing factors gathered in a weight ma¥Wxt¢) such thatx(t + 1) = W (¢)x(¢),
wherex(t) = [z1(t);...;z,(t)]T. The weights values are set according to averaging algosittlescribed

later on, andV;(¢) is the current active neighborhood of noglé.e. the set of nodes which have an active
link to node: at timet. z;(0) is the initial measurement at nodeand x,,. := 17x(0)/n = 17x(t)/n
denotes the true average, whdre- [1;...;1]7 is the vector with all ones.

B. Conditions for convergence to true average.

We denote byJ, then x n averaging matrix with all elements.; = 1/n, and by]|| - ||» the spectral
norm. It is also useful to define the matrix(t) = W(t¢) — J, and the vector of the estimation errors
€(t) = x(t) — zael. The algorithm converges almost surely (a.s.Pflim; .. €(t) = 0] = 1. There are
two necessaryconditions for convergence:

1"W(t) =17
W — (2)
which respectively ensure that the average is preservedtesy @erations, and that is a fixed point.
Conditions for convergence in expectation and in mean sguoan be found in [6]. We present here
sufficientconditions for a.s. convergence and convergence in secontemt, in the case whe{gV ()},
is stationary and ergodic: B

« Conservation properties: conditions (2).

. Contraction propertyl| W (t)|> < 1.

« Connectivity propertyE[T;| < oo , whereT,, ;= inf,{t > 1 : H;:OW(t—p) >n > 0} is a stopping
time. In other words, there can be isolated nodes at anytidgarebut every node has to eventually
connect to the network, which has to be jointly connected.

This result was recently proved in [12].

C. Different averaging strategies.

There are two main classes of distributed averaging alyuost

1) Synchronous algorithnma average consensus. All the nodes activate at each timng sionmunicate
with their neighbors and update their current state. Thex¢haee main average consensus strategies
for the choice of the weights.



2)

a) Uniform weights:[5]

o if j € N;(t)
wy(t) = L—alNi(t)]  ifi=j 3)
0 otherwise

where« is a constant small enough for the scheme to be stable|-pddnotes cardinality.
b) Metropolis weights:[5]

1 . R 4
T anm ey 17 €M)
wi(t) = 1= D keni(p) Wik(t) if i = 4)
0 otherwise

c) Adapted optimal weightsSuppose that, when fully working, the network is a known grép

If, at time ¢, link failures occur inGz, then our network at timeis only a subgraph of;. According

to the fastest mixing chain theory, we can compute the optimeaght matrix Q¢ for the graph

G: Q¢ performs with optimal speed on thime-invariantgraphG. Since link failures change over
time, our network igime-varying and we cannot use these weights as such; however, we want our
time-varying weights to be inspired by the optimal timedrant weights. An easy way to take
advantage of our knowledge of the optimal time-invarianights is given here, and we show in
Section VI-B that this strategy can considerably speed amtleraging process in reliable networks.
We adapt the weights:fj (the coefficients of the weight matriR“) so that they respect the link
failures and yet fulfill conditions (2). More precisely, fall working links (ij), we takew;; = wfj

If link (kl), existing inG, fails, thenw;, = 0 instead ofw,;, = w$, because nodé and nodel
cannot exchange their estimates anymore. To keep the bsemalof estimates unchanged, we adapt
wyr andwy such that the weights at each node always sur. tbhis can be achieved locally at
each node, and adapted optimal weights are thus a distlilaweraging strategy.

w if j € Ni(1)
wii(t) =91 =2 e win(t)  ifi= (5)
0 otherwise

Asynchronous algorithmer gossip algorithms. At each time slét one node only activates. It
performs an averaging scheme with one other node. In the coaston gossip algorithm [13], the
currently active nodeé chooses one of its neighbojsand they both update their estimatesand
x; with their averaggx; + ;) /2:

wij (1) = wy(t) = wii(t) = wy;(t) = 1/2
wil(t) = 1 it k#i.j (6)
wr(t) =0 on all other edges.
In geographic gossip, the information is routed throughrbivork to allow also non-neighboring
nodes to average their values [14]. A possible extensioidalow three or more nodes to average

their values at each step [15]. Another variation would beclioose weights other thary2 in
pairwise gossip for example. See Section VI-C for furthemaiie



