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Abstract— We outline a procedure for using pseudorandom ¢ > (¢ — 1)/q. However, for nod € (0,(¢ — 1)/¢) and
generators to construct binary codes with good properties, for no ¢ is the value ofa,(5) known.
assuming the existence of sufficiently hard functions. Spée What is known are lower and upper bounds for. The

ically, we give a polynomial time algorithm, which for every . h
integers n and k, constructs polynomially many linear codes best lower bound known is due to Gilbert and Varshamov[2],

of block length » and dimension k, most of which achieving [3] which states thatv,(0) > 1 — hy(d), where theg-ary
the Gilbert-Varshamov bound. The success of the procedure entropy functionk, is defined as

relies on the assumption that the exponential time class of
E % DTIME[2°(™)] is not contained in the sub-exponential 7, (5) % _ 5100 § — (1 — §)log (1 — &) + dlo _1).
space clasDSPACE[2°(™)]. (0) B0 = ( ) log, ) B4 = 1)

The mgtho?s ”sef' in thiﬁ paper aéehby now stand%rd_with]i‘n Up until 1982, years of research had made it plausible to
computational complexity theory, and the main contribution o ) ! o ) o
this note is observing that they are relevant to the constrution think tI"]at_ this k?ound IS t'ght'_ €., thaiq_(é) = 1= hy(9).
of optimal codes. We attempt to make this note self contained Goppa’s invention of algebraic-geometric codes [4], arel th

and describe the relevant results and proofs from the theoryof ~ subsequent construction of Tsfasman, VIadut, and Zigk [5
pseudorandomness in some detail. using curves with many points over a finite field and small
genus showed however that the bound is not tight when the
alphabet size is large enough. Moreover, Tsfasman et al. als

One of the central problems in coding theory is thgaye a polynomial time construction of such codes (which
construction of codes with extremal parameters. Typicallyzs peen greatly simplified since, see, e.g., [6]).

one fixes an alphabet siz¢ and two among the three  1he fate of the binary alphabet is still open. Many re-
fundamental parameters of the code (block-length, number 95 chers still believe thais(6) = 1 — ho(d). In fact
codewords, and minimum distance), and asks about extremg} 5 randomly chosen linear codg (one in which th’e

values of the remaining parameter such that there is éies of a generator matrix are chosen independently and

code over the given alphabet with the given parametergnitormly over the alphabet) and for any positivave have
For example, fixing the minimum distandeand the block- R(C) > 1 — hy(6(C)) — ¢ with high probability (with

lengthn, one may ask.for the largest number of COde"Vc_’rdﬁrobabiIity at least —2- "= wheren is the block-length and
M such that there exists a code over the alphabet with . s 5 constant depending a). However, even though this
elements having:, M, d as its parameters, or in short, anghoys that most randomly chosen codes are arbitrarily close

[n, log, M, d],-code. to the Gilbert-Varshamov bound, no explicit polynomialém

Answering this question in its full generality is extremelycqnsiruction of such codes is known when the alphabet size
difficult, especially when the parameters are large. F® thig gmall (e.g., for binary alphabets).

reason, researchers have concentrated on a}symptotiel asse|y, this paper, we use the technology of pseudorandom gen-
tions: to any n, log ]\2/[’ d)g-code C we associate a point graiors which has played a prominent role in the theoretical
(6(C), R(C)) € [0,1]%, where§(C) = d/n and R(C) = .ompter science research in recent years to (conditignall
log, M/n. A particular point(, R) is calledasymptotically ?oduce, for any block-length and any rateR < 1, a list of

I. INTRODUCTION

achievable(over ag-ary alphabet) if there exists a sequenc oly(n) many codes of block length and designed rat&

(C1, (%, ...) of codes of incrgasing block-length such tha over an arbitrary alphabet) such that a very large fraabion
9(C;) — 6 and R(C;) — R asi — oo. these codes has parameters arbitrarily close to the Gilbert
Even with this asymptotic relaxation the problem of de\/arshamov bound. Hereply(n) denotes a polynomial in.

termining the shape of the set of asymptotically achievabkﬁ/h”e it is possible to compute this polynomial explicitiye

points remains difficult. Lehqu) be defingd as the_ SUPT€-\ujil| concentrate in this paper on the rough result, and nefra
mum of all R such that(d, R) is asymptotically achievable from obtaining the best possible results.

