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Abstract— Methods for direct data-driven tuning of the point. These methods, however, are based on uncertain
parameters of precompensators for LPV systems are develoge dentified LPV models and thus, unlike direct data-driven
Since the commutativity property is not always satisfied for methods, suffer from model uncertainty.

LPV systems, previously proposed methods for LTI systems .

that use this property cannot be directly adapted. When the No data-driven precompensator, or feedforward controller

ideal precompensator giving perfect mean tracking existsri  tuning methods for LPV systems have been proposed to the
the proposed parameterisation of the precompensator, theRV  authors’ knowledge. But, as is the case for LTI systems,

transfer operators do commute and an algorithm using only tvo  system identification techniques for LPV systems should be
experiments on the real system is proposed. It is shown that adaptable to the tuning of these controllers.

this algorithm gives consistent estimates of the ideal paraeters . . s
despite the presence of stochastic disturbances. For the meo Research into the problem of identifying LPV systems has

general case, when the ideal precompensator does not belotog ~ Peen active in recent years (see e.g. [5], [6], [7], [8]). 9 [
the set of parameterised precompensators, another techni¢ a method is proposed for the identification of the parameters

is developed. This technique requires a number of experimés  of Single Input Single Output (SISO) LPV systems in input-
equal to twice the number of precompensator parameters and it form. Each parameter of the system transfer operator
it is shown that the calculated parameters minimise the mean . . L ) . .
squared tracking error. is a linear co_mbmatmn _of pr_gdef_med, operatmg point de-
pendent functions. The identification procedure is then one
. INTRODUCTION of identifying the coefficients multiplying these functgn

It is commonplace to use precompensators, based on 1}fs{g.ich is a linear regression problem, and so can be computed
inverse of the closed-loop system, in order to improve théSing the standard least squares technique. However, as

tracking performance of linear time-invariant (LTI) syste ~ 0CCUr'S in the LTI case, the least squares technique geyerall
This technique typically uses the inverse of a model ogives biased parameter estimates. Consistent estimates ca

the closed-loop system for the precompensator. Howev@r‘? obtained in the general case using instrumental vasable

the model will be subject to uncertainty and when thid 10l ) o ] ]
is above a certain level, the tracking performance of the In this paper the application of instrumental variables to

system can be adversely affected [1]. In [2] a data-driveine problem of direct, data-driven tuning of precompensato

method is proposed for direct tuning of the parameters §pr LPV systems is considered. It is shown that if the

precompensators for LTI systems. This method minimisdd€al Precompensator giving zero mean tracking existsen th
the tracking control criterion directly using measuredagat ProPoSed precompensator parameterisation, the LPV &ansf

rather than passing through a system modelling step and thperators commute and a tuning technique is proposed which

minimising a criterion based on the uncertain model. ThigVes consistent estimates using measurements from jost tw
approach means that the achieved tracking is not affectEPeriments. For the more general case, where the LPV
by system model uncertainty and leads to high performan&@nsfer operators do not commute, another algorithm is
tracking. The method is based on parameter estimatidioPOSed requiring a number of experiments equal to twice
algorithms using instrumental variables and takes adgentalN® number of precompensator parameters. The algorithm
of the commutativity of LTI transfer operators. However, in'€2dS to parameter estimates that converge to those that
many applications the LTI assumption is not satisfied e.ghinimise the desirable mean squares criterion. o
certain mechatronic systems such as x-y positioning tables ' "€ Paper is organized as follows. Notation and prelimi-
where the dynamics change as a function of position arftfries are given in Sect|0_n II._The tuning scheme when the
consequently the method proposed in [2] cannot be applig§€@ Precompensator exists in the precompensator param-
A class of systems whose dynamics change as a functiterisation is presented in Section III.. In Seqnon IV_, the
of the operating point are linear parameter varying (LPVSU”'ng methoq for the general case is explalned. Finally,
systems. For LPV systems, methods have been proposed (M€ concluding remarks are made in Section V.
[4]) to tune precompensators and feedforward controllers Il. PRELIMINARIES