D. Stationary and ergodic networks

It is important to notice that all described strategies @nésme-varyingaveraging weights. Moreover,
these changes arandom That is, we can see the sequence of averaging matrices aealmwation of
a random proces$W (t)},.,. From there, it might seem difficult to defined@terministicconvergence
speed, which is observed not only in a particular run, bueaggdly in almost evetyrealization of the
process{W(t)},.,. We show in Section Il that this is in fact possible, wherstprocess satisfies two
conditions: stationarity and ergodicity. Stationarityans invariance under time shifts. Ergodicity usually
comes with stationarity, but is a little bit more subtle. &efo the book of Walters [16] for a precise
definition. These conditions are actually very broad, arsllyaatisfied by most network models.

In particular, let us see how they translate when using tmsidered averaging algorithms:

1) Synchronous algorithmsThe algorithmstry to perform the same operation at every iteration. The
only source of time-variability, and therefore of randossés in the variations of the network topology.
These variations are due to a number of factors, e.g. notlegdsaj transmission channel quality, node
sleeping modes, etc. Thus, the combination of all thesetsfihould be stationary and ergodic over time.

2) Asynchronous algorithmgidere, randomness is additionally introduced by the algorittself. But
this process can easily be controlled to be stationary agddes, for example if nodes wake up and
choose their neighbor in an i.i.d. manner.

Whether{ W (%)}, is actually stationary and ergodic in real life is the objefcbection V-B, where we
run gossip on actual wireless sensor data. In the simugtie@ use a model where links fail independently
with probabilityp at each iteration. Thus, theW (¢) are all i.i.d., and this is a special case of a stationary
and ergodic process.

As a conclusion, unlike previous work, this paper embraees different sources of randomness,
the network topology variations and the randomized algoriitself, which we aggregate into a single
stochastic proces§W (¢)},.,. Our analysis is valid as long as this process is stationadyeagodic, a
condition satisfied by most natural network and algorithrfiniteons.

[Il. CONSENSUS COST AND CONSENSUS TIME

In Section II-B we recalled the conditions for a consensg®rthm to converge, i.e. for the error
€(t) = x(t) — xael to become arbitrarily small when the number of iteratioris taken large enough.
From now on, we assume the a.s. convergence conditions tatisfiex!, and we study the cost of
convergence itself, in terms of number of iterations, epepgwer, etc., as we will see in Section VI-A.
Let C(t) be the total cost of the algorithm up to iterationWe assume the increments @f¢) at each
iteration to be a nonnegative function W (¢), so that the iteration costs are also stationary and ergodic
We want to express the erreft) as a function of’(¢), independently of the initial measuremex{d) and
of the particular realizations of the network and algoritimthis section, we prove that, fW(¢)},.,
is stationaryand ergodic then, for larget, there is adeterministicconstantC,, called consensus cost,
such that the errofie(t)|| ~ exp(—C(t)/C.). C. only depends on the algorithm considered and on the
network’s statistics.

Definition 1: Consensus coset

Ce = lim —=C(t)/log|le(t)][, (7)

where ||.| denotes any norm equivalent topanorm, p € [1,00]. Whenever this limit exists, we call
consensus cost its value..
The particular case where the consensus cost is tiiifg) & t) leads to the following definition:

1That is, with probability 1.
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Fig. 1. Residual error for Metropolis average consensus @ndom geometric graph witt00 nodes and link probability failurge = 0.9.
The figure represents in a logarithmic scale the residual efrthe estimates as well as the residual error of the airggagatrix in norm
2 and Frobenius norm.

Definition 2: Consensus timé&/henever the limit:
T. = tlim —t/log ||e(t)]| - (8)

exists, it is called consensus time.

Theorem 1:1f {W(t)},., is stationary and ergodic, then the limits (7) and (8) eX&treover,C, and
T. are a.s. non-random, independent of the ngffn andC. = E[C(1)]T...

