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Abstract. Quasi-three-dimensional, inviscid, transonic
ows in cambered turbine cascades are calculated us-
ing di�erent time and space accurate numerical meth-
ods based on either structured �nite di�erence type
H-grids or unstructured �nite element type ones. The
calculations compare well for the overall ow �elds.
Validation with experimental data shows good agree-
ment. Unsteady calculations are performed using the
structured method.

1 Introduction

Numerical investigation of transonic ow in cambered
turbine cascades is an important part of the design
analysis of gas turbines. The simulation of pitching
modes, vibrating modes and ow disturbances con-
tribute to the investigations carried out within exper-
imental set-ups for predicting the unsteady character-
istics of the aeroelastic behaviour of modern turbo-
compressor cascades. As technology advances, the indi-
vidual parts, such as the blades, in turbomachinery are
getting more and more slender as the diameter of the
machines becomes smaller, with higher mass and ow
speeds. The blade loads due to the unsteady ow and
the deformable structure as well as induced aeroelastic
phenomena, such as utter, pitching and forced vibra-
tions are thus becoming more and more important to
understand, predict and model correctly.
The cost and di�culty of full unsteady measure-

ments within turbomachines lead to the consideration
of cascade experiments and prediction methods to ob-
tain stability limits. CFD is also now an everyday tool
for the design engineer, and is used as a prediction
and a validation method. With the growth of high per-
formance computing, complete geometry calculations
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should be feasible within the next decade. However, the
underlying numerical methods are just another tool,
and as such must be extensively validated on individ-
ual parts and generic forms in order to create a viable
design methodology along with experimental results.
For a realistic geometry viscous e�ects are far from
negligible, especially, for instance, for shock boundary
layer interactions at the blades' trailing edges, where
pressure losses are important. Whereas for many aeroe-
lastic considerations such as utter and dynamic loads,
as these concern the integrated pressure forces, viscous
e�ects can be modeled by force terms, and inviscid
methods are su�cient for calculating margins.
The numerical methods considered in this paper con-

cern only non-viscous ow over linear cascades. The
methods use either structured or unstructured meshes.
All methods are time and space accurate. Unstructured
meshes are particularly suited to simulate unsteady
ows over complex geometries because of their capac-
ity and exibility to dynamically re�ne and dere�ne the
computational mesh to follow transient and unsteady
phenomena. Although the underlying meshes are of �-
nite element type, a �nite volume approach can be also
used to simulate the ow �eld and to calculate the
aerodynamic forces. Structured meshes have more di-
rect ow �eld analysis possibilities, which is of primary
importance when comparison with particular measure-
ment sites is required, and are often more robust. In
particular, unsteady e�ects such as vibration bending
modes are often easier to implement. Coupling such
numerical solvers to a structural analysis programme
permits the evaluation of aeroelastic constraints within
the structure itself.
Two distinct pro�les are considered here; one with

a relatively high blade thickness and camber operating
under high subsonic ow conditions, the other with a
less accentuated camber and thickness operating also
with subsonic inow conditions, and transonic exit con-
ditions. The numerical methods employed are a Van-
Leer MUSCL ux vector splitting method in space for
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the structured case, and either an Osher approximate
Riemann solver or a standard centred scheme with ar-
ti�cial dissipation for stability in the case of unstruc-
tured meshes. Both schemes use a time advance by
Runge-Kutta integration, which allows also unsteady
simulation. The calculations compare well for the over-
all ow �elds; the main di�erences between the meth-
ods which are employed here are the exibility of choos-
ing the periodicity plane for the unstructured case,
which can be chosen almost anywhere apart from the
singular line. In the structured mesh case, the period-
icity condition of the cascade is imposed via a doubling
of the interface periodic cell; whereas in the unstruc-
tured case, the interface periodicity condition is taken
by a direct updating. Unstructured grids are also popu-
lar for their adaptation possibilities, and the possibility
of dynamically adapting the mesh for transient and un-
steady ow. Such techniques also allow local improve-
ment of mesh imperfections; whereas the structured
mesh techniques give more exibility for analysis when
imposing unsteady modes of utter and forced vibra-
tion.

2 Governing Equations and Numerical Meth-
ods

All numerical methods here are explicit second-order
accurate in space and time schemes based on �nite vol-
ume methods.
The Euler equations are thus written in conservative

form for the computational domain 
�R+ as follows :
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� is the density, (u; v) are the velocity components, p
the pressure, and E total energy. The system is closed
by a state equation relating the pressure to the total
energy, which for a perfect gas gives :
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2
)

where � denotes the ratio of speci�c heats.

