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Abstract

Convex parameterization of fixed-order robust stabilizaomtrollers for systems with polytopic
uncertainty is represented as an LMI using KYP Lemma. Thismpaterization is a convex inner-
approximation of the whole non-convex set of stabilizingntcollers and depends on the choice of a
central polynomial. It is shown that with an appropriate ickoof the central polynomial, the set of
all stabilizing fixed-order controllers that place the elddoop poles of a polytopic system in a disk
centered on the real axis, can be outbounded with some LNies& LMIs can be used for robust pole

placement of polytopic systems.

. INTRODUCTION

Nowadays, many control design problems are formulated mgexcoptimization problems and
solved efficiently using recently developed numerical gtgms. Yet, a challenging problem is
the design of restricted-order controllers by convex opation methods. The main problem
stems from the fundamental algebraic property that thalgyatlomain in the space of polyno-
mial's parameters is non-convex for polynomials with ortagher than two [1]. To overcome
the non-convexity, there are different strategies, whioh explained in [2]. One possibility
is to consider an approximation of the non-convex domair @it outer-or-inner convex set.
Although an inner approximation introduces some consevain the design method, it is
preferred because the stability is ensured. Several comvex approximations of the stability

domain around a central polynomial have been proposed iditdrature. However, the LMI
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approximations are more flexible since they can represenother convex sets like polytopes,
spheres and ellipsoids.

The problem becomes more complicated when a fixed-orderattantshould stabilize a model
with structured polytopic uncertainty. This problem is aky studied in the state space repre-
sentation of the system for the full-order controllers gshityapunov equation. A conservative
solution is to find one Lyapunov function to stabilize all netsl The other solution which is
less conservative is to design a parameter dependent Lgapunction. However, it is not easy
to find this Lyapunov function for polytopic systems. Thebdiaation problem can be converted
to regional pole placement using the concept of D-stabilitys to define a subregion of the
stability domain and to modify accordingly the structuretbbé Lyapunov equation and then
design a stabilizing controller [3]. The desired regione egstricted to strips, circles, sectors
and hyperbolas. In [4] a unified robust pole placement desigthod for both continuous and
discrete-time systems is introduced. The controller meetst/, and/or H,, specifications for
a nominal plant model and assigns the closed-loop poles ioMirregion which is introduced
in [5] and covers many desired regions, using LMI constgiiihis problem is extended to the
case of systems with a specific type of unstructured uncgytan [6]. Recently, design of a
state feedback controller for a polytopic uncertain systeimch assigns the closed-loop poles
in the same LMI regions is proposed using a non-convex op#tian method [7]. However, the
final controller does not even guarantee the stability ofsystem and a robust stability analysis
should be carried out after the design is completed. In [8)fficient condition via a hon-convex
optimization is given to design a state feedback controlaich assigns the closed-loop poles of
all the vertices of the system polytope in a sector. In [9fadesfeedback controller which brings
the closed-loop poles to the desired multi-constraintsoregia a non-convex optimization is
designed. The only convex parameterization of fixed-ordaikzing controllers for polytopic
systems is given in [10]. Using polynomial positivity, an LiMner approximation of the stability
domain in the polynomial parameter space is proposed. Thigmenethod relies on a central
polynomial whose choice has not been really investigated.

In this paper, a similar approach is adopted based on the pwsitive realness of transfer
functions using the KYP Lemma. The derivation of the LMIsnfrahe KYP Lemma is very
straightforward and similar to those of [10] and [11]. On thteer hand, it has been recently

shown that the LMIs originated from the KYP Lemma can be sbivery efficiently even with
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a large number of parameters [12], [13]. Furthermore, it i shown that a particular choice
of the central polynomial makes the LMI an outer approximatf all controllers which bring
the closed-loop poles of a polytopic system to a desired déeskered on the real axis. As a
result, the proposed LMI gives a sufficient constraint fag giability of the polytopic system
and a necessary constraint for the robust regional poleepiant.