This theorem is illustrated by simple observations on FigTHe residual erroe(¢) in a logarithmic
scale (solid line) slowly decreases linearly after a fastensient phase. Moreover, we notice that the
averaging matrix residudVl, := [[,_, W(t — k) — J,, = [[,_, A(t — k) decreases in expectation with
the same rate, which suggests the decreasing rate is deigimiand does not depend on the initial
measuremenk(0). Showing this and defining a contraction rateas the slope of this linear stationary
regime is the object of the next two theorems, which will beduso prove Theorem 1.

A. Contraction rate of the averaging matrix.

It is well known [17, page 299] that for any submultiplicaimatrix norm|| - || (for all A,B, ||[AB|| <
IAIBI), limyoo [[AL]|Y" = p(A). If p(A) 0, we can rewrite this alim,_. 1 log||A"|| = log p(A).
How does this extend to the case whe&) varies over time? Is there any way to specify or to compute
an asymptotic contraction rate ofatrices

1
lim p log , (9)

t—o00

ﬁA(t—k)

and when is this quantity well-defined in the first place?
Theorem 2:(Fuerstenberg and Kesten's Theorem. [18] ) Kei(¢)},., be a stationary and ergodic
sequence of: x n matrices, and lef-|| be any submultiplicative matrix norm. If

E [max(0, log [[A(0)]])] < oo, (10)



then, if M, := [[,_, A(t — k) for any, the limit
o1
Jim  log M|
exists, and, is equal with probability to

= Jim € [log M. (11)
Fuerstenberg and Kesten’s theorem shows that, as we agsdifhg,., to be stationary and ergodic,
the asymptotic contraction rate is well-defined and is a constant with probability Note that in our
case,{W(t)},., are contracting matrices because of converging condit{ir8), which implies that
{A(t)},-, are bounded matrices, and hence condition (10) is fulfilled.

B. Contraction rate of the average estimates.

It is now legitimate to ask how the estimation ersignal ||¢(t)|| = ||M;x(0)| behaves. The next
theorem [19], [16], [20], [21] states that the error contsawith the same rate as in Theorem 2 for
almost every initial measuremes{0). In other words, Theorem 2 can be extended from matrices to
signals.

Theorem 3:(Oseledec’s Theorem. [19], [21]) Lét|| be a norm onR™ equivalent to g-norm, with
p € [1,00], let {A(t)},., be a stationary and ergodic sequence of matrices satistyindition (10), and
M, := [[,_, A(t — k). Then, with probability 1, there is a proper subspat®f R" such that, for all
x € R"\ 'V,

1
lim — log [Mix| = 7. (12)

where~ is defined by (11) in Theorem 2.

Theorem 3 shows therefore thébg ||e(t)||)/t — ~. In the introductory statement, “almost every”
starting pointx means allx € R™\ V, i.e. all x outside a proper linear subspace®f. Note that if
A(t) = A is a constant (i.e. degenerate random variable), tieis the absolute value of the largest
eigenvalue ofA in magnitude. It is also interesting to see thatloes not depend on the norijrj|, and
that the subspac¥ is random. In this paper, we work only with one coefficientwhich characterizes
the speed of the slowest component of the signal, but a fulime of the theorem states the existence
of other smaller coefficients, called Lyapunov exponentsictv affect the transient phase.

Proof: (Theorem 1) Theorems 2 and 3 prove that every average carsemsgossip algorithm
converges with some characteristic, deterministic catitba ratey, asymptotically in time, if the under-
lying sequence of weights matrices form a stationary anddegstochastic process. To define properly
consensus time, it suffices to notice that, under these tonslj (8 become§, = —1/+. Moreover,

Co = Jim ~C(t)/log (1)

= lim @ lim _—t
st e log (D)
= E[C(D)]T..
The last equality comes from the ergodicity of the networkjol implies the ergodicity of the cost at
each iteration. m

IV. UPPERBOUNDS ONCONTRACTION RATE.

Theorems 2 and 3 prove the existence of deterministic cctidraratey, consensus cost and consensus
time but do not provide any method to compute them, other thauating the limit (11) or (12). In
this section, we present upper boundsos —1/T., under the stronger condition that the sequence of
weight matrices is i.i.d.
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Fig. 2. Impact of the network’s connectivity on the behawirB; := log(p(E[A ® A]))/2, B2 := log(M(E[ATA]))/2 and C3 :=
log A\2E[W]. Pairwise gossip was run on a random geometric network0ofiodes and increasing connecting radius, and thus number of
edges.