whose parameters vary also as a function of the operating_l_he output of a SISO Linear Parameter Varying (LPV)
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andp € R +1 (7 +1) s the vector of controller parameters:

where o(t) € R™ is a measurable scheduling parameter
vector at timet, H(o(t),q~") a, possibly LPV, transfer — p = [0, 00,0070, P1s- -5 P17 P5 s
operator filtering the sequence of zero-mean, independent pLopreTL (10)
random variableg(t) to give v(¢), andg~' the backward- ter T
shift time operator. The scheduling parameter vector ¢osita For ease of notation the number of precompensator parame-
the measurable signal(s) which correspond to the systen&ss (n, + 1)(n, + 1) will be denoted byn.
current operating point. It should be noted th&t (¢), ¢~ 1) The 8/(q~') are linear discrete-time transfer operators,
and H(co(t),q~ ') may be the transfer operators of either aiwhich can be any orthonormal basis functions, such as
open or closed-loop system, under the condition that thdyaguerre or Kautz. In the sequel, however, for clarity of
are uniformly stable for alb(t) in the operating zone. presentation, we suppose th@t(¢~!) = 1 and B (¢~!) =

Definition: An LPV transfer operatorP(o(t),q~"), ¢~'. This choice meang” (o(t),q~!) is given by:

olt) € A BT (o(t) ) = [o0(t), 1 (8. . om, (8,
1

Plo®.a™) =Y nle @)™, ocA @ 20(la”, 100710, O -
k=0 oo(t)g ", o1(t)g ", om, ()g~ "] (11)

where o;(t) represents thegth element ofo(t). This pa-
o rameterisation allows a wide range of dependence on the
pr(o(t)] <pr, fort=0,1,.... > pr<oo. (3) scheduling parameter to be described. For example each
k=0 o;(t) could represent a function of a different scheduling
The output of the system, with an LPV precompensatdtarameter. Alternatively the;(¢) could be a set of orthog-
F(o(t),q~"), is given by (see Fig. 1): onal basis functions of a single scheduling parameter e.g.

polynomials:
y(t) = Go(t),q " )F(o(t), ¢ ya(t) +v(t).  (4) oi(t) = & (1), (12)

The objective is to calculate the parameters of the PreGiheres(t) is the single scheduling parameter.
ompensatot(c(t), ¢~ ') such that the tracking error: These choices lead to the following expression for

is said to beuniformly stableif

€(t) = ya(t) — y(?) (5) F(p,o(t), q—l) _ [pgdo(t) + p(l)ol )+ -+ pion, (tﬂ
is reduced, wherg,(t) is the desired system output, which  + [pJo0(t) + pioi(t) + -+ pi7on, ()] ¢ " + ...
is defined over the duration=0,..., N — 1. 0 1 " “n,
In this paper we consider the ideal precompensator to be + [pnpao(t> + P, 01 &)+ + Prp Tne (t)} ¢ " (13)

that which gives zero mean tracking error. It can clearly be pamark: In the special case that the desired outpi(t)

seen from (4) and (5) that the ideal precompensator is the, scheduling parametett) are known a priori, they can

precompensator for which: be used to improve the tracking of systems with a time delay.
Glo(t),g VF(o(t),q ") = 1. (6) This improvement is achieved by settimﬁ(q_*l) = ¢,
where § equals the system’s time delay. This fact can be
A fact which should be noted is that due to the timeillustrated via the following example. Consider the noiisse
varying nature of the transfer operators, commutativitgglo system with a time delayn:
not apply to them, in general. In fact the backward-shiftrepe
ator should obey a non-commutative multiplicative operati  ¥(1) = —a1(0(8))y(t—=1)—az(o(1))y(t=2)+u(t—m). (14)

‘o’ defined as [11]: We wanty(t) = yq(t), so substituting this equality into the

¢ loq i =q ) giox(t)=a(t—i)g'. (7) @aboveequation gives:

)