It should be mentioned that a circle centered on the real laxssalready been considered
as the desired region for pole clustering [14], [15], [16jowéever, state or output feedback
controllers have been studied only for systems with ungired uncertainty.

The paper is organized as follows. The preliminaries andvlpro formulation can be found
in Section Il. In Section I, a convex parameterization odefi-order stabilizing controllers for
a polytopic system is given via LMIs. Section IV proposes aich of central polynomial to
parameterize all controllers that cluster the closed-lpofes of the polytope into a desired
circular region together with some simulation examplese €hncluding remarks are given in
Section V.

Il. PRELIMINARIES AND PROBLEM FORMULATION
A. Polytopic systems

In order to build up the background of the proposed methoohesbasics on the polytopes
are recalled.

A polytope in an n-dimensional space is the convex hull oftaopoints called generators in
this space. The minimal set of generators is unique and itatesthe vertex set of polytope. An
exposed edge of a polytope is the line between two verticéiseopolytope, such that the whole
polytope lies on just one side of it [17]. If the generators #Hre coefficients of a polynomial, a
polytope of polynomials is obtained. A discrete-timéh order polytopic system can be defined
by a set of transfer functions as follows :
bi(z)  bzm bz 4 ]

a; (z) 2" Halznl4 4l

Gi(z) = 1)

with a/,b) € R, i=1,---,q, 7 =0,--- ,n, whereR is the set of real numbers andis the

number of2n+2 dimensional polytope verticés a; --- a? b? b} --- b?]. This polytopic system

covers a wide variety of structured uncertainties, like tipld models and interval uncertainty.
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It should be mentioned that in this paper only the discriete-fpolytopic systems are consid-

ered. However, the continuous-time systems can also bedréa a very similar way.

B. Strictly positive real systems

A real rational transfer functio/ (z) is strictly positive real (SPR) if and only if [18]

1) H (z) is analytic in|z| > 1 and

2) Re H(z) >0 Vz, suchthatlz| =1
Hence, for SPRness of a Schur stable real transfer fundtisneinough to check positivity of
its real part on/z| = 1. With a simple application of Nyquist criterion, it can besi#a shown
that if H(z) = ¢(z)/d(z) is SPR thernc(z) is Schur stable. This means that to test the Schur
stability of a polynomiak (z), it is sufficient to check that its ratio to another Schur palmial
d(z) is SPR.

The SPR condition for a stable transfer function is closelgited to the phase of its numerator

and denominator as formulated in the following lemma :

Lemma 1 H(z) = ¢(z)/d(z) with Schur stablel(z) is SPR if and only iz, such that|z| = 1

A

[0 (c(2)) —0(d(2)) | < 5 (2)

where¢ (-) denotes the phase.

As a result, polynomiat (z) is Schur stable if and only if there exists a Schur stable nutyial
d (z) such that Inequality (2) is satisfied (See also Lemma 1 in)[10]

The SPR condition can be given in the state space by the KaWaknbovich-Popov Lemma :

Lemma 2 (KYP Lemma for discrete-time system&)ransfer functionl (z) = C' (21 — A) ™' B+
D is SPR if and only if there exists a matdk= P” > 0 such that [19], [18] :

ATPA—-P ATPB - CT

BTPA-C -D-D"+B"PB

Therefore, all SPR transfer functions with fixed denomingtehich leads to a fixedd and

<0 (3

B using controllable canonical form realization) can be peterized by an LMI. Since the
numerator of an SPR transfer function is stable, this LMIrespnts also a convex set of
Schur stable polynomials. (See [10] for a similar set of LMds SPRness using positivity

in polynomials.)
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C. Problem formulation

Consider the discrete-time SISO LTI polytopic system in {@M)e goal is to design a fixed-

order controller
y(2)  yo"+y2" 4 4 Y
K (z) = = (4)

x(z) 24 xzml 44y,

which stabilizes and places the closed-loop poles of thelavpolytope, in a disk centered on
the real axis inside the unit circle.