2.1 Structured Mesh formulation

The system (1) is mapped from the physical plane
(x;y; t) to the computational plane (�; �; �) such that
(1) becomes :
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D�1 is the usual transformation Jacobian. The un-
knowns are stored at the cell i; j centres, and the Van
Leer ux vector splitting algorithm upwinds the uxes
according to a consistent ux decomposition at the in-
terfaces (i; j � 1

2
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where (F;G)� corresponds to a particular decompo-
sition where the eigenvalues of the corresponding Ja-
cobians A�V L remain respectively positive or negative,
and where the negative part is zero for supersonic ow
in one direction. �F de�nes the numerical ux func-
tion. Second order accuracy is obtained by ux limiting
using the MUSCL approach on the non-conservative
variables [1, 9].
Time integration for this approach is performed us-

ing the same 4 stage Runge-Kutta procedure as for
the unstructured case. This type of integration proved
to be the most e�cient one for the cascade calcula-
tions presented here, rather than the original optimal
3 stage scheme following the stability analysis of [16].
Discretizing the system (2) leads to a set of coupled
ordinary di�erential equations for the solution Wn �
W (t = n�t) of the form :

Wn+1
i �Wn

i

�t
+M

�1
R(Wi) = 0

with M = the appropriate mass lumping term; then
the Runge-Kutta procedure reads8><
>:
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with k = 1; � � � ; 4; �k = 0:15; 0:2; 0:5; 1:0 .

2.2 Unstructured Mesh formulation

For unstructured meshes, an equivalent �nite volume
method is obtained by considering the \dual" control
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volumes of the underlying P1 Galerkin �nite element
approximation. They are constructed by taking the
barycentres of the contributing triangles to a discreti-
sation node i, as in the Figure (1). The Galerkin �nite
volume method is based upon the variational form of
the equations (1) :Z
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8' in the �nite element approximation
@Cij denotes the interface boundary of the dual cell
around the node i with respect to a neighbouring node
j, (see Figure (1)), and k(i) denotes the triangles k

surrounding node i.
The numerical scheme is de�ned by the numerical

ux function �Fij in the direction of the normal nij to
the cell interface between states i and j :Z
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Figure 1: Construction of dual control volumes on a tri-

angular mesh, (top), illustrating the ux evaluation across

the interface, (bottom).

Here, two such numerical uxes were considered; a stan-
dard centred di�erence ux with additional fourth- and
second-order arti�cial dissipation for stability and shock
capturing respectively, (Jameson type scheme), and the
Osher ux which is an approximate Riemann solver.
For low subsonic ows, the Osher ux proved more
robust, at a higher cost. One of the reasons for the
problems with the centred scheme comes from the non-
adaptation of the arti�cial dissipation for subsonic ows
[7] where an upwind biasing in the subsonic direction

needs to be implemented. The leading edge resolution
is more accurate with the Osher solver, and this greatly
inuences the behaviour on the suction side, where the
instability due to the non-adapted dissipation of the
centred scheme is strong.
The Osher ux can be written formally as

�(Wi;Wj)=
1

2

�
Fij(Wi) + Fij(Wj)�

Z
Wj

Wi

jAij(W )jdW

�

where the integral depends on the choice of integra-
tion path � between the left and right states at the
interface of the cell between nodes i and j. This path
is a combination of two compression waves for the tru-
ely non-linear �elds and a contact discontinuity for the
linearly degenerate �eld. Second-order accuracy is ob-
tained by a third-order MUSCL extrapolation which
renders an overall second-order accuracy for irregular
meshes with a minmod limiter near discontinuities.
As for the structured method, second-order time in-

tegration is assured via a 4 stage Runge-Kutta proce-
dure (3), with coe�cients �k = 0:25; 0:33; 0:5; 1:0 for
the centred scheme, and a modi�ed one stage proce-
dure for the upwind Osher scheme, [15].

2.3 Mesh optimisation

The unstructured meshes considered here were �rst
generated by an H-mesh generator of Carstens, [5],
for a periodic blade-to-blade con�guration, with pe-
riodicity imposed along the singular line. The original
grid was then divided into triangles. This can produce
badly oriented cells in the vicinity of the singular line
for the unstructured case, where an original C-type
generation would have been preferable. The structured
mesh methods all used H-grid generation. In general,
C - grids for such cambered blade cascades are more
complex to generate, and can necessitate CAD tools.
This can lead to a lack of regularity within the lead-
ing edge zone for the structured mesh. Also, whereas
the unstructured methods have greater exibility for
the choice of cascade periodicity plane, most structured
mesh di�erence methods require periodicity along the
pro�le's chord. For complete geometries, it can often
be di�cult to couple C - grids afterwards with the re-
mainder of the turbo-compressor parts, [11].
The advantages of unstructured grids are also their