A. A first boundB; := log(p(E[A ® A]))/2.

Theorem 4:Let {A(t)},., be a sequence of i.i.d. random matricesRit” satisfying condition (10),
and~ its contraction rate. Theny is bounded from above

1< By = logp (EIA) @ A(0),

wherep denotes the spectral radius, apdthe Kronecker product.
The proof is given in Appendix.

B. A looser but simpler bound, := log(\; (E[ATA]))/2.

This bound is strongly inspired by previous work [6].
Theorem 5:Let {A(t)},., be a sequence of i.i.d. random matricesRit” satisfying condition (10),
and~ its contraction rate. Theny is bounded from above

V< By = %log A1 (E[AT(0)A(0))

where \; denotes the largest eigenvalue.

The proof is given in Appendix. As we can see in Fig. 2, thisrabis very loose, except for very well
connected networks. The proof of Theorem 4 requires twoualkties, one of which we expect to be an
equality, whereas the proof of Theorem 5 uses an infinite murobinequalities. This explains whig,
is much tighter.

In most gossip algorithms, the matrW is a projection matrixWW = W. Indeed, if the same pair
of nodes successively average their estimates twice, ttendeaveraging round is useless. In that case,
Theorem 5 becomes < 1log A; (E[A]) = log X, (E[W]). This enables us to adapt previous results
based on the estimation af (E[W]). These results boundaveraging time in gossip algorithms running
on random geometric graphs of increasing sizeconstructed by placing the nodes uniformly on a
unit square, and by connecting any pair of nodes if theiradis¢ is smaller than(n) = \/«alogn/n,
for some constant large enough to ensure graph connectivity. In this setting,any function f, if
Toe(€) = O(f(n)log(e™!)), thenT, = O(f(n)). Consequently, if we consider the number of exchanged
messages as the cost functiéh pairwise gossip with direct neighbors behavesCin= O(n?/logn)
messages [22]; geographic gossip, which averages any paiodes at the expense of routing their
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estimates, runs witl. = O(n'%//logn) messages [14]; and finally geographic gossip with averaging
along the routing path achievés = O(n) messages [15]. Unfortunately, in general,(E[W]) is not a
bound onx.

V. EXPERIMENTAL OBSERVATIONS
A. Practical guidelines to measure contraction rateconsensus timé,. and consensus co§t.

The method to measurg 7, and C,. comes directly from their definitionsy = lim,_.. log ||e(¢)]| /¢,
T.=—1/yandC, = lim;_,, —C(t)/log||e(t)||. One should run the algorithm with a known initial signal
x(0), stop the algorithm at some largeand measure the erreft;). Then one can computeg ||e(tf)|| /tf
to get an estimate of, and consequently df., or measure”(¢;) and calculate-C'(tf)/log ||e(tf)|| as
an approximation of’.. There are two sources of error when estimating these diesnét a finite time
ts: the deviation induced by the transient phase, and noisyrsiamns from the linear trend of the curve
(Fig. 3(a)) introduced by the randomness of the sequencemefvarying matrices, especially when there
are relatively isolated nodes in the network which do notip@ate often in the averaging process. Two
tricks, which can be combined, improve the accuracy of thasueements:

1) Erase the transient phaséfake an extra measurement at an intermediate iterdticafter the
transient phase, and estimate the slople®fe(t)|| only in the stationary regimey =~ (log ||e(t)|| —
log [[e(t:)])/ (ty — t:). Similarly, C. ~ (C(ty) — C(t:))/(log [e(ts)[| — log [|e(z:)]]).