OVer ag-ary alphabet. It is known that, is a continuous In a nutshell, our approach can be described as follows. We
function of ¢ [1], that «,(0) = 1, and «4(6) = 0 for q e ; ; .
will first identify a boolean functionf of which we assume
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Study, Princeton, NJ 08540, USA (email: avi@ias.edu). introduced below (see Lemma 9). This function is then



extended to producek bits from O(logn) bits. This ex- refer to algorithms that receivadvice stringsto help them
tended function is called @seudorandom generatofhe carry out their computation. Namely, in addition to the ihpu
main point about this extended function is that th¥e bits  string, the algorithm receives auvicestring whose content
produced cannot be distinguished from random bits by anly depends on théength of the input and not the input
Turing machine with restricted resources. In our case, thtself. It is assumed that, for eveny, there is an advice
output cannot be distinguished from a random sequenstring that makes the algorithm work correctly alh inputs
when a Turing machine is used which uses only an amouaf lengthn. We will use the notatiodSPACE[f(n)]/g(n)
of space that is polynomially bounded in the length of itor the class of problems solvable by algorithms that rexeiv
input. g(n) bits of advice and us@( f(n)) bits of working memory.
These newnk bits are regarded as the entries of a Definition 1: Let.S: N — N be a (constructible) function.
generator matrix of a code. Varying the b&$@ogn) bitsin A boolean functiony: {0,1}* — {0,1} is said to havéard-
all possible ways gives us a polynomially long list of cod&s onessS if for every algorithmA in DSPACE[S(n)]/O(S(n))
which we can show that a majority lies asymptotically on thand infinitely manyn (and no matter how the advice string
Glibert-Varshamov bound, provided the hardness assumptis chosen) it holds that
is satisfied.
The rest of the paper is organized as follows. The next | Pro[A(z) = f(2)] = 1/2] < 1/5(n),
section introduces the basic notation we will need fromyheres is uniformly sampled from{0, 1}".

complexity theory. In Section Ill we give a broad sketch g igysly, any boolean function can be trivially computed
describing the main elements of the construction. Secton I¢q rectly on at least half of the inputs by an algorithm that
describes the pseudorandom generator in more details. am/vays outputs a constant value (eittieor 1). Intuitively,

Section V we apply the pseudorandom generator to achiey o hard function nefficientalgorithm can do much better.

our basic construction. . _ In this work, our central hardness assumption will be the
A natural question is whether it is possible to collapse th'ﬁ)llowing:

polynomially long list to one code; this would essentially Assumption 2:There is a boolean function i with
settle the problem of polynomial time construction of binar |, -qness at leagt”. for some constant > 0.

codes wh.icr_\ asymptotigally meet the Gilbert—_\/arshamov The term pseudorandom generatemphasizes the fact
bound. This is an interesting open problem. We will elal®ray, o it js information-theoretically impossible to traosh a

on it in the last section. sequence of truly random bits into a longer sequence of truly
Il. BASIC NOTATION random bits, hence the best a transformation with a noatrivi

We beain with the definiti f th il stretch can do is to generate bits tHabk random to a
e begin with the definitions of the terms we wi useparticular family of observers. To make this more precise,
throughout the paper. For simplicity, we restrict ourselve

o th dcul ¢ it ¢ and wil id we need to defineomputational indistinguishabilitfirst.
o the particular cases of our interest and will avoid pre- 5 g i 2- | et p = {pn} andq = {g.} be families

senting the Qefinitions in full ggnerality. S_ee [7]’ [8] for a f probability distributions, wherg,, andg,, are distributed
comprehens_we accou.nt of .cod|ng theoretic notions and [ er{0, 1}". Thenp andq are(S, ¢, ¢ -indistinguishablefor
for complexity-theoretic notions. someS, ¢: N — N ande: N — (0, 1)) if for every algorithm