The method proposed in this paper gives a convex set of firgektabilizing controllers
that contains (if there exists any) all the fixed-order coligrs that place the closed-loop poles

in the desired circular region.

[1l. CONVEX PARAMETERIZATION OF FIXED-ORDER STABILIZING CONTROLLERS

Consider the vertices of the system polytope given in (1)taedixed-order controller in (4).
Then,

¢i(z)=a(z)z(2) +bi(z)y(z) i=1...4¢ (5)

are theny-th order @, = n + m) characteristic polynomials of the vertices of the system
polytope. Since characteristic polynomial is affine witlspect to the system parameters, the
whole characteristic polynomials of the system polytopeetip a new polytope of closed-loop
characteristic polynomials whose vertices are containg®) [17].

To proceed, a convex set of stabilizing controllers is otgdiusing the KYP lemma (see [11],
[10] for similar results). Consider that a Schur stable polyial d(z) (central polynomial) is
given. Then, by parameterizing all(z), which makec;(z)/d(z) SPR, a convex set of stable
characteristic polynomials in terms of controller paragngtcan be given by a set of LMIs. This

result is stated in the following proposition :

Proposition 1 Consider the polytopic system in (1), the fixed-order cdiaran (4), the charac-
teristic polynomials in (5) and a given Schur stable polyrani(z) = 2" +d 2"+ - -+ d,,

of ordern,. Suppose that the transfer functionsz)/d(z) are represented in the state space by
the controllable canonical realization4 B, C;, D;). Therefore, A and B are fixed,D; = 1+yb?
and C; = kT'S; — d"D,, which depend linearly on controller parameters and plantdei

parameters, wheré” = [z1,..., 2,0, Y1, - - -, Ym] iS the vector of the controller parameters,
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d" =[dy,ds,...,d,,] contains the parameters dfz) and S; is a Sylvester matrix of dimension
(2m + 1) x ny, Which is composed of the system parametgrand b,. Then the set of all
controller parameters which make(z)/d(z) SPR fori = 1,...,q, and hence, stabilizes the
whole system polytope is given by the following LMIs :
P,=PF >0,

ATP,A— P, ATP,B - CT —0 (6)

BTP,A—-C; —-D;— D!+ B'P,B
Remarks :

¢ A feasible point of the LMIs in (6) gives the parameters of atcoller that stabilizes not
only theq vertices (1), but also all the models in their convex hule(golytope made by them).
The reason is that this set of LMIs is affine with respect topgheameters of the plant model.
(Notice that Edge theorem [17] is not used to prove the staluf the whole polytope.)

e Note that the set of all fixed-order stabilizing controlléssa non-convex set. However,
for each fixedd (z) the feasible set of inequality (6) gives an LMI inner approation of
this non-convex set. Thus, the choicedfz) (central polynomial) is crucial to have a logical
approximation, to minimize the conservatism of the method more important, to bring the
closed-loop poles of the whole system polytope to a desiggabn.

Before discussing about the choice of the central polynbrtiés interesting to state that if
there is a controller which stabilizes a polytopic systdmere exists always & =) that makes the
LMls in (6) feasible. The reason is that for any stable pgigtdhere, polytope of characteristic
polynomials), there always exists a polynomiét) (an SPR-maker) that produces SPR transfer
functions when divided by any member of the polytope (Seeptbef of Theorem 2.1 in [20]).
The existence of an SPR-maker gives enough motivation testigate for finding a suitable
central polynomial.