relative freedom for adapting the mesh via re�nement
and dere�nement of critical zones, [12, 14]. Optimisa-
tion of the mesh quality is also integrated into such
methods, by structural and geometrical changes. The
adaption sensors �lter out critical zones such as the
shock waves and expansion fans, and then additional
nodes can be added in such regions. For the cascades
studied here, the most crucial regions are the lead-
ing and trailing edges. Insu�cient de�nition and poor
quality of cells within these regions will lead to numeri-
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cal instabilities that falsify the eventual shock position,
and pressure losses along the blade. Once again, it is
thus preferable, for an unstructured mesh, to generate
the initial grid over the whole pro�le rather than along
the singular line, as then further optimisation of the
cells around the leading edge is possible. All the re-
sults presented in this paper employ meshes with an
equivalent number of discretisation nodes and cells.

Figure 2: Structured and Unstructured mesh for the In-

dustrial Gas Turbine cascade studied in this paper.

3 Boundary Conditions

3.1 Inow

The structured method takes into account the inlet
boundary condition using the methods of \capacitive
inlet"; the total pressure and ow angle are imposed
and the ow variables are evaluated using a method of

characteristics, using Riemann invariants depending on
the eigenvalues. In the unstructured method, bound-
ary conditions are taken into account as a numerical
boundary ux, (4), which is solved iteratively using a
Riemann solver with the state W1 de�ned by the inlet
conditions.

3.2 Outow

At the outow boundary, the static pressure is im-
posed and the same techniques are applied as for the
inow boundary. However, now the state W1 in the
ux boundary condition must be modi�ed in order to
verify the 3 Riemann invariants corresponding to the
eigenvalue U � a, where U is the normal speed ~u � ~nij

and a is the speed of sound :
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�
1 + ��1

2
M2
� �
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ratio outow static pressure
inow total pressure .

3.3 Periodic

Unstructured methods allow greater exibility in the
choice of the the cascade periodicity plane which can be
chosen almost anywhere apart from the singular line.
In the structured mesh case, the periodicity condition
of the cascade is imposed here via a doubling of the in-
terface periodic cells; whereas in the unstructured case,
the interface periodicity condition is taken by a direct
node to node updating, as in domain partitioning algo-
rithms, [8]. In this way, the cascade can be represented
by a single complete pro�le between an upper and lower
pro�les for limiting the domain. If a similar con�gura-
tion is considered in the structured case, it would be
necessary to have a minimum of 3 blades. In �gures (5)
several planes have been compared.

4 Results

4.1 Subsonic Steady Flow over a Cambered Linear Cas-
cade

A highly cambered relatively thick cascade has been
documented in [3] for a variety of conditions. A steady
ow simulation has been performed here for a com-
pletely subsonic ow with inlet Mach number of .28

c 1994
ECCOMAS 94.



Figure 3: Geometrical set-up of the subsonic linear cas-

cade,  = 56:6o denotes the chordal stagger angle from ax-

ial direction, � = :76 is the dimensionless gap to chord (c)

ratio.

Figure 4: InowMach number = .28, Local Iso-Mach num-

ber contours of the solution obtained with structured mesh

with periodicity via cell doubling.

Figure 5: InowMach number= .28, : Local iso-Mach num-

ber contours of the solutions obtainedwith the unstructured

mesh method with di�erent periodicity planes.

4.2 Subsonic/Transonic Flow over an Industrial Gas
Turbine Cascade

A second cascade geometry was considered correspond-
ing to a test case for ABB, for which recent experimen-
tal results have been obtained for both steady and un-
steady ows in the annular test facility of LTT, [2, 4]. In
this case, the pro�les are slender, with a lower camber;
they produce a transonic acceleration. The ow condi-
tions correspond to a inow Mach number of 0.32, at
an ow angle of 16:7o. Outow conditions are imposed
by �xing the outow total pressure ratio to :543, which
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Figure 6: The IndustrialGas Turbine Blade Con�guration.

Figure 7: Local Mach number isolines for the LTT method

(top), the Denton programme (centre), and the IMHEF

method (bottom).