Cijur main tool in Ithf|s Wolrlk |sh_a hardnes%fs_-t_:)asedl ps?‘;]d% in DSPACE(S(n))/O(¢(n)) and infinitely many» (and no
random g.enerator. nformally, this Is an e |C|en_t agaqt matter how the advice string is chosen) we have that
that receives a sequence of truly random bits at input

and outputs a much longer sequeroeking random to | Pr,[A(z) = 1] — Pr,[A(y) = 1]| < &(n),

any distinguisher with bounded computational power. This ]

property of the pseudorandom generator can be guarante¥gerex andy are sampled fronp,, andgy, respectively.

to hold by assuming the existence of functions that are This is in a way similar to computational hardness. Here

hard to compute for certain computational devices. This i€ hard taskis telling the differencéoetween the sequences

indeed a broad sketch; Depending on what we precisely meg@nerated by different sources. In other words, two prob-

by the quantitative measures just mentioned, we come &bility distributions are indistinguishable if any resoew

different definitions of pseudorandom generators. Here wePunded observer imoledwhen given inputs sampled from

will be mainly interested in computational hardness again§ne distribution rather than the other. Note that this magnev

algorithms with boundedspace complexity. Hereafter, we hold if the two distributions are not statistically closegach

will use the shorthandSPACE[s(n)] to denote the class Other.

of problems solvable witl)(s(n)) bits of working memory ~ Now we are ready to define pseudorandom generators we

and E for the class of problems solvable in tine(m  will later need. o .

(i.e., E = U.cy DTIME[2¢"], where DTIME[t(n)] stands Definition 4: A deterministic algorithm that computes a

for the class of problems deterministically solvable ineim function G {0,1}¢°8™ — {0,1}" (for some constant >

O(t(n))). 0) is called a (high-endpseudorandom generatdf the
Certain arguments that we use in this work requiom- following conditions hold:

uniform computational models. Hence, we will occasionally 1) It runs in polynomial time with respect to.



2) Let the probability distributionG,, be defined uni- sequence thalboks random to any efficient distinguisher.
formly over the range of& restricted to outputs of From the definition it is not at all clear whether such an
length n. Then the family of distributiongG,,} is object could exist. In fact the existence of pseudorandom
(n,n,1/n)-indistinguishable from the uniform distri- generators (even much weaker than our definition) is not
bution. yet known. However, there are various constructions of

An input to the pseudorandom generator is referred to aspgeudorandom generators based on unproven (but seemingly
random seedHere the length of the output as a function ofPlausible) assumptions. The presumed assumption is typ-
the seed length, known as thestretchof the pseudorandom ically chosen in line with the same guideline, namely, a

generator, is required to be the exponential functiofs. computational task beinigitractable For instance, the early
constructions of [10] and [11] are based on the intractabil-
Il. THE MAIN INGREDIENTS ity of certain number-theoretic problems, namely, integer
Our observation is based on the composition of the fokactorization and the discrete logarithm function. Yao][12
lowing facts: extends these ideas to obtain pseudorandomness from one-

1) Random codes achieve the Gilbert-Varshamov bounway permutations. This is further generalized by [13] who
It is well known that a simple randomized algorithmshow that the existence ahyone-way function is sufficient.
that chooses the entries of a generator matrix uniformilowever, these ideas are mainly motivated by cryptographic
at random obtains a linear code satisfying the Gilbertapplications and often require strong assumptions.
Varshamov bound with overwhelming probability [3]. The prototypical pseudorandom generator for the appli-

2) Finding the minimum distance of a (linear) code carcations in derandomization, which is of our interest, is due
be performed in linear space®dne can simply enu- to Nisan and Wigderson[14]. They provide a broad range
merate all the codewords to find the minimum weighof pseudorandom generators with different strengths based
codeword, and hence, the distance of the code. Thi a variety of hardness assumptions. In rough terms, their
only requires linear amount of memory with respecgenerator works by taking a hard function for a certain
to the block length. complexity class, evaluating it in carefully chosen points