The following lemma is needed in the sequel :

Lemma 3 [17], [21] Let p; (z) and ps (z) be two monic Schur stable polynomials of the same
degree. The whole line between these polynomialgz) = Ap1(z) + (1 — N)pa(2), A € [0,1]
is stable if and only if7z, such that/z| = 1,

|0(p1(2)) = d(p2(2))] < (7)
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It means that the phase difference between any two memberpaliytope of polynomials, does
not exceedr.
Now, a specific polytope of polynomials is considered. It barproved that for a polynomial

of ordern,, the polytope made from the, + 1 vertices
vi(2) = (+D (z=1D)"" i=0,... 04 8)

is the smallest polytope outbounding the stability domdipadynomials of order,, in parameter
space [22]. It can be easily verified that the phase diffexdmetween the vertices () and
vj (z) becomes greater than for |i — j| > 2, which happens when, > 2. Therefore, the
line between them is not even the boundary of stability donvainich confirms the fact that
the stability domain of the parameters of the polynomialthvarder greater than two is not
convex. However, for the second-order polynomials, thetioead phase difference reaches at
most tor and hence, the lines between these vertices are the bouotitrg stability domain
in parameter space.

Next, consider the polytope in (8), with and 5 (||, || < 1) instead of+1 :

vi(2)=(z—a) (z=0)"" i=0,---,ng 9

This polytope has some interesting specifications :

1) Its stability analysis is very easy, using the followirgnma :

Lemma 4 [21], [22] The polytope made by vertices (9) is Schur stalbland only if the

line betweeny, (z) andv,,, (z) is stable.

Whena = —f, then Lemma 4 leads to the following simple condition :

Corollary 1 ([21], Corollary 1) The polytope made by vertices (9) with= — /3 is Schur

stable if and only ifo < tan(w/2ny).

2) Forn, even, it is easy to find d(z), whose phase lies exactly in the midmost of the

phase plot of the whole polytope :

Lemma 5 [22] For n. even, phase plot of

d(z) = (z — a)"? (z — p)"/? (10)
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lies exactly in the midmost of the phase plot of the wholetppé/made by vertices (9).

As a result, if the whole polytope defined by (9) is stable, phase difference between
each member of the polytope and (10) is less thah (Lemma 3). Therefore, taking into
account Lemma 1¢(z) in (10) is an SPR-maker for this polytope.

3) It contains all the polynomials whose roots are locatetthéndisk centered on the real axis

on the midmost otx and 5. The following lemma explains this important specification

Lemma 6 ([22], Corollary 1) Consider a closed bounded region of cdexpplane which
is symmetric with respect to the real axis and intersectsréla¢ axis ata and 5. Then if
this region is outbounded by a circle, which is centered @rdal axis and passes through
the real pointsa and 3, all monic polynomials of degree. whose roots lie inside this

region are inside the polytope defined by the vertices (9).

Now, suppose that there exists a controller, which leadsdbasacteristic polynomial polytope
inside the polytope defined by (9). Such a controller is @atea feasible point of LMIs (6),
with (10) as its central polynomial. Therefore, foy; even, and withh and 3 chosen such that
the polytope defined by (9) becomes as large as possiblét, iciches the stability boundary,
then (10) is an SPR-maker of the same order, which can be rlassthe central polynomial.
The following example emphasizes the importance of theaghof the central polynomial.
Example: The objective is to find the set of all second-order stablgmpahials using LMIs
(6). The stability domain of the second-order polynomiaisparameter space is the interior
of the polytope (a triangle) with three verticés—1)*,(z — 1) (2 4+ 1), (z + 1)?, which is a
convex set [1]. To exploit LMIs (6), we should first fix a Schualde d (z) to have fixedA
and B. Let d(z) = z? be chosen as proposed in [10] for the same example. For tbisech
of central polynomial, the feasible set of LMIs (6) deos nover the whole stability domain
(See Fig. 1). However, for this convex stability domain, @aa expect to find an LMI, whose
feasibility domain covers the whole triangle. Indeed, diogv, (z) = (2 — 1) (2 + 1) as the
central polynomial, the feasible set of non-strict LMIs &) becomes exactly the stability triangle.
After the first submission of this paper, we were informed tha same result about using(z)
as an SPR-maker has been already observed in [23]. Howbeeuniqueness of this choice is

proved in this paper.
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-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Fig. 1. Stability domain of: (z) = 2% + c1z + ¢o in parameter space, which is almost the same as feasibditpfs_MIs (6)
with d(z) = (z — 1)(z + 1) (Triangle) and their feasibility set with (z) = 2* (shaded)