For the unstructured method, both solvers were tested.
The centred scheme with second-and fourth- order dis-
sipation captured well the transonic shock near the
trailing edge on the suction side, however due to exces-
sive entropy production at the leading/trailing edges,
(due partly also to the quality of the triangles/cells
in these zones), the isentropic Mach number and pres-
sure coe�cient pro�les along the blades are inuenced
by the corresponding solution �eld overshoots. The ap-
proximate Riemann solver of Osher gave more stable
results, and maintains the mathematical entropy con-
dition, [14]. The steady state solutions obtained by
both the structured (LTT) and unstructured (IMHEF)
methods gave similar solutions as shown in the �gures
(7). The solution has been arti�cially doubled for the
unstructured case for easier comparison.
The quantitative comparisons shown here present

the isentropic Mach number and the pressure coe�-
cient along the pro�les for the pressure and suction
sides, where

M
2

isentropic =
2

�� 1

(�
pintotal

plocalstatic

���1
�

� 1

)

and

Cp =
plocalstatic � pinstatic

pintotal � pinstatic

for the methods mentioned above, as well as a pro-
gramme of Denton (used in its inviscid mode) on the
�ne structured grid, [6], (Figures (8)). For the isen-
tropic Mach number pro�les, the structured methods
capture the shock on the suction side as long as the
grid is �ne enough, whereas the unstructured method
does not show such grid dependency. Only comparisons
for the (�ne) grids mentioned above are thus given.
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Figure 8: top: Isentropic Mach number pro�les along the

blades for numerical results with the �ne grids compared to

experimental results; bottom: Steady state Cp pro�les for

the di�erent methods compared to measurements.

5 Flow through a Vibrating Cascade

Knowledge of the pitching and bending modes is im-
portant in obtaining the margins of the aeroelastic sta-

bility limits of the cascade. In order to study bending
e�ects, the cascade is allowed to vibrate at frequencies
determined by the experimental set-up, and prescribed
by the constructor. Once a steady-state solution is ob-
tained, (after approximately 5000 global iterations in
time), the blades can be put into an unsteady bend-
ing mode. Although both methods, IMHEF and LTT
are time accurate, only the LTT method allows the
calculation of the unsteady bending modes at the mo-
ment. The IMHEF method allows single blade pitching
calculations by a change of reference frame, [13], but a
complete periodic cascade in bending or pitching mode
requires the mesh and geometry to be moved simulta-
neously according to the imposed reduced frequency.
This technique is more straightforward with the struc-
tured mesh method, whereby a certain number of grid
points are �xed per station blade to blade in the hor-
izontal direction x, and a new mesh is re-drawn per
station, with a straightforward calculation of the un-
steady uxes (F;G) per cycle.

The cascade is forced into a vibrating mode of fre-
quency of 210Hz, with an interblade phase angle of
180o and a bending amplitude of h = 0:4mm with
respect to the chord length c. For an interblade phase
angle of 180o (the blades move in counter phase) 2
complete blade channels are computed. An interblade
phase angle of 90o would require 4 blade channels. For
the unsteady case the periodicity is enforced between
the �rst line of the �rst blade channel and the last line
of mesh points of the last blade channel. The number
of time steps needed to ful�ll one complete vibration
cycle can be computed by taking into account the vi-
bration frequency and the time increment per time step
(determined by the CFL condition). After two vibra-
tion periods, a periodic ow is established, and over
one period the unsteady ~Cp ( amplitude of the �rst
harmonic) and phase can be evaluated.

~Cp =
1

h

pnstatic � pn=0static

pintotal � pinstatic

where n = n �t.
The results are shown in Figure (9). The agreement
with the experimental results is very satisfactory. The
inuence of the oscillating normal shock on the suc-
tion side at about 80% of the chord length can clearly
be seen. The discrepancies are due �rst to the pertur-
bations introduced by the mesh quality at the lead-
ing/trailing edges which are enhanced in an oscillating
mode, and secondly to the fact that the pressure losses
due to viscous e�ects are not taken into account by an
inviscid model.
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Figure 9: Unsteady Cp (LTT) versus measurements

6 Conclusions

Both structured and unstructured mesh solvers have
been tested for inviscid ows within linear cascades and
the advantages and disadvantages of each method were
discussed. The general agreement is close. The relative
cost is also comparable. The unstructured mesh solvers
have more exibility for adapting the mesh, which al-
lows accurate discontinuity capturing, and greater free-
dom for domain decomposition partitioning, which is
advantageous for parallel computations. Unstructured
meshes are also simpler to generate for complex geome-
tries, as less initial regularity is required, and they have
greater exibility for angular domains. They also pos-
sess an interesting potential for calculating high preci-
sion unsteady ows. The structured mesh solvers are
less memory consuming, and the extraction and analy-
sis of the data are more direct, and allow more straight-
forward analysis with respect to experimental measure-
ments. For the unsteady calculations considered here,
the bending vibrational modes, where it is necessary
to move the actual geometry of the blades, structured
methods have a distinct advantage to be able to in-
stall the vibrational motion, and to analyse the ow at
particular times. However, these methods require more
constraints for partitioning as for the choice of periodic
planes, due to less exibility of the data structure.
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