A. Precompensator Parameterisation u(t —m) =ya(t) + a1(o(t))ya(t — 1) + az(o(t))ya(t — 2)
15
The precompensator is parameterised such th (15)

F(o(t),q~ ') is linear in its parameters and can be
expressed as: u(t) = ya(t + m) + a1 (ot +m))ya(t +m—1)

F(p,o(t),qg ") =87 ((t),qg Hp (8) +az(o(t+m))ya(t +m—2), (16)



which shows that the structure required for perfect tragkin Tuning experiment
is achieved by choosing = m. This implies that values ; .
of o(t) andya(t) at ¢ + 5 should be used at timg which 5 v()
is possible if they are known in advance. Unfortunately, in yd(t)i 2(t) !
many applications, i.e. those wherét) is measured in real ~ — G(o(t),.q7") —

time, advanced knowledge ef(¢) will not be available. '

JFe@. )P

B. Single Realisation Behaviour and Ergodicity Fig. 2. Precompensator tuning scheme

It is often useful to be able to equate the time average
properties of a signal over a single realisation with the
ensemble average taken over many realisations. Signdis wijt
this property are called ergodic and Theorem 2B.1 in [12
indicates when certain types of nonstationary signals (Eanzé
ergodic in the correlation.

Theorem 2B.1[p. 55 in [12]] Let{Py(¢~'),0 € Dy} and
{My(q=1),6 € Dy} be uniformly stable families of filters,

In the absence of noise, and whé@fio (t)) and F'(p, o (t))
re commutative, the same tracking error would be obtained
the positions of the system and the precompensator were
wapped so thaf’ acts as a post-compensator. Using this
idea, it is possible to estimatgt) from one set of data
obtained from the system without a precompensator as:

and assume that the deterministic signdt), t = 1,2, ..., ) =ya(t) — g(t) = ya(t) — F(p,o(t))ym(t)
is subject to - _ _
=yq(t) — F(p,o(t))G(o(t))ya(t) — F(p,o(t))v(t)
< an = walt) = Flp. o)) Glo(0)alt) = Fp, ()
_ _ =ya(t) — F(p,o(t))z(t) — F(p,o(t))v(t) (22)
Let the signalsy(t) be defined, for eachi € Dy, by where z(t) andy,,(t) are the noise-free and noisy outputs,
so(t) = Po(q Hu(t) + Mp(qg~ Hw(t) (18) respectively, of the system when(t) is applied as the input
(see Fig. 2).
where
oo B. Algorithm
u(t) =Y (et —k) = Lit,g Helt)  (19) It is possible to expres&t) in linear regression form as:
k=0
~ _ _ T
ande(t) is a sequence of independent random vectors with €(t) = ya(t) = Flp, o (t))ym(t) = ya(t) = dm(t)p  (23)
zero mean valuesz{e,(t)e] (t)} = A; and bounded fourth where:
moments, andL(t,q~!),t =1,2,...} is a uniformly stable
family of filters. E{-} denotes the mathematical expectation. &;.,(t) = [00(t)ym (), o1 (E)ym (1), ..., on, (E)ym(t),
Then: o0 () ym(t — 1), 01()ym(t —1), ..., on, (ym(t —1),...,
N—-1
1 Uo(t)ym(t_n )a a'l(t)ym(t_n )a <oy 0n, (t)ym(t_n )]
sup || > [so(t)sg (1) — E{se(t)s; (1)}]|| — 0 (20) ’ ’ " 24
0€ Dy N t=0
w.p. 1, asN — oo, The precompensator parameters can then be found by the
minimisation of a quadratic cost function:
where|| - || is the Frobenius norm. N1
| M-
I1l. TUNING WHEN LPV TRANSFER OPERATORS IN(p) = IN Z é(1). (25)
COMMUTE t=0

As mentioned previously, in general, time-varying op- The minimiser of this criterion is given by:
erators do not commute. One case, however, where they L N 1 L N
do is when the two operators considered are reciprocal. .~ _ |1 T -