IV. CONTROLLER PARAMETERIZATION FORROBUST POLE PLACEMENT

The main objective of this paper is to parameterize all adlars that place the closed-loop
poles of a polytopic system in a specified region of the complane. Since the set of these
controllers is not convex in the space of the controller pai@rs, an outer convex approximation
of this set which is an inner approximation of all stabilgicontrollers is given by a set of LMIs.
This set will contain all controllers that place the clodedp poles in the desired region and
does not contain any destabilizing controller.

Consider then-th order polytopic system given in (1) and theth order controller in (4)

such thatn, = n + m is even. The main results are presented in the followingrtrase :
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Theorem 1 Suppose that there exists an-th order controller that clusters the closed-loop
poles of the system polytope in a disk centered at the origim radius r = tan(7/2n.), then,

this controller is in the feasible set of LMIs (6) by choosthg central polynomial as :
d(z) = (z — 7’)”01/2(2 + r)”Cl/2 (11)

Proof: Taking into account Lemma 6 and Corollary 1, all polynomiislegreen.;, whose
roots lie in the disk centered at the origin with radius= tan(w/2n,), are contained in the
stable polytope defined by (9), with = —3 = r. Then, according to Lemma %(z) in (11),
is an SPR-maker of this polytope. Thus, taking into accounpé®sition 1, all controllers that
place the closed-loop poles in the mentioned region areagwed in the feasible set of (6)m
This result can be extended to the case that the desirechregaodisk centered on the real axis

at z = p and is formulated in the next theorem.

Theorem 2 Consider a disk centered at= p with radiusr defined as a solution to the following

set of equations :

sin (2 cot (nll)) = p(r,0) sin(0) (12)
cos (% cot (ll)) = p+ p(r,0) cos(6) (13)

(14)

p(r,0) = r [sin(e) cot <nil) + \/ sin®(6) cot? (nll) +1

wherez = p+ p(r,0)e*?, 0 < 0 < r, is the boundary of the root locus of the polytope defined

by the following vertices :

vi(2)=(z—@P+r)(z—(—7)"" i=0,...,ng (15)

Suppose that there exists an-th order controller that places the closed-loop poles oé th
system polytope in the disk defined above, then, this ctertislin the feasible set of LMIs (6)

by choosing the central polynomial as :
d(z) = (z = (p+1))"*(z = (p —1))"? (16)

Proof: Based on Lemmas 4 and 5, it is necessary to firslich that the whole polytope
defined by (15) becomes stable. In this case, according tarizeBthe phase difference between

each pair of its members becomes less thamd thus taking into account Lemmas 5 and 1, (16)
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446

z=p(r,0)e

p—r P p+r

Fig. 2. Phasor ot — (p —r) andz — (p + r) and z — p, wherez is a point on the boundary of the root locus of the edge

between verticeso(z) and v, (2), p is the center of desired disk andis its radius.

is an SPR-maker of this polytope. Taking into account Lemmi have a stable polytope, the
root locus of the edge betweep(z) andv,_,(z), which outbounds all the roots of the polytope,
should be inside the unit circle. Now, according to Lemmao3¢cdmpute the root locus of the
mentioned edge, it is necesary to puhax |p(vo(z)) — ¢(vn,(2))| = 7, Vz, such that]z| = 1.