3) Provided a hardness conditignnamely that sub- (related to the choice of the random seed), and outputting
exponential space algorithms cannot compute all théhe resulting sequence. Then one can argue that an efficient
problems inE, every linear space algorithm can be distinguisher can be used to efficiently compute the hard
fooledby an explicit pseudorandom generatve will  function, contradicting the assumption. Note that for @iert
elaborate on this argument in the next section. Roughigomplexity classes, hard functions @revablyknown. How-
speaking, a boolean function satisfying the hardneswer, they typically give generators too weak to be applied i
condition can be used to generate a large number tyfpical derandomizations. Here we simply apply the Nisan-
pseudorandonbits from a very short (logarithmically Wigderson construction to obtain a pseudorandom generator
long) truly random seed. Then as we will show laterwhich is robustagainst space-efficient computations. This is
any randomized algorithm working in linear space isshown in the following theorem:
fooled (i.e., its behavior does not considerably change) Theorem 5:Assumption 2 implies the existence of a
if we use pseudorandom bits in place of the trulypseudorandom generator as in Definition 4. That is to say,
random ones assumed by the algorithm. This will beuppose that there is a constant 0 and a boolean function
shown by arguing that any algorithm that is not fooleccomputable in time© (™) that has hardness™. Then there
by the pseudorandom generator can be used to compe@ists a functiorG: {0,1}°0°s™) — {0, 1}" computable in
the hard function the generator is based on. time polynomial inn whose output (when given uniformly

In Section V we will see how to compose the statement@ndom bits at input) is indistinguishable from the uniform
above to conditionally obtain a small (polynomially large)distribution for all algorithms inrDSPACE[n]/O(n).
and explicit family of (linear) codes in which all but a sub- ~ Proof Sketch [14]: Let f be a function satisfying
constant fraction of the codes achieve the GV bound. THassumption 2 for some fixed > 0, and recall that we intend
idea is that the combination of the randomized algorithri® generate: pseudorandom bits from a truly random seed
we mentioned in the first item above with the linear spac@f lengthZ which is only logarithmically long in.
algorithm that decides whether the output is a code on The idea of the construction is as follows: We evaluate
the GV bound is a linear space algorithm and has to H8e hard functionf in n carefully chosen points, each of
fooled by the pseudorandom generator. Hence it followde same lengthn, wherem is to be determined shortly.
that the randomized code construction works even if wEach of thesen-bit long inputs is obtained from a particular
use pseudorandom bits rather than truly random ones. Tridbset of the/ bits provided by the random seed. This can
would imply an explicit construction of a polynomially larg Pe conveniently represented in a matrix form: Z2tbe an

weightm. Now the pseudorandom generatiis described
IV. THE PSEUDORANDOM GENERATOR as follows: Thei" bit generated by& is the evaluation of

A pseudorandom generator, as we just defined, extendson the projection of thé-bit long input sequence to those
a truly random sequence of bits into an exponentially longoordinates indicated by th& row of D. Note that because



f is in E, the output sequence can be computed in timeot depend onc,,.1, ..., z¢. Therefore, again by averaging
polynomial inn, as long asn is logarithmically small. we see that these bits can also be fixed. Therefore, for a
As we will shortly see, it turns out that we ne€dlto given sequences, ..., z,,, One can computé?(x)ﬁ‘l, feed
satisfy a certairsmall-overlapproperty. Namely, we require it to B (having known the choices we have fixed), and
the bitwise product of each pair of the rows Dfto have guessG(z); with the same bias as in (1). The problem is of
weight at mostlogn. A straightforward counting argument course thatG(x);~! does not seem to be easily computable.
shows that, for a logarithmically large value of, the However, what we know is that each bit of this sequence
parameter/ can be kept logarithmically small as well. In depends only ofogn bits of x4, ..., z,,, followed by the