Thus, in the case that the precompensator’s parameteri—meS lN ; d)m(t)qsm(t)] N ; P (Dya(?).

sation and parameters are such that (6) is satisfied then (26)

F(po,o(t))G(a(t)) = G(a(t))F(po,a(t)) = 1, wherepg Unfortunately when F(p,o(t)) is placed as a post-

are the parameters satisfying (6). This fact gives an idea feompensator, it filters the noisgt) also, as seen in Fig.

a tuning scheme for the precompensator’s parameters. 2. Therefore the parameters which minimise the variance of
) the tracking error estimate will not be the same as those

A. Tuning scheme which minimise the variance of the true tracking error.

We have that the tracking error of the system, with a The Instrumental Variables (IV) method can be used,

precompensator, is given by: nonetheless, to give consistent estimates of the true rignim
ing parametergy. For the IV estimates to converge to the
€(t) = yalt) = Glo @) F(p, o (1))ya(t) = v(®), (21) trl?epvalues, thz IV vector must be correlated Witr? the non-
where the dependence of the transfer operators on theisy component of,,(t), but not with the noise(t). Many
backward-shift time operator has been left out for notation choices of IV vector satisfy these conditions, such as aovect
clarity. of time shifted versions ofj,(t). The choice considered in



this paper is to use a vector similar¢g, (¢), but withy,,,(t)  Consistency of excitation for LPV identification was first
obtained from a second experiment, performed in the sancensidered in [9]. There sufficient conditions for polynami
way as the first. The second experiment will, however, b/pe coefficient dependence on the scheduling parameter are
affected by a different, independent noise realisatioris Thgiven. It is shown that if the system input signal is ‘suffi-
choice has been made as it leads to an IV vector that ¢sently rich’ then persistency of excitation is ensuredhié t
strongly correlated with the non-noisy componenygf(t), scheduling parameter ‘visitsi, + 1 distinct points infinitely

and so leads to parameter estimates with low variances. Thrany times, where,, is the order of the polynomial depen-

IV estimate is thus given by: dence. More recently [13] produced more general sufficient
e conditions for other types of coefficient dependence.
oy = M_IN Z b1 (H)ya(?), (27) th;'tc.) show Condition ii) further analysis is required. We have
t=0 )
with N- N-
N—-1
| Z Z
~ D bmi(D)ha(t) =0 t=0
t=0
where ¢,,1(t) and ¢,.2(t) are the ¢,,(t) from the two Z do1(t)dua(t).  (31)

experiments. o .

The consistency of the IV estimates is not directly obviou§onsidering the first matrix on the “ght hand side of (31),
as, unlike the standard LTI case, the signals consider&@ch of its elements is the sum over time of products of terms
contain nonstationary stochastic components. The applicg!ch asu;(t)z(t —n) ando;(t)vz(t — p). Then, referring to
bility of ergodicity type results typically used in congisty ~Theorem 2B.1 given in Subsection II-B, we can define:

analysis is not, therefore, immediately evident. An analys [ oj(t)z(t —n)
is thus performed in the next subsection which demonstrates s(t) = oi(t)va(t — p) }
that IV does indeed lead to consistent estimates, desgte th - 0
presence of these types of disturbances. = () H (o(t - p), a~Yea(t —p) ]
C. Consistency of IV Estimates N { a;(t)G(e(t —n),q " ya(t —n) ]
To see that the IV method gives consistent estimates we 0
begin by rewriting (27) as: RG] } { wi(t) }
= + 32
| N- | vs(t) w(t) (32)
Pmrv = Mﬁlﬁ > dm1 (oL (t)po where wl(t), wi(t), vi(t) and vi(t) have their obvious
—0 definitions. The signalsvi (t) and wi(t) satisfy (17), due
The e to the assumed uniform stability af(o(t),¢~*) and the
= M Z P (t 2(t) = D2 () po boundedness of;(¢) andy,(t). Also vi(t) andvi(t) fit in
+=0

with the desired form of (19) due to the assumed uniform
stability of H (o (t), ¢ 1). The components of(t)s” (t) give,
amongst otherS:rj(t)z(t— n)o;(t)ve(t —p). So by applying
Theorem ZB 1 we can state that:

N—
ML Z t)po,  (28)

t=0
where ¢.(t) and ¢,;(t) are similar too,,;(t), but y,,:(t)

is replaced byz(t) and v;(t) respectively. Additionally ¢z — E{o.(t)dL,(t )}]H =0
In order for the parameter estimates to be consistent i.e. W.p. 1’ asN — oo,
that p% ,,, converges almost surely @ as N — oo, it is
necessary that: and, asz(t) andv(t) are not correlatedz{¢. (t)¢1,(t)} = 0
implying:
) Jim Z bm1(t ) be nonsingular. (29) 1A .
Jim = ; ()i (t) = 0 wp. 1
ii) hm — Z O (t t)po =0, (30) A similar result for the second matrix on the right hand side
of (31) can be derived using Theorem 2B.1 i.e. that:
whereO is the zero vector. 1 V=1
Condition i) is a persistency of excitation condition. It i > pu(t)na(t) =0 wp. 1
is similar to the persistency of excitation condition found t=0

in methods for the identification of input-ouput form LPVand combining these two satisfies Condition ii), showing
models, as similar signals are involved i.e. noisy outpuhe parameters estimates obtained with the IV method to be
signals multiplied by functions of the scheduling parameteconsistent.



Remark: The values of the scheduling paramete(t) The aim is to findp such that the average tracking error is
used in the calculation op?,, will normally also be small, therefore a logical objective is to minimise its mean
measured. They are, therefore, susceptible to measuremsquared value i.e. to find thethat minimises:
noise as well. In the case that the noise-to-signal ratio is N 1 -
very low, the effect of this noise can be neglected. However, I p) = 5 B {e(p)"e(p)}, (40)
if the ratio is not negligible the measurement noise Mayhere the dependence ofon p has been shown explicitly.
degrade the precision of the parameter estimates. It can berhe minimiser of (40) is given by:
shown, however, by an analysis similar to that previously 1
presented and also to that found in [10], that when the pNars = {iXTX] iXTyd.
scheduling parameter is uncorrelated with the output $igna N N
and the dependency on it is affine the use of an IV vector In the case thatz(o(t)) were known exactly X could
like ¢m2(t), but usingo;(¢t) measured during the secondbe calculated, followed by?,,s. G(o(t)) is never known
experiment, leads to consistent estimates. exactly, however, and the model uncertainty leads to a non

optimal p.
IV. TUNING WHEN LPV TRANSFER OPERATORS DO NOT It is possible to obtain an estimat& of the matrix X
COMMUTE without the use of a model through a series of experiments
(6) is unlikely to be satisfied b)Pn the real system. This can be ;een_to be the case by noting
éhat the elemenfX, ; of the matrix X is the output of the

(41)

In general, unfortunately,
a precompensator with the linear parameterisation prapos ) .
InF:his caspe, the order of the preco&pensatorcan bepinmmﬁeagé(s.tem(;(a(t)) when thejth element of(t) 1S applied as
until the condition is approximately satisfied and the mdtho?" '!"p“t- Thus for each columq of an gxpenmgnt can be
of the previous section can be used. If, however, the requirgarr_'ed out on the real system ix.experiments in tc_>ta|. In
order is too large to be implemented, and the approximati ﬁa“ty an estimate, rfa\ther thgn the e_xact vaIue_XowaI b_e .
achieved with a reduced order controller is not sufficientlf;ound as each experlme.nt will have its own noise realisation
good, the precompensator and system will no longer confi (1)- The estimate ot is:
mute. A method that can be used in this situation is developed X=X+V, (42)

where V' is a matrix whose, jth element isv;(¢). Substi-

below.
The signalu(t) = F(p,o(t))yq(t) can be expressed as: tuting X in for X in (41) we have:

u(t) = F(p,a(t))ya(t) = ¢" (t)p (33)