2) Reduce noiseRun the algorithm several times and estimatas the slope of the average of the
errors:y ~< log ||e(ts)|| > /t;, where<> denotes averaging over runs. See Fig. 3 for an example.
ThenC, ~ (—1/v) < C(ty) > /t;.

B. Confronting theory with data from SensorScope.

We used data from SensorScope [10], which is a sensor newiagproximately20 static motes, to
validate the theoretical results provided in section Ik &xplained in the description of SensorScope
provided in [11], basic tinyOS multihop routing is used tdlga at the sink a picture of the network’s
connectivity. Everyl5 minutes, every node sends the list of its current neighl®esause this reporting
procedure is not reliable, we could only use the data ftémodes. On these nodes, we perform pairwise
gossip: when a nodecommunicates its neighbor list to the sink, we uniformly @b® one nodg in the
list, and update nodessand j's states to(z; + z;)/2.

The results are shown in Fig. 4 and are very encouraging. &srsim Fig. 4(b),log ||¢(¢)|| does decrease
linearly on average. Realizations taken one by one are muisy fior 2 reasons. First, some nodes have
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less neighbors than others, so their participation to therdhm is unevenly allocated, creating some noisy
excursion effects, as mentioned in V-A. Second, Fig. 4(pjaesents a day where data reliably reached
the sink, but on other days, we do not receive the entire dggaides amplifying the previously cited
noise phenomenon, this also introduces distortion fromdayeto the other, and the measured consensus
times T, spread out (Fig. 4(c)). Despite that, consensus time cdérates betweer8 and 32 iterations,

for most of our experiments. We thus conclude that our amaklgasonably holds on SensorScope and
that, on this network, gossip algorithm divides the errorabfactore every ~ 30 iterations. In further
work, we will implement pairwise gossip directly in the nei, in order to study precisely its ergodicity
without distortions due to incomplete data.

VI. CHOICE OF STRATEGY
A. Choice of cost function.

Choosing the strategy will depend on the choice of the casttian C' becausene should choose the
strategy that minimizes the consensus chst

The absolute time of convergence, in contrast with the nunobbeterations, depends on the clock
model used in the network for the algorithm. For example,dbtiond of one iteration may be shorter
in pairwise gossiping than in average consensus. Constyguenorder to compare strategies on a time
criterion, one should compare their absolute consensuesfiift* = E[d]T..

From an information processing point of view, it is intenegtto know how efficient the successful
pairwise exchanges of messages are, as if the network wasl.Wive callM(¢) their number aftert
iterations andM. the consensus number of message exchanyese thatM(t) can be measured by
counting the total number of messages received by the nodes.

If we are interested in power consumption, we have to use fibadoast model. In average consensus,
one node emits the same message to all its neighbors withom@ytransmission. Lef(¢) be the energy
used by all nodes, taken here as the number of messages &stetjcup to iteration. We accordingly
defineconsensus energy., which can have a behavior very different from that/ef...

B. Examples of comparison between strategies.

a) Gossip or Metropolis?We want to know whether we should use pairwise gossip or NMetr®
weights, depending on the network reliability. We model seinsor network as a random geometric graph
with n = 50 nodes and connection radius= 0.18, and the reliability of our network is indexed by the
probability of link failure. We assume the links failurestie i.i.d. in time and in space. Simulations (Fig.
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Fig. 5. These experiments have been run on a random geongeapt of 50 nodes on a unit square, with radiQsl8. Fig (a) shows
Metropolis and gossip consensus times, the latter beirlgdsby the number of nodes. In Fig (b) we see that the pairnesentunications in
Metropolis are more efficient if the network is less relialifegg (c) shows that gossip spends less energy than Metsoptien the network
is more reliable.
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Fig. 6. These two experiments were run on trees Witmodes. The root of tree (a) has 3 children that have 9 childes, whereas the
root of tree (b) has 10 children that have 2 children each. rbbeis a much bigger bottleneck in tree (a) than in tree (s Dottleneck
in tree (a) is well taken care of by the weight optimizatioheneas Metropolis weights already perform well on tree {iherefore the
threshold probability is much larger in (a) than in (b).