particular, for the particular choice ofi ' 2logn, the —construction ofD. Hence, having fixed,,+1, ..., z¢, we
matrix D exists with¢ = O(logn). Moreover, rows of the can trivially describe each bit of/(z){"' by a boolean
matrix can be constructed (in time polynomialih using a formula (or a boolean circuit) of exponential size (that is,
simple greedy algorithm. of size 0(21°g") = O(n)). Thesei — 1 = O(n) boolean
To show that our construction indeed gives us a pseudordi@rmulae can be encoded as an additional advice string of
dom generator, suppose that there is an algorithworking  length O(n?) (note that their descriptions only depend on
in DSPACE([n]/O(n) which is able to distinguish the output 7). implying thatG(z);™" can be computed in linear space
of G from a truly random sequence with a bias of at leag#singO(n?) bits of advice.
1/n. That is, for all large enough it holds that All the choices we have fixed so far (namelyr;, . .., ry,,
dof Tm+1,---,2¢) ONly depend om and can beabsorbedinto
§ = |Pry[A*™(y) =1] — Pr,[A*™(G(z)) =1]| > 1/n,  the advice string as wéll Combined with thebit-guessing

. . . ¢ algorithm we just described, this gives us a linear-space
where - and y are distributed uniformly in{0, 1}* and algorithm that needs an advice of quadratic length and

{0,1}™, respectively, andx(n) in the superscript denotes _ .
an advice string of linear length (that only depends org?ri;]ecljlé C\(/)vrr?ilzﬁtiejc()a]‘:fl;‘r'c.)r'r;lx/rg)bonaatblizz,séf%;?ég;?“%n
n). The goal is to transformd into a space-efficient (and puts, y "

i : . o But this is not possible by the hardness pf which is
non um_form) algorithm that approximateg obtaining a assumed to be at leasf™ — n%. Thus, G must be a
contradiction.
pseudorandom generator. ]

Without loss of generality, let the quantity inside the The ab f function that i letel
absolute value be non-negative (the argument is similar for € above proot uses a function that 1S completely un-

the negative case). Let the distributiéh (for 0 < i < n) predictable for every efficient algorithm. Impagliazzo and

over {0,1}" be defined by concatenation of the Iength_\/V|gderson [15] improve the construction to show that this

i prefix of G(z), whenz is chosen uniformly at random requirement can be r(_alaxed to one that_ only requira®st
from {0, 1}*, with a boolean string of length — i obtained ca;e_hardness, meaning that the function cqmputed by any
uniformly at random. Defing; asPr,[A°() (=) — 1], where efficient (n_on-umform) aIgonthr_n needs to dlffer_ fro_m the_
 is sampled fromD;, and lets, def Di_1—ps. Note thatDo hard function on at least one input. In our application, this

s th . distributi D, | formlv distributed translates into the following hardness assumption:
'S the uniorm distribution and, 1S untormiy distribute Assumption 6:There is a constanat> 0 and a functionf

over the range ofi. Hence, we have " | §; =po —pn = - . ;
. R S S in E such that every algorithm iDSPACE[S(n)]/O(S(n))
fhg ;égl;éreamng that for somé &; > 1/n". Fix this in that correctly computeg requiresS(n) = Q(2°").

The idea of their result (which was later reproved in [16]
using a coding-theoretic argument) is amplify the given
hardness, that is, to transform a worst-case hard funation i
E to another function irE which is hard on average. In our
setting, this gives us the following:

Theorem 7:Assumption 6 implies Assumption 2 and
hence, the existence of pseudorandom generators.

Proof Idea [16]: Let a functionf be hard in worst
Pr, . [B(G(z){™") = G(z);] > % +6;. (1) case. Consider the truth table gfas a stringz of length

def
Here,G(x):"' andG(x); are shorthands for th@ — 1)-bit

N = 2™. The main ingredient of the the proof is a linear
long prefix of G(z) and thei® bit of G(x), respectively, and codeC with dimensionN and length polynomial iV, which
the probability is taken over the choice ofand the internal

is obtained by concatenation of a Reed-Muller code with the

. Hadamard code. The code is list-decodable up to a fraction
coins of B. 1
So far we have constructed a linear-time probabilisti%

— ¢ of errors, for arbitrary > 0. Moreover, decoding can
: ) . e done in sub-linear time, that is, by querying theeived

procedure forguessingthe i pseudorandom bit from the y querying taeeive
o . : . .~ word only at a small number of (randomly chosen) positions.
firsti—1 bits. By averaging, we note that there is a particular
choice ofr;, ..., r,, independent of, that preserves the bias

. . "y ’ r"h P h h pf . LAlternatively, one can avoid using this additional advigegmumerating
given ”_1 (1) Furt ermorg, npte. that the unCt'dmx)i WE  over all possible choices and taking a majority vote. Howetfgs does not
are trying to guess, which is in fact(zy,...,x,,), does decrease the total advice length by much.