—1
s = [F X+ V)| 1)

where

o7 (t) = oo(t)ya(t), o1(t)ya(t), ., on, (D)ya(t),

UO(t)yd(t - 1)7 01 (t)yd(t - 1)7 < 0ng (t)yd(t - 1)7 ERE)
o0()ya(t —n,),o1()yalt —np), ..., o0, (E)ya(t —n,)].
(34)
It is now possible to write the output as:
y(t) = G(a(t))F(p,o(t))ya(t) + v(t)
= G(o(1)¢" (t)p + v(t)
=2 (t)p+v(t). (35)

wherex(t) = G(a(t))p(t).
The tracking error (5) can then be expressed as:

e(t) = ya(t) — 2 (t)p — v(t) (36)
or in vector form as:
e=ys— Xp—u, (37)
where the vectoe is given by:
e=[e(0),€(1),....e(N — 1), (38)
yq andv are defined similarly, and the matriX is:
X = [z(0),2(1),...,2(N = 1)]7. (39)

1 —1
= [N(XTX +VIX + X7V + VTV)]
1
>< —_

~ X V) v (43)
Therefore, unfortunately, wheX is used in place of{ in
(41) the presence of the noise in the experiments performed
to find X will mean that the minimising valug),, s cannot
be calculated i.epY ;s # PN rs-

One way of dealing with this problem is to use instru-
mental variables again. This time two estimatesxof X;
and X, are used. They are obtained from two sets ofithe
experiments previously described. The IV minimiser estéma
is then given by:

= [Lxrg,| L (44)
Prv = N2 Nl Yd-

Remark: The sameG (o (t),q~!) should be used at each
t for all the experiments i.e. when different signalét)
are applied. It is therefore necessary that the scheduling
parameters(¢) be independent ofi(t), which may not be
the case for certain quasi-LPV systems where the schedul-
ing parameter can be an input-dependent, internal variable
Nonetheless, a number of LPV systems found in practice
do satisfy this requirement, such as x-y positioning tables
where the dynamics of one stage depend on the position of
the other and not their own.



A. Consistency of estimates

V. CONCLUSIONS

To demonstrate that the IV estimate (44) converges to the Direct data-driven tuning methods of precompensators for

true minimiser of (40) wherV — oo we first write:
AN 1 T i T
prv= |5 X+ V) (X +V2)|  =(X+V1) ya
N N
1 -1
= [N(XTX +VEX + X7V, + ‘/1TV2):|

1
X N(X + V1) ya (45)

where V; and V, denote matrices of noise realisation
associated with the first and second set of experiments. For

PN, to converge ted, s we requireV;’ X + X7V, + VIV,

andV;y, to converge to zero a8 — oco. This can be shown
to be the case by noting that thgjth element of the matrix

ViI' X is given by:

T

VI X]ij =) vli(t) Xy,

ZWH
|
-

= D [H(o(t),a " eli(t)][G(a(t),a")g;(t)],
(46)

~+
Il
o

where v1;(t) corresponds to the,: element of V4, and
vl;(t) = H(o(t),
to this time sum and can be used to show that:

N-1
[Uli(t)XtJ — E{’Uli(t)Xt,j}] — 0
0

t=
1, asN — oo,

N
W.p.

and sinceE{v1, X, ;} = 0 we have

1 N—-1
Jim ; vl X, =0w.p. 1

This result can be applied to each elementlgf X, and
similar results hold forX”Vy, VIV, and Vi y,. Therefore,
N, — pYas @as N — oo almost surely.

q 1)el;(t). Theorem 2B.1 is applicable

LPV systems are developed in this paper. Two techniques are
proposed. The first one, applicable when the precompensator
and the system commute, only requires two experiments
in order to obtain consistent estimates of the parameters
leading to perfect mean tracking. The second one, which
has no restriction on the precompensator parameterisation
requires a number of experiments equal to twice the number
of precompensator parameters. It is demonstrated that the
computed parameters converge to those minimising the mean

Ssquared tracking error in the presence of noise.
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