5) show that in reliable networks, it is better to use paieng®ssiping whereas unreliable networks work
better with the Metropolis algorithm. Indeed, at each tierg the Metropolis algorithm takes advantage
of all the existing links, whereas the gossip algorithm kmtsone link. If it is off, no averaging occurs
and there is a loss of time and energy. The weakness of Mdigsopeights in reliable networks is the
redundancy of its messages, an effect most visible whenidemirsg the received messages (Fig. 5(b)).

b) Metropolis or adapted optimal weightsZhoosing between two synchronous strategies is easier,
because they have the same clocks and their message passnues are very similar. In our simulations,
we compare their contraction rates If the network is reliable (low failure probability), it is worth
computing the optimized weights and adapt them when linksda in (5). On the contrary, ip is large,
the adapted weights are too low, considering the smallereuraf active links, and Metropolis weights
perform better. An example is given in Fig. 6, which showd tha threshold probability separating the
best alternatives heavily depends on network topology.

C. Choice of pairwise gossip weights.

In previous work, pairwise gossip assumed the weight 0.5 as mentioned in (6). Here, we show
that this weight choice is not the best strategy for regutaplys and random geometric graphs, although
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Fig. 7. Search for optimal weights in pair-wise gossip (B)). These curves were obtained by averaging the resuits500 graphs of
each type. All the graphs ha@® nodes.

it is the best strategy for fully connected graphs. We preposextend pairwise gossip in the following
way. If node: wakes up and calls nodg

wi;(t) = wy(t) = a

wi(t) =wj;(t) =1—«a

we(t) =1 if ki,

wi(t) =0 on all other edges.

(13)

As shown in Fig. 7, except some special cases including thgraph, it is better to have = «y > 0.5.
The explanation is intuitive. In a general graph, some na@tesmore isolated than others. Even though
the nodes wake up the same amount of times in average, thayoarealled by other nodes on a fair
basis. This implies that relatively isolated nodes paytite to the algorithm less often than well connected
nodes. So capturing a proportian> 0.5 of the value of one’s neighbor enables the “slow” nodes tolcat
up by giving a large part of their value to the “fast” nodeswdwer, there is a trade off to be found. If
« is too large, the algorithm looses efficiency. In our experitn we consider graphs with 60 nodes. In
this case, the optimal weight for regular graphs of degree6 is oy = 0.65, anday = 0.87 for random
geometric graphs with radius= 0.3. Finding how the optimatk behaves with the number of nodes and
more generally with the topology of graphs is yet to be exgdor

VIl. SUMMARY AND OPEN PROBLEMS

In this paper, we first provide novel tools that allow to comgpperformance of different averaging
strategies in arbitrary, ergodic time-varying networksePprincipal parameter used is tbentraction rate
~, which can be related to a Lyapunov exponent governing tlcaydeate of the error vector norm.

A first advantage of this metric is that it can be computed &sily in practice, with a few simulation
runs only and using a random initial measurement vectorofiém 3 proves that the contraction rate
is a deterministic constant with probability one with respe realizations of the time-varying network,
and for almost any starting point (i.e. initial measuremesttor).

More importantly, contraction rate is the key parameter to compute consensus cost. The natural
definition of v is with respect to time, or the number of algorithm iterasioBut it can readily be
modified in order to consider e.g. the number of sent messaigdee energy spent. Thus, depending on
the cost function to optimize, we consider either a time tamg,. or a cosiC,, respectively characterizing
the amount of time or any other resource needed to achievet@rncéconsensus” between the nodes in



the network. The value%. and £. may then be used to compare averaging costs of differenagvey
strategies.

Furthermore, we derive upper bounds on the contractionfoatthe case of link failure patterns i.i.d.
in time. Although being either loos&3() or strenuous to compute numericall§,(), these bounds have
the advantage to require the analysis of a single matrix, améyead of an infinite sequence of matrices.
Consequently, they may help to get more insight in averadingamics from an analytical point of view,
rather than by simulations. According to empirical obsgore, B, seems to be fairly tight in many cases.
Still, proving whether and under which conditions this badus asymptotically tight for large networks
remains an open problem.