Without loss of generality, assume that #febit of G/(x)
depends on the first bits of the random seed. Now consider
the following randomized procedufg& Giveni—1 input bits
uy,...,u;—1, Choose a binary sequencg. . ., r, uniformly
at random and computd®(™ (uy, ... u;_1,7i,...,7). If
the output wad returnr;, otherwise, return the negation of
r;. It is straightforward to show that



Then the truth table of the transformed functigrcan be contradicts the assumption. ]
simply defined as the encoding of with C. Henceg can The following lemma shows that this seemingly weaker
be evaluated at any point in time polynomial i, which assumption is in fact sufficient for our pseudorandom gener-
shows thaty € E. Further, suppose that an algorithincan  ator:
space-efficiently compute correctly in a fraction of points  Lemma 10:Assumptions 6 and 8 are equivalent.
non-negligibly bounded away from/2 (possibly using an Proof: This argument is based on [18, Section 5.3].
advice string). Then the function computed By can be First we observe that, given black box C that receives
seen as &orruptedversion of thecodewordg and can be n input bits and outputs a single bit, it can be verified in
efficiently recoveredusing the list-decoding algorithm. From linear space whethef computes the restriction ofg to
this, one can obtain a space-efficient algorithm for cormguti inputs of lengthn. To see this, consider an input of the form
f, contradicting the hardness ¢f Henceg has to be hard (M, «,t, ), as in the statement of Lemma 9. The correctness
on average. m of C can be explicitly checked when the time parameter
While the above result seems to require hardness agaiiistzero (that isC' has to agree with the initial configuration
non-uniform algorithms (as phrased in Assumption 6), wef M). Moreover, for every time step > 0, the answer
will see that the hardness assumption can be further relaxgiven by C' has to be consistent with that of the previous
to the following, which only requires hardness against uniime step (namely, the transition made at the location of the

form algorithms: head should be legal and every other position of the tape
Assumption 8:The complexity clas is not contained in  should remain unchanged). Thus, on can vetifgimply by
DSPACE[2°(™)]. enumerating all possible inputs and verifying whether the

Remark: A result by Hopcroft et al. [17] shows a the answer given b¢' remains consistent across subsequent
deterministic simulation of time by space. Namely, theyime steps. This can obviously be done in linear space.
prove thatDTIME[¢(n)] € DSPACE[t(n)/logt(n)]. How- Now suppose that Assumption 8 is true and hence, by
ever, this result is not strong enough to influence the hartlemma 9, is satisfied bye. That is, there is a constant
ness assumption above. To violate the assumption, a mueh> 0 such that every algorithm for computing requires
more space-efficient simulation in the fol@TIME[t(n)] C  spaceO(2°"). Moreover, assume that there is an algorithm
DSPACE[t(n)°(M)] is required. A working in DSPACE[S(n)]/O(S(n)) that computesfg.

Before we show the equivalence of the two assumptioridsing the verification procedure described above, one can
(namely, Assumption 6 and Assumption 8), we address ti{@niformly) simulate A in spaceO(S(n)) by enumerating
natural question of how to construct arplicit function to  all choices of the advice string and finding the one that
satisfy the required hardness assumption (after all, etialu  makes the algorithm work correctly. Altogether this regqair
of such a function is needed as part of the pseudorandapaceO(S(n)). Combined with the hardness assumption,
generator construction). One possible candidate (which iswe conclude thatS(n) = 2(2°™). The converse direction
canonical hard function foE) is proposed in the following is obvious. ]
lemma: Putting everything together, we obtain a very strong pseu-

Lemma 9:Let Lg be the set (encoded in binary)dorandom generator as follows:

{(M,z,t,i) | M is a Turing machine, where given input Corollary 11: Assumption 8 implies the existence of
r at timet the i bit of its configuration isl}, and let the pseudorandom generators whose output of lengths
boolean functionfg be its characteristic function. Then if (n,n,1/n)-indistinguishable from the uniform distribution.
Assumption 8 is true, it is satisfied bfg.