Noting Fig. 2, it is easy to show that :

[0(z = (p+7) —d(z—(p—7))| =
p(r,0)sin(d) arctan p(r,0)sin(0) _ T
r + p(r,0) cos(0) t —r+p(r,0)cos(d) ny (17

where0 < arctan(-) < 7. With some straightforward calculations over (17), it candhown

m — arctan

that the root locus of the mentioned edge is :
z=p+ p(r,0)eti? 0<0<m (18)

with p(r, 8) defined in (14). Now, in order to force (18) to lie inside thetwiircle, the distance
from the origin to its farthest point should be equal to onlee Tistance of the root locus (18)
to the origin can be easily computed aé*:= (p + p(r, 0) cos(0))? + (p(r, ) sin(h))* , where
0 <60 <m andf = 0., corresponding to the farthest point, can be computed by mmaixig

the distance/ with respect tod. After straightforward but tedious calculations the fallng
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result can be obtained :

Sin(fmax) — tan(Yme) = T cot (1)
p

p + Cos(emax) Nel
where ..« IS the phase of the farthest point of the root locus. Thus, nd the maximum

stabilizingr, it is sufficient to solve the following equations:

sin(~) = p(r, 6) sin(9) (19)
cos(y) = p + p(r,0) cos(0) (20)
The rest of the proof is similar to the proof of Theorem 1. [ |

Remarks :

« It should be mentioned that depends only om. andp and can be easily computed by
standard equation solvers from Eqgs (12)-(14). It can be rebdethatr is a decreasing
function ofn, andp (Fig. 3).

« In the case that is not even, we can augment by 1, or we can just accept more
conservatism and solve the set of LMIs (6) for a strictly mopansfer function(z)/d(z),
where the order ofl(z) is ny + 1.

« The root locus of feasible set of LMIs (6), depends on the glatthe roots of central
polynomial. Simulation results show that by movingor example to the right, the roots of
feasible characteristic polynomials move also to the righe reason is that the feasibility
set of LMIs (6) moves according to the movement of the rooti$oaf the moved polytope

in (15). In the next example, this effect is shown for a pgbytosystem with 16 vertices.

A. Example

Consider the problem of robust controller design for a toirder system, which is affected

by polytopic uncertainty. The vertices of the polytope aneeqg in Table | , where
G — b022+b12+bg 7TS:1
23+ a12? + asz + as

Consider a controller of order three, which is supposed aoglthe closed-loop poles of these

vertices inside the desired circle around= 0.5. The radius of such a disk can be easily
computed as = 0.1972. Therefore, the proposed central polynomial is neatista) = (» —

0.31)3(z — 0.69)%. The stabilizing controller :

223 — 1.822 + .16z

K(2) =
(2= 3 o 21128 — 13
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2 4 6 8 10 12 14 16 18 20
n+m

Fig. 3. r versusn,,; for differentp

clusters the poles of these two verticeszat 0.31 and z = 0.69 respectively. Takingly(z) =
(2—0.5)% or d3(z) = 2% as the central polynomial, this controller is not a feasjiént of LMIs

6, whereas withl;(z) this controller is a feasible point of LMIs (6).

V. CONCLUSION

An LMI parameterization of all controllers that put the @dsloop pole of a polytopic system
in a disk centered on the real axis is given. The proposed Livéisoa sufficient stability condition
for the polytopic system and a necessary condition for theisbregional pole placement. It is
shown that the radius of this disk decreases when the closgderder increases or the distance
between the origin and the disk center is augmented. Thebidrypaf the proposed method is

illustrated via some simulation examples.
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TABLE |

PARAMETERS OF TWO VERTICES OFEXAMPLE IV-A

at =1.115100244722316 a? = —0.024899755277851 by = —0.437550122361158 b2 = —1.007550122361074
a3 = —0.0841162256667 a3 = 0.12953602988889 bt = 0.89986825966674 b? = 1.933042131888844
a3 = —0.004930576005557 a2 = —0.59954535045 bl = —0.16254546208058 b3 = —0.923026721524995

Nyquist Diagram

T T T T T T T
1r J
0.5} n
2
X
<
2
g
£ o 4
IS
E
-0.5F n
_l - -
1 1 1 1 1 1 1

Real Axis

Fig. 4. Nyquist diagrams for Example IV-Ag2(z)/d1(z) (dashed) and2(z)/d2(z) (solid) that is not SPR.
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