Finally, we showed a few examples where we used the newlyatetools to analyze different network
setups and averaging strategies. We compared pairwisepougssvith synchronized averaging using
Metropolis weights, considering different cost functiaugh as time, the number of transmitted messages,
and the number of received messages. Finally, we highligtite fact that efficiency of pairwise gossip
may be improved significantly by putting more weight on thel@anged values than on one’s own.

All these observations can help optimizing and improvingstixg averaging algorithms, and are only
examples on how the presented performance measures maedeWs are convinced they will prove
very useful in evaluating future averaging algorithms, andhparing them to existing ones.
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VIII. A PPENDIX.

Proof: (Theorem 4) Theorem 2 gives us the choice of the submulailie matrix norm and we
choose the Frobenius norm. We denote 7hy, the i-th row, j-th column element ofM,. Then, by
Jensen’s inequality (15),

1.1
v = lim-E [—logHMtH;} (14)
t—oo { 2
1
< tlgonoQ—tlogE[llMtllfw} (15)

' 1 n n )
= Jim - logE [Z > my, (t)] . (16)

i=1 j=1

We now expresg|M,||3 as a functionf(-) of another matrix, namel, @ M,. Formally, f is thus
defined as

f . Rrﬂ xn2 —SR:B— Z Z bi+n(i—1),j+n(j—1) (17)

i=1 j=1

where by is the k-th row, I-th column element oB. In other words,f(B) sumsn? specially chosen
elements of the:? x n? matrix B. Besides the equality

fF(M@M) = M]|%, (18)
this function has the desirable property of being linear:

f(aA +B) = af(A)+3f(B). (19)



Going back to equation (15), replaﬁMH% according to (18). Then, using property (19), invoke lirtgar
of expectation to interchangg-) andE[]:

1
7 < lim o log E[f(M, ® M,)]

1
= lim % log f (E [M; ® My])

:tliglo%tlogf (E HA(t—p)@HA(t—p)])

o

Note that we used the distributive property of the Kronegkeduct,(AC)® (BD) = (A®B)(C®D).
Now use the i.i.d. property of the matricésg(t) to interchange the matrix product and expectation

N < tllrg%tlogf (HE[A(t—p)@@A(t—pﬂ)

_ tll‘?o%bgf (E H(A(t —p) @At —p))

Lp=1

- I 2it log f (E' [A(0) ® A(0))]).

To simplify the notation in the following, we definB := E[A(0) ® A(0)]. Using linearity of f once
again, we have

1 ¢
g Stlgoﬂogtlogf(B)
.1 B!
=t (ts 18]+ s (7))
: 1 o1 B!
=t (gos 1B+ 06 (7))
It is a well known fact (Gelfand’s formula, see e.g. [17]) ttfar any p-norm,p € {1,2,..., 00},

lim HBtHE = p(B) :=max{|A| : A € A\(B)}.

t—o0

To bound the last term, we chooge= oo, which yields tof (ﬁ) < n%. We can now conclude:

v < lim (%log 1B+ %log#)
1
T2

1
= §logp(B).

log lim [[BY]|* +0

Proof: (Theorem 5) Lety(t) = x(t) — x4,.1. For any nonrandom choice ¢f(0) € R \ {0},
Ely" (t)y(t)]

I
m
m
<
~
—~
~
I
—_

)
— E[y"(t— DE[AT



Then, by Jensen’s inequality,

el [Iog(yT(t)Y(t))} < Ly, (BB @y@)]

ot yIO)y(0) /)] = 2%\ yT(0)y(0)

< %log A (E[AT(0)A(0)]).

Now, we choosey (0 ) ( ) such thatP (y(0) € R*\ V) = 1, with V' defined as in Theorem 3. For
such ay(0), lim;_, + log 2Vl —  with probability 1. Consequently, there is a bound€dsuch that
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