Proof: First we show that’t is complete forE under V. DERANDOMIZED CODE CONSTRUCTION
Turing reductions bounded in linear space. The languageAs mentioned before, the bound given by Gilbert and
being in E directly follows from the efficient constructions Varshamov[2], [3] states that, for gary alphabet, large
of universal Turing machines. Namely, given a properlyenoughn, and for any value o < ¢ < (¢ —1)/q, there are
encoded input(M,«,t,i), one can simply simulate the codes with lengthn, relative distance at least and rate
Turing machineM on z for ¢ steps and decide accordingr > 1 — hy(d), where b, is the g-ary entropy function.
to the configuration obtained at time This indeed takes Moreover, a random linear code (having each entry of its
exponential time. Now lel, be any language ik which is generator matrix chosen uniformly at random) achieves this
computable by a Turing machin® in time 2¢, for some bound. In fact, for alD < r < 1, in the family of linear codes
constantc > 0. For a givenz of lengthn, using an oracle with lengthn and (designed) dimensiomr, all but only a
for solving fg, one can query the oracle with inputs of thesub-constant fraction of the codes achieve the bound when
form (M, x,2°" i) (where the precise choice efdepends grows to infinity. However, the number of codes in the family
on the particular encoding of the configurations) to find ous exponentially large¢*”) and we do not have aa priori
whether)M is in an accepting state, and hence dedid&his indication on which codes in the family are good. Putting
can obviously be done in space lineaminwhich concludes it differently, a randomized algorithm that merely outputs
the completeness ofe. Now if Assumption 8 is true and a random generator matrigucceedsn producing a code
is not satisfied byfg, this completeness result allows one toon the GV bound with probability — o(1). However, the
compute all problems ikt in sub-exponential time, which number of random bits needed by the algorithmuislog q.



For simplicity, in the sequel we only focus on binary codespolynomial-time algorithms (namely, the complexity class
for which no explicit construction approaching the GV boundBPP) can be fully derandomized under the assumption that
is known. E cannot be computed by boolean circuits of sub-exponential
The randomized procedure above can be consideraldize. This assumption is also sufficient to derandomize-prob
derandomized by considering a more restricted family ddbilistic constructions that allow a (possibly non-unifgr
codes. Namely, fix a length and a basis for the finite field polynomial-time verification procedure for deciding wheith
F,,., wherem def 9n/2 Then over such a basis there is @@ particular object has the desirable properties. For the
natural isomorphism between the elementsFgf and the case of good error-correcting codes, this could work if we
elements of the vector spa@gﬂ. Now for eacha € F,,, Kknew of a procedure for computing the minimum distance
define the code’, as the set{(x,az) | z € F,,}, where Of a linear code using circuits of size polynomial in the
the elements are encoded in birarfhis binary code has length of the code. However, it turns out that (the decision
rate 1/2. Further, it is well known thatC,, achieves the Vversion of) this problem isNP-complete [20], and even
GV bound for all butl — o(1) fraction of the choices of..  the approximation version remaiféP-complete [21]. This
Hence in this family a randomized construction can obtaiftakes such a possibility unlikely.
very good codes using only/2 random bits. Here we However, a key observation, due to Klivans and
see how the pseudorandom generator constructed in the 1480 Melkebeek [22], shows that the Nisan-Wigderson con-
section can dramatically reduce the amount of randomnesguction (as well as the Impagliazzo-Wigderson amplifica-
needed in all code constructions. First we propose a genefgin) can berelativized Namely, starting from a hardness as-
framework that can be employed to derandomize a widgUmption for a certain family adracle circuits(i.e., boolean
range of combinatorial constructions. circuits that can use special gates to compute certain aonole
Lemma 12:Let S be a family of combinatorial objects functions asblack boj one can obtain pseudorandom gen-
of (binary-encoded) length, in which ane fraction of the ~€rators secure against oracle circuits of the same family.
objects Satisfy a property?_ Moreover’ suppose that the In particular, this |mp||eS that any prObab”iStiC constiion
family is efficiently samplable, that is, there is a polynati that allows polynomial time verification usinP oracles
time algorithm (inn) that, for a given:, generates the¢®™  (including the construction of good error-correcting cs)de
member of the family. Further assume that the propétty can be derandomized by assuming thaannot be computed
is verifiable in polynomial space. Then for every constany sub-exponential sized boolean circuits that N&eoracle
k > 0, under Assumption 8, there is a constdnand an gates. However, the result given by Lemma 12 can be
efficiently samplable subset & of size at most:’ in which ~ used to derandomize a more general family of probabilistic
at least are — n—* fraction of the objects satisfy. constructions, though it needs a slightly stronger hargines
Proof: Let A be the composition of the sampling@ssumption which is still plausible.
algorithm with the verifier forP. By assumptionA needs
spacen?, for some constant. Furthermore, when the input
of A is chosen randomly, it outputswith probability at least ~ SO far, our construction (conditionally) gives a polyno-
e. Suppose that the pseudorandom generator of Corollary Mially long family of codes, most of which achieving the
transformsclogn truly random bits inton pseudorandom GV bound. Though this is an exponential improvement upon
bits, for some constant > 0. Now it is just enough to the random construction, the question of finding a smaller
apply the pseudorandom generator ©nmax{s, k} - logn family and ultimately, a single good code, is yet to be
random bits and feedr of the resulting pseudorandom addressed.
bits to A. By this construction, when the input of the Starting with a polynomially large family, it seems a
pseudorandom generator is chosen uniformly at randém, Plausible approach to try to (efficiently) combine all the
must still outputl with probability e — n—* as otherwise codes in a clever way so as to obtain a single code that
the pseudorandomness assumption would be violated. Nd&aherits the average properties of the codes in the family
the combination of the pseudorandom generatoramives  (in particular, the achievement of the GV bound). As the

the efficiently samplable family of the objects we want, fotumber of codes in such a family is small, this would
def Qgive an explicit (conditional) construction of binary cede

¢ = c¢-max{s,k}, as the random seed runs over all th S e h -
possibilities. m achieving the bound. A similar direction could be an attempt
fo construct a product of two codes with the same rate

As the distance of a code is obviously computable i ) ¢
linear space by enumeration of all the codewords, the abof2ft (@pproximately) preserves the common rate and gives

lemma immediately implies the existence of a (construejibl @ distanceclose enougtto the better of the two. ,
polynomially large family of codes in which at least- n—* While our construction can be applied to general linear

of the codes achieve the GV bound, for arbitrary codes, it seems very appealing to try to delve more into
Remark: As shown in the original work of Nisan the combinatorial structure of restricted families known t

and Wigderson [14] (followed by the hardness amplificagontai” good codes. For instance, if it so happens that for

tion of Impagliazzo and Wigderson [15]) all randomizec? Particular family of exponentially many codes, contagnin
a non-negligible fraction of codes on the GV bound, the

2These codes are attributed to J. M. Wozencraft (see [19]). problem of finding out whether a particular member achieves
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the bound is solvable in polynomial time, then under As-[9] C. H. Papadimitriou,Computational Complexity Addison-Wesley,

sumption 8 we directly obtain an explicit construction okon

good code. Note that this will be automatically guarantéed [10]
the distance of the codes in the family concentrates around
a central value, as in that case the problem of testing a cotié!

is as easy as computing the rank of the generator matrix.

As emphasized in Lemma 12, our result is very genergl2]

and, besides construction of good error-correcting cod
(which is the main focus of this work), can be applie
to other interesting construction problems with polyndmia

&)

space verification algorithms. We defer a more detailed?!
elaboration to the extended